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We study asymptotically flat black holes with massive graviton hair within the ghost-free bigravity
theory. There have been contradictory statements in the literature about their existence—such solutions
were reported some time ago, but later a different group claimed the Schwarzschild solution to be the only
asymptotically flat black hole in the theory. As a result, the controversy emerged. We have analyzed the
issue ourselves and have been able to construct such solutions within a carefully designed numerical
scheme. We find that for given parameter values there can be one or two asymptotically flat hairy black hole
solutions in addition to the Schwarzschild solution. We analyze their perturbative stability and find that they
can be stable or unstable, depending on the parameter values. The masses of stable hairy black holes that
would be physically relevant range form stellar values up to values typical for supermassive black holes.
One of their two metrics is extremely close to Schwarzschild, while all their “hair” is hidden in the second
metric that is not coupled to matter and not directly seen. If the massive bigravity theory indeed describes
physics, the hair of such black holes should manifest themselves in violent processes like black hole

mergers and should be visible in the structure of the signals detected by LIGO/VIRGO.

DOI: 10.1103/PhysRevD.102.124040

I. INTRODUCTION

Theories with massive gravitons provide a natural
modification of the general relativity (GR) in the infrared
regime and can be used to explain the current acceleration
of our Universe [1,2]. Such theories have a long history
pioneered by the work of Fierz and Pauli [3] and marked
by subsequent discoveries of many interesting features,
such as the vDVZ discontinuity [4,5], the Vainshtein
mechanism [6], the Boulware-Deser ghost [7], culminating
in the discovery of the ghost-free massive gravity [8] and
ghost-free bigravity [9] theories.

The ghost-free bigravity theory is the most interesting
physically. It contains two dynamical metrics, usually
called g,, and f,,, describing together two gravitons,
one of which is massive and the other is massless.
The theory admits self-accelerating cosmological solutions
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[10-12] whose properties can agree with the observations
[13-17], with the A term mimicked by the graviton mass.
The theory also admits solutions describing black holes
[18], wormholes [19], and other interesting solutions (see
[20] for a review). In what follows we shall be discussing
black holes.

The bigravity black holes can be either “bald” or “hairy.”
The bald black holes are described by the known GR
metrics. Such solutions were first discovered long ago
[21-23] within the old bigravity theory inspired by physics
of strong interactions [24]. In the simplest case, their two
metrics are both Schwarzschild—(anti-)de Sitter and can be
conveniently represented in the Eddington-Finkelstein
coordinates as [25,26]

Gudxtdx’ = =X,dv* + 2dvdr + r?dQ?,

fudxtdx? = C*(=Zpdv? + 2dvdr + r*dQ?), (1.1)
with 2, = 1-2M,/r+A,/(3r*) and X, =1-2M;/r +
Ay (3r%), where values of constants C, Ay, Ay are fixed
by the field equations. Passing to the Schwarzschild
coordinates, one can diagonalize one of the two metrics,
but not both of them simultaneously. Such solutions have
been much studied [27]; they exist also within the ghost-
free bigravity [28], and they admit the charged [29] and
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spinning [30] generalizations. These solutions also admit
the massive gravity limit where M = A, = 0 hence the f
metric is flat while the g metric remains nontrivial, and this
yields all possible static black holes in the ghost-free
massive gravity theory (it seems there can be also time-
dependent black holes in this theory [31]).

Next, it was noticed in [18] that if the parameters of
the potential are suitably adjusted, then the ghost-free
bigravity reduces to the vacuum GR when the two metrics
coincide, g,, = f,,. Therefore, all vacuum black holes,
as for example the Schwarzschild solution (to be called
bald to distinguish it from the “hairy Schwarzschild” to be
described below),

2M
Gudxtdx’ = f,, dxt'dx" = — (1 - —) dr?

r

dr?
ZdQZ
oMy TTE

(1.2)
or its spinning generalization can be imbedded into the
ghost-free bigravity. A A term can be included by assuming
the two metrics to be proportional to each other [18,20,26].
Such solutions are different from solutions of type (1.1), for
example they do not admit the massive gravity limit. In
addition, the solution (1.1) is linearly stable [32], whereas
(1.2) is unstable (for a small M) with respect to fluctuations
which do not respect the condition g, = f,, [33].

These facts essentially exhaust the available knowledge
of the bald black holes in the bigravity theory. At the same
time, more general hairy black holes not described by the
classical GR metrics can exist as well. The first example of
hairy black holes in physics was found long ago [34],
followed by many other examples (see [35,36] for a
review), so that nowadays hairy black holes are considered
as something usual. One may therefore wonder if they exist
in the ghost-free bigravity theory as well.

A systematic analysis of hairy black holes in the ghost-
free massive bigravity has been carried out for the first time
by one of the authors [18], but none of the solutions found
were asymptotically flat. In that analysis both metrics were
assumed to be static and spherically symmetric. If they are
not simultaneously diagonal, then the most general solution
is given by (1.1). If they are simultaneously diagonal, then
one of the solutions is given by (1.2), but other more
general black hole solutions exist as well.

Such solutions possess an event horizon—a hypersurface
that is null simultaneously with respect to g,, and f,,.
Therefore, both metrics share the horizon [37,38], but its
radius ¥, measured by 9w can be different from the radius
r,f{ measured by f,,. One can set ry = rf; to unit value via
rescaling the system (rescaling at the same time the
graviton mass), but the ratio u = ry,/ r}; is scale invariant.

Choosing a value of u completely determines the boundary
conditions at the horizon, which allows one to integrate the

equations starting from the horizon toward large values of
the radial coordinate r. As a result, the set of all black hole
solutions can be labeled by just one parameter u, and
integrating the equations for different values of u gives all
possible black holes.

Choosing u = 1 yields the Schwarzschild solution (1.2).
For u # 1 one finds more general black holes supporting
a massive graviton “hair” outside the horizon, but in the
asymptotic region their two geometries do not become flat
[18]. The latter property is generic, and trying different
values of u always gives either solutions with a curvature
singularity somewhere outside the horizon, or solutions
which exist for all values of 7 but show nonflat asymptotics.

At the same time, these facts do not completely exclude a
possibility of some other asymptotically flat black hole
solutions different from (1.2), which would correspond to
some special values of u different from u = 1. However,
even if they exist, one does not find such solutions by a
brute force via trying many different values of u, and the
reason is the following. The field equations reduce to three
coupled first order ordinary differential equations (ODEs)
[18], whose local at large r solution has schematically the
following structure when it is linearized around flat space
(A, B, C being integration constants):

é—i—Be"—%— Ce™r. (1.3)
Here r = mr is the dimensionless radial coordinate, with m
and r being the graviton mass and dimensionful radial
coordinate (we assume the graviton mass to have the
dimension of inverse length, so that this is rather the
inverse Compton wavelength mc/#%). The Newtonian mode
A/rin (1.3) arises due to the massless graviton present in
the theory, while the decaying mode Be™" and the growing
mode Ce™" are due to the massive graviton. Now, when
integrating from the horizon, the growing mode Ce™” will
be inevitably present in the numerical solution at large r
and will drive the solution away from flat space. This is
why one does not find asymptotically flat solutions in
this way.

To get them, one should suppress the growing mode by
setting C = 0, hence the local solutions at large r will
comprise a two-parameter set labeled by A and B. The next
step is to numerically extend this local solution toward
small r, extending at the same time the local solution at the
horizon labeled by u toward large r, until the two solutions
meet at some intermediate point. For these solutions to
agree, three (the number of the ODEs) matching conditions
should be satisfied via adjusting the three parameters u, A,
B. In practice, this can be done within the numerical
multiple-shooting method [39]. Once u, A, B are adjusted,
this yields global asymptotically flat solutions.

The difficulty, however, is that the numerical scheme
requires some input values for u, A, B, which should be
close to the “true values,” otherwise the iterations do not
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converge. It was a priori unclear how to choose these
input values, whereas choosing them randomly does not
give the convergence. Some additional information was
needed to properly choose these input values, but at the
time of writing the article [18] such information was not
available. As a result, the conclusion of that work was that
asymptotically flat hairy black holes may exist, but they
should be parametrically isolated form the Schwarzschild
solution (1.2).

It is interesting that by adding an extra matter source to
obtain not a black hole but a regular object like a star,
asymptotically flat solutions can be easily constructed, as
was shown first in [18] and later in [40,41]. The black hole
case is more difficult.

Fortunately, the additional information was later
obtained within the analysis of perturbations of the
Schwarzschild solution (1.2) [33,42]. Denoting gﬁy the
Schwarzschild metric, the two perturbed metrics are
G = Gy +69,, and f,, = g, + 6f,,. Linearizing the
field equations with respect to &g,, and of,,, one finds
that perturbations grow in time and hence the background
Schwarzschild black hole is unstable if ry =mrg <
0.86. On the other hand, for r5 > 0.86 the perturbations
are bounded in time so that the background is stable [33].
Curiously, the mathematical structure of the perturbation
equations is identical [33] to that previously discovered by
Gregory and Laflamm (GL) in their analysis of black
strings in D = 5 GR [43]. We shall therefore refer to the
Schwarzschild solution with ry = 0.86 as GL point.

This change of stability at the GL point suggests that
for rg close to 0.86 there could be two different asymp-
totically flat solutions: the Schwarzschild solution (1.2) and
also some other solution which can be approximated by the
zero perturbation mode that exists at the GL point. This
new solution is different from Schwarzschild although
close to it, hence it describes an asymptotically flat hairy
black hole. To get this solution within the numerical
scheme outlined above, one should choose the input
parameters u#, A, B to be close the GL point, u~1,
ry %086, A~ —ry/2, B~0, and it is this essential piece
of information that was missing when writing Ref. [18]. As
soon as the solution is obtained, one can change the value
of ry iteratively, thus obtaining “fully fledged” hairy black
holes which may deviate considerably from the parent
Schwarzschild solution.

Remarkably, this program was accomplished by the
Portuguese group [44] via explicitly constructing asymp-
totically flat hairy black holes in the theory in the region
below the GL point, for ry < 0.86. However, some time
later spherically symmetric bigravity solutions were ana-
lyzed by the Swedish group [45], and it was claimed that
the Schwarzschild solution (1.2) represents the unique
asymptotically flat black hole in the theory. As a result,
a controversy emerged and it was unclear if asymptotically
flat hairy black holes exist or not.

We have therefore reconsidered the issue ourselves and
below are our results. In brief, we were able to construct
asymptotically flat hairy black holes in the theory, thereby
confirming the finding of [44]. We apply a very carefully
designed numerical scheme to exclude any ambiguities and
to take into account the arguments of [45]. In fact, these
arguments correctly point to some drawbacks of the
numerical analysis commonly present in many publica-
tions. From the mathematical viewpoint, one has to solve a
nonlinear boundary value problem where the boundaries
are singular points of the differential equations (horizon
and infinity). Since it is difficult to approach such points
numerically, various approximations are used in practice,
which may give reasonable results in some cases but
inevitably increase the numerical errors and lead to a
numerical instability. Only very rarely does one find in
the literature a correct treatment of the problem (apart from
the relaxation approach), as for example in [46—48]. We
therefore pay special attention to the details of our
numerical scheme and describe them in a very explicit
way. From the methodological viewpoint, our paper gives
an example of how one should properly tackle a nonlinear
boundary value problem with singular endpoints.

We cross-check our results with two different numerical
codes written independently by two of us. Our results
strongly suggest that the hairy solutions exist and are
indeed asymptotically flat and regular. We discover many
new features of these solutions, for example we obtain hairy
black holes also above the GL point for ry > 0.86, and
we study for the first time the perturbative stability of the
solutions. We were able to identify regions in the parameter
space which correspond to stable solutions, and we deter-
mined subsets of these regions which agree with the
constraints imposed by the cosmological observations.
We find that the viable hairy black holes should be des-
cribed by the g metric that is very close to Schwarzschild,
but their f metric is different. Therefore, if the bigravity
theory indeed describes physics, the astrophysical black
holes should hide the hair in their f metric. We find
masses of such black holes to range from ~0.2 Mg
to ~0.3 x 10° My,

We have also attentively considered the arguments of
Ref. [45]. In brief, this work seems to agree that the hairy
solutions exist but judges them physically unacceptable.
We analyze the arguments and we think some of them are
interesting and should be taken into consideration, but none
of them is decisive, so that they should rather be viewed as a
conjecture. To understand its origin, we notice that the
numerical procedure adopted in that work is not suitable for
suppressing the growing at infinity mode, which generates
artificial numerical singularities. This must be the reason
why the solutions were judged unacceptable in that work.
However, no singularities appear within the properly
chosen numerical scheme, and we specially adapt our
scheme to be able to cope with the arguments of [45].
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We shall postpone a more detailed discussion of Ref. [45]
until the end of this text to be able to make a comparison
with our results.

The rest of the text is organized as follows. In Sec. II we
introduce the massive bigravity theory of Hassan and
Rosen [9]. The field equations, their reduction to the static
and spherically symmetric sector, and the simplest solu-
tions are described in Secs. III-V. In Secs. VI and VII we
describe in detail our analysis of boundary conditions at the
horizon and at infinity, and then summarize in Sec. VIII the
structure of our numerical procedure. In Sec. IX we show
our solutions for asymptotically flat hairy black holes and
also describe the duality relation yielding the solutions
above the GL point. After that, we discuss in Sec. X the
perturbations of the hairy backgrounds and the analysis
of the negative perturbation modes. Our discussion culmi-
nates in Sec. XI where we describe various limits and
identify regions in the parameter space where the solutions
exist and where they are stable. In Sec. XII we give a brief
summary of our results and discuss the arguments of
Ref. [45]. The two Appendixes contain the description
of the desingularization of the equations at the horizon, as
well as the complete set of the field equations in the time-
dependent case.

II. THE GHOST-FREE BIGRAVITY

The theory is defined on a four-dimensional spacetime
manifold endowed with two Lorentzian metrics g, and f,,
with the signature (—, 4, +, +). The action is [9]

Slg.f] :2;/R(g)\/—_gd4x+2’1€2/R(f)\/—_fd4x

m?
——/Z/{\/—gd“x, (2.1)
K
where k; and K, are the gravitational couplings, k is a
parameter with the same dimension, and m is a mass
parameter. The interaction between the two metrics is
expressed by a scalar function of the tensor (the hat denotes
matrices)
7 =1/871. (2.2)
Here the matrix square root is understood in the sense that
72 = g~'f, which can be written in components as
2 —
(7 )Mz/ =yl = 2. (23)
If 1, (a=1, 2, 3, 4) are the eigenvalues of y*, then the
interaction potential is

4
U=> b, (2.4)
n=0

where b, are dimensionless parameters while U/, are
defined by the relations

Uy = Y huts =5, (0 = 7)),

a<b

Us = 3 dede =33 (67 = 30107 + 207°]),

a<b<c

Z/l4 = 11/121314 = det(}’})

Here [y] = tr(7) = y*, and [y*] = (%) = (y)*,. The two
metrics actually enter the action in a completely symmetric
way, since the action is invariant under

(2.5)

gﬂ” <> f/w’ bk <> b4—k'

K| < Kp,
The action is also invariant under rescalings x — +£1’«,
by — by, m — Am, and this allows one to impose, with-
out any loss of generality, the normalization condition
K = K; + K. Varying the action with respect to the two
metrics gives two sets of Einstein equations,

Gﬂy(g) = m2K1T le(f) = mZKzT

227 MU

(2.6)

where k| = k| /k and k, = K, /K, and the normalization of x
implies that x; + k, = 1. The source terms in (2.6) are
obtained by varying the interaction potential I/,

T'ul/ = gﬂaTUw = Tﬂu _ua/lf, Tﬂy - fﬂaT(w - & T’”ya
V-t

(2.7)

where ¢ is the inverse of f,, and

o, = {b\Uy + by + b3y + bUs ",
— {balhy + b3y + bylhr } (1),

+{bsUhy + bl i }(* )V, = balho(r*)",.  (2.8)
There is an identity relation following from the diffeo-
morphism invariance of the interaction term in the action,

(9) (f)
V=9V, 1", +/=fV, T+, =0,

(9) )
where V, and V , are the covariant derivatives with respect

to g, and f,,.

Equations (2.6) describe two interacting gravitons, one
massive and one massless. This can be easily seen in the
flat space limit. Setting g,, = f,, =n,, (the Minkowski
metric), Egs. (2.6) reduce to

(2.9)
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0= _m2K1 (PO + Pl)’/l/wv 0= —m2K2(P1 + P2)77/4w

(2.10)

with P,, = b,, +2b,,.| + b,,,». Therefore, the flat space
will be a solution if only the parameters b, fulfil the
conditions P; = —P, = —P,. Assuming this to be the case,
let us set g, = n,, + g, and f,, =n,, + 6f,, where the
deviations dg,, and 6f,, are small. Linearizing the equa-
tions (2.6) with respect to the deviations yields

ELRY) =0,

Q

(2.11)

2

~ul m
gﬂlyjhaﬂ + —== (h/w - ']}wh> =0,

5 (2.12)

where E’Z,/j denotes the linear part of the Einstein operator,
and where h,(f,),) = k6t,, + Kk,0g,, and h,, = of,, — &g,

with h = n“/’haﬁ. The hfg) equations are the linearized
Einstein equations describing a massless graviton with two
dynamical polarizations. The h,, field fulfills the Fierz-
Pauli equations for massive gravitons with five polariza-
tions and with the mass

mip, = P; m%. (2.13)
Therefore, one will have mgp = m if

P =1 (2.14)
This condition can be solved together with the conditions
Py = P, = —1 implied by (2.10) to express the five b; in
terms of two independent parameters, sometimes called c3
and ¢y,

b0:4C3+C4—6, b1:3—3C3—C4,

b2:2C3+C4—1, b3:—(C3+C4), b4:C4.

(2.15)

At the same time, the theory has exactly 7 propagating
degrees of freedom also away from the flat space limit
and for arbitrary b; (see [49-51] for its Hamiltonian
formulation).
Let us finally pass from the dimensionful spacetime
coordinates x* to the dimensionless ones,
X = mx*.

(2.16)

This is equivalent to the conformal rescaling of the metrics,

1

guw = Fgﬂw (217)

1
f;w = Pf/ll/’

after which the field equations (2.6) reduce to

Gﬂt/(g) = KlTﬂw Gﬂl/(f) = KZTﬂw (218)

where T#, and 7T#, are still given by (2.7), (2.8) with

7= \/@“j’. The Bianchi identities for these equations
imply that

pta =% pta = (2.19)
which is consistent with (2.9). All fields and coordinates
are now dimensionless and no trace of the mass parameter
m is left in the equations. However, one has to remember
that the unity of length corresponds to the dimensionful
1/m, which is the physical length scale.

In what follows we shall be analyzing equations (2.18)
without making any assumptions about values of k;, x, and
b;. However, when integrating the equations numerically,
we shall assume that x; 4+ x, = 1 and choose b, according
to (2.15). Therefore, our solutions depend on three param-
eters of the theory, c3, ¢4 and 5, where

Ky = cos’y, Kk, = sin’y. (2.20)
We shall assume in what follows that if the theory is
extended to include an extra matter variables denoted by P,
then the action (2.1) becomes S[g, f] — S[g, f] + Spalg. ¥],
so that the matter couples only to the g metric. The
g-geometry is therefore physically measurable as test
particles follow its geodesics. The f-geometry is not
directly coupled to matter, hence it cannot be directly seen
and remains hidden.

III. SPHERICAL SYMMETRY

Let us introduce coordinates (x°, x', x2, %) = (t, 7,9, ¢)
and choose both metrics to be static, spherically symmetric,
and diagonal,

d 2
ds} = gudv'dx’ = Q2 + 5 + RS,

d 2
ds} = fudv'dx’ = -gdf + 35+ U@, (3.1)

where dQ? = d9? + sin® 9dp* while Q,A,R,q, W, U are
functions of the radial coordinate » = mr. In fact, this is not
the most general form of the spherically symmetric fields,
since one could also include the off-diagonal metric
element f,; as shown by Eq. (B1l) in Appendix B.
However, in the static case this would imply that (1.1) is
the only possible solution [18] (the situation changes in the
time-dependent case). Therefore, we choose the static
metrics to be both diagonal, which leads to nontrivial
solutions.
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The tensor y#, in (2.2) then reads

. qg A UU
#, = d 2N R sy ) 3-2
= ding[ & 0 20 (32)
and one obtains from (2.7)
T”b = diag[TOO, T‘1 1s T22, T22],
Tﬂy = diag[Too,Tll,Tzz,Tzz], (33)
where
A
TOO = _7)0 _P] W’
r =Py -p
qg A qA
w
w7 =-P, - P N
w7 =-P, —77157
o w ow
uTz—ID3—’D2<;+K>—ID1q—A (34)
Here u = U/R and
7)m = bm + 2’berlu + bm+2u2’
D,=b,+b,.u (m=0,1,2). (3.5)
The independent field equations are
Go(g) = k1 T, Gi(g) =T,
Gg(f) =177, G}(f) =Ty, (3.6)

(9)
plus the conservation condition V ﬂT’Z = 0, which has only
one nontrivial component,

) 1\ Q/ 1 0 R/ 1 2
v, = (T") +§(T1—T0)+2E(T 1 —T%,) =0,

(3.7)

where the prime denotes differentiation with respect
to r. The conservation condition for the second energy-
momentum tensor also has only one nontrivial component,

/

(f) . q X 0
vV, T = (T 1)"1';(7' 1 —=T%)

U/

+2U (Tll —722) == 0, (38)

but this follows from (3.7) due to the identity relation (2.9).
As aresult, there are 5 independent equations in (3.6), (3.7),
which is enough to determine the 6 field amplitudes
0,A,R,q,W, U, because the freedom of reparametrization
of the radial coordinate » — 7(r) allows one to fix one of
the amplitudes.

IV. FIELD EQUATIONS

Let us introduce new functions

N = AR/, Y =WU, (4.1)
in terms of which the two metrics read
dR?
ds? = —Q%dr* + ~ T R?dQ?,
ds} = —q*d* + dy_U; + U?dQ. (4.2)

The advantage of this parametrization is that the second
derivatives disappear from the Einstein tensor and the four
Einstein equations (3.6) become

K R (1-N*)R
N =———(RY 'N - 4.
2NY( Po+ UNP;) + RN (4.3)
, K, R? , , (1-Y)U
—— R'Y UN -_ 4.4
> uny RYPLHUNP) + 0 (44)
O(N?>—=1)\ RR’
Q' = —<’<1(on +qPy) +(T)) N (4.5)
Y2 —1)\ R?U
The conservation condition (3.7) reads
(9) U N q
V”T"l = F (1 - 7) <d73() + édpl>
q/ NQ/U/
+ <§— YOR P, =0, (4.7)
and using Eqgs. (4.5) and (4.6), this reduces to
5 (9) U’
R QVMT"I - 7(: - O, (48)

where
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RYP}

R*PyP;  (N* = )RP, N

€= <K2 20y ' oN

N (N - Y)RdP0> 0

RYPP RP? (Y?-1)R*P
+<1<2 LA, 1+( ) Ly

2UY oN

with
dP,, =2(b,41 +byu) (m=0,1). (4.10)
The conservation condition (3.8) becomes
—Uzq(fvjﬂT”I :gC =0. (4.11)
N

The two conditions (4.8) and (4.11) will be fulfilled if
U =R =0, in which case both metrics are degenerate.
If the metrics are not degenerate, then conditions (4.8)
and (4.11) reduce to the algebraic constraint

Cc=0. (4.12)

This constraint can be resolved with respect to g to give

qg=2X(R,U,N,Y)0Q, (4.13)
where (N, Y, R, U) is the (negative) ratio of the coeffi-
cients in front of Q and ¢ in (4.9).

As a result, we obtain four differential equations (4.3)—
(4.6) plus one algebraic constraint (4.12). The same
equations can be obtained by inserting the metrics (4.2)
directly to the action (2.1), which gives

4
[ — / Ldtdr, (4.14)

m%x

where, dropping a total derivative,
1 /(1-N*R
L =— (g—ZRNDQ
K1 N
1 1-YHU
+— (Q—ZUY)q—
Ky Y
R2U"  qR’R’ R2U'
(@ L4 P, - q
Y N Y

OR?*R’

Po

Ps. (4.15)

Varying L with respect to N, Y, Q, g gives Egs. (4.3)—(4.6),
while varying it with respect to R, U reproduces conditions
(4.8) and (4.11). The equations and the Lagrangian L are
invariant under the interchange symmetry (2.5), which now
reads

K| <> Ko, N <Y,

R < U, b, < by,

(4.16)

0 < q,

(N - Y)Rd7’1> g (4.9)

2UY

|
Equations (4.3)—(4.6) contain R’ and U’ which are not yet
known. One of these two amplitudes can be fixed by
imposing a gauge condition, but the other one should be
determined dynamically. We need therefore one more
condition, and the only way to get it is to differentiate
the constraint. Since the constraint should be stable, this
gives the secondary constraint:

oc . aC.. aC . aC . aC . aC
=N+ y 4+ "0 +=Zg + R + 1
v Tart Tap? T, Tar® TagY

= 0. (4.17)

C/

Expressing here the derivatives N', Y/, Q', ¢ by
Egs. (4.3)—(4.6) and using the relation (4.13), this condition
reduces to

C' = AR,U,N,Y)R + B(R,U,N,Y)U' =0, (4.18)
where the functions A(R,U,N,Y) and B(R,U,N,Y) are
rather complicated and we do not show them explicitly.

When the radial coordinate changes, both R’ and U’
change,

_d o d
reir). R-R=RZ. U-U=UZ
(4.19)

but the relation (4.18) between R’ and U’ remains the
same. The secondary constraint can be resolved with
respect to U’,

A(R,U,N.Y)

U=-"0)
B(R,U.N.Y)

R =Dy(R.U.N.Y)R. (4.20)

We can now use the gauge symmetry (4.19) to impose the
coordinate condition

R=1=R=r, (4.21)
and then (4.20) reduces to
U =Dy(r,U,N,Y). (4.22)

Now, U’ appears in the right-hand sides of Egs. (4.3) and
(4.4), and replacing it there by the value (4.22), these two
equations together with (4.22) form a closed system of
three equations
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N' =Dy(r,U,N,Y),
Y =Dy(r,U,N,Y),

U' = Dy(r,U.N.Y). (4.23)

The amplitudes Q, g are determined as follows. Injecting
(4.13) to (4.5) yields the equation
r
2N?
Ef(r7 U7N7 Y)Q7

N -1
Q/: —<K1<P0+Z(r,U7N7Y>’P1)+T>Q
(4.24)

which determines Q, and when its solution is known, ¢ is
determined algebraically from (4.13).

Solutions of (4.23), (4.24) and (4.13) are automatically
compatible with (4.3)—(4.6) and with the constraint (4.12).
For example, the algebraic solution for ¢ given by (4.13) is
compatible with its differential equation (4.6) because the
latter contains U’ not defined by (4.3)—(4.6). To determine
U’ one needs to differentiate the constraint (4.12) whose
algebraic solution is (4.13) and to use (4.3)—(4.6). This
completes the procedure in a consistent way.

In what follows we shall mainly focus on the three
coupled equations (4.23) determining N, Y, U. As soon as
their solution is obtained, the amplitudes Q, ¢ are deter-
mined from (4.24) and (4.13).

V. ANALYTICAL SOLUTIONS

Some simple solutions of the equations can be obtained
analytically [18,52], for which it is convenient to use the
equations in the form (4.3)—(4.6).

A. Proportional backgrounds

Choosing the two metrics to be conformally related
[18,52],

ds; = C*dsy, (5.1)
with a constant C, the solution is given by
2M  A(C
Q2:N2:Y2:1————( )r2, R=r,
r 3
q=CQ, U = CR, (5.2)

which describes two proportional Schwarzschild—(anti-)de
Sitter geometries. The constant C and the cosmological
constant A(C) are determined by

Since P,, defined by (3.5) are polynomials in

u = U/R = C, this yields an algebraic equation for C
that can have up to four real roots. If the parameters b, are

chosen according to (2.15), then one of the roots is C = 1,
in which case A = 0.
The value of the dimensionful cosmological constant A
should agree with the observation, hence one should have
A=m’A~1/R}, (5.4)
where Ry, is the Hubble radius of our Universe. One way
to fulfill this relation is to assume that the graviton mass is
extremely small such that the Compton length is of the
order of the Hubble radius,
1/m~RHub. (55)
However, the relation can also be fulfilled by assuming that
A is very small, which is possible if there is a hierarchy
between the two couplings: k; <k, =1—-k; ~1.
Equation (5.3) implies then that A ~ x; and that C should
be very close to aroot of P; + CP,. The hierarchy between
the two couplings is in fact necessary to reconcile with the
observations the perturbation spectrum of the massive
bigravity cosmology, because it contains an instability in

the scalar sector [53-55]. For this one should assume that
[13-17]

M 2
Mxk 5( eW) ~107% < 1,
Ky Mp,

(5.6)
where M,,, ~ 100 GeV is the electroweak energy scale and
Mp, ~ 10" GeV is the Planck mass. Here 1073* is the
upper bound for k; imposing which shifts the instability
toward early times making it unobservable. However, k;
can also be less then this bound [13], hence

Kk =y>x107* with ye€][0,1]. (5.7)
As a result,
1/m~ \/KRHub = VK Ry, =7 ¥ (11\\44—2?> Rygup
~y x 10% km, (5.8)

which is of the order of the solar size if y ~ 1. However, in
what follows we shall not be always assuming x; to be
small and shall present our results for arbitrary «; € [0, 1].

B. Deformed AdS background
Choosing U, g to be constant,

U= UO? q = 4o, (59)
solves Eqgs. (4.6) and (4.8), while Egs. (4.3)—(4.5) then can
be integrated in quadratures [18]. However, such solution
is unacceptable, since the f metric degenerates if U’ = 0.

At the same time, there are other, more general solutions
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which approach (5.9) for r — oo, and for these solutions U’
vanishes only asymptotically, hence they are acceptable.
The leading at large r terms of such solutions are

b
N? = _KI?O;,Z — kb Uyr + O(1),
V3K,b
Y =— 2+ 0O(r),
4U0\/—K1b0r + (r)
490
= — 1 = —
Q 4U0r—|—(9( ), U U0+O<>,

(5.10)

The g metric approaches the AdS metric in the leading
O(r?) order, but the subleading terms do not have the AdS
structure.

It turns out that solutions of Egs. (4.3)—(4.6) generically
approach for » — oo either (5.2) or (5.10) (or they show a
curvature singularity at a finite r), hence they are not
asymptotically flat [18].

VI. BOUNDARY CONDITIONS AT THE HORIZON

Let us require the g metric to have a regular event
horizon at some r = ry by demanding the metric compo-
nents gy, = Q> and ¢’" = N? to show simple zeroes at this
point. Therefore, we demand that close to this point one has
Q? ~ N? ~ r — ry and we consider only the exterior region
r>ry where Q> >0 and N2 > 0. Such a behavior is
compatible with the field equations if only the f metric also
shows a regular horizon at the same place, hence
g*> ~ Y* ~ r — ry. As a result, both metrics share a horizon
at the same place r = ry, in agreement with [37,38].
However, the horizon radius measured by the g metric,
ry, can be different from the radius measured by the
second metric, U(ry). We therefore introduce the param-
eter u=u(ry) =U(ry)/ry-

As a result, the local solutions close to the horizon are
expected to have the form

NZIZCI”(F—}’H)n, YZZan(r_rH)n’

n>1 n>1
U=ury+ ch(r —ry)", (6.1)
n>1
the two other amplitudes being
Q> = Zdn(r —rg). g = Zen(r —-rg)". (6.2

n>1 n>1

The equations then allow one to recurrently determine the
coefficients a,, b,, c,, d,, e,. It turns out they all can be
expressed in terms of a;, which should fulfil a quadratic
equation

1
Ad? + Ba; +C=0= a, = — (-B+ oV B2 —4AC),

2A

o ==l1, (6.3)
where A, B, C are functions of u, ry and of the theory
parameters by, k|, k. It turns out that one should choose
o = +1, since choosing ¢ = —1 always yields singular
solutions. Therefore, for a chosen a value of the horizon
size ry, the local solutions (6.1), (6.2) comprise a set
labeled by a continuous parameter u. These local solutions
determine the boundary conditions at the horizon, and they
can be numerically extended to the region r > ry.

The surface gravity for each metric is [18]

1 Y 72 b
Kf]: lim Q°N” = —d, aj, K%:qu2<> :@’

r—rygy 4

(6.4)

and using the values of the expansion coefficients deter-
mined by the equations yields the relation x, = ky, hence
the two surface gravities coincide, as coincide the Hawking
temperatures,

(6.5)

One has close to the horizon N(r) ~Y(r) ~./T—ry
hence the derivatives N’ and Y’ are not defined at the
horizon. The usual practice would then be to start the
numerical integration not at r = ry but at a nearby point
r = ry + €. However, although the dependence on € is
expected to be small, still its presence in the procedure may
lead to numerical instabilities. This point was emphasized
in [45]. This difficulty can be resolved as follows. Setting

s = f1-"2

the functions v(r), y(r) and all their derivatives assume
finite values at r = ry. Making this change of variables in
(4.23) gives a “desingularized” version of the equations
that allows us to start the numerical integration exactly
at r = ry. This form of the equations is described in
Appendix A.

To recapitulate, all black holes for a given ry can
be labeled by only one parameter u. If u =1 then
the two metrics coincide everywhere and the solution
is Schwarzschild (1.2). If u = C where C is a root of
the algebraic equation (5.3), then the solutions is
Schwarzschild—(anti-)de Sitter and is described by (5.1)
and (5.2). For other values of u the numerical integration
produces more general solutions which describe hairy
black holes and which can be of the following

with

(6.6)
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three qualitative types, depending on their asymptotic

behavior [18].

(a) Solutions extending up to arbitrarily large values
of r and asymptotically approaching a proportional
AdS background (5.1), (5.2). At large r one has
where Ny, Y,, U, are given by (5.2), while the
deviations JN,dY,0U approach zero. In the linear
approximation, the latter are described by

A
ON = —

7. OU = Be"" + By, §Y =0(8U),
p

(6.7)

where A, B}, B, are integration constants and real parts
of A, and A, are negative. All of these three perturba-
tion modes vanish for » — oo, and since the number of
equations (4.23) is also three, it follows that the AdS
background is an attractor at large r.

(b) Solutions extending up to arbitrarily large values of r
and asymptotically approaching a deformed AdS
background (5.10). The latter is also an attractor at
large r.

(c) Solutions extending only up to r =r; < co where
derivatives of some metric functions diverge, which
corresponds to a curvature singularity.

This exhausts the possible types of generic solutions. If
one integrates the equation for many different values of u,
one always obtains solutions of the above three types and
one does not find asymptotically flat solutions other than
Schwarzschild. For example, choosing u = 1 4 ¢ yields
solutions which are almost Schwarzschild in a region close
to the horizon, but for larger values of r they deviate from
the Schwarzschild metric more and more [18] (this means
the Schwarzschild solution is Lyapunov unstable [45]).
All of this does not mean that the Schwarzschild is the
only asymptotically flat black hole solution. There may
be others, but they are not parametrically close to the
Schwarzschild solution and should correspond to some
discrete values of u which are difficult to detect by a “brute
force” method.

VII. BOUNDARY CONDITIONS AT INFINITY

Let us suppose the solutions to approach flat space with
9w = fu = N at large r and set
N =1+40N, Y=1+40Y, U=r+6U. (7.1)
In fact, a more general possibility would be to require
the g metric to approach the flat Minkowski metric
diag(—1,1,1,1) and the f metric to approach just a flat
metric, as for example diag(—a?, b, b*, b*) with constat
a, b. This would lead to solutions whose Lorentz invariance
is broken in the asymptotic region [27,28]. However, we
shall not analyze this option.

Inserting (7.1) to (4.23) yields
SN' = —%(KZ(SN +K16Y) — k68U + Ny,
8Y = — % (k28N + K,6Y) + k26U + Ny,
sU = (1 +%> (8Y —6N) + Ny, (7.2)

where Ny, Ny, Ny are the nonlinear in SN, §Y, U parts
of the right-hand sides Dy, Dy, Dy in (4.23). Neglecting
the nonlinear terms, the solution of these equations is

A 1 1-
ON = —+ Bk, i re"JrCKl re*’,
r
A 1 1-
8Y = —— Bk, i Lo — Cx, re“,
r
2 1 2 — 1
SU = B#e" + C#e“, (7.3)
r r

where A, B, C are integration constants. The part of this
solution proportional to A is the Newtonian mode describ-
ing the massless graviton subject to the linearized Einstein
equations (2.11). The other two modes proportional to B
and C fulfill the Fierz-Pauli equations (2.12) and describe
the massive graviton, hence they contain the Yukawa
exponents (remember that r = mr).

As one can see, among the three modes only two are
stable for r — co while the third one diverges in this limit,
hence flat space is not an attractor. This is why one cannot
get asymptotically flat solutions by simply integrating from
the horizon—trying to approach flat space in this way,
the unstable mode e¢™" rapidly wins and drives the solution
away from flat space. The only way to proceed is to
suppress the unstable mode from the very beginning by
requiring the solution at large r to be

ON = —+ Bk, e+ ...,
r
A 1
5y =2 By ey
r r
2 1
sU=r4 B ey (7.4)

where the dots denote nonlinear corrections. The usual
practice would be to neglect the dots and assume that the
linear terms approximate the solution everywhere for
r > r,, where r, is some large value. However, one can
check that already the quadratic correction contains an
additional factor of In(r) and hence dominates the linear
part for r — oco. Therefore, nonlinear corrections are
important, but if all of them are taken into account, it is
not obvious that the solution will remain asymptoti-
cally flat.
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FIG. 1.
insertion shows a closeup of Z_.

Fortunately, problems of this kind have been studied—
see, e.g., [47]. To take the nonlinear corrections into
account, the procedure is as follows. Let us express
ON,8Y,0U in terms of three functions Zy,Z,,Z_:

1 -
SN = Zo+ 51— 7 40—l 7,
r
1 -
5Y = Zy—ryt 7, — eyl 7.
r
1 2 1— 2
sU=-TTFy TR, ()
I I

Equations (7.2) then assume the form

Z
Z +7°: So(r, 2o, Z2) =i Ny + 1Ny,

rr—r+1
Z/++Z+:S+(V’ZOaZi)ET(NN_NY)
r—1
+ 2r Nu,
Pr4r+1
Z/_—Z_:8_(r,ZO,Zi)ET(NY—NN)
r—+1
. 7.6
2r Nu (7.6)

Terms on the left in these equations are linear in Z,, Z,
while those on the right are nonlinear. Neglecting the
nonlinear terms, the solution is Zy=1/r, Z, = e,
Z_ =em", and if we set

A

ZO = 7, Z+ = Be_r, Z_= 0, (77)

this reproduces the linear part of (7.4). Now, to take the
nonlinear terms into account, one converts Egs. (7.6) into
the equivalent set of integral equations,

0.1 T
0 . ZU —
Zy = =
Z 2|
0.0003 g e
0.05 | o ] e e A
’
0.0006 4 .
1 s

PN g

-0.05

C3=-C4=3, N=1/4, ry=0.18, r«/ry=25

0.1 . . ‘
0 0.2 0.4 0.6 0.8 1

X

Left: convergence of the iterations of the integral equations (7.8). Right: the amplitudes Z,, Z, against x = r, /r, where the

© F
= [Ty r20(7). 2 (7).

Z.(r) = Be + / TS, (7. Zo(F), Zo (F))dF,

r’

Z(r)=— /°° e FS_(7, Zo(F), Z.(F))dF,

r

(7.8)

where r, is some large value. These equations determine
the solution for » > r,, and they are solved by iterations. To
start the iterations, one neglects the nonlinear terms, which
gives the configuration (7.7). The next step is to inject this
configuration to the integrals, which gives the corrected
configuration, and so on. In practice, one introduces
variables x = r, /r and X = r, /7 assuming values in the
interval [0, 1], and then one discretizes the interval to
compute the integrals.

To see the convergence of the iterations, we compute for
each Z and for each discretization point the difference
AZ; = Z;, — Z; of the results of the consecutive (i + 1)th
and ith iterations, and then we take the average AZ; over all
discretization points. Computing similarly the average Z; of
Z;, the ratios AZ;/Z; decrease with i exponentially fast, as
seen on the left panel in Fig. 1, hence the iterations
converge. The solution of the integral equations is shown
on the right panel in Fig. 1: the amplitudes Z; and Z_
against x = r, /r (for r, = 25ry). One can see that the
amplitude Z_ is always small but nonvanishing, and that all
the three amplitudes vanish for x = 0, hence the solution is
indeed asymptotically flat.

This yields an asymptotically flat solution in the region
r > r,. To extend this solution to the region ry < r < r,
one only needs its values at r = r,,

"L Su(7 20(7), 2 (P)dr,

r* e

Z,(r,) =Be™",

Z.(r) = - / ® TS (7, 2, 2. )dF-

rt
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To recapitulate, the described above procedure yields the
boundary values for the fields at a large r, and makes sure
that the solution for r > r, exists and is indeed asymp-
totically flat. It is worth noting that the parameter A
determines the Arnowitt-Deser-Misner (ADM) mass,

M = —A. (7.10)

VIII. NUMERICAL PROCEDURE

Summarizing the above discussion, the asymptotically
flat black holes are described by solutions of the three
coupled first order ODEs (4.23) for the three functions
N(r), Y(r), U(r) [which determines also Q(r), ¢(r)] with
the following boundary conditions. At the horizon r = ry
one has

V= 1=, v =\ 1=, s)

where the horizon values v(ry) = vy and y(ry) = yy are
finite and determined by the Egs. (A8), (A6) in
Appendix A, while U(ry) = Uy = ury can be arbitrary.
Therefore, all possible boundary conditions at the horizon
are labeled by just one free parameter u, and choosing some
value for it, the equations can be integrated directly from
the horizon, as explained in Appendix A, to the outer
region r > rg.
Far from the horizon, at r = r, > ry, one has

1 * 1- *
N(r,) =14 Zy(r,) +x,B tr e 4K, d Z_(r.),
r* r*
1 . 1—r,
Y(r,) =14 Zy(r,) —x,B tr e — K,y d Z_(r,),
r* r*
1 2 1- 2
Ur,) =r, +B%e—n +ﬂz_(r*),
* r*

(8.2)

where Zy(r,) and Z_(r,) are functions of A, B determined
by (7.9) via iterating the integral equations (7.8).

As a result, we have the boundary conditions at r = ry
labeled by u and the boundary conditions at r = r, labeled
by A, B. We use them to construct solutions in the region
ry < r <r,. To this end, we choose some value of u and
integrate numerically the equations starting from r = ry as
far as some r = ry < r, and we obtain at this point some
values which will depend on ry and u:

Y(r()) = Yhor(rH’ u)?
(8.3)

Then we choose A, B and numerically extend the large r
data (8.2) from r = r, down to r = ry, thereby obtaining

N(ro) = Nin(A, B). Y(ro) = Yin(A, B),

U(ro) = Uins(A, B). (8.4)
If the two sets of values agree, hence if

AN(ry,u,A,B) = Npo (ry, u) — Nipe (A, B) =0,
AY(ry,u,A,B) = Yoo (rg. u) — Yins(A, B) = 0,

AU(ry,u, A, B) = Upoe(ry, u) — Uinr(A,B) =0,  (8.5)

then the solution in the interval r € [ry,ry] merges
smoothly with the solution in the interval r € [ry, r,] to
represent one single solution in the interval r € [ry, r,].
The extension to the region r > r, is then provided by the
integral equations (7.8), finally yielding an asymptotically
flat black hole solution in the region r € [ry, o). It is
worth noting that these solutions will depend neither on r
nor on r, ; these values could be varied without affecting the
global solution (which is a good consistency check).

In some cases using just two zones [ry, ro] and [rg, 7]
produces too large numerical errors. To keep the numerical
instability under control, one should then integrate through
many smaller zones [ry, rol, [ro, 1], [r1, 12)...[r%, 7] and
perform matchings at ry, rq, ...r; (see Sec. 7.3.5 in [56]).
This yields numerically stable results.

In the case of just two zones, the problem reduces to
solving the matching conditions (8.5) by adjusting the values
u, A, B. At least one solution to these three conditions
certainly exists and corresponds to the Schwarzschild
solution, for which

A=-"2 By,

:1, N
" 2

(8.6)

Are there other solutions? Since there are three matching
conditions for the three variables, their solutions must
constitute a discrete set of points (uy, Ay, By) in the 3-space
spanned by u, A, B. This implies that different black hole
solutions with the same r are parametrically isolated from
each other. This creates a problem, since in order to solve
numerically algebraic equations (8.5), an input configuration
u, A, B is needed to start the numerical iterations within the
Newton-Raphson procedure [39]. However, unless the input
configuration is close to the solution, the numerical iterations
do not converge, hence some additional information is
necessary to specify where to start the iterations.

As explained in the Introduction, the additional infor-
mation is provided by the stability analysis of the
Schwarzschild solution (1.2) [33,42]. In this analysis one
considers the two metrics of the form (4.2) with

0=S5+4d0, N =S+6N, R=r
q=S+46q, Y =S8+56Y, U=r+6U,
for = éa, (8.7)
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where § = /1 —" while the perturbations §Q, 6N, dq,
oY, 06U, da are assumed to be small and depend on ¢, r. It
turns out that at the GL point, for ry = 0.86, the perturba-
tion equations admit a static solution (zero mode) for which
00Q,0N,d6q,06Y,6U depend only on r and are bounded
everywhere in the region r > ry while da = 0. This
solution can be viewed as a perturbative approximation
of a new solution that merges with the Schwarzschild
solution for ry = 0.86.

This suggests that to get new solutions of the matching
conditions (8.5), one should choose the event horizon size to
be close ry = 0.86 and choose the input configuration u, A,
B to be close to (8.6). Then the numerical iterations should
converge to values u, A, B which are slightly different from
(8.6) and correspond to an almost Schwarzschild black hole
slightly distorted by a massive hair. Changing then iteratively
the value of ry yields solutions which deviate considerably
from the Schwarzschild metric close to the horizon, but
always approach flat metric in the asymptotic region.

IX. ASYMPTOTICALLY FLAT HAIRY
BLACK HOLES

Applying the procedure outlined above, we were able to
construct asymptotically flat hairy solutions. We confirm
the results of Ref. [44] and obtain many new results.

First of all, we find that for ry approaching from below
the GL value, ry ~ 0.86, there are asymptotically flat
hairy black hole solutions for any c3, ¢4, . They are very
close to the Schwarzschild solution: one has u = Uy/
ry~1 and the ADM mass M =~ ry/2. However, for
smaller values of ry the solutions deviate more and more
from Schwarzschild. To illustrate this, we plot in Fig. 2 the
functions N/S, Q/S, Y/S, q/S, and U'. If these functions
all equal to one, then the solution is Schwarzschild. As one
can see, they indeed approach unity far away from the
horizon, but close to the horizon they deviate considerably
from unity, hence the massive graviton hair is concentrated
in this region.

Solutions are regular for ry close to 0.86; however,
for smaller ry and depending on values of c3, c4,7, the
amplitudes Y, g, U’ may show additional zeros outside
the horizon, whereas Q, N always remain positive. This
implies that the f metric is singular, because the invariants
of its Riemann tensor diverge where the zeros are located.
An example of this is shown on the lower two panels in
Fig. 2, and also on the lower two panels in Fig. 3 where one
can see that the phenomenon occurs when #n approaches
/2. The fact that the f metric becomes singular does not
invalidate the solutions because the f-geometry is not
directly measurable and its singularities are not seen, while
the g metric, which can be probed by test particles, remains
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FIG. 2. Profiles of N/S, Y/S, Q/S, q/S with S = /1 — ry/r and that of U’ for solutions with 7 = z/4 but for various values of
rg. €3, €4 Solution with ¢3 = —c4 = 3/2 shown on the two lower panels is singular because the amplitudes ¢, Y, U’ develop zeros

outside the horizon.
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Schwarzschild with N/S = Q/S = 1.

always regular. We shall therefore keep such solutions in
our consideration.

Solutions in Fig. 2 are shown up to large but still
finite values of the radial coordinate, r/ry < 100 or
r/ry < 1000. What is shown is the combination of the
solutions of differential equations (4.23) in the region
ry <r<r, and of the integral equations (7.8) for
r>r, where r,/ry =25. At the same time, our pro-
cedure yields solutions in the whole region r € [ry, ).
Introducing the compactified radial variable

r—ry
r+ry

5 € [0’1]7

(9.1)

we plot in Fig. 3 the amplitudes N, Y, Q, g against £. As
seen, the amplitudes approach unity as £ — 1 (same is true
for U’) hence the solutions are indeed asymptotically flat.
The disadvantage of this parametrization is that the slope of
the functions does not vanish for £ — 1. Indeed, for large r
onehasN=1-M/r+---andé=1-ry/r+---hence
at infinity dN/d& = M /ry.

If w=mn/2 then x;, =0 and the g metric becomes
Schwarzschild. The theory reduces then to the massive
gravity for the dynamical f metric on a fixed Schwarzschild
background. The solution for the f metric is shown on the

lower right panel in Fig. 3. Similarly, forn = O onehasx, = 0
and the f metric is Schwarzschild, while the g metric is a
solution of the massive gravity on the Schwarzschild back-
ground shown on the upper left panel in Fig. 4. One should
emphasize that the radii of the background Schwarzschild
black holes for # = 0 and for # = z/2 are not the same.
For example, for 7 = 7/2 the Schwarzschild black hole has
ry = 0.18 for the solution shown in Fig. 3, while for = 0
the event horizon size is determined not by ry butby Uy =
ury where u~35 (as seen in Fig. 4) hence this time the
Schwarzschild black hole is much larger. As aresult, solutions
on these different backgrounds look quite different—the
solution for the f metric on the lower right panel in Fig. 3
shows zeros hence it is singular, while the solution for the g
metric on the upper left panel in Fig. 4 is regular.
Solutions for 7 = z/2 will play an important role below.
We shall call them “hairy Schwarzschild” because their g
metric is Schwarzschild but their f metric supports hair.
Figure 4 shows the 5 dependence of u = Uy /ry and of
the ADM mass M expressed in units of the Schwarzschild
mass Mg = ry /2, as well as the temperature T expressed in
units of the Schwarzschild temperature Ty = 1/(4zry). As
one can see, the dependence is rather strong for small 7y, in
particular for u. The decrease of the mass M with 7 can be
understood by noting that the mass is the same with respect
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to each metric (the same is true for the temperature). If
n = x/2 then the g metric is Schwarzschild hence M = M
and T = T. If n =0 then the f metric is Schwarzschild
with a larger radius Uy = ury, hence the mass is larger,
M =Uy/2 =uMg, while the temperature is smaller,
T = Ts/u. Therefore, if 7 =0 then M/Mg¢ = u so that,
for example, u ~ 5 for ry = 0.18, as seen in Fig. 4.
Figure 5 shows the dependence of u and M on c5 in the

case where c; = —cy4. One can see that the solutions exist if
only the value of c; = —c, is not too small. Similarly, not all
11 T T T T T

fy=0.18 ——
=036 = = -
e dp=0.54 =0 =

M/Ms

FIG. 5.

hairy black holes exist for however small values of ry. As
was noticed in [44], small ry black holes exist if the
coefficient b5 in the potential (2.4) vanishes so that the cubic
part of the potential is absent. In view of (2.15), this requires
that c; = —cy4, but this is not the only condition. Depending
on the parameter values, one can distinguish the following
two cases:

I:e3#—c4, or c3=—-c4 <1, 0: ¢33 =—c4 > 1.
9.2)
T T T T T T T
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In case I asymptotically flat hairy black holes exist only if
0 < rin <y < 0.86 hence they cannot be arbitrarily small.
In case II they exist for any 0 < ry < 0.86, although their f
metric may be singular for small ry. We shall see below in
Sec. XI what happens when ry approaches the lower bound.

A. Duality relation

The results described above in this section essentially
reproduce those of Ref. [44], the only important difference
being that we show solutions for different values of 7,
whereas Ref. [44] shows them only for # = /4. However,
starting from this moment and in the following two
Sections we shall be describing new results.

Reference [44] finds solutions only below the GL point,
for ry <0.86. At the same time, the consistency of the
procedure requires that there should be asymptotically flat
hairy black holes also for ry; > 0.86. This follows from the
symmetry (4.16) of the equations, which now reads

n—)ﬁ—n, 0 < q, N <Y, U<,

2
c3 = 3 —c3, ¢y > 43+ ey —6. (9.3)
More precisely, this means that if for some values of
n, c3, ¢4 there is a solution
Ul(r), (9.4)
then forij = n/2 —n, ¢ = 3 — ¢3, ¢4 = 4¢3 + ¢4 — 6 there
should be the “dual” solution described by

O(r) = q(w(r)).  q(r) = Q(w(r)),

r) N(r) =Y (w(r)),
Y(r)=N(w(r)).  U(r)=w(r).

(9.5)

where w(r) is the function inverse for U(r), such that
U(w(r)) = r. This duality correspondence relates between
themselves black holes of different size, because (9.4) has
the horizon at r = ry while the horizon of (9.5) is located
where w(r) = ry, that is at r = 7y = U(rg). One has

(9.6)

Now, for hairy solutions with ryz < 0.86 one always has
U(ry) > 0.86and u = U(ry)/ry > 1. It follows that their
duals are characterized by 7y > 0.86 and by ity < 1.

An explicit example of the duality relation is shown in
Fig. 6, which presents on the left panel the solution for
c3=—c4 =2, n=rn/4, ry =0.15 for which U(ry) =
1.364, hence u = 1.364/0.15 = 2.42. The duality implies
that for c3 =1, ¢4, =0, n = n/4 there must be the dual
solution with ry = 1.364 and u = 0.15/1.364 = 0.41,
which is indeed confirmed by our numerics. Plotting the
first solution against U/Uy and the second one against
r/ry, as shown in Fig. 6, yields exactly the same curves, up
to the interchange N < Y, Q < g.

It is unclear why solutions with rg > 0.86 were not
found in [44].

The duality is in fact a powerful tool for studying the
solutions, because sometimes their properties may look
puzzling in one description but become obvious within the
dual description.

X. STABILITY ANALYSIS

In this section we analyze the stability of the hairy
solutions by studying their perturbations within the ansatz
described in Appendix B,

2 27,2 dr? 2102
dsyZ—Q dt +W+Vd§2,

NU'
ds% = —(¢* = *Q>N?)dr* - 2a<q + 0 v )dtdr

U/2
+ (7—a2>dr2+ U?dQ?, (10.1)
where O, g, N, Y, a, U are functions of r and ¢. The full set

of the field equations in this case is shown in Appendix B.
If we set @ = 0 and assume that nothing depends on time,
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then we return back to the static case studied above.
Therefore, small deviations from the static solutions are
described by (10.1) with

0

—
=

0(r.1) = 0(r) +50(r.1).
g(r.1) = §(r) + q(r.1).
N 1) = N(r) + 3N (r. 1),
Y(r.1) = Y(r) + 67 (r,1),
UG 1) = O(r) +5U(r. 1),
alr, 1) = sa(r, 1), (10.2)

O @ @
where the functions Q(r), ¢ (r), N(r), Y(r), U(r)

correspond to the background black hole solution while
the perturbations 6Q, g, 6N, 6Y,oU, éa are small.

We therefore inject (10.2) to Egs. (B5) and (B6) and
linearize with respect to the perturbations. Linearizing the
G°,(g) = x;T°, equation yields

2 P
WéN = Kq Eéa,

where N, Q, P, relate to the static background, and we
do not write their over sign “(0)” for simplicity. In the
linear perturbation theory one can consistently separate the
time variable by assuming the harmonic time dependence
for all amplitudes (this would no longer be possible if
nonlinear corrections are taken into account), so that we
choose

(10.3)

SN(t,r) = e“'6N(r)  Sa(t,r) = e“sa(r), (10.4)

and similarly for &Y, 8Q, 6¢q, 6U. Injecting to (10.3) yields
the algebraic relation

2iw

- rNQPl

Sa(r) SN(r). (10.5)

Linearizing similarly the G°, (f) = x,7°, equation yields a
linear relation between da(r), 6Y(r), 6U(r). Using these
two algebraic relations one finds that the three equations

g
Goo(g> = K.'1T00, Goo(f> = K'QTOO and <V>MT#0 =0 yleld
upon the linearization the same result. Therefore, among
the 8 equations (B5), (B6) only 6 are independent (at least
at the linearized level).
Taking all of this into account and linearizing similarly
the remaining 3 equations G'|(g) =, T';, G'\(f) =

(9)
k7', and V,T#, =0, one finds that all 6 perturbation
amplitudes 5Q(r), 8q(r), SN(r), 8Y(r), 8U(r) and Sa(r)

can be expressed in terms of a single master amplitude ¥(r)
subject to the Schrodinger-type equation,
>y
dr?

+(0* =V (r))¥ = 0. (10.6)
The master amplitude W(r) is a linear combination of
O6N(r) and &Y(r) with rather complicated coefficients
whose explicit expression is not particularly illuminating,
hence we do not show it explicitly. The potential V(r) is
also a complicated function of the background amplitudes
that we do not show. The tortoise radial coordinate
r, € (—o0, +00) is defined by the relation
dr, = L dr,
a(r)
where the function a(r) (also complicated) varies from O to
1 as r changes from rj to oo. The potential V always tends
to zero at the horizon, for r, - —oo, and it approaches unit
value at infinity, for r, — +o00. One should remember that
our dimensionless variables are related to the dimensionful
ones via r = mr, ry =mry, V=V/m?, o = w/m.
For the bald Schwarzschild background with Q = g =
N=Y=./1-ry/r and U = r, one has a(r) = Q*(r
and the potential reduces to

wm_o—%>

ry ra(ry = 2r) + ¥ (r=2ry)
H

(10.7)

(10.8)

in agreement with Ref. [42]. In the flat space limit ry — 0
this reduces to V(r) = 1 + 6/r%, which is the potential of a
massive particle of unit mass (in units of the graviton mass)
with spin s = 2.

Equation (10.6) defines the eigenvalue problem on
the line r, € (—o0, +00). Solutions of this problem with
@” > 0 describe scattering states of gravitons. In addition,
there can be bound states with purely imaginary frequency
@ = ic and hence with @*> = —¢? < 0. For such solutions
the wave function ¥ is everywhere bounded and square-

integrable, because one has et « ¥ — ¢~VI+o'r gg
—oo0 « r, = +o0, respectively. Such bound state solutions
grow in time as '’ = ¢*°', Therefore, they correspond to
unstable modes of the background black holes.

A. Computing the eigenfrequencies

Our aim is to investigate a potential existence of negative
modes with @? <0 in the spectrum of the eigenvalue
problem (10.6). If such modes exist, then the background
black holes are unstable. If they do not exist, then the black
holes are stable with respect to spherically symmetric
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FIG. 7. Potential V(r) for ry = 0.36 (left) and for ri = 0.78 (right) for different c3, ¢4 with n = /4.

perturbations, which would strongly suggest that they should
be stable with respect to all perturbations. Indeed, in most
known cases the S-channel is usually the only place where the
instability can reside (of course, this should be proven case
to case).

The first thing to check is the shape of the potential
V(r), because if it is everywhere positive, then there are
no bound states. We therefore show in Fig. 7 the
potential V(r) for the hairy backgrounds for several
values of the event horizon size ry and for different
¢3, ¢4, and we also show V(r) for the bald Schwarzschild
solution with the same ry (it does not depend on c3, ¢4).
We observe that in each case the potential vanishes at the
horizon, then shows negative values in its vicinity, and
then approaches unity as r — oo. Since the potential is
not positive definite, bound states may exist, but their
existence is not yet guaranteed.

We know that a bound state certainly exists for the
bald Schwarzschild background with ry < 0.86 [33,42].
When looking at the potentials for the hairy solution with
ry = 0.78 in Fig. 7, we notice that they are close to the
Schwarzschild potential, hence a bound state could exist for
these potentials as well.

In order to know whether bound states exist or not,
we use the well-known Jacobi criterion [57] and construct
the solution of the Schrodinger equation (10.6) with @ = 0.
If this solution W(r) crosses zero somewhere, then there
are bound states. We start in the asymptotic region where
the tortoise coordinate r, becomes identical to the usual r,
hence Eq. (10.6) reduces simply to ¥ =¥ so that the
bounded solution is ¥ = e¢~". Then we extend this solution
numerically toward small values of r, and we find that,
depending on values of ry,n, c3, ¢4, it may indeed show
a zero as r approaches rg. Therefore, there exists a
bound state.

The next step is to actually find the bound state by
solving the eigenvalue problem (10.6) with the potential
V(r) obtained by numerically solving the background
equations. For this we set w*> = —¢” and determine the
local solutions at infinity and close to the horizon,

B(r—ry)’m «¥(r) - eV l+o’r g ry < r— oo,
(10.9)

where B is an integration constant. Then we apply the
multiple shooting method and numerically extend the
horizon solution toward large r, extending at the same
time the large r solution toward small . The two solutions
meet at some intermediate point » = r, where the values of
W(ry) and ¥'(ry) should agree. This gives two conditions
to be fulfilled by adjusting the two parameters B and o in
(10.9), which finally yields the bound state solution on the
whole line (see [58,59] for a review on the black hole
perturbation theory and the tools that can be used to solve
the perturbation equation).

The eigenfunctions ¥ against the ordinary radial coor-
dinate r are shown in Fig. 8. They vanish at the horizon,
then show a maximum, sometimes very close to the
horizon, and then approach zero for r — .

As a result, we find the negative eigenvalues w? < 0 for
all hairy black holes obtained in [44]. Therefore, all these
solutions are unstable. It is worth emphasizing that all of
them correspond to the particular choice # = z/4, hence
K| =k, = 1/2. In order to test our method, we have also
computed the negative mode for the bald Schwarzschild
solution as in [42].

As seen in Fig. 9, the absolute value of the negative mode
eigenvalue for the Schwarzschild solution is always larger
than that for the hairy solutions. Therefore, the instability
growth rate for the hairy black holes is not as large as for the
Schwarzschild solution. In all cases, since one has w =
@/m where @ is the dimensionful physical frequency, the
instability growth time is 1 /@ = 1/(wm). If we assume the
graviton mass m to be very small and given by (5.5), then
the instability growth time will be cosmologically large,
hence the instability will not play any role. However, as we
shall see below, it is preferable to assume that 1/m <
10% km according to (5.8), in which case the instability
growth time will be less than 10° seconds, hence the
instability is dangerous and should be avoided.
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vanish at the horizon and at infinity.

As seen in Fig. 9, the eigenvalue o?(ry) < 0 approaches
zero when ry — 0.86, therefore all hairy black holes
become then stable. However, they are no longer hairy
in this limit, because they “lose their hair” and merge with
the bald Schwarzschild solution. Near ry = 0.86 all
solutions are close to each other and @? is close to zero
for any cj,c4,n, while for smaller ry the backgrounds
and @® become parameter dependent. The eigenvalue
@?(ry) < 0 may approach zero also for type I solutions
for a small ry # 0 when they cease to exist. For example,
for c; =1, ¢, =0, the hairy solution disappears at ry ~0.58,
and at the same time the eigenvalue w” approaches zero, as
seen in the insertion in Fig. 9.

The instability of hairy black holes is in fact a somewhat
puzzling phenomenon, since it is unclear what they may
decay into. Since the hairy solutions with 5 < 0.86 are
more energetic than the bald Schwarzschild solution, they
probably may approach the latter via absorbing and/or
radiating away their hair during their decay. However, the
bald Schwarzschild solution is also unstable for ry; < 0.86
and should decay into something.

The perturbative instability of the Schwarzschild solu-
tion in the massive bigravity theory is mathematically
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FIG.9. The negative mode eigenvalue @?(ry) for the hairy and
for the bald Schwarzschild black holes against ry for different
values of c3, cy. In all cases n = z/4.

equivalent [33] to the Gregory-Laflamme instability of
the vacuum black string in D = 5 [43]. It is known that the
nonlinear development of the latter leads to the formation
of an infinite string of “black hole beads” in D = 5, but the
event horizon topology does not change [60]. This fact
being established within the D = 5 vacuum GR, a similar
scenario is not possible in the D =4 bigravity theory,
hence the fate of the bigravity black holes should be
different. One possibility is that the black hole radiates
away all of its energy within the S-channel (some radiative
solutions are known explicitly [61,62]), but it is unclear
what happens to the horizon, whether it disappears or not.
In GR the horizon cannot disappear via a classical process
[63], but in the bimetric theory the situation might be
different.

Remarkably, we find that these puzzling issues are not
omnipresent and the black holes can be stable if 7 is
different from /4. In Fig. 10 we show @’ against 5 for
several values of ry for solutions with ¢3 = —c4 = 2. One
can see that w?(n) < 0 approaches zero and the negative
mode disappears in the hairy Schwarzschild limit when 7
approaches /2. At the same time, the bald Schwarzschild
solutions for the same ry are certainly unstable. This is a

-0.005 |-
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ry=0.24 = = -
r1=0.36 :
-0.015 ! : i
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FIG. 10. The negative mode eigenvalue w?(57) for the hairy
black holes with ¢; = —c4 = 2.
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very encouraging fact—we see that adding the hair to the
black hole provides the stabilizing effect. As is seen in
Fig. 10, the eigenvalue approaches zero also when 7
become small, if only ry is also small, as seen in Fig. 10.

Summarizing the above discussion, for some parameter
values the hairy black holes are unstable, but for other
parameter values they can be stable. Below we shall
describe a parameter choice leading to a large set of stable
solutions.

XI. PARAMETER SPACE AND THE
PHYSICAL SOLUTIONS

In this section we give a detailed description of particular
subsets of solutions. Providing a complete classification of
solutions depending on 4 parameters ry, #, c3, ¢4 would be
a very difficult task. We therefore adopt the following
strategy: choosing the particular values

C3:—C4:5/2 (1]1)
which fulfill condition IT in (9.2), we study the solutions for
all possible ry, 5. Performing next the duality transforma-
tion gives us all possible solutions for

c3 =1/2, cy =3/2, (11.2)
which values fulfill condition I in (9.2). This approach
reveals interesting and rather complex features which are
presumably generic for any cs, c4.

Figure 11 shows the ADM mass M (ry) and the function
Uy (ry) for several values of n € [0, 7/2]. As one can see,
all curves M(ry) intersect at the GL point, (ry, My) =
(0.86,0.43), where all solutions bifurcate with the bald
Schwarzschild solution,

0.55

N2:Q2:Y2:q2:1—@, U=r, (11.3)

whereas all curves Upy(ry) pass through the point
(rg, Uy) = (0.86,0.86). Away from the bifurcation point,
the g metric still remains Schwarzschild if n = z/2, in
which case M(ry) is a linear function,

'y

=—: — 11.4
11 2’ ( )

2 N=@=1-T o=

but the f metric for these solutions is not Schwarzschild,
even though both metrics have the same mass; as explained
above, we call such solutions hairy Schwarzschild. For
n # n/2 the mass depends nonlinearly on ry.

Introducing the mass function M(r) via N2(r)
1-2M(r)/r, Eq. (4.3) assumes the form

2

N
M(r) = k1 <7>0 +U'P, 7) =xip, (115)

from where the ADM mass

M = M()

r 0
7H+K1 / pdrEMbare+Mhair' (116)

H

Here the “bare” mass My, = ry/2 is determined only by
the horizon radius and coincides with the mass of the
Schwarzschild solution of radius ry, whereas the mass
M, expressed by the integral is the contribution of the
massive hair distributed outside the horizon. As one can see
in Fig. 11, one has M > ry /2 if ry < 0.86, hence the “hair
mass” is positive and the hairy solutions are more energetic
than the bare Schwarzschild black hole. However, the mass
of the hair becomes negative above the GL point, where
ry > 0.86, and the hairy solutions are then less energetic

0.5

o tachyon|
limit

0.45 - 18 .
= C3=-C4=5/2
0.4 - 1.6 .
I .
= 035 . 5> 14
1.2 .
0.3 ]
1 -
0.25 s
0.8 .
0.2 C3=-C4=5/2 06 | |
Il Il 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
™ H
FIG. 11. The mass M(ry) (left) and the functions Uy (ry) (right) for the hairy solutions with ¢; = —c4 = 5/2. The crosses mark the

points on the left of which the f metric becomes singular. The hollow circles mark the termination points beyond which the solutions
would become complex valued. When x; = cos?5 — 0, the mass M(ry) develops a more and more profound minimum, while the

values of M(0) and Uy(0) grow without bounds.
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than the bare one. Therefore the energy density p(r) can be
negative. In fact, there are no reasons for which the standard
energy conditions should be respected within the bigravity
theory.

Each curve in Fig. 11 is defined only in a finite interval
ry € [0, 5" (n)]. It is very instructive to understand what
happens at the boundaries of this interval.

A. The lower limit ri; — 0

All the solutions extend down to arbitrarily small values
of ry. Remarkably, as seen in Fig. 11, except for n = z/2
the mass M does not vanish when rz — 0 but approaches a
finite value, even though the bare mass My, = ry/2 — 0.
Therefore, all mass is contained in the hair mass in this
limit, hence something remains even when the horizon size
ry shrinks to zero. A similar phenomenon is actually well
known, since in many nonlinear field theories there are
solutions describing a small black hole inside a soliton (for
example, inside the magnetic monopole) [35]. Sending the
horizon size to zero the black hole disappears, but its
external nonlinear matter fields remain and become a
gravitating soliton containing a regular origin in its center
instead of the horizon. Therefore, the ry; — 0 limit of a
hairy black hole may correspond to a regular soliton.

One may expect the situation to be similar also in our
case and that there is a limiting configuration to which the
black hole solutions approach pointwise when ry — O.
Such a limiting configuration indeed exists; however, it
seems to be singular and not of the regular soliton type.
First, as seen in Fig. 11, the value of Uy which determines
the size of the f horizon remains finite when ry — 0, hence
the f geometry remains a black hole even in the limit.
Secondly, as seen in Fig. 12, one has N2/S? ~ r for r < 0.5

for a solution with a very small r;. However, one has § =
/1 —=ry/r—1 as ry — 0, hence one has in this limit

N? ~ r and the limiting form of the g metric is something
like a “zero size black hole.” The numerical profiles shown

1.4 gm0y =512, n=m; 17 =3x10°2
1.2
U

1
08
06 N%s? —

: e

Q2/82 //

0.4
0.2 5y Y3/s?

0 L‘

0 05 1 1.5 2 25 3

in Fig. 12 suggest this limiting configuration to have the
following structure at small r:

N>~ Y?~ QP ~ g~ U=Up,+0O(r). (11.7)

The g geometry is singular since its Ricci invariant R(g) =
2/r> 4+ O(1/r) at small r, but the f geometry remains of
the regular black hole type because U does not vanish.
Curiously, the temperature remains finite for ry — 0
and is always the same for both metrics. The limiting g
temperature can be formally computed by assuming
N? = ar, Q> = pr with a~ 0.7 and f~ 6 from Fig. 12.
Equation (6.5) then yields T = \/af3/(4n) ~ 0.163, which
is very close to the value 7 = 0.16 for the solution with
ry ~ 107 shown in Fig. 12. However, these considerations
are of course purely formal since the zero size black hole
cannot evaporate and further reduce its size, and the
standard WKB arguments for the black hole evaporation
do not apply because the geometry is singular at the
horizon.

One should say that the f metric can become singular for
small r because the ¢, Y amplitudes develop additional
zeros outside the horizon. This happens along the parts of
the curves on the left of the points marked by the crosses in
Fig. 11. We have already discussed this phenomenon and
said that we do not exclude such solutions from consid-
eration because the f geometry is not observable and its
singularities are invisible, while the g geometry that can be
directly probed remains always regular. The physical
parameters of the solutions such as the ADM mass also
do not show anything special when the ¢, ¥ amplitudes
starts to oscillate. The potential V in the perturbation
equation (10.6) also remains regular. We therefore have
no reason to exclude such solutions from consideration, and
in fact they are necessary in order that the theory could
describe black holes within a broad mass spectrum.

i NYS? /
%s? U
15 ;
/s? &
// P ¥s?
: S
] J—
(0]
05 f-84
’ c ! P4
o
S
£
8 !
N
: C3=-C4=5/2, n=m/4, ry=1.08

N

1.2 1.4 1.6 1.8 2
riry

FIG. 12.  Profiles of the solution with r;; ~ 107 that is close to the zero size black hole (left), and of that close to the tachyon limit, with
D ~ 107 (right). One has S = 1 — ry/r. The amplitude P, determines the graviton mass via (11.9) and the gravitons behave as

tachyons if P; < 0.
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B. The upper “tachyon” limit ry — rj}** (1)

In this limit the solutions always remain regular and
disappear after a fusion of roots of the algebraic equa-
tion (6.3) [or (A8)]. As explained above, this equation
determines the horizon values of the solutions. Its two roots
determine two solution branches, but only the root with
o =+1 gives rise to asymptotically flat solutions, the
other branch showing a singularity of the g metric outside
the horizon. When ry increases, the determinant of (6.3)
decreases and vanishes for some ry = r'ah(y), then it
becomes positive again, decreases again and vanishes for
the second time for ry; = ri¥(n) > riah(y), after which it
becomes negative and the procedure stops. Specifically, it
turns out that the determinant of (6.3) factorizes,

D= B2 —4AC = P2(ry)D = VD = P, (ry)VD,
(11.8)

where P, (ry) is defined by (3.5) with u = U/r replaced
by u =Uy/ry while D is a complicated function of
ru, Un, 1, c3, 4. When ry increases, then P (ry) crosses

zero at some ry = r'" () while D remains positive, hence

the square root v/D changes sign. When ry continues to
increase, then D approaches zero and vanishes as
rg — ™ (n). No further increase of ry is possible since
D would then be negative thus rendering the solutions
complex valued.

Although the determinant D vanishes for ry = rih()
when P (ry) = 0 and also for ry = rjy*™(n) when D = 0,
the two solution branches never merge. Specifically, the
two horizon values vy determined by (AS8) merge when
D = 0, but a careful inspection reveals that yy, Uy in (AS)
and (A6) remain different for the two branches when
Pi(ryg) =0. If D=0 then all horizon values vy, yg,
Uy coincide for the two branches, but the derivatives y’H
defined by (A12) remain different. This is a consequence of
the fact that the existence and uniqueness theorem applies
only to regular points of the differential equations, whereas
the event horizon r = ry is a singular point.

In the interval riah(y) < ry < r8(y) the solutions
show a “tachyon zone” near the horizon where the function
P, (r) defined by (3.5) is negative, as shown in the right
panel in Fig. 12. Let us remember relation (2.13) for the
Fierz-Pauli mass of gravitons obtained via linearizing the
field equations around the flat background. This relation
can be written as m, = P;(c0) m?. However, the equa-
tions can be similarly linearized around an arbitrary back-
ground solution, which yields in the spherically symmetric
case the position-dependent mass term [64]

mZ, = P (r) m?. (11.9)

Therefore, if P;(r) < 0 then the mass effectively becomes

imaginary. As a result, solutions for ry > rah ghow
H H

unphysical features, hence we call ry — rj™*(n) the
“tachyon limit.” The horizon value y}, diverges in this
limit, but this seems to be an integrable divergence similar
to y'(r) ~1//7r =7y and the limiting solution itself stays
regular. We were able to approach this solution rather
closely, as shown in Fig. 12 (right panel) which presents
“an almost limiting” solution with the horizon value of the
determinant D ~ 107°.

To recapitulate, hairy solutions exist only for 0 <

ry < 1y (n)-

C. The ADM mass

It is important that, unless x; = cos’ 77 is very small, the
ADM mass of all hairy solutions always varies within a
finite range and can be neither very large nor very small, as
seen in Fig. 11. It seems this fact was not recognized in
Ref. [44], which always shows only the ratio M /ry which
diverges as ry — 0. However, the mass M remains finite
for ry — 0. As seen in Fig. 11, the mass actually does not
change much when ry changes and always remains close to
the GL value, which is the mass of the Schwarzschild
solution with ry; = 0.86,

0.86

M~ === 0.43. (11.10)

This means that the dimensionful mass (restoring for the
moment the speed of light ¢ and Newton’s constant G)

M

M=—
Gm

(11.11)

is always close to that of the Schwarzschild black hole of
size ry; = 0.86/m, which is close to the Compton length of
massive gravitons. As a result, one cannot assume the
graviton mass m to be very small and of the order of the
inverse Hubble radius as in (5.5). Indeed, this would imply
the hairy black holes to be as heavy as the Schwarzschild
black hole of a cosmological size—a physically mean-
ingless result. However, assuming instead that 1/m = y x
10° km with y € [0, 1] as in (5.8), which is consistent with
the cosmological observations if k; is parametrically small
as expressed by (5.6), yields a physically acceptable result.
The masses of the hairy black holes are then close to the
mass of the Schwarzschild black hole of radius y x 10 km,
that is M ~ 0.3 x 10% x Mg, If y ~ 1 this gives the value
typical for supermassive astrophysical black holes observed
in the center of many galaxies.

If k is very small then the mass can deviate considerably
from the GL value and can become very small or very large.
As seen in Fig. 11, for small «; the mass M(ry) shows a
minimum: first it decreases with ry, then reaches a minimal
value M, and then increases up to some M (ry = 0). For
smaller values of x; the minimum becomes more and
more profound and the value M ,;, approaches zero while
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The amplitudes U(r), Y(r), the “hair energy density” p(r) and its integral E(r) whose asymptotic value E(oo) is the “hair

energy” for the hairy Schwarzschild solutions with x; =0 and ry < 1.

M(ry = 0) becomes larger and larger. If «; is extremely
small as in (5.6), k; < 1073, then the minimum value M,
is extremely close to zero. One has then M (ry) ~ ry/2 for
r > (ry)min Where (ry), is very small, but in the region
r < (rg)mpy the mass grows rapidly when ry — 0 up to a
very large value M(ry = 0).

To get an approximation for M (ry) for very small k|, we
consider the hairy Schwarzschild solutions with x; = 0.
Their g metric is Schwarzschild with all the hair contained
in the f metric. It turns out that the Y, U amplitudes of the
metric depend very strongly on ry if the latter is small. As
seen in Fig. 13, in the horizon vicinity these amplitudes
show very large values which apparently grow without
bounds when ry — 0, although one always has Y(r) — 1
and U(r) — r far away from the horizon. We inject these
solutions to (11.5) and (11.6) to obtain the radial energy
density p(r) and E(r) = fr’H pdr. They also become very

large when ry decreases, as seen in Fig. 13. The asymptotic
value E(o0) is the “hair energy.” As seen in Fig. 13, the hair
energy is large for small ry, but it does not backreact and
the g metric remains Schwarzschild if k; = 0. However, the
hair energy starts to backreact if k; # 0. If x; < 1 then one
can deduce from Eq. (11.6) that

M:%{+K1E(oo)+(’)(lc%), (11.12)

where E(o0) is computed for k; = 0. We evaluate numeri-
cally E(oo) for various values of ry and obtain the
following best fit approximation:

(11.13)

where a = 0.0056 and s =4.61. Assuming that x; =
y? x 10734, this function shows an absolute minimum at

(rH)min ~ 5'270'35 X 10_7, M i = 3'1}’0'35 X 10_77

(11.14)
whose dimensionful versions are obtained by multiplying

by 1/m =y x 10° km (restoring again the speed of light
and Newton’s constant)

(T — (") min ~0.52y"3 km,
m

M

—0 5 0.2y135 x M.

M,in = Gm

(11.15)

This determines the minimum mass for the hairy black
holes. When ry gets smaller still then the mass starts to
grow, but it grows only up to a finite although very large
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value as ry — 0 because the approximation (11.13) is not
valid for however small ry.

D. Parameter regions for solutions
with ¢3=—-¢4=5/2

Let us now collect all the facts together. The diagram in
Fig. 14 shows the region in the (ry,7) plane within which
there are hairy black hole solutions. The low boundary of this
region at # = 0 corresponds to solutions whose f metric is
Schwarzschild, while the upper boundary at # = z/2 cor-
responds to solutions whose g metric is Schwarzschild. The
left boundary corresponds to the limiting solutions with
ry = 0: the zero size black holes. The right boundary marks
the tachyon limit beyond which the solutions would become
complex-valued. The upper-left corner of the diagram con-
tains solutions with a singular f geometry, but their g
geometry, which is physically measurable, is regular.

The diagram also shows lines corresponding to the zero
modes, w?> =0, of the perturbative eigenvalue problem
(10.6). The vertical line corresponds to the GL value
ry = 0.86. The eigenvalue w? changes sign when crossing
these lines, therefore, the lines separate sectors where
@* > 0 and hence the solutions are stable, from sectors
where @? < 0 and the solutions are unstable. There are
altogether two stable and two unstable sectors. It is worth
noting that the stability region is now much larger than for
solutions with ¢; = —c4 = 2 considered in the previous
section. One also notices that the tachyonic solutions are in
the unstable sector.

Finally, the diagram shows the “physical region” corre-
sponding to physically acceptable solutions. As explained
above, for such solutions the coupling x; = cos?(#) should
be very small for their mass not to be too large, hence 5
should be very close to /2. The solutions should be stable,
hence they should correspond to the sector where @® > 0.

/2

Cy=-C4=5/2 physical region
‘&“\e“"c' g metric is Schwarzschild
- e\
3n/8 5‘\“9“\
?=0—=
= w4 8 o?>0 _ N
< e
x e
3 ’ %<0
el
’
/8 |8
% 1
o 1
[
N o .
f metric is Schwarzschild
0 1 1 L 1
0 0.2 0.4 0.6 0.8

™

FIG. 14. The parameter region in the (r,7) plane correspond-
ing to regular hairy black hole solutions with ¢3 = —c4 = 5/2.
The dashed black @?> = 0 lines separate stable and unstable
sectors. The upper left corner contains solutions with a singular f
metric; however, their g geometry is regular.

These conditions specify the physical region to be the thick
(green online) line at the top of the diagram.

Physical solutions are therefore described by the g metric
which is extremely close to Schwarzschild, since

where k; < 1073, (11.16)

Gyv(g) = KlTyv(g’f>’
The “hairy features” of the solutions hidden in the f metric
should be difficult to observe, unless in violent processes
like black hole collisions producing large enough 7', (g. f)
to overcome the 10734 suppression. Summarizing, the static
bigravity black holes should be extremely similar to the GR
black holes, but their strong field dynamics is expected to
be different.

As explained above, the physical region contains stable
hairy black holes whose masses range from the minimal
value ~0.2y!3% x Mg up to the maximal value ~0.3 x
109713 x Mg with y € [0, 1]. Yet heavier black holes also
exist in the theory but they cannot be hairy and should be
described by the “bald” Schwarzschild solution (1.2),
which is stable for ry > 0.86. Stable black holes with
M < 0.2y'3% x Mg, can only be of the type (1.1).

E. Parameter regions for dual solutions
with ¢c3=1/2, c¢4=3/2

Let us now see how the described above solutions look
after the duality transformation (9.3). This transformation
converts the parameter values (11.1) into (11.2), flips the
sign of 7 — /4 and swaps the Q, N, r with ¢, Y, U.
Graphically, this amounts to relabelling the functions and
plotting them against U instead of ». The ADM mass and
temperature are invariant under duality. The stability
property also does not change since, for example, if a
solution is unstable and admits growing in time perturba-
tions, then its dual version will contain the same growing
modes and hence will be unstable as well.

Figure 15 shows the dual version of Fig. 11. The mass
curves M (ry) still intersect in the GL point but they look
quite different as compared to those in Fig. 11. In particular,
not all of them are single valued. The reason is that the
functions Uy (ry) in Fig. 11 are not always monotone,
hence their inverses shown in Fig. 15 are not single valued.
As a result, for each 7 such that 0 < cos? 5 < 0.6 there are
two different solutions with the same ry but with different
Uy, hence the curves M (ry) are not always single valued.

The solutions now exist for ry € [Fi"(n), 53 (n)]. The
lower limit 7% (57) corresponds to what used to be the upper
limit before the duality—the tachyon solutions with vanish-
ingly small horizon determinant D. The upper limit 7 (1)
corresponds for small # to solutions whose g metric starts
being singular. Before the duality these were solutions
whose f metric started being singular while their g metric
was regular. After the duality their g metric becomes
singular, hence such solutions are no longer allowed and
should be excluded. For larger values of # the right
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2.2

The mass M(ry) (left) and the functions Uy (ry) (right) for the hairy black hole solutions with ¢3 = 1/2, ¢, = 3/2. The

crosses mark points on the right of which the g metric becomes singular, hence these pars of the curves correspond to unphysical

solutions that should be excluded from consideration.

boundary r}**(n) corresponds to points where the two
different solutions with the same r but with different Uy
merge to each other.

The solutions below the GL point, for ry < 0.86, are still
more energetic than the solution with 7 = /2, hence their
hair mass M,,;, is positive, whereas above the GL point it
becomes negative. Finally, Fig. 16 shows the existence
diagram in the (ry,n) plane, together with the stability
regions. The diagram now looks quite different as com-
pared to that in Fig. 11, although it corresponds to essen-
tially the same solutions, up to the duality transformation.
Although the duality does not change stability, it inter-
changes positions of the stability sectors. Therefore, the
physical region corresponding to stable solutions with #
close to z/2 is now above the GL point, where the
hair mass is negative. The physical solutions are again
characterized by the g metric that is extremely close to
Schwarzschild, but the novel feature is that now for each

/2
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FIG. 16. The parameter region in the (ry,#) plane correspond-
ing to regular hairy black hole solutions with ¢3 =1/2,
¢4 = 3/2. The dashed black > = 0 lines separate stable and
unstable sectors.

value of ry from the physical region there are two different
solutions whose g metrics are almost the same but the f
metrics are different.

As one can see, the physical region in Fig. 15 is rather
short and corresponds only to supermassive black holes
with 0.86 < ry < rg™. All black holes of smaller masses
are unstable. Therefore, the parameter choice c¢3 = 1/2,
¢4 = 3/2 is not physically interesting.

XII. CONCLUDING REMARKS

To recapitulate, we presented above a detailed analysis
of static and asymptotically flat black holes in the ghost-
free massive bigravity theory. Extending the earlier result
of [44], we find that for given values of the theory
parameters c3, c4,7 and for a given event horizon size
varying within a finite range, ry € [F", F3], there are
one or sometimes two different black holes supporting a
nonlinear massive graviton hair, in addition to the “bald
Schwarzschild” solution with g,, = f,, described by
(1.2). The hairy solutions are more energetic than the
Schwarzschild one if r; < 0.86 and they are less energetic
otherwise. When ry; approaches the limiting values 7" or
ri™, the solutions either become complex valued or merge
between themselves. For some values of c¢3, ¢4 zero-size
black holes exist for which 75" = 0 but the corresponding
Uy remains finite. Depending on values of rg, c3, ¢4, 7, the
hairy solutions can be either stable of unstable.

To avoid the hairy black holes being unphysically heavy,
one is bound to assume the massive graviton Compton
length to be 1/m = y x 10° km where the parameter y may
range in the interval [0, 1]. The agreement with the
cosmological data is then achieved by assuming that
Kk = cos? 7 = y> x (Meyw/Mp;)? = > x 10734, The stable
hairy black holes are described by a g metric which is
extremely close to Schwarzschild, but their f metric is quite
different. These black holes have the mass and size close to
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those of ordinary black holes with the masses ranging from
~0.2y'35 x Mg to ~0.3 x 1057133 x M, the latter being
the value typical for the supermassive astrophysical black
holes if y ~ 1. Yet heavier black holes in the theory should
be bald. As a result, if the bigravity theory indeed applies to
describe physics, the astrophysical black holes should
support the hair hidden in the f metric.

Since the f metric is not coupled to matter and cannot
be directly probed, while the deviation of the “visible” g
metric from Schwarzschild is suppressed by the factor of
Ky =y x 1073*, the hairy black holes should normally be
undistinguishable from the usual GR black holes. However,
in violent processes like black hole coalescences the inter-
action between the two metrics may produce an energy
momentum tensor strong enough to overcome the 1073
suppression in G,,(g9) = 1T, (g.f). In this case the
deviation from GR should become visible. Therefore, it is
possible that signals from black hole mergers detected by
LIGO/VIRGO [65] may carry information about the hairy
structure of the black holes. One could expect a “hair
imprint” in the signal to be stronger for small black holes,
since we know that for small black holes the amplitudes U, Y
of the f metric become very large, which should influence the
T,.(g. f) of the merger. It is therefore possible that the hair
imprints will be visible when smaller mass mergers (see [66]
for a recent review) are detected. However, to actually
determine the hair imprint in the signal would require
calculations going beyond the scope of the present paper.
We therefore leave this problem for a separate project and for
the time being simply refer to the recent preprint [67] where
calculations of this type are performed within the context of
the ghost-gree massive gravity [8] [where the only static
black holes are those described by (1.1)].

Finally, we should discuss the paper [45] that also
considers black holes in the ghost-free massive bigravity
theory. This paper presents essentially the same classification
of different types of black holes as the one previously given in
[18] but in a more refined way, extending it and paying
attention to some subtle points. The paper addresses in
particular the issue of convergence of the solutions to the flat
background in the asymptotic region. Among other things, it
claims that the Schwarzschild solution is the only asymp-
totically flat black hole in the theory. At the same time, the
paper does not contain a rigorous proof of this statement but
gives just a number of plausibility arguments, so that the
claim should rather be viewed as a conjecture, as actually
explicitly stated in some places of [45]. These arguments are
as follows.

First of all, it was emphasized in [45] that the usual
practice of starting the numerical integration not at the
horizon r = ry, which is a singular point of the differential
equations, but at a regular nearby point r = ry + €, as
was done in [44], could in principle lead to numerical
instabilities. We agree with this, and it is for this reason
that we use the desingularization procedure (described in

Appendix A below) which allows us to start the numerical
integration exactly at » = ry (initial conditions exactly at
r = ry were described also in [45]).

The paper [45] makes also another remark concerning the
behavior at the horizon. It is known that in order to be able to
cross the horizon, for example when studying geodesics, one
cannot use the Schwarzschild coordinates and one should
introduce instead regular at the horizon coordinates. These
can be, for example, Eddington-Finkelshtein (EF) coordi-
nates in which ggg = g1 = 0, g1 = 910 # 0. It was noticed
in [45] that the f metric, when expressed in the same
coordinates, generically does not have the same form, since
it has f1; # 0, hence the two metrics cannot be simulta-
neously EF. We understand this, but this does not invalidate
the background solutions (Ref. [45] agrees on this). The
horizon geometries are regular, and if one wishes, one can
use the same boundary conditions at the horizon to
integrate inside the horizon to recover the interior solu-
tions. Within the parametrization described in Appendix A,
this is achieved by simply changing the sign of the
numerical integration step.

Next, small initial deviations from the Schwarzschild
solution via setting at the horizon u = Uy /ry = 1 + € were
considered in [45]. Integrating the equations toward large r
then yields metrics whose components diverge as r — oo
instead of approaching finite values. This observation, made
already in [18], shows that there are no regular and
asymptotically flat solutions in a small vicinity of the
Schwarzschild solution. However, there can be regular
solutions corresponding to u considerably deviating from
unit value.

Finally, the paper [45] reproduces and analyzes (in
Appendix A) one of the asymptotically flat solution (with
a singular f metric) found in [44]. It obtains a pathological
result, and the reason is the following. Appendix D of [45]
describes the numerical method used—a straightforward
integration starting from the horizon with the standard
routine of Mathematica. This adequately produces the
solution with a given precision, but only within a finite
range of the radial coordinate r. If one integrates farther on
trying to approach flat space, then the growing Ce*” mode
generically present in the solution leads to a rapid accumu-
lation of numerical errors triggering a numerical instability.
Trying to suppress this mode by adjusting the horizon
boundary conditions, one typically observes the derivatives
of some functions in the solution growing without bounds at
a some finite r. Precisely this type of behavior at the end of
the integration interval is seen in Fig. 11 in [45].

One cannot get asymptotically flat solutions within the
numerical scheme adopted in [45], since pathological
features arise in this way inevitably. This must be the
reason behind the conviction that such solutions do not
exist. However, all pathologies can be eliminated within the
more elaborate numerical scheme described above—
via suppressing the growing Ce™ mode from the very
beginning.

124040-26



ASYMPTOTICALLY FLAT HAIRY BLACK HOLES IN MASSIVE ...

PHYS. REV. D 102, 124040 (2020)

ACKNOWLEDGMENTS

We thank Francesco Torsello, Mikica Kocic, and Edvard
Mortsell for clarifying discussions and useful remarks.
The work of M. S. V. was partly supported by the French
National Center of Scientific Research within the collabo-
rative French-Russian research program, Grant No. 289860,
as well as by the Institute of Theoretical and Mathematical
Physics at the Moscow University, and also by the Russian
Government Program of Competitive Growth of the Kazan
Federal University.

APPENDIX A: DESINGULARIZATION
AT THE HORIZON

The horizon r = ry is a singular point of the dif-
ferential equations—the derivatives N’ and Y’ expressed
by Egs. (4.23) are not defined at this point. The usual practice
to handle this difficulty is to use the local power series
expansions (6.1) and (6.2) to start the numerical integration
not exactly at r = ry but at a nearby point with r = ry + €
where ¢ is a small number. One may then hope that the results
will not be very sensitive to the value of e. However, in such
an approach € remains an arbitrary parameter not defined by
any prescription. This inevitably affects the stability of the
numerical procedure, which becomes evident when one
studies the dependence of the solutions on the parameters.
|

1 + (K2r2732 - 1)1/2 + K]Kz(P()Pz - P%)?A - (K]PO + K2P2)r2

At the same time, it is possible to reformulate the
problem in such a way that the numerical integration starts
exactly at r = rg. Let us make the change of variables

N=Su, Y=8y with S=/1-"2 (Al
r

The functions v, y and their derivatives are defined also at
r = ry. Equations (4.3) and (4.4) then yield

C U C
(=g, Y=g, (A2)
2r  2uyr-S 2U  2uwyr-US
where
Co=(r—ry* —x,r’Py)y —k,°P Uy,
Cr =vr?(1 — iy Po)U" — iy r*Pry — rpUny?. (A3)

At the horizon the derivatives / and y" are finite, which
requires that

YH =

At the same time, the horizon value of U’ can be obtained
from (4.23),
/H = lim'DU(r, U, SIJ, Sy) = 'DUH(FH, UH? yH?.VH)'

(A7)

This value must agree with the one given by (A5), which yields
a condition on vy, and using (A6), this condition reduces [if
by, are chosen according to (2.15)] to a biquadratic equation

AW})? + Bud +C =0, (A8)

where the coefficients A, B, C are (rather complicated)
functions of ry, Uy. As a result, for given ry, Uy there
|

= 24—1/24— ’Q+U’i+
“\or Ty, TG, T Vi gy

ler

where the second derivative is similarly obtained from (A7),

b (L o ? g
H= \gr g, TG, T Vi gy

K1rPiUv

1‘”_] - 0, Cz‘rH = 0, (A4)
from where one obtains the horizon values
(1 -7 - K1’”27)0))’
U, = , A5
= K 2P 'y (A5)
(A6)
TH

are two possible horizon values vg) and ug) . Injecting to (A5)

and (A6), this determines the horizon values yy and Ul,.
Finally, the horizon values of / and y" are obtained from
(A2) by taking the S — O limit and using I’"Hopital’s rule,
which yields
!
R
2r H 2r HVHYH ’

C/
2|VH

2rH’/HyHUH'
(A9)

_)’HU/H
20y

/o !/
Vg = Yu =

There remains to compute the derivatives here. One has, for
example,

)
C](V, U,I/,ya U/) (AIO)
" ou’ r=ry,U=Uy.v=vy,y=yyu
0
Dy(r. U, Sv, Sy) : (Al1)
r=rp . U=Uy.v=vy.y=yn
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and similar expressions for C’zl . Injecting this to (A9)
yields linear in v/;; and y}, relatiofis, which can be resolved
to give (we do not show explicit formulas in view of their

complexity)

Vi = Yu(res Uno vy, yu)-

(A12)

/A
Vy =Vy(ru. Ug, vy, ),

Summarizing the above discussion, the equations in the
desingularized form read

p 12 C] -
- = N 0o — f 5 U7 5 B
v 2r + 2uyr’S? SrUw.y)
, yU/ Cz _f
- - = ) ) U’ ) )
20 T ayrus = DrnUey)

U =Dy(r,U,Sv,Sy)=Fy(r,U,v,y), (A13)
where C; and C, are defined by (A3) while Dy, is the same
as in (4.23). These equations apply for r > ry, while at
r = ry they should be replaced by

/

V=v (”Hv UHvVHvyH)v

!
— YH
Y =Yu(ru, Ug, vy, yu)s

U = Uy(ru. Uy vy, Yu). (Al4)
where v, i, U), are defined by Eqgs. (A5) and (A12). The
horizon values ry and Uy = urg can be arbitrary, while vy
is not arbitrary but must fulfil the algebraic equation (A8),
whereas yy is determined by (A6). This formulation allows
one to start the integration exactly at the horizon r = ry
and then continue to the r > ry region.

APPENDIX B: FIELD EQUATIONS WITH
TIME DEPENDENCE

Let us allow both metrics to depend on time, assuming
that they are still spherically symmetric. The gauge free-
dom of reparametrizations of the ¢, r coordinates can be
used to make the g metric diagonal, but the f metric will in
general contain an off-diagonal term. The two metrics can
be written as [10]

2 22 dr? 2 102
ng——Q dt +F+R dQs,
A
dsj% = —(q* = ?Q*A?)dr* - 2a<q + —Q )dtdr
(B1)

1
+ (W - (12> er + Uzdgz,

where dQ? = d6” + sin? @d¢* and Q, g, A, W, a, U, R are
functions of » and ¢.

One can check that the tensor

q/Q a/Q 0 0
_ 2
. aQA2 A/W 0 0 52)
0 0 UJR
0 0 0 UJR

has the property y*,v°, = ¢*,f°,. This tensor is used to
compute the energy-momentum tensors 7+, and 7T#,
in (2.7).

One can redefine the two amplitudes similarly to (4.1)

N=AR, Y=WU, (B3)

where the prime denotes the derivative with respect to r,
and one can impose the gauge condition
R=r. (B4)

As a result, the independent field equations (2.18) become

Gg(g) :KITOOv G%(g) =T, G?(Q) :KITOI’
GY(f) = k. TY, Gi(f) =T",  GUf) =KTY,
(B5)

plus two nontrivial components of the conservation con-

(9)
dition V,T#, = 0,

(9) (9)
V”Tﬂo - 0, V”Tﬂl - 0 (B6)
Here one has explicitly
N>—1 2NN N> -1 2N?Q
G(9)) = , Gl(9) =——+——,
(9o =3 . i) == 0
2N
G(g) = , B7
0= o (B7)

where the dot denotes the partial derivative with respect
to ¢, while

NU'
TOOZ—PO—P1T, T11:—P0—P1%,
TOIZ'Plg, (BS)
Q

where P,, are defined in (3.5). The components of the
second stress-energy tensor are

2

;
7% = ——NUZA(P]qY+ P,(a®>N?QY + gNU")),
2
T, = —UFTA(PIQU’ £ Py (@NQY + qU')),
0 r
T 1 = —NUZAPIY(X, (B9)
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where A = NQYa? + qU’. The components of the Einstein tensor for f - are complicated:

G(f)oo =

NG VE

:_U2A3

1
Ut A3
+3N2qQ*U'Y?)a* + (-2NQUU a Y* — 2qQUUN'Y* + 2NQUU4'Y*
—2NqUUQ'Y* +2NqQUU'Y* = 2N3*Q3UU' ' Y* + 2NqQUU'Y*
+2N2Q2UURY? + 2N2Q*UU'U'Y? + 2N2Q2UUU"Y? — 2N2Q*UUU'Y'Y?)dd
+ (=Ng*QU"Y* + 2¢*QUN'U'Y* = 2NqQUq4'U'Y* + 2Nq*UQ'U'Y*
—2NgQUUA'Y* —=2Ng*QUU"Y* + N2qQ*U"Y? 4+ 2NqQ*UN'U"Y?
—2N2Q*Uq'UY? + 2N2qQUQ'UY? — qU*U'Y? = 2N2Q*UUU'd'Y?
+ NQU?UY? + 3Ng*QU"™Y? + 2N2qQ*UUY'Y? + 2NQUUU'U'Y?
—2NQUU Y UY)a* + (ANg2QUU'&'Y* + 2¢*UUY? = 2qUU & U'Y?
+ 2N2qQ*UUR'Y? + 22UU'U'Y? = 2¢42UUU"Y? + 2NqQUU”Y?
+2gQUUN'U?Y? —2NQUUG UY? + 2NqUUQ'U?Y? + 2¢*UUU'Y'Y?
+2NqQUURU'Y})a — ¢*Y3UP + qYUU” + ¢3YUP - 2qUU Y U”
—24°UY2UY' + 2NqQUY*UUd 4 24°UY UU'd + 2qUYUUU'),

2

(N3Q3Y4a6+(—NQUZY4+N3Q3U/2Y4+2N3Q3UU”Y4

((~QUN'Y* = NUQ'Y* + NQU'Y*)a* + (-NQaU'Y*

+ gON'U'Y* + NqgQ'U'Y* — NQU'Y* — NqQU"Y* + NQ*N'U"?Y?
+N*QQ'U?Y? - N°Q*U'U"Y?)a’ + (2NqQU'd'Y* - Uq'U'Y? + qU'U'Y?
+2N2Q2UR'Y? — qUU"Y? + QUN'U?Y? + NUQ'U?Y? + qUU'Y'Y?

— NQUU'U"Y* = NQYU®Y 4+ NQUUY'Y)d? + (—qaU”Y? + qq' U?Y?

+qUU'dY? + NQq'U®Y? — g?UY'Y? + 2NQUUa'Y? = NqQU”Y'Y)a — qYU™ + YU4'U"),

1

(N*Q*Y3a® + (-NQU?Y? + N*Q3U”Y? + 2QUN U Y? 4 2NUQ U Y?
—2NQUUY? +2N?Q3UN'U'Y? + 2N3Q?UQ'U'Y? + 3N?qQ*U'Y?)a*

+ (2NQUU @ Y? = 2gQUNU'Y? + 2NQUGU'Y? —2NqUQU'Y?
+2NqQUU'Y? +2N3Q3UU'd'Y? + 2NqQUU'Y? 4+ 2N2Q*U U™ Y?
+4N2Q2UU'U'Y? = 2N2Q*UYUY)a® + (-Ng2QUY? = 2NqQUaU'Y?
—2NqQUq'U'Y? + N?qQ*U”Y? = 2N*Q*UaU"™Y? + 2NqQ*UN'U"?Y?
+2N2gQUQ'UY? — qU*U'Y? +2U4 U U'Y? = 2qUUU'Y? + 2qUUU'Y?

+ NQU?U™Y + 3Ng2QU™Y — 2QUN U U?Y —2NUQ U UY + 2NQUUUY
—2qUU Y U'Y 4 2NQUUU'U'Y —2NQUU Y U?)a? + (2qQUYNU"
—2NQUYGU"? + 2NqUYQU” + 2NqQYUU"” + 2¢*Y2UU"? + 24*UYYU"
—4NQUYU a U™ + 2N*qQ2UY*d' U + 2NqQUYU'U? — 2qUY*U a U')a

+ QU = @YU + qUUP - 2UG U U + 2NgQUYaU” +2qUUUR
+2¢°UY?*aU” - 2¢°UY?*q'U").
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Finally, there are two nontrivial components of the conservation law,

(9)
Vﬂ%:—ﬂQWWQ+MWQ+aWQ+

7DO(NZQ+U) 7)1<N2QU’

(9) a aN q
V17" =P (- Ly
ol <Q NO Q' oY

NQU>+l§1<2N2+aU+qNU qU>+jgb<NU

gN  NU NUY
Y y?
NUU>

-U'), (Bll
o or 0 Y ) (B10

r

where d'P,, are defined in (4.10). Equations (B5), (B6) comprise a system of 8 equations for 6 functions Q, g, A, W, a, U.
For this system not to be overdetermined, only 6 equations out of 8 should be independent. As shown in Sec. X, this indeed
happens at least for small a, when the perturbative analysis of the equations shows that some of them coincide.
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