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We continue the study of spherically symmetric black hole solutions in torsion bigravity, a class of
Einstein-Cartan-type gravity theories involving, besides a metric, a massive propagating torsion field. In the
infinite-range limit, these theories admit asymptotically flat black hole solutions related to the presence of
attractive fixed points in the asymptotic radial evolution of the metric and the torsion. We discuss these
fixed points and the way they are approached at large radii. Several phenomenological aspects of
asymptotically flat torsion-hairy black holes are discussed: (i) location of the light ring and of the shadow;
(ii) correction to the redshift of orbiting stars; and (iii) modification of the periastron precession of orbiting
stars. By comparing the observable properties of torsion-hairy black holes to existing observational data on
supermassive black holes obtained by the Event Horizon Telescope Collaboration and by the GRAVITY
Collaboration, we derive constraints on the theory parameters of torsion bigravity. The strongest constraint
is found to come from the recent measurement of the periastron precession of the star S2 orbiting the
Galactic-center massive black hole [R. Abuter et al., Astron. Astrophys. 636, L5 (2020) and to be a

thousand times more stringent than Solar-System gravitational tests.

DOI: 10.1103/PhysRevD.102.124007

I. INTRODUCTION

Black holes (BHs) are one of the most remarkable
predictions of FEinstein’s theory of general relativity
(GR). They epitomize GR predictions about strong-field
gravity. It is only recently that observational data allowed
one to explore in some detail the strong-field structure of
BHs. In particular, (i) gravitational-wave data have probed
the physics of coalescing, and ringing, BH horizons [1];
(i1) very-long-baseline interferometry has imaged the
immediate neighborhood of the supermassive BH at the
center of the Messier 87 galaxy [2]; and (iii) the study of
stars in highly elliptical orbits around the supermassive BH
at the center of our Galaxy has quantitatively checked the
strong-field structure of BHs [3.,4].

GR has, so far, been found to be compatible with all
observational data related to BHs. However, in order to
gauge the probing power of various observational windows
on BH physics, it is important to be able to compare GR
predictions to the predictions of alternative theories of
gravity [5]. Actually, there are not many theories of gravity
predicting the existence of BHs having regular horizons
and a gravitational-field structure different from GR BHs.
(Let us, however, recall, following Ref. [6], that even in
cases where BH solutions in an alternative theory coincide
with GR BHs, their perturbations will generally be different
from the GR ones and, thereby, lead to different observable
predictions.) For examples of BHs in alternative theories of
gravity, see Refs. [7-12].

In a recent work [13], we have explored the existence
and structure of (spherically symmetric) BHs in torsion
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bigravity. This theory generalizes (a la Cartan) GR by
adding to the Einstein metric field g an independent affine
connection A‘W, having a nonzero torsion tensor T’Iw.
General classes of ghost-free and tachyon-free theories
involving a propagating torsion were introduced long ago
[14-19]. Torsion bigravity is a specific, minimal class of
dynamical-torsion theory containing only two excitations: a
massless, GR-type spin-2 excitation and a massive spin-2
one. In other words, torsion bigravity has the same
excitation content as (ghost-free) bimetric gravity [20].
Previous work (notably, Refs. [21-23]) has indicated that
torsion bigravity seems to define a viable alternative theory
of gravity, endowed with purely geometric structures and
having interesting physical properties.

In the present work, we complete the study of Ref. [13]
by exploring in detail the structure of the asymprotically flat
torsion-hairy black holes, which were found to exist in the
infinite-range limit of torsion bigravity. General torsion-
bigravity theories contain four parameters, denoted cg, cf,
cp2, and c34 in Ref. [22]. The latter parameter does not
influence the spherically symmetric sector. We are then left
with three parameters that are conveniently parametrized in
terms of (i) a dimensionful parameter A = ¢y + cg = #Go’
measuring the gravitational coupling of the massless spin-2
excitation; (ii) the dimensionless parameter 1 = cp/cp
measuring the ratio between the coupling of the massive
spin-2 field and the coupling of the massless spin-2 one;

and (iii) the inverse range (or Compton wavelength) x =

\/nA/cg2 of the massive spin-2 excitation. With this
notation, the Lagrangian density of torsion bigravity reads
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Here, R denotes the usual scalar curvature of g,,, while
F=g¢"F,,, where F,, denotes the Ricci tensor of the
metric-preserving, but torsionful, affine connection Aﬁw.
For the convenience of the reader, the full definitions of
these objects are summarized in the Appendix A.

The long-range limit k — 0 looks a priori singular for
the Lagrangian (1.1). (As discussed in Ref. [22], this formal
limit might physically correspond to the case where « is
of the order of the Hubble scale H,.) However, it was
proven in Ref. [23] that the spherically symmetric field
equations, and solutions, of torsion bigravity admit a
smooth limit as k — 0. This smoothness emerges when
using suitable variables and, notably, the variable denoted
7. See Appendix B for the explicit form of the (spherically
symmetric) field equations of torsion bigravity, on which
one can explicitly see the smoothness of the long-range
limit x — 0.

Reference [13] has found that, in the infinite-range limit,
k — 0, there existed asymptotically flat BHs, having
regular horizons and endowed with an asymptotically
decaying, horizon-regular torsion field Tl[/w]' These sol-
utions are parametrized, besides the dimensionless theory
parameter's, by the (areal) radius r, of the BH and by the
dimensionless parameter 7, measuring the horizon value
of the following (x*-rescaled) combination of frame com-
ponents of the curvature tensor F’iﬂw, of the torsionful
connection A* v (see Appendix A for the detailed definition

of F*,,,):

7 =xk"2(Fyio1 + Fis1s = Foaos — Faznz)-  (1.2)

Those asymptotically flat, torsion-hairy BHs were obtained
by proving the existence of fixed points, when r — oo, of
the system of three first-order ordinary differential equa-
tions (ODEs) describing the radial evolution (from the
horizon up to spatial infinity) of the geometric structure g,
T’lw. In the following, we shall successively (i) discuss
(in Sec. II) all the fixed points of the latter system of ODEs
and their main properties; (ii) focus (in Sec. III) on the
properties of the particular fixed point that yields asymp-
totically flat BHs; and, finally, (iii) study (in Sec. IV)
the phenomenology of the latter asymptotically flat torsion-
hairy BHs and compare some of the physical effects
they predict to the observational results on the star S2,
which orbits the supermassive BH at the center of our
Galaxy [3.4].

"The dimensionful gravitational-coupling parameter 4 does not
enter these vacuum solutions.

II. ASYMPTOTIC FIXED POINTS OF THE
RADIAL EVOLUTION SYSTEM

Spherically symmetric solutions of torsion bigravity are
described by four variables: ®(r), L(r), V(r), and W(r).
The first two variables, ®(r) and L(r), describe the metric:

ds* = —e®®df* + L2dr?* + r*(d6? + sin’0d¢?).  (2.1)
The last two, V(r) and W(r), describe the independent
components of the torsionful connection A in the polar-
type vierbein e;* defined by the metric (2.1). Namely (see
Appendix A for details),

v=al (2.2)

and

It is then convenient to further introduce the auxiliary
variables F(r) = @'(r) (where the prime denotes a radial
derivative) and 7(r), defined by Eq. (1.2), which means that
7 is linear in the radial derivatives of V(r) and W(r) [see
Eq. (4.3) of Ref. [13]]. It was shown in Refs. [13,22,23]
that the five variables F(r), L(r), V(r), W(r), and 7(r) then
satisfy a system of ODEs which can be reduced to (i) two
algebraic equations that can be solved to express F'and V in
terms of L(r), W(r), and 7(r) and (ii) a system of three
first-order ODEs describing the radial evolution of the three
variables [L(r), W(r), and 7z(r)]. When discussing BH
solutions, it is convenient to replace the three variables
[L(r), W(r), and 7(r)] by the equivalent set

(X', X2, x3% = (1,w, 7). (2.4)
Here 7 and w are defined as
L) W)
I(r)= Ls(r) and (r)= Wi(r)' (2.5)

respectively, where Lg and W are the values of L and W
for a Schwarzschild BH. We recall (see [13]) that the
geometric structure (g,,, A’lm) of a Schwarzschild BH is
described by the variables

Dy(r) = +%ln (1 —ﬁ),

-
. 1 ry
Fs(r) = +2 r(r=ry)’
_ (1 _Ta\-1/2
Ls(r) = (1 r) ’
_ Fg(r) 1r, i\ -1/2
Vs(r) = Lg(r) 272 (1 r) ’
B I _1 AV
Ws(r) rLg(r) r (1 r) ’
_ '
71'5(1") = _3W (26)
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The three variables X', i = 1,2, 3 [Eq. (2.4)], satisfy a first-
order radial evolution system, say,

dx:
dr

= Fi(r,X/). (2.7)
The explicit form of this system can be read off by taking
the limit k — 0 in Egs. (B2) of Appendix B.

The large-r asymptotics of the latter system yields a
Fuchsian-type system, of the form

dy

'flvf(xi)+0 :
ar” r )’
Neglecting the O(r—lz) subleading correction and introdu-

cing p =Inr leads to a vectorial flow equation for the
p-evolution of the point X in a three-dimensional space:

(2.8)

ixi:

i(X7).
X =V

(2.9)

Let us consider the solutions X,
equations

of the three (algebraic)

Vi(XL) = 0. (2.10)
These solutions define the fixed points of the vectorial flow
(2.9): If the system (2.9) crosses a state corresponding to
any of its fixed points, it will stay there forever:

d i _ vigyi ) —
deoo =V(X%,)=0. (2.11)
Yet this does not tell anything about the accessibility of the
fixed points. The first issue to understand, for knowing
whether the system can reach a certain fixed point, is to
assess whether this fixed point is an attractor or not. Let us
recall the relevant mathematics. We consider a small
perturbation &(p) around a fixed point:

X' (p)

Substituting the latter expression in Eq. (2.9) and making a
series expansion of the right-hand side up to the linear
order, one obtains the following equation, describing linear
perturbations around any fixed point:

= XL, + e (p). (2.12)

80 = | S| X)) = Xl 213
Here

(%) = [ 25] (%) (2.14)

denotes the Jacobian matrix of the system (2.9); it is made
of the partial derivatives of the functions V' with respect

to X/ ={I,w, 7} taken at the fixed point X, =

{l 00 Woo ) Vs [e] } .
To obtain the law of evolution of the linear perturbations,
one introduces the eigenvectors E2n>, n=1,2,3, of the

matrix J';, say,

JEL, = E| (2.15)

and decomposes &L along the vector basis of eigenvectors,
say,

(2.16)

éhn 25 (n)

where it should be noted that the eigenvectors E’ d0 not

depend on p. Inserting Eq. (2.16) into Eq. (2 13) one
obtains the p-evolution law for the coefficients d,)(p):

(2.17)

This gives the following equation describing the evolution
of general linear perturbations & around a fixed point:

E i E i
élm C n n)pE C n)p

where ¢(,,) and C’@ are some constants, depending on the

(2.18)

initial values for & (p).

The first conclusion is that the attractive or repulsive
character of a fixed point is determined by the eigenvalues
of Jacobian matrix: A fixed point is an attractor (and all the
trajectories from a small neighborhood of the fixed point
will end up at the fixed point) if the real parts of all the
eigenvalues 4, are negative.

In addition, we must remember that our exact radial
evolution system [Eq. (2.7)] is to be integrated with
restricted initial conditions on the horizon, r = ry,.
Indeed, Ref. [13] has shown that a single shooting
parameter (namely, 7,) can be specified on the horizon.
Then the following radial evolution (from r = r;, up to
r = +00) of the three variables X' = {I,, 7} will depend
on 7y, on r,, and on the theory parameter 5. (As in
Ref. [13], we often use, for convenience, units where
r, = 1.) Therefore, besides analytically studying the attrac-
tor nature of the fixed points, we shall need numerical
simulations to check whether the one-parameter family of
horizon initial values can belong to the basin of attraction of
any given attractive fixed point.

A. List of asymptotic fixed points of the radial evolution

Let us now go to practice and analyze all the fixed points
of the system (2.10). This algebraic system gives ten fixed

points. Five of them are characterized by 700 < 0 and, thus,
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are nonphysical, so we will not consider them. We must
indeed remember at this stage that the physical meaning of
the variable X! = I, defined in Eq. (2.5), is such that we

need to impose I(r) > 0. We will discuss below the further
conditions characterizing asymptotically flat BH solutions.

Among the remaining five points, one is only partially
attractive: The fixed point (I, = 1,y = 1,7, = 0) has
eigenvalues A(,) = (—1,-3,2), so that it is repulsive in one
eigendirection.

Let us consider more in detail the four remaining fixed
points.

(i) The most interesting is the fixed point

- 6
(lw: I, W =—-1,71 =——
1+7

), (2.19)

describing the asymptotically flat torsion-hairy2
black hole solution which was discussed in the
previous paper [13] (see Sec. X there). The corre-
sponding eigenvalues are

1 VT 1 VT
/1(")_{_1’_54_17’_5_17}' (220)

The real parts of the eigenvalues displayed in
Eq. (2.20) are all strictly negative. This shows that
the fixed point (2.19) is a (local) attractor.

The analytical expressions of I, W, and 7, for the
three remaining fixed points are rather complicated, so
we will use a numerical description. They all correspond to
non asymptotically flat torsion-hairy black hole solutions.

(1) The second fixed point exists only for n > 1/3,

because the values of 7 < 1/3 give imaginary values
for 1., Wy, and 7. For all > 1/3, it is an
attractive fixed point. The latter fact was checked
numerically by computing the eigenvalues. When 7
varies from 1/3 to infinity, the value of I, respec-
tively varies in the interval

V2 <1, <3

The fact that 7., > 1 means that the corresponding
BH is non asymptotically flat. Figure 1 shows the
spectrum of values of I, Weo, and 7, as a function
of the theory parameter 7.

(i) The third fixed point also makes sense only for
n > 1/3, and it is an attractive fixed point for all

n > 1/3. When # varies from 1/3 to infinity, the
value of I, decreases from I, (n =1/3) =2 to

l(n = 400) = 1.3. Figure 2 shows the spectrum of
values of I, W, and 7, as a function of 7.

(2.21)

*Note that the condition 7o, = 1is necessary for the asymptotic
flatness of the metric.

1

1

1

1

e, ,
1 ~
7 2 W s

FIG. 1. Fixed point values I, We, and 7, for the second fixed
point. The value of W, varies between W, (7 = %) =-1/ V2 and
Weo (1 = 00) = 0. The value of 77, varies between 7, (7 = %) =3

and 7, (7 > +o0) = 0.

~
: :
S

I
Sl
N
EN
(2]

F

FIG. 2. Fixed point values I, W, and 7, for the third fixed
point. The value of W, varies between W, (7 = %) = —1/v2and
Weo(n = +00) = —1. The value of 7, varies between 7 (7 =
) =3 and 7 (n — 4o0) = 0.

R

FIG. 3. Fixed point values I, W, and 7, for the fourth fixed
point. The value of W, varies between W, (7 — 0) = +oo0 and
Weo (1 = 00) = 1. The value of 7, varies between 7, (7 — 0) —
+oo and 7., (n - +o0) = 0.

(iii) The last, fourth fixed point makes sense for all #’s,
and it is attractive. The value of I, varies from
Io(n—=0) = 400 to I,(np— +o0)=23. See

Fig. 3 for more details.

III. ASYMPTOTICALLY FLAT TORSION-HAIRY
BHS IN THE LARGE-RANGE LIMIT

Let us now analyze in some detail the asymptotically flat
torsion-hairy BHs obtained with the first fixed point, i.e.,
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~—

X = (I ey, o) = (1,—1,L>. (3.1

n+1

As already mentioned, the approach toward this fixed point
is characterized by the three n-independent eigenvalues

—_]—

1 V71 1 VT
/1(,,):{—1,—§+ 575 2} (3.2)

Inserting (2.20) into (2.18) and taking into account that we
are considering real solutions of the real perturbation
equation (2.13), we get, for a general real asymptotic
solution, the form

Ein(p) = Clyye + Cly e /2720

2) (3.3)

where C’m is real and where * means complex conjugation.
This gives, in more explicit form,

4 _— N
Ein(p) = 2|Cly e cos <7p+<1>’) +Cle, (3.4)

where @' are some phases. In terms of 7 (remembering that
p = Inr), this looks as follows:

2|Cy)| (\/7
- cos

& (r) = —5~ —Inr+ @ —|—% (3.5)
lin - }"1/ B . .

r

At this point, we should note that the perturbations & were
obtained in the linearized approximation. In other words,
Eq. (3.5) neglected the contributions coming from terms
quadratic (and higher) in £ in the perturbation equation.
Instead of solving Eq. (2.13), we should have solved a
nonlinear equation of the form

g
d p nonlin

= Jl] nonlin + Jljkgnonhnfﬁonhn +oee (36)

Let us sketch the structure of the corrections to the
linearized solution (3.5) when considering only the quad-
ratically nonlinear terms and treating them perturbatively,
i.e., solving the equation

i —

an nonlin Jijalonlin + Jijkéfinfﬁn’ (37)

where ffin is given by (3.4). The structure of the last,
quadratic term in Eq. (3.7) is

Jijkfljinglkin - jk (ZC/ etmp > <ch m)p>

= Cle + C12+e(—1+zf>p +C_el- 1-iv/T)p
+ C‘é e[~3/2+i(V1/2)lp
+ CL_el=6/2- iV7/2)p 4 Cie™. (3.8)
Among the contributions contained in this quadratically
nonlinear “source term,” the term
C"ie_/’

coincides with a fundamental solution of the homogeneous
equation (2.13) with 4,y = 4(;) = —1. As a consequence,
such a resonant source term will generate a solution of (3.7)
of the type e™”p. The other, nonresonant, terms in (3.8) will
generate exponential solutions of the same form as they are:
The terms e(~1%1V7) after taking the real part will generate
in the solution a term of the type e~ cos (v/7p + phase),

3/2%i(V7/2)lp will generate a term of the

while the terms e[~(
type e~/ cos (4 p -+ phase). Finally, the quadratically

nonlinear solution for & will have the following structure:

i \/’7 i
&'p) = C[(1/2)cos] P/ cos <7p + q)(l/z))

7 Clye”

+ C’COS e’ cos (\/7,0 + dJEl)) +0(e™¥/?), (3.9)

+Cl e

or, in terms of r,

Ci \/7 - Ci
iy 1(1/2)cos] i (1)
&(r) = — cos (—2 Inr—+ <I>(l/2)> + —

Clpylnr Ci

+ ) " (cos)

+ 0(r 3/?).

cos(flnr+<l>E )

(3.10)

This gives the following expression for the large-r behavior

of X = (7, W, 7T):
Ci V7 .
i i [(1/2) cos] i
X'(r) =X +71/2 cos (71nr+ CI)(1/2)>
C’ Ci Inr Ci
—m 7( ) 4+ —-— O (\/_lnr—l—(l)( ))
r r r
+0(r 3/?). (3.11)

The last expression gives, for example, the following

behavior of /g,, = L = 1/+/1 — r,/r near infinity:
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Cl \/7 Cl
[(1/2) cos] (1)
\/% =1 +TCOS (71nr+d)él/2)) +T
Cl
0y T o5 (VT Inr dJél))
7
+ 0(r73/2). (3.12)

When comparing this asymptotic behavior to the usual
Schwarzschild one, namely,

=1 +r—’;+ o(r2),

1
Vot = ———
1 =r,/r 2

the most striking difference is the fact that the leading term
in the large-r expansion of ,/g,, is not decaying as O(r~!)

(3.13)

but decays in the slower O(r~'/?) manner and, moreover,
presents oscillations on the logarithmic scale Inr, with a
universal frequency g By computing the corresponding
solution for the potential ®(r) = 1In|gg| describing the
time-time component of the metric in torsion bigravity, one
similarly finds that the leading term in the large-r expan-
sion of ®(r) also contains an oscillating, slowly decaying
piece o r~'/%cos (‘/77 Inr + phase). The physical conse-
quences of such slowly decaying (and oscillating) contri-
butions are discussed in the following subsections.

A. Expansion of the BH solution in powers of 7

Let us show that, in the formal limit # — 0, the metric
structure [described by the functions L(r) and F(r) =
@'(r)] of asymptotically flat BHs tend to the Schwarzschild
one L = Lg and F = Fg [defined in Egs. (2.6)].

To this end, we first remark that Eq. (B3) becomes very
simple in the limit # = 0 (with x = 0). One finds that it
takes the following form:

Z/ _7(1 _72)
C2(r=1)°

(3.14)

We should solve this equation taking into account the
boundary conditions at the horizon which were discussed in
Ref. [13]. Looking at Egs. (7.8)—(7.10) of Ref. [13], one
can see that, in the limit # — 0, the horizon value
I(r = r,) = 1, independently of the value chosen for the
free shooting parameter 7. Since the right-hand side of
Eq. (3.14) equals zero when [ = 1, the unique solution
which satisfies the boundary conditions is found to be

I(r)=1 (wheny — 0). (3.15)
Inserting this result (together with xk =0 and # = 0) in
Egs. (B4) and (B2), one then finds that the radial behavior
of W and 7 is described by the following system of two
first-order equations:

72 +372(2—r+rw) —9(2 = 2r + (2r —3)w)
3(r=1)(3+n) ’
(3.16)

W= —

A =3-21-3w—7aWw.

The large-r limit of this system is a two-dimensional
Fuchsian system which admits, as a fixed point, the values
(Weo» o) = (—1,6). These values are the two-dimensional
projection of the # = 0 limit of the fixed point (3.1). The
corresponding two-dimensional Jacobian matrix is found to
have the eigenvalues

S

L.
/1,(1’2) :—Eil—. (317)

2

Similarly to the previous section, we can conclude from this
the following law of asymptotic approach to the fixed point:

A, 7
Wyo(r) = —1 +mcos (%_lnr + d>w>, (3.18)

_ Ar (VT
Tyo(r) =6+ 17208 <2lnr+d3”>, (3.19)

plus some terms of higher orders in 1/r. Here, the constants
A,, and A, depend on the integration constants of the
system (3.16).

Finally, putting # = 0 and x = 0 and inserting Egs. (3.15),
(3.18), and (3.19) into the algebraic equation (B1) giving F
in terms of 7, W, and 7, one finds that

F|}7=0.K=0 = FS’ (320)

where Fg = - is the Schwarzschild value.

1
2(r—1)

Having determined the structure of the solution in the
limit 7 - 0, we can now discuss the structure of the
solutions when 7 is nonzero, but small. Let us indeed
recall that Ref. [22] has studied the phenomenological
constraints on the torsion-bigravity theory parameter # in
the limit x — 0 and has concluded that Solar-System
gravity tests constrain # to be small; more precisely [see
Eq. (10.18) in Ref. [22]],

7 <1073 (from Solar-System gravitational tests). (3.21)

It is then appropriate to work only linearly in . We then

conclude from the result (3.15) that
I(r)=1+nl(r)+ 0. (3.22)

One then gets a differential equation for [, (r) by inserting

the expansion (3.22) in Eq. (B3), working at linear order in
n. Together with Eq. (B3), this gives
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¥ ll

1=~ r—1 +fl(wn07ﬁ-;70) + 0(’7)7

(3.23)

where f; is a polynomial function of its arguments (and a
rational function of r). Replacing W, and 7, by solutions
of the system (3.16) then yields an inhomogeneous first-
order ODE determining the radial evolution of I,. In
particular, we can obtain the asymptotic radial behavior
of 1, by substituting in Eq. (3.23) the asymptotic expan-
sions Eqgs. (3.18) and (3.19). We thereby obtain an
inhomogeneous differential equation of the form

jpo_h 3
1 — rF—1 r(r_ 1) +flcos(r) + 0(’1)’

(3.24)
where f.s(r) is a sum of terms involving oscillatory
factors and powers of r. Solving the resulting equation
yields the following expression for

- A 7
Li(r)= —U(rll//Qz) < cos <§ Inr+ d)lz>

1
+ ; [A(“) + A(l,ln) Inr

+ Al cos) cos(vV7Inr+®)] +0(n). (3.25)

This form of 7, (r) is in agreement with the arguments of the
beginning of this section [see Eq. (3.10)] concerning the
form of perturbations around the fixed point (2.20). Indeed,
one can see the oscillatory behavior which becomes
dominant for large r.

However, the new information we got from the reasoning
of the present section is that the unusual slowly decaying,
oscillatory contributions enter the metric function I (and,
therefore, L = Lgl) only at the O(y) level, because
T=1+ql + O(n?). Tt is phenomenologically important
to discuss also how these unusual slowly decaying oscil-
latory contributions enter the other metric function, namely,
goo = —e>®, or the related function F = @'. As we showed
above that lim,_,F = Fg, we immediately see that the
unusual slowly decaying oscillatory contributions will also
enter F, and thereby @, only at the O(y) level.

More precisely, considering the series expansion in # of
Eq. (B1) for F one obtains an expression of the type

F=Fg+nfpl, Wyo. o) + O(*),  (3.26)
where fr is a polynomial function of its arguments.
Substituting in this expression the asymptotic behavior
of the various arguments, namely, Egs. (3.18) and (3.19) for
Wwyo and 7, and Eq. (3.25) for 1,, one finds that the
asymptotic radial behavior of F(r) is of the form

A Ccos 7 2
F(r)=Fs+ n{—[F’(lg//? Lcos <\§In r+ <I>F2>
i
1
+ ﬁ [A(F,l) + A(F,ln) Inr

+ Ap cosy cos(VT In 7 + éFl)]} +0@n?). (3.27)

Having in hand such an explicit form of the asymptotic
behavior of F(r), one can now discuss the physical
consequences of having such slowly decaying (and oscil-
lating) contributions. More precisely, we can estimate the
order of magnitude of the “crossing distance,” say, r,,
where the oscillatory contributions in F [i.e., the terms
o nr3/2 cos (‘/77 In r + ®7?) in Eq. (3.27)] start to dominate
over the usual, Schwarzschild-like power-law decay con-
tained in Fg~ r,/(2r%). Using units where r, = 1, the
coefficient of the oscillatory terms is O(1) [because
7o = O(1)]. The crossing then happens when Fg~
1/12 ~n/r/?, which gives r, ~n5~2, i.e., coming back
to general units

Py ~ 72T (3.28)
Remembering the phenomenological constraint Eq. (3.21)
from Solar-System tests, we see that the crossing scale r
must be at least 10'? larger than the BH-horizon size. As, at
such large distances, an astrophysical BH cannot be treated
as being isolated but rather embedded within a matter
distribution created by many other astrophysical objects,
this suggests that the oscillatory contributions will not, in
most cases, lead to identifiable observable signals. This is
phenomenologically fortunate for the compatibility of
the torsion-bigravity BH structure with observational data
on astrophysical BHs (such as the existence and structure

of accretion disks), because the dominance of the «

nr=3/% cos (‘/771n r+®) in Eq. (3.27) when rZ=r,
actually means that the gravitational force F(r) = @'(r)
generated by the BH is no longer of the standard, attractive
F ~r,/(2r?) type but starts oscillating around zero as
Foryrx2r32 cos (4lnr + ®F2). If r,, was a distance
scale where an accretion disk would be known to exist
around the BH, this would phenomenologically rule out
torsion-hairy BHs, because the In r-periodic changes of
sign of F(r) when r Z r, means that the gravitational force
created by the BH periodically becomes repulsive, before
becoming again attractive, etc.

Let us complete our discussion of the asymptotic gra-
vitational field of torsion-hairy BHs by commenting on the
presence of the logarithmic term Fy,(r) = 5 A(s . In7 in
F. If we use again units where r, =1, we will have
A(r ) = O(1). Therefore, the ratio between Fy,(r) and the
Schwarzschild term in (3.27) is of the order of
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Fln(r) r

I\ n—

Fo(r) . (3.29)
In view of the phenomenological limit (3.21), this ratio is
very small, even if one considers distances comparable to
the crossing scale ry ~ 72r),.

At face value, this preliminary discussion of the physical
effects of the asymptotic behavior of F(r) [Eq. (3.27)]
seems to suggest that the Solar-System upper limit (3.21)
constrains so much the magnitude of the unusual torsion-
hairy gravitational field F(r) that it will not lead to any
observable effect. However, the more detailed discussion of
the next section will show that such a conclusion would be
premature.

IV. PHENOMENOLOGICAL CONSEQUENCES
OF TORSION BIGRAVITY FOR
SUPERMASSIVE BHS

We recalled in the introduction some of the current
observational data [1-4] that probe (in a quantitative way)
the structure of the gravitational field of BHs. As our
current investigation of torsion bigravity is limited to the
static sector, we cannot meaningfully discuss the predic-
tions of torsion bigravity for coalescing BHs. (Such an
investigation would anyway require 3D numerical simu-
lations to be conclusive.) Here, we focus on the phenom-
enological consequences of the hypothetical existence’ in
our Universe of torsion-hairy asymptotically flat black
holes. We successively consider the observable conse-
quences of torsion-hairy BHs for (i) the size of the shadow
of BHs; (ii) the redshift of the S2 star around supermassive
black hole candidate SgrA*; and (iii) the periastron
precession of S2.

A. BH shadows

The 2017 Event Horizon Telescope image of Messier 87
[2] has inferred a size for the shadow of the supermassive
BH at the center of Messier 87 that agrees with GR pre-
dictions within ~17% at the 68-percentile level. It has been
emphasized in recent work [24] that this measurement
offers a new test of GR that goes beyond Solar-System
weak-field tests in probing the strong-field structure of
gravity. As discussed in Ref. [24], the size of the BH
shadow can be discussed with sufficient accuracy within
the context of nonrotating, spherically symmetric BHs. It
then depends only on the time-time metric component
—goo(r) = €*®), considered as a function of the areal
radius r. The shadow radius ry, is given by

SWe will, however, recall in the conclusions that it is not clear
at this stage whether gravitational collapse in torsion bigravity
will generate the type of torsion-hairy BHs studied here or, rather,
ordinary GR BHs, which are also exact solutions of the torsion-
bigravity field equations.

I'sh = rh_e—CD(r]r)’

(4.1)
where r, denotes the light ring radius (or photon-sphere
radius), which is the solution of the equation
reF () = 1. (4.2)
Here, as above, F(r) = @'(r) is the (relativistic) “gravita-
tional force” derived from the potential @(r).
In view of our general result Eq. (3.26) above, we can
a priori see that the light ring radius of torsion-hairy BHs
will admit an expansion of the form

e ® = iR () (1 + ain + 0(n?)), (4.3)

where r{R(r,) = 3 r; and where the coefficient a, is some
O(1) dimensionless function of the O(1) shooting param-
eter 7, describing the one-parameter family of torsion-
bigravity BHs having some given horizon radius r;,. By the
same reasoning, one also concludes [from Eq. (4.1)] that

PG — SR (n) (14 b+ O(P)),  (44)
with another coefficient b; = O(1).

Remembering now the strong Solar-System limit
[Eq. (3.21)] on the magnitude of # and comparing it to
the ~17% precision on the Event Horizon Telescope
estimate of rg,, we conclude that current (and foreseeable)
shadow measurements will not bring new constraints on the
torsion-bigravity theory parameter #.

As we are going to see next, the GRAVITY
Collaboration weak-field probing of the gravitational
field of the Galactic central BH candidate do provide
(somewhat surprisingly) much stronger tests of torsion
bigravity than the strong-field test provides by the Event
Horizon Telescope Messier 87 observations.

B. Redshift of S2

An important observable object related to the super-
massive black hole candidate SgrA* is the star S2.
Its highly elliptical (eccentricity e = 0.885) orbit is
characterized by a pericenter distance of about 1420
Schwarzschild radii and an orbital speed at the pericenter
point about 2.55% of c. This makes the star S2 a sensitive
probe of gravity near a black hole. Two important quanti-
tative results based on observations of S2 were recently
obtained. The first one is a measurement of the gravitational
redshift of S2 along its orbit [3]. The second one is a
measurement of the periastron precession of the orbit of S2
[4]. In the present subsection, we shall study how the
measurements of the gravitational redshift of S2 probe the
gravitational-field structure around torsion-hairy BHs.

In the following, we identify r;, (in our torsion-hairy
solutions) with the measured Schwarzschild radius 79> =
2mpy = 2GMygg of the Galactic (candidate) BH. Here Mpy
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denotes the mass of the black hole expressed in kilograms
or M.

The reference paper we use is Ref. [3]. In that paper, at
any moment of time 7, the redshift z is decomposed in the
following components:

A/{ v d(t) 1 7_) bi (t) My
f\=—"=PB,— raf orbit
2(1) A 0 c 13 2 2 + c?r(t)

— Qg (1) + O(c™?).

(4.5)

Here the radial velocity v, is the projection of the orbital
velocity along the line of sight. The constant B, defines a
constant offset. The second term (within square brackets)
represents the classical GR redshift effect. It comprises two

12
contributions: the second-order Doppler effect lb"—‘m

the Einstein gravitational redshift + mB(H)

was introduced in Ref. [3] as a phenomenological way to
characterize the deviations between Newtonian and rela-
tivistic physics: The value f =0 would correspond to
purely Newtonian physics, while the value f =1 corre-
sponds to GR. By generalizing the standard derivation of
the GR redshift [25], we have completed the GR result by
adding, to lowest order, the additional redshift —®1pg
coming from torsion bigravity. It is defined, with our
notation, as

and
The parameter f

Drpg(r) = O(r)

The observational results presented in Ref. [3] are sum-
marized in the following experimental constraint on the
phenomenological parameter f:

f =0.90 £ 0.0, £ 0.15],. (4.7)
As the second-order Doppler effect and the Einstein red-
shift are fully degenerate and have the same amplitude of
variation [because of energy conservation, v (f)—
’%‘ = const], the constraint (4.7) means any additional
redshift correction from torsion bigravity would have been

visible only if it were larger that 2 x v/0.09% + 0.15% =
0.34 times the variation, along the orbit of the Einstein-

1 1

Ady = —_
2840 46550

|(I)S(rap) - ¢S(rper)| =

=3.306 x 1074, (4.8)
where r,, = a(l+e) = rp
apocenter distance and rp,
center distance.

As we have shown above that the deviations from
Schwarzschild’s metric in torsion-hairy BHs are propor-
tional to n (when 5 is small), we can consider, for
concreteness, the case where # = 107>. Choosing such a
specific value compatible with Solar-System tests [see
Eq. (3.21)], we numerically computed the ratio

|Prpg(r) -
|®S(rap) - q)S(rper

e~ 23275r), denotes the
( — e) ~ 1420r), the peri-

ADTEG _
Ay

cI)TBG(”ap) |max

).

where the indicated maximization is done over r, as it
ranges over the full orbit of S2.

After having fixed 7 to the value = 107>, we still have a
one-parameter family of asymptotically flat torsion-hairy
BHs, described by the horizon shooting parameter 7.
Not all values of 7, lead to an asymptotically flat BH. But,
there is a rather large range of 7,, namely, the interval
—289 < 7y < +5.5, which are in the basin of attraction of
the relevant attractor Eq (2 19). We give in Table I a sample

(4.9)

of values of the ratio = TBG defined in Eq. (4.9) as 7 varies

in this allowed mterval. (When n = 1078, the lower limit of
the allowed interval is about —267.) We can summarize the
results of Table I in the inequality

Aq)max
0.004 < =T8S <0.047 .
(10 )‘ ADg (10 )

As said above, the current fractional sensitivity of redshift
observations on S2 are of the order of 0.34A®g. Thus, one
can conclude that, near the supermassive black hole in
SgrA*, the deviation of torsion bigravity from GR has,
within the current observational precision, a negligible
effect on redshift measurements.

(4.10)

C. Periastron precession of S2

Let us now discuss the modification of the periastron
precession of S2 due to the difference between torsion

Schwarzschild redshift &g~ — ’"(il)* = 2r( 7 namely, bigravity and GR. To compute the precession of the orbit of
TABLE 1. Sample of redshift ratios and periastron ratios. The periastron ratios are computed for two different values of 7, namely,
n =107 and n = 1078.

7y =250 =220 —180 —160 —100 =20 1 5.5
ADTEE /ADg],_-5 0.047 0.045 0.039 0.034 0.024 0.008 0.004 0.035
SwrpG /0GR |y=10-5 154.9 85.5 19.8 1.5 -21.2 -15.0 —6.5 1.8
Sw1G/ 0GR |10 0.168 0.106 0.025 0.004 —-0.021 -0.015 —0.006 0.003
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a star, we start from the geodesic equation (we recall that, in
torsion bigravity, massive particles follow the geodesics of
gy rather than autoparallels of the torsionful connection

A’lw [17].) The geodesic equations of motion written in
terms of coordinate time t = x°/c read

d*x! . dx’
=1 — 1—*0
R

H oV
)didx (4.11)

dt dt’

Expanding the right-hand side in the usual post-Newtonian
way for the GR contributions and working linearly in the
additional contributions due to torsion bigravity, we can
rewrite the above equations of motion as

d*x mgpx' . . B
dt2 = —T + CllGR + all"BG + O(C 4).

(4.12)

Here the first term is the Newtonian gravitational force and
would define (if it were alone) an elliptical Keplerian
trajectory without any precession. The second term repre-
sents the first post-Newtonian correction (of the order of
¢7?) to the Newtonian force coming from the GR piece in
the metric. (Here, we decompose the full metric as g,, =
gy, + B and work linearly in the torsion-bigravity
metric correction /,29.) The last term represents the
corrections coming from the torsion bigravity. As usual
in the post-Newtonian approach, the leading-order addi-
tional contribution to the equations of motion comes only
from the time-time component ¢>AJEC ~ —2c2®1pg, where
Orpg was defined in Eq. (4.6). This leads (at leading post-
Newtonian order) to

a!I‘BG = _C28iq)TBG' (413)
To calculate the periastron precession in the problem of
motion defined by Eq. (4.12), it is convenient to use the
standard Gauss form for the perturbation of Keplerian
elements (see, e.g., Ref. [26]). We are interested only in the
secular advance of the argument w of the periastron. The
Gauss form [see, e.g., Eq. (33), page 301 of Ref. [26] ]
yields dw/dt as a linear expression in the components of
the perturbing accelerating force alyp + afpg. To leading
order, we have therefore

do  (dw)\CR n dw\ TBG

dt— \dt dt '
where (‘Z—QI’)GR is the usual GR periastron precession, whose
integral over one orbit is the well-known value

(4.14)

éa)GR 3mBH
= . 4.15
27 c*a(l —e?) (4.15)

The expression of the additional contribution coming from
torsion bigravity simplifies in the present case where the

perturbing force aipg is purely radial, i.e., directed along
the radial direction n’ = 9,r. It reads [26]

deo\ TBG 1 — e2)1/2 '
<da;) = —7( e) cos PO, ralyg-

4.16
nae ( )

Taking into account the conservation of angular momentum
(per unit mass)

do
rZE =L =/a(l —e*)mgy,

where we used the expression for the angular momentum of
the Newtonian elliptical motion and the expression of afpq
in terms of the gradient of ®rgg [Eq. (4.13)], we get the
following simple formula for the torsion-bigravity contri-
bution to the total (reduced) periastron precession, inte-
grated over one full period:

0WTRG 1 / 2 2 0D@rpg
= —d
27 2rempy Jo cos gr or ¢
1 2r
~ s /) cos g Frpa(r)dd,  (4.17)

where we replaced (as is allowed to leading order) @/ by

FTBG<V)EF<7'>—F5<}’). (418)

We must now compare the value of 5“;%6 to the usual GR
periastron advance, Eq. (4.15). More precisely, we should
compare the torsion-bigravity contribution 5“;% to the
observational accuracy with which the periastron advance
has been measured.

The GRAVITY Collaboration has recently succeeded to
measure the integrated periastron precession of the S2 orbit
[4]. The result was presented in the form

67z'mBH
JONNES fSPm = 12.1'fsp,

(4.19)
where the coefficient fgp was best fitted to the observa-
tions. The final result given in Ref. [4] for the coefficient
fsp reads

In other words, the precision of the measurement is 19% of
the GR value.

Now let us consider the contribution to periastron
precession coming from the torsion-bigravity corrections.
In the case (discussed above) of redshift observations,
we found that torsion-hairy BHs induce (when 5 < 107°)
only a negligible modification of the GR redshift. We
might similarly expect, as all post-GR metric deviations
around torsion-hairy BHs contain a factor 7, so that
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Frpg(r) = F(r) — Fg(r) = O(n) [see Eq. (3.26)], that
owtpg Will be automatically small compared to the error
bar on dw,,, [Eq. (4.19)]. Surprisingly, we found that this is
not the case.

Calculating the torsion-bigravity contribution by com-
bining the explicit formula Eq. (4.17) with numerical
simulations of torsion-hairy BHs (depending on the choice
of shooting parameter 7,), we found that, when = 1079,
the ratio Swrpg/dwgr ranged (as 7 varied) between —21
and 4160, passing through O for a certain value of 7.
A sample of our numerical results is listed in Table I.

Let us remark that, as one can see from the second line
of this table, for # =107 and certain values of 7,
the periastron precession per orbit is enormous: 160 x
wgr ~ 32°. Such a large deviation from GR is totally
incompatible with the recent result of the GRAVITY
Collaboration.

As already said, the contribution from torsion bigravity
is (approximately) proportional to the value of #. Therefore,
illustrated on the last row of Table I, to pass the current tests
of periastron precession one needs to take 7 < 1078, This
shows that the periastron precession of S2 is a much more
stringent test of the existence of torsion-hairy BHs than
both (i) the other observations concerning supermassive
BHs (redshift of S2 and shadow of Messier 87) and (ii) all
Solar-System tests.

The a priori surprising fact that the contribution to
periastron precession can exceed 100 times the GR one,
while the contribution to redshift is below the experimental
precision, has a simple technical explanation. Let us first
recall that the gravitational redshift effect in GR is propor-
tional to the Newtonian potential [see Eq. (4.5)], while the
value of the periastron precession in GR is proportional to
the first post-Newtonian, O(C—lz), correction to the potential
[see Eq. (4.15)]. By contrast, the torsion-bigravity contri-
bution to the potential gives additional contributions both to
the redshift [see Eq. (4.5)] and to periastron precession [see
Eq. (4.17)]. [A crucial fact is that Fypg(r) & ®pg(7) is not
 1/r* and, moreover, decays more slowly than 1/7%, so
that there is a large contribution to dwtgg coming from the
apocenter of S2.] Then, it happens that the numerical
magnitude of ®1pg satisfies the following inequality:

mgy ) 2 1075 mpy
<T> < <— Drpg < —
c’r n c*r

V. CONCLUSIONS

We continued the study, initiated in Ref. [13], of
spherically symmetric black hole solutions in torsion
bigravity. Reference [13] had shown that, in the infinite-
range limit, these theories admit asymptotically flat black
hole solutions because of the presence of attractive fixed
points in the asymptotic (large-r) limit of the system of

(4.21)

differential equations describing the radial evolution of the
metric and the torsion. We studied in detail the existence
and the structure of these fixed points. By considering the
Jacobian matrix of the Fuchsian-type radial evolution
system near the fixed points, we discussed their attractive
and repulsive character, as well as the way the metric and
torsion variables approach them at large radii.

Several phenomenological aspects of asymptotically flat
torsion-hairy black holes were then considered: (i) location
of the light ring and of the shadow; (ii) correction to the
redshift of orbiting stars; and (iii) modification of the
periastron precession of orbiting stars. Previous work [22]
had shown that, in the large-range limit, Solar-System tests
of relativistic gravity put the severe constraint 7 < 107> on
the (single) theory parameter of torsion bigravity. We
showed that, when # = 107>, the observable properties
of asymptotically flat torsion-hairy black holes are auto-
matically compatible with existing observational data on
(a) the shadow of Messier 87 [2] and (b) the redshift of the
star S2 orbiting the Galactic-center massive black hole [3].
See Eq. (4.4) and the first row of Table 1.

However, we found that, when 5 = 107>, the one-
parameter family of asymptotically flat torsion-hairy black
holes (parametrized by the horizon parameter z,) generi-
cally induce an additional (post-GR) contribution to the
periastron precession of S2 which is typically much larger
than the Schwarzschild precession. See the second row of
Table I. Barring a fine-tuning of the value of the horizon
shooting parameter 7,, we concluded that the current
measurements of the periastron precession of S2 [4] are
about 1000 times more stringent than Solar-System gravi-
tational tests and constrain the torsion-bigravity theory
parameter 7 to be (see the third row of Table I)

n <1078, (5.1)

The physical reasons behind this surprisingly stringent
probing power of periastron precession are briefly discussed
at the end of Sec. IV [see, notably, Eq. (4.21)]. Itis generally
expected (given current Solar-System tests of weak-field
gravity) that non-GR black holes will differ from GR ones
mostly in the near-horizon, strong-field regime [24]. We
note that torsion-hairy black holes offer a counterexample
to this expectation. Though their observable predictions
tend to the GR ones as n — 0, the fact that the torsion-
bigravity gravitational field Frpg(r) = F(r) — Fgr(r)
decays, at large radii, in a slower than 1/ manner [namely,
o nr3/% cos (\/771nr+ ®f?); see Eq. (3.27)] makes the
periastron precession of S2 (whose orbit ranges between
1420 Schwarzschild radii and 23275 Schwarzschild radii) a
very sensitive probe of torsion-hairy black holes.

Let us also emphasize again that, contrary to what has
been assumed in previous phenomenological discussions of
possible observable effects of spacetime torsion [27,28],
the post-GR observable effects of torsion-hairy black holes
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are not directly related to the torsion field around these
black holes. Our results in Sec. I allow one to derive the
large-r behavior of the two independent components of the
contorsion tensor, Ko, and K;,,. For instance, we have
[using Egs. (5.9) in Ref. [13]]

Kipn(r) = <Vv(r) —#) Wg(r), (5.2)

I(r)

so that Eqgs. (3.18) and (3.25) above yield an asymptotic
radial decay of K5 (r) of the form

Kim(r) = +2+ 0<COS (finr+ (DK)) (5.3)

r /2

However, this contorsion field, as well as the companion

Kipo(r) = 0(;"3/2 cos (glnr—l— d_>’(>>, (5.4)

does not play a direct role in modifying the motion of
orbiting stars. Indeed, test bodies in torsion bigravity follow
geodesics of the spacetime metric g, and not autoparallels
of the torsionful connection A* w [17]. (One would need to
have spin-polarized elementary fermions to directly probe
the torsion hair.) However, the presence of a propagating
torsion field modifies the field equations and, thereby,
indirectly modifies the structure of the metric g, . It is then
the latter torsion-induced metric modifications that have
induced the slowly decaying (and oscillating) contributions
to the gravitational force F(r) = Fs(r) + Frpg(r) respon-
sible for the unexpectedly large contributions to the
periastron precession of S2.

As a final comment, let us emphasize that the very strong
experimental constraint Eq. (5.1) on the torsion-bigravity
theory parameter # has been derived in the present work
under the following two basic assumptions: (i) a vanish-
ingly small inverse range « and (ii) real astrophysical black
holes are described by the asymptotically flat torsion-hairy
black hole solutions of torsion bigravity. The second
assumption would be justified only if one proves that
the collapse of a torsion-hairy star [22] in torsion bigravity
does dynamically generate a torsion-hairy black hole rather
than an ordinary GR black hole (which is also an exact
solution of torsion bigravity). It is quite possible (especially
in view of the fact that Schwarzschild black holes cannot
support an infinitesimal torsion hair [13]) that the torsion
hair of a torsion-hairy star will be radiated away during the
collapse. Another angle for clarifying this issue is to study
the dynamical stability of Schwarzschild black holes within
the context of torsion bigravity. If, similarly to what was
found in bimetric gravity [29,30], Schwarzschild black
holes turn out to be unstable for small enough values of kry,,
this will suggest that the torsion-hairy black holes consid-
ered here will be the ultimate outcome of gravitational
collapse. We leave this important issue to future work.
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APPENDIX A: DEFINITIONS OF SOME BASIC
QUANTITIES IN USE

The static, spherically symmetric metric (2.1) naturally
defines a corresponding orthonormal polar-type coframe
o = e?ﬂdx/‘, as well as a corresponding frame e;*0/0x*,
where we use hatted Latin letters to denote the frame
indices. The coframe reads as follows:

6 = e%dr,

6 = rsinOdgp.
(A1)
It is technically convenient to work not with coordinate

components but with components with respect to the
vierbein (Al). In particular, we work with the vierbein

components A's; = A'; e;# of the torsionful affine con-

o' = Ldr, 6% = rdo,

nection one-form .A?j = A?}de” instead of working with
its coordinate components A*,, (which are related to the
vierbein components A?; t by well-known relations involv-
ing the derivative of the vierbein). The affine connection
one-form A;;- defines the curvature two-form F ;} =

1 i .
5 F l}-ﬂydx” A dx¥ as follows:

.7:13- = dAl} + Alg A AS}-, (A2)
which reads more explicitly
Fl}‘;w = 6,,A’}y — 8DAI};4 + Alﬁ/wAmjy - Al,hDAm}»ﬂ. (A3)

The (curvature) frame components F?}‘/}i of .7-'?} are then
defined as

1o — L H o VL,
ijl—ek e; Fj/w.

(A4)

The frame components of the corresponding Ricci tensor,
F; ;= e?”e}”F w» are then defined as usual, namely,
F;; = FS;Q}

The affine connection we work with in this model is
metric preserving which is characterized by the condition

iiu = —Aj1,» Where Ags = ;A% In the static, spheri-
cally symmetric, and parity-preserving case which we
consider, the torsionful connection can be parametrized
by two radial functions, V(r) and W(r), which are defined,
respectively, as

(AS)
and

(A6)
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APPENDIX B: EXPLICIT FORM OF THE d_- . 3=3lw—(1+nza2+1w)
FIELD EQUATIONS OF STATIC, 2, (L. 7) 1) . (B2
SPHERICALLY SYMMETRIC
TORSION BIGRAVITY d-- N
El(l,w, 7)) = 57, (B3)
F={3-3r42(r—Dnl[-6 + (1 +n)z]w 4 v
—PRm(1 4+ n)z+ ry(1 +n)7? I w(l. W, 7) = D: . (B4)
=3(r(1 +n) +3(r = Dni?)]}/
x {2(r = Dr[3+nl(3+ (1 +5)z)Ww]}, (B1)  where
=1{9[9(r 4+ 4n = 3ry) + 12(r = V(1 + )@ + (r = 2)n(1 + 1)z = 34l[27(5 + 6r(n — 1) = Ty)
=91+ )1+ (=3 +4r)n)a —3(=9 + 8r)n(1 +n)?7> + (=1 + 2r)p(1 +n)’z W
+ 203 4 (1 + ) @)wK2rn(1 + n)* (=1 + 297 + 3n(1 + )27 (Kr3 + 2rp = 2(r — 1)pi?)
+27(=r(1+n)* + (r=1)(n = Dn?) = 9n(1 +n)a(r(=1 +&>r* =) + (r = 1)(1 + n)w?)]
+3P2m(1+ ) (n(1+n) + 22 (=1 +20))7 + 2P (1 + )’z
+187(1 + n)a(=x*r* + (r = 1)(n = D)Ww?) = 3n(1 + )27 (r + &*r* =3 + 11(r — 1)ypi?)
+27(=r(1+n)* + (r= (1 + 139)w?)]},
D; =6(1 = r)r(1 + 1) (=9 +n(1 +n)7)[3 +nl(3 + (1 + n)7)W],
Ny = 2P (1 +n)* BP@w — 9(1 4 ) 72[2 = 2r + (8 = 9r)nlw +nlw(r + 3621 — 3 + 3(=1 + r)ni?)
+ P2r(1 + 26212 =) + (=9 + 10r)y?)] + 81[4 — 4r + (=6 + 5r + 65 — Try)lw —n(13 — 12r + )22
+ Pw(=r(1 +n)> + (=1 4+ r) (=3 +n)pi?)] + n(1 + )Pzt {6x>r 4+ (1 + )W + Tw[r(2n(1 + 1)
+2(=24Tn)) = 2(=1+ (1 +n)i?]} + 3(1 +n)2 @ {=(=2 + r)n(1 +n)W
+ P (r(=1 4+ 322 (=1 +n) 4+ 45+ 57%) = 5(=1 + (1 +n)w?) + 20[r(2n(1 + ) + (=1 + 27))
— (=1 +r=mn(1 + )2} =27(1 +n)z[d = 4r + (r + 4 = 3r) T +Pw(r(1 + 2 4 2220 + 7?)
— (=1 4+ ) (=3 4+ n)gi?) + 22 (r(1 + 27> +57) + (3 = 2r + n)i?)],
Dy =2(1=r)r(1 4+ )3 + (1 + 7)) (=9 + (1 + )7 [3 +5l(3 + (1 +)7)W]. (B5)
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