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Multipole moments of compact objects with NUT charge:
Theoretical and observational implications
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We derive the multipole moments of the Kerr-Newman-Unti-Tamburino (NUT) black hole spacetime
using the Geroch-Hansen formalism, even though the spacetime is not asymptotically flat. Intriguingly,
in the presence of the NUT charge, the absence of reflection symmetry about the equatorial plane leads
to mass and spin multipole moments of all orders, in stark contrast to Kerr-like spacetimes. This leads to a
drastic departure of the multipolar structure of a compact object with NUT charge, whose implications for
gravitational wave observations have been explored. Our analysis of multipole moments for the Kerr-NUT

spacetime is also in tune with the Thorne’s approach.
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I. INTRODUCTION

A gravitating system is most often characterized by its
multipole moments. These moments are intimately con-
nected with the intrinsic properties of the gravitating object
and hence make them very useful as well as important in
astrophysics. This is because determination of the multi-
pole moments will yield handful of information about the
nature and properties of the gravitating object. In particular,
the structure of the multipole moments can be used to
distinguish black holes from other compact objects, e.g.,
neutron stars and will provide an experimental verification
of the no-hair theorem [1,2].

Recent discovery of the gravitational waves [3—12]
has further boosted the research on multipole moments
of gravitating objects as they play a crucial role in proper
understanding of the gravitational wave observations. This
has resulted into a broad spectrum of works relating the
theoretical computation of multipole moments with obser-
vational aspects [13]. The theoretical backdrop for these
searches regarding multipole moments of gravitating
objects is primarily based on the works lead by Geroch
[14,15], Hansen [16], and Thorne [17]. These seminal
works prepare the ground for most of the recent works on
multipole moments of gravitating objects; see, e.g., [18,19].
Recently, the gravitational wave observations have brought
these multipole moments to the forefront of gravitational
wave astronomy, with direct observational implications
in the astrophysical as well as astronomical realms [20].
Possible implications of these multipole moments in the
upcoming Laser Interferometer Space Antenna have been
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proposed in Refs. [21,22], while study of these moments
and their evolution during merger has been studied using
numerical relativity in [23,24]. On the theoretical side as
well, multipole moments of a gravitating object in higher
spacetime dimensions have been studied in [25], while
Refs. [26,27] discuss the formalism to obtain multipole
moments of a gravitating object in alternative theories of
gravity. In what follows, we will provide a brief introduc-
tion to the Geroch-Hansen and Thorne multipole moments,
which will be useful for our later purposes.

In the Newtonian theory, it is straightforward to define
the multipole moments of a mass distribution by expanding
its gravitational potential in an asymptotic series in the
inverse power of the radial distance from the gravitating
object. Various multipole moments of the mass distribution
can be read off from various powers of the radial distance
of the field point from the mass distribution. In this
Newtonian description, the key ingredient is the condition
of asymptotic flatness, i.e., the potential must vanish at a
field point, which is located at a large distance from the
source. An extension of the Newtonian description of
multipole moments to general relativity was a major
concern related to the lack of covariance in the definition
of multipole moments as well as a suitable implementation
of the asymptotic flatness. The notion of asymptotic flat-
ness can be imposed in a simple manner, by ensuring that
at spatial infinity, the metric g,, reduces to flat spacetime
metric 77,,. However, the multipole moments can be defined
in a covariant manner in stationary spacetimes, which
inherit a timelike Killing vector field. The covariant
approach was first described by Geroch for static space-
times [15], and it was used to derive the associated
multipole moments. It was subsequently extended by
Hansen [16] for stationary spacetimes and thus
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collectively it is referred to as the Geroch-Hansen for-
malism. As the previous discussion suggests, the Geroch-
Hansen formalism applies to stationary spacetimes alone.
In generic circumstances, e.g., during the inspiral of two
compact objects, the stationarity assumption breaks down.
In this context, another approach to obtain the multipole
moments was proposed by Thorne in Ref. [17], where one
introduces a coordinate system known as asymptotically
Cartesian and mass centered (ACMC) and then expands
the metric elements in a power series in the distance of
the field point from the origin of the ACMC coordinate
system. Interestingly, as shown in Ref. [28], both the
Geroch-Hansen formalism and the Thorne formalism are
equivalent up to some normalization. While both these
formalisms predict identical results, there exist qualitative
differences between them. In particular, the moments
computed by the Geroch-Hansen formalism arise from
a generally covariant prescription, which is not the case
for the Thorne’s approach. On the other hand, the Geroch-
Hansen formalism applies to stationary spacetimes alone,
but Thorne’s approach is much more general than that. For
a general review on the multipole moments, we refer the
reader to [29].

In the present work, we attempt to obtain the multipole
moments of the Kerr-Newman-Unti-Tamburino (NUT)
spacetime, which is a vacuum solution of the Einstein’s
field equations and describes a stationary, axisymmetric,
and asymptotically nonflat spacetime [30], in the sense that
the metric for the Kerr-NUT spacetime cannot be reduced
to flat spacetime metric, asymptotically. There are two
major motivations to study this problem—first of all, we
would like to understand whether the nontrivial asymptotic
limit of the Kerr-NUT spacetime is a hindrance toward
application of the Geroch-Hansen multipole moments,
given that Kerr-NUT spacetime is stationary. Second, we
would like to explore the observational implications of the
NUT charge and the gravitational wave observations seems
to be the best avenue to probe the same. We will use some
intriguing structure, the multipole moments of a compact
object would inherit in the presence of a NUT charge,
which we will explicitly demonstrate using the Kerr-NUT
spacetime. So far, there are several attempts to look for an
avenue, where the very existence of the NUT charge can be
determined [31,32]; see also [33-35] and [36-38] for some
recent works. But none of these studies involved gravita-
tional wave observations and thus the results presented in
this work will provide a new insight into the problem. In the
present work, we aim to revisit the formalism developed in
[39,40], where several gravitational wave observables were
directly related to the multipole moments of the central
compact object during an inspiral phase, but in the context
of the Kerr-NUT spacetime. As we will see, the presence of
the NUT charge modifies the formalism significantly and
thus provides a very direct test to probe the NUT charge
using gravitational wave observations.

The paper is organized as follows: we start with a brief
introduction about the Kerr-NUT spacetime in Sec. II,
where we have expressed the Kerr-NUT metric in various
coordinate systems and have discussed the asymptotic
behavior of the same. Following this discussion, we have
worked out in detail the individual steps for the determi-
nation of the multipole moments and have derived the
moments of the Kerr-NUT black hole spacetime in Sec. IIL.
Application of these moments to gravitational wave
astronomy has been explored in Sec. IV. Finally, we
conclude with a discussion on our results. In addition,
we have also completed the discussion in the main text with
certain computations presented in the Appendixes.

Notations and conventions—Throughout this paper,
we use the geometrical units, ¢ = 1 = G for convenience.
Greek indices, y, v, ... are used to denote four-dimensional
spacetime indices, while Roman indices a, b, ... are used to
denote indices on the induced lower dimensional hyper-
surface. Further, we use mostly positive signature con-
vention, i.e., the flat spacetime metric is taken to
be 1, = diag(-1,1,1,1).

II. STRUCTURE OF THE Kerr-NUT SPACETIME

In this section, we will discuss the geometrical structure
of the Kerr-NUT spacetime, which will be central to our
discussion of the multipole moments. The Kerr-NUT
spacetime can be expressed in several different coordinate
systems, one of which is of course the standard Boyer-
Lindquist coordinate system. In which, the line element for
the Kerr-NUT spacetime can be expressed as [30,41-46]

A

ds? = — 5 (di = Pdg)?

sinZ0

+22{

(r* +a® + N?)d¢p — adt}?
22
—|—Kdr2 + X2d6?, (1)

where the quantities A, P, and >2 have the following
expressions:

A=r?=2Mr+ a* - N2,
P = asin?6 — 2N cos 0,
¥ =72+ (N +acos)> (2)

Here, M stands for the mass of the black hole, a is the
rotation parameter, and N corresponds to the NUT charge.
In the limit of vanishing NUT charge, the above metric
reduces to the Kerr spacetime and in the limit of vanishing
NUT charge and rotation parameter we get back the
Schwarzschild spacetime. As we will see in the later
sections, this metric will be central in our determination
of the multipole moments for the Kerr-NUT spacetime.
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We must emphasize that the Kerr-NUT spacetime in
Boyer-Lindquist coordinate system inherits an interesting
duality property [47]. The Kerr metric, obtained by sub-
stituting N = 0 in the Kerr-NUT spacetime, is dual to the
metric obtained by substituting M = 0 in (1), where the
duality implies the following transformation, M < iN
and r <> iacosf. As we will see, even the multipole
moment analysis will respect this symmetry, thus depicting
another interesting aspect of the Kerr-NUT spacetime.
Note that the duality symmetry requires a nonzero rotation
parameter [48].

In describing the Kerr-NUT spacetime, it is also worth-
while to touch upon another useful coordinate system,
namely, the cylindrical polar coordinate system. In contrast
to the Boyer-Lindquist coordinate system (z,r,60,¢)
depicted above, the cylindrical polar coordinate system
can be described using the (¢, p, z, ¢p) coordinates, where ¢
and ¢ are identical to the respective coordinates in the
Boyer-Lindquist system. The other two coordinates p and z
are related to the Boyer-Lindquist coordinates r and 6,
through the following relation [49]:

p =/ A(r)sind, (3)

where A(r) has been defined in (2). For a derivation of the
above coordinate transformation, see Appendix A. Using
the above coordinate transformations between the Boyer-
Lindquist coordinates (r, ) and the cylindrical coordinates
(p,z), we can write down the Kerr-NUT metric in the
cylindrical polar coordinate system, in which the line
element becomes

z=(r—M)cos®0,

ds* = —F(p, z)[dt — @(p, z)d¢]?
1

+——— [ (dp? + dZ?) + p*d¢?).
Fogl ) ]

(4)
The above form of the Kerr-NUT line element involves
three functions, namely, F(p,z), @(p,z), and y(p,z),
respectively. Each of these functions can be expressed in
terms of the quantities defined in (2) as

A — a?sin%6
p=""0007
22

AP —a(r* + a* + N?)sin’0
A — a*sin’0

o =

22

2y — .
Acos?0 + (r — M)?sin’0

e

(5)

For the determination of the energy loss through gravita-
tional radiation and also for finding out the characteristic
frequencies associated with the motion of the compact
object on the equatorial plane, during its inspiral around a
Kerr black hole, the above cylindrical coordinate system is
often employed. In addition, note that in the asymptotic
limit (i.e., r = o), these coordinates behave as normal
cylindrical coordinates, p — rsin€ and z — rcosé,

’

respectively. This asymptotic structure of the cylindrical
coordinates will have implications in the subsequent
derivation of the multipole moment for the Kerr-NUT
black hole.

The singularity structure of the Kerr-NUT spacetime also
needs an adequate discussion. There is no singularity at
r = 0, but there is a singularity on the axis of symmetry,
often referred to as the Misner string [50]. There are two
possible interpretations for this singular structure, the first
one is due to Misner [51] (see also [52,53]), where the
singularity can be avoided but at the cost of the introduction
of a periodic time coordinate. As a consequence, there exist
closed timelike curves through every event in the spacetime
and questions the causality structure of the spacetime. The
other interpretation, due to Bonnor [54] is more appealing
from the physical point of view, where the singularity
was attributed to a massless rotating rod. This is the
interpretation we provide to the metric considered here
as well. It is certainly possible to redistribute the singularity
over the axis by introducing certain additional parameters
in the problem, as advocated in [33]. But it will not affect
the results presented in this work, since our motivation was
to study multipole moments of this metric, which involves
behavior of the spacetime at a large distance, where the
nature of singularity does not play any significant role. This
is further supported by several recent works as well, where
various astrophysical properties of the NUT solution have
been studied in detail [35,38,45,55,56].

Let us now discuss another interesting and equally
intriguing feature of this metric, namely, the above line
element is asymptotically nonflat, since it cannot be
reduced to the flat spacetime metric 7, using any coor-
dinate transformation. This is clear from the asymptotic
(r —» o) expression of (1), which takes the following
form:

d
ds®> = —dr* [1 +4N cos Gjﬂ +dr? + r}(d6* + sin’0d¢?).

(6)

The presence of the dtd¢ cross term gives rise to a
rotationlike effect at infinity and is solely dependent on
the NUT charge. Explicit computation of the Riemann
tensor components from (1) shows that asymptotically all
of them vanish as O(1/r?) as spatial infinity is approached,
but redefinition of ¢ or ¢ cannot reduce (6) to a flat form
for the metric. This is why we cannot consider the NUT
charge as originating from a localized source embedded in
an originally flat spacetime [57]. The reason behind the
existence of the dtd¢ cross term in the asymptotic form for
the Kerr-NUT geometry is deeply rooted in the gravito-
magnetic origin of the NUT charge, while other parameters,
such as the mass or electric charge, give rise to gravitoe-
lectrical effects [41]. This also connects up well with the
duality symmetry between the gravitoelectric and the
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gravitomagnetic parts, in which the NUT charge is dual to
the mass parameter along with an exchange between radial
and angular coordinates [47]. Since the multipole structure
of a spacetime depends crucially on the nature of the metric
at asymptotic infinity, it remains to see whether the
available formalisms for determination of the multipole
moment is applicable in the present context. This is what
we explore in the next section.

III. MULTIPOLE MOMENTS OF
A Kerr-NUT BLACK HOLE

Having briefly reviewed the key ingredients and proper-
ties of a Kerr-NUT black hole, in this section we would like
to derive the multipole moments of a Kerr-NUT black hole,
where we revisit the mechanism to obtain the multipole
moments which are otherwise known for Kerr spacetime.
As we will see, for Kerr-NUT black hole, the multipole
moments can be expressed in a very compact form, akin to
the case of Kerr black hole, with several interesting
properties. These will be useful while discussing the
implications of a NUT charge for gravitational wave
astronomy. As in the case of a Kerr black hole, here also
the key steps to compute the multipole moments are as
follows: (i) deriving the twist potential for the Kerr-NUT
spacetime, (ii) projecting to a lower dimensional hyper-
surface, which is asymptotically flat, and (iii) hence
obtaining the Ernst potential leading to the multipole
moments. For clarity, we will present all these steps
explicitly in the ensuing discussion.

A. Deriving the twist potential

Since the Kerr-NUT black hole depicts a stationary
spacetime, there is a timelike Killing vector field
57,) = (0/01)* associated with it. Using this timelike
Killing vector field, we can define two quantities, namely,
the norm A and twist potential @, which will be of
significant use lately in this paper. For the Kerr-NUT black
hole, the norm A of the timelike Killing vector field 5’(‘ 9 is

given by

1 .
A= 5/(40&/(}) = —9n = ; [A(r) = a®sin®6)],

(7)
where the function A(r) has been defined in (2) and
depends on all the “hairs” of the black hole, namely, the
mass M, the rotation parameter a, and the NUT charge N,
respectively. We will have several occasions to use this
norm in the subsequent sections. On the other hand, the
twist vector field ), is defined in terms of the Killing vector
field &, as follows:

Wy = _geuvpag’(jt)vpft(yt)v (8)

where V is the standard covariant derivative operator, 5’(‘ 9 is

the timelike killing vector field of the Kerr-NUT spacetime
defined earlier, and ¢,,,, is the completely antisymmetric
Levi-Civita symbol, with €g,3 = +1. The twist potential @
arises out of the twist vector defined above, such that
w, =V, . It is worthwhile to emphasize that even though
the vector w, can be defined in any spacetime having
timelike Killing vector field, the twist potential @ may not
exist. Since the existence of @ requires w, to be hyper-
surface orthogonal, which is not generically true. It follows
that for vacuum spacetimes, , is indeed hypersurface
orthogonal and hence the twist potential is guaranteed to
exist (for a derivation, see B). Since the Kerr-NUT black
hole is also a vacuum solution of Einstein gravity, the twist
potential @ will exist and can be determined by an explicit
computation, presented below.

As an aside, let us briefly discuss why we are using the
Killing vector field .f’(l) = (9/0t)* rather than & =
(0/0t)" 4+ Qu(0/0¢p)*, even though both are timelike in
the asymptotic region. This is intimately connected with the
fact that 5’{ ) is not hypersurface orthogonal, while &ris. Asa

consequence, by Frobenius theorem [58] it follows that

J,‘E{; 4 §7H] = 0 and hence the twist vector field associated with
the Killing vector & identically vanishes. Thus, in order to
have a nonzero twist vector field and hence a nonzero twist
potential, it is necessary to work with the Killing vector field
5’(‘ ) instead. In brief, @, measures the failure of the Killing
vector field 5’(‘ 9 to become hypersurface orthogonal.
Returning back to the computation of the twist potential
in the Kerr-NUT black hole spacetime, we start by
explicitly evaluating the twist vector field w,, defined
in (8). Among the four components, @, and w, identically
vanish. The vanishing of @, is obvious from (8), as it
immediately follows from the antisymmetry of the Levi-
Civita symbol that waé‘(”t> = 0. Furthermore, we also have

@,(0/0¢)* = 0, which follows from the result that 5’(’ , and
5’( 5 = (0/0¢h)* are commuting Killing vector fields [58].

Among the other nonvanishing components of the twist
vector, the explicit expression for @y, in terms of the metric
components and their derivatives, takes the following form:

wp = 0gw = /=99 (9"?0,9:p + 970,9,).  (9)

In the present context of the Kerr-NUT black hole space-
time, the expressions for d,.g,4 and 0,g,, can be computed
in a straightforward manner from (1) and takes the
following form:

0,91 = 7*(2r = 2M)P — 2ar sin* 6]
—2r=7*[AP — asin® (r* + a* + N?)],

0,9y = —Z*(2r —2M) + 2r= (A — a*sin® 9). (10)
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Substituting these expressions for d,g,4 and 0,9, along
with the rest of the metric components for the Kerr-NUT
metric, in (9), we obtain
wy = X74(sin0) 7 {(A — a*sin?0)[(2r — 2M) P — 2arsin®0]
— (2r = 2M)[AP — asin’0(r* + a*> + N?)|}
2Masin O(r* + N? — a*cos*6)
(r—M)(N + acos9). (11)

4aN sin @
T

Along identical lines, the expression for w, can also be
computed in terms of the metric and its derivatives, yielding

w, = 0,0 = —/=99"{ " 099,y + 9?09, }.  (12)

For the Kerr-NUT black hole spacetime, the expressions for
099,y and Oyg,, take the following form:

in @
Gy = % [A(2acos@ + 2N) — 2acos O(r* + a> + N?)

+X72{2a(N + acos )
x [AP — asin®0(r* + a* + N?)]}].

sin @

oG = ~r 2a? cos 6 — % (N + acos0)(A — a®sin®0) | .

(13)

Again, substituting the respective expressions for Jyg;y,
0g9;; and other metric elements, the expression for @, in the
Kerr-NUT black hole spacetime takes the following form:

®, =0,
1
= §[4Mar0059— 2N(r*> —2Mr) +2N(N + acos0)?].
(14)

As emphasized earlier, the Kerr-NUT spacetime being a
vacuum solution of the Einstein’s equations guarantees
the existence of a twist potential. Also, the solution being
stationary and axisymmetric demands @ = w(r, ). Thus,
(11) and (14) provides the two partial differential equations
necessary to solve for w. Solving these equations, we obtain
the following expression for the twist potential @ in the
Kerr-NUT spacetime:

2Macos @ . 2N(r— M)

5 52 (15)

) =
Note that in the limit of vanishing NUT charge (i.e.,
N = 0), the twist potential presented above reduces to
the respective expression for the Kerr black hole [19], as
desired. Interestingly, even in the limit of vanishing rotation

parameter (i.e., a = 0), the twist potential is nonzero and is
proportional to the NUT charge. This expression corre-
sponds to the twist potential for the Schwarzschild-NUT
spacetime, another vacuum solution to general relativity.
Interestingly, the twist potential with zero NUT charge is
related to the twist potential with zero mass through the
duality transformation, M <> iN and r <> iacos @, as one
can immediately check from (15). Thus, the twist potential
obeys the duality transformation property of the Kerr-NUT
spacetime. This finishes the first part of the story, as we
have derived the norm of the timelike Killing vector field
and the twist potential associated with it. It is now time to
introduce the metric on the lower dimensional manifold and
hence derive the conformal completion of the spatial sector.

B. Projecting to a lower dimensional manifold

As emphasized earlier, the four-dimensional Kerr-NUT
geometry is not asymptotically flat due to the nonvanishing
contribution of the g,, component from the NUT charge
at spatial infinity. Thus, at first sight, it may seem that the
Geroch-Hansen formalism will not be directly applicable.
However, as we will show, there exists a three-dimensional
manifold M5, which is asymptotically flat and is sufficient
to define the multipole structure of the spacetime through
the Geroch-Hansen formalism. In the following segments,
we will discuss this aspect in detail.

Let us start by introducing the projector 4, such that
h,wcf’(‘ H = 0, which can be expressed in terms of the back-

ground metric g* as

h/w = lg/u./ + é;(tl)él(zl) (16)

One can easily verify that the components £, and A, of the
projector h,, identically vanish, while the spatial compo-
nents are nonzero and take the following forms:

1
h,., = N (A — a’sin’0), hgg = (A — a*sin6),
hyy = Asin®0), (17)

This suggests to define a three-dimensional manifold M,
with coordinates y' = {r,0, ¢} and metric h;; = h,, e’ e,
where ¢/ = (Ox*/9y"). Since the coordinates of the three-
dimensional manifold are same as the spatial coordinates of
the full spacetime, the metric h;; of the three-dimensional
manifold is given by h;; = diag(h,,, hgg. hyy).

For applicability of the Geroch-Hansen formalism, we
need the metric 4;; to be asymptotically flat. This corre-
sponds to taking the limit r — oo, which indeed reduces h;;
to n;;, expressed in spherical polar coordinates. Thus,
the manifold M5 is asymptotically flat. Having identified
the asymptotic point P,, we define a new manifold
M; = M5 U P,. This should also define a new metric
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h,;, on the three-manifold M, such that h,;, = Q?h,,,. The
conformal factor Q must satisfy the three requirements,
Q=0, D;Q=0, and D,D;Q =2h;; at the asymptotic
infinity, i.e., at the point P,. To summarize, we have to
reexpress the metric on the three-manifold in terms of new
coordinates, such that it becomes conformally equivalent to
another metric ,,,, with the conformal factor satisfying the
properties mentioned above.

To see how this can be achieved in the present context of
Kerr-NUT black hole spacetime, it will turn out to be
advantageous to introduce a new radial coordinate R, which
is defined in terms of the old radial coordinate r through the
following differential equation:

dr
=— 18
NG (18)

| 5

where A(r) has been defined in (2). Note that at large r,
A(r) ~r* and hence simple integration of the above
differential equation will yield R ~ (1/r). Thus, the asymp-
totic point P, located at r = co, will map to R = 0 in the
new coordinate system. Furthermore, direct integration of
the above differential equation, for the Kerr-NUT black
hole spacetime, yields the following relation between the
old radial coordinate r and the new radial coordinate R:

1 R
r=M+<+—(M*—a*+ N?).

R4 (19)

As noted earlier, in the limit of R — 0, we obtain r — 0.
The transformation from the (7,6, ¢) to (R, 6, ¢) coordi-
nate system yields the following expression for the con-
formally equivalent metric /,,:

hay = Q2h%, = diag.(1, R?, R sin? 0e=%),  (20)

where the conformal factor Q takes the following form:

. 1 _ 712 o -12
Q=R*{|1- 1 (M? — a* + N*)R*| — a*R%sin’0

(21)

In addition, the term exp(2/) appearing in the conformally
equivalent metric %, presented in (20), has the following
expression in the new coordinate system:

R2 -2

_ R
gﬁ:1_¢RMﬁel—sz%ﬂﬂ+N% (22)

For our later computations, it will be advantageous to
express f itself in terms of the various parameters of the
Kerr-NUT black hole spacetime in the (R, 8, ¢) coordinate
system, which after appropriate manipulations yield

1. [A—d?sin%0
=_—In|———|,
/ 2“[ i }
B 1 RQ 2
A:I_ez{l—4(M2—a2+N2)} : (23)

Given the conformal factor in (21), it immediately follows
that both Q and D;Q identically vanish in the R — 0 limit.
On the other hand, DDz is the only nonzero element of
D;D;Q at the asymptotic point P, which is consistent with
the R — O limit of the metric 4,, on the three-manifold.
Thus, we have derived the conformal factor and the con-
formally equivalent metric on the three-manifold which will
be used in the next section to derive the multipole moments.

Finally, it is necessary to consider the uniqueness of the
conformal factor. Since determination of the multipole
moments is intimately connected with the determination
of the conformal factor, any arbitrariness in the conformal
factor will most likely affect the multipole moments as
well. There is indeed some freedom left in the choice of the
conformal factor, as we will demonstrate below. Suppose,
we make a further conformal transformation, such that the
conformal factor scales as Q — Q = ¢*Q, with k(P,) = 0.
This immediately implies Q(P,) = Q(P,). Using the
properties that € satisfies at the asymptotic infinity, it
follows that Q(P,) = 0, as well as D;Q = ¢*D,;Q + QDx
will vanish at P,. In addition, one can also demonstrate
that at the asymptotic infinity, i.e., at the point P4,
D;D;Q = 2¢*h,;. Therefore, the rescaled conformal factor

Q is also a valid candidate to describe the asymptotic
structure at infinity. This arbitrariness in the determination
of the conformal factor also reflected in the evaluation of
the multipole moments and lies in the choice of the origin
of the coordinate system. This is an arbitrariness all
multipole analysis are plagued with. Often this can be
fixed by setting V,k to some preassigned value at asymp-
totic infinity, then it follows that the multipole moments are
also fixed [59]. This is the route we will also take while
determining the multipole moments of the Kerr-NUT black
hole spacetime in the next section.

C. The multipole moments from recursion relation

In this section, we will derive the exact expressions for
the multipole moments associated with the Kerr-NUT black
hole spacetime using the results derived in the earlier
sections. Given the norm A and twist potential @ associated
with the timelike geodesic 52’[), one introduces the scalar

potential @ on the physical manifold, such that

O = Oy + iD @ 2ol
= Dy, =
M M+ e?
2w
o =- 2 24
! (1+2)? + o? (24)
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where @, is the source for the mass multipole moments
and @y is the source of the current multipole moments. For
the Kerr-NUT black hole spacetime, expressions for 4 and
 can be found from (7) and (15), respectively. The above
structure of the potential @ can actually be derived starting
from the complex Ernst potential ¢, which in terms of the
norm 4 and the twist potential w, takes the following form:

=1+ io. (25)

Arising out of which is the potential @, expressed in terms
of the Ernst potential ¢ as

@El—e’
1+e

(26)

whose real and imaginary parts are the potentials ®,; and
@y, respectively. Given this potential @, which is the analog
of the Newtonian potential in the nonrelativistic context,
one will be able to derive the multipole moments by taking
successive derivatives of ®. Since these moments are
defined at the asymptotic point P,, it is instructive to
work with the unphysical metric /., and the unphysical
scalar potential ®, which is defined as ® = ®/+/Q. Thus,
the Ernst potential in terms of the unphysical scalar
potential ® takes the following form:

1-® 1-/0d J5-@®
E = = = =,
I+ 14+VQd J5+@

(27)

which will be useful for our later discussion connecting
multipole moments with gravitational waves.

Given the unphysical potential ®, one can read off various
multipole moments as derivatives of ®. The monopole term
P is a scalar and is simply the potential ® at the asymptotic
point P,. Rest of the moments are obtained by taking
derivative of the lower moments. In general, the multipole
moments are derived from the tensorial recursion relation,
which takes the following form:

P:<i)|PA’ Pal :Dalq)|PA’
_ 1_
Pﬂldz =STF |:D01Paz _zRa1a2:| ’
- (n—=1)2n-3)
Pulaz“'an =STF |:DUIP“2"‘(ln _fRaldzpar"an :

(28)

Here, “STF” is the short-form for “symmetric trace free’
combination and R, is the Ricci tensor for the unphysical
metric /1,,. The above tensorial recursion relation provides
the multipole structure of a generic gravitational system.
However, for a stationary and axisymmetric configuration,
the moments can also be obtained from a scalar recursion

relation [59]. In the present case, it can be obtained from an
even simpler setting, i.e., by repeated differentiation of a
scalar function. We will describe the construction of this
scalar function for the Kerr-NUT black hole below.

Let us start by introducing two new coordinates Z and p
in terms of the (R, @) coordinates of the unphysical metric
h,p, such that

7 = Rcos®, p = Rsin0,

R=\/p*+7%
A 0\* sinf [0 \¢
0\¢ ) d\* cosf [0\*

From the above coordinate transformation, one can con-
struct the following vector field:

SORORS SR

(31)
which is null and is used to define the following
scalar quantity, related to the nth order tensor multipole
moment as

fn = ’7(11 e na"Paln-an' (32)
Since the Kerr-NUT spacetime is stationary and axisym-
metric, none of the tensors P, .., can depend on the time
or azimuthal coordinate ¢. Thus, all these tensors are
functions of (R,8), which under the above coordinate
transformation becomes a function of 7 and p, respectively.
Furthermore, the asymptotic point P, in the original Boyer-
Lindquist coordinate system for the Kerr-NUT black hole
spacetime corresponds to r — oo. The same point in the
unphysical metric corresponds to the limit R — 0 and in
the new (Z,p) coordinate system this translates into
72 4+ p* = 0. Often, it is instructive to replace the above
limit by 7z - R, and p — iR, respectively, where R, is a
constant and then taking the R. — 0 limit. In particular, it is
useful to define y,(R.) = f,(z = R.,p — iR.). In terms
of this newly defined scalar function y,(R,.), the recursion
relation, presented in (28), takes the following form [59]:

(n—1)(2n-3)

2 M(Rc')yn—Zv

(33)

Yn :y;—l —2(1’[ - I)K{Ayn—l -

where the function M(R,.) is defined as
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MUR) = P~ B2 + oo~k K2 (34)
c

Here “prime” denotes derivative with respect to R,
and the nth order multipole moment is given by
m, = y,(0). Further, the quantity f, corresponds to
fa=p(Z— R.,p—iR.), where f is defined in (23).
Similarly, x5 = «(Z = R.,p — iR.), where k captures
the ambiguities in the conformal factor.

Exploiting these relations, one can construct a scalar
function, whose derivatives yield the multipole moments.
For this purpose, we choose a function x4 (R,), such that
M(R,) is set to zero. Thus, we need to make one more
conformal transformation, Q = ¢*Q, and hence the poten-
tial also gets rescaled, ® = ¢~*/2®, as well as the metric,
h,, = €*hyy,. Then introducing a new coordinate ¢, which
in terms of R, takes the form

{(Re) = Reexp [ka(Re) = Ba(R.)], (35)
such that the scalar potential becomes @, = ®,(R.({)).
The asymptotic limit corresponds to R. — 0 and hence we
have { — 0 in that limit as well. Thus, all the multipole
moments are derived by taking successive derivatives of the
potential with respect to ¢ and then taking the { — 0 limit,
which yields

21p) 2p! d"d

= m, = .
| | n

! (2n)! d¢ o

=T (36)

This is what we will derive next, in the context of Kerr-
NUT black hole spacetime, yielding its multipole moments.
It is worth emphasizing that the above definition of the
multipole moment is to reconcile the results with that
derived by Hansen for Kerr spacetime. It must also be
mentioned at this outset, since the structure of the multipole
moment depends on the asymptotic structure of the
spacetime, rather than near horizon or, near singularity
behavior, singularity in the Kerr-NUT spacetime will not
affect the computation presented here.

From the expression for the Ernst potential presented in
(25) above, we arrive at the following expression for the
potential @, in the unphysical metric /,,, in the Kerr-NUT
black hole spacetime:

! M2 —a®+N2_\2 B 1/4
&= Kl —++R2) - aszsinze}

o 1-1—-iw
1+1+iol|
In arriving at the above expression, we have used the

expression for the conformal factor Q as presented in (21).
On the other hand, using the expressions for the norm 4 and

(37)

twist potential @ for the Kerr-NUT black hole, from (7) and
(15), respectively, one obtains the following expression:

l-A—-iw

1 +1A+iw

_ 2N? +2aN cos 0 + 2Mr + 2i(aM cos @ + NM — Nr)

~ 2(r* 4 a*cos?0) —2Mr — 2i(aM cos @ + NM — Nr)
(38)

However, the above expression involving 4 and o is in
terms of the old radial coordinate r, which needs to be
converted to the new radial coordinate R, such that the
potential ® reads

_ 2_ 2 2 \2 B 1/4
b — <“g> [(1 —WW) - aszsinze} ,
(39)

where A and 5 have the following expressions:

A = N?R + aNR cos 6
(M? — a®> + N?)

+M{1+MR+ 1

W} (40)

22 A2y 12

B= [1 +MR+WR2]

wkz
4

+ a’R%cos’0 — iMR*(N + acos6)

(M? — a> + N?)

—MRP+MR+

+iN1‘e{1 + MR + RZ] (41)
Even though the above expression for ® looks complicated,
as the earlier discussion shows, we actually require the
above potential in a certain limit, in which, as we will see
the above expression will simplify considerably. This is
facilitated by first introducing the new coordinates Z and p,
such that 7 = R cos @ and p = R sin 6. The asymptotic limit
to the point P, can be taken by simply substituting 7 — R,

and p — iR,, such that we obtain R — \/p? +Z? =
V/(iR.)? + (R.)? = 0. Under this limiting procedure, the
expression for @ can be simplified and we finally arrive at
the following expression for the potential ®:

- 1 +iaR
®\(R,) = (M —iN)——F. 42

A( c) ( )(1 —|—a2R%)3/4 ( )
The above expression for the potential @, at the asymptotic
point can also be written in terms of the coordinate ¢,
defined in (35), which in the context of Kerr-NUT black
hole spacetime reads
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1 —a’R%’

¢ (43)

As we have mentioned earlier, in this context, the multipole
moments can be derived using a single scalar function,
which in the present context reads

- Kal = M —iN
o, = - | Dy = —, 44
A eXp[ 2} AT T 2iap (44)
where the quantity «, is defined as
1 — a’R?
=—In|———/|. 45
Ka n [1 + azRg] ( )

Note that x denotes the ambiguity in defining the multipole
moments and is fixed by setting the function M(R,.) to zero
in (34). Finally, the expression for the multipole moments
can be derived in terms of recursive derivatives of the above

scalar function CTDA and taking a cue from (36), we obtain
M, = (M —iN)(ia)". (46)

Note that in the limit, N = 0 = a, we get back the result
that for Schwarzschild black hole, its mass determines all
the multipole moments. While for N = 0, we get back
the Geroch-Hansen multipole moments for the Kerr black
hole. In addition, the above expression for the multipole
moment also satisfies the duality symmetry of the Kerr-
NUT spacetime, as M,,(N = 0) <> M, (M = 0), modulo a
sign, as we make the transformation, M <> iN. Thus, the
duality symmetry is preserved even at the level of multipole
moments of the Kerr-NUT spacetime. This shows the
correctness of the multipole moment expression derived
in (46). Further, the multipole moment presented in (46)
can be decomposed into mass and spin multipole moments,
ie., M, =M, +iS,. Such that, My =M, M, = Na,
M, = —Ma*, My = —Na’, as well as S, = —N, S| = Ma,
S, = Na?, S; = —Ma?, and so on.

Let us point out another very interesting feature of the
multipole moment for the Kerr-NUT black hole spacetime.
Generically, the real part of M,, provides the mass multipole
moments and the imaginary part of M,, gives the current
multipole moments. For Kerr black hole, all the odd mass
multipole moments and even current multipole moments
identically vanish, while for Kerr-NUT black hole space-
time, due to the presence of the NUT charge, all mass
and current multipole moments are nonzero. As we will
observe, this drastically modifies the implications of these
multipole moments for gravitational wave astronomy. The
existence of mass and spin multipole moments at all orders
for Kerr-NUT black hole spacetime has to do with the
asymmetry of the Kerr-NUT solution about the equatorial
plane. This connection will become clearer as we discuss
the possible implications of our results on gravitational

wave astronomy and hence possible constraint on the
NUT charge.

In passing, we should point out that another attempt to
obtain the multipolar structure of the Kerr-NUT spacetime
was carried out in [34] (see also [33]). However, their
study uses a different formalism than the Geroch-Hansen
one, which has been employed here. Also their work never
discusses about the existence of the twist potential, the
asymptotically flat three-geometry, or the duality sym-
metry associated with the Kerr-NUT spacetime. In par-
ticular, it was not realized that even for asymptotically
nonflat spacetimes, such as Kerr-NUT, it is indeed
possible to employ the Geroch-Hansen formalism to
obtain the multipole moments, owing to asymptotic flat-
ness of the three-geometry. We must emphasize that none
of these interesting and important aspects of the Kerr-
NUT spacetime has been realized before. Furthermore, the
final expression for the multipole moments of the Kerr-
NUT black hole spacetime as obtained in [34] matches
with our study modulo a “-ve” sign, which appears due to
different metric convention.

Before concluding this section, let us briefly comment on
the possible connection of the multipole moments derived
earlier in this section with the Thorne’s multipole moment.
The main hurdle lies in the result that in the presence of a
NUT charge it is not possible to express the Kerr-NUT
metric as 77, asymptotically. Since the Thorne’s approach
in computing the multipole moments crucially hinges on
the asymptotic behavior of the metric, it needs to recon-
structed from scratch. However, as we have demonstrated
in Appendix C, expansion of the g,, and the g, components
of the Kerr-NUT metric involves both O(1/r) and O(1/r?)
terms. This is unlike the situation for the Kerr black hole,
where g,, does not involve O(1/r?) term and g,,, does not
involve O(1/r) term. Thus, for the Kerr-NUT black hole
spacetime, both the mass and spin monopole moments exist
and they can be derived from the O(1/r) term of the g,, and
the g,, components, respectively. As one can immediately
verify from Appendix C, the monopole moments are
proportional to the mass M and the NUT charge N,
respectively. Similarly, there will be both mass and spin
dipole moments proportional to Ma and Na, respectively;
see Appendix C. These results are consistent with the
Geroch-Hansen formalism, as we can see by substituting
n=0 and n =1 in (46). Therefore, the Geroch-Hansen
and the Thorne’s approach provide identical expression for
the leading order multipole moments of the Kerr-NUT
black hole. To see the equivalence in general, one needs to
modify the Thorne’s approach by taking into account the
asymptotic structure of the Kerr-NUT spacetime, which we
leave for the future. This concludes our derivation of the
multipole moments for the Kerr-NUT spacetime, which we
will apply in the next section to understand possible
implication of the NUT charge in the gravitational wave
astronomy.

124058-9



SAJAL MUKHERJEE and SUMANTA CHAKRABORTY

PHYS. REV. D 102, 124058 (2020)

IV. GRAVITATIONAL WAVE OBSERVABLES IN
TERMS OF THE MULTIPOLE MOMENTS OF
THE Kerr-NUT SPACETIME

The connection between the multipole moments and the
gravitational wave observables is a very intriguing one,
since it extends both ways. On one side, knowing the
multipole moments of a compact object one can predict
the observables associated with gravitational waves, while
on the other, the gravitational wave observables can tell us
about the multipole moments of a compact object. The
second approach is more useful and often tries to express
the gravitational wave observables in terms of the multipole
moments of the gravitational field. Since we have derived
all the multipole moments of the Kerr-NUT spacetime, it is
important to ask if we can get a handle on the numerical
estimation of the NUT charge d la gravitational wave
observations. To understand this, one may follow the
approach presented in [39], with two major differences.
As we will demonstrate, these two issues will be sufficient
enough to put some constraint on the NUT charge using the
geometry of the Kerr-NUT spacetime.

It is worthwhile to emphasize another interesting point
regarding the current analysis at this stage. The computa-
tion involving gravitational wave astronomy, as well as
computation of multipole moment, requires asymptotic
flatness, which at first sight does not seem to hold good
in Kerr-NUT spacetime. However, it is only the asymptotic
flatness on the induced metric on a ¢ = constant slice,
which matters for the multipole moment computation and
also for the gravitational wave astronomy, since it is only
the spatial part of the metric tensor which carries the
dynamical degrees of freedom for the gravitational field.
Thus, following Sec. III B, it is clear that the spatial sector
of the metric, or the induced metric on a t = constant
Cauchy slice, is indeed asymptotically flat. Thus, the
gravitational degrees of freedom indeed propagate in an
asymptotically flat spacetime and hence can be used in the
study of the gravitational wave astronomy.

The analysis relating gravitational wave observables
with multipole moments serves several purposes; first of
all, it gives an idea about the first few multipole moment of
the compact object. More so, it provides a direct hint to the
validity of the no-hair theorem in case the compact object is
a black hole. However, most of the analysis in this direction
bears two crucial assumptions—(i) the gravitational field
produced by the compact object is reflection symmetric
about the equatorial plane and as a consequence odd mass
multipole moments and even current multipole moments
vanish and (ii) the inspiral phase can be approximated to be
a circular orbit on the equatorial plane. In addition, there are
other assumptions involving geodesic orbits, adiabatic
evolution, ignoring backreaction problem, etc. Even though
most of these assumptions are valid for Kerr-NUT space-
time, the two assumptions pointed out above does not
hold. Namely, the Kerr-NUT spacetime is not reflection

symmetric about the equatorial plane, as one can immedi-
ately check by substituting 8 — (z/2) + 6 in (1). As a
consequence, there are odd mass multipole moments and
even current multipole moments in a Kerr-NUT spacetime;
see (46). This is a distinct signature of the NUT charge,
which must be looked for in the gravitational wave
observables. As a consequence, the recursion relation,
connecting multipole moments with gravitational wave
observables, gets modified. In addition, for Kerr-NUT
black hole spacetime, there exist no circular orbits on
the equatorial plane, again due to the very existence of
NUT charge. As we will see, this can severely constrain the
parameter space for the NUT charge if we want the
assumptions coined before to hold true.

A. Connecting multipole moments with observables:
Modified recursion relation

In this section, we will provide the connection between
the multipole moment structure derived in the previous
section with the gravitational wave observables, which we
will now introduce. This will provide an interesting avenue
to look for the NUT charge from gravitational wave
observations, through the multipolar structure of the central
massive object. We will first present these observables,
solely in the context of the Kerr-NUT geometry, before
commenting on the general structure through a modified
recursion relation.

We will provide three such observables, which are
intimately connected with the gravitational wave emission
from the inspiral of a compact object onto the central
massive object, which could be a Kerr-NUT black hole.
During the early phase of the inspiral, we can approximate
the in-falling object as one moving on an almost circular
orbit, with its radius decreasing gradually. In the absence
of tidal heating, the loss of energy due to the emission of
gravitational waves is solely determined by the rate of
change of conserved energy as the radius of the circular
orbit decreases. This is best demonstrated by the following
quantity [39]:

dE;
AEGW = _Q i ﬂ’
e dQcirc
Ecirc o 9 — gt¢gcirc

. (47)

mn \/ —9u — 2gt(,chirc - 9¢¢Q§im

where E. is the energy of the inspiraling compact object
with mass m on a circular orbit, Q... = (d¢p/dt) is the
angular frequency associated with the circular orbit, and
AEGgyw denotes the energy radiated away by the gravita-
tional waves. It must be noted that the use of A in the above
expression is to quantify the change in energy through
gravitational waves and has no connection with the g,,
metric element of the Kerr-NUT spacetime.
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The other two observables are the precession frequencies
associated with—(i) departure of the orbit from being
circular and (ii) departure from the equatorial plane.
Both of these frequencies will influence the spectrum of
the emitted gravitational waves and hence will have direct
observable consequences. In terms of the metric elements
and the angular frequency of the circular orbit Q,., the
precession frequencies can be expressed as

ppr

g g
QP =Q- {_2 |:(gtl + gt¢Q)28§, <p¢;ﬁ>
9 gt(/)
- 2(91: + gt(/ﬁQ) (gt¢ + 9(/)(/)9)817 (,0_2)

1/2
+ (91 + 9¢¢Q)28§ (i—’;)} } ) (48)

where p = (p,z) or (r,0), depending on whether we are
using cylindrical coordinate system or Boyer-Lindquist
coordinate system, respectively. Note that the terms involv-
ing single derivative with respect to p and z as well as with
respect to r and € are absent. This is due to the p - —p
symmetry, or in other words, § - —6 symmetry of the
Kerr-NUT spacetime. It is worth emphasizing that these
frequencies make sense only for small perturbations around
the equatorial plane, i.e., for small values of z or, of
[0 — (7/2)], respectively.

It is customary to express the above three observables—
(i) energy lost due to gravitational radiation AEgyy,
(i1) precession frequencies ,, and (iii) €2y, as a power
series in the velocity of the compact object inspiraling
the central Kerr-NUT black hole. This is considered as a
post-Newtonian (henceforth referred to as PN) expansion
of these observables and can be achieved along the
following lines. First of all, the metric functions and their
derivatives can be expanded as a power series in (1/r) and
as a consequence, the angular frequency €. can also
be expressed as a power series in (1/r), such that
Qeire = /(M/r)[1 + O(r~Y/2)]. This can be inverted,
yielding r as a function of the angular frequency Q..
Therefore, using the expansion of all the observables,
namely, AEgw, Q,, and Q, in powers of (1/r), one can
express these observables as a power series in the angular
frequency Q.. This in turn can be converted to a power
series in the velocity of the inspiraling object, as Q. ~ v°
and hence the desired PN expansion of these observables
can be obtained.

In the PN expansion of the gravitational wave observ-
ables, each coefficient of the expansion depends crucially
on the multipole moments of the central massive object,
which the other compact object is inspiraling. This expan-
sion modifies significantly as the spacetime described by
the central massive object does not have reflection sym-
metry about the equatorial plane, as we will demonstrate

below by taking the central massive object to be described
by the Kerr-NUT geometry.

Using the metric elements of the Kerr-NUT spacetime
described in (1), the angular velocity of the circular orbit on
the equatorial plane can be immediately determined and
hence we can express the radial coordinate r in the Boyer-
Lindquist coordinate system as a power series in Q, which
takes the following form:

M \1/3 IN? N\ o3
= (a) |+ o)

2

Here, the first term yields the Keplarian contribution and
the other terms in the above expansion arise due to the
presence of the rotation and the NUT charge. Interestingly,
the NUT charge appears at a lower order than the rotation
and hence it seemingly provides a larger contribution to the
angular velocity. However, as we will see later, that is not
the case. Thus, using the above expansion of the radial
coordinate in terms of the angular velocity, we obtain the
following PN expansion for the observables AEgw, €,,
and Qy:

2 1 4(-N)? 20(aM
AEGW:U+<__< >)U4+ (ab)

3

3 2 9m? oM?
NEIETEIE ST F
% _ (34 P ot
G- e,
. (_ Sy 105;;‘“) P +000),  (51)
Q_ 2(=N) 5, 2aM)
Q M? M?
N <22§;4§>4 si), 8(;2/)2) p
722(“;; N 5 1 0(00). (52)

In the above expression, interestingly, the contribution from
the NUT charge appears prior to the angular momentum
of the black hole for all the three observables. For example,
in the expression for energy radiated away by gravitational
waves, the NUT charge contributes in 2 PN order, while the
angular momentum starts contributing from the 2.5 PN
term. This suggest that the NUT charge will contribute at a
leading order compared to the angular momentum of the
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black hole and hence can be used to provide stringent
constraint on the NUT parameter. In particular, the 2 PN
and the 2.5 PN terms will become comparable, if the NUT
charge and the rotation parameter satisfy the following
relation: (N/M)? ~ (a/M)v. As we will show later, the
ratio (N/M) is always much smaller, compared to (a/M)
and hence the effect of rotation is always larger.

These expressions are in terms of the hairs of the Kerr-
NUT black hole spacetime. However, the hairs can be
identified with various orders of mass and spin multipole
moments of the Kerr-NUT black hole spacetime, starting
from (46). This provides the general PN expansion of the
observables associated with the gravitational wave emis-
sion from the inspiral of a compact object around a central
massive object, which is not reflection symmetric about the
equatorial plane as

v? 1 482
AEGw :?-f— <—§—9—ZW()2)1}4 +
( 27 M, ZS(%

§+W——> UG+O(U7), (53)

Q, $2 45, 9 195% 3M,
5“-G*iﬁ>“‘xﬁ”+‘z‘7wr‘ﬂﬁ v
10S,M, 108
( - M21>US+O<”6)’

s (2258
3

208,
—= U
oM?

(54)

25,

M2

M,

Q_ 2%,
2M3

QM
2280M

3m?

852
+M$“

3 + O(19). (55)
Note that in the above expansion, both the even and
odd orders of mass and spin multipole moments are
present. In addition, if we set the odd mass multipole
moments and even spin multipole moments to be vanish-
ing, we get back the results presented in [39]. Thus, the
above PN expansion of the gravitational wave observ-
ables generalizes the earlier approaches significantly,
by incorporating mass and spin multipole moments of
all orders. Furthermore, the results presented above
are applicable for generic spacetime geometry, which
may or may not admit reflection symmetry about the
equatorial plane.

The above describes the observables associated with the
gravitational waves in the context of the Kerr-NUT black
hole spacetime. As we have observed, breaking of reflec-
tion symmetry has significant effect on the gravitational
wave observables. There are additional multipole moments
in these contexts, which can affect these observables
significantly. In what follows, we will briefly describe
the strategy one may follow in a generic context of which
Kerr-NUT spacetime is just a special case, where both mass

and current multipole moments have even as well as odd
sectors. To elaborate on this, we note that asymptotically, in
the limit of large r, the conformal factor takes the following
form, Q = r"2; see (19) and (21). In this limit, the
cylindrical coordinates p and z introduced in (4) can be
expressed as p = rsinf and z = rcosé, such that Q =
(p* + z2)7!. Thus, the Ernst potential, defined in (27), can
be expressed in terms of the unphysical potential @ in the
following form:

N

E=——"—

ViR + 2+ d

As we have demonstrated earlier, various derivatives of the
function ® yield the multipole moments of various orders.
Also, the stationarity and axisymmetry of the problem
suggests that ® does not depend on ¢ and ¢, while it
depends only on the coordinates p and z. Since the
multipole moments are coefficients of various powers of
the radial coordinate, we may expand the unphysical
potential ® as

(56)

) pizk
(D = a-k G TR A
S G i

(57)

where j and k are both non-negative. Since 8§ — —@ is a
symmetry of the Kerr-NUT spacetime, as evident from the
metric depicted in (1), the above expansion should also be
invariant under p — —p. Since under the above trans-
formation of the angular coordinate 6, p - —p and 7 — z,
respectively. Thus, the index j should take only even
values. Since the Kerr-NUT spacetime has no reflection
symmetry about the equatorial plane, as described before,
the coefficients aj;, have both real and imaginary parts for
even as well as odd values of the index k. This is in
striking contrast with the Kerr spacetime, where the
coefficients aj, are real for even k and are purely
imaginary for odd k. As we will see, this will have major
impact on the dependence of the gravitational wave
observables on the multipolar structure of the Kerr-
NUT spacetime.

Since we know the metric elements near and on the
equatorial plane, it is expected that the coefficients a, and
aj; are well known. Given these coefficients, the rest of
them can be determined using a recursion relation. For an
even integer m, we assume that all the a, coefficients for
Jj=0,2,...m and all the a; coefficients for j=
0,2,...(m —2) are known. While for an odd integer m,
all the a ;) and a;, coefficients with j = 0,2, ...(m — 1) are
known. Then all other coefficients aj, for j +k < m can
be determined from the following recursion relation (for a
derivation, see Appendix E):
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1
Ars2 = G012 {—(” +2) a0, + Z Aly_j_p s—i-glpr2.4-2(P +2)(p +2 = 2k)
tapa42(q+2)(q+1=20)+a,,(p* +¢* —4p —5q - 2pk — 2ql — 2)}}. (58)

Since the symmetry of the metric under the transformation
6 — —0 must be respected, the integers r, k, and p must
be even. In addition, we must have the following restric-
tions, 0<k<r, 0LI<(s+1), 0<p<(r—k),
and —1 < g < (s —[). Using these restrictions, it follows
that the above recursion relation demands expressibility
of a,,, in terms of all the aj, and a;_;; coefficients,
respectively.

The determination of the coefficients a;, and a;; follows
from the observables AEgy, Q,, and €, respectively.
However, unlike the reflection symmetric case, here all the
coefficients will have both real and imaginary parts. Then
the multipole moments can be related to these coefficients
by various derivatives of the unphysical potential ®. Here
also, we have

ayy = M, + iS, + lower order moments. (59)

Note that in the reflection symmetric case, ag, is real for
even ¢ and is purely imaginary for odd #. While in the
present context, ag, has both real and imaginary parts for
all possible values of ¢ and is consistent with the earlier
discussions. Thus, the mass and spin multipole moments
exist at all orders. This finishes our discussion of relating
the gravitational wave observables with multipole moments
of the central massive object, which is not symmetric about
the equatorial plane, for an binary of incomparable masses.
We will now describe the constraints on the NUT charge
using the nonexistence of circular orbits on the equatorial
plane in the presence of NUT charge.

B. Circular orbits on the equatorial plane:
Constraints on the NUT charge

The formalism presented in the previous section helped
us to obtain the energy radiated in the form of gravitational
waves as well as the precession frequencies in the case of
an incomparable binary. As we have emphasized, there are
significant departures of these results from the standard
expectations (with the case of the Kerr black hole at the
back of the mind) due to the presence of the NUT charge.
This is because in the presence of the NUT charge, the mass
and the spin multipole moments of all orders are present.
This leads to additional terms in the gravitational wave
observables, e.g., energy radiated by the binary system,
which have direct observable consequences. However, one
crucial assumption that has gone into the above computa-
tion is that the orbits are (nearly) circular and confined on
the equatorial plane. This assumption is easily seen to be

valid in the case of Kerr spacetime; however, for the Kerr-
NUT geometry, this is no longer true. In particular, one can
demonstrate that for generic initial data, there are no
circular timelike geodesics that can exist on the equatorial
plane [35,38]. Therefore, the computation presented above,
without addressing this subtlety would be erroneous, which
we aim to address in this section.

Despite having several intriguing properties, thereby
modifying the multipole moments in a nontrivial manner,
the presence of the NUT charge also results into a
problematic feature regarding the orbital dynamics on
the equatorial plane. As it was pointed out in Ref. [35],
and later in Ref. [38], there exists no stable circular timelike
geodesic on the equatorial plane of a Kerr-NUT spacetime.
This becomes a major hindrance to extend the formalism
presented in [39], as it had been built upon the assumption
of existence of circular orbits on the equatorial plane. This
formalism proposed a unique mechanism to relate the
multipole moments with energy radiation and precession
frequencies—making it an important tool to investigate
evolution of a binary especially discussing extreme mass
ratio inspiral. However, the vast assumptions of equatorial
and circular geodesics make this formalism somewhat
restricted to realistic astrophysical events.

To understand the problem associated with the existence
of circular orbits on the equatorial plane, let us start by
assuming that such a circular orbit does exist. This implies
that the trajectory is given by r = r, and @ = (x/2), where
r.. s the radius of the circular orbit on the equatorial plane.
For the circular orbit to continue remain circular on the
equatorial plane, it is necessary that 7 = # = 0 as well as
0 =0 = 0. Here “dot” denotes the differentiation of the
geometrical quantity, with respect to the proper time z. For
Kerr black hole, one can immediately check that these
conditions are identically satisfied. On the other hand, in

the presence of the NUT charge, the condition =0
determines the Carter constant to be nonzero and equal
to N?; thus, following [38], one can immediately demon-
strate that 6 # 0 (see Appendix D for a detailed derivation).
This implies that even if one starts with a planner orbit, the
particle will eventually move out of the equatorial plane at a
later instant of time in the presence of the NUT charge.
Therefore, timelike circular orbits are unlikely to appear on
the equatorial plane of the Kerr-NUT black hole. Even then
the calculation presented above makes complete sense.
This is because there are two time scales associated with
this problem—(i) the time in which the particle goes
sufficiently away from the equatorial plane and (ii) the
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time scale over which the loss due to gravitational radiation
is significant. If the particle remains confined to the
equatorial plane or to its immediate vicinity for an interval
of time, which is sufficiently long for the amount of emitted
gravitational radiation to be significant, the above analysis
will be directly applicable. As we demonstrate below, for
small enough NUT charge (more quantitative estimation of
the smallness of the NUT charge will be provided shortly),
such a scenario indeed exists.

Let us consider an example in which a particle starts
orbiting the central massive object in a circular trajectory
on the equatorial plane. Assuming that the geometry of
the central object is described by the Kerr-NUT spacetime,
we set the Carter constant to be, 1 = N?; therefore, the
previous discussion suggests 0 identically vanishes, but 6
does have a nonzero value (see, e.g., D). A nonzero 6 would

change 6 and then 6—finally, the particle will move away
from the equatorial plane. The question is how quick is this

process involving departure from the equatorial plane. To
study the evolution of the particle as it starts on the
equatorial plane, we employ the Euler method [60] to
integrate the geodesic equations in the Kerr-NUT black
hole spacetime. With the standard expressions for 6 and
to leading order, we may assume the evolution equations
are given as follows:

Hnew = éold + (dzg/d’[z)old&’[’
Onew = Oola + (dO/d7) 4407,
thew = folg + UI(ST,

and
(60)
where U' is the t-component of the 4-velocity of the

orbiting particle. This can be written in terms of the energy
E and the momentum L, as follows:

U =-4¢"E+ g"ﬁLZ, (61)
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(a) The above figure demonstrates the angular variation of
the circular orbit around the equatorial plane orbiting a Kerr-
NUT black hole with NUT charge, N = 0.01M.

91.0
90.5
90.0
0 20 40 60 80 100 120
Time (in minutes)

(b) The deviation of the circular orbit from the equatorial
plane has been depicted, as the NUT charge of the central
massive object is taken to be N = 0.1M.
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(c) The deviation from the equatorial plane is presented for

the case N = M.

FIG. 1.

The above figures capture the angular deviation of the orbit from the equatorial plane for various values of the NUT parameter

and for different radii of the circular orbit. For the solid curve in the above figures, the radius of the circular orbit r,. is taken to be S0M,
while for the dashed curve r, is 40M. Given that the NUT charge and the radius of the orbit are responsible for this off-equatorial plane
motion—Iesser the NUT charge and larger the radius, lesser is the angular deviation. See text for more discussion.
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where ¢ and ¢ are the metric components of the Kerr-
NUT black hole spacetime. The other notations, such as
“old” and “new,” introduced in (60) are given for past and
future step differing by the proper time interval dr,
respectively, while iterating for the numerical analysis.
We assume that the particle starts at 7 = 0, and the circular
orbit can have a radius of r. ~ O(50M). Using these initial
conditions, we determine the orbit at a later instant by
solving the geodesic equations numerically. The outcome
of such a numerical analysis has been depicted in Fig. 1,
which shows an interesting behavior. As evident, the orbits
slowly evolve away from the equatorial plane and start to
oscillate about another planar section, different from
0 = (=/2). Interestingly, this oscillation does not decay
in time, rather the orbit keeps oscillating with a constant
amplitude. The amplitude depends crucially on the value
of the NUT parameter, and for larger values of the NUT
charge the amplitude increases, thereby affecting the
deviation from the equatorial plane. For example, in
Fig. 1(a), the deviation from the equatorial plane has been
plotted for N = 1072M, and as one can clearly observe, the
angular deviation becomes A# ~ 0.3°. On the other hand,
for the case N = M, given in Fig. 1(c), the deviation from
the equatorial plane becomes large, as A6 ~ 20°. Therefore,
for a sufficiently small value of the NUT parameter,
possibly with (N/M) < 1072, the formalism developed
in the earlier section will be highly appropriate. Thus, there
exists a range of the NUT charge, for which the particle
almost remains confined to the equatorial plane and hence
the earlier discussion comes to life. The other important
factor which also contributes to the deviation of the orbit
from the equatorial plane is the radius of the circular orbit.
As all the plots in Fig. 1 demonstrate, for a larger radius, the
angular deviation is smaller compared to an orbit of smaller
radius. This can also be understood from (49), which relates
the angular frequency with the radius of the circular orbit
and the NUT charge. Since the orbits with larger radius
describe the early phase of a binary inspiral, while smaller
radius corresponds to a binary at the late stage of the
inspiral, we can safely state that the formalism presented
here is suitable to describe the early phase of the evolution
of a binary system, with the massive object described by the
Kerr-NUT geometry with (N/M) < O(1072).

This shows that even though in the PN expansion of the
observables, the NUT charge appears at a lower PN order
than the rotation parameter, it is the rotation parameter
which will dominate the picture. As emphasized earlier,
the contribution from the NUT charge and the rotation
parameter will be comparable if (N/M)? ~ (a/M)v. Thus,
for the typical choice of the NUT charge, consistent with
the quasicircular orbit on the equatorial plane, we have
(N/M) ~ 1073, A typical rotation parameter will have the
following estimation, (a/M) ~ 0.1, such that the effect
from the NUT charge and rotation will be comparable
for v ~ 107>, This corresponds to typical velocity of an

inspiraling system and hence for all practical purposes, the
NUT charge and the rotation parameter contribute equally
to the gravitational radiation. An identical consideration
applies to other observables as well. Therefore, a proper
analysis of the inspiral part of the merger events seen in
Advanced LIGO experiment can be used to provide bound
on the NUT charge, which we leave for the future.

V. CONCLUSION

In this work, we have discussed the multipolar structure
of the Kerr-NUT spacetime, which has enabled us to
address some of the theoretical and observational impli-
cations pertaining to it. Given the not-so-obvious result that
asymptotically the Kerr-NUT spacetime does not reduce to
flat spacetime metric 7,,, one may argue that the Geroch-
Hansen formalism is probably not applicable to derive the
multipole moments of Kerr-NUT spacetime. However, as
discussed in Sec. II (see also [57]), the asymptotic limit of
the Kerr-NUT spacetime is nontrivial, since even though
the Kerr-NUT spacetime does not reduce to flat spacetime
metric, the spacetime curvature vanishes asymptotically
~O(1/r%). Due to this property, as we have explicitly
demonstrated, it is possible to obtain a lower dimensional
submanifold, which is asymptotically flat. This has enabled
us to apply the Geroch-Hansen formalism to derive the
multipole moments of the Kerr-NUT spacetime. In addi-
tion, the fact that the Kerr-NUT spacetime is vacuum has
also aided us in the quest to find multipole moments of this
spacetime by providing the twist potential.

Having derived the twist potential as well as asserting the
asymptotic flatness of the lower dimensional submanifold,
the derivation of the multipole moment follows from the
tensorial recursion relation derived in [14-16]; see also
[59]. However, in the presence of stationarity and axisym-
metry, the above tensorial recursion relation can be reduced
to a scalar recursion relation and hence it follows that the
multipole moments can be derived by taking recurrent
derivatives of an appropriate scalar function. Following this
analysis, we have explicitly derived the multipole moments
of the Kerr-NUT spacetime and it has been presented in
(46), depicting our final result. It turns out in the limit of
vanishing NUT charge, the multipole moments reduce to
that of Kerr spacetime. However, in striking contrast to Kerr
spacetime, for Kerr-NUT spacetime both mass and spin
multipole moment of all orders exist. For example, the
zeroth order spin multipole moment is given by the NUT
charge N, while the first order mass multipole moment is
given by Na. While for vanishing NUT charge, all of these
terms identically vanish. It is quite remarkable to witness
how the addition of a nonzero NUT charge changes the
multipolar structure of spacetime, though the expression for
the multipole moments remains compact and is consistent
with an intuitive picture. As we have explored further, it
turns out that nonvanishing of all the mass and spin
multipole moments for Kerr-NUT spacetime is a feature
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and not a bug, which is intimately connected with the
asymmetry of the Kerr-NUT spacetime about the equatorial
plane. Besides, the expression for multipole moments is
also consistent with the duality symmetry of the Kerr-NUT
spacetime, namely, the multipole moments with N =0
are identical to the multipole moments with M =0,
modulo a negative sign, under the following transforma-
tion, M <> iN. This provides an overview of the theoretical
computations associated with the multipole moments of the
Kerr-NUT spacetime, which we have applied to the context
of gravitational wave observations.

The observational aspects of this work stem from the
analysis of the multipolar structure of the Kerr-NUT
spacetime. In particular, we have studied the inspiral phase
of a binary system with incomparable masses, using which
one can relate the multipole moments of the central massive
object with the gravitational wave observables like the
radiated energy and the precession frequencies. Due to
the nonvanishing contributions from the odd mass and even
spin moments, it is likely that the gravitational wave
observable would also contain their imprints. This is what
we have achieved in this work, i.e., we have expressed the
energy radiated by the gravitational waves as well as
precession frequencies of the inspiraling object about the
circular orbit on the equatorial plane in terms of all the
multipole moments, including odd mass moments and even
spin moments. Interestingly, the zeroth order spin moment
appears at a leading order PN coefficient than the first order
spin moment, as expected. For the Kerr-NUT spacetime,
this translates into the fact that the NUT charge appears at a
lower PN order than the rotation parameter and hence has
significant influence on these observables.

However, the above result is based on the existence of
quasicircular orbits on the equatorial plane, which is not
possible on the Kerr-NUT spacetime. In order to circum-
vent this issue, we have attempted to estimate how the value
of NUT charge affects the departure of the circular orbit
from the equatorial plane. As we have noticed in Fig. 1,
with an increase in the value of the NUT charge, the angular
deviation from the equatorial plane also increases, render-
ing the above analysis inappropriate. Our analysis suggests
that the NUT charge should always satisfy the following
bound (N/M) < O(1072) in order to claim that the orbits
are confined mostly on the equatorial plane and hence the
above analysis can be carried out. In addition, we observe
that circular orbits with larger radius have a smaller
deviation from the equatorial plane compared to a circular
orbit with smaller radius. This is expected, since an orbit
with a larger radius describes an early phase of the inspiral
and likely to have less interaction with the NUT charge,
compared to a later stage of the inspiral. To point out
another key aspect of our findings, we notice that even
though the NUT charge appears at a lower PN order than
the rotation parameter, due to the smallness of the ratio
(N/M), for most of the astrophysical situations the

contribution from the NUT charge will be comparable or
smaller compared to the rotation parameter. We have also
provided an algorithm to read of the multipole moments
from the gravitational wave observables. It would be
interesting to derive the PN expansion of the observables
to higher orders using the above algorithm. This would
enable us to determine the effect of asymmetry about the
equatorial plane from the gravitational wave observables and
hence can provide further constraints on the NUT charge.
This will also facilitate further constraint on the NUT charge
using the inspiral part of the data from the binary black hole
merger events in LIGO. These we leave for the future.
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APPENDIX A: FROM SPHERICAL TO
CYLINDRICAL COORDINATE SYSTEM

The Kerr-NUT spacetime in the spherical coordinate
system (¢, r, 6, ¢) is well known. In this Appendix, we will
demonstrate how the Kerr-NUT metric in the cylindrical
coordinate system can be determined. The key to this
transformation is (4). The idea is to find the coordinates
(p,z), such that the Kerr-NUT metric in (¢, r, 8, ¢) coor-
dinate system expressed in (1) can be written as (4).
Equating g,, and g, components of (1) and (4), we obtain

A — a’sin*0
F= ;;Hl ’

_ AP —asin®0(r* + a*> + N?)
» = _ :
A — a’sin0

(A1)

Therefore, by equating the g,, component in (1) with that
in (4), we obtain the following relation:

(r* + a* + N?)?sin? 0 — AP?
22
o A —a’sin’ 0
 A-d’sin’@ X2
8 <AP —asin?0(r* + a®> + N2)>2‘ (A2)

A — a?sin? 0

The above equation can be rewritten and the cylindrical
coordinate p can be related to the spherical coordinates
(r,0) as
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p? = (A - a*sin? 0)[(r* + a* + N?)? sin? 0 — AP?]
+ [AP — asin® 0(r* + a* + N?)]?},

= Asin? 6. (A3)

Let us now work out the connection between the other
cylindrical coordinate z and the spherical coordinates
(r, ). For this purpose, we assume the following decom-
position z = f(r)cos@ and hence express the following
combination in the spherical coordinates:

: A’ 2
dp* +dz? = (\/K cos 0df + smemdr>
+ (—f sin0dO + f' cos Odr)?,
AZ 2 a2 >
= (ﬂsm 0 + f'* cos 9>dr
+ (Acos® 0 + f?sin® 0)do?
/

A
+ ZSiné?cosH(?—ff’) drdf. (A4)

Comparison with (1) suggests that coefficient of the drdf
term must vanish, which yields A’ = 2ff’, which can be
integrated, yielding f(r) = V'r> —2Mr + C, where C is a
constant of integration. For consistency of the g,, and gy
components with the metric presented in (1), we obtain
C = M? and hence, z = (r — M) cos @. These are the two
transformation relations used in (3).

APPENDIX B: EXISTENCE OF THE TWIST
POTENTIAL FOR VACUUM SPACETIMES

In this Appendix, we will demonstrate that in vacuum
spacetimes there always exists a twist potential w, arising
out of the twist vector field w, defined in (8). As
emphasized before, the existence of the twist potential w
demands the following form for the twist vector field w,,
namely, o, = V,o. To see that this is really the case,
we need to establish that, V[ﬂwy] = 0. To prove the same,
we start with the following relation:

Cl)l,] =

(vﬂwl/ - vl/a)ﬂ)

NN SR

(895, — 8280)V y = %e

awpo€PN .,

(B1)

where in the last line we have used the properties of the
Levi-Civita symbol ¢,,,; appropriately. Following the

definition of the twist vector field w,, as in (8), we can
simplify the term ¢V w; as follows:

e’V Vawp = eV, (6/51705 5'(71) vgé((sz))

= epaaﬁeﬁﬂaéva (5'(7[)Vo‘§((5t)> . (B2)

By using the properties of the Levi-Civita tensor and the
fact that 52’,) is a Killing vector field, we can express the

above relation as

€p(mﬂvawﬂ — —Z{VQ(éz)vﬂfz)) + va(gt(ygva‘f/()r))

V&,V ). (B3)

The above expression can be further simplified using the
properties of the Killing vector field §‘(‘[), e.g., we have the

following identity:

va(‘f?,)vp'f?,)) = (vaé?,))(vpé:?,)) + 5?,)(vavp§¢(7t)) =0,
(B4)

where we have used the result Vaf‘(’t) = 0 and the following
identity:
Vev,el) —

—R% 5,87, (B3)

as well as the antisymmetry of the Riemann tensor in the
first two indices. Therefore, (B3) simplifies to the following
form:

€p(mﬁvawﬁ = _Z{V(t(éz)v{lf/()[)) + va(f/()[)vﬁg((l[))}' (B6)

Expanding out the derivatives and using the relation
V,@@ + V,,.f,(f) =0, we obtain

€p5aﬁvawﬁ = _2{5‘(’0Va(va§/(’t)) + fl()t)va(vﬁﬁ?t))},

= 2{&7) Ratly — <l Rachy - (B7)

where in arriving at the last line we have used (BS).
Therefore, (B1) simplifies to

1
Vi) = 5 €up{ £y Radfyy = (o REET) b = €pupolly Rafy-
(B8)

Therefore, for the vacuum solutions and for maximally
symmetric spacetimes, the above expression identically
vanishes, thereby ensuring the existence of the twist
potential @.
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APPENDIX C: CONNECTION WITH THORNE’S FORMALISM

In this section, we expand the gy and gy, components of the Kerr-NUT metric in an asymptotic series, from which the
initial multipole moments can be determined. Following [17], we introduce the tetrads, e, = 9, and ef/’) = (rsin 9)‘18,/,, and
hence we have the following asymptotic expansion for the metric coefficients:

A —a*sin®0  —r* + 2Mr — a*cos’0 + N?

_ K _
900 = €peoYu = —

x? PP+ (N+acosh)?
2M  a*cos’d  N? (N +acos)*\~!
— -1+ ) (1 ST
r r2 r2 r2

2M  a*cos’d  N? (N +acosf)> (N +acosf)*
=\ r? * = - r? * rt

2M  2Nacos@+2N> 2M(N + acos)*> a*N*cos*d 1
=-l+—+ 2 -2 3 Lo 4 +0(=) (C1)
r r r r r
as well as
Gy AP —asin’0(r* + a* + N?)
P = sing rsin X2
_ (r* =2Mr + a* — N*)(asin?0 — 2N cos 0) — asin*0(r* + a* + N?)
B rsin 0%2
_ (-2Mr = 2N?*)asin*0 — 2N(r* = 2Mr + a* — N*) cos 0 14 (N +acos)*\ !
B rsin@ r?
1 2N? 2 - N? N 0 (N 0)*
=~ |(—2m - asing 2N (r—2m + 2 cotg| (1 - W acosd)” (N +acosh)
r r r r r
:_2Ncot9_2Masin¢9+24NMcot9+O(l3>. ()
r r r

These expressions have been referred to in the main text while relating the multipole moments from the Geroch-Hansen
formalism with the Thorne’s formalism.

APPENDIX D: EXPRESSIONS FOR THE CIRCULAR ORBITS ON THE EQUATORIAL PLANE

In order to derive the following results, we have employed the notations and expressions given in [38]. From Eq. [12] of
[38], the expression of @ is given as follows:

{2%sin’@ + (L. — aE)* — (aEsin?@ — 21 cos §) — L.)? — sin?@(l + a cos §)*))}'/?

Dl
sin@[r2 + (I + acos 6)?] ' (1)

é:

where, r, A, E, L, have the usual meaning of radius of the orbit, Carter constant, energy, angular momentum associated with
the orbit. By differentiating with the proper time, we obtain 8 and is given by

. 1
0= i (T acosd)T {-4r.(=(L,— aE)*(r} =2Mr,+ a* = ) 4+ ((r} + a* + *)E — aL,)?
—(r2=2Mr.+a*> =) 2+ )+ (r2+ (I +acos0)>)2(L, — aE)*(M —r,)

—2r (r2 =2Mr.+ a* — ) + 4Er (E(r? + a* + ?) —aL,) +2(M —r,)(r2 + 2)]}. (D2)

From the condition of timelike circular orbit, i.e., ¥ = # = 0, the expression for energy is given as (Eq. [39] in [38])

Ef = (14 Pud)™[1 + Pu? = 2Mu (1 + Pul) — a?ul(1 + 2u2) + aw*KV{Z5 (1 + Pu)}2, (D3)

124058-18



MULTIPOLE MOMENTS OF COMPACT OBJECTS WITH NUT ...

PHYS. REV. D 102, 124058 (2020)

where we assume the orbit to be corotating and u, = 1/r,.
The expression for angular momentum is given as

L. =aE +x5. (D4)
The expression for x§ is given by
1 1 4 Au?
C = - c _ a1 1/2
Xy chil/z (1 + 12u3)1/2 {a\/u_c (l +,1uc) K }’
(D3)

where Z¢ and K have the following expressions:

76 = (1 + Pud)~ {1 = Pub + Mu,(Fu® - 2142 - 3)

—2a%u2(1 + )} + 2au)* K172 (D6)
and
K =M1+ Pu){1 432 = 30%u2 — APul}
+u 2P — 2+ Pu?(2 + u?d) + a*(1 + u?)?}.
(D7)

APPENDIX E: DERIVING THE RECURSION
RELATION

In this Appendix, we will derive the recursion relation
relevant for obtaining the multipole moments from the
gravitational wave observations. In this context, the Ernst
potential &, defined in (25), plays an important role, as it
satisfies the following differential equation (see [61]):

Ve =—(V€)( £),

: (E1)

where the differential operator V is the three-dimensional
directional derivative on the manifold M5. Arising out of the
Ermnst potential is the quantity @, defined in (26), which plays
a central role in the analysis of the multipole moments. The
differential equation satisfied by the potential @ can be
determined along the following lines. First of all,

V2®:V2<1_£>:— Ve 4Ve - Ve

1+e¢ (1+e)? (143" (E2)

By using (El), the above equation can be rewritten as
follows:

2 Ve-Ve 4Ve-Ve
A(l+e)? (1+¢)?

2 Ve-Ve
—c Y e
I0rep i Te"2

I+ 2i+io)(1 -2+ iw)
__ = (VO - V).

V2P =

(E3)

In arriving at the last line, we have used the following result:

—Ve 1—¢ —Ve 1—¢
Ve Ve = (TMW“) | (m‘m“)
:(1+8)4(V£'V€). (E4)

Besides, we can also have the following result related to the
@ and its complex conjugate ®*:

(@0)! — (1+i+iw)(1+i-iw) (14 2)*+ o?
C (I-2-—iw)(1-A+io) (1-2)>+a*’
(ES)
which upon further simplification yields
-4
PP -1 =—-—5——. E6
(1+21)?*+* (E6)

Thus, we immediately obtain

20 2(1-A+io)(1+ 4+ io)

= E7

|®? -1 —42 (E7)
Therefore, (E3) becomes

Vo = VO - VO, (E8)

@ -1

which is the desired differential equation for ®. However, it
is often advantageous to introduce a set of new coordinates p
and Z from the old cylindrical coordinates (p, z) introduced
in (4), such that

Y S S
PP+ '

~2 =2
+Z°.
p? + 72 P

(E9)

™t

Asymptotically, p and Z coincide with the p and Z defined in

(29). Thus, the unphysical potential becomes @ = ®//Q =
(1/7)® and it satisfies the following differential equation:

(P — 1)V2

=20 (VD)% + 27 ® VD - Vi + (VF)>®?].  (E10)
From (57), the expansion of the unphysical potential ® in the
new (p,Zz) coordinate system is given by

b = E a,’j[)lzj.
i=0
j=0

(E11)

This expansion must be substituted in (E10) in order to
determine the coefficients a;;. In the coordinate system
(p,Z,¢), we obtain the following expression for the
Laplacian operator on the three-dimensional manifold Ms5:
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- - 1. - - @ = =%
V2P = ¥ [agcb +29,0 + agcb}, (E12) VO VO = [(5,®)" + (8:9)]
P ' - - -
Vh . Vi — {é’ 0,® + ?ag}
- - 7 7

where %d) term is absent as @ is independent of the )

7-Vi=e %
coordinate ¢, thanks to the axisymmetry of the compact Vi Vi=e™. (E14)
object. Substituting (E11) in the above expression, we obtain

Therefore, we can write (E10) as follows:
V2P = ¥ [Zi(i — Dayp 22+ iayp
=2 i=

J=0

+Y jG- l)ai,ffzf-ﬂ :

- - - 1 - -
[(7? + 22)2d* — 1] [agcb +Eaf,q> + agop}
=20%[(p* + 22){(9,@)* + (0:®)*}
+20{p9;d + 20:®} + @7, (E15)
In addition, we also have the following relations in the three-
dimensional manifold M5, which take the following forms

i=0
=2

(E13)

which can be rewritten as

|
Rb 1+ 0,® + 2D
f +5 @+ 0;
(7 + )b (a;e;op 4200+ ag@) 2857+ 2){(0,8) + (0.8)2) + 20{p0,B + 20:0) + &Y. (EI6)
Using the expansion of ® and (E13), the above differential equation becomes

S apaplp = DPP 7+ S a2+ Y apalq - Dprz
p.q D-q P.q

(P*+22)_ apay,pmEe [Z apep(p = PP 220+ a, ppP 20+ Y ayq(q - 2)prze
-4 Z aklaj;mﬁkerzH% <Z apqpﬁpzq + Z aquﬁpzq> -2 Z akla;lnapqﬁk+m+pzl+n+q
- ZZamnp’”z (p* + 72 [(Z Ay PP’ 12") X <Z ak,kﬁk‘121>

+ <Z a,,qqﬁf’zq-1> (Z aylprz= ‘)}

(E17)
The above equation can be simplified further by renaming the indices appropriately, which yields
Z ap+2,qﬁpzq (P + 2)2 + Z ap.q+2 (q + 2) (q + 1)ﬁpzq
= audn, P {Z apg PP (P + PPER) + ) ayq(q = 1)(pP PR + fﬂ’zqﬂ
—4 Z A, Pz <Z Pa, 7l + Z qapqﬁpzq> ) Z akla;”apqﬁkereranqu
—2) ap" (P + ) (Z phaygap? 32+ lqu> . (E18)

Relabeling the indices and then equating the coefficients of equal powers of p and Z, we obtain the following recursion relation
for determining the coefficients a ;:
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(r + 2)2ar+2,s = _<S + 1)(S + 2)”r,s+2 + Z aklafnn [ap+2,q—2(p + 2) (P + 2- Zk) + ap—2,q+2(q + 2) (q + I 21)

k+m+p=r
I+n+q=s

+ a,,(p* + ¢* —4p — 59 — 2pk —2ql - 2)],

which has been used in the main text.

(E19)
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