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In this paper, we study the small-large black hole phase transition and construct the Ruppeiner geometry
for the five-dimensional charged Gauss-Bonnet-AdS black hole in the grand canonical ensemble. By
making use of the equal area law, we obtain the analytical coexistence curve of the small and large black
holes. Then the phase diagrams are examined. We also calculate the change of the thermodynamic volume
during the small-large phase transition, which indicates that there exists a sudden change among the black
hole microstructures. The corresponding normalized scalar curvature of the Ruppeiner geometry is also
calculated. Combing with the empirical observation of scalar curvature, we find that for low electric
potential, the attractive interaction dominates among the microstructures, while a high electric potential
produces repulsive interactions. In the reduced parameter space, we observe that only attractive interaction
is allowed when the coexistence region is excluded. The normalized scalar curvature also admits a critical
exponent 2 and a universal constant — % In particular, the value of the normalized scalar curvature keeps the
same along the coexistence small and large black hole curves. So in the grand canonical ensemble, the
interaction can keep constant at the phase transition where the black hole microstructures change. These
results disclose the intriguing microstructures for the charged AdS black hole in the Gauss-Bonnet gravity.
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I. INTRODUCTION

Since the establishment of the four thermodynamic laws
of black holes, thermodynamics and phase transition con-
tinue to be one of the increasingly active areas in black hole
physics. Hawking and Page observed a phase transition
between the pure thermal radiation and stable large black
hole [1]. Adopting the AdS/CFT correspondence [2-4],
such phase transition was interpreted as the confinement/
deconfinement phase transition of a gauge field [5].
Therefore black hole phase transition attracted much atten-
tion. Interestingly, the Hawking-Page phase transition and
van der Waals (VdW)-like phase transition were observed in
charged and rotating black holes in AdS space [6-9].

Recent study of black hole thermodynamics and phase
transitions was accompanied by the understanding of the
cosmological constant. As early as 1984, Brown and
Teitelboim first proposed that the cosmological constant
can be treated as a dynamic variable [10,11]. This idea
was put forward in Refs. [12,13]. In 2009, Kastor, Ray,
and Traschen made a significant progress that the cosmo-
logical constant was interpreted as the pressure of the black
hole system [14]. Then it was found that the first law of
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thermodynamics is consistent with the Smarr relation.
Meanwhile, the black hole mass will be regarded as the
enthalpy rather the internal energy of the black hole system,
and the thermodynamic volume will be found by using the
first law [15,16]. The precise analogy between the small-large
black hole phase transition and liquid-gas phase transition was
completed later by Kubiznak and Mann [17]. Subsequently,
more new black hole phase transitions and phase structures
were observed, such as the reentrant phase transitions, isolated
critical points, triple points, and superfluid black hole phases
[18-31] (for a recent review see [32] and references therein).

As we know, macroscopic thermodynamics of a system
originate from its microstructures. Similarly, we believe
that this also holds for the black hole systems. However, it
is well known that the entropy of a black hole is propor-
tional to the area of the event horizon rather than its
volume. The study of this property will help us to deeply
understand the underlying black hole microstructures.
There are several different approaches to derive the
Beckenstein-Hawking entropy area formula. String theory
provides a preliminary calculation by counting the number
of states of a weakly coupled D-brane system [33]. Fuzzball
theory also shows an understanding of the black hole
microstructures [34,35]. Based on the Cardy formula [36],
the entropy area formula can also be obtained [37].
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Among the study of the black hole microstructures, the
Ruppeiner geometry [38,39] provides a powerful tool.
By using the empirical observations of the Ruppeiner
geometry, the interactions dominated among the micro-
structures can be indicated from the scalar curvature. The
positive or negative scalar curvature corresponds to repul-
sive or attractive interaction. Combining with the small-
large black hole phase transition, we constructed the
Ruppeiner geometry for the charged AdS black holes
by assuming that black hole is constituted by some
unknown molecules. Then the properties of the black hole
microstructures were uncovered [31,40]. This approach
has also been generalized to different black hole back-
grounds [41-57].

Since the critical phenomenon was not observed in our
previous paper [31], we reconsidered the Ruppeiner geom-
etry for the charged AdS black holes. After constructing
the new geometry, we found that besides the attractive
interaction, the repulsive interaction can also dominate
between the black hole molecules. The critical exponents
and universal constant were also studied in detail [58].
Subsequently, this novel approach was applied to other
black holes in AdS space [59-70].

In particular, this approach was also applied to the five-
dimensional neutral Gauss-Bonnet (GB) AdS black hole
[71]. Employing the analytical coexistence curve, we
observed that only the attractive interaction dominates
among the black hole molecules. Another intriguing result
shows that among the small-large black hole phase tran-
sition, the microstructures gain a huge change, while the
interactions keep unchanged. This gives a first example that
the change of the microstructures has no influence on the
microscopic interactions. It also uncovers the characteristic
properties of the GB gravity.

Since the charge is absent in the study of [71], we here
would like to consider the black hole microstructures when
the charge is included, and to study whether the result of
[71] holds. We deal with the five-dimensional charged
GB-AdS black holes. After constructing the equal area law,
we find that there exists an analytical coexistence curve in
the grand ensemble. It is very helpful for exactly under-
standing the characteristic properties of the GB gravity.

The structure of this paper is as follows. In Sec. II, we
briefly review the thermodynamic properties of the five-
dimensional charged GB-AdS black hole. In Sec. III, we
construct the equal area law in the P — V plane, and obtain
the analytical coexistence curve of the small-large black
hole phase transition. The critical exponents are also
calculated. The Ruppeiner geometry is constructed in
Sec. IV. By calculating the corresponding scalar curvature,
the properties of the black hole microstructures are inves-
tigated, and the critical phenomena of the normalized scalar
curvature are analyzed. Finally, the conclusions and dis-
cussions are given in Sec. V. Throughout this paper, we
adopted the units 7 =c =k = G5 = 1.

II. THERMODYNAMICS OF FIVE-DIMENSIONAL
CHARGED GAUSS-BONNET-ADS BLACK HOLES

In this section, we present a brief review of the
thermodynamics of the five-dimensional charged GB-
AdS black hole [72-74]. This black hole solution is
described by the following action:

1
S= / dsx\/ _g<16ﬂ'G5 (R —2A + aGB[’GB) - Ematter) >

(1)

where
EGB = Rﬂy},{sRﬂyﬂs - 4RMDRM1/ + RZ, (2)
'C'matter = 4”~7:;w~7:ﬂv- (3)

The Maxwell field strength is defined as F,, = d,A, —
0,A, with A, the vector potential. The line element is
given by

ds* = —f(r)di* + f~'(r)dr?
+ r2(d&} + sin0; (d63 + sin®0,d63)),  (4)

with

r? 32aM  aQ? 16zaP
=14+—11-4/1 — —
fir) +2a< \/ + 3zrt 370 3 )’ )

where the parameters M and Q are the black hole mass and
charge, respectively. Pressure P is related to the cosmo-
logical constant as P =—2& and a =2agp is the GB
coupling. Here we only consider the case of positive agp.

The radius r, of the black hole event horizon is the
largest root of f(r,) = 0. In terms of ry, the black hole

mass reads

M 4n(3arl + 47rQr§2+ 3rd) + 202 . (©)
32r;

The corresponding Hawking temperature is

1 —327Pr0 21274
T=—f(rn)=-—r rh3+Q 5 T
T A8nary + 24nr;

(7)

In the extended phase space, the black hole mass acts as the
enthalpy H = M of the system. The entropy S, thermo-
dynamic volume V and electric potential @ can be
calculated as

OH 1
S = /T‘1 (E) dr = 3ar’r, + Eﬂzrﬁ, (8)
0P
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In terms of @, the enthalpy H and temperature 7" can be
rewritten as

1 82?2
H = gn(3a+ 38 +4Par}) + W ()
V3
2 2 2
T r(7*(3 + 8Pxry) — 64D7) (12)

673 (2a + r3)

It is easy to check that those thermodynamic quantities
satisfy the following first law and Smarr relation

dH = TdS + VdP + Ada, (13)

2H = 3TS — 2PV + 2 Aa, (14)

where A is the conjugate quantity to the GB coupling a,
which is given by

n(=32zPr + 6ar; — 9r} + 0?)

A
8r2(2a+r7)

(15)

From Eq. (12), we can express P as a function of 7, V, a,
and O:

(64®2 —372)V2 3 x28mT 3 x 2imTa

- (16)
1672V2 SV+ AV
0.6
(]
0.4
\ T=T;
o 02 l'n T<Te ]
Y mmmmmmmmmmmmmm T
V-
T T< Te
0.0
N \/
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\'}
(@)

FIG. 1.

The critical point is determined by the following condition:

(aVP)T,a,d) = (aV,VP)T,a,CD =0, (17)
which gives
2 —640? 2 — 6402
C:37r 6 ’ PC:371' 6 . Ve=18a2z2%  (18)
6\/6\/5713 144an’

When |®| < ®, = /37/8, we have T, > 0 and P, > 0.
While when |®| > ®,, the 7, and P, will be negative and
thus the critical point will be unphysical. In Sec. IV, we will
see that the value of @, not only affects the phase transition
behavior of the black hole, but also changes the interaction
force between the black hole molecules.

III. EQUAL AREA LAW AND PHASE DIAGRAM

In this section, we would like to construct the equal area
law in the P —V plane and then obtain the analytical
coexistence curve in the grand canonical ensemble, where
the electric potential @ is fixed.

There are two reasons why we need the equal area law.

(i) There may be a negative pressure part of the
isothermal curve when T < T [see Fig. 1(a)]. We
believe that negative pressure is unphysical and
needs to be removed.

When the temperature is lower than the critical
temperature, there is an unstable region
[(OvP)r 40 > O] between the inflection points of
the isothermal curve [see Fig. 1(b)].

As done by Maxwell, we can draw an appropriate hori-
zontal line for each isothermal curve. It is required that
these two areas constructed by the curve and horizontal line
are equal. Then the temperature and pressure corresponding
to the horizontal line is that of the phase transition.
This technique is called the Maxwell equal area law.

(i)

0.290
0.285 /ﬁ\
| |
Q.0.280 |
| |
I |
| |
0275} | |
| |
1 Vg 1V
0.270 L4 }
0.00 0.02 004 0.06 008 010 0.12
"4
(b)

(a) The isotherms in the P-V plane with different values of the temperature 7. The red part of the curve corresponds to negative
pressure. (b) The equal area law in the P-V plane at temperature 7 =

0.293, where areas I and II are equal. V; and V, correspond to the

volumes of the coexistence small and large black holes, respectively. The electric potential ® = 0.5 and GB coupling @ = 0.01.
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Adopting this law, the above two problems will be
naturally solved.

Alternatively, the phase transition can be obtained by
examining the behavior of the Gibbs free energy. In
the grand canonical ensemble, the Gibbs free energy is
defined as

G=H-TS—-®Q. (19)
We depict G in Fig. 2 as a function of the temperature.
When the temperature is lower than the critical temperature,
there presents a swallowtail behavior indicating a first-
order phase transition. While for higher temperature the
swallowtail behavior disappears. Therefore, by determining
the intersection point A of the swallowtail behavior, we can
obtain the temperature and pressure of the phase transition.
As shown in Ref. [75], the phase transition point deter-
mined by the equal area law and the swallowtail behavior of
the Gibbs free energy are consistent with each other. It is
worth noting that here we exclude the pure thermal
radiation phase in our study.

A. Coexistence curve and equal area law

Here we construct the equal area law in the P-V plane
and obtain the analytical coexistence curve in the grand
canonical ensemble.

By using the first law of the black hole, the Gibbs free
energy has the following differential form:

dG = —SdT + VdP + Ada — Qd®. (20)
Considering that E and E' are two thermodynamic coex-
istence states of a first order phase transition, one easily has
AG = G — Gg = 0. Integrating from state E to state E/,
we have

TE’ PE’ A/ (DEI
—/ SdT+/ VdP -l-/ Ada — 0do
Tg Py ag Dp

G
:/ Y dG = 0.
Gg

At a fixed T, a, and @, one can obtain the following equal

area condition:
Py
/ VdP =0,
Pg

(21)

(22)
or

Ve
Ve

o014+  =me=- - P>Pc
————— P=Pc
0.012 P<Pg
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FIG. 2. The Gibbs free energy for P > P, (black dot-dashed
line), P = P_ (blue dashed line), and P < P, (red solid line),
where A is an intersection point.

where Py, is the pressure of the phase transition. Here the
black hole admits a small-large black hole phase transition,
so we mark Vg as V and Vg as V; for simplicity. Further
we denote the phase transition pressure Py as P*.
Equation (23) actually describes the Maxwell equal area
law. For example these two areas I and II depicted in
Fig. 1(b) are equal. Inserting Eq. (16) into Eq. (23), we have

PV, = V) =3 x 24T/ — vig

(—37[2 + 64@2) 1/2 1/2
+W(V'/ -V

VT 3/4 3/4
—I—WT(VI/ — Vi, (24)

Moreover, the small and large black hole states satisfy the
state equation, which gives

(64®2 — 372)/2 L3 2%imT L3 2imTa

P = 1 1 3 ) (25)
1672V? % 4v:
642 —372)V/2 3 x28mT 3 x2mT
pr L T2 IXVRT | 3xdmTa (26)

1 1 3
1672V} 8Vi 4vi

Solving these three equations (24), (25), and (26), we will
obtain the coexistence curve of the small and large black
holes. In order to solve these equations, we denote V, = a*
and V, = b*. Then the Egs. (24)—(26) reduce to
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1 (a® -b%)/m | (a* — b?)(37% — 64@?)
* _ _ J4(_ 3/2
P _—a4—|—b4< Si7a T+ 3 x2Y%(—a+b)z"/*Ta + W . (27)
6 x 234?25 PT + 12 x 24772 Ta + v2a(-37> + 64®?)
"t = 32 ’ (28)
16a’n
6 x 23/4b25/2T 4 12 x 214772 Ta 4 /2b(=37% 4 64D?)
pr— - . (29)
16b°x
Combining with them, we arrive at
12(a* 4 3a*b + 6ab* + 3ab’ + b*) 7" *Ta
+2%ab(=3(a + b)3 7% + 2 x 2'/*ab(3a* + 4ab + 3b*)7/*T + 64(a + b)*®?) = 0, (30)
12(a® = b2’ ?Ta + 2"*a(a — b)b(=3(a + b)x* + 6 x 21/4aba®*T + 64(a + b)®?) = 0. (31)
Further, Eqgs. (30) and (31) can be expressed as
T ab(a + b)*(37* — 640?) (32)
2 x 24552 (a2b? (3a® + 4ab + 3b%) + 3v/2(a* + 3a°b + 6a*b* + 3ab’® + b*)na)’
T ab(a + b)(37* — 64®?) (33)
6 x2V475/2(a2h? + \/2(a? + ab + b )ra)
Combing Egs. (32) and (33), we have the relation
ab = 3V2za. (34)
By substituting this relation into Eq. (30), we get
4
372 — 6402 + X — Ty/~384n0q 1 D200
VS = < 8 x 21/47Z5/2T ) ’ (35)
> 4
322 — 6402 4 X 4 T\/~384n0a G000
v, = ( e ) , (36)
where
X = \/9r* — 1922°T2a — 38472®2 + 4096D*, (37)
Plugging V; and V| into Eq. (24), we obtain the analytical form of the coexistence curve in the P-T plane
p_ T3 4640 + V9r* — 192727 a — 384722 + 40960* (38)

9673 a

The coexistence curve is described in Fig. 3(a). Above the curve is the small black hole phase and below it is for the large
black hole phase. The curve starts at the origin and ends at the critical point denoted by a black dot. Moreover, in the P-V
and T-V planes, the coexistence curves read

b (V2V3/? = 24zVa + 18v27%V'/2?) (37% — 64®?) (39)
B 8722(V? = 2527°Va? + 324xta*) ’

124015-5



RUN ZHOU, YU-XIAO LIU, and SHAO-WEN WEI

PHYS. REV. D 102, 124015 (2020)

0.04 0.04
Critical point Critical point
0.03} 0.03
Q. 0.02f Q. 0.02
0.01} 0.01
0.00 0.00
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0 2 4 6 8 10
T "4
(@) (b)

FIG. 3.

Phase diagram for the charged GB-AdS black hole in the grand canonical ensemble with @ = 0.5 and a = 0.1. (a) The

coexistence curve in the P-T plane. (b) The coexistence curve in the P-V plane. The shadow region is the coexistence phase of the small

and large black holes. Black dots denote the critical point.

_ VIA(V2V32 — 18aVa — 54/27°\/Va? + 1087°a?) (37 — 64D?)

2 x 2/47312(V2 - 2522°Va? + 324ntat)

For an example, we show the phase diagram in the P-V plane
in Fig. 3(b). The shadow region denotes the coexistence
regions of the small and large black holes. The left and right
regions are for the small and large black holes, respectively.
In the 7-V plane, the phase diagram has similar shape.

B. Critical exponent

As we know, the critical exponents reveal the universal
properties of the system near the critical point. So in this
section, we would like to examine them.

From Egs. (35) and (36), it is obvious that V' and V| have
analytical forms. Expanding them around the critical point,
we have

432(61/4717/2059/4)

. (40)

Obviously, near the critical point, (V, — V) and (V, — V)
share the same critical exponent of % These coefficients
depend on the electric potential ® and GB coupling a.
Interestingly, the absolute values of these two coefficients
are equal to each other.

On the other hand, we introduce AV = V| — V to denote
the change of the volume among the phase transition. Its
behavior is shown in Fig. 4. We observe that AV decreases
with the temperature or the pressure. While when the
critical point is approached, AV = 0, indicating that the
small and large black hole phases cannot be clearly
distinguished. Combining with Egs. (41) and (42), we
obtain

(Vi=Vo)=— (T.—T)'/? 1/4.7/2,,9/4
V3n? —640? Ay 304x6na (T,~T)'2+O(T.—T)*?. (43)
5184v/6750%/? V3n® —640°
W(TC—T)+O(TC—T)3/2, (41)
( ) 432(61/4ﬂ7/2a9/4)( )1/2 This reveals that when 7= T,, AV = 0. Moreover, at the
Vi-V)= r.-T1 critical point, AV has a critical exponent 1.
32 7 g 2
37 654?2 Actually, the critical exponent can also be obtained
5184v/67°a/ (T.=T)+O(T,~T)*?.  (42) around the critical pressure. Solving Eq. (39), one easily
3n?—640% ¢ ‘ ' gets
|
97*(1 + 64Pra(14Pra — 1)) + 3847%(32Pra — 1)@ + 4096D* — Y
Vs = 64P> 7 ’ (44)
v 97*(1 + 64Pra(14Pra — 1)) + 38472 (32Pra — 1)®? + 4096D* + Y (45)
1 pu—

64P>r* '
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FIG. 4. The change of the thermodynamic volume AV among the black hole phase transition with ® = 0.5 and a = 0.01. (a) AV vs T.
(b) AV vs P.
where

Y = \/(—37r2 + 48P a + 64®%)(=372% + 96 P’ a + 64®2)? (372 (48Pra — 1) + 64®?). (46)
Expanding them around the critical pressure P., we obtain

432(\/6172a01?) 311047°a®

Vi=V.) =~ P.—P)/2 4~ (P, —P)+O(P, - P)*2, 47

(V= Vo) = == e (P P) P o Lo (P = P) - O(Pe =) (47
432(v/61"2a’?) 311047°0°

Vi=V.) = P.—P)/2 4 (P, —P)+ O(P, — P)*2. 48

( 1 c) 371'2—64q)2 (c ) +3”2_64q)2(c )"’ (c ) ( )

Obviously, the critical exponent is %, which is the same as
that around the critical temperature. Similarly, near the
critical pressure, AV has the following form:

_ 864v/6172a/?
V3n? — 6402

The critical exponent keeps unchanged. The detailed
behavior of AV can also be found in Fig. 4(b).

Furthermore, in the reduced parameter space, Eqs. (43)
and (49) can be simplified to

AV (P.—P)\2+0O(P,— P2 (49)

AV =8V6(1 =T+ O(1 -T), (50)

AV =4v6(1 — P): 4+ O(1 — P)3, (51)
where AV =4, T = L, P =L This result is identical
with the five-dimensional neutral GB-AdS black hole [71],
which means that whether the black hole is charged or not,
they all behave exactly the same near the critical point in
the reduced parameter space.

IV. RUPPEINER GEOMETRY

Although we do not know how quantum gravity theory
describes the microscopic states of black holes, we can
explore the interaction between black hole molecules
by making use of the popular thermodynamic tool—
Ruppeiner geometry.

The Ruppeiner geometry was introduced to describe
interparticle interactions in a thermodynamic system
[38,39]. It was the first to systematically calculate the
thermodynamic scalar curvature R [76]. The sign of R
corresponds to the interactions between two interparticles
of the system. For example, positive or negative R indicates
arepulsive or attractive interaction [77], and R = 0 shows a
system without interaction. Moreover, R is also linked to
the correlation length near the critical point.

Let us start with the probability expression of a system
fluctuating deviation from equilibrium [78]

—AP
P robability % €727, (52)

with
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AP = —g,, Ax'AXY, (53)
%S
G = 8Xﬂ—axy . (54)

Here A/’ is the thermodynamic line element, G 18 the
thermodynamic metric tensor, x* denotes the independent
fluctuating thermodynamic variables. As we can see in
Eq. (52), the smaller the line element A/? is, the greater the
probability of a fluctuation away from equilibrium, and
thus it means that the line element A/> measures the
distance between two neighboring fluctuation states in
the thermodynamic parameter space.

Since (54) is similar to the metric tensor in the
Riemannian geometry, it allows us to construct the
Christoffel symbol, Riemann curvature tensor, Ricci tensor,
and Riemann scalar curvature, which are given by

1
F;z/ = Egap(aygpﬂ + 8;191/;1 - apg;w)’ (55)
Rﬁva = apria - ayrlljd + Ffwrz,l F;lwri}u (56)
R/“, = R/};}w’ (57)
R = gle;w- (58)
|
= s [T Cy (00 P) -
203 (P2 VYT
+ Cy((0vP)* = T*(dryP)* = 2T(3yP)(Oy.yCy

Note that in Eq. (56), we can also define a Riemann
curvature tensor with the opposite sign. In this paper, we
adopt the same definition as that given in [39], where R is
positive (negative) when the interaction between particles is
repulsive (attractive).

Now we choose temperature 7 and thermodynamic
volume V as the fluctuation coordinates and thus
x! =T, x> = V. Then the line element can be expressed
in the following form [59,71]:

2 2
AR = —% (%) AT 4 (gv )AW (59)

where the Helmholtz free energy is F =U —-TS — Q®
with U the internal energy of the system. We also have
dF = —=SdT — PdV + Ada — Qd®. By using the heat
capacity at constant volume, Cy = T(97S),, the line
element will be of the following form:

CV (8VP)

T

AP =S AT? - Lav?, (60)

Then following Egs. (55)—(58), the scalar curvature can be
calculated as

TCy(0yCy)(0y,yP)* + T(OyP)(0rCy)(OyP — TIryP)

—TopryP))) (61)

From Egs. (8) and (9), we can see that when fixing the volume V and the GB coupling a, dS equals to zero, and thus the heat

capacity Cy =

(gT) vanishes. Under this case, the metric coefficient for the first term of Eq. (60) is zero and its inverse is

diverging. In order to remove the influence of vanishing Cy and uncover the black hole microstructure, we follow the
treatment of Ref. [58] and construct the normalized scalar curvature

(9yP)?

— T*(0ryP)? +2T2(8VP)(8TTVP)

Ry=Rx+xCy = 62
N * Ly 2(9,P) (62)

Plugging Eq. (16) into it, the normalized scalar curvature becomes
V4372 — 64®2) (=3 x 21/4722V1/4 1 6727252 T\/V 4 367> Tar + 64 x 21/4V1/4D?) (63)

RN:_

Combining with the physical interpretation of the
scalar curvature, we can test the properties of the black
hole microstructure. Next, we will investigate the relation-
ship between the normalized scalar curvature and the
electric potential to obtain the information of the black
hole microstructure in the grand canonical ensemble.
From (63), one can find that Ry depends on D2, so
the properties of the black hole microstructure are only

23/4(=3 x 2142V V4 1 327252/ V + 18272 Ta + 64 x 21/4V1/4@?)?

affected by the absolute value of @, while ignored with
its sign.

Next, we will examine the behavior of the normalized
scalar curvature Ry. Let us first consider the case that Ry
changes with the electric potential ®@. For the purpose, we
describe the normalized scalar curvature as a function of ©
for fixed 7 = 0.1 and @ = 0.1 in Fig. 5. From the figure, we
find three interesting phenomena:
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-2 (V3n/s, 0)

— V=0.001 |
— V=0.01
6 — v=o0.1
— V=1

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0]

FIG. 5. The normalized scalar curvature Ry changes with the
electric potential @ for different volumes. All curves intersect
at the same point (®, Ry) = (v/37/8,0). We have set T = 0.1
and a = 0.1.

(i) Each curve of different V merges at the point
(@, Ry) = (v/37/8,0). Also at this point, Ry
vanishes. This result states that the black hole
system at this point is similar to the ideal gas, where
no interaction exists among its microstructures.
Moreover, from Eq. (63), we find that this property
is a universal result and independent of 7, V,
and a.

(ii) When 0 < ® < /37/8, we have Ry <0, which
indicates that in this parameter range, the attractive
interaction dominates among the black hole micro-
structures. It is also can be found that |Ry| increases
with the thermodynamic volume.

(iii) When ® > \/37/8, we observe a positive Ry.
Therefore, the dominated interaction is repulsive.
Ry also increases with V. One thing worth noting is
that in this parameter range the critical temperature
and pressure are negative. So the small-large black
hole phase transition does not exist.

Next, we will study the normalized scalar curvature in
the 7-V phase diagram and investigate the black hole
microstructure for the charged GB-AdS black hole in the
grand canonical ensemble. Before examining Ry, we list
three characteristic curves

(i) Coexistence curve. We have obtained the coexist-
ence curves in the 7-V plane [see Eq. (40)].

(ii) Spinodal curve defined by 0y, P = 0. It can be seen
from Eq. (62) that the normalized scalar curvature
diverges at the spinodal curve. Combining with the

|

V4377 — 64®%) (=3 x 21/4722VV/* 1 62722 T\/V + 36272 Ta + 64 x 214V 1/4®?)

equation of state (16), the spinodal curve in the 7-V
plane reads

_ 21/4y1/4(37% — 640?)
P 3552(\2\/V + 6ra) |

(iii) Sign-changing curve corresponding to Ry = 0. This
sign-changing curve divides the T-V plane into two
regions of positive and negative Ry, respectively.
Solving Ry = 0, we get

(64)

Ty, V4372 — 640?)

Ty = = .
07 T3y 2347512 (\/2\/V + 67ax)

(65)

It is clear that the relation Ty, = 2T, holds for different
black hole backgrounds [58,60,71]. After a simple calcu-
lation, we find that if the pressure has a linear relation with
the temperature, the relation T, = 2T, will hold by using
the expression (62) of the normalized scalar curvature.

Now we list these three characteristic curves in Fig. 6 for
® = 0.1, 0.3, 0.5, and 0.6. The coexistence, spinodal, and
sign-changing curves are, respectively, denoted with the red
solid, blue dashed, and black dot-dashed curves. The
shadow region is for positive Ry and the other region
has negative Ry. Since we do not know whether the
equation of state still holds or not in the coexistence
regions (below the red curves in Fig. 6), we exclude them.
After this consideration, these regions of positive scalar
curvature will be excluded, so for this black hole, only the
attractive interaction dominates among the black hole
microstructures. This result is similar to that of the five-
dimensional neutral GB-AdS black hole [71], and thus the
electric potential or the charge does not affect the type of
interactions. Moreover, from Fig. 6, we can find that the
critical temperature decreases with @; thus the coexistence
region shrinks. On the other hand, when ® > \/§7r/ 8, the
small-large black hole phase transition disappears, and the
properties of the black hole system get significant change.
In the parameter range, the normalized scalar curvature
becomes positive, so repulsive interaction dominates
among the black hole microstructures.

It is also important to examine the behavior of Ry along
the coexistence curve and near the critical point.
Substituting Eqgs. (35) and (36) into (63), we find that
the normalized scalar curvatures along the coexistence
small and large black hole curves are the same

N =

23/4(=3 x 2472V 1/4 4 332752 TV 4 18772 Tar + 64 x 214y 1/4p2)?

(66)
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FIG. 6. The coexistence curves (red solid curves), spinodal curves (blue dashed curves), and sign-changing curves (black dot-dashed
curves) with @ = 0.1. In the shadow regions, Ry is positive; otherwise, it is negative. The coexistence region decreases with ®. When

b = \/§ﬂ/8, the coexistence region disappears. (a) ® = 0.1. (b) ® =0.3. (c) ® =0.5. (d) ® = 0.6.

The corresponding normalized scalar curvature is plotted in
Fig. 7. When increasing the temperature from zero to its
critical values, Ry starts at a negative value and then
decreases with 7. At the critical temperature, it goes to
negative infinity. This behavior of Ry is consistent with that
of the five-dimensional neutral GB-AdS black hole [71], so
it seems that the interactions keep unchanged even when
the microstructures get a huge change among the black hole
phase transition for the charged GB-AdS black hole. This
result is also expected to be examined for GB gravity in
other dimensions.
Near the critical point, we expand Ry as

(372 — 640?)?

Ry = —
N 17287°a

(T.-T)2+0O(T.-T)"". (67)

In the reduced parameter space, it reads

Ry

-80

-100
0.00

0.15 0.25 0.30

T

0.05 0.10 0.20

FIG. 7. Behavior of Ry along the coexistence small or large
black hole curves for ® = 0.5 and & = 0.01. Note that these two
curves coincide with each other.
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1 - 13 . 27 .
Ry=——(1-T)2=—=(1-T)"'-== 1-7T
n=—g(1=T) 2= (1-T)" =+ O(1-T).  (68)

where 7 = TL That means Ry has a universal exponent 2

near the critical point. Ignoring the high orders, we obtain
the following relation:

Ru(1 _T)zz_%. (69)

This constant is the same as the VAW fluid, four-
dimensional charged AdS black hole and five-dimensional
neutral GB-AdS black hole [71]. Furthermore, the normal-
ized scalar curvature along the coexistence curve can be
expressed as a function of the volume V. Substituting
Eq. (40) into Eq. (63), we have

RN:_

4(V? = 2527°Va? + 324x%a*) (V2 — 9v22V32a — 3672 Va? — 162273/ Va® + 3247 a?)

0.20

0.15

0.10

0.05

0.00
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

(o)

FIG. 8. Coexistence curve in the 7-® plane. We have set V =
0.1 and @ = 0.1.

which is independent of the electric potential ®. For fixed
V and a, the value of the normalized scalar curvature is
uniquely determined, and thus there exists a degeneracy of
®. On the other hand, we show the coexistence curve in
the T — @ plane as shown in Fig. 8. One can see that T
decreases with @®. Meanwhile, the normalized scalar
curvature remains unchanged along the coexistence curve.
One possible reason is that with the increase of the
temperature, the interaction and thermal motion have the
same influence on the black hole microstructure.

V. CONCLUSIONS

In the present paper, we have analytically studied the
phase transition for five-dimensional charged GB-AdS
black holes in the grand canonical ensemble.

At first, we constructed the equal area law on each
isothermal curve. The analytical coexistence curve was
obtained in the P-T plane. Based on it, the phase diagrams
in the P-V and T-V planes were investigated. Further, the
change of the thermodynamic volume AV among the
small-large black hole phase transition was calculated.
The results show that AV has a universal exponent of §
near the critical temperature and pressure. Another inter-
esting result is that in the reduced parameter space, AV has
the same expansion behavior as that of the uncharged
GB-AdS black hole.

Then we constructed the Ruppeiner geometry for the
charged GB-AdS black hole in the grand canonical
ensemble. The corresponding normalized scalar curvature

(V2 = 18V2aV32a + 18072 Va? — 324273/ Va® + 324n*a*)?

, (70)

was calculated. For small @, Ry is negative, which implies
that the attractive interaction dominates among the black

hole microstructures. While when @ is larger than v/37/8,
the interaction will become repulsive. In the 7-V phase
diagram, we examined the scalar curvature. Three charac-
teristic curves, the coexistence, spinodal, and sign-
changing curves were obtained. Employing them, we
discussed the type of the interaction in the parameter
space. Since the region of positive Ry always falls in
the coexistence region, only attractive interaction domi-
nates among the black hole microstructures. This result is
the same as that of the neutral GB-AdS black holes, while
different from the charged AdS black holes.

The critical behavior of Ry was also studied. Near the
critical point, Ry goes to negative infinity, and has a critical
exponent 2. Moreover, we observed that Ry(1 — T)2 equals
- %, which is the same as neutral GB-AdS black holes, so it
seems that the charge has no influence on the critical
behavior of Ry for the five-dimensional charged GB-AdS
black hole. These results uncover the properties of the black
hole microstructure in the grand canonical ensemble. The
study is also worth it to generalize to other higher dimen-
sional neutral and charged GB-AdS black holes.

ACKNOWLEDGMENTS

This work was supported by the National Natural
Science Foundation of China (Grants No. 11675064 and
No. 11875151).

124015-11



RUN ZHOU, YU-XIAO LIU, and SHAO-WEN WEI

PHYS. REV. D 102, 124015 (2020)

[1] S. W. Hawking and D. N. Page, Thermodynamics of black
holes in anti-de Sitter space, Commun. Math. Phys. 87, 577
(1983).

[2] J. M. Maldacena, The Large N limit of superconformal field
theories and supergravity, Adv. Theor. Math. Phys. 2, 231
(1998).

[3] S.S. Gubser, I.R. Klebanov, and A. M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys. Lett.
B 428, 105 (1998).

[4] E. Witten, Anti-de Sitter space and holography, Adv. Theor.
Math. Phys. 2, 253 (1998).

[5] E. Witten, Anti-de Sitter space, thermal phase transition, and
confinement in gauge theories, Adv. Theor. Math. Phys. 2,
505 (1998).

[6] A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers,
Charged AdS black holes and catastrophic holography,
Phys. Rev. D 60, 064018 (1999).

[7] A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers,
Holography, thermodynamics and fluctuations of charged
AdS black holes, Phys. Rev. D 60, 104026 (1999).

[8] M. M. Caldarelli, G. Cognola, and D. Klemm, Thermody-
namics of Kerr-Newman-AdS black holes and conformal
field theories, Classical Quantum Gravity 17, 399 (2000).

[9] C.S.Pecaand]. P.S. Lemos, Thermodynamics of Reissner-
Nordstrom-anti-de Sitter black holes in the grand canonical
ensemble, Phys. Rev. D 59, 124007 (1999).

[10] M. Henneaux and C. Teitelboim, The cosmological constant
as a canonical variable, Phys. Lett. B 143, 415 (1984).

[11] C. Teitelboim, The cosmological constant as a thermody-
namic black hole parameter, Phys. Lett. B 158, 293 (1985).

[12] J.D.E. Creighton and R.B. Mann, Quasilocal thermo-
dynamics of dilaton gravity coupled to gauge fields, Phys.
Rev. D 52, 4569 (1995).

[13] T. Padmanabhan, Classical and quantum thermodynamics
of horizons in spherically symmetric space-times, Classical
Quantum Gravity 19, 5387 (2002).

[14] D. Kastor, S. Ray, and J. Traschen, Enthalpy and the
mechanics of AdS black holes, Classical Quantum Gravity
26, 195011 (2009).

[15] B.P. Dolan, The cosmological constant and black-hole
thermodynamic potentials, Classical Quantum Gravity 28,
125020 (2011).

[16] M. Cvetic, G. W. Gibbons, D. Kubiznak, and C. N. Pope,
Black hole enthalpy and an entropy inequality for the
thermodynamic volume, Phys. Rev. D 84, 024037
(2011).

[17] D. Kubiznak and R.B. Mann, P-V criticality of charged
AdS black holes, J. High Energy Phys. 07 (2012) 033.

[18] S. Gunasekaran, D. Kubiznak, and R. B. Mann, Extended
phase space thermodynamics for charged and rotating black
holes and Born-Infeld vacuum polarization, J. High Energy
Phys. 11 (2012) 110.

[19] N. Altamirano, D. Kubiznak, and R. B. Mann, Reentrant
phase transitions in rotating AdS black holes, Phys. Rev. D
88, 101502 (2013).

[20] N. Altamirano, D. Kubiznak, R.B. Mann, and Z.
Sherkatghanad, Kerr-AdS analogue of triple point and
solid/liquid/gas phase transition, Classical Quantum Gravity
2014) 042001 ,31).

[21] A. M. Frassino, D. Kubiznak, R. B. Mann, and F. Simovic,
Multiple reentrant phase transitions and triple points in
lovelock thermodynamics, J. High Energy Phys. 09 (2014)
080.

[22] S.-W. Wei and Y.-X. Liu, Triple points and phase
diagrams in the extended phase space of charged Gauss-
Bonnet black holes in AdS space, Phys. Rev. D 90, 044057
(2014).

[23] B. P. Dolan, A. Kostouki, D. Kubiznak, and R. B. Mann,
Isolated critical point from Lovelock gravity, Classical
Quantum Gravity 31, 242001 (2014).

[24] S.-W. Wei, P. Cheng, and Y.-X. Liu, Analytical
and exact critical phenomena of d-dimensional singly
spinning Kerr-AdS black holes, Phys. Rev. D 93, 084015
(2016).

[25] R. A. Hennigar, R. B. Mann, and E. Tjoa, Superfluid Black
Holes, Phys. Rev. Lett. 118, 021301 (2017).

[26] M. Zhang, D.-C. Zou, and R.-H. Yue, Reentrant phase
transitions of topological AdS black holes in four-
dimensional Born-Infeld-massive gravity, Adv. High En-
ergy Phys. 2017, 3819246 (2017).

[27] S.H. Hendi, G.-Q. Li, J.-X. Mo, S. Panahiyan, and B. E.
Panah, New perspective for black hole thermodynamics in
Gauss-Bonnet-Born-Infeld massive gravity, Eur. Phys. J. C
76, 571 (2016).

[28] S.H. Hendi, R. B. Mann, S. Panahiyan, and B. E. Panah,
Van der Waals like behaviour of topological AdS black
holes in massive gravity, Phys. Rev. D 95, 021501(R)
(2017).

[29] D. Momeni, M. Faizal, K. Myrzakulov, and R. Myrzakulov,
Fidelity susceptibility as holographic PV-criticality, Phys.
Lett. B 765, 154 (2017).

[30] S. Chakraborty and T. Padmanabhan, Thermodynamical
interpretation of the geometrical variables associated with
null surfaces, Phys. Rev. D 92, 104011 (2015).

[31] S.-W. Wei and Y.-X. Liu, Insight into the Microscopic
Structure of an AdS Black Hole from Thermodynamical
Phase Transition, Phys. Rev. Lett. 115, 111302 (2015);
Erratum, Phys. Rev. Lett. 116, 169903 (2016).

[32] D. Kubiznak, R. B. Mann, and M. Teo, Black hole chem-
istry: Thermodynamics with Lambda, Classical Quantum
Gravity 34, 063001 (2017).

[33] A. Strominger and C. Vafa, Microscopic origin of the
Bekenstein-Hawking entropy, Phys. Lett. B 379, 99
(1996).

[34] O. Lunin and S.D. Mathur, AdS/CFT duality and the
black hole information paradox, Nucl. Phys. B623, 342
(2002).

[35] O. Lunin and S.D. Mathur, Statistical Interpretation of
Bekenstein Entropy for Systems with a Stretched Horizon,
Phys. Rev. Lett. 88, 211303 (2002).

[36] J.L. Cardy, Operator content of two-dimensional
conformally invariant theories, Nucl. Phys. B275, 200
(1986).

[37] M. Banados, C. Teitelboim, and J. Zanelli, The Black Hole
in Three-Dimensional Space-Time, Phys. Rev. Lett. 69,
1849 (1992).

[38] G. Ruppeiner, Thermodynamics: A Riemannian geometric
model, Phys. Rev. A 20, 1608 (1979).

124015-12


https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1088/0264-9381/17/2/310
https://doi.org/10.1103/PhysRevD.59.124007
https://doi.org/10.1016/0370-2693(84)91493-X
https://doi.org/10.1016/0370-2693(85)91186-4
https://doi.org/10.1103/PhysRevD.52.4569
https://doi.org/10.1103/PhysRevD.52.4569
https://doi.org/10.1088/0264-9381/19/21/306
https://doi.org/10.1088/0264-9381/19/21/306
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/26/19/195011
https://doi.org/10.1088/0264-9381/28/12/125020
https://doi.org/10.1088/0264-9381/28/12/125020
https://doi.org/10.1103/PhysRevD.84.024037
https://doi.org/10.1103/PhysRevD.84.024037
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1007/JHEP11(2012)110
https://doi.org/10.1007/JHEP11(2012)110
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1007/JHEP09(2014)080
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1088/0264-9381/31/24/242001
https://doi.org/10.1103/PhysRevD.93.084015
https://doi.org/10.1103/PhysRevD.93.084015
https://doi.org/10.1103/PhysRevLett.118.021301
https://doi.org/10.1155/2017/3819246
https://doi.org/10.1155/2017/3819246
https://doi.org/10.1140/epjc/s10052-016-4410-4
https://doi.org/10.1140/epjc/s10052-016-4410-4
https://doi.org/10.1103/PhysRevD.95.021501
https://doi.org/10.1103/PhysRevD.95.021501
https://doi.org/10.1016/j.physletb.2016.12.006
https://doi.org/10.1016/j.physletb.2016.12.006
https://doi.org/10.1103/PhysRevD.92.104011
https://doi.org/10.1103/PhysRevLett.115.111302
https://doi.org/10.1103/PhysRevLett.116.169903
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/0370-2693(96)00345-0
https://doi.org/10.1016/S0550-3213(01)00620-4
https://doi.org/10.1016/S0550-3213(01)00620-4
https://doi.org/10.1103/PhysRevLett.88.211303
https://doi.org/10.1016/0550-3213(86)90596-1
https://doi.org/10.1016/0550-3213(86)90596-1
https://doi.org/10.1103/PhysRevLett.69.1849
https://doi.org/10.1103/PhysRevLett.69.1849
https://doi.org/10.1103/PhysRevA.20.1608

PHASE TRANSITION AND MICROSTRUCTURES OF FIVE- ...

PHYS. REV. D 102, 124015 (2020)

[39] G. Ruppeiner, Riemannian geometry in thermodynamic
fluctuation theory, Rev. Mod. Phys. 67, 605 (1995).

[40] S.-W. Wei and Y.-X. Liu, New insights into thermodynamics
and microstructure of AdS black holes, Sci. Bull. 65, 259
(2020).

[41] A. Dehyadegari, A. Sheykhi, and A. Montakhab, Critical
behaviour and microscopic structure of charged AdS black
holes via an alternative phase space, Phys. Lett. B 768, 235
(2017).

[42] M. K. Zangeneh, A. Dehyadegari, M. R. Mehdizadeh, B.
Wang, and A. Sheykhi, Thermodynamics, phase transitions
and Ruppeiner geometry for Einstein-dilaton Lifshitz black
holes in the presence of Maxwell and Born-Infeld electro-
dynamics, Eur. Phys. J. C 77, 423 (2017).

[43] M. Chabab, H.E. Moumni, S. Iraoui, K. Masmar, and
S. Zhizeh, More insight into microscopic properties of
RN-AdS black hole surrounded by quintessence via an
alternative extended phase space, Int. J. Geom. Methods
Mod. Phys. 15, 1850171 (2018).

[44] G.-M. Deng and Y.-C. Huang, Q-® criticality and micro-
structure of charged AdS black holes in f(R) gravity, Int. J.
Mod. Phys. A 32, 1750204 (2017).

[45] M. K. Zangeneh, A. Dehyadegari, A. Sheykhi, and R. B.
Mann, Microscopic origin of black hole reentrant phase
transitions, Phys. Rev. D 97, 084054 (2018).

[46] Y.-G. Miao and Z.-M. Xu, Microscopic structures and
thermal stability of black holes conformally coupled to scalar
fields in five dimensions, Nucl. Phys. B942, 205 (2019).

[47] Y.-G. Miao and Z.-M. Xu, Thermal molecular potential
among micromolecules in charged AdS black holes, Phys.
Rev. D 98, 044001 (2018).

[48] Y.-G. Miao and Z.-M. Xu, Interaction potential and thermo-
correction to the equation of state for thermally stable
Schwarzschild AdS black holes, Sci. China-Phys. Mech.
Astron. 62, 010412 (2019).

[49] Y.-G. Miao and Z.-M. Xu, Parametric phase transition for a
Gauss-Bonnet AdS black hole, Phys. Rev. D 98, 084051
(2018).

[50] D.-D. Li, S.-S. Li, L.-Q. Mi, and Z.-H. Li, Insight into black
hole phase transition from parametric solutions, Phys. Rev.
D 96, 124015 (2017).

[51] S.-J. Yang, Y.-B. He, and J.-J. Du, The first law and
Ruppeiner geometry for Grumiller black hole, Europhys.
Lett. 121, 50005 (2018).

[52] Y. Chen, H. Li, and S.-J. Zhang, Microscopic explanation for
black hole phase transitions via Ruppeiner geometry: Two
competing factors—the temperature and repulsive interaction
among BH molecules, Nucl. Phys. B948, 114752 (2019).

[53] X.-Y. Guo, H.-F. Li, L.-C. Zhang, and R. Zhao, Micro-
structure and continuous phase transition of RN-AdS black
hole, Phys. Rev. D 100, 064036 (2019).

[54] Y.-Z. Du, R. Zhao, and L.-C. Zhang, Microstructure and
continuous phase transition of the gauss-bonnet ads black
hole, arXiv:1901.07932.

[55] A. Sheykhi, M. Arab, Z. Dayyani, and A. Dehyadegari,
Alternative approach towards critical behavior and micro-
scopic structure of the higher dimensional Power-Maxwell
black holes, Phys. Rev. D 101, 064019 (2020).

[56] Z.-M. Xu, B. Wu, and W.-L. Yang, Fine micro-thermal
structures for the Reissner-Nordstrom black hole, Chin.
Phys. C 44, 095106 (2020).

[57] A. Ghosh and C. Bhamidipati, Thermodynamic geometry
for charged Gauss-Bonnet black holes in AdS spacetimes,
Phys. Rev. D 101, 046005 (2020).

[58] S.-W. Wei, Y.-X. Liu, and R. B. Mann, Repulsive Interactions
and Universal Properties of Charged Anti-de Sitter
Black Hole Microstructures, Phys. Rev. Lett. 123, 071103
(2019).

[59] S.-W. Wei, Y.-X. Liu, and R. B. Mann, Ruppeiner geometry,
phase transitions, and the microstructure of charged AdS
black holes, Phys. Rev. D 100, 124033 (2019).

[60] A.N. Kumara, C. A. Rizwan, K. Hegde, and K. M. Ajith,
Repulsive interactions in the microstructure of regular
hayward black hole in Anti-de Sitter spacetime, Phys. Lett.
B 807, 135556 (2020).

[61] J.D. Bairagya, K. Pal, K. Pal, and T. Sarkar, Geometry of
AdS black hole thermodynamics in extended phase space,
arXiv:2004.06498.

[62] P.K. Yerra and C. Bhamidipati, Ruppeiner geometry, phase
transitions and microstructures of black holes in massive
gravity, Int. J. Mod. Phys. A 35, 2050120 (2020).

[63] B. Wu, C. Wang, Z.-M. Xu, and W.-L. Yang, Ruppeiner
geometry and thermodynamic phase transition of the black
hole in massive gravity, arXiv:2006.09021.

[64] C.L. A. Rizwan, A. N. Kumara, K. Hegde, and D. Vaid,
Coexistent Physics and Microstructure of the Regular
Bardeen Black Hole in Anti-de Sitter Spacetime, Ann.
Phys. (Amsterdam) 422, 168320 (2020).

[65] A.N. Kumara, C.L. A. Rizwan, K. Hegde, M. S. Ali, and
K. M. Ajith, Ruppeiner geometry, reentrant phase transition
and microstructure of Born-Infeld AdS black hole, arXiv:
2007.07861.

[66] S. A.H. Mansoori, M. Rafiee, and S.-W. Wei, Universal
criticality of thermodynamic curvatures for charged AdS
black holes, arXiv:2007.03255.

[67] A.N. Kumara, C. L. A. Rizwan, K. Hegde, M. S. Ali, and
K. M. Ajith, Microstructure of five-dimensional neutral
Gauss-Bonnet black hole in anti-de Sitter spacetime via
P-V criticality, arXiv:2006.13907.

[68] S.-W. Wei, Y.-X. Liu, and R. B. Mann, Novel dual relation
and constant in Hawking-Page phase transition, Phys.
Rev. D 102, 104011 (2020).

[69] A.Dehyadegari, A. Sheykhi, and S.-W. Wei, Microstructure
of charged AdS black hole via P —V criticality, Phys.
Rev. D 102, 104013 (2020).

[70] S.-W. Wei and Y.-X. Liu, Extended thermodynamics
and microstructures of four-dimensional charged Gauss-
Bonnet black hole in AdS space, Phys. Rev. D 101, 104018
(2020).

[71] S.-W. Wei and Y.-X. Liu, Intriguing microstructures of five-
dimensional neutral Gauss-Bonnet AdS black hole, Phys.
Lett. B 803, 135287 (2020).

[72] R.-G. Cai, L.-M. Cao, L. Li, and R.-Q. Yang, P-V
criticality in the extended phase space of Gauss-Bonnet
black holes in AdS space, J. High Energy Phys. 09 (2013)
005.

124015-13


https://doi.org/10.1103/RevModPhys.67.605
https://doi.org/10.1016/j.scib.2019.11.020
https://doi.org/10.1016/j.scib.2019.11.020
https://doi.org/10.1016/j.physletb.2017.02.064
https://doi.org/10.1016/j.physletb.2017.02.064
https://doi.org/10.1140/epjc/s10052-017-4989-0
https://doi.org/10.1142/S0219887818501712
https://doi.org/10.1142/S0219887818501712
https://doi.org/10.1142/S0217751X17502049
https://doi.org/10.1142/S0217751X17502049
https://doi.org/10.1103/PhysRevD.97.084054
https://doi.org/10.1016/j.nuclphysb.2019.03.015
https://doi.org/10.1103/PhysRevD.98.044001
https://doi.org/10.1103/PhysRevD.98.044001
https://doi.org/10.1007/s11433-018-9254-9
https://doi.org/10.1007/s11433-018-9254-9
https://doi.org/10.1103/PhysRevD.98.084051
https://doi.org/10.1103/PhysRevD.98.084051
https://doi.org/10.1103/PhysRevD.96.124015
https://doi.org/10.1103/PhysRevD.96.124015
https://doi.org/10.1209/0295-5075/121/50005
https://doi.org/10.1209/0295-5075/121/50005
https://doi.org/10.1016/j.nuclphysb.2019.114752
https://doi.org/10.1103/PhysRevD.100.064036
https://arXiv.org/abs/1901.07932
https://doi.org/10.1103/PhysRevD.101.064019
https://doi.org/10.1088/1674-1137/44/9/095106
https://doi.org/10.1088/1674-1137/44/9/095106
https://doi.org/10.1103/PhysRevD.101.046005
https://doi.org/10.1103/PhysRevLett.123.071103
https://doi.org/10.1103/PhysRevLett.123.071103
https://doi.org/10.1103/PhysRevD.100.124033
https://doi.org/10.1016/j.physletb.2020.135556
https://doi.org/10.1016/j.physletb.2020.135556
https://arXiv.org/abs/2004.06498
https://doi.org/10.1142/S0217751X20501201
https://arXiv.org/abs/2006.09021
https://doi.org/10.1016/j.aop.2020.168320
https://doi.org/10.1016/j.aop.2020.168320
https://arXiv.org/abs/2007.07861
https://arXiv.org/abs/2007.07861
https://arXiv.org/abs/2007.03255
https://arXiv.org/abs/2006.13907
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104011
https://doi.org/10.1103/PhysRevD.102.104013
https://doi.org/10.1103/PhysRevD.102.104013
https://doi.org/10.1103/PhysRevD.101.104018
https://doi.org/10.1103/PhysRevD.101.104018
https://doi.org/10.1016/j.physletb.2020.135287
https://doi.org/10.1016/j.physletb.2020.135287
https://doi.org/10.1007/JHEP09(2013)005
https://doi.org/10.1007/JHEP09(2013)005

RUN ZHOU, YU-XIAO LIU, and SHAO-WEN WEI

PHYS. REV. D 102, 124015 (2020)

[73] D.-C. Zou, Y. Liu, and B. Wang, Critical behavior of
charged Gauss-Bonnet AdS black holes in the grand
canonical ensemble, Phys. Rev. D 90, 044063 (2014).

[74] A. Belhaj, M. Chabab, H.E. moumni, K. Masmar,
and M. Sedra, Maxwell’s equal-area law for Gauss-Bon-
net-Anti-de Sitter black holes, Eur. Phys. J. C75, 71 (2015).

[75] S.-W. Wei and Y.-X. Liu, Clapeyron equations and fitting
formula of the coexistence curve in the extended phase

space of charged AdS black holes, Phys. Rev. D 91, 044018
(2015).

[76] G. Ruppeiner, Thermodynamic curvature and black holes,
Springer Proc. Phys. 153, 179 (2014).

[77] G. Ruppeiner, Thermodynamic curvature measures inter-
actions, Am. J. Phys. 78, 1170 (2010).

[78] L.D. Landau and E.M. Lifshitz, Statistical Physics
(Pergamon, New York, 1977).

124015-14


https://doi.org/10.1103/PhysRevD.90.044063
https://doi.org/10.1140/epjc/s10052-015-3299-7
https://doi.org/10.1103/PhysRevD.91.044018
https://doi.org/10.1103/PhysRevD.91.044018
https://doi.org/10.1007/978-3-319-03774-5
https://doi.org/10.1119/1.3459936

