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We study Wigner equations for massless spin-1=2 charged fermions at global equilibrium in static and
uniform vorticity and electromagnetic fields. The Wigner functions can be solved order by order from
Wigner equations through the power expansion of the vorticity and electromagnetic fields. The
nondissipative charge currents and the stress tensor up to the second order can be obtained from Wigner
functions. The charge and energy densities and the pressure have contributions from vorticity and
electromagnetic fields at the second order. The vector and axial Hall currents can be induced along the
direction orthogonal to vorticity and electromagnetic fields at the second order. We also find that the trace
anomaly emerges naturally in renormalization of the stress tensor by including quantum corrections from
electromagnetic fields.
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I. INTRODUCTION

It is well known in classical electrodynamics that the
electromagnetic field can generate electric currents, such as
Olm’s current from electric fields or Hall’s current from
magnetic fields. There are also currents from quantum
effects that attract broad interest in high energy nuclear
physics and condensed matter physics. One example is
chiral anomaly, a pure quantum effect, in which currents
along the external magnetic field can be induced; it is called
the chiral magnetic effect (CME) [1–3]. The vorticity in an
ideal fluid behaves like a magnetic field. Similar to CME,
the vorticity can induce the electric current in a charged
fluid of massless fermions, which is called the chiral
vortical effect (CVE) [4–7]. In addition to CME and
CVE, chiral currents can also be generated by vorticity
and magnetic fields, these are called the chiral separate
effect (CSE) [8,9] or the local polarization effect (LPE)
[10]. Theoretical studies of these effects have been carried

out within a variety of approaches, such as AdS=CFT
duality [11–20], relativistic hydrodynamics [21–24], quan-
tum field theory [2,3,25–35], and chiral kinetic theories
[10,36–49].
From the point of view of hydrodynamics, these anoma-

lous currents are nondissipative without entropy production
and they all appear at the first order in space-time
derivatives. It has been shown [50–55] that the relativistic
hydrodynamical equations with only first order term are
acausal and unstable. This issue can be repaired by
including second order terms. We also need to include
higher order contributions when vorticity or electromag-
netic fields are strong enough. This is the case in high
energy heavy ion collisions, in which both strong magnetic
fields [56–58] and vorticity fields [59–65] are generated in
noncentral collisions. There have been already some earlier
attempts to study transport phenomena at the second order
in chiral systems including second order hydrodynamics
with reversal invariance [24], Kubo formula or diagram-
matic methods from the quantum field theory [66–69],
chiral kinetic theories [70–73], and equilibrium partition
functions or AdS=CFT dualities [74–77].
The Lorentz covariant and gauge invariant quantum

transport theories [78–81] based on Wigner functions
can be derived from quantum field theory and are expected
to include all quantum corrections. In previous works
[10,82] by some of us, a power expansion in space-time
derivatives and weak fields for Wigner functions of chiral
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fermions was proposed near equilibrium. It turns out that
the Wigner function formalism is successful to reproduce
first order currents in CME, CVE, CSE, and LPE. In this
paper, we will use the power expansion method to derive
second order nondissipative charge currents and energy-
momentum tensor in a noninteracting fluid. The novelty of
nondissipative currents is that they are present in global
equilibrium. This provides a unique shortcut to investigate
these effects because the calculation will be greatly
simplified in global equilibrium. However in order to arrive
at nontrivial global equilibrium, we must choose static and
uniform vorticity and electromagnetic fields. Besides, we
will neglect the fermion mass (chiral limit) and make chiral
limit, which is valid when the temperature is much greater
than the particle’s static mass.
In Sec. II, we give a brief overview of the Wigner

function formalism for a chiral fermion system. In
Sec. III, we solve the equations for the covariant
Wigner function at global equilibrium with static and
uniform vorticity and electromagnetic fields by using
the method of Refs. [10,48,82,83]. We give the simplest
solution to the Wigner function up to the second order
of the vorticity and electromagnetic field. In Secs. IV
and V, we present the induced vector and axial currents
and energy-momentum tensor up to the second order. It
can be verified that the charge (vector current) con-
servation and the anomalous conservation of axial
current hold automatically. There is no infrared and
ultraviolet divergence for the vector and axial charges.
For the energy-momentum tensor at the second order,
the contribution from the vorticity only and that from
the vorticity and electromagnetic field are both finite,
while the contribution from the electromagnetic field has
logarithmic ultraviolet divergence when the Dirac sea or
vacuum contribution is included. With a proper dimen-
sion regularization, we obtain the results that satisfy the
energy-momentum conservation. Especially, after we
renormalize the stress tensor by including the quantum
correction from the electromagnetic field, the trace
anomaly emerges naturally. In Sec. VI, we verify the
conservation of the electric charge and the energy
momentum as well as the anomalous conservation of
the axial charge. In Sec. VI, we extend the special
solution to general ones and compare with previous
results obtained in Ref [68,69]. A summary of our
results is made in Sec. VIII.
We use the convention for the metric tensor gμν ¼

diagð1;−1;−1;−1Þ and the Levi-Civita tensor ϵ0123 ¼ 1.
For notational simplicity, the electric charge of the fermion
is absorbed into the vector potential Aμ.

II. WIGNER FUNCTION FORMALISM

The Wigner function Wðx; pÞ for Dirac fermions is a
4 × 4 matrix and is defined as the ensemble average of the
Wigner operator [78–80],

Wαβðx;pÞ ¼
Z

d4y
ð2πÞ4 e

−ip·y

×
�
ψ̄ β

�
xþ y

2

�
U
�
xþ y

2
; x−

y
2

�
ψα

�
x−

y
2

��
;

ð2:1Þ

where U denotes the gauge link along the straight line
between x − y=2 and xþ y=2,

U

�
xþ y

2
; x −

y
2

�
≡ Exp

�
−i

Z
xþy=2

x−y=2
dzμAμðzÞ

�
: ð2:2Þ

We will restrict ourselves to a system of chiral fermions
without collisions in a constant external electromagnetic
field Fμν in space and time, i.e., ∂λFμν ¼ 0, hence we have
removed the path ordering of the gauge link. The Wigner
equation for chiral fermions in a constant electromagnetic
field is given by [80]

γμ

�
pμ þ i

2
∇μ

�
Wðx; pÞ ¼ 0; ð2:3Þ

where γμ are Dirac matrices, and ∇μ ≡ ∂μ
x − Fμν∂p

ν with
∂xð∂pÞ is the derivative with respect to xðpÞ. Since the
Wigner equation is derived from the Dirac equation, the
bilinear operator in the Wigner function should not be
normal ordered. It has been demonstrated in Ref. [84] that
this feature plays a central role to give rise to the chiral
anomaly in quantum kinetic theory. We can decompose the
Wigner function in terms of 16 independent generators of
the Clifford algebra,

W ¼ 1

4

�
F þ iγ5P þ γμVμ þ γ5γμAμ þ

1

2
σμνSμν

�
; ð2:4Þ

where we have suppressed arguments of the Wigner
function for notational simplicity.
For chiral fermions, it is more convenient to define the

chiral component

J μ
s ≡ 1

2
ðVμ þ sAμÞ; ð2:5Þ

with s ¼ þ1 and −1 corresponding to the right-hand and
left-hand component, respectively. Substituting Esq. (2.4)
and (2.5) into Eq. (2.3), we find that the right-hand or left-
hand component are decoupled from other components and
satisfy

∇μJ
μ
s ¼ 0; ð2:6Þ

pμJ
μ
s ¼ 0; ð2:7Þ

pμJ sν − pνJ sμ ¼ −
s
2
ϵμνρσ∇ρJ σ

s : ð2:8Þ
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We will suppress the subscript s in Sec. III for notational
simplicity and recover it in Sec. IV.

III. WIGNER FUNCTION NEAR
EQUILIBRIUM

We assume that both the space-time derivative ∂x and the
field strength Fμν in the operator ∇μ are small variables of
the same order and play the role of expansion parameters.
We solve the Wigner equation by the covariant perturba-
tion method developed in Refs. [10,48,83] and present
the solution near equilibrium up to the second order in ∂x
and Fμν. In fact, this expansion is equivalent to an
expansion in the Planck constant ℏ (or the semiclassical
expansion) because ℏ always comes with ∇μ. According
to the perturbation method, the Wigner function can be
obtained order by order,

J μ ¼ J ð0Þ
μ þ J ð1Þ

μ þ J ð2Þ
μ þ � � � ; ð3:1Þ

where the superscripts ð0Þ; ð1Þ;… denote the orders of the
power in the expansion. Substituting this expansion into
Wigner equations from (2.6) to (2.8) and requiring that the

equations hold order by order. The equations for J ðnÞ
μ with

n > 0 read

∇μJ ðnÞμ ¼ 0; ð3:2Þ

pμJ ðnÞμ ¼ 0; ð3:3Þ

pμJ
ðnÞ
ν − pνJ

ðnÞ
μ ¼ −

s
2
ϵμνρσ∇ρJ ðn−1Þσ: ð3:4Þ

If we define J ð−1Þσ ¼ 0, Eq. (3.4) also works for n ¼ 0.
When we contract both sides of Eq. (3.4) with pν, we have

p2J ðnÞ
μ ¼ s

2
ϵμνρσpν∇ρJ ðn−1Þσ; ð3:5Þ

where we have used Eq. (3.3). Hence the general form of

J ðnÞ
μ is

J ðnÞ
μ ¼ JðnÞμ δðp2Þ þ s

2p2
ϵμνρσpν∇ρJ ðn−1Þσ; ð3:6Þ

where JðnÞμ is nonsingular at p2 ¼ 0. This expression is an
iterative equation connecting the nth order solution with the
(n − 1)th order one. The constraint condition (3.3) gives

pμJðnÞμ δðp2Þ ¼ 0: ð3:7Þ

In general, we can decompose JðnÞμ into two parts

JðnÞμ ðx; pÞ ¼ pμfðnÞðx; pÞ þ XðnÞ
μ ðx; pÞ; ð3:8Þ

where the first term satisfies Eq. (3.7) automatically due to
p2δðp2Þ ¼ 0 and the second term is assumed to satisfy

pμXðnÞ
μ ¼ 0 when there is no mass-shell constraint.

It is straightforward to write down the zeroth order
solution,

J ð0Þ
μ ðx; pÞ ¼ pμfðx; pÞδðp2Þ; ð3:9Þ

without Xð0Þ
μ component. We note that in the above

expression we have suppressed the superscript (0) in f
because we will set all higher order contributions fðnÞ for
n ≥ 1 vanish before Sec. VII in which all possible solutions
for fð1Þ and fð2Þ will be discussed. Substituting the
expression (3.9) into Eq. (3.2) with n ¼ 0 gives the kinetic
equation at the zeroth order

δðp2Þpμ∇μfðx; pÞ ¼ 0: ð3:10Þ

Since we try to obtain the solution near equilibrium, at the
zeroth order we can choose f as the Fermi-Dirac distribu-
tion function,

f ¼ 1

4π3
1

eβ·p−μ̄s þ 1
; ðp0 > 0Þ; ð3:11Þ

f ¼ 1

4π3

�
1

e−β·pþμ̄s þ 1
− 1

�
; ðp0 < 0Þ; ð3:12Þ

where

βμ ≡ βuμ ¼ uμ

T
; μ̄s ≡ μs

T
¼ μ̄þ sμ̄5; μ̄ ¼ μ

T
; μ̄5 ¼

μ5
T
;

ð3:13Þ

with u being the fluid four-velocity, T the temperature, μs
the right-hand/left-hand chemical potential, μ the vector
chemical potential, and μ5 the axial chemical potential. We
can always introduce the axial chemical potential in the
zeroth order solution for chiral fermions because the axial
current is always conserved when there is no electromag-
netic field at the zeroth order. Actually we can even
introduce the axial chemical potential when the electro-
magnetic field is present because we can redefine the
conserving axial current by absorbing the Chern-Simons
current. The total current is conserved and we can introduce
the chemical potential corresponding to this conserved
charge. In the solution given in Eqs. (3.11) and (3.12), we

see that J ð0Þ
μ ðx; pÞ or fðx; pÞ depends on x only through

uðxÞ, TðxÞ, μðxÞ and μ5ðxÞ. The Dirac sea (or vacuum)
contribution −1 in the antiparticle distribution [85,86] is
indispensable because there is no normal ordering in the
definition of the Wigner function (2.1). With the distribu-

tion (3.11) and (3.12), the Wigner function J ð0Þ
μ is in the

form
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J ð0Þ
μ ¼ pμ

4π3

�
1

eβ·p−μ̄s þ 1

δðp0 − jpjÞ
2jpj þ

�
1

e−β·pþμ̄s þ 1
− 1

�
δðp0 þ jpjÞ

2jpj
�
: ð3:14Þ

Inserting Eqs. (3.11) or (3.12) into the kinetic equation (3.10) we obtain

δðp2Þpμ∇μf ¼ δðp2Þ f0
�
1

2
pμpνð∂μβν þ ∂νβμÞ − pμ∂μμ̄ − pμFμνβ

ν − spμ∂μμ̄5

�
¼ 0; ð3:15Þ

where we have used the shorthand notation f0 ≡ ∂f=
∂ðβ · pÞ. It is obvious that when the constraint conditions

∂μβν þ ∂νβμ ¼ 0; ð3:16Þ
∂μμ̄þ Fμνβ

ν ¼ 0; ð3:17Þ
∂μμ̄5 ¼ 0; ð3:18Þ

are all satisfied, the Wigner function (3.9) with (3.11) and
(3.12) are indeed the solution to Eq. (3.10). These con-
ditions are actually global equilibrium conditions for
the system under static and uniform vorticity and electro-
magnetic fields. General solutions to these constraint
conditions are

βμ ¼ −Ωμνxν; ð3:19Þ

μ̄ ¼ −
1

2
FμλxλΩμνxν þ c; ð3:20Þ

μ̄5 ¼ c5; ð3:21Þ

together with the integrability condition

Fλ
μΩνλ − Fλ

νΩμλ ¼ 0; ð3:22Þ

where Ωμν and c5=c are constant antisymmetric tensor and
constants, respectively. The integrability condition is ob-
tained by differentiating both sides of Eq. (3.17) with ∂ν

and applying the commutativity of partial derivatives

∂ν∂μμ̄ ¼ ∂μ∂νμ̄ ⇒ Fμλ∂νβ
λ ¼ Fνλ∂μβ

λ; ð3:23Þ

which leads to the condition (3.22) directly with Eq. (3.19).
It should be noted that Ωμν is nothing but the thermal
vorticity tensor of the fluid

Ωμν ¼
1

2
ð∂μβν − ∂νβμÞ: ð3:24Þ

Substituting the zeroth order solution (3.9) into Eq. (3.6)
with n ¼ 1 gives rise to the first order solution

J ð1Þ
μ ¼ Jð1Þμ δðp2Þ þ s

2p2
ϵμνρσpν∇ρJ ð0Þσ;

¼ Xð1Þ
μ δðp2Þ þ sF̃μνpνfδ0ðp2Þ; ð3:25Þ

where we have dropped the term proportional to pμδðp2Þ
and used F̃μν ¼ ð1=2ÞϵμνρσFρσ and δ0ðxÞ ¼ −ð1=xÞδðxÞ.
The unknown Xð1Þ

μ can be further constrained by inserting
Eq. (3.25) into Eq. (3.4)

ðpμX
ð1Þ
ν − pνX

ð1Þ
μ Þδðp2Þ ¼ s

2
ϵμνλρpλ∇ρfδðp2Þ;

¼ −
s
2
ðpμΩ̃νλpλ − pνΩ̃μλpλÞf0δðp2Þ; ð3:26Þ

where Ω̃μν ¼ ð1=2ÞϵμνρσΩρσ. In order to arrive at the last
equation, we have used the specific distribution (3.11)–
(3.12) and conditions (3.16)–(3.18). Obviously, from the
equation above, we can set

Xð1Þ
μ ¼ −

s
2
Ω̃μλpλf0; ð3:27Þ

which results in

J ð1Þ
μ ¼ −

s
2
Ω̃μλpλf0δðp2Þ þ s

2
ϵμνρσpνFρσfδ0ðp2Þ: ð3:28Þ

Under global equilibrium conditions (3.16)–(3.18), it is

straightforward to verify that above J ð1Þ
μ given above

automatically satisfies Eq. (3.2) with n ¼ 1. This means
that Eq. (3.28) is indeed the solution of the first order under
global equilibrium conditions.
Now let us turn to the second order solution that has not

been considered before. Similar to the way how we obtain
the first order solution from the zeroth order, the second
order solution can be given by the iterative equation (3.6)
with the first order solution (3.28),

J ð2Þ
μ ¼ Jð2Þμ δðp2Þ þ s

2p2
ϵμνρσpν∇ρJ ð1Þσ;

¼ Xð2Þ
μ δðp2Þ þ 1

4p2
ðpμΩγβpβ − p2ΩγμÞΩγλpλf00δðp2Þ

þ 2

p6
ðpμFγβpβ − p2FγμÞFγλpλfδðp2Þ

þ 1

p4
ðpμFγβpβ − p2FγμÞΩγλpλf0δðp2Þ: ð3:29Þ

Here Xð2Þ
μ can be constrained by inserting Eq. (3.29) into

Eq. (3.4) with n ¼ 2. It turns out that
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ðpμX
ð2Þ
ν − pνX

ð2Þ
μ Þδðp2Þ ¼ 0; ð3:30Þ

which leads to Xð2Þ
ν ¼ 0, where we have used conditions

(3.16)–(3.18) once again to arrive at the final result. Now
we finally obtain the second order solution

J ð2Þ
μ ¼ −

1

4
ΩγμΩγλpλf00δðp2Þ − 1

4
pμΩγβpβΩγλpλf00δ0ðp2Þ

þ FγμΩγλpλf0δ0ðp2Þ þ 1

2
pμFγβpβΩγλpλf0δ00ðp2Þ

− FγμFγλpλfδ00ðp2Þ − 1

3
pμFγβpβFγλpλfδ000ðp2Þ;

ð3:31Þ

where we have used the identity

p6δ000ðp2Þ ¼ −3p4δ00ðp2Þ ¼ 6p2δ0ðp2Þ ¼ −6δðp2Þ:
ð3:32Þ

IV. VECTOR AND AXIAL CURRENTS

Once we have the Wigner function in phase space, the
right-handed or left-handed current can be obtained directly
by integrating corresponding components of the Wigner
function over the four momentum

jμs ¼
Z

d4pJ μ
s ; ð4:1Þ

where we have recovered the chirality index s. The vector
and axial currents are given by

jμ ¼ jμþ1 þ jμ−1; jμ5 ¼ jμþ1 − jμ−1: ð4:2Þ
Note that the vector current can also be called the fermion
number or charge current, while the axial current can also
be called the chiral charge or chiral current. The results for
the zeroth and first order current are well known

jð0Þμs ¼ nsuμ; ð4:3Þ

jð1Þμs ¼ ξsω
μ þ ξBsBμ; ð4:4Þ

where ns is the fermion number density, and ξs and ξBs are
transport coefficients associated with CVE and CME,
respectively, in the right-handed and left-handed current
jμs . They are given by

ns ¼
μs
6π2

ðπ2T2 þ μ2sÞ; ð4:5Þ

ξs ¼
s

12π2
ðπ2T2 þ 3μ2sÞ; ð4:6Þ

ξBs ¼
s

4π2
μs: ð4:7Þ

In the zeroth order result ns, we have dropped the infinite
vacuum contribution. In Eq. (4.3) the vorticity vector ωμ

and the magnetic field vector Bμ are defined from the
decomposition

Fμν ¼ Eμuν − Eνuμ þ ϵμνρσuρBσ; ð4:8Þ

TΩμν ¼ εμuν − ενuμ þ ϵμνρσuρωσ; ð4:9Þ

with

Eμ ¼ Fμνuν; Bμ ¼ F̃μνuν ¼
1

2
ϵμναβuνFαβ; ð4:10Þ

εμ ¼ TΩμνuν; ωμ ¼ TΩ̃μνuν ¼
1

2
ϵμναβuν∂x

αuβ: ð4:11Þ

Similar to the electric or magnetic component of Fμν, it is
convenient to name εμ and ωμ as the electric vorticity and
the magnetic vorticity, respectively. It follows that the
vector and axial current are given by

jð0Þμ ¼ nuμ; ð4:12Þ

jð1Þμ ¼ ξωμ þ ξBBμ; ð4:13Þ

jð0Þμ5 ¼ n5uμ; ð4:14Þ

jð1Þμ5 ¼ ξ5ω
μ þ ξB5Bμ; ð4:15Þ

with

n¼ μ

3π2
ðπ2T2þ μ2þ 3μ25Þ; n5 ¼

μ5
3π2

ðπ2T2þ 3μ2þ μ25Þ;

ξ¼ μμ5
π2

; ξB ¼
μ5
2π2

; ξ5 ¼
1

6π2
½π2T2þ 3ðμ2þμ25Þ�;

ξB5 ¼
μ

2π2
: ð4:16Þ

where n and n5 are the fermion number (charge) and chiral
charge density, respectively, and ξ, ξB, ξ5, and ξB5 are well-
known anomalous transport coefficients associated with
CVE, CME, LPE, and CSE, respectively.
The second order current can be obtained by integrating

Eq. (3.31) over the four momentum,
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jð2Þμs ¼ −
1

4
ΩγμΩγλuλ

Z
d4pðu · pÞf00sδðp2Þ − 1

4
uμuβuλΩγβΩγλ

Z
d4pðu · pÞ3f00sδ0ðp2Þ

−
1

12
ðΔμβuλ þ Δμ

λuβ þ Δλ
βuμÞΩγβΩγλ

Z
d4pðu · pÞp̄2f00sδ0ðp2Þ

þ FγμΩγλuλ
Z

d4pðu · pÞf0sδ0ðp2Þ þ 1

2
uμuβuλFγβΩγλ

Z
d4pðu · pÞ3f0sδ00ðp2Þ

þ 1

6
ðΔμβuλ þ Δμ

λuβ þ Δλ
βuμÞFγβΩγλ

Z
d4pðu · pÞp̄2f0sδ00ðp2Þ

− FγμFγλuλ
Z

d4pðu · pÞfsδ00ðp2Þ − 1

3
uμuβuλFγβFγλ

Z
d4pðu · pÞ3fsδ000ðp2Þ

−
1

9
ðΔμβuλ þ Δμ

λuβ þ Δλ
βuμÞFγβFγλ

Z
d4pðu · pÞp̄2fsδ000ðp2Þ: ð4:17Þ

In the above equation we have used following moment identities

Z
d4ppλY ¼ uλ

Z
d4pðu · pÞY; ð4:18Þ

Z
d4ppμpβpλY ¼ uμuβuλ

Z
d4pðu · pÞ3Y þ 1

3
ðΔμβuλ þ Δμλuβ þ ΔλβuμÞ

Z
d4pðu · pÞp̄2Y; ð4:19Þ

where Y can be any scalar functions of u · p and p2,Δμν ¼ gμν − uμuν, and p̄μ ¼ Δμνpν. Using the decomposition (4.8) and

(4.9), jð2Þs;μ can be put into the form

jð2Þμs ¼ uμðε2 þ ω2Þ 1
6

Z
d4pðu · pÞp̄2f00sδ0ðp2Þ

− ϵγμρσερuσωγ

Z
d4pðu · pÞf00s

�
1

6
p̄2δ0ðp2Þ þ 1

4
δðp2Þ

�

− uμðε · Eþ ω · BÞ 1
3

Z
d4pðu · pÞp̄2f0sδ00ðp2Þ

þ ϵγμρσEρuσωγ

Z
d4pðu · pÞf0s

�
1

3
p̄2δ00ðp2Þ þ δ0ðp2Þ

�

þ uμðE2 þ B2Þ 2
9

Z
d4pðu · pÞp̄2fsδ000ðp2Þ

− ϵγμρσuρBσEγ

Z
d4pðu · pÞfs

�
2

9
p̄2δ000ðp2Þ þ δ00ðp2Þ

�
: ð4:20Þ

After completing integrals in Eq. (4.20), we obtain second order currents

jð2Þμs ¼ −
μs
4π2

ðε2 þ ω2Þuμ − 1

8π2
ðε · Eþ ω · BÞuμ − Cs

24π2
ðE2 þ B2Þuμ

−
1

8π2
ϵμνρσuνEρωσ −

Cs

12π2
ϵμνρσuνEρBσ; ð4:21Þ

where

Cs ¼
1

T

Z
∞

0

dp0

p0

�
ep0=T−μ̄s

ðep0=T−μ̄s þ 1Þ2 −
ep0=Tþμ̄s

ðep0=Tþμ̄s þ 1Þ2
�
: ð4:22Þ

It is obvious that Cs is an odd function of μ̄s. When jμ̄sj ≪ 1 or at high temperature limit, we can expand the integrand in
Eq. (4.22) in serials and work out the integral analytically
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Cs ¼ −
14ζ0ð−2Þμs

T2
≈
0.4263μs

T2
: ð4:23Þ

When jμ̄sj ≫ 1 or at low temperature limit, we can approximate the Fermi-Dirac distribution function by a step function
Θð�μs − p0Þ and obtain the analytic result

Cs ¼
1

μs
: ð4:24Þ

From Eq. (4.21) the vector and axial current are given by

jð2Þμ ¼ −
μ

2π2
ðε2 þ ω2Þuμ − 1

4π2
ðε · Eþ ω · BÞuμ − C

12π2
ðE2 þ B2Þuμ

−
1

4π2
ϵμνρσuνEρωσ −

C
6π2

ϵμνρσuνEρBσ; ð4:25Þ

jð2Þμ5 ¼ −
μ5
2π2

ðε2 þ ω2Þuμ − C5

12π2
ðE2 þ B2Þuμ − C5

6π2
ϵμνρσuνEρBσ; ð4:26Þ

with

C ¼ 1

2
ðCþ1 þ C−1Þ; C5 ¼

1

2
ðCþ1 − C−1Þ: ð4:27Þ

When jμsj ≪ T, we have

C ¼ −
14ζ0ð−2Þμ

T2
≈
0.4263μ

T2
; C5 ¼ −

14ζ0ð−2Þμ5
T2

≈
0.4263μ5

T2
: ð4:28Þ

When jμsj ≫ T, we have

C ¼ μ

ðμ2 − μ25Þ
; C5 ¼ −

μ5
ðμ2 − μ25Þ

: ð4:29Þ

Now we look closely at the vector current (4.25). The
first line of (4.25) indicates that the charge density is
modified by quadratic terms ε2, ω2, E2, B2, ε · E, and ω · B.
The second line of (4.25) are the Hall currents induced
along the direction orthogonal to both Eμ and ων or that
orthogonal to both Eμ and Bν in the comoving frame of the
fluid cell. It is interesting to observe that there is no Hall
current induced by εμ andων. It should be clarified here that
the mixed Hall current ϵμνρσuνEρωσ is actually identical to
ϵμνρσuνερBσ in this paper due to the integrability condition
(3.22), which is equivalent to

ϵμνρσðEρωσ − ερBσÞ ¼ 0 and ϵμνρσðEρεσ þ ωρBσÞ ¼ 0:

ð4:30Þ

For the axial current, the first and second terms in (4.26)
indicate that the axial charge density gets modified by
quadratic terms ε2, ω2, E2, andB2 but not frommixed terms
ε · E and ω · B due to the symmetry which is different from
the charge density. The last term in (4.26) is the axial Hall
current generated by Eμ and Bν only, but not by Eμ and ων

or εμ and Bν, which is also different from the vector current.
Like the charge current, there is no axial Hall current from
εμ and ων.

V. ENERGY-MOMENTUM TENSOR

In the Wigner function formalism, the stress or energy-
momentum tensor can be from the vector component as

Tμν ¼
Z

d4pVμpν ¼
Z

d4pðJ μ
þ1 þ J μ

−1Þpν: ð5:1Þ

Note that this is the canonical definition and is not
necessarily symmetric. The results for the stress tensor
of the right-handed or left-handed part at the zeroth and first
order are

Tð0Þμν
s ¼

Z
d4pJ ð0Þμ

s pν ¼ uμuνρs −
1

3
Δμνρs; ð5:2Þ

Tð1Þμν
s ¼

Z
d4pJ ð1Þμ

s pν;

¼ snsðuμων þ uνωμÞ

þ ξs
2
ðuμBν þ uνBμ − ϵμναβuαEβÞ

−
sns
2

ðuμων − uνωμ þ ϵμναβuαεβÞ; ð5:3Þ
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where ns and ξs in T
ð1Þμν
s are given by Eqs. (4.5), (4.6), and

the energy density ρs in Tð0Þμν
s is

ρs ¼
T4

2π2

�
7

60
π4 þ 1

2
π2μ̄2s þ

1

4
μ̄4s

�
; ð5:4Þ

where we have dropped the infinite vacuum energy density.
After taking a sum of the right-handed and left-handed
contributions, we obtain the total energy-momentum tensor

Tð0Þμν ¼ Tð0Þμν
þ1 þ Tð0Þμν

−1 ¼ ρuμuν −
1

3
ρΔμν; ð5:5Þ

Tð1Þμν ¼ Tð0Þμν
þ1 þ Tð0Þμν

−1 ;

¼ n5ðuμων þ uνωμÞ þ ξ

2
ðuμBν þ uνBμ − ϵμναβuαEβÞ

−
n5
2
ðuμων − uνωμ þ ϵμναβuαεβÞ; ð5:6Þ

where n and ξ in Tð1Þμν are given by Eq. (4.16), and the
energy density in Tð0Þμν is

ρ ¼ T4

4π2

�
7

15
π4 þ 2π2ðμ̄2 þ μ̄25Þ þ μ̄4 þ 6μ̄2μ̄25 þ μ̄45

�
:

ð5:7Þ

Now let us compute the stress tensor at the second order.
We decompose the stress tensor into three parts,

Tð2Þμν
s ¼ Tð2Þμν

s;vv þ Tð2Þμν
s;ve þ Tð2Þμν

s;ee ; ð5:8Þ

which “v” means the vorticity and “e” means the electro-
magnetic field, so these three terms are coupling terms of
the vorticity-vorticity, vorticity-electromagnetic-field, and
electromagnetic-field-electromagnetic-field, respectively.
These terms are given by

Tð2Þμν
s;vv ¼ −

1

4
Ωγ

βΩγλ

Z
d4ppμpνpβpλf00δ0ðp2Þ − 1

4
ΩγμΩγλ

Z
d4ppνpλf00δðp2Þ; ð5:9Þ

Tð2Þμν
s;ve ¼ 1

2
Fγ

βΩγλ

Z
d4ppμpνpβpλf0δ00ðp2Þ þ FγμΩγλ

Z
d4ppνpλf0δ0ðp2Þ; ð5:10Þ

Tð2Þμν
s;ee ¼ −

1

3
Fγ

βFγλ

Z
d4ppμpνpβpλfδ000ðp2Þ − FγμFγλ

Z
d4ppνpλfδ00ðp2Þ: ð5:11Þ

Using moment identities

Z
d4ppνpλY ¼ uνuλ

Z
d4pðu · pÞ2Y þ 1

3
Δμν

Z
d4pp̄2Y; ð5:12Þ

Z
d4ppμpνpβpλY ¼ uμuνuβuλ

Z
d4pðu · pÞ4Y þ 1

15
ðΔμνΔβλ þ ΔμβΔνλ þ ΔμλΔβνÞ

Z
d4pp̄4Y

þ 1

3
ðuμuνΔβλ þ uβuλΔμν þ uμuβΔνλ þ uμuλΔβν

þ uνuλΔβμ þ uνuβΔμλÞ
Z

d4pðu · pÞ2p̄2Y; ð5:13Þ

and the decomposition (4.8) and (4.9), we can write the first two equations as

Tð2Þμν
s;vv ¼ −

β2

4
uμuνε2

Z
d4pðu · pÞ4f00δ0ðp2Þ − β2

60
½Δμνðε2 − 4ω2Þ þ 2εμεν þ 2ωμων�

Z
d4pp̄4f00δ0ðp2Þ

−
β2

12
½uμuνðε2 − 2ω2Þ þ Δμνε2 þ 2ðuμϵναβγ þ uνϵμαβγÞuαεβωγ�

Z
d4pðu · pÞ2p̄2f00δ0ðp2Þ

−
β2

4
ðuμuνε2 þ uνϵμαβγuαεβωγÞ

Z
d4pðu · pÞ2f00δðp2Þ

−
β2

12
ðεμεν þ ωμων − Δμνω2 þ uμϵναβγuαεβωγÞ

Z
d4pp̄2f00δðp2Þ; ð5:14Þ
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Tð2Þμν
s;ve ¼ βuμuνε · E

Z
d4pðu · pÞ4f0δ00ðp2Þ

þ β

30
½Δμνðε · E − 4ω · BÞ þ 2Eμεν þ 2ωμBν�

Z
d4pp̄4f0δ00ðp2Þ

þ β

3
½uμuνðε · E − 2ω · BÞ þ Δμνε · Eþ 2ðuμϵναβγ þ uνϵμαβγÞuαEβωγ�

Z
d4pðu · pÞ2p̄2f0δ00ðp2Þ

þ βðuμuνε · Eþ uνϵμαβγuαEβωγÞ
Z

d4pðu · pÞ2f0δ0ðp2Þ

þ β

3
ðEμεν þ ωμBν − Δμνω · Bþ uμϵναβγuαEβωγÞ

Z
d4pp̄2f0δ0ðp2Þ: ð5:15Þ

Completing integration and collecting similar terms, we obtain

Tð2Þμν
s;vv ¼ −

s
2
ξs½3uμuνðω2 þ ε2Þ − Δμνðω2 þ ε2Þ − 2ðuμϵναβγ þ uνϵμαβγÞuαεβωγ

− 2ðuμϵναβγ − uνϵμαβγÞuαεβωγ�; ð5:16Þ

Tð2Þμν
s;ve ¼ −

s
2
ξBs½uμuνðω · Bþ ε · EÞ − ðωμBν þ EμενÞ

− ðuμϵναβγ þ uνϵμαβγÞuαEβωγ − 2ðuμϵναβγ − uνϵμαβγÞuαEβωγ�; ð5:17Þ

However, when we deal with Tð2Þμν
s;ee , we find that it has logarithmic ultraviolet divergence which has to be regularized and

renormalized. The regularization with a naïve momentum cutoff will break Lorentz invariance and destroy the energy
momentum conservation. To avoid such a problem, we apply dimensional regularization. Now let us make a tensor
decomposition in d ¼ 4 − ϵ dimension with a small positive number ϵ.

Z
ddppνpλY ¼ uνuλ

Z
ddpðu · pÞ2Y þ 1

d − 1
Δμν

Z
ddpp̄2Y; ð5:18Þ

Z
ddppμpνpβpλY ¼ uμuνuβuλ

Z
ddpðu · pÞ4Y

þ 1

d2 − 1
ðΔμνΔβλ þ ΔμβΔνλ þ ΔμλΔβνÞ

Z
ddpp̄4Y

þ 1

d − 1
ðuμuνΔβλ þ uβuλΔμν þ uμuβΔνλ þ uμuλΔβν

þ uνuλΔβμ þ uνuβΔμλÞ
Z

ddpðu · pÞ2p̄2Y; ð5:19Þ

With such tensor decomposition in d ¼ 4 − ϵ dimension, we can write Eq. (5.11) as

Tð2Þμν
s;ee ¼ −

1

3
uμuνE2

Z
d4−εpðu · pÞ4fδ‴ðp2Þ

−
1

45 − 24ε
ðΔμνFγ

βFγλΔβλ þ 2ΔμκΔνλFγκFγ
λÞ
Z

d4−εpp̄4fδ‴ðp2Þ

−
1

9 − 3ε
ðuμuνFγ

βFγλΔβλ þ ΔμνE2 þ 2uμΔνλEγFγλ þ 2uνΔμλEγFγλÞ

×
Z

d4−εpðu · pÞ2p̄2fδ‴ðp2Þ

− uνFγμEγ

Z
d4pðu · pÞ2fδ″ðp2Þ − 1

3 − ε
ΔνλFγμFγλ

Z
d4−εpp̄2fδ″ðp2Þ ð5:20Þ

We give details of the integration in the first term as an example in Appendix A. After integrating over momentum, we
obtain the pure electromagnetic part of the energy-momentum tensor
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Tð2Þμν
s;ee ¼ −

1

12
κϵs

�
1

4
gμνFγβFγβ − FγμFγ

ν

�
þ 1

48π2
uμuνE2 −

1

48π2
ΔμνðE2 þ 2B2Þ

þ 1

12π2
ðEμEν þ BμBνÞ þ 1

16π2
ðuμϵναβγ þ uνϵμαβγÞuαEβBγ

þ 1

16π2
ðuμϵναβγ − uνϵμαβγÞuαEβBγ; ð5:21Þ

where κϵs is given by

κϵs ¼
4πð3−ϵÞ=2T−ϵ

Γðð3 − ϵÞ=2Þð2πÞ3−ϵ
Z

∞

0

dy
y1þϵ

�
1

eðy−μ̄sÞ þ 1
þ 1

eðyþμ̄sÞ þ 1
− 1

�
: ð5:22Þ

We can expand κϵs around ϵ ¼ 0 as

κϵs ¼ −
1

π2

�
1

ϵ
þ ln 2þ 1

2
ln π þ 1

2
ψ

�
3

2

�
− lnT þ κ̂s

�
; ð5:23Þ

where ψðxÞ is the digamma function and κ̂s is given by

κ̂s ¼
Z

∞

0

dy ln y
d
dy

�
1

eðy−μ̄sÞ þ 1
þ 1

eðyþμ̄sÞ þ 1

�
: ð5:24Þ

Obviously, we can see in (5.24) that the integral in (5.22) contains logarithmic ultraviolet divergence at the limit ϵ → 0. The
coefficient κϵs or κ̂s is an even function of μ̄s. It is also easy to verify

ϵκϵsjϵ→0 ¼ −
1

π2
;

dκϵsðμ̄sÞ
dβ

����
ϵ→0

¼ −
T
π2

;
dκϵsðμ̄sÞ
dμ̄s

����
ϵ→0

¼ TCsðμ̄sÞ: ð5:25Þ

Taking a sum over contributions from left-handed and right-handed fermions, the total stress tensor is given by

Tð2Þμν
vv ¼ −

1

2
ξ5½3uμuνðω2 þ ε2Þ − Δμνðω2 þ ε2Þ − 2ðuμϵναβγ þ uνϵμαβγÞuαεβωγ

− 2ðuμϵναβγ − uνϵμαβγÞuαεβωγ�; ð5:26Þ

Tð2Þμν
ve ¼ −

1

2
ξB5½uμuνðω · Bþ ε · EÞ − ðωμBν þ EμενÞ − ðuμϵναβγ þ uνϵμαβγÞuαEβωγ

− 2ðuμϵναβγ − uνϵμαβγÞuαEβωγ�; ð5:27Þ

Tð2Þμν
ee ¼ −

1

6
κϵ
�
1

4
gμνFγβFγβ − FγμFγ

ν

�
þ 1

24π2
½uμuνE2 − ΔμνðE2 þ 2B2Þ

þ 4ðEμEν þ BμBνÞ þ 3ðuμϵναβγ þ uνϵμαβγÞuαEβBγ

þ 3ðuμϵναβγ − uνϵμαβγÞuαEβBγ�; ð5:28Þ

where κϵ ¼ ðκϵþ1 þ κϵ−1Þ=2.
We see that energy density and pressure are modified in

vorticity and electromagnetic fields at the second order,
which are not the case at the first order. Similar to the first
order result in Eq. (5.6), there are also antisymmetric
contributions to the energy-momentum tensor at the second
order. It is straightforward to verify with Eqs. (5.5), (5.6),
(5.26)–(5.28) that the trace of the total energy-momentum
tensor up to the second order vanishes

gμνTμν ¼ 0; ð5:29Þ

free of trace anomaly. Note that in taking the trace of Tð2Þμν
ee

we used gμνgμν ¼ 4 − ϵ. The trace anomaly does not arise
here because the electromagnetic field in our work is only
a classical background field and keeps scale invariance.

We note that the divergent part in Tð2Þμν
ee is proportional to

the stress tensor of the free electromagnetic field. It is
remarkable that this divergent term ∼1=ϵ is exactly the

YANG, GAO, LIANG, and WANG PHYS. REV. D 102, 116024 (2020)

116024-10



contribution from the quantum correction of the electro-
magnetic field [87] but with a wrong sign. Hence we can
add this contribution to our result, cancel the divergent term
and arrive at the renormalized finite result

Tð2Þμν
ee;Re ¼

1

6π2

�
κ̂ þ ln

Λ
T

��
1

4
gμνFγβFγβ − FγμFγ

ν

�

þ 1

24π2
½uμuνE2 − ΔμνðE2 þ 2B2Þ

þ 4ðEμEν þ BμBνÞ þ 3ðuμϵναβγ þ uνϵμαβγÞuαEβBγ

þ 3ðuμϵναβγ − uνϵμαβγÞuαEβBγ�; ð5:30Þ

where κ̂ ¼ κ̂þ1 þ κ̂−1 and Λ is a renormalization scale in
quantum electromagnetic field. Note that we have also
absorbed all possible remaining constant terms in
Eq. (5.23) into Λ. After removing the divergence in

Tð2Þμν
ee , we can safely calculate the trace of the energy-

momentum tensor in four dimensions and obtain the trace
anomaly

gμνT
ð2Þμν
ee;Re ¼

1

24π2
FμνFμν; ð5:31Þ

which originates from the quantum correction of the
electromagnetic fields.
In hydrodynamics, we usually express the stress tensor in

the Landau frame. In Appendix B, the symmetric part of the
stress tensor is written in the Landau frame.

VI. CONSERVATION LAWS

With jμ in (4.12), (4.13), and (4.25); jμ5 in (4.14), (4.15),
and (4.26); and Tμν in (5.5), (5.6), (5.26), (5.27), and (5.30),
we can check conservation laws for these quantities.
In doing so, we must restrict ourselves to a specific system
in constant and homogeneous electromagnetic fields with
conditions (3.16), (3.17), (3.18), and (3.22) or (4.30). Here
we will not present a detailed derivation, but give the
necessary identities in performing the calculation. These
identities hold only under specific conditions that are
imposed in this paper:

∂μ
uμ

T
¼ 0; u · ∂ 1

T
¼ 0; ∂μuμ ¼ 0; ∂μ

1

T
¼ −u · ∂ uμ

T
¼ εμ

T
; ð6:1Þ

∂μων ¼ ε · ωgμν − 2εμων; ð6:2Þ

∂μεν ¼ ωμων − εμεν þ ε2uμuν − ω2Δμν þ ðuμϵνλρσ þ uνϵμλρσÞuλερωσ; ð6:3Þ

∂μBν ¼ −Eμων þ ε · Buμuν þ ω · EΔμν − ðuμϵνλρσ þ uνϵμλρσÞuλερEσ; ð6:4Þ

∂μEν ¼ Bμων þ ε · Euμuν − ω · BΔμν þ ðuμϵνλρσ þ uνϵμλρσÞuλEρωσ: ð6:5Þ

With the help of these identities, we can verify following conservation laws,

∂μjμ ¼ 0; ∂μj5μ ¼ −
1

2π2
E · B; ∂μTμν ¼ Fνμjμ: ð6:6Þ

We note that the second order correction to the axial current does not contribute to the chiral anomaly as it should be. We
find that the term proportional to lnΛ=T in Eq. (5.30) is essential to conserve the energy-momentum when the vorticity is
present. We can separate the energy-momentum tensor into a symmetric and an antisymmetric part,

Tμν ¼ Tμν
S þ Tμν

A ; ð6:7Þ

where the symmetric and antisymmetric part are given by

Tμν
S ¼ ρuμuν −

1

3
ρΔμν þ n5ðuμων þ uνωμÞ þ ξ

2
ðuμBν þ uνBμÞ

−
1

2
ξ5½3uμuνðω2 þ ε2Þ − Δμνðω2 þ ε2Þ − 2ðuμϵναβγ þ uνϵμαβγÞuαεβωγ�

−
1

2
ξB5½uμuνðω · Bþ ε · EÞ − ðωμBν þ EμενÞ − ðuμϵναβγ þ uνϵμαβγÞuαEβωγ�

þ κE1u
μuνE2 þ κB1u

μuνB2 þ κE2ΔμνE2 þ κB2ΔμνB2 þ κ3ðEμEν þ BμBνÞ
þ κ4ðuμϵναβγ þ uνϵμαβγÞuαEβBγ; ð6:8Þ
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Tμν
A ¼ −

n5
2
ðuμων − uνωμ þ ϵμναβuαεβÞ −

ξ

2
ϵμναβuαEβ þ ξ5ðuμϵναβγ − uνϵμαβγÞuαεβωγ

þ ξB5ðuμϵναβγ − uνϵμαβγÞuαEβωγ þ
1

8π2
ðuμϵναβγ − uνϵμαβγÞuαEβBγ; ð6:9Þ

where we have expressed the energy-momentum tensor in terms of Eμ and Bμ and used the renormalized result in Eq. (5.30).
The coefficients are defined as

κE1 ¼ −
1

12π2

�
κ̂ þ ln

Λ
T
−
1

2

�
; κB1 ¼ −

1

12π2

�
κ̂ þ ln

Λ
T

�
;

κE2 ¼ 1

12π2

�
κ̂ þ ln

Λ
T
−
1

2

�
; κB2 ¼ 1

12π2

�
κ̂ þ ln

Λ
T
− 1

�
;

κ3 ¼ −
1

6π2

�
κ̂ þ ln

Λ
T
− 1

�
; κ4 ¼ −

1

6π2

�
κ̂ þ ln

Λ
T
−
3

4

�
: ð6:10Þ

We can verify following conservation equations,

∂μT
μν
S ¼ Fνμjμ; ∂μT

μν
A ¼ 0: ð6:11Þ

VII. GENERAL SOLUTION

We have presented a specific solution in the previous
sections by setting fð1Þ ¼ fð2Þ ¼ 0 in Eq. (3.8). The general
solution under global equilibrium conditions (3.16)–(3.18)
should be a summation of this specific solution and all
possible contributions associated with nonvanishing fð1Þ

and fð2Þ. In this section, we determine these contributions.
We note that these terms are proportional to pμδðp2Þ and
automatically satisfy Eq. (3.3). They can not be further
constrained by using Eq. (3.4) because they do not appear
on the left-hand side of the equation due to cancellation.
Hence the remaining constraint can be only from Eq. (3.2).
From Lorentz invariance together with charge and parity
invariance, the general fð1Þ and fð2Þ must take following
forms,

fð1Þ ¼ ðω · pÞβ2X ð1Þ
ω þ ðB · pÞβ3X ð1Þ

B ; ð7:1Þ

fð2Þ ¼ XΩΩ þ XΩF þ XFF; ð7:2Þ

where

XΩΩ ¼ ω2β2X ð2Þ
ωω1 þ ε2β2X ð2Þ

εε1 þ ðω · pÞ2β4X ð2Þ
ωω2

þ ðε · pÞ2β4X ð2Þ
εε2 þ ϵνλρσuνpλωρεσβ

3X ð2Þ
ωε ; ð7:3Þ

XΩF ¼ω ·Bβ3X ð2Þ
ωB1þ ε ·Eβ3X ð2Þ

εE1þðω ·pÞðB ·pÞβ5X ð2Þ
ωB2

þðε ·pÞðE ·pÞβ5X ð2Þ
εE2þ ϵνλρσuνpλωρEσβ

4X ð2Þ
ωE;

ð7:4Þ

XFF ¼ B2β4X ð2Þ
BB1 þ E2β4X ð2Þ

EE1 þ ðB · pÞ2β6X ð2Þ
BB2

þ ðE · pÞ2β6X ð2Þ
EE2 þ ϵνλρσuνpλBρEσβ

5X ð2Þ
BE; ð7:5Þ

where all X functions depends on variables

z ¼ β · p − μ̄s; z̃ ¼ β · pþ μ̄s: ð7:6Þ

From Eq. (3.2) at the first order, we have

0 ¼ ∇μ½pμfð1Þδðp2Þ�;
¼ δðp2Þ½3ðB · pÞðε · pÞ − ðE · pÞðω · pÞ þ ðε · BÞðu · pÞ2

þ ðω · EÞp̄2 − 2ðu · pÞϵνλρσpνuλερEσ�β3X ð1Þ
B

þ δðp2Þ½ðω · EÞðu · pÞβ2X ð1Þ
ω

þ ϵμνρσuμpνωρBσβ2X ð1Þ
ω þ ðE · BÞðu · pÞβ3X ð1Þ

B �
− δðp2Þ½ðω · pÞβ2∂ z̃X

ð1Þ
ω þ ðB · pÞβ4∂ z̃X

ð1Þ
B �2βðE · pÞ:

ð7:7Þ

Obviously, this equation holds only if

X ð1Þ
B ¼ X ð1Þ

ω ¼ 0; ð7:8Þ

which means that there is no solution at the first order with
nonvanishing fð1Þ. However, it is interesting to note that
when we turn off the electromagnetic field at the beginning,
Eq. (7.7) holds automatically, so we have

fð1Þ ¼ ðω · pÞβ2X ð1Þ
ω : ð7:9Þ

Hence the first order solution in Eq. (3.28) is a unique
solution at global equilibrium. Similarly, Eq. (3.2) at the
second order is
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0 ¼ ∇μ½pμfð2Þδðp2Þ�;
¼ δðp2Þpμ∇μ½XΩΩ þ XΩF þ XFF�: ð7:10Þ

We find that this equation holds only if following relations
are fulfilled,

X ð2Þ
BB1 ¼ X ð2Þ

EE1 ¼ X ð2Þ
BB2 ¼ X ð2Þ

EE2 ¼ X ð2Þ
BE ¼ 0; ð7:11Þ

X ð2Þ
ωB1 ¼ X ð2Þ

ωB2 ¼ X ð2Þ
εE2 ¼ X ð2Þ

ωE ¼ 0; ð7:12Þ

Xð2Þ
ωω2 ¼ Xð2Þ

εε2 ¼ 0; ð7:13Þ

X ð2Þ
εE1 ¼

1

2
X ð2Þ

ωε ; ð7:14Þ

together with

X ð2Þ
ωε ¼ 1

β · p
ðX ð2Þ

ωω1 þ X ð2Þ
εε1Þ; ð7:15Þ

X ð2Þ
ωε ¼ 2∂ z̃X

ð2Þ
εε1; ð7:16Þ

∂ z̃X
ð2Þ
ωε ¼ ∂ z̃X

ð2Þ
ωω1 ¼ 0: ð7:17Þ

It is easy to verify that the general solution must take the
form of

X ð2Þ
ωω1 ¼ aðzÞ; ð7:18Þ

X ð2Þ
ωε ¼ bðzÞ; ð7:19Þ

X ð2Þ
εε1 ¼ðβ · pÞbðzÞ − aðzÞ; ð7:20Þ

where aðzÞ and bðzÞ are arbitrary real functions of z. Hence
the general form of fð2Þ is

fð2Þ ¼ ω2β2aðzÞ þ ε2β2½ðβ · pÞbðzÞ − aðzÞ�

þ ϵνλρσuνpλωρεσβ
3bðzÞ þ 1

2
ðε · EÞβ3bðzÞ: ð7:21Þ

We see that there is no contribution from electromagnetic
fields except a ε · E term. Integrating over momenta, we
obtain contributions to the current and stress tensor

Δjð2Þμ ¼
Z

d4pfð2Þpμδðp2Þ;

¼ ½Ajω
2 þ Bjε

2 þ Cjðε · EÞ�uμ þDjϵμνρσuνωρεσ;

ð7:22Þ

ΔTð2Þ
μν ¼

Z
d4pfð2Þpμpνδðp2Þ;

¼ ½ATω
2 þ BTε

2 þ CTðε · EÞ�
�
uμuν −

1

3
Δμν

�

þDTðuμϵνλρσ þ uνϵμλρσÞuλωρεσ; ð7:23Þ

where we have used Δ to denote these are additional
contribution from nonvanishing fð2Þ. After integration over
p0, these coefficients are

Aj ¼
1

2
β2

Z
d3p½aðzþÞ − aðz−Þ�; ð7:24Þ

Bj ¼
1

2
β2

Z
d3pfβp½bðzþÞ þ bðz−Þ� − ½aðzþÞ − aðz−Þ�g;

ð7:25Þ

Cj ¼
1

4
β3

Z
d3p½bðzþÞ − bðz−Þ�; ð7:26Þ

Dj ¼
1

6
β3

Z
d3pp½bðzþÞ þ bðz−Þ�; ð7:27Þ

AT ¼ 1

2
β2

Z
d3pp½aðzþÞ þ aðz−Þ�; ð7:28Þ

BT ¼
1

2
β2

Z
d3ppfβp½bðzþÞ−bðz−Þ�− ½aðzþÞþaðz−Þ�g;

ð7:29Þ

CT ¼ 1

4
β3

Z
d3pp½bðzþÞ þ bðz−Þ�; ð7:30Þ

DT ¼ 1

6
β3

Z
d3pp2½bðzþÞ − bðz−Þ�; ð7:31Þ

where z� ¼ β · p ∓ μ̄s. Although unknown functions aðzÞ
and bðzÞ are arbitrary, only two of these coefficients are
independent. It is convenient to choose AT and DT as
independent variables from which other coefficients can be
derived through following relations

Aj ¼
1

3β

∂ðβ2ATÞ
∂μ̄s ; ð7:32Þ

Dj ¼
1

4β

∂ðβ2DTÞ
∂μ̄s ; ð7:33Þ

Bj ¼ 3Dj − Aj; ð7:34Þ

Cj ¼
1

2

∂ðβDjÞ
∂μ̄s ; ð7:35Þ
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CT ¼ 3

2
Dj; ð7:36Þ

BT ¼ 3DT − AT: ð7:37Þ

In Refs. [68,69], the authors calculate the second order
transport coefficients in global equilibrium without electro-
magnetic fields. We find that their results are different from
our results in Eqs. (4.25), (4.26), and (5.26) from our
special solution (3.31) with vanishing fð1Þ and fð2Þ. The
difference between our result and the result in Refs. [68,69]
are given by

Δjμs ¼ μ̄s
8π2β

ðε2 þ ω2Þuμ þ μ̄s
12π2β

ϵμαβγuαεβωγ; ð7:38Þ

ΔTμν
s ¼ β

2
sξs

�
ð3uμuν − ΔμνÞ

�
1

2
ω2 þ 5

6
ε2
�

þ 4

3
ðuμϵναβγ þ uνϵμαβγÞuαωβεγ

�
; ð7:39Þ

with ξs being given in Eq. (4.6). From these expressions,
we can read off

AT ¼ 1

16π2β2
½π2 þ 3μ̄2s �; ð7:40Þ

DT ¼ 1

18π2β2
½π2 þ 3μ̄2s �: ð7:41Þ

Substituting it into the relations (7.32)–(7.37), we can
obtain all other coefficients which are exactly consistent
with the result of Refs. [68,69] as well as Cj ¼
1=24π2; CT ¼ μs=8π2 for ϵ · E terms when electromagnetic
fields are involved. This implies that both results, ours and
that of Refs. [68,69], are possible solutions which should
correspond to two different density matrices.

VIII. SUMMARY AND DISCUSSION

We have derived in the covariant Wigner function
formalism the charge and chiral currents as well as the
stress tensor for chiral fermions in uniform vorticity and
electromagnetic fields up to the second order of spatial
derivatives. We present all possible second order contri-
butions in quadratic forms of the vorticity and electromag-
netic field. These contributions include coupling terms of
electromagnetic-field-electromagnetic-field (ee), vorticity-
vorticity (vv), and vorticity-electromagnetic-field (ve). All
the terms can modify the charge density, while only the
“ee” and “vv” terms can modify the chiral charge density
and “ve” term cannot contribute to it. We find that the
electromagnetic field can induce Hall currents in the form
ϵμνρσuνEρBσ in the charge and axial charge current. There is
also a Hall term ϵμνρσuνEρωσ in the charge current. For the

energy-momentum tensor at the second order, we find that
the vorticity and electromagnetic field contribute to the
energy density and pressure. The conservation laws as well
as chiral and trace anomaly can be verified with our second
order solution. All coefficients we obtain in this work can
be directly applied to the anomalous hydrodynamics as
inputs. We also demonstrate that the solution in global
equilibrium is fully constrained at the first order while
solutions at the second order can only be constrained up to
some unknown functions. These unknown functions appear
in the “vv” part and ε · E term in the “ve” part. Other
contributions can be fully constrained.
In this work, we restrict ourselves to a noninteracting

chiral system without collision terms under the constant
electromagnetic and vorticity field. If we go beyond to
include collision terms but still in global equilibrium, col-
lision terms will not change present results since collision
terms always vanish in global equilibrium. Instead, if we
consider nonequilibrium and varying fields, our present
results still provide a baseline for studying these effects. We
can expand the solution around the results in global
equilibrium given here and investigate contributions from
collisions or variation of fields. We reserve the topics along
this line in a future study.
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APPENDIX A: INTEGRATION IN Tð2Þμν
s;ee

In this Appendix, we give detailed derivations of some

integrals in Tð2Þμν
s;ee . All other coefficients in jð2Þs , Tð2Þμν

s;vv , and

Tð2Þμν
s;ve can be derived in a similar way. We take the integral

in the first term of Eq. (5.20) as an example,

I ≡
Z

d4−ϵpðu · pÞ4fδ000ðp2Þ: ðA1Þ

First, we need to integrate out the δ function by using the
identity

δ000ðp2Þ ¼ 1

16p0jp⃗j3
½δ000ðp0 − jp⃗jÞ þ δ000ðp0 þ jp⃗jÞ�

þ 3

16p0jp⃗j4
½δ00ðp0 − jp⃗jÞ − δ00ðp0 þ jp⃗jÞ�

þ 3

16p0jp⃗j5
½δ0ðp0 − jp⃗jÞ þ δ0ðp0 þ jp⃗jÞ�; ðA2Þ

and obtain
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I ¼ −
πð3−ϵÞ=2

8Γðð3 − ϵÞ=2Þ
Z

djp⃗j
jp⃗jϵ

�
1

jp⃗j
d3

djp⃗j3 −
3

jp⃗j2
d2

djp⃗j2 þ
3

jp⃗j3
d

djp⃗j
�
½jp⃗j3ðfþ þ f−Þ�

¼ −
πð3−ϵÞ=2

8Γðð3 − ϵÞ=2Þ
Z

djp⃗j
jp⃗jϵ

�
jp⃗j2 d3

djp⃗j3 þ 6jp⃗j d2

djp⃗j2 þ 3
d

djp⃗j − 3
1

jp⃗j
�
ðfþ þ f−Þ; ðA3Þ

where the prefactor is from the integration over the solid angle in 4 − ϵ dimension and fþ=f− denotes the contribution from
p0 > 0=p0 < 0 in Eqs. (3.11)/(3.12). After integration by parts, we have

I ¼ 3πð3−ϵÞ=2

8Γðð3 − ϵÞ=2Þ
Z

djp⃗j
�
1 − 3ϵ

3jp⃗jϵ
d

djp⃗j þ
1

jp⃗j1þϵ

�
ðfþ þ f−Þ;

¼ 3πð3−ϵÞ=2

8Γðð3 − ϵÞ=2Þ
�
ϵ

3
þ 1

�Z
djp⃗j 1

jp⃗j1þϵ ðfþ þ f−Þ;

≡ ð3þ ϵÞ
16

κϵs; ðA4Þ

where

κϵs ¼
2πð3−ϵÞ=2

Γðð3 − ϵÞ=2Þ
Z

djp⃗j
jp⃗j1þϵ ðfþ þ f−Þ;

¼ 4πð3−ϵÞ=2T−ϵ

Γðð3 − ϵÞ=2Þð2πÞ3−ϵ
Z

∞

0

dy
y1þϵ

�
1

ey−μ̄s þ 1
þ 1

eyþμ̄s þ 1
− 1

�
: ðA5Þ

It should be noted that if we did not include the vacuum contribution −1 in the square brackets of the last line, the integral
would have infrared divergence. Once we include it as above, the infrared divergence is canceled with only the ultraviolet
divergence left. We can single out the divergence by another integration by parts

κϵs ¼ −
4π

3−ϵ
2 T−ϵ

Γð3−ϵ
2
Þð2πÞ3−ϵ

	
1

ϵ
−
Z

∞

0

dy ln y

�
ey−μ̄s

ðey−μ̄s þ 1Þ2 þ
eyþμ̄s

ðeyþμ̄s þ 1Þ2
�


: ðA6Þ

The 1=ϵ pole term corresponds to a logarithmic divergence in the momentum integral.

APPENDIX B: RESULTS IN THE LANDAU FRAME

In relativistic hydrodynamics, one has a freedom to choose any frame characterized by a different fluid velocity. The
Landau frame is the one in which the fluid velocity satisfies uμTμν ¼ ρuν. Since the energy momentum tensor in Sec. V has
an antisymmetric part in the first and second order, in this section, we will rewrite the symmetric part of the stress tensor up
to the second order in the Landau frame. Let us introduce the fluid velocity Uμ in the Landau frame given by

Uμ ¼ uμ þ n5
ρþ P

ωμ þ ξ

2ðρþ PÞB
μ −

�
n25

2ðρþ PÞ2 ω
2 þ ξ2

8ðρþ PÞ2 B
2 þ n5ξ

2ðρþ PÞ2 ω · B

�
uμ

þ ξ5
ρþ P

ϵμαβγuαεβωγ þ
ξB5

2ðρþ PÞ ϵ
μαβγuαEβωγ þ

κ4
ρþ P

ϵμαβγuαEβBγ: ðB1Þ

It is easy to verify that U2 ¼ 1 up to the second order. From this relation, we can also express uμ in terms of Uμ,

uμ ¼ Uμ −
n5

ρþ P
ωμ
U −

ξ

2ðρþ PÞB
μ
U −

�
n25

2ðρþ PÞ2 ω
2
U þ ξ2

8ðρþ PÞ2 B
2
U þ n5ξ

2ðρþ PÞ2 ωU · BU

�
Uμ

−
�

ξ5
ρþ P

þ n25
ðρþ PÞ2

�
ϵμαβγUαεUβωUγ −

�
ξB5

2ðρþ PÞ þ
n5ξ

ðρþ PÞ2
�
ϵμαβγUαEUβωUγ

−
�

κ4
ρþ P

þ ξ2

4ðρþ PÞ2
�
ϵμαβγUαEUβBUγ; ðB2Þ
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where ωμ
U ¼ TΩ̃μνUν, ε

μ
U ¼ TΩμνUν, B

μ
U ¼ F̃μνUν, and E

μ
U ¼ FμνUν are counterparts of ωμ, εμ, Bμ, and Eμ in the Landau

frame, respectively. Up to the second order, the corresponding relations between two groups of quantities are given by

ωμ ¼ ωμ
U þ

�
n5

ρþ P
ω2
U þ ξ

2ðρþ PÞωU · BU

�
Uμ

þ n5
ρþ P

ϵμναβωUνUαεUβ þ
ξ

2ðρþ PÞ ϵ
μναβBUνUαεUβ; ðB3Þ

εμ ¼ εμU þ
�

n5
ρþ P

εU · ωU þ ξ

2ðρþ PÞ εU · BU

�
Uμ −

ξ

2ðρþ PÞ ϵ
μναβBUνUαωUβ; ðB4Þ

Bμ ¼ Bμ
U þ

�
n5

ρþ P
ωU · BU þ ξ

2ðρþ PÞB
2
U

�
Uμ

þ n5
ρþ P

ϵμναβωUνUαEUβ þ
ξ

2ðρþ PÞ ϵ
μναβBUνUαEUβ; ðB5Þ

Eμ ¼ Eμ
U þ

�
n5

ρþ P
EU · ωU þ ξ

2ðρþ PÞEU · BU

�
Uμ −

n5
ρþ P

ϵμναβωUνUαBUβ: ðB6Þ

Hence the difference between frames arises only at the second order. With these equations, we can obtain the symmetric
stress tensor in the Landau frame

Tμν ¼
	
ρþ

�
n25

ρþ P
−
3

2
ξ5

�
ω2
U þ

�
ξ2

4ðρþ PÞ þ κB1

�
B2
Uþ

�
n5ξ
ρþ P

−
ξB5
2

�
ωU · BU −

3

2
ξ5ε

2
U −

1

2
ξB5εU · EU þ κE1E

2
U



UμUν

−
�
P −

1

2
ξ5ðω2

U þ ε2UÞ − κE2E
2
U − κB2B

2
U

�
Δμν

U þ ðEμ
UE

ν
U þ Bμ

UB
ν
UÞκ3 þ

1

2
ξB5ðωμ

UB
ν
U þ Eμ

Uε
ν
UÞ

−
n25

ρþ P
ωμ
Uω

ν
U −

ξ2

4ðρþ PÞB
μ
UB

ν
U −

n5ξ
2ðρþ PÞ ðω

μ
UB

ν
U þ ων

UB
μ
UÞ; ðB7Þ

where Δμν
U ¼ gμν −UμUν. The vector current in the Landau frame is given by

jμ ¼ nUμ þ
�
ξ −

nn5
ρþ P

�
ωμ
U þ

�
ξB −

nξ
2ðρþ PÞ

�
Bμ
U −

�
nn25

2ðρþ PÞ2 −
ξn5
ρþ P

�
ω2
UU

μ þ
�

ξBξ

2ðρþ PÞ −
nξ2

8ðρþ PÞ2
�
B2
UU

μ

−
�

nn5ξ
2ðρþ PÞ2 −

ξ2

2ðρþ PÞ −
ξBn5
ρþ P

�
ωU · BUUμ −

�
nξ5
ρþ P

þ nn25
ðρþ PÞ2 −

ξn5
ρþ P

�
ϵμαβγUαεUβωUγ

þ
�

ξBξ

2ðρþ PÞ −
nξ2

4ðρþ PÞ2 −
nκ4
ρþ P

�
ϵμαβγUαEUβBUγ þ

�
ξ2

2ðρþ PÞ −
nn5ξ

2ðρþ PÞ2
�
ϵμαβγUαεUβBUγ

−
�

nξB5
2ðρþ PÞ þ

nn5ξ
2ðρþ PÞ2 −

ξBn5
ρþ P

�
ϵμαβγUαEUβωUγ

− ξB5ðε2U þ ω2
UÞUμ −

1

4π2
½ðωU · BU þ εU · EUÞUμ þ εμνρσUνEUρωUσ�

−
C

12π2
½UμðE2

U þ B2
UÞ þ 2εμνρσUνEUρBUσ�: ðB8Þ

The axial current in the Landau frame is given by
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jμ5 ¼ n5Uμ þ
�
ξ5 −

n25
ρþ P

�
ωμ
U þ

�
ξB5 −

n5ξ
2ðρþ PÞ

�
Bμ
U

−
�

n35
2ðρþ PÞ2 −

ξ5n5
ρþ P

�
ω2
UU

μ þ
�

ξB5ξ

2ðρþ PÞ −
n5ξ2

8ðρþ PÞ2
�
B2
UU

μ

−
�

n25ξ
2ðρþ PÞ2 −

ξ5ξ

2ðρþ PÞ −
ξB5n5
ρþ P

�
ωU · BUUμ

−
n35

ðρþ PÞ2 ϵ
μαβγUαεUβωUγ þ

�
ξB5ξ

2ðρþ PÞ −
n5κ4
ρþ P

−
n5ξ2

4ðρþ PÞ2
�
ϵμαβγUαEUβBUγ

þ
�

ξ5ξ

2ðρþ PÞ −
n25ξ

2ðρþ PÞ2
�
ϵμαβγUαεUβBUγ þ

�
n5ξB5

2ðρþ PÞ −
n25ξ

2ðρþ PÞ2
�
ϵμαβγUαEUβωUγ

− ξBðε2U þ ω2
UÞUμ −

C5

12π2
½ðE2

U þ B2
UÞUμ þ 2ϵμνρσUνEUρUBUσ�: ðB9Þ
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