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in the early universe

Hiroaki W. H. Tahara™ and Tsutomu Kobayashi’
Department of Physics, Rikkyo University, Toshima, Tokyo 171-8501, Japan

® (Received 8 November 2020; accepted 24 November 2020; published 21 December 2020)

We study nanohertz gravitational waves relevant to pulsar timing array experiments from quantum
fluctuations in the early universe with null energy condition (NEC) violation. The NEC violation admits
accelerated expansion with the scale factor a « (—f)™” (p > 0), which gives the tensor spectral index
n,=2/(p+1)>0. To evade the constraint from big bang nucleosynthesis (BBN), we connect the
NEC-violating phase to a subsequent short slow-roll inflationary phase which ends with standard reheating,
and thereby reduce the high-frequency part of the spectrum. An explicit model is constructed within the
cubic Horndeski theory which allows for stable violation of the NEC. We present numerical examples of
the background evolution having the different maximal Hubble parameters (which determine the peak
amplitude of gravitational waves), the different inflationary Hubble parameters (which determine the
amplitudes of high-frequency gravitational waves), and different durations of the inflationary phase (which
essentially determine the peak frequency of the spectrum). We display the spectra with n, = 0.8, 0.9, and
0.95 for f < 1/yr, which are consistent with the recent NANOGrav result. We also check that they do not
contradict the BBN constraint. We discuss how the nearly scale-invariant spectrum of curvature
perturbations is produced in the NEC-violating phase.
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I. INTRODUCTION

The stochastic gravitational wave background is of great
interest of cosmologists and astrophysicists since the
detection of its power spectrum reveals to us high-energy
events and their unknown physics in the early universe.
The power spectrum for f < 10715 Hz is constrained by
experiments of the cosmic microwave background
(CMB), whereas that in the high-frequency range is con-
strained by experiments of pulsar-timing arrays and space/
ground-based interferometers. Recently, the NANOGrav
Collaboration reported that they found a strong preference
for a stochastic common-spectrum process in their 12.5-yr
data set [1], although definitive evidence of quadrupolar
interpulsar correlations [2] is lacked. If the common-spectrum
process is due to supermassive black hole binaries, it would be
the first evidence of their formation and coalescence. Other
possible explanations for the NANOGrav result have been
proposed by recent studies [3-21] from the view point of
cosmic strings [3—6], dark phase transition [7-9], QCD phase
transition [10,11], and second-order gravitational waves from
primordial black holes [12—16], or resonant amplification of
other fields [17,18].

Among a variety of possibilities, in this paper, we discuss
whether it is possible to generate gravitational waves of
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inflationary origin [22] that have amplitudes large enough
to be detected in the nanohertz range with pulsar timing
arrays while evading other observational constraints.
Taking the tensor amplitude and spectral index simply as
parameters, one can derive the region of the parameter
space consistent with the NANOGrav result at f ~ 1/yr
and the Planck limit at f < 107'5 Hz. However, if one
assumes that the gravitational wave energy density Qgw (f)
has a single power-law form with n, ~ 1 up to the high-
frequency end of the spectrum, big bang nucleosynthesis
(BBN) then excludes the entire parameter space [20]. To
explore the inflationary explanation for the NANOGrav
result, we therefore have to resolve the following issues.
First of all, it is difficult to produce such an extremely
blue gravitational wave spectrum directly from inflation.
A blue inflationary gravitational wave spectrum implies
the violation of the null energy condition (NEC), which
usually results in some kinds of instabilities. Even if
stable violation of the NEC were possible, generating an
extremely blue spectrum with n, ~ 1 would be even more
difficult because the Hubble expansion rate that determines
the tensor amplitude is supposed to be nearly constant
during inflation. Furthermore, the spectrum must be less
steep for f = 1/yr to evade the BBN constraint [23].

At the level of the background solution, one can obtain
NEC-violating inflation (superinflation, H > 0) with a
phantom scalar field [24-28] or a k-essence field [29].
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Unfortunately, at the level of linear perturbations, all of these
earlier models are unstable. It was, however, pointed out that
stable violation of the NEC is possible in a consistent
effective field theory [30]. Indeed, Galileon and Horndeski
theories [31-34] admit stable NEC-violating inflation
[35,36]. (See also [37] for a higher-derivative scalar-field
theory admitting a similar super-accelerating phase.) In the
same context, a more radical scenario has been proposed in
which the universe starts expanding from Minkowski
(Galilean genesis) [38]. Variants of the Galilean genesis
scenario are found in [39-52]. Some of these introduce an
NEC-violating phase connected smoothly to a subsequent
quasi—de Sitter inflationary phase [46,48]. See [53] for a
review on NEC violation and its cosmological conse-
quences. An NEC-violating inflationary solution has also
been considered in different contexts such as loop quantum
gravity [54,55].

In the above NEC-violating examples of the early
universe scenarios, gravitational waves originated from
quantum fluctuations of the metric typically have a blue
spectrum. This is because the amplitude of the metric
perturbations is basically given by h;; ~ H/Myp,, where H is
the Hubble parameter at the horizon crossing time (which is
increasing when the NEC is violated) and Mp is the Planck
mass. Note, however, that its increasing rate, H JH?, is
small in quasi—de Sitter inflation and consequently the
tensor spectral index n, is much smaller than one. (See,
e.g., [56,57] for recent analyses of a blue tensor tilt from
slow-roll inflation.) Therefore, the expansion of the early
universe must be accelerating and significantly away from
de Sitter to produce gravitational waves with n, ~ 1. (There
is a possibility that the primordial tensor spectrum is
blue-tilted due to the time variation of the tensor propa-
gation speed [58,59], but its effect can be absorbed entirely
into the time variation of the Hubble parameter in the
Einstein frame [60]. A nonstandard symmetry-breaking
pattern [61-66] and a non-Bunch-Davis initial state [67]
can also yield a blue tensor tilt.)

The purpose of the present paper is to propose an early
universe scenario that can generate large primordial gravi-
tational waves in the nanohertz range and at the same
time is consistent with other observations. Our scenario is
composed of NEC-violating superinflation and a sub-
sequent (relatively short) phase of NEC-preserving slow-
roll inflation. We construct an explicit model within the
cubic Horndeski theory. Our scenario is closely related to,
but different in many aspects from, those in [46,48].

This paper is organized as follows. In the next section,
we give a brief sketch of the scenario. We then present in
more detail the explicit Lagrangian for our model and study
the background cosmological evolution in Sec. III. The
gravitational wave spectrum generated in our model is
presented in Sec. IV. The mechanism for producing scalar
perturbations is discussed in Sec. V. Section VI is devoted
to conclusions.

II. SKETCH OF THE IDEA

Let us begin with introducing our basic idea for gen-
erating an extremely blue tensor spectrum in the early
universe. Our scenario is composed of the following three
phases: an NEC-violating phase, subsequent relatively
short inflation, and (standard) reheating. Each phase is
characterized by the different dynamics of a scalar field in
the potential, as shown schematically in Fig. 1.

The scale factor and the Hubble parameter during the
NEC-violating phase we consider are given, respectively, by

H=2L (1)

a X (_t)_p, l”

where #(<0) is the proper time and p(>0) is a constant.
Clearly, the NEC is violated: H = p/(—1)* > 0. Note that in
this phase the universe undergoes an accelerated expansion,
d/a = p(1+ p)/(=t)* > 0, so that the horizon and flatness
problems are resolved in the same way as in standard quasi—
de Sitter inflation. The amplitude of tensor modes is
basically determined by the Hubble parameter at horizon
crossing. In this NEC-violating phase where H is increasing
with time as in Eq. (1), the tensor spectral index is given by

2

RSk @)

n;
and hence 0 < n, < 2 for p > 0.

The cosmic expansion with H > 0 is caused by a scalar
field having (effectively) negative kinetic energy and
climbing up the potential. It is likely that the curvature
perturbation exhibits ghost/gradient instabilities around
such a background, which indeed occurs in P(¢, (0¢)?)
theory. However, by adding a Galileon-type interaction
term ~(9¢)>0¢ to the Lagrangian, one can stabilize such
an NEC-violating background, as is demonstrated in

Refs. [35,36,38]. We also use this idea to stabilize the
NEC-violating phase.

V(9)
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FIG. 1. The shape of the potential and the dynamics of the
scalar field in our scenario.
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The first phase described above ends when the scalar
field goes over the top of the potential. The Hubble
parameter takes the maximum value H, at that moment.
The scalar field then rolls down the potential and quasi—de
Sitter inflation occurs. This inflationary phase is rather
standard except that its duration is relatively short. The
tensor modes generated during this phase have a nearly flat
spectrum. Finally, the scalar field starts to oscillate around
the bottom of the potential and thereby the reheating
process proceeds in a standard way.

In the next section, we present a concrete model realizing
the entire cosmological evolution of this scenario.

III. MODEL

In this section, we seek for the Lagrangian that admits
the aforementioned early universe scenario within the
following subclass of the Horndeski theory:

M2
L=Gy($.X)=G3(.X)0hp+="R, (3)
where X = —¢*0,¢$0,¢/2. The general background and

perturbation equations in this theory are summarized in the
Appendix.

A. The Lagrangian for the NEC-violating phase

Before investigating the full Lagrangian that is capable
of describing the entire cosmological evolution sketched
in the previous section, let us focus on the Lagrangian just
for the NEC-violating phase. The Lagrangian we consider
for the moment is given by

aMPl
U(¢)

M2
L=""RAPX V() - o XOp. (4)

where

V(p) = U(p) = Uye*?/Mn, Uy = const > 0, (5)
and a and f are dimensionless parameters. In the Horndeski
language, this is obtained by taking G, = X — V(¢) and
G3 = (ZMPIX/U(¢) in Eq (3)

It is straightforward to see from the field equations (A1)—
(A3) that the Lagrangian (4) with (5) admits the desired
NEC-violating solution of the form

_ P _ Mp
n=f pmumnl bl ©

where p >0 and g > 0 are dimensionless parameters
characterizing the solution. These parameters are deter-
mined solely from a and f: p = p(a,f), g = q(a,p).
Compact expressions are obtained if one instead writes o
and f in terms of p and ¢,

FIG. 2. Constant a curves (solid lines) and constant f curves
(dashed lines) in the p-g plane. The two stability conditions are
satisfied in the shaded region.

_2p 2

a 77
g q¢*(1+3p)

p=-2p(2+3p) +§. (7)

Figure 2 shows constant @ and constant # curves in the
p-q plane. For given (a, ), one finds two sets of (p, q)
satisfying p, g > 0.

In order for the NEC-violating background (6) to be
stable, it is required that

Fs=—1+(-1-2p+3p>)q >0, (8)
Gs =2p(1+3p)*¢* =3(1+3p)’q+3>0. (9)

The two conditions are satisfied in the shaded region in
Fig. 2. A stable NEC-violating solution can be found for
a > 0 and # < —10. Note that all solutions with p <1 are
unstable. As we have mentioned above, we have two sets
of (p, q) for given (a, ). It turns out that at least one of
them leads to an unstable background. (Since this unstable
branch typically has p > 1 and ¢ < 1, it is difficult to
judge the stability by seeing Fig. 2.)

B. The full Lagrangian

We have thus seen that the Lagrangian (4) with (5)
admits the NEC-violating solution (6), and there is a
parameter region where the solution is stable against
scalar perturbations. In this subsection, we modify the
Lagrangian (4) so that it can be used to describe the
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subsequent inflation and reheating stages as well as the
NEC-violating phase.
The full Lagrangian is given by

M3 aMp,
L= TPIR +B(p)X = V(¢) - U XOg, (10)
where we now take
U 2 h2
V) = st 1)
} —
B(g) =L+ 1 Lanble(p - )Mol (12)

with U(¢) = Uye?#/Mn. The potential V(¢) is taken so that
V ~ U for negatively large ¢ and V ~ m>¢?/2 for small ¢,
as shown in Fig. 1. Any potential with a similar form is
possible as well, but we use this particular form for
simplicity. The potential peaks at ¢ = ¢, (<0), where

3 24/3 Uy \!/3
- —_M W 5 - 5 ’ 13
¢* ) Pl O(Z) Z 3 <M12,lm2> ( )

with W, being the Lambert W function (the principal
branch of the inverse functions of z = We"). The coef-
ficient of the kinetic term, B(¢), is taken so that B ~ (<0)
for ¢ < ¢, and B ~ 1 for ¢p > ¢,. Here, c is some constant
of O(1)-O(10) whose explicit value is not important.
The sign flip of the kinetic term soon after the end of the
NEC-violating phase is necessary for the subsequent
inflation and reheating stages to be free from ghost
instability. This idea is analogous to what is supposed to
happen at the end of k-inflation [68].

The Lagrangian (10) reduces to Eq. (4) with (5) for
negatively large ¢, giving rise to the NEC-violating
solution (6). The sign of the kinetic term is flipped when
¢ goes over the top of the potential, and inflation then starts
in the potential V ~m?¢?/2 provided that |¢,|> Mp,.
After inflation, reheating occurs in a usual way at the
bottom of the ¢? potential. We thus expect that the scenario
outlined in the previous section is realized by the
Lagrangian (10). This will be demonstrated explicitly by
numerical calculations in the next subsection.

We have four key quantities characterizing our model: p
in the expansion law in the NEC-violating phase, the
maximum value of the Hubble parameter reached at
the end of the NEC-violating phase (denoted by H.,), the
inflationary Hubble scale (hereafter denoted by H;,s), and
the duration of inflation (hereafter denoted by AN ).
These quantities are determined by the four parameters in
the Lagrangian (10) (a, 8, Uy, and m)." As we have already
seen, p is determined by « and f through the relation (7).

'"The parameter ¢ plays essentially no role in the dynamics.

Assuming that the transition from the NEC-violating phase
to inflation is sudden, one can estimate as

3/2
H. ~PVAU0 it _ p\ﬁm (M) S
MP] 2 MPI
m|. |
Hinf ~ P (15)
V6Mp,

where ¢, = ¢,(Uy, m) was already defined in Eq. (13).
In deriving the estimate (14), we used H, ~ p/(—t,) and
¢, ~ Mp In[Mp//qUy(—t,)], where ¢, is the time at the
end of the NEC-violating phase. Finally, a simple textbook

calculation yields
1 /1e.]\?
AN e ~ = .
Nk ~ (MP1

As seen from Eq. (16), we can adjust the number of
e-folds of inflation by shifting the top of the potential ¢..
To demonstrate how ¢, depends on U, it is convenient
to introduce a new parameter ¢, defined as ¢ :=
(1/2)Mp In(Uy/M3,) (Gee., Uy = M e*#o/Mn). The shift
¢o = ¢y + ¢ with ¢ > 0 (¢ < 0) causes left (right) shifting
of U(¢). The Lambert W function W(z) can be approxi-
mated roughly by Wy(z) ~#In(z/Inz) or more crudely
Wo(z) ~Inz for large z > 0. Using the latter approxima-
tion here in Eq. (13), we get ¢, ~—¢o + const. We
typically take ¢o/Mp ~ O(10) to sustain a sufficient
duration of inflation. One might suspect that such a
value of ¢, yielded extremely large U, and the universe
experienced super-Planck scale H. However, since
MAH? S V(h.) = (1/2)m*d3/ (. — M), it is not the
case as long as |¢,| < M3/m. Hereafter, we use ¢y
instead of U,

(16)

C. Numerical results

Let us first affirm that the NEC-violating solution (6) is
an attractor. Figure 3 shows the behavior of the solutions
for (a,p) = (1.09, —12.4) with different initial conditions,
obtained by solving the dynamical equations (A2) and (A3)
11umerically.2 We see that the trajectories converge to either
of the two curves, ¢ V/ge?Mn, with different g. In the
upper left region, the solutions converge to the stable NEC-
violating solution with (p, g) ~ (1.2, 2), while in the lower
right region the solutions converge to the unstable back-
ground with (p, ¢) ~ (6.1, 8.4 x 1073). The two regions of
initial conditions are separated by the “no-go” region (the
shaded region in Fig. 3) where the Friedmann constraint
equation does not have real roots for H. In the following

’The initial value for H is determined from the Friedmann
constraint (A1). We check that the constraint (A1) is satisfied at
each time step.
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FIG. 3. Typical phase-space trajectories. The Friedmann con-

straint does not have real roots for H in the shaded region.
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FIG. 4. Time evolution of ¢, H, Fg, and c2(= Fg/Gs). The
model parameters are chosen as p =3/2 (n, = 0.8), ¢ = 10,
m? = 107°M3, and ¢y = 12Mpy. In the plots, the dashed lines
denote the negative value having the same absolute value.

analysis, we assume that the initial conditions for (¢, 45)
are in the upper left region so that they lead to a stable
NEC-violating universe.

We then investigate the entire evolution numerically.
In Fig. 4, we plot the time evolution of ¢, H, Fg, and
c? == F¢/Gy for the parameter choice p = 3/2 (n, = 0.8),
g =10, m*> =10"°M3,, and ¢y = 12Mp,. In the NEC-
violating phase (0 < Ina < 26.0), we have positive Fy.
Note that H, is as high as O(0.1) x Mp. In the short
decelerating phase (26.0 <lIna < 27.3), Fg becomes

negative, which does not contradict the stability condition
(8) since the system is no longer on the attractor (6).
This point will be discussed shortly. In the inflationary
phase (27.3 <Ina < 67), Fg is approximately given by
—dIn H/dIna, which is positive in an NEC-preserving
universe. At Ina = 67.7, ¢ passes the origin and starts to
oscillate, leading to the expansion of a matter-dominated
universe.

Our numerical result implies a potential drawback of the
present model that it exhibits a gradient instability in the
short intermediate stage between the NEC-violating and
inflationary phases. This is similar to what happens at
the transition from the Galilean genesis phase to inflation
[46], and in fact the appearance of gradient instabilities is
generic to nonsingular cosmological solutions in Galileon/
Horndeski theories [69,70]. In the present case, however,
the instability could in principle be avoidable by more
elaborate choices of the Lagrangian and model parameters,
because the background (1) is singular in the ¢ - —o0
limit® and hence the no-go theorems in [69,70] do not
apply. The instability issue can also be resolved by
introducing “beyond-Horndeski” or higher-order operators
[48,71-73].

IV. GRAVITATIONAL WAVE SPECTRUM

Since we do not consider the scalar field derivatively
coupled to the curvature through the so-called Horndeski
G4(¢.X) and Gs(¢, X) terms, the tensor perturbations /;;
evolve following the same equation as in general relativity.
Their equation of motion is

h:;+2(a’/a)h§j—32h,j :0, (17)
where a prime denotes the derivative with respect to the
conformal time . We move to Fourier space, expand h;;
into the basis of the polarization tensors, and write

R 1
hij(n,x) = 2n) Z
A=+,x

/d3k1~1A(11,l_<')e?j(1;)€"k"?, (18)

where e‘?j 1s transverse, traceless, and normalized as

efell = &), Following the usual quantization procedure,
we obtain the canonically normalized positive frequency
mode in the NEC-violating phase as

NG
e (19)

hy = =nHY (<kn),

where H." is the Hankel function and v := Bp+1)/
2(p + 1). The initial conditions for the tensor perturbations

3Since f ! adt < oo for p > 1, this NEC-violating universe is
past incomplete. In this sense, the present model is as bad as
inflation.
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are set by Eq. (19). In the superhorizon regime, |kn| < 1,
we have

» 221/1'*2
I |ha|? =~ 2(1/) (
My,

2H,
2vu—1

2v-1
) k=% = const,  (20)

where we introduced the constant H,. :== Ha~'/?. From this,
we get the primordial power spectrum of gravitational
waves as

I 22T (v)? [ 2H,
PGW:2'2_”2|hA|2: W) (

2v-1 3o
I—2V
M3 \2v— 1> L (21)
Note that for v = 3/2 this reproduces the usual primordial
power spectrum in de Sitter inflation. From Eq. (21), we see
that the modes which exit the horizon in the NEC-violating
phase have a primordial spectrum with a blue spectral tilt
(2), whereas those which exit the horizon in the subsequent
inflationary phase have an almost flat primordial spectrum
with n, = —2¢(<0), where ¢ is the usual small slow-roll
parameter, € := -H /H?. After reentering the horizon, their
amplitudes decay proportionally to 1/a.
The present energy density spectrum of gravitational
waves is given by

1 (| * + Ay )
Qcw(k) = " ’
2471'2&2H(2)

(22)

and below we show Qg (f) plots, where £ is the comoving
wave number, f is the physical frequency f = k/2xa, and
H, is the Hubble constant. Each spectrum in our model is
typically composed by the three parts: an extremely blue-
tilted spectrum in the low frequency range, wiggles in the
middle frequency range (due to the intermediate decelerat-
ing stage), and a slightly red-tilted spectrum in the high-
frequency range. We plot the energy density spectra for
different values of ¢, in Fig. 5. A larger value of ¢ leads to
a larger number of e-folds, a lower peak frequency, and as a
result larger Qgw (f) on CMB scales. Note in passing that
here and hereafter we assume that the Hubble parameter
at which the reheating process becomes so efficient that the
energy is converted from matter to radiation rapidly, Hg, is
given by Hg = 1078Mp,

Let us study the effects of changing the other parameters
m, q, and p. Since we have |¢,|/Mp ~ O(1 — 10), m is the
only parameter which determines the order of an energy
scale of the slow-rolling phase, although ¢, also has an
implicit logarithmic dependence on m and ¢,. We plot the
energy density spectra for different m in Fig. 6. From
Eq. (14), once we set gm? constant, we get similar values of
H, even with different m. We show energy density spectra
in the case of different m but the same gm? in Fig. 7.

To compare our results with the NANOGrav observation
[1], we parametrize the characteristic strain of gravitational
waves around the reference frequency fy, = 1/yr as

10—22 e
0720
10-13 108 0.001  100.000 107
[ [He]
FIG. 5. Gravitational wave spectra in the cases of ¢po/Mp; = 12

(solid), 10 (left dashed), 8 (left dotted), 6 (right dashed), and 4
(right dotted). The other parameters are the same as in Fig. 4.
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10—]1,
c:]; 10—13
o
S 1009
10717
10-19
10718 10713 108 0.001  100.000 107
[ [Hz]

FIG. 6. Gravitational wave spectra in the cases of m?/M3 =
107° (solid), 10~® (dashed), and 10~'° (dotted). In each spectrum,
we set ¢pg/Mp = 12 +1In (103m/Myp) to have nearly constant
¢... The other parameters are the same as in Fig. 4.

100.000 107

10-8

0.001
[ [Hz]

FIG. 7. Gravitational wave spectra in the cases of m?> = 107>
(dashed), 107 (solid), and 107 (dotted). The parameter ¢ are
taken as gm®> = 10~ in order to produce similar blue-tilted
spectra. The other parameters are the same as in Fig. 4.
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() = Aow (L) 23)

for

which is related to Qgw as Qgw = 27%f2h2/(3H3). The
relation between « and the slope of the cross-power spectral
density y = 3 — 2a is also useful for direct comparison to
the observational implication. Since Qgw(f) « f™ is
observed for the modes which reenter the horizon in
the radiation-dominated era, we get a = (n,—2)/2 =
—p/(p+1) from Eq. (2), if the extremely blue-tilted
gravitational waves from the NEC-violating phase give
rise to the spectrum around f,. In Fig. 8, we plot the
energy density spectra for different values of p. We also
show the sensitivity curves for present and future experi-
ments of pulsar timing arrays and space/ground-based
interferometers. For the plotted spectra, their spectral slopes
and amplitudes are (y,loggAgw) = (4.2,-14.525),
(4.1,-14.542), and (4.05,—14.535), for n, = 0.8, 0.9,
and 0.95, respectively, which are within the 2-¢ posterior
contour for the five frequency power-law model of a
spatially uncorrelated common-spectrum process [1].
Finally, let us discuss the BBN constraint [23,76-79]
in our model. We calculate the total energy density of
gravitational waves for the case with n, = 0.8 in Fig. 8 and

obtain its contribution to the effective number of relativistic
species AN as

Qawh?
ANeffz/dlnf%L:I.3x10‘3. (24)

x 107°

This is much smaller than the upper bound from the BBN
constraint, AN < O(0.1) [80,81]. (The similar bound
also comes from the large scale observations [82,83].)
Since we have the nearly flat part of the spectrum in the
high-frequency range, we can avoid the problem pointed
out by [20], in which a single power-law, blue-tilted
spectrum violates the BBN constraint if it is consistent
with both the CMB constraint and the NANOGrav result.

V. SCALAR PERTURBATIONS

Large-scale curvature perturbations must be generated in
the early universe to account for the observed nearly scale-
invariant spectrum of fluctuations. In our scenario, how-
ever, it cannot be due to the fluctuations of the ¢ field,
because in the NEC-violating phase we have Gy = const
and Fg = const, which means that the curvature perturba-
tion ¢ has a highly blue spectrum with n;, — 1 = n, > 0 and
hence is irrelevant on CMB scales.

1077

1079

10-1

QGW h2

10-13

1015

10-17

| L L L L |

10-10

FIG. 8.

10 1 108
[ [Hz]

Energy density spectra of gravitational waves in the cases of n, = 0.8 (solid), 0.9 (dashed), and 0.95 (dot-dashed), which

correspond to p = 3/2,11/9, and 21 /19, respectively. The other parameters are the same as in Fig. 4. We give the power-law-integrated
sensitivity curves [74] for present and future experiments of pulsar-timing arrays and space/ground-based interferometers. For
comparison with the lower-frequency constraint, we also plot as the gray line the spectrum with n, = 0 and r = 0.07, the upper limit
from the BICEP2/Keck Array and Planck experiments [75], between the frequencies corresponding to multipoles # = 2 and 10.
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To generate nearly scale-invariant curvature perturba-
tions on CMB scales, we need another scalar field. Since
the background in the NEC-violating phase is significantly
away from de Sitter, a minimally coupled scalar field does
not give rise to a scale-invariant spectrum of fluctuations.
We therefore extend the mechanism proposed originally in
the context of the Galilean genesis scenario [38] to a more
general background, and consider a nonminimally coupled
scalar field,

1
SU:/d“x\/—g[—ifyﬂ”@ﬂaaya—]/(a) . (25)
with

(26)

?];w = ezd)/MP]g/w'
The conformally related metric (26) reads more explicitly

Gpdxtdx” = a*(—dp? + dx?), (27)

where

a=eMng o — 28

(=n) 28)
in the NEC-violating phase, irrespective of the value of p.
This means that the nonminimally coupled scalar field ¢
effectively lives in de Sitter, generating a nearly scale-
invariant spectrum. We therefore expect that fluctuations of
the o field are the origin of the observed spectrum of scalar
perturbations. To obtain a more detailed prediction, we
need to investigate the process of converting the fluctua-
tions of ¢ to adiabatic modes, which is model dependent
and deserves further study.

VI. CONCLUSIONS

In this paper, we have explored the possibility to
generate nanohertz gravitational waves consistent with
both of the CMB and BBN constraints. We investigated
the scenario which results in an extremely blue-tilted
spectrum appropriate for the CMB constraint at f <
10715 Hz and the NANOGrav result at f ~ 1/yr and a
(nearly) flat spectrum for f > 1/yr to evade the BBN
constraint. To produce an extremely blue spectrum, we
considered an NEC-violating phase in the early universe
undergoing the (super-)accelerated expansion with a «
(=1)? (p > 0), in which the tensor spectral index n, > 0
is related to the power-law index p as in Eq. (2). To obtain a
flat spectrum in a high-frequency range, we examined
the scenario in which slow-roll inflation follows after the
NEC-violating phase and ends with standard reheating, as
sketched out in the potential of Fig. 1.

In Sec. III, we proposed a successful model in the cubic
Horndeski theory. First, we gave the minimal action (4)

which can cause a stable NEC-violating phase. We obtained
the relation between the model parameters (@, ) and the
solution parameters (p,q) in Eq. (7), and the stability
condition in terms of (p, ¢) in Egs. (8) and (9). From these
conditions, we found that a solution with p <1 is always
unstable within our model, while stable solutions with p > 1
are indeed possible. We expect that a stable model with
p <1 can be realized by adding other higher-order terms in
the action, but the analysis would be more complicated.
Next, we assume that the potential and the coefficient of
the kinetic term are given by Eq. (12), which changes the
field dynamics for ¢ > ¢,, connecting the NEC-violating
phase to the subsequent inflationary phase. The phenom-
enological parameters (H,, H,;, AN ) are estimated in
Egs. (14)—(16), enabling us to design the gravitational wave
spectrum. In Fig. 4, we numerically gave the typical time
evolution of the background and showed that a gradient
instability occurs in the intermediate decelerating phase. We
have discussed that this issue can be resolved by higher-order
operators such as in beyond-Horndeski theories [48,71-73].

In Sec. IV, we have presented the gravitational wave
spectrum (22) in our model with different parameter
choices. As is expected, those spectra are composed of
the blue-tilted part and the nearly flat part, of which
amplitudes can be controlled almost independently of each
other. We gave gravitational wave spectra with n, = 0.8,
0.9, and 0.95 for f < 1/yr in Fig. 8, which are consistent
with the recent NANOGrav result [1]. We found that thanks
to the flat part of the spectrum we are no longer bothered by
the BBN bound and this flat part is possibly detected by
future space/ground-based observations. In Sec. V, we
discussed how the nearly scale-invariant scalar perturba-
tions observed by CMB experiments are produced by
introducing another nonminimally coupled scalar field
(10) which effectively lives in de Sitter even in the
NEC-violating phase.

In summary, we have obtained an explicit early universe
model that can yield an extremely blue gravitational wave
spectrum peaking at f ~ 1/yr explored by pulsar timing
arrays, while being consistent with other observational
constraints.
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APPENDIX: GENERAL BACKGROUND AND
PERTURBATION EQUATIONS FOR THE CUBIC
HORNDESKI THEORY

We replicate the background and perturbation
equations for cubic Horndeski cosmology based on the
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Lagrangian (3). The results are well known in the literature
(see Refs. [33,35,36]).

The background equations for the metric ds*> = —dr* +
a*(t)dx? and the scalar field ¢ = ¢(¢) are given by

3MyH? = 2XGoy — Gy + 6HX(pGsy — 2XGsy,  (Al)

—M%IH :XGQX + 3HX¢G3X _X(2G3¢ +$G3X)’ (A2)
1d, - '
= [ (¢pGox + 6HXGsy — 2:Gay)]
= Gy — 2X(Gsyy + $G3¢x)- (A3)

Since ¢ is minimally coupled to the curvature tensor,
the equation for tensor modes, /;;(,X), is the same as the
standard one known in general relativity. The quadratic
action for the curvature perturbation in the unitary gauge,
{(1,X), is given by

sP = mp, / did3xa® [gséjz—ﬁ(é‘c:)z} (A4)

a2

where
a
Gs = ——< . ) ~1, A5
T adt \H - §XGay /M3, )
)y
fS — 0 EVE (A6)
(H — $pXGsx/Mp,)
with
M2E = XG,yx + 2X*Gayx + 6HPXGsy
+ 6HPX*Gaxx — 2X Gy — 2X*Gayx
+ 6X3Gy /M3, (A7)

The background under consideration is stable if Gg > 0
and C% = fs/gs > 0.
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