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Though the cosmic censorship conjecture states that spacetime singularities must be hidden from an
asymptotic observer by an event horizon, naked singularities can form as the end product of a gravitational
collapse under suitable initial conditions, so the question of how to observationally distinguish such naked
singularities from standard black hole spacetimes becomes important. In the present paper, we try to
address this question by studying the ringdown profile of the Janis-Newman-Winicour (JNW) naked
singularity under axial gravitational perturbation. The JNW spacetime has a surfacelike naked singularity
that is sourced by a massless scalar field and reduces to the Schwarzschild solution in absence of the scalar
field. We show that for low strength of the scalar field, the ringdown profile is dominated by echoes which
mellows down as the strength of the field increases to yield characteristic quasinormal mode frequency of
the JNW spacetime.
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I. INTRODUCTION

Black holes are undoubtedly one of the most elegant
constructs of general relativity that are characterized by a
null surface, called the event horizon, which conceals a
singularity within. Recent observations of gravitational
waves by the LIGO-Virgo collaboration [1–7], supple-
mented by the findings of the Event Horizon Telescope
collaboration [8–10], have provided substantial evidence
for the existence of these magnificent objects. However,
probing the spacetime near the event horizon still remains
an experimental challenge [11,12]. The black hole infor-
mation paradox [13] also heavily depends on the existence
of the event horizon. Hence, one looks for exotic com-
pact objects (ECOs) which are usually motivated by
quantum gravity consideration. In an ECO model one
assumes that quantum effects might intervene before the
total collapse of a star to a black hole, forming a compact
object devoid of an event horizon or a central singularity.
Some examples are gravastars [14,15], boson stars [16],
wormholes [17–19], fuzzballs [20], and others [21–25].
Another interesting possibility in classical gravity is the
formation of a naked singularity, where the singularity is
not cloaked by an event horizon and is visible to an
asymptotic observer, violating the cosmic censorship con-
jecture [26]. For gravitational collapse, the quantum con-
siderations are generally towards an avoidance of a
singularity [27–29]. Harada et al. [30] argued that although
for a collapsing scenario of a quantized scalar field in a
curved background the energy flux diverges near the

cauchy horizon, this semiclassical approach fails as the
energy flux reaches the Planck scale, and there is no
singularity. However, the study of gravitational collapse of
massive matter clouds suggests that naked singularities can
indeed form as an end-state under suitable initial conditions
[31–44]. An inevitable question that now arises is how to
observationally distinguish such naked singularities from a
black hole spacetime. The observational evidence for the
existence of such naked singularities will not only invali-
date the cosmic censorship conjecture, but will also have
serious implications in the quantum gravity context.
In the electromagnetic spectrum, there are numerous

observations pertaining to gravitational lensing [44–51],
accretion disk [44,52–57], images and shadows [58–60]
that highlight the difference in the properties of naked
singularities, and black hole spacetimes. In the gravitational
wave spectrum such observations should also be possible,
particularly, in the ringdown phase of a compact binary
coalescence when the signal is dominated by the quasi-
normal modes. However, the templates for such signals
are not known yet and further research is required for
that. The quasinormal modes (QNMs) are characterized
by damped harmonic oscillations [61,62] that can also be
excited by linear perturbation of the compact object. In
general, QNMs of different compact objects will be differ-
ent and can be used to distinguish ECOs from black holes
[19,24,63–68]. The horizonless character of the ECOs
may also be manifested by echoes in the ringdown profile
[69–77].
In the present work we consider a static, spherically

symmetric solution to the Einstein’s equations with a naked
singularity, known in literature [78–80] as the Janis-
Newman-Winicour (JNW) naked singularity. The JNW
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naked singularity is sourced by a massless scalar field. The
JNW spacetime has a surfacelike naked singularity that
reduces to the well known Schwarzschild solution in the
absence of the scalar field. Optical properties of the JNW
spacetime have been studied at great lengths [48–51,
58–60,81,82]. The JNW spacetime has been shown to
be stable against scalar field perturbations [83]. Scalar
radiation from the JNW spacetime has also been studied in
Refs. [84,85]. Chirenti, Saa, and Skákala [86] studied the
quasinormal modes of a test scalar field in the Wyman
naked singularity [79,80] and showed the absence of
asymptotically highly damped modes in the QNM
spectrum.
In this paper, we aim to investigate the response of the

JNW naked singularity-spacetime to axial (odd-parity)
gravitational perturbation. We observe that even when
the scalar field is weak, the signature of the difference
between the spacetime due to a black hole and the naked
singularity is quite distinctly elucidated by the existence of
echoes for the latter, but as the strength of the scalar field
increases, the echoes align and the QNM structure of the
JNW ringdown becomes prominent.
The paper is organized as follows. In Sec. II we provide a

brief review of the JNW naked singularity. Section III
discusses the gravitational perturbation of the JNW naked
singularity-spacetime and obtains the master equation for
axial gravitational perturbation. Section IV is dedicated to
the time domain analysis of the perturbation equation and
the evaluation of the associated quasinormal mode frequen-
cies. Finally, in Sec. V we conclude with a summary and
discussion of the results that we arrived at. Throughout the
paper, we employ units in which G ¼ c ¼ 1.

II. REVIEW OF THE JNW NAKED
SINGULARITY

We start with an action in which the Einstein-Hilbert
action is minimally coupled to a real massless scalar
field Φ,

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½R̄ − 8πḡμν∂μΦ∂νΦ�: ð1Þ

The field equations of the above theory,

R̄μν ¼ 8πð∂μΦÞð∂νΦÞ; ð2Þ

□Φ ¼ 0; ð3Þ

admit a static, spherically symmetric solution described by
the line element,

ds2 ¼ −fðrÞdt2 þ fðrÞ−1dr2 þ h2ðrÞðdθ2 þ sin2θdϕ2Þ;
ð4Þ

where

fðrÞ ¼
�
1 −

b
r

�
ν

and hðrÞ ¼ r

�
1 −

b
r

�1−ν
2

: ð5Þ

This is the well known Janis-Newman-Winicour (JNW)
spacetime [78–80]. The JNW spacetime is sourced by a
scalar field,

Φ ¼ q

b
ffiffiffiffiffiffi
4π

p ln

�
1 −

b
r

�
: ð6Þ

The parameter b is related to the scalar charge q and the
Arnowitt-Deser-Misner (ADM) mass M as b ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p
and ν ¼ 2M=b ¼ M=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p
lie in the

range, 0 ≤ ν < 1. For q ¼ 0 (ν ¼ 1), the scalar field
vanishes and one recovers the standard Schwarzschild
metric. For an indefinitely high q, ν reduces to 0. Thus,
the parameter ν measures the deformation from the
Schwarzschild spacetime. The JNW spacetime has a
curvature singularity at r ¼ b for 0 < ν < 1. The absence
of an event horizon makes the singularity globally naked.
The spacetime also satisfies the weak energy condition
[80,87]. For 1=2 < ν < 1, the JNW singularity lies within a
photon sphere [49,51,88] of radius

rph ¼
bð1þ 2νÞ

2
; ð7Þ

and the singularity is classified as weakly naked. However,
for 0 < ν ≤ 1=2 the singularity is no longer covered by a
photon sphere and is classified as strongly naked. The JNW
spacetime with weakly naked singularity is observationally
characterized by a shadow and has lensing properties
characteristic of the Schwarzschild black hole, whereas,
for strongly naked singularity the lensing properties differ
considerably from that of the Schwarzschild black hole
[48–51,58–60].
In the present work, we will restrict ourselves only to the

weakly naked singularity regime of the JNW spacetime.

III. PERTURBATION OF THE JNW SPACETIME

We introduce small perturbations hμν to the background
metric ḡμν such that the resulting perturbed metric gμν
becomes

gμν ¼ ḡμν þ hμν; where jhμνj=jḡμνj ≪ 1: ð8Þ
The perturbed metric gives rise to the perturbed Christoffel
symbols,

Γα
μν ¼ Γ̄α

μν þ δΓα
μν; ð9Þ

where Γ̄α
μν are the Christoffel symbols due to the unper-

turbed metric and
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δΓα
μν ¼

1

2
ḡαβðhμβ;ν þ hνβ;μ − hμν;βÞ: ð10Þ

This results in the perturbed Ricci tensor,

Rμν ¼ R̄μν þ δRμν; ð11Þ

where

δRμν ¼ ∇νδΓα
μα −∇αδΓα

μν; ð12Þ

and ∇μ is the covariant derivative with respect to the
background metric ḡμν.
Due to spherical symmetry of the background spacetime,

we can decompose the perturbations ðhμνÞ into odd- ðhoddμν Þ
and even-type ðhevenμν Þ perturbations, based on their parity
under two dimensional rotation [89,90]. For excellent
reviews, we refer to Refs. [62,91]. In the present work,
we will concentrate on the odd-parity or axial perturbation
in which the perturbation δΦ of the background scalar field
Φ does not contribute [92]. Thus, the evolution of the axial
perturbation is governed by the field equation,

δRμν ¼ 0: ð13Þ

The perturbation variables hμν can be expanded in a
series of spherical harmonics. The components of the axial
perturbation ðhoddμν Þ can be further simplified by utilizing the
residual gauge freedom to choose a proper gauge. A
preferred choice in this case is the “Regge-Wheeler” gauge
[89] in which the axial perturbation is represented in terms
of only two unknown functions h0ðt; rÞ and h1ðt; rÞ,

hoddμν ¼

0
BBB@

0 0 0 h0ðt; rÞ
0 0 0 h1ðt; rÞ
0 0 0 0

h0ðt; rÞ h1ðt; rÞ 0 0

1
CCCA

× sin θ∂θPlðcos θÞeimϕ; ð14Þ

where Plðcos θÞ is the Legendre polynomial of order l and
m is the azimuthal harmonic index.
δRμν has ten components, out of which only the ðt;ϕÞ,

ðr;ϕÞ, and ðθ;ϕÞ components are nonzero. We explicitly
write the ðt;ϕÞ, ðr;ϕÞ, and ðθ;ϕÞ components of Eq. (13) in
a simplified form as,

δRtϕ ¼ −
ð1 − b

rÞνh0ðt; rÞðb2νðνþ 1Þ − brð2νþ l2 þ lÞ þ r2lðlþ 1ÞÞ
2r2ðb − rÞ2

−
1

2rðb − rÞ
�
1 −

b
r

�
ν

ðrðb − rÞ∂2
rh0ðt; rÞ−ðbνþ b − 2rÞ∂th1ðt; rÞ þ rðr − bÞ∂t∂rh1ðt; rÞÞ ¼ 0; ð15Þ

δRrϕ ¼ 1

2
rν−1ðr − bÞ−ν−1ðrðb − rÞð∂t∂rh0ðt; rÞ − ∂2

t h1ðt; rÞÞ

− ðbνþ b − 2rÞ∂th0ðt; rÞÞ −
ðl2 þ l − 2Þð1 − b

rÞνh1ðt; rÞ
2rðb − rÞ ¼ 0; ð16Þ

δRθϕ ¼ 1

2

�
1 −

b
r

�
−ν
�
∂th0ðt; rÞ −

�
1 −

b
r

�
2ν∂rh1ðt; rÞ

�
þ bνr−ν−1ðr − bÞνh1ðt; rÞ

2b − 2r
¼ 0: ð17Þ

Substituting ∂th0ðt; rÞ from Eq. (17) to Eq. (16) and

definingΨðt; rÞ ¼ h1ðt;rÞ
r ð1 − b=rÞ3ν−12 , we obtain Eq. (16) in

a Schrödinger-like form,

∂2

∂t2 Ψðt; rÞ −
∂2

∂r2�Ψðt; rÞ þ VeffðrÞΨðt; rÞ ¼ 0; ð18Þ

where

VeffðrÞ ¼
1

4
r−2ðνþ1Þðr − bÞ2ðν−1Þð3b2ðνþ 1Þ2

− 4brð3νþ l2 þ lÞ þ 4r2lðlþ 1ÞÞ ð19Þ

is the effective potential. The coordinate r� is known as the
tortoise coordinate and is defined by the relation,

dr�
dr

¼
�
1 −

b
r

�
−ν
: ð20Þ

For ν ∈ ð0; 1Þ, the tortoise coordinate maps the singularity
at r ¼ b to r� ¼ 0. The effective potential vanishes as
r� → ∞, whereas near the singularity it rises to an infinite
wall,

Veffðr → bÞ → ∞ for 0 < ν < 1: ð21Þ
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The effective potential as a function of the tortoise
coordinate r� for different values of the parameter ν is
depicted in Fig. 1. For numerical simplicity the origin of the
tortoise coordinate in Fig. 1 has been shifted from r ¼ b to
r ¼ bþ εðε ≪ 1Þ. We have chosen b ¼ 2, i.e., q2 þM2 ¼
1 for a better control over the numerical work. This implies
we actually work on the basis of the relative strength of the
scalar charge q to the mass M, for ν ¼ 1, q ¼ 0 and the
system reduces to a Schwarzschild geometry, whereas for
ν ¼ 1

2
, q
M is as high as

ffiffiffi
3

p
. Away from the singularity, for ν

in the range ð1=2; 1Þ, the effective potential is characterized
by a peak. As ν decreases from ν ≈ 1 to ν ≈ 1=2, the height
of the potential peak increases and it moves closer to the
r� ¼ 0 surface. For 0 < ν ≤ 1=2, i.e., in the strongly naked
singularity regime, the peak vanishes and the potential
profile is solely characterized by a potential wall, gradually
rising to infinity at the singularity.

IV. TIME-DOMAIN PROFILE AND
QUASINORMAL MODES

In order to study the time evolution of the perturbation,
we rewrite the wave equation (18) in terms of the light-cone
(null) coordinates, u ¼ t − r� and v ¼ tþ r�, as

4
∂2

∂u∂vΨðu; vÞ þ Veffðu; vÞΨðu; vÞ ¼ 0: ð22Þ

The appropriate discretization scheme to integrate Eq. (22)
as proposed by Gundlach, Price, and Pullin [93] is

ΨðNÞ ¼ ΨðWÞ þΨðEÞ −ΨðSÞ

− Δ2
VeffðWÞΨðWÞ þ VeffðEÞΨðEÞ

8
þOðΔ4Þ;

ð23Þ

where we have used the following designations for the
points in the u − v plane with step-size Δ: N ¼ ðuþ Δ;
vþ ΔÞ, W ¼ ðuþ Δ; vÞ, E ¼ ðu; vþ ΔÞ, and S ¼ ðu; vÞ.
In the linear regime, the eigenfrequencies of the JNW
spacetime are not sensitive to the choice of the initial
condition, so we model the initial perturbation by a
Gaussian pulse of width σ centred around v ¼ vc,

Ψðu ¼ 0; vÞ ¼ e−
ðv−vcÞ2

2σ2 ; ð24Þ

and assume the perturbation to vanish at r� ¼ 0,

Ψðr� ¼ 0; tÞ ¼ Ψðu ¼ v; vÞ ¼ 0; ∀ t: ð25Þ

The choice of the boundary condition, given in Eq. (25)
deserves some attention. It should be noted that the JNW
spacetime fails to be globally hyperbolic due to the naked
singularity at r ¼ b. A general prescription to define
sensible dynamics of the perturbation field (in the linear
regime) in such static, nonglobally hyperbolic spacetimes
has been suggested by Wald [94] (see also Refs. [95–101]).
One starts by defining an operator A denoting the spatial
(derivative) part of Eq. (18),

A ¼ −
d2

dr2�
þ Veff : ð26Þ

The operator A acts on the Hilbert space H ¼ L2ðr�; dr�Þ,
of square integrable functions on the static hypersurface Σ,
orthogonal to the unit timelike vector. The existence of a
unique self adjoint extension AE of A guarantees unitary
dynamical evolution of the perturbation field, which, in our
case, corresponds to choosing the appropriate boundary
condition at the singularity.
As we approach the singularity, we can write fðrÞ≈

b−νðr − bÞν, hðrÞ ≈ b
1þν
2 ðr − bÞ1−ν2 , and the tortoise coordi-

nate, r� ≈ bν
1−ν ðr − bÞ1−ν. Close to the singularity, the

effective potential reduces to

Veffðr�Þ ≈
3

4r2�
þO

�
1

rγ�

�
; ð27Þ

where γ ¼ − 2ν−1
1−ν < 2. Assuming,

Ψðt; r�Þ ¼ e−iωtΨðr�Þ; ð28Þ

we get

AΨ≡ −
d2Ψ
dr2�

þ VeffΨ ¼ ω2Ψ; ð29Þ

which at the leading order reduces to

−
d2Ψ
dr2�

þ 3

4r2�
Ψ ¼ ω2Ψ; as r� → 0: ð30Þ
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FIG. 1. Plot of the effective potential with r� for different values
of ν with b ¼ 2 and l ¼ 2.
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The general solution to Eq. (30) is given by

Ψ ∼ C1ðr−1=2� þ � � �Þ þ C2ðr3=2� þ � � �Þ; as r� → 0: ð31Þ

Equation (31) suggests that for Ψ to be normalizable, we
must have C1 ¼ 0; i.e., Ψ must satisfy

r1=2� Ψjr�¼0 ¼ 0: ð32Þ

With the boundary condition (25), one can show that the
differential operator A of (29) has a unique Friedrichs
extension. Thus the choice of the boundary condition is
consistent following Wald’s seminal work [94]. A very
brief description of the method is given in the Appendix A.
It is important to mention that for scalar field propagation

in the Wyman spacetime, which is actually identical with
the JNW metric as shown by Virbhadra [80], the time
translation operator also has a unique self-adjoint extension
[96]. Chirenti, Saa, and Skákala [86] have also shown the
uniqueness of the time evolution of scalar fields in the
Wyman spacetime.
Using the integration scheme given in Eq. (23), we study

the time evolution of the field Ψ along a line of constant r�.
Figure 2 shows the time evolution of axial perturbation
of the JNW space time for different values of the parameter
ν. The qualitative features of the ringdown profile are
clearly described by the plots. We find that close to the
Schwarzschild limit (ν ¼ 1), when scalar charge q is small,
the response of the JNW spacetime is dominated by
damped harmonic oscillations, which soon give way to

distinctive echoes. The echoes cannot be characterized by a
single dominant frequency. However, with the decrease in
ν, as the peak of the effective potential moves closer to the
wall, the echoes become less prominent and, finally, the
enveloping oscillation of the echoes align to yield charac-
teristic frequencies of the JNW spacetime.
To extract the characteristic quasinormal mode frequen-

cies from the time-domain profile we use the Prony method
of fitting the data via superposition of damped exponentials
with some excitation factors [102,103],

ΨðtÞ ≃
Xp
j¼1

Cje−iωjt: ð33Þ

We provide a brief description of the Prony method in
Appendix B. It deserves mention that the usual Wentzel-
Kramers-Brillouin (WKB) method of evaluating the qua-
sinormal mode frequencies [104–109] does not work in the
present case. TheWKBmethod is applicable only when the
potential function, Uðx;ωÞ ¼ VeffðrÞ − ω2 has two turning
points, which in general is not the case for the JNW
spacetime due to the presence of the infinite potential wall.
Table I shows the fundamental quasinormal mode

frequencies of the weakly naked JNW spacetime. The
quasinormal modes for the Schwarzschild case (ν ¼ 1)
correspond to the standard black hole—boundary condition
of completely ingoing waves at the horizon and completely
outgoing waves at spatial infinity. The quasinormal mode
frequency for ν ¼ 1 matches with that obtained in
Refs. [105,110,111]. ω corresponding to ν ¼ 0.99, 0.95
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FIG. 2. Semilogarithmic plot of the time-domain profiles for axial gravitational perturbation of the JNW spacetime as extracted at
r� ¼ 100 with b ¼ 2 for ν ¼ 0.99, 0.95, 0.75 (from left to right), and l ¼ 2, 3 (from top to bottom). The horizontal axis has been scaled
by b to make it dimensionless.
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for l ¼ 2 and ν ¼ 0.99, 0.95, 0.86 for l ¼ 3 represent
the dominant quasinormal mode frequency of the initial
oscillatory falloff, characteristic of the potential peak at
r > b, which later gives rise to echo signals. We see from
Table I that for a given multipole index, l, once the scalar
charge becomes significantly large and the echoes align
(ν ¼ 0.86 − 0.73 for l ¼ 2 and ν ¼ 0.83 − 0.73 for l ¼ 3),
both the oscillation frequency and the damping rate of the
fundamental quasinormalmode (the real and imaginary parts
of the QNM frequency, respectively) increase with the
decrease of ν. With increasing values of the multipole index
the echoes persist for even smaller values of ν.
An important parameter in the analysis of ringdown

signal is the quality factor which is defined as the ratio of
the real and imaginary parts of the quasinormal mode
frequency

Q ∼
RealðωÞ
jImðωÞj : ð34Þ

The quality factor for the quasinormal modes of the
Schwarzschild black hole and that of the JNW spacetime
is shown in Table II. We note from Table II that (starting
from ν ¼ 0.99) for a given multipole index, the quality

factor increases with the decrease in ν, reaches a maximum
as the echoes in the ring-down profile aligns and then falls
off with further decrease in ν.

V. CONCLUSION

The detection of gravitational waves from compact
binary coalescence has opened a new window of oppor-
tunity to probe the strong field regime of gravity and,
hence, to test the existence of exotic compact objects. One
such horizonless compact object is a naked singularity,
which can form as a result of gravitational collapse under
suitable initial conditions.
In the present work, we studied the ringdown profile of

the Janis-Newman-Winicour naked singularity-spacetime
[78–80] for an axial gravitational perturbation. We specifi-
cally investigated the weakly naked singularity regime
where the spacetime is characterized by a photon sphere.
At the singularity at r ¼ b, the effective potential becomes
infinite. For the QNM pertaining to a black hole one has an
advantage of picking up boundary conditions elegantly,
pure incoming waves at the horizon and pure outgoing
waves at large distances. A purely incoming or outgoing
mode is not suitable in the present case. For unique time
evolution of the perturbation field, we choose null Dirichlet
condition at the singularity, consistent with the work of
Chirenti, Saa, and Skákala [86].
Near the Schwarzschild limit, the initial response of the

spacetime is characterized by damped oscillations, reminis-
cent of the potential peak at r > b. At later times, these
damped oscillations give rise to distinct echoes. However, as
the parameter ν is decreased, the echoes die down and
characteristic quasinormal modes emerge. In the extreme
right plots of Fig. 2, both up and down, when ν ¼ 0.75,

corresponding to q
M ¼

ffiffi
7

p
3
, there are no echoes. Certainly the

QNMsaredifferent from the blackholes.As the echoes align,
the QNM spectrum is dominated by modes with very low
damping rate, hence, high quality factor (as evident from
Tables I and II for ν ¼ 0.86 for l ¼ 2 and ν ¼ 0.83 for
l ¼ 3). Thus, the JNWspacetime in this range is an excellent
oscillator. With further decrease in ν, both the oscillation
frequency and the damping rate of the quasinormal modes
increase which in turn reduces the quality factor of the
oscillation. It is also important to note that in the entire
analysis we do not observe any unstable quasinormal modes
with frequency having positive imaginary part.
The existence of echoes in the ringdown signal of the

JNW naked singularity is a novel result which categorically
differentiates it from a black hole. It deserves mention that
Chirenti, Saa, and Skákala [86] showed the absence of
asymptotically highly damped modes in the Wyman naked
singularity [79,80], but their work was based on the
perturbation of a test scalar field whereas the present work
is based on the tensor perturbation of the metric. Further
investigations may be able to compare the ringdown profile
of the JNW spacetime with that of other exotic compact

TABLE I. Fundamental quasinormal mode frequencies (in units
of b) for axial gravitational perturbation of the JNW spacetime for
l ¼ 2, 3. The data is indicative of the temporal sequence, QNMs
followed by echoes for small ν and initial outburst (I.O.) followed
by QNMs for large ν.

ν ωðl ¼ 2Þ ωðl ¼ 3Þ
1.00 0.3730 − 0.0891i 0.5993 − 0.0927i
0.99 0.4066 − 0.1001i, echo 0.6070 − 0.0940i, echo
0.95 0.4202 − 0.1013i, echo 0.6362 − 0.0961i, echo
0.86 I.O., 0.3404 − 0.0004i 0.7290 − 0.0968i, echo
0.83 I.O., 0.4168 − 0.0033i I.O., 0.5154 − 0.00003i
0.80 I.O., 0.4903 − 0.0122i I.O., 0.6324 − 0.0004i
0.78 I.O., 0.5371 − 0.0235i I.O., 0.7103 − 0.0019i
0.75 I.O., 0.6044 − 0.0492i I.O., 0.8229 − 0.0105i
0.73 I.O., 0.6471 − 0.0725i I.O., 0.8947 − 0.0233i

TABLE II. Quality factor for the fundamental quasinormal
mode frequencies for axial gravitational perturbation of the JNW
spacetime with l ¼ 2, 3.

ν Qðl ¼ 2Þ Qðl ¼ 3Þ
1.00 4.186 6.465
0.99 4.062 6.457
0.95 4.148 6.620
0.86 851 7.531
0.83 126.303 17180
0.80 40.189 1581
0.78 22.855 373.842
0.75 12.285 78.371
0.73 8.926 38.399
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objects such as wormholes which produce similar echoes in
the ringdown phase [68–76]. Low power echoes may also
be produced by black holes, provided, one considers a
dramatic deviation from general relativity or effective field
theory or both [112]. We also plan to extend our analysis to
polar perturbations (even parity) as well. In this regard it is
also important to note that the perturbation of the scalar
field Φ, which does not contribute in the present odd-parity
case, will give rise to breathing modes [113] in the QNM
spectrum, which results purely from δΦ.
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APPENDIX A: FRIEDRICHS EXTENSION

Whether an operator A admits a self-adjoint extension or
not depends on if the so-called the von Neumann criterion
is satisfied or not. For a given operator A, one looks for the
solution for ϕ from the equation Aϕ ¼ �iϕ. The dimension
of the solution space is called the deficiency index n.
One will have two values for n, namely n�, corresponding
to the two eigenvalues �i. For n� ¼ 0, there is a unique
Friedrichs extension. For nonzero values of the deficiency
indices, a self-adjoint extension is still possible if nþ ¼ n−,
although the uniqueness of the extension is not guaranteed
in this case.
The relevant operator in the present work, A, as given in

Eq. (29), satisfies n� ¼ 0. For an elegant discussion on
self-adjoint extension, we refer to Ref. [114] (see also
Ref. [115]).

APPENDIX B: PRONY METHOD FOR
EXTRACTING QNM FREQUENCIES

The fitting of the time-profile data with a sum of damped
exponentials can, in general, be performed using standard
nonlinear least-squares techniques. However, such fitting is
not very accurate [103]. To reduce the squared error over
the data, one needs to numerically solve highly nonlinear
equations involving sums of the powers of damping
coefficients. Such solutions depend critically on the initial
guesses for the parameters [116]. Though iterative methods
such as Newton’s method or gradient descent algorithms
can be used to address the optimization problems, they are
computationally very expensive [117,118]. This led to the
development of new class of fitting techniques relying on
the method originally developed by Prony in 1795 [119].
We start with the assumption that the ringdown begins at

t0 ¼ 0 and continues until t ¼ Nh, where N ≥ 2p − 1,
such that for each n ∈ ð0; NÞ,

xn ≡ΨðnhÞ ¼
Xp
j¼1

Cje−iωjnh ¼
Xp
j¼1

Cjznj : ðB1Þ

The Prony method provides an ingenious way to determine
zj from the profile data xn, thereby allowing to calculate the
quasinormal mode frequencies ωj. We define a polynomial
ÃðzÞ of degree p as

ÃðzÞ ¼
Yp
j¼1

ðz − zjÞ ¼
Xp
k¼0

αkzp−k; α0 ¼ 1; ðB2Þ

and consider the summation,

Xp
k¼0

αkxn−k ¼
Xp
k¼0

αk
Xp
j¼1

Cjzn−kj ¼
Xp
j¼1

Cjz
n−p
j

Xp
k¼0

αkz
p−k
j :

ðB3Þ
Using Eq. (B2) in Eq. (B3) we get

Xp
k¼0

αkxn−k ¼
Xp
j¼1

Cjz
n−p
j ÃðzÞ ¼ 0; ðB4Þ

which can be rewritten as

Xp
k¼1

αkxn−k ¼ −xn: ðB5Þ

Substituting n ¼ p;…; N in Eq. (B5), we get N−Pþ1≥p
linear equations, which can be written in the matrix form

Xα ¼ −x; ðB6Þ
where

X ¼

0
BBBBB@

xp−1 xp−2 � � � x0
xp xp−1 � � � x1

..

. ..
. . .

. ..
.

xN−1 xN−2 � � � xN−p

1
CCCCCA
;

α ¼

0
BBBBB@

α1

α2

..

.

αp

1
CCCCCA
; x ¼

0
BBBBB@

xp
xpþ1

..

.

xN

1
CCCCCA
: ðB7Þ

Equation (B6) can be solved in the least-squares sense to
determine the unknown coefficient matrix α,

α ¼ −ðX†XÞ−1X†x; ðB8Þ
where X† is the Hermitian transpose of X. Having
determined the coefficients αk and hence the roots zj
of the polynomial ÃðzÞ we obtain the quasinormal mode
frequencies,

ωj ¼
i
h
lnðzjÞ: ðB9Þ
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