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Next-to-leading order spin-orbit effects in the equations of motion,
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We compute spin-orbit effects in the equations of motion, binding energy, and energy loss of binary
systems of compact objects at the next-to-leading order in the post-Newtonian approximation in the effective
field theory (EFT) framework. We then use these quantities to compute the evolution of the orbital frequency
and accumulated orbital phase including spin-orbit effects beyond the dominant order. To obtain the results
presented in this paper, we make use of known ingredients in the EFT literature, such as the potential and the
multipole moments with spin effects at next-to-leading order, and which are given in the linearized harmonic
gauge and with the spins in the locally flat frame. We also obtain the correction to the center-of-mass frame
caused by spin-orbit effects at next-to-leading order. We demonstrate the equivalence between our EFT results
and those which were obtained elsewhere using different formalisms. The results presented in this paper
provide us with the final ingredients for the construction of theoretical templates for gravitational waves

including next-to-leading order spin-orbit effects, which will be presented in a future publication.
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I. INTRODUCTION

Gravitational wave astronomy is based on high precision
experimental and theoretical physics. The main sources of
gravitational wave signals which can be detected by the
ground-based observatories LIGO and Virgo [1-11] are
binary systems of compact objects. During the inspiral stage,
those systems can be studied analytically through perturba-
tive approaches such as the post-Newtonian (PN) approxi-
mation, which uses the ratio between the relative velocity
and the speed of light (v%/c?) as the expansion parameter.
For accuracy, the calculations have to be carried out to
high orders in the expansion parameter in order to be valid
up to the late inspiral stage, which is when the theoretical
templates are matched onto the numerical ones. In fact,
interesting physics can be studied only when we go beyond
the leading order, for instance finite size effects such as spin,
which plays an important role in understanding the for-
mation and the evolution of binary systems [12—-14].

The effective field theory (EFT) framework we use in
this paper, called nonrelativistic general relativity (NRGR),
originally proposed in [15] and extended to accommodate
rotating objects in [16], is an independent approach to
the investigation of the dynamics of binaries of compact
objects. The current state of the art for the EFT formalism
is 4PN order [17-20] in the conservative sector for
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nonspinning bodies. The spin sector of this formalism—
the focus of this paper—has also seen extensive development
in the past 15 years. The leading order (LO) spin effects in
the conservative dynamics were derived through the NRGR
formalism in [16], while the next-to-leading order (NLO)
and next-to-next-to-leading order (N’LO) spin effects were
studied in [21-26] and [27,28], respectively. Recently, the
next-to-next-to-next-to-leading order (N3LO) gravitational
spin-orbit [29] and quadratic-in-spin [30] interactions were
also investigated. Beyond the linear and the quadratic spin
effects, the LO cubic and quartic spin interactions [31] and
the NLO cubic spin interactions [32] were also explored
via the NRGR framework. In the radiative sector of this
formalism, spin effects in the multipole moments were
obtained in [33,34], and the LO spin effects in the radiation
reaction were computed in [35,36].

Although crucial ingredients for the description of the
dynamics of binaries of compact bodies including NLO
spin effects were previously computed using the NRGR
formalism, in particular the spin-orbit potential and the spin
evolution in [21], and the multipole moments in [33],
other important quantities associated with NLO spin-orbit
effects—such as the equations of motion of the compact
bodies, the system’s binding energy, its energy loss, and the
phase evolution—have yet to be derived in the NRGR
framework. One of the purposes of this paper is to obtain
those quantities, since they play an important role in the
investigation of the physics of binary systems. For instance,
the acceleration we derive in this paper, which composes a
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2.5PN correction to the system’s equations of motion, is
used to compute the energy loss associated with the
emission of gravitational waves but also to obtain the
phase evolution of the binary system. In addition, this
acceleration is a necessary ingredient for the construction
of theoretical templates of gravitational waves accounting
for NLO spin-orbit effects, which shall be presented in a
future publication. Another spin-orbit effect that enters at
2.5PN order is the correction to the center-of-mass frame.
Although it does not affect the NLO spin-orbit acceleration
obtained here, we derive this 2.5PN spin-orbit correction to
the center of mass for completeness, with the intent to
provide the final pieces related to NLO spin-orbit effects in
order to allow the EFT calculations to continue without
impediment at higher orders. Furthermore, we provide a
discussion between the results obtained in this paper and
the ones in the literature [37,38], where different gauge
and spin definitions are used while a more traditional PN
approach to general relativity is followed, and we show
that, through a redefinition of the spin variables, equiv-
alence can be proven even before gauge invariant quantities
are computed. This present paper, therefore, also serves as a
demonstration of the equivalence between the NRGR
methodology and more traditional approaches to general
relativity up to NLO regarding spin-orbit effects, in both the
conservative and the dissipative sectors.

We organize this paper as follows. In Sec. II, we provide a
brief summary of the NRGR formalism (we recommend
[39-43] for a comprehensive review). We derive the NLO
spin-orbit acceleration in Sec. III by computing the Euler-
Lagrange equations of the potential obtained in [21] but also
by extracting contributions coming from order reducing
terms in lower-order accelerations and from spin precession
and constraints. In Sec. IV, we take the Legendre transform
of the potential derived in [21] to obtain the NLO spin-orbit
effects in the binding energy of the binary system, and we
make use of the acceleration computed in Sec. III as well as
the multipole moments obtained in [33] to calculate the
energy loss due to the emission of gravitational radiation.
Then, in Sec. V we use the results obtained in Secs. IIl and IV
to calculate the evolution of the orbital frequency of the
binary system and its phase evolution accounting for NLO
spin-orbit effects for quasicircular orbits within the adiabatic
approximation. In Sec. VI we compute the NLO spin-orbit
effects in the 00 component of the binary’s pseudotensor,
which we use to extract the NLO spin-orbit correction to the
center-of-mass frame by Taylor expanding its expression
up to the first order in the radiation field momentum. In
Sec. VII, we discuss the specific spin transformations which
map the main results of this paper to those in the literature
obtained from traditional PN approaches. In Sec. VIII,
we provide the reader with our final remarks on the
contributions of this paper. We compile the known ingre-
dients used to derive the results of this paper in the Appendix
for convenience.

A number of conventions and definitions are utilized
throughout this paper. The masses m; and m, of the binary
components are used to define the following quantities:
m=m, +my, v=mm,/m?, and y = mv. The relative
position is defined as r = x; — X, and its unit vector given
by n=r/r;, thus v=v, —v, and a=a, —a, are the
relative velocity and acceleration, respectively. If those
relative quantities appear inside a sum over the compact
objects indices A, B =1, 2, they should be considered
as depending on those indices instead, e.g., r = X4 — Xp.
We use the Newtonian orbital angular momentum vector
defined by L. = mur x v. We use the spins S; and S, of the
bodies to define

(1.1)

(1.2)

which are two useful quantities to write results in a more
elegant way. We adopt the mostly minus signature
(1,—1,—1,—=1) for the Minkowskian metric . We use
¢ =1 units, and the Planck mass is defined as mp =

1/V/322G.

II. NRGR SETUP

A. Conservative sector

The EFT approach is well suited to investigate the
inspiral stage of the binary system, when there is a clear
hierarchy between the length scales of the system: the size
of the compact objects r,, the orbital separation r, and the
radiation wavelength. The modes of the perturbation £,,, of
the gravitational field, g,, = n,, + h,,,, can be split into two
different components: h,, = H,, + ﬁﬂ,,, where H,,, are off-
shell potential modes of the field which mediate gravita-
tional attraction and f_z,w represent the on-shell propagating
radiation modes generated by the motion of the compact
bodies in the binary [15]. Then, we start with the full theory
action

S = Spn + Sgr + Spp + Ssg + -+, (2.1)
where
SEn = —2mp1/d4x\/—_gg,wR’“’, (2.2)
Sy = / dixy/ =GOV, (23)
Spp = _zA:mA/dTA’ (2.4)
See = —%; / dtvhy 0,4, S%P. (2.5)
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The Einstein-Hilbert action (2.2) represents the purely
gravitational interaction terms. We utilize the linearized
harmonic gauge fixing action (2.3), which is given in terms
of the background field metric g, =1n,, + i_zm, in order to
maintain the diffeomorphism invariance even after the
potential modes of the gravitational fields are integrated
out. Thus, we have I', = V,H% -1V, H%, with V, repre-
senting the covariant derivative associated with the back-
ground metric g, . The point particle approximation is used to
describe the two constituents of the binary system, hence
(2.4);theindex A = 1,2 is alabel for the two compact bodies.

The final term (2.5) represents the spin-gravity coupling.
Choosing the coordinate time ¢ as the worldline parameter,
the spin action is composed of the four-velocity of the
compact bodies ¢/;, the spin connection Oyap = ey,,v,,eg,l
and the antisymmetric spin tensor S4° = S’:‘”e;’ef given in
the locally flat frame. The vierbien ey is defined such that
e, ebn., = g and V, is the covariant derivative associated
with the metric g,,. The locally flat frame retains a residual
Lorentz invariance and is equivalent to adding an additional
element of the SO(3,1) group to the worldline to implement
rotations [16]. Finally, the ellipsis in (2.1) represents other
interactions that we are not accounting for in this present
paper, including finite size terms which are quadratic or
higher in the spins.

The Feynman rules for this EFT theory are obtained after
imposing the low velocity limit and the weak field approxi-
mation in the full action (2.1). The derivatives of the off-shell
potential modes scale as 9yH,, ~ (Y)H,, and 0;H,, ~
(1)H,, while derivatives of the on-shell radiation modes
scale as 9,h,, ~ (£)h,,. For maximally rotating objects, we
power count the spin as S ~ Lv, where L is the angular
momentum. Therefore, we can determine how each term in
the full action scales with respect to the expansion parameter
v?. This power counting allows us to systematically compute
spin or other effects at any desired order in the PN expansion.

After imposing the weak-field approximation using

1 1
e =i +50 (hvﬂ - Zh@,h@,) Fo, (26

the spin-gravity Lagrangian becomes an infinite series
of terms with a single spin tensor contracted with the
gravitational field at different orders in its perturbation:

1
e 3 s
A:ZI,2 2mPl

1 1
4mg, 5%2% (E Mgrn & i = hﬂﬂﬁ) HSP + - } .

(2.7)

+

"This definition differs by a minus sign from the standard
convention.

From this Lagrangian, we can extract all the relevant
couplings that are needed at the PN order that we consider
in this paper. Moreover, when we split the weak field into
the two different modes, we can obtain the potential—from
which the spin-orbit equations of motion can be derived—
by integrating out the potential modes of the gravitational
field. Both the potential from [21] and the couplings
needed to compute NLO spin-orbit effects, which are
2.5PN corrections in the equations of motion, the binding
energy, and the center-of-mass position, are presented in
the Appendix.

Using a rank-2 antisymmetric tensor to describe spin in a
four-dimensional spacetime comes with a cost: there are a
total of 6 independent degrees of freedom to play the role
of the three necessary angles to describe the rotation of a
body. For the purpose of eliminating the three unphysical
components of the spin tensor, we impose constraints
known as spin supplementary conditions (SSC). In this
paper, we use the covariant SSC, which is given by the
contraction of the spin tensor with the linear momentum

PaS? = 0. (2.8)
Even though the bodies label has been suppressed in the
equation above, notice that this constraint must be imposed
for each of the compact bodies.

B. Radiative sector

The long-wavelength effective theory can be constructed
by integrating out the potential modes of the gravitational
field. The binary system is then described as a single
pointlike object endowed with a series of multipole
moments [42,44]:

> 7 ~ . 1
S(r:?? [h, Xa] - / di V 900 |:_M(t) + Z (F ILVL_inl—liz
=2 :
21

— — L . .
(21 + 1)!J VHB"-"'H'

The center of mass of the binary system is placed at the
origin and at rest with respect to distant observers, such that
dt\/Goo = dz, while M(r) is the Bondi mass of the binary
system. In the action above, the electric and the magnetic
components of the Weyl tensor are coupled to the mass
and current multipole moments, respectively. Notice that a
multi-index representation L = i - - - i; is used. The general
expressions of the multipole moments /- and J* in terms of
the components of the pseudotensor of the binary system,
which can be found in [45], are determined by matching the
effective action (2.9) in the long wavelength limit onto the
full action valid below the orbital scale (2.1). On the other
hand, the pseudotensor 7#*, which satisfies the conserva-
tion law 8MT”” =0, can be read off from

(2.9)
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)= -

d*xTH }_llw,
2mp1

(2.10)

when we integrate out the potential modes in the full action
(2.1) for all terms containing a single radiation field.

The knowledge of the components of the pseudotensor
and, consequently, of the multipole moments of the binary
system, is required in order to determine the energy which
is lost in the emission of gravitational waves [45]:

dE. G (3,63 16 ) .3) 5 4,4
— == (171 IDI + =101
dt 5( ) T gy itk

5 4
AV ) (2.11)
All the necessary multipole moments for the computation of
the NLO spin-orbit effects in the energy loss, which we
compute in Sec. IV B of this paper, were computed in [33] and
are presented in the center-of-mass frame in the Appendix.
|

(1.5PN) G

III. EQUATIONS OF MOTION

In the PN approximation, the acceleration of the con-
stituents of the binary systems is given as a series of
relativistic corrections to the dominant Newtonian gravi-
tational acceleration. If we disregard, for the purposes of
this paper, the radiation reaction and effects of quadratic
(or higher) order in the spins, the acceleration can be
presented as”

a = a0PN) | q(IPN) (sl 5PN)+a<2PN)+a(SZC‘)5PN>+~-.
(3.1)

The expressions for the nonspin accelerations in the right-
hand side of the equation above are given in the Appendix.
The LO spin-orbit acceleration—a 1.5PN correction to the
equation of motion—can be derived from the potential
V3% given in (A4). Computing the Euler-Lagrange
equations using that potential gives

(ali)vso = F {% [(3117‘ - 2V1 + 3V2) X Sl}i + [(6111" - 4V1 -+ 3V2) X Sz]i
1

- [rx <@51 +2S2>]l + [Séo
nmy

—2%V2X81+2V1XS2—V2XSZ>}.
1

+3n'n - (ﬂvl xS,
m

Notice that the expression above is given in a general
form: it includes time derivatives of the spin vectors, which
actually contribute only at orders higher than 1.5PN since
S~ % S; it also shows the explicit dependence on the S‘{?z
variables, which will be removed by enforcing the covar-
iant SSC (2.8). Although we kept S{?z variables to indicate
that those terms will also contribute to orders higher than
1.5PN due to PN corrections in the covariant SSC, the
result in (3.2) is only valid in the covariant SSC and is not
general to other choices of constraints.’ Up to 1PN order,
the spin tensors can be written in terms of the spin vectors
in the covariant SSC as

. 2
Sgl = SA X Vyq + GmBSA XV 4+ O(SZ)

(3.3)
and

*The first quadratic spin effects enter at 2PN order, while the
radiation reaction enters at 2.5PN order.

If we were working with the Newton-Wigner SSC, for
instance, we would have to impose the constraint at the level
of the potential before computing the Euler-Lagrange equations.
See the discussion presented in Appendix E of [16] for more
details.

— 250 4 3ninJ (@ $0 — Sé())}
my my

cov

(3.2)

S = elkSk. (3.4)
Therefore, after imposing the covariant SSC in (3.2) and
keeping only terms which enter at the lowest PN order, we
can write the well-defined expression for the LO spin-orbit
acceleration [16]:

—[(S; x V) =#(S; xn)’

. G .
(L5PN) __ { mz ~28,-(vxn)n']

(a1)s6 2 Um,
+4(S; x V) =6i(S; xn) =68, (Vxn)n’}.
(3.5)

The purpose of this section is to advance to the next step,
namely, to obtain the equations of motion linear in the spins
for the binary system at 1PN beyond Eq. (3.5), which is a
2.5PN correction to the Newtonian acceleration. The result
for the NLO spin-orbit acceleration can be presented as the
sum of two distinct contributions:

(al)g™ = (al)Vso 4 (al)RD. (3.6)

The first term in the right-hand side of the equation above
comes from computing the Euler-Lagrange equations of the
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NLO spin-orbit potential (AS5), which was obtained in [21]. The result for this contribution can be conveniently arranged as

25PN n no0 2.5PN i\cov i
(a)" :_Z{ H( ) ox'™ Véo )} = (AP + (AY)gi, (3.7)
1

where

G G G 1 . , R B
(Al)g?ovzr{m S’0{5’1< m1+2ﬂ+2v V2toay r+- (v2 )>+V’2(3v2-nn/—v1)+§a’2r/

(3 G Gm 3 15
—|—n’<—2raz+3v2 an—nf(4 ’:ll 872+6v V2+2az r+ 2( “)2>>}

0lgi(_p M _ G 1 3 . N
+S§0{5u(_2 my  Gmy +2v- V1+231 r——( n))—vll(3vl.nn]+vj)_|’_§allrj

B
(-

G G 3 15
—=raj + 3v, an+nJ<8ﬂ+4ﬂ—6v Vi—5ar r+— 5 (v 1-n)2>>}}
r r

-5 { 2510 2vini — v, - m) + S 200 (2vi — vi) = 8liv, -m —ni (v + 3y, -nnf)]} }
& (1G ; y o
+-3 5—550(3511 + n’nf)} (3.8)

and

. G (my ;i ; L i Gm; 1Gmy, 1 3
(All)s"fEﬁ{m_slj{—sz'raé—rza§+v'{<— p +§—+2 2" r+§(v2-n)2

-/ 5Gm . : .
+v2(———2—2v vV, —a, - r—3(v2-n)2>] +S’2’[—2v1-ra{+r2a’1

2 r
5G 1Gm; Gm, 1 3
. G G 3 15 .
—&—n’[@S (( 42 Zﬂ—&— a r+—(v, n)2>v’fn/—3vz' (Vhv), + 2akr)
m r 2 2
G

1 . y
- <10ﬂ +6V-Vy+3ay-r+ 15(v, - n)2> vin/ + Eraév{ + rakv) + rrka§>
r

: G .
+ s’2‘1<(10ﬂ— 6v-v, —3a;-r+ 15(v, -n)2>v’]‘n1 —3v, - n(vkv] 4 2afr)
r
Gml sz 3

15 | o
< 2—+4—+ 52 r—7(V1 'n)2>v’§n1 + rakv] +§ra’1‘v§ - rrka{ﬂ

1 .
+ viSYvkvE 4+ 2akr/ + 3v, - n(vE — 2vF)n] + ai S¥/ {vlrf Ev’z‘rf}

+ v %S'f/ VAV + 2akr/ + 3v, - n(2v4 — vE)n/] + a’z%S’f’ {—Ev’fr/ + v’grf} }
1 1

d (G [my ;i|l Gm; 1Gmy 1 3
a’t{ { ?S{{Eraé—i—Vz nv2+n1< rl—ETZ—Eaz-I‘—E(Vz'ny)]

5Gm1

—&—Sz[raﬁ—vl-nvé—i-n/( r—=3(v; ))]—|—4VS2Vl

+2v; [ 2S)vin/ — $y'vin } +n'Sy [viv] + 2af/ + 3v, - nnd (v — 2vh)] }}

my

&2 (G ij j J 1 J inj ki ok 1 k & ij
+ﬁ - S5 2v1~nn-—v1—5v2 +n'n’/S; Vi—5V2 +E{GS2'n}. (3.9)
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The second term in the right-hand side of (3.6) accounts for 2.5PN order terms coming from order reduction of lower PN
order accelerations, which can be concisely presented as

i leZ i i i sz 1 7Gm2 i
(31)(Red> = |:§Taz ‘Nt —ap - vV, —ay <3T + EV%> + 5732 a(sl('fpm
+ [—3 <—@Sll° + 322 ¢onini 4 50 - 3s§°nfnl>]
r m m cov(1PN)
T e T T YA T (3.10)
7'3 mg SLO

The expression above includes three contributions from lower-order accelerations: reduced contributions from substituting
the LO spin-orbit acceleration (3.5) in the acceleration terms present in the 1PN correction to the equations of motion (A2);
frame corrections from imposing the covariant SSC (3.3) in (3.2), and also, in that same equation, terms from reducing spin
derivatives. At 2.5PN order, we only need the LO spin derivative term given by [16]

as G
d_tl:%[Z(rxv)xSH—(Slxr)xvl]. (3.11)

After imposing the covariant SSC and order reducing the accelerations in order to obtain a fixed order result at 2.5PN,
Eq. (3.6) becomes

3 mwr |my r

. G i G
(ai) &™) — 3 {—“— {@sl ‘L < (26m, +22m,) + 12v - v, + 3v2 + 3v2 + 15(v, -n)2>

G (61
+S,- L(— (—2 m +20m2> +6V- v, +3v5 + 15(v, -n)2>]
r

[ 3 1
+vi 2 —S;-L2v; - n+7#)+7#S;-(va xn)+S; - (vxv,)
| my \mvr

mvuvr

—2(iS2'L(V2‘n+;’)+3}SZ'(V2XII)+282‘(VXV2)>:|

|6 _ 2 . [G (m3
+V12 —<@81+Sz) 'L(Vz'n+r):| _m—erl |:— (Z—?Sl -n+2m182-n)}

|myr \m r

.G 3
+@(Sl xn) [i—(14m1 + 10m,) +§i’(v% +5(v,-n)?) =3v-v,v, -n]
mi r

.G (47 G
+ (S, xn)’ {i7 <7m1 + 16m2> —2v, - n(%—i— 3v- V2) + 372V - vy + V3 + 5(v, -n)z)]
_m i@ 3vei3e? 2 _ 3
. (S; xv) L(14m1+10mz)+6v v2+2v2+2v +2(v2 n)-—3iv,-n
i|G (31 2 2
- (S, xv) - 7m1—|—12m2 +4v-vy +2v5 +6(vy -m)*| . (3.12)

Note that the spin vector used in this expression is defined in the locally flat frame; see Sec. VII for a discussion of
alternative spin definitions.

We also present the NLO spin-orbit acceleration in the center-of-mass frame. In the latter, the expressions for x; and x, in
terms of the relative coordinate r are given by

X :ﬂr—f—ér, (3.13)
m

X, = — "y 4 6, (3.14)
m

124020-6
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where, considering only corrections up to 1.5PN order,

When these PN corrections to the center-of-mass frame are
considered in the 1PN acceleration (A2), they yield con-
tributions to the equations of motion at the 2.5PN order.

|

In principle, one must consider 1PN center-of-mass cor-
rections in the LO spin-orbit acceleration (3.5) as well, but
these vanish because this acceleration only depends on
relative coordinates and velocities; this is also the reason
why we do not need to consider the 2.5PN spin-orbit
correction to the center of mass in the Newtonian accel-
eration (Al). Therefore, the final expression for the NLO
spin-orbit acceleration in the center-of-mass frame comes
solely from considering (3.13) and (3.14) in (3.12) and
(A2); the result is

. G (. G
(ah)s™N = {n’ {s L <——m (42 +290) + 3(=1 + 100)v* — 30yi’2>

muvr r

m

_omy. L(Gm <22+33
r 2

u) +3(1 = 50)V? + 15m‘»2)]

. P
+ 3iyi [3S-L(—1 )+ 28 L(-1 +2u)}
m

Gm

_2_LI[S n(l+2v) —I-%nz'n(l +’/)]}

G G 3 45
+= {(S X n)’i'[—m (26 +25v) +—(1 — 150)v? +71/i2}
.

P . 27
+ (s xn)ii { (10+— > <——121/>V +151/r]
m 2
43
2

+ (S x V) [—G—(22+151/) (=1 + 11v)v? —%yrz]

_OM s x vy [Gm (1o+§u> + <§—81/>V2+91/i2] }
m r 2

This expression is valid for general orbits and for
arbitrary spin orientations within the region of validity
of the NRGR formalism. In the next section, we compute
the binding energy and the energy loss. For the latter,
we need the result (3.16) as well as (Al), (A2), and (3.5)
to order reduce the time derivatives of the multipole
moments.

IV. BINDING ENERGY AND ENERGY LOSS

A. Binding energy

The LO spin-orbit energy—a 1.5PN correction to the
Newtonian binding energy—can be obtained from the
potential (A4); it is given by

(4.1)

(3.16)

|

where we have imposed the covariant SSC in the second
expression. In this section, we obtain the 1PN correction to
the LO spin-orbit binding energy:

2 2
E(S205PN) _ Zszfj’) ( 1) + ng()SPm 4 ERed) (4.2)

(4.3)

23 (2.5PN)
d k—n— laV
p (n) — — (_ _> 71
! A§=:1 k:zn;rl dt aXAk)

. (k) . d*x,
where the notation X, is a compact way to express <.

For the spin-orbit energy at the 2.5PN order, we have two
contributions: one from the NLO spin-orbit potential (A5),
and another from frame corrections when applying the
covariant SSC to the LO spin-orbit energy (4.1), which we
represent by E®ed) in (4.2). The sum of the two contribu-
tions gives
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Gm
B - e {<v, N2 S, (v X V)

3 G
+(V%_Vl'V2_§(V2'n)2_3vl'an'n+2—ml>Sl-(V1Xn)
r
2 2 5 Gm,
+(=2v34+3vi-vo—vi+3(vi-n)*+3v;-nv, -n+3——=|S; - (va xn) p +1 < 2. (4.4)
r

Transforming to the center-of-mass frame as in Sec. III, we have

G G 3 L-S ¢ 3 G 3 L-X
pasm _ Gn {(2 m_ZVz_sz> +_m<_y_m__wz> } (4.5)
r r

mrr  m\2 r 2 mr?

Next we calculate the time-averaged energy loss, which  detailed discussion, see [44,45]), and its general form is
completes the pieces necessary to compute the orbital phase  given at (2.11). All the necessary multipole moments to

evolution in Sec. V. compute the NLO spin-orbit effects in the energy loss are
presented in (A6)—(A18). Using the equations of motion

B. Energy loss (3.1) to order reduce the acceleration terms generated by

The binary system’s energy loss due to the emission of ~ the time derivatives applied to the multipole moments,
gravitational waves can be computed directly from the one- ~ We obtain a final expression for the NLO spin-orbit

graviton emission amplitude in the effective theory (for a ~ ©€NeIgy loss:
|

G2 2
[(3776+1560u) m

G G
_ — 5 + (—12892 + 20240) —2 12 4 (15164 — 5600) - v2
mr r r r

dE|25PN)  2G3miy (L -S
dilgy 105/

+ (8976 + 125760)i% + (13362 — 182520)i2v? + (—4226 + 5952u)v4}

omL - X G*m? G G
me s {(—548 +9520) ~ - + (—14654 + 47960) — 12 + (10718 — 17080) —v?
m mr I r r
+ (=7941 + 10704v)i* + (8742 — 134340)i?v? + (=2001 + 3474u)v4} } (4.6)

|
Along with the expressions for the acceleration (3.16) and  circular orbits here. We can then apply an adiabatic
conserved energy (4.5), the above result is the final piece  approximation in which orbits are approximately circular
needed to compute the orbital phase evolution of the binary ~ on an orbital timescale and orbit decay occurs on a
system, in the quasicircular orbit approximation, account-  radiation-reaction timescale. In this approximation, the
ing for NLO spin-orbit effects in the NRGR framework. expressions above can be expressed as coordinate-inde-
pendent quantities as functions of a single orbital frequency
w, the orbital angular momentum L, and the spin vectors,
and are gauge invariant under coordinate transformations.
Until this point, our results are valid for general orbits  In our subsequent analysis, we neglect spin-spin [16], tail
and arbitrary spin configurations. However, as is well [17,44], and radiation-reaction [49,50] terms in the orbital
known, the emission of gravitational waves tends to  frequency, since in this paper we are only investigating
efficiently circularize orbits well before entering the  spin-orbit effects; those other effects do not mix with our
observable frequency band of gravitational wave detectors  results and thus can be included independently later on.
[46]. Although alternative methods such as the dynamical For nonspinning objects, the procedure of computing the
renormalization group approach [47,48] may be used for  phase evolution of the binary system is unambiguous
more general systems, we will restrict our analysis to  because the orientation of the orbital plane is constant in

V. PHASE EVOLUTION
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time; for spinning objects, the choice of spin vector is See [21] and Sec. VII for details regarding the significance
crucial because the spin vector may evolve by radiation  of this redefinition.

reaction for an inappropriate choice. For spinning systems, For (quasi)circular orbits, we use the relations
we choose a spin vector with a conserved norm; this allows
us to work with orbit averaged spin vectors and to use rw* = —(n - a), (5.2)
energy balance arguments to compute the orbital phase
[51,52]. We transform from the locally flat spin vectors to [v| = rao, (5.3)
conserved norm spin vectors using the relation
=0, (5.4)
S, — (1 + lﬁ)sg — lvA (S§-vy) 4+ - (5.1)  and perform the spin transformation to conserved norm
2 2 spin vectors, which gives us, for instance,
|
G Gm 3 om 3 Gm 1
Efqa==<|1+2v——-=-(1+ Lc—l—— 1- 2IL - x¢ .
and
dE* G’m? Gm G*m? Gm_,
2l =Y105, L-S§¢ 448—+4480V —(7552+3120v) — (30440 + 17920) —v* + (9656 — 144801 ) v*
SO r r

2
5 G G2m?
+ 20, xe {—224—m+2408v2+(1906—19041/) -
m r

— (21548 =39760) Z™v? 4 (5206 8320y)v4] } (5.6)
r

To write these in terms of the orbital frequency w, we use Eq. (5.2) and solve order by order in the PN expansion for w; note
that the expression for the acceleration (3.16) must also be rewritten with the conserved norm spin vectors. Then, we find
that the orbital frequency is given by

Gm Gm Gm\92[_ §¢ om X
2= 1+— (-3 -|— 55 +3—-2
@ r { * ( +v) <r> [Gm2+ m Gm?
Gm Gm\M"/2[ /27 13 \ 6m % 45 27 A
) 2 - i Bt ~ 7
NC R AL ERSE S P
where §§ = 7S¢, X = Z-%¢ and # =L /|L|. We can write Egs. (5.5) and (5.6) in terms of the orbital separation r
to give
1 Gm*v Gm[ 7 1 Gm\3?[é6m X¢ S¢
E€ I 1 Dt B - vt =r 3 4
(r) 2 r { + r [ 4+4y]+< r) {m Gm2+ sz}

Gm\2[ 23 49 1, Gm\5/2 sm =S s
+ (T) |:—§+§I/+§I/:| + <T> |:(2—3I/) Gm 2+(6 6v )sz (58)

and

dE(r) _ _32G'm™?  Gm[ 2927 5 Gm\3/2[ 256m ¢ 37 S¢
dt 5r° 4me2 3 Gm?

n Gm\ 2[202663 +380 n Gm\>/2[ (6953 +91 om X5 n 18947+68 A\ (5.9)
— | |—m== =V — —t—v | — ——+—=v . .
r 9072 9 r 112~ 8 m Gm? 168 3 Gm?

These two expressions depend on the coordinate separation r and are therefore gauge dependent. Inverting our expression
for w?, we find

r r
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G 1
m:x+x2[1—1/} +
r

X532 [m
] |

5 65 X2 em_,. (10 8\ .

where the PN parameter x = (Gmw)?? is formally of order »>. We can now write the energy and energy loss as gauge
independent expressions. They are

. 1 3 1 32 [ _om o 14
E‘(x) = —Emwc{l —l—x{—z—ﬁv] +W [ZWZf—F?Sf]

27 19 1 5/2 10 \ 6 61
—I—xz{—?—l—?v—ﬂvz]+%{(3—?v)ﬁm22+(11—31/> ;}} (5.11)

and

i 5G 17336 12°| TG | am

Lp[ M7 oam 65 L) WIRT( 13 43 Nemo, (9 272 N\ (5.12)
X=—ort vt 16 47 ) m 279 . .
9072 " 504 YT RY | Tem2 |\ T16 "2 Y) e 279 ")

The coefficients in these expressions are still dependent on the particular definition of the spins; with our choice of
conserved norm spin vectors, Egs. (5.11) and (5.12) yield perfect agreement with the corresponding expressions in [38].
We now proceed to find an expression for the phase evolution of the binary system using energy balance arguments. We first
obtain a dimensionless adiabatic parameter (also called the orbital frequency evolution [53]) representing the orbital decay,
given by

dE‘(x) 32007 { [ 1247 35 ] x3/2{ é‘s—mzc—4sc]
¢ ¢

® 336 4 Gm?| 4 m 3

L p[3103 13661 59 +x5/2 (809 281 \om, (5861 1001 5.13)
18144 " 2016 © " 18Y | T Gm? g4 8 ) m 144 12 V)R

v 96 743 11 32 256 47
%:?vxs/z{l —i—x{————l/} I {———ng——sg]

The orbital phase can then be computed in this adiabatic approximation, where the gravitational wave phase contains two
contributions. The first comes from the evolution of the carrier phase, while the second arises due to the precession of
the orbital plane due to spin effects. This can schematically be written as @gw = ¢gw + ¢ using the notation of [38].
The carrier phase given by ¢gw = 2¢) can be computed using

gb:/dta):/dwz. (5.14)

In general, the carrier phase may be computed numerically for arbitrary spin alignments. However, for spins aligned or
antialigned with the binary orbital angular momentum, this can be computed analytically using Eq. (5.13) to yield

2 3715 55 ] x! [1256m_. 235
— _ = -5/2 =3/2 |71~ - ==y =~ ¢c
P=do—, {x e [10084_12”} +sz[g m g Sf]

Y 15293365+27145y+3085y2 _logx 41745_§y 5_mzc 554345+§,, G (5.15)
1016064 1008 144 Gm? |\ 448 8 ‘ 2016 8 a '

for which we find perfect agreement with [38].

VI. CENTER-OF-MASS CORRECTION

We now proceed to compute the center-of-mass correction at 2.5PN order due to NLO spin-orbit effects. But before
proceeding to the details of its computation, notice that this correction should have, in principle, entered in the calculation
of the quantities derived in the previous sections, namely the NLO spin-orbit acceleration (3.16), the binding energy (4.5),
and the energy loss (4.6). The reason why this correction does not affect the result for the NLO spin-orbit acceleration,
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as previously explained in Sec. III, is that the Newtonian
acceleration (A1) is naturally given in terms of relative
coordinates. This argument does not hold for the
Newtonian energy, but it turns out that the 2.5PN con-
tribution that would arise from it cancels out due to its
symmetry:

E<0PN) _ mIV]Z m2V% _ Gmlmz
2 2 r
2.5PN N My . (2.5PN) My . (2.5PN
S 2y sl L?Z SN =0, (6.1)

The same happens to the LO mass quadrupole moment
Ion = D_a Ma[XiX4] e When we try to extract its 2.5PN
contribution going to the center-of-mass frame, and con-
sequently the energy loss due to NLO spin-orbit effects is
not affected by the correction to the center of mass at this
order. Despite these facts, the NLO spin-orbit correction to
the center of mass, which is an effect that enters at 2.5PN
order, itself is a nonzero quantity and must be obtained,
since it will lead to nonzero contributions in future
computations at N2LO order. Below, we present how we
proceed to obtain this quantity via the NRGR framework.

The center-of-mass position is defined as

. 1 .
U —/d3xx’T0°(x, ). (6.2)

m

As previously mentioned in Sec. II B, we can extract the
stress-energy pseudotensor T#¥(x,t) from matching onto
the effective action (2.10) by integrating out potential
modes from the full theory action in Eq. (2.1).
Introducing the partial Fourier transform of the stress-
energy pseudotensor and taking the long-wavelength limit,
we find

T (q.1) = / BxT (x, 1)e 9

z(_l') </d3xTﬂl/(X’t)Xil...Xin)ql.l ”'ql',,‘
n.

n=0

(6.3)

(6.4)

Comparing Egs. (6.2) and (6.4), we can read off the center-
of-mass correction from the O(q) term in 7#*(q, t) in the
effective theory.

(@ (b)

FIG. 1.

The diagrams that contribute to the NLO spin-orbit
center-of-mass correction are given in Fig. 1. Figure 1(a)
comes from a single insertion of the vertex (A25). Imposing
the covariant SSC gives a LO spin-orbit term and a 1PN
correction given by

T0(1,q) = ) _S4 (iq')eiaxs
A#B

cov - . . 2G . .
CUS siiigl) <v; + ﬂvt> 9% (6.5)
AZB r

At the order we are working, Fig. 1(b) is composed of
two different contributions, as we show next. Contracting
(A26) with (A20), we find

2G m ij i /s —iq-
1) = 3 |- 2 s ) e, (66)
AZB

and contracting (A27) with (A19) gives

0j..j
GmBSA I e_iq'XA
—3 .

r

Th,(t.q) = Z

A#B

(6.7)

Figure 1(c) also accounts for two distinct contributions.
Contracting (A23) with (A22), we have

2GmASgi4rj

70 (ta) = 32 s ()
A#B
and contracting (A24) with (A21) gives
00 Gmy Oivei _ Qi po) | iqx
Ti,(tq) = Z T(_SBI' — Spvpr/)| et (6.9)

A#B

Finally, Fig. 1(d) comes from three different contrac-
tions. The first contribution, constructed from (A19) and
(A24) together with the LO 3-point vertex gives

o
e N
© (d)

Diagrams contributing to the 2.5PN spin-orbit center-of-mass correction.
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3Gm . 3Gm -
00 _ A O B 0
Tld.l(t’q)_;[i 3 SBjr]_E 3 Ayedl
3Gm S 3Gmy ;i .
-3 0 iq7) 43 9 sl
1Gmg ;i . . 1Gmg ;i ., . .
+5 r3BS/{Vj4rJ +3 rBSf{V;‘(zq/) e~iaxa,

(6.10)

The second, constructed from (A20) and (A23) with the LO
3-point vertex, is

B oij_i
A

Gmy Gij
T(l)g,z(t’Q)_Z[_ 3 Spvyr

A#B

G .
+ 08 S’va(qu)} e, (6.11)
r

The third, constructed from (A19) and (A23) with the
3-point vertex at O(v'), reads

Gm i i L
i) = X[ s+ vy )
AZB

G .
r3AS r'(iq/)r (VA—i—VB)}e"q‘XA. (6.12)

Now, putting all the contributions above together, we
write the final expression for the 00 component of the
stress-pseudotensor accounting for NLO spin-orbit terms:

Gl 1 ‘
T (1,q) = {SO’ i { muSYUri ——mp SV
so( q) ; ((l) 5 2 MB2A

A _r 1 . . e
+mB<vg+§vg>r/SX+mA(Evg+vg>rJS’B’
3 . L\
+ <—Em359{ +mpg (EV’A —Vj9> Sy

+ My (Vﬁ +V]1{g)(5ik _nink)Sg> r2(iqj):| }e—iqu.
(6.13)

We can extract some information regarding the binary
system from the expression above when we take the long-
wavelength limit by Taylor expanding it around q = 0. For
instance, the zeroth order terms in the Taylor expansion
give us the LO spin-orbit energy

Gm .
E(Slo5PN> /d3xTOO(x, 1) = —Z r3B ngl‘],
A#B

(6.14)

and this serves as a self-consistency check, since (6.14)
agrees with Eq. (4.1), which we calculated from the LO
spin-orbit potential. Next, the terms linear in q yield the

center-of-mass position (6.2), which is also conveniently
expressed through4 G = mr,:

ISPN ZSOk = _ZSIkVA’ (6.15)
Gm ij i i
G?Z‘SPN) = Z raB (S (vipr* — viixj)
AZB
— SEQ2r2vi —rir - (v4 + vp))]. (6.16)

Now, in order to extract its corrections, we put the center-
of-mass at the origin, meaning G = 0, and iteratively solve
for x|, x,. Writing

X, = r + or(IPN) 5r(1 SPN) 4 5pPN) 4 5r<2 SPN)
(6.17)
X, = ——r + 6rPN) 51'(1 SPN) 4 5pPN)
+or §205"N> +-, (6.18)

we can determine PN corrections to the center-of-mass

order by order. The corrections sr(!") and sri," can be
found in [44,53] and are presented in Eq. (3.13), while the

nonspin’ 8r2*N) can be found in [54]. The NLO correction,
with covariant SSC enforced, is

m
1) G
fo-]

G
sr™N — 2L { {yvz ey 21/)] XV

——|Sxv
r

+

3om
WS'(vxn)n+§?r(S X 1)

2Gm |ém
r

+(1 —4y)f(zxn)]}. (6.19)

VII. CORRESPONDENCE WITH
OTHER FORMALISMS

At this point, we note that the expressions for the
acceleration (3.16), the binding energy (4.5), the NLO
spin-orbit multipole moments (A9), (A16), and the center-
of-mass correction (6.19) take a different form than the
corresponding results given in the literature [37,38,52,55].

“The expression for G can be expanded order by order as
15PN 25PN
G = GOPN) 4 GUPN) Géo )+ G(ZPN_) + G(so ) 4. - the
LO and 1PN corrections can be found in [44], while the 2PN
correctlon was computed in [54].

SThere is no spin correction to the center-of-mass position at
2PN order.
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As emphasized throughout this paper, we work with spins
defined in the locally flat frame. We would expect, then,
that an appropriate spin transformation coupled with a
coordinate transformation should give agreement with
existing results; the difficulty reduces to finding the
appropriate set of transformations. As was discussed in
[21], it is possible to construct an equivalent Hamiltonian to
those in [37,56], and thus the equations of motion were
expected to agree. In particular, there are two sets of results
we would like to show agreement with: those for spin
written in the PN frame as in [37,38], and those with spins
of constant magnitude as in [52,55].

The relationship between the locally flat spin vectors and
the PN spin vectors was shown in [22]. In the locally flat
frame, we chose the relation between the spin tensor and
spin vector in (3.4). A natural definition of the spin tensor in
terms of the spin vector in the PN frame is

SHY —

e p,S,, (7.1)

i

which clearly preserves the covariant SSC, and which in the
locally flat frame reduces to (3.4). We fix the spin vector by
imposing the additional condition used in [57] given by
S*p, =0. (7.2)
From these definitions, it was shown in [22] that the

transformation from the locally flat spin vectors to the
PN spin vectors S, to 1PN order is given by

2
Sy — <1+V—A+Gm3
2 r

)SA —Va(Sa-va). (7.3)
This transformation induces a 1PN correction to the spins,
and was used in that paper to show equivalence between the
spin evolution equations in [22] and [37,57]. Note that to
leading order in the spins, the locally flat and PN frames are
equivalent; corrections only enter at 1PN order. For NLO
spin-orbit effects, there is a contribution that leads to
different expressions for the accelerations, energy, mass
quadrupole, current quadrupole, energy loss, and center-
of-mass correction. With this spin transformation, the
acceleration (3.16), the binding energy (4.5), the multipole
moments (A9), (A16), the energy loss (4.6), and the center-
of-mass correction (6.19) agree completely with the cor-
responding results in [37,38]. Importantly, the general
expressions for these quantities agree exactly even before
writing gauge invariant quantities. Of particular interest, the
multipole moments agree completely with those in [38],
showing that the EFT formalism used in this paper agrees
with the literature, when spin-orbit effects are considered
beyond the dominant order, not only in the conservative but
also in the dissipative sector.

We also present the transformation to constant magnitude
spin vectors as used in computing the orbital phase (5.15).
This spin choice was used in [38,52,55] and as discussed in
Sec. V is the proper choice when computing quantities in the
adiabatic approximation. As shown in [21], the transforma-
tion to 1PN order is given by (5.1). This puts the spin
evolution equations into a spin precession form [21,37], i.e.,

ds;
di

=Q, x S9, (7.4)
where €, is the precessional frequency. This spin trans-
formation takes us from the covariant SSC to the Newton-
Wigner SSC, with one important caveat. Completing the
transformation to the Newton-Wigner SSC requires a change
of coordinates that accounts for the shift in the center of mass
of each binary constituent (see [21,53,58] for a detailed
discussion). In fact, this spin redefinition coupled with the
coordinate transformation to the Newton-Wigner SSC is the
only possible choice if one wants to work with canonical
variables [59]. However, to show the equivalence between
our results and those in the literature, we forego the
coordinate transformation and find that our results for the
acceleration (3.16), the binding energy (4.5), the multipole
moments (A9), (A16), and the center-of-mass correction
(6.19) agree completely with the corresponding results in
[38,52,55] with conserved norm spins.

VIII. FINAL REMARKS

We used the potential obtained in [21] via the NRGR
formalism [15,16] to compute the NLO spin-orbit correc-
tion to the equations of motion and to the binding energy
of a binary system of compact bodies in its inspiral stage.
This correction to the equation of motion, which is a
2.5PN acceleration, was used together with the multipole
moments computed in [33] to calculate the NLO spin-orbit
terms in the energy lost by the system due to the emission
of gravitational waves. Then, we utilized these results to
compute the evolution of the orbital frequency and, con-
sequently, of the orbital phase of the binary system
accounting for spin-orbit effects beyond the dominant
order, considering quasicircular orbits within the adiabatic
approximation. In performing these computations, we have
made extensive use of the Mathematica package xAct [60].
In addition, we calculated the 2.5PN spin-orbit terms of
the 00 component of the pseudotensor of the system in
order to extract the correction to the center of mass
associated with NLO spin-orbit effects.

Although the results of this paper—the NLO spin-orbit
effects in the equations of motion, center-of-mass frame,
binding energy, energy loss, orbital evolution, and phase
evolution—only now were obtained in the NRGR frame-
work, they had been previously computed through other
formalisms that follow more conventional approaches to
general relativity. Therefore, we provided a discussion in
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which we explained that our EFT results and those found in
the literature [37,38,52,55] are in perfect agreement once
appropriate spin transformations are considered. While the
equivalence between the EFT formalism and other methods
was demonstrated in [21] in the conservative sector
regarding NLO spin-orbit effects, we have shown now full
agreement also in the radiation sector.

Moreover, while inviting for the completion of higher-
order spin computations, the results obtained in this paper
provide the final missing pieces needed to compute wave-
forms that include subleading spin-orbit effects entirely
within the NRGR formalism, which will be presented in a
future publication.
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APPENDIX: TOOLKIT

1. Nonspin accelerations

The PN corrections to the Newtonian acceleration of one
of the bodies—Ilet us choose body 1—in the binary system
are given below. In the EFT formalism, the 1PN correction
to the LO gravitational acceleration

(a) O™ = ——=n (A1)

can be derived from the Lagrangian obtained in [15], and it
reads as

. G 112G : S : .
(ai)(IPN) = i {n’ {—m =3(Vi+V3) +7v; vy +3v; -nvy - n} =V, -0V, — v, -nvh + +(6v) — 7V, —n'v, - n)
r

272

—6ral 4+ 7rab + (V' —n'7)v, -n + ra, -nn’ +n'(v, - (v—nr))} —Ea’lv% — Vv, -ay.

(A2)

The second PN correction to the gravitational acceleration was derived in [54] considering the EFT theory in the

linearized harmonic gauge, and it is given as follows:

(a])2PN) = 1Gm,

8

G? G
r {7 (=2m3 — 20mym, + 16m3) + - [(18m1 + 56m,)v3

— (84m; + 128my)v, - v, + (58m| + 64m,)v3 + 30ma, -r — 12ma, - r

28

+ —= (m1 - 4m2)V1 . r(Vl T — 2V2 . r)

r2

1
- p (56m1 + 176m2)(V2 . r)2:|

+2v] = 16(V; - v5)> — 16v5 + 32v; - v,v3 — 2via, - T — 2vsa, - T

)2

—432-V2V2-I'—|—M
r

leZ

4 3 r

+ vy - r(4v} + 16V, - v, — 20v3) — 24

. 4
(12v2 — 48V, - v, + 36v3) — 15 M}
.

G
v’l{ [(48m2 — 15my)vy - r + (23m; — 40m,)v, - r]

Vi r(vaer)? 418 (v 1)°
2 2

+ v, - r(8v] — 16v; - v, + 16v5 — 2a, - 1) + 2r*(12a, — 7a,) - Vl}

szll’l’lQ

4 36 sz% sz >

P
+ 231 . Vlv%vll + Zall <49

1 sz
i

r

A\
+ v, - (=42 — 16V, - v, 4 20v3) 4 24

7G (G
+ vy -r(16v, - v, — 16v3) — 14122, - v2} —Zﬂaé <6 " +v2 +v§).
r

. +12 . Vl—l—vdl')

(G
\ { [(31m1 —24my)vy - r + (40my — 9my)v, - r]

r(vy-r)? ’
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(v2-1)

2

— 18

r

124020-14



NEXT-TO-LEADING ORDER SPIN-ORBIT EFFECTS IN THE ... PHYS. REV. D 102, 124020 (2020)

2. Spin-orbit potentials

The LO and NLO spin-orbit potentials [16,21]—from which the LO and NLO spin-orbit accelerations and binding
energies are computed—read, respectively, as

1.5PN Gr/ 0 ik ik i0 ik ik
Vo =5 {ma(S + 5w = 251v8) — m (8] + 5% - 250} (A4)
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3. Multipole moments

The multipole moments needed to compute the energy loss at 2.5PN were obtained in [33,44]. We present them here,
written in the center-of-mass frame and with the covariant SSC imposed. The spin vector is defined in the locally flat frame.
The mass quadrupole moments are

I{pny = mAr'T g, (A6)
Lpxy = mv{ [(—; + gu) Tm + <% - %u) V2:| r'v/ + (% - 17—11/> r2vivi 4+ (—; + 1721/) ri’vjri}STF, (A7)
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The mass octupole moments are

ijk
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The current quadrupole moments are
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The current octupole moments are
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4. NRGR vertices

The vertices needed to compute the 2.5PN center-of-mass correction [16,42] are
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Vertices are expressed using the Minkowski metric.
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