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We investigate the B0
d;s → f1f1 decays in the framework of perturbative QCD (PQCD) approach with a

referenced value ϕf1 ∼ 24°. Here, f1 denotes the axial-vector mesons f1ð1285Þ and f1ð1420Þ with mixing
angle ϕf1 in the quark-flavor basis. The observables such as branching ratios, direct CP violations, and

polarization fractions of theB0
s → f1f1 decays are predicted for the first time.We find that (i) the almost pure

penguin modes B0
s → f1f1 have large branching ratios in the order of 10−6 ∼ 10−5 due to the Cabibbo-

Kobayashi-Maskawa enhancement and generally constructive interferences between the amplitudes ofB0
s →

fnfs and B0
s → fsfs with fn and fs being the quark-flavor states of f1 mesons. (ii) The observables receive

important contributions from the weak annihilation diagrams in the PQCD approach. In particular, without
the annihilation contributions, the B0

s → f1ð1420Þf1ð1420Þ branching ratio will decrease about 81% and its
longitudinal polarization fraction will reduce around 43%. And (iii) the dependence of the B0

d;s → f1f1
decay rates on ϕf1 exhibits some interesting line shapes, whose confirmations would be helpful to constrain
the determination ofϕf1 inversely.All the PQCDpredictions await for the (near) future examinations at Large
Hadron Collider beauty and/or Belle-II experiments to further understand the properties of the axial-vector
mesons and the perturbative dynamics released from the considered decay modes.

DOI: 10.1103/PhysRevD.102.116015

I. INTRODUCTION

As listed in the Particle Data Group (PDG) [1], the
f1ð1285Þ and its partner, namely, the f1ð1420Þ,1 are
categorized into the light axial-vector meson family with
a spin-parity quantum number JP ¼ 1þ. In the naïve quark
model, according to the spectroscopic notation n2Sþ1LJ
with radial excitation n, spin multiplicity 2Sþ 1, relative
angular momentum L, and total spin J [3], they are one
type of the p-wave mesons, namely, 13P1. Analogous to

η − η0 mixing in the pseudoscalar sector [1], due to SUð3Þ
flavor symmetry breaking effects, these two f1 mesons [for
the sake of simplicity, hereafter, we will use f1 to denote
both f1ð1285Þ and f1ð1420Þ unless otherwise stated] also
demand the admixtures of the flavor states fn ≡ uūþdd̄ffiffi

2
p and

fs ≡ ss̄ in the quark-flavor basis and could be described as
a 2 × 2 rotation matrix [4]:

�
f1ð1285Þ
f1ð1420Þ

�
¼

�
cosϕf1 − sinϕf1

sinϕf1 cosϕf1

��
fn
fs

�
; ð1Þ

with a mixing angle ϕf1 , which is correlated with the angle
θf1 in the singlet-octet basis via the following relation,

ϕf1 ¼ θi − θf1 : ð2Þ

Here, θi is the “ideal” mixing angle with the value
θi ¼ 35.3°. It is therefore clear to see that ϕf1 could be
as a probe to examine the deviation from ideal mixing. On
one hand, the definite understanding of this ϕf1 (or θf1)
could shed light on the structure of these two f1 mesons.
On the other hand, it is of great interest to note that, as
one of the three important mixing angles in the sector of
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1It is noted that the f1ð1420Þ is generally considered as the
partner of the f1ð1285Þ [1], although the authors stated that both
the f1ð1420Þ and the f1ð1510Þ are partners of the f1ð1285Þ [2].
In this work, we will take the f1ð1420Þ as the partner of the
f1ð1285Þ. For more information about these two axial-vector
states, please refer to the mini review “63. pseudoscalar and
pseudovector mesons in the 1400 MeV region” [1] in the
PDG2020 for detail, and references therein.
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axial-vector mesons, ϕf1 (or θf1) has the potential to help
constrain the distinct mixing between K1A and K1B states
with angle θK1

[1,5], where the former is a 3P1 statewhile the
latter is a 1P1 one. It means that the good constraints on ϕf1
(or θf1) could indirectly pin down the θK1

to better investigate
the structure of K1ð1270Þ and K1ð1400Þ mesons [6–10].
Up to now, there are several explorations on the ϕf1 (or

θf1) at both theoretical and experimental aspects [4–6,9,
11–24]. One cannot yet determine definitely its value due to
limited understanding on the nature of these two f1 states,
although, about seven years ago, the Large Hadron Collider
beauty (LHCb) collaboration extracted experimentally
ϕf1 ¼ ð24.0þ3.1þ0.6

−2.6−0.8 Þ° with a twofold ambiguity from the
B0
d;s → J=ψf1ð1285Þ decays for the first time [4]. Because

there are no interferences between the flavor fn and fs states
in this type of decay modes, this ambiguity is expected to be
settled in the decay modes with significantly constructive or
destructive interferences between those two flavor states, for
example, in theBðsÞ → f1Pdecays [10], theBðsÞ → f1V [25]
modes, and other BðsÞ=DðsÞ → f1M (M stands for the
possible mesons) channels. However, it is worth pointing
out that theDðsÞ → f1M decays cannot yet be perturbatively
calculated based on the QCD theory. Hence, those relevant
DðsÞ meson decays have to be left for future studies else-
where. In this work, wewill study theB0

d;s → f1f1 decays in
the perturbativeQCD (PQCD) approach [26] based on the kT
factorization theorem at leading order.2 The significant
interferences among the B0

d;s → fnfn, fnfs, and fsfs decay
amplitudes could be observed in the considered modes, just
like those in the pseudoscalar B0

d;s → ηð0Þηð0Þ cases [32,33].
As discussed in Ref. [10], due to the consistency between the
latest calculations from Lattice QCD [24] and the current
measurement from LHCb [4], we will adopt ϕf1 ¼ 24° as a
referenced value to make quantitative evaluations and
phenomenological discussions.
In the literature, the B0

d → f1f1 decays have been
investigated in the QCDF approach, and the decay rates
and the longitudinal polarization fractions have been
collected in the Table X of Ref. [22]. However, the
predicted branching ratios are too small to be measured
in the near future at LHCb and/or Belle-II experiments.
Compared to these Cabibbo-Kobayashi-Maskawa (CKM)
suppressed B0

d → f1f1 modes, the CKM favored B0
s →

f1f1 ones are expected to be measurable with possibly
large decay rates due to the naïve enhancement of

j Vts
Vtd

j2 ∼ 20 for both penguin-dominated channels or of

j VtsVtb
VubVud

j2 ∼ 100 for the penguin-dominated B0
s while the

tree-dominated B0
d decays, apart from the possibly con-

structive interferences in the B0
s → f1f1 decays. To our best

knowledge, the B0
s → f1f1 decays presented in this work

are studied theoretically for the first time in the literature.
Moreover, as discussed in Ref. [22], power corrections in
QCDF always involve troublesome end point divergences.
Therefore, more parameters are introduced to parametrize
the contributions arising from the nonfactorizable emission
and the annihilation diagrams [34], which results in large
theoretical uncertainties. Objectively speaking, the QCDF
approach is a powerful tool for analyzing the B meson
decays by global fitting to the data. But, the data fitting
and/or model-dependent parametrization always makes it
lose the predictive power more or less.
The PQCD approach we adopted in this work is one of the

important and popular factorization methods based on QCD
dynamics. It is known that the PQCD approach, based on the
kT factorization theorem, is free of end point divergences by
keeping quarks’ transverse momentum, and the Sudakov
formalism makes it more self-consistent. Thus, the PQCD
approach does not need to introduce any other parameters,
except for the essential nonperturbative inputs, namely, wave
functions or distribution amplitudes for the initial and final
mesons. Note that these inputs are universal and are usually
computed in the nonperturbative techniques such as QCD
sum rules and lattice QCD, or extracted from the available
experimental data. A distinct advantage of the PQCD
approach is that one can really do the quantitative calculations
of form factor, nonfactorizable emission and annihilation
type diagrams, apart from the factorizable emission ones. It is
worth addressing that one has realized the importance of
annihilation contributions in the heavy flavorB andDmeson
decays, for example, the predictions of CP-violating asym-
metries of B0

d → π�π∓, K�π∓ decays [26,35], the explan-
ations to polarization problem of B → ϕK� modes [36–38],
and the explorations of phenomenologies of D0 → π�π∓,
K�K∓ channels [39], and so forth. And what is more, the
confirmation fromLHCbexperiment on the pure annihilation
B0
d → KþK− and B0

s → πþπ− decay rates predicted in the
PQCD approach are very exciting [40,41]. Actually, the
PQCDpredictions for theB → PP,PV, andVV decays have
shown good consistency globally with the existing data
within errors. It means that the PQCD approach has the
unique advantage and general reliability at the aspects of
calculating the hadronic matrix elements in the heavy B
mesondecays. The interested readers could refer to the review
article [26] for more details about this PQCD approach.

II. FORMALISM AND PERTURBATIVE
CALCULATIONS

The decay amplitude for B0
d;s → f1f1 decays in the

PQCD approach can be conceptually written as follows:

2To our knowledge, the “ππ, Kπ” puzzle, e.g., [27,28], in
the heavy B meson decays stimulated the development of the
factorization approaches to higher order, representatively, the
next-to-next-to-leading order calculations [29] in the QCD
factorization (QCDF) approach [30]. The PQCD approach has
also started its next-to-leading order trip gradually [28,31]. But,
in fact, it is well known that, according to the perturbation theory,
the contributions at leading order are usually predominant.
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AðB0
d;s → f1f1Þ

∼
Z

dx1dx2dx3b1db1b2db2b3db3 · Tr½CðtÞΦB0
d;s
ðx1; b1ÞΦf1ðx2; b2ÞΦf1ðx3; b3ÞHðxi; bi; tÞStðxiÞe−SðtÞ�; ð3Þ

in which, xi (i ¼ 1; 2; 3) is the momentum fraction of the
valence quark in the initial and final state mesons; bi is the
conjugate space coordinate of the transverse momentum
kiT ; Tr denotes the trace over Dirac and SU(3) color
indices; CðtÞ stands for the Wilson coefficients including
the large logarithms lnðmW=tÞ [26]; t is the largest running
energy scale in hard kernel Hðxi; bi; tÞ; and Φ is the wave
function describing the hadronization of quark and anti-
quark to a meson (the explicit form of the involved wave
functions associated with the distribution amplitudes can be
found later in the Appendix). The jet function StðxiÞ comes
from threshold resummation, which exhibits a strong
suppression effect in the small x region [42,43], while
the Sudakov factor e−SðtÞ arises from kT resummation,
which provides a strong suppression in the small kT (or
large b) region [44,45]. These resummation effects there-
fore guarantee the removal of the end point singularities.
The detailed expressions for StðxiÞ and e−SðtÞ can be easily
found in Refs. [42–45]. Note that, to keep the consistency,
we will use the leading order Wilson coefficients in the
following calculations. For the renormalization group
evolution of the Wilson coefficients from higher scale
to lower scale, we will adopt the formulas in Ref. [26]
directly.

A. Perturbative calculations in the PQCD approach

For the B0
d;s → f1f1 decays, the related weak effective

Hamiltonian Heff can be read as [46]

Heff ¼
GFffiffiffi
2

p
�
V�
ubVuq½C1ðμÞOu

1ðμÞ þ C2ðμÞOu
2ðμÞ�

− V�
tbVtq

�X10
i¼3

CiðμÞOiðμÞ
��

þ H:c:; ð4Þ

in which, q ¼ d or s, GF ¼ 1.16639 × 10−5 GeV−2 is the
Fermi constant, V denotes the CKM matrix elements, and
CiðμÞ stands for Wilson coefficients at the renormalization
scale μ. The local four-quark operators Oiði ¼ 1;…; 10Þ
are written as
(1) Tree operators

Ou
1 ¼ ðq̄αuβÞV−AðūβbαÞV−A;

Ou
2 ¼ ðq̄αuαÞV−AðūβbβÞV−A; ð5Þ

(2) QCD penguin operators

O3 ¼ ðq̄αbαÞV−A
X
q0
ðq̄0βq0βÞV−A;

O4 ¼ ðq̄αbβÞV−A
X
q0
ðq̄0βq0αÞV−A;

O5 ¼ ðq̄αbαÞV−A
X
q0
ðq̄0βq0βÞVþA;

O6 ¼ ðq̄αbβÞV−A
X
q0
ðq̄0βq0αÞVþA; ð6Þ

(3) Electroweak penguin operators

O7 ¼
3

2
ðq̄αbαÞV−A

X
q0
eq0 ðq̄0βq0βÞVþA;

O8 ¼
3

2
ðq̄αbβÞV−A

X
q0
eq0 ðq̄0βq0αÞVþA;

O9 ¼
3

2
ðq̄αbαÞV−A

X
q0
eq0 ðq̄0βq0βÞV−A;

O10 ¼
3

2
ðq̄αbβÞV−A

X
q0
eq0 ðq̄0βq0αÞV−A; ð7Þ

with the color indices α, β and the notations ðq̄0q0ÞV�A ¼
q̄0γμð1� γ5Þq0. The index q0 in the summation of the above
operators runs through u, d, s, c, and b.
As illustrated in Fig. 1, it is easy to find that the considered

B0
d;s → f1f1 decays contain two kinds of topologies of the

diagrams, namely, the emission one and the annihilation
one, which include eight types of diagrams in the PQCD
approach at leading order: (i) factorizable [nonfactorizable]
emission diagramsFigs. 1(a) and 1(b) [Figs. 1(c) and 1(d)] in
the first row; and (ii) nonfactorizable [factorizable] annihi-
lation diagramsFigs. 1(e) and 1(f) [Figs. 1(g) and 1(h)] in the
second row, respectively. With the effective Hamiltonian
and various operators as shown in Eqs. (4)–(7), we can
straightforwardly calculate the contributions in the PQCD
approach. Hereafter, for the sake of simplicity, we will
adopt F and FP1 (M and MP1) to denote the factorizable
(nonfactorizable) Feynman amplitudes induced by the ðV −
AÞðV − AÞ and ðV − AÞðV þ AÞ operators, andFP2 (MP2) to
denote the factorizable (nonfactorizable) Feynman ampli-
tudes from the ðS − PÞðSþ PÞ operators, which are resulted
from a Fierz transformation of the ðV − AÞðV þ AÞ ones.
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A remark is in order for the Feynman amplitudes: the
Feynman amplitudes for the B meson decaying into two
axial-vector mesons have been collected in [47]. In this
work, it is not necessary for us to list the same calculations
existed in the literature. The interested readers could refer
to Eqs. (25)–(60) [47] for detail. In Ref. [48], the authors
studied the BðsÞ → VV decays by keeping the higher
power terms proportional to r2V ¼ m2

V=m
2
B in the denom-

inator of propagators for virtual quarks and gluons, which
resulted in the predictions for most branching ratios and
polarization fractions in the PQCD approach being in good
agreement with the existing measurements. In light of this
success, we would like to retain the terms proportional to

r2f1 ¼ m2
f1
=m2

B0
d;s
in the B0

d;s → f1f1 decays too. In fact, we

have also taken this strategy into account in the studies of
B → f1V decays [25].
Together with various contributions from different dia-

grams as presented in Eqs. (25)–(60) [47] and the quark-
flavor mixing scheme as shown in Eq. (1), the decay
amplitudes of six B0

d;s → f1f1 channels can thus be written
in terms of the combinations of B0

d;s → fnfn; fnfs, and
fsfs with different coefficients as follows [the superscript h
in the following formulas stands for the helicity amplitudes
with longitudinal (L), normal (N), and transverse (T)
polarizations, respectively]:

(1) For B0
d → f1f1 decays:

The decay amplitudes for the B0
d meson decaying into the flavor states fnfn, fnfs, and fsfs can be easily written

as follows:

2AhðB0
d → fnfnÞ ¼ V�

ubVudfa2ðffnFh
fe þ fB0

d
Fh
faÞ þ C2ðMh

nfe þMh
nfaÞg

− V�
tbVtd

��
2a3 þ a4 − 2a5 −

1

2
ða7 − a9 þ a10Þ

�
ffnF

h
fe

þ
�
2a3 þ a4 þ 2a5 þ

1

2
ða7 þ a9 − a10Þ

�
fB0

d
Fh
fa þ

�
a6 −

1

2
a8

�
fB0

d
Fh;P2

fa

þ
�
C3 þ 2C4 −

1

2
ðC9 − C10Þ

�
ðMh

nfe þMh
nfaÞ

þ
�
C5 −

1

2
C7

�
ðMh;P1

nfe þMh;P1

nfa Þ þ
�
2C6 þ

1

2
C8

�
ðMh;P2

nfe þMh;P2

nfa Þ
�
; ð8Þ

ffiffiffi
2

p
AhðB0

d → fnfsÞ¼−V�
tbVtd

��
a3−a5þ

1

2
ða7−a9Þ

�
ffsF

h
feþ

�
C4−

1

2
C10

�
Mh

nfeþ
�
C6−

1

2
C8

�
Mh;P2

nfe

�
; ð9Þ

AhðB0
d → fsfsÞ ¼ −V�

tbVtd

��
a3 þ a5 −

1

2
ða7 þ a9Þ

�
fB0

d
Fh
fa þ

�
C4 −

1

2
C10

�
Mh

nfa þ
�
C6 −

1

2
C8

�
Mh;P2

nfa

�
: ð10Þ

(a)

(e) (f) (g) (h)

(b) (c) (d)

FIG. 1. Typical Feynman diagrams contributing to the B0
d;s → f1f1 decays in the PQCD approach at leading order. Here, B and f1

stand for the initial B0
d and B0

s and the final f1ð1285Þ and f1ð1420Þ mesons, respectively.
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In the above formulas, i.e., Eqs. (8)–(10), the subscripts “ðnÞfe” and “ðnÞfa” are the abbreviations of (non)
factorizable emission and (non)factorizable annihilation, and ai is the standard combination of the Wilson
coefficients Ci defined as follows:

a1 ¼ C2 þ
C1

3
; a2 ¼ C1 þ

C2

3
; ð11Þ

ai ¼
�
Ci þ Ciþ1=3 ði ¼ 3; 5; 7; 9Þ;
Ci þ Ci−1=3 ði ¼ 4; 6; 8; 10Þ: ð12Þ

where C2 ∼ 1 is the largest one among all the Wilson coefficients.
The decay amplitudes for the physical states are then

AhðB0
d → f1ð1285Þf1ð1420ÞÞ ¼ sinð2ϕf1Þ½AhðB0

d → fnfnÞ − AhðB0
d → fsfsÞ� þ cosð2ϕf1ÞAhðB0

d → fnfsÞ; ð13Þ
ffiffiffi
2

p
AhðB0

d → f1ð1285Þf1ð1285ÞÞ ¼ 2cos2ϕf1AhðB0
d → fnfnÞ þ 2sin2ϕf1AhðB0

d → fsfsÞ
− sinð2ϕf1ÞAhðB0

d → fnfsÞ; ð14Þ
ffiffiffi
2

p
AhðB0

d → f1ð1420Þf1ð1420ÞÞ ¼ 2sin2ϕf1AhðB0
d → fnfnÞ þ 2cos2ϕf1AhðB0

d → fsfsÞ
þ sinð2ϕf1ÞAhðB0

d → fnfsÞ: ð15Þ

(2) For B0
s → f1f1 decays:

Analogously, the decay amplitudes of B0
s → fnfn, fnfs, and fsfs can be written as

2AhðB0
s → fnfnÞ ¼ V�

ubVusfa2fB0
s
Fh
fa þ C2Mh

nfag

− V�
tbVts

��
2ða3 þ a5Þ þ

1

2
ða7 þ a9Þ

�
fB0

s
Fh
fa

þ
�
2C4 þ

1

2
C10

�
Mh

nfa þ
�
2C6 þ

1

2
C8

�
Mh;P2

nfa

�
; ð16Þ

ffiffiffi
2

p
AhðB0

s → fnfsÞ ¼ V�
ubVusfa2ffnFh

fe þ C2Mh
nfeg

− V�
tbVts

��
2ða3 − a5Þ −

1

2
ða7 − a9Þ

�
ffnF

h
fe

þ
�
2C4 þ

1

2
C10

�
Mh

nfe þ
�
2C6 þ

1

2
C8

�
Mh;P2

nfe

�
; ð17Þ

AhðB0
s → fsfsÞ ¼ −V�

tbVts

��
a3 þ a4 − a5 þ

1

2
ða7 − a9 − a10Þ

�
ffsF

h
fe

þ
�
a3 þ a4 þ a5 −

1

2
ða7 þ a9 þ a10Þ

�
fB0

s
Fh
fa

þ
�
a6 −

1

2
a8

�
fB0

s
Fh;P2

fa þ
�
C3 þ C4 −

1

2
ðC9 þ C10Þ

�

× ðMh
nfe þMh

nfaÞ þ
�
C5 −

1

2
C7

�
ðMh;P1

nfe þMh;P1

nfa Þ

þ
�
C6 −

1

2
C8

�
ðMh;P2

nfe þMh;P2

nfa Þ
�
: ð18Þ

Then we could give the decay amplitudes for the physical states similarly,
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AhðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ sinð2ϕf1Þ½AhðB0

s → fnfnÞ − AhðB0
s → fsfsÞ� þ cosð2ϕf1ÞAhðB0

s → fnfsÞ; ð19Þ
ffiffiffi
2

p
AhðB0

s → f1ð1285Þf1ð1285ÞÞ ¼ 2cos2ϕf1AhðB0
s → fnfnÞ − sinð2ϕf1ÞAhðB0

s → fnfsÞ
þ 2sin2ϕf1AhðB0

s → fsfsÞ; ð20Þ
ffiffiffi
2

p
AhðB0

s → f1ð1420Þf1ð1420ÞÞ ¼ 2sin2ϕf1AhðB0
s → fnfnÞ þ sinð2ϕf1ÞAhðB0

s → fnfsÞ
þ 2cos2ϕf1AhðB0

s → fsfsÞ: ð21Þ

III. NUMERICAL RESULTS AND DISCUSSIONS

Now, we will perform the numerical calculations in the
PQCD approach on the experimental observables such as the
CP-averaged branching ratios (B), the direct CP-violating
asymmetries (Adir

CP), and the CP-averaged polarization frac-
tions, etc. for the considered B0

d;s → f1f1 decays. Some
essential comments on the input parameters are in order:
(a) Distribution amplitudes for the flavor states fn and fs

As discussed in [23], the 3P1-axial-vector meson has
the similar behavior to the vector one. Meanwhile, it is
noted that, for the distribution amplitudes, the flavor ηn
and ηs states of ηð0Þ usually took the same form as pion
but with different decay constants fηn and fηs in the
pseudoscalar sector. Therefore, for the flavor states fn
and fs in this work, we shall adopt the same distribution
amplitudes as those of the a1ð1260Þ meson. The decay
constants ffn and ffs , and the relevant Gegenbauer
moments can be easily found in Refs. [9,23,25,49,50].

(b) Wolfenstein parametrization of CKM matrix and four
parameters
For the CKM matrix elements, we adopt the

Wolfenstein parametrization at leading order [51]
and the updated parameters released in PDG2018:
A ¼ 0.836, λ ¼ 0.22453, ρ̄ ¼ 0.122þ0.018

−0.017 , and η̄ ¼
0.355þ0.012

−0.011 [52].
(c) QCD scale, masses, and B0

d;s meson lifetimes
The relevant QCD scale (GeV), masses (GeV),

and B meson lifetime (ps) are the following
[4,23,26,50,52]:

Λðf¼4Þ
MS

¼ 0.250; mW ¼ 80.41; mB0
d
¼ 5.28;

mB0
s
¼ 5.37; mb ¼ 4.8;

ffn ¼ 0.193þ0.043
−0.038 ; ffs ¼ 0.230� 0.009;

mfn ¼ 1.28; mfs ¼ 1.42;

τB0
d
¼ 1.520; τB0

s
¼ 1.509;

ϕf1 ¼ ð24.0þ3.2
−2.7Þ°: ð22Þ

Of course, in numerical calculations, central values of
the above input parameters will be used implicitly
unless otherwise stated.

A. CP-averaged branching ratios

Similar to the B → f1V decays [25], the B0
d;s → f1f1

decay rate can also be written as

Γ ¼ G2
FjPcj

16πm2
B0
d;s

X
h¼L;N;T

A†
hAh; ð23Þ

where jPcj≡ jP2zj ¼ jP3zj is the momentum of either the
outgoing axial-vector meson and Ah can be found, for
example, in Eqs. (19)–(21). The corresponding branching
ratios B can thus be easily obtained through the relation
B ¼ τB0

d;s
Γ.

The numerical results predicted in the PQCD approach
for the observables, specifically, branching ratios, directCP
violations, and polarization fractions associated with the
theoretical errors are collected in Tables I–III. As for the
errors, they are mainly induced by the uncertainties of the
shape parameter ωB¼0.40�0.04ðωB¼0.50�0.05ÞGeV
in the B0

dðB0
sÞ meson distribution amplitude, of the com-

bined decay constants fM from the 3P1-axial-vector state as
ffn ¼ 0.193þ0.043

−0.038 GeV and ffs ¼ 0.230� 0.009 GeV, of

the combined Gegenbauer moments af1 from ak2 and a⊥1 in
the fn and fs state distribution amplitudes, of the mixing
angle ϕf1 ¼ ð24.0þ3.2

−2.7Þ° for the f1ð1285Þ − f1ð1420Þ mix-
ing system in the quark-flavor basis, of the maximal
running hard scale tmax ¼ ð1.0� 0.2Þt,3 and of the com-
bined CKMmatrix elements V from the parameters ρ̄ and η̄,
respectively. Note that the errors induced by the hadronic
parameters such as the decay constants and the Gegenbauer

3As mentioned above, parts of the next-to-leading order
corrections to two-body hadronic B meson decays have been
proposed in the PQCD approach [28,31], however, the higher
order QCD contributions to the decays of B mesons into two
vector final states beyond leading order are not yet available now.
Therefore, the higher order contributions in this work are simply
investigated by exploring the variation of hard scale tmax with
20%, i.e., from 0.8t to 1.2t (not changing 1=bi; i ¼ 1, 2, 3), in the
hard kernel, which have been counted into one of the sources of
theoretical uncertainties. As can be seen in the Tables I–III, it
looks like that, relative to the color-suppressed, tree-dominated
B0
d → f1ð1285Þf1ð1285Þ mode, all the other five decays con-

sidered in this work are more sensitive to the higher order
corrections potentially.
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moments in the adopted distribution amplitudes, particu-
larly for the axial-vector states, are larger than those from
other inputs, which can be easily seen from the Tables I–III.
Frankly speaking, due to the lack of the essential con-
straints from experiments, we have to choose the available
parameters calculated in the QCD sum rules with large
uncertainties. Therefore, it is expected that the experimental
examinations on the numerical results and the theoretical
predictions presented in this work could provide effective
constraints on these hadronic parameters in the (near)
future. Meanwhile, the calculations of the above-mentioned
inputs arising from lattice QCD could also help better
understand the relevant hadron dynamics and give more
precise predictions theoretically.
Based on the effective Hamiltonian as shown in Eq. (4),

it is clear to see that, at the quark level, the B0
d → f1f1

decays are the ΔS ¼ 0 (here, the capital S describes the
strange flavor number) type modes with the b̄ → d̄ tran-
sition, while the B0

s → f1f1 ones are the ΔS ¼ 1 type
channels with the b̄ → s̄ transition, where the former is
CKM suppressed, and the latter is, however, CKM favored.
Then, as generally expected, the B0

s → f1f1 decay rates are
much larger than the B0

d → f1f1 ones with different extents
due to the CKM enhancement and the constructive/destruc-
tive interferences among the flavor fnfn, fnfs, and fsfs
final states. The BðB0

d;s → f1f1Þ predicted in the PQCD
approach can confirm this expectation numerically. One
can see the predictions as presented explicitly in the
Tables I–III. Within a bit large theoretical uncertainties,
the branching ratios of B0

d;s → f1f1 decays in the PQCD
approach can be read as follows,

TABLE I. Theoretical predictions on the quantities of the B0
d;s → f1ð1285Þf1ð1420Þ decays obtained in the PQCD approach, where

the errors are sequentially from the shape parameter ωB, the decay constants fM, the Gegenbauer moments af1 , the mixing angle ϕf1 , the
higher order corrections factor at, and the CKM parameters V.

Decay modes B0
d → f1ð1285Þf1ð1420Þ B0

s → f1ð1285Þf1ð1420Þ
B Γ=Γtotal 5.05þ1.14þ4.73þ3.00þ0.23þ1.21þ0.11

−0.87−2.47−1.92−0.26−0.73−0.09 × 10−7 7.50þ1.56þ1.26þ6.25þ1.08þ1.97þ0.01
−1.03−1.10−4.16−0.70−1.31−0.01 × 10−6

fLð%Þ jALj2 18.0þ0.8þ4.8þ13.0þ0.8þ2.2þ0.8
−0.4−2.5−5.4−0.6−0.4−0.6 59.0þ6.4þ3.4þ2.6þ6.0þ2.2þ0.0

−6.6−5.3−4.9−8.4−3.2−0.0
fjjð%Þ jAjjj2 45.3þ0.3þ1.5þ3.5þ0.3þ0.5þ0.4

−0.4−2.4−7.8−0.2−1.3−0.3 23.2þ3.8þ3.0þ2.8þ4.8þ1.9þ0.1
−3.6−1.9−1.5−3.4−1.2−0.0

f⊥ð%Þ jA⊥j2 36.6þ0.2þ1.2þ2.0þ0.5þ0.0þ0.4
−0.3−2.2−5.0−0.4−0.7−0.4 17.7þ2.9þ2.3þ2.2þ3.6þ1.4þ0.0

−2.7−1.4−1.2−2.5−0.9−0.0

ϕkðradÞ arg
Ajj
AL

1.89þ1.40þ2.00þ2.62þ0.27þ0.14þ2.15
−0.00−0.00−0.00−0.00−0.00−0.00 1.99þ0.16þ0.22þ0.11þ0.22þ0.08þ0.01

−0.17−0.29−0.21−0.24−0.05−0.00

ϕ⊥ðradÞ arg A⊥
AL

1.92þ1.40þ2.00þ1.54þ1.37þ0.98þ0.07
−0.00−0.00−0.10−0.00−0.00−0.07 2.00þ0.16þ0.25þ0.11þ0.23þ0.08þ0.00

−0.16−0.29−0.20−0.24−0.05−0.00

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ 54.7þ0.9þ1.5þ2.8þ2.5þ0.5þ1.4
−1.4−3.1−8.6−2.7−2.8−1.3 2.8þ0.2þ0.0þ0.8þ0.0þ0.0þ0.1

−0.3−0.3−0.7−0.3−0.0−0.1

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
94.8þ0.0þ0.7þ2.6þ0.0þ1.1þ1.2

−1.4−10.2−23.9−2.0−11.9−1.4 −5.0þ0.3þ1.1þ1.4þ0.5þ0.0þ0.1
−0.3−1.5−2.8−0.5−0.2−0.2

Adir
CPðjjÞð%Þ f̄jj−fjj

f̄jjþfjj
46.3þ0.7þ3.4þ5.7þ3.6þ2.4þ1.5

−1.1−4.2−5.7−3.5−3.5−1.6 13.6þ1.9þ3.3þ0.2þ3.1þ1.0þ0.5
−1.9−3.6−1.1−3.7−1.2−0.4

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
45.5þ0.8þ3.0þ3.0þ3.3þ2.2þ1.5

−1.2−3.7−4.6−3.2−3.4−1.6 14.8þ1.9þ3.6þ0.9þ3.3þ1.2þ0.5
−2.0−4.0−1.5−4.1−1.4−0.5

TABLE II. Same as Table I but for B0
d;s → f1ð1285Þf1ð1285Þ decays.

Decay modes B0
d → f1ð1285Þf1ð1285Þ B0

s → f1ð1285Þf1ð1285Þ
B Γ=Γtotal 6.64þ1.21þ8.12þ2.68þ0.51þ0.80þ0.35

−0.96−3.82−1.40−0.60−0.38−0.31 × 10−7 3.70þ1.30þ2.15þ2.11þ0.70þ0.95þ0.02
−0.90−1.34−1.55−0.54−0.66−0.01 × 10−6

fLð%Þ jALj2 27.7þ3.4þ3.7þ18.2þ2.3þ5.0þ0.4
−3.4−2.5−9.9−1.7−3.4−0.4 78.9þ1.7þ1.5þ4.6þ1.1þ0.0þ0.1

−1.8−1.7−7.0−1.2−0.1−0.2

fjjð%Þ jAjjj2 38.2þ1.9þ1.8þ6.0þ0.9þ2.2þ0.2
−1.9−2.0−10.3−1.3−2.9−0.2 11.7þ1.0þ0.9þ3.8þ0.6þ0.1þ0.1

−1.0−0.8−2.6−0.6−0.0−0.1
f⊥ð%Þ jA⊥j2 34.1þ1.5þ1.1þ4.0þ0.7þ1.2þ0.2

−1.5−1.7−8.0−1.1−2.1−0.2 9.4þ0.8þ0.8þ3.3þ0.5þ0.1þ0.1
−0.7−0.7−2.1−0.5−0.0−0.0

ϕjj (rad) arg
Ajj
AL

4.10þ0.02þ0.04þ0.11þ0.03þ0.17þ0.03
−0.03−0.06−1.38−0.04−0.09−0.02 4.00þ0.15þ0.25þ0.16þ0.15þ0.05þ0.00

−0.13−0.16−0.13−0.11−0.02−0.00

ϕ⊥ (rad) arg A⊥
AL

4.11þ0.02þ0.05þ0.11þ0.04þ0.18þ0.03
−0.02−0.07−1.41−0.04−0.09−0.02 4.02þ0.15þ0.24þ0.16þ0.15þ0.04þ0.00

−0.13−0.16−0.13−0.11−0.03−0.00

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ 26.5þ0.7þ5.1þ10.8þ3.5þ1.7þ0.9
−0.8−7.3−17.7−4.5−2.5−0.9 −0.3þ0.5þ0.7þ0.8þ0.5þ0.2þ0.0

−0.4−0.5−1.1−0.3−0.1−0.0

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
−72.0þ7.8þ5.2þ28.1þ3.3þ17.1þ2.4

−8.3−4.0−19.5−2.8−17.6−2.2 −2.8þ0.2þ0.3þ0.9þ0.2þ0.4þ0.1
−0.0−0.2−0.9−0.1−0.3−0.0

Adir
CPðjjÞð%Þ f̄jj−fjj

f̄jjþfjj
66.3þ4.3þ0.4þ0.0þ0.4þ1.5þ2.3

−4.7−1.4−9.9−0.8−1.7−2.5 9.1þ3.1þ5.3þ2.6þ3.4þ0.5þ0.3
−2.6−4.0−3.7−2.7−0.3−0.3

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
62.0þ4.1þ0.6þ1.1þ0.4þ2.0þ2.3

−4.3−1.3−10.3−0.7−2.0−2.1 8.6þ3.1þ5.7þ2.6þ3.6þ0.7þ0.3
−2.6−4.2−3.6−2.8−0.4−0.3
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BðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 6.64þ8.70

−4.25 × 10−7;

BðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 3.70þ3.49

−2.39 × 10−6; ð24Þ

BðB0
d → f1ð1285Þf1ð1420ÞÞ ¼ 5.05þ5.85

−3.34 × 10−7;

BðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 7.50þ6.94

−4.67 × 10−6; ð25Þ

BðB0
d → f1ð1420Þf1ð1420ÞÞ ¼ 1.00þ1.05

−0.62 × 10−7;

BðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 3.37þ3.27

−2.18 × 10−5; ð26Þ

where all the errors arising from the input parameters have
been added in quadrature.
As aforementioned, the B0

d → f1f1 decays have been
investigated in the QCDF approach [22]. The numerical
results with large errors presented in [22] can be read as
follows4:

BðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 0.2þ0.2þ2.5

−0.1−0.0 × 10−6; ð27Þ

BðB0
d→f1ð1285Þf1ð1420ÞÞ¼0.05þ0.05þ0.63

−0.00−0.00 ×10−6; ð28Þ

BðB0
d→ f1ð1420Þf1ð1420ÞÞ¼ 0.01þ0.01þ0.06

−0.00−0.00 ×10−6: ð29Þ

The largest errors are from the parametrized hard spectator
scattering and annihilation diagrams, as mentioned in [22].
Note that the parametrization of these contributions are
inferred from those in the B → VV decays in the QCDF
approach due to the similar behavior between the vector
meson and the 3P1 axial-vector one. One can see that the

B0
d → f1f1 decay rates predicted in the PQCD and QCDF

approaches are roughly consistent with each other within
large uncertainties, although, in terms of the central values,
the branching ratios of the latter two modes in the QCDF
approach are smaller than those in the PQCD approach with
one order. It is worth pointing out that the dramatically
different central values of these B0

d decays, especially the
latter two modes, by an order of magnitude in the QCDF
and PQCD approaches maybe mainly resulted from the
different hard scales, that is, the largest running scale
μ ¼ tmax in the PQCD approach, while the fixed hard scale
μ ¼ mb in the QCDF approach, and from the different
treatments on the hard spectator interactions and the
annihilation diagrams, that is, those contributions are
quantitatively calculated in the PQCD approach, while
they are roughly parametrized in the QCDF approach due
to end point singularity.
According to the mixing scheme in Eq. (1) with refer-

enced valueϕf1 ¼ 24°, one can easily find that the f1ð1285Þ
is predominated by the fn component, while the f1ð1420Þ is
governed by the fs component. Hence, for the B0

d → f1f1
decays, it could be naïvely anticipated that the B0

d →
f1ð1285Þf1ð1285Þ ½B0

d → f1ð1420Þf1ð1420Þ� mode is
tree- (penguin-)diagram dominant, but with only a few
percent of penguin (tree) contaminations. For the B0

d →
f1ð1285Þf1ð1420Þ channel, both of the tree diagrams and
the penguin ones contribute evidently to the decay rate
simultaneously. The decay amplitudes induced by the tree
diagrams and the penguin diagrams for the B0

d → f1f1
decays have been collected and can be seen clearly in the
Table IV. To clarify the above expectations, we present the
CP-averaged branching ratios in the PQCD approach with-
out considering the tree contributions for the considered
B0
d→f1f1 decays, namely, BðB0

d → f1ð1285Þf1ð1285ÞÞ ¼
1.63 × 10−7, BðB0

d → f1ð1285Þf1ð1420ÞÞ ¼ 3.29 × 10−7,

TABLE III. Same as Table I but for B0
d;s → f1ð1420Þf1ð1420Þ decays.

Decay modes B0
d → f1ð1420Þf1ð1420Þ B0

s → f1ð1420Þf1ð1420Þ
B Γ=Γtotal 1.00þ0.20þ0.75þ0.59þ0.33þ0.23þ0.00

−0.14−0.42−0.33−0.23−0.15−0.00 × 10−7 3.37þ0.29þ0.58þ3.04þ0.12þ1.01þ0.01
−0.24−0.50−2.00−0.17−0.65−0.00 × 10−5

fLð%Þ jALj2 12.4þ5.1þ5.4þ19.5þ2.7þ3.4þ0.2
−3.9−1.9−6.0−1.5−2.8−0.2 10.6þ1.6þ1.5þ9.8þ0.9þ1.9þ0.0

−1.8−1.4−3.3−1.0−1.8−0.0

fjjð%Þ jAjjj2 49.7þ2.3þ0.9þ3.9þ0.8þ1.8þ0.2
−3.0−3.1−11.7−1.5−2.1−0.2 51.1þ1.0þ0.7þ2.2þ0.5þ1.0þ0.0

−0.9−0.9−6.4−0.6−1.1−0.0

f⊥ð%Þ jA⊥j2 37.9þ1.7þ0.9þ2.2þ0.7þ1.1þ0.1
−2.1−2.4−7.7−1.2−1.3−0.0 38.3þ0.9þ0.7þ1.1þ0.5þ0.7þ0.0

−0.7−0.6−3.4−0.3−0.7−0.0

ϕjj (rad) arg
Ajj
AL

4.22þ0.20þ0.10þ0.34þ0.08þ0.22þ0.00
−0.14−0.18−1.25−0.11−0.16−0.01 3.37þ0.00þ0.09þ0.05þ0.06þ0.13þ0.00

−0.01−0.09−0.06−0.06−0.10−0.00

ϕ⊥ (rad) arg A⊥
AL

4.25þ0.20þ0.10þ0.34þ0.08þ0.22þ0.00
−0.11−0.18−1.25−0.11−0.16−0.01 3.40þ0.00þ0.09þ0.05þ0.06þ0.13þ0.00

−0.01−0.09−0.06−0.06−0.10−0.00

Adir
CPð%Þ Γ̄−Γ

Γ̄þΓ 25.4þ1.8þ6.9þ5.0þ5.0þ3.2þ0.8
−2.2−8.3−11.9−4.9−3.0−0.7 −1.9þ0.2þ0.3þ0.4þ0.2þ0.2þ0.1

−0.2−0.3−0.6−0.2−0.2−0.1

Adir
CPðLÞð%Þ f̄L−fL

f̄LþfL
9.4þ19.1þ25.9þ39.7þ18.3þ11.9þ0.4

−9.4−20.6−67.8−14.0−17.7−0.4 2.3þ0.6þ0.1þ0.8þ0.1þ0.7þ0.0
−0.5−0.4−0.6−0.2−0.7−0.1

Adir
CPðjjÞð%Þ f̄jj−fjj

f̄jjþfjj
28.0þ0.4þ4.4þ5.1þ3.0þ2.3þ0.9

−0.6−4.5−4.0−2.7−3.1−0.8 −2.3þ0.2þ0.3þ0.5þ0.2þ0.2þ0.0
−0.3−0.4−1.2−0.3−0.2−0.1

Adir
CPð⊥Þð%Þ f̄⊥−f⊥

f̄⊥þf⊥
27.3þ0.4þ4.3þ3.0þ3.0þ2.3þ0.9

−0.6−4.6−3.3−2.7−3.2−0.8 −2.5þ0.2þ0.4þ0.6þ0.2þ0.3þ0.1
−0.2−0.3−1.1−0.2−0.2−0.0

4As discussed in [10], the predictions in the QCDF approach
for the B → f1M decays [6,22] with M being the pseudoscalar,
vector, and axial-vector mesons provided in the second entry
could be quoted to make effective comparisons to those given in
the quark-flavor basis, i.e., Eq. (1), with a positive angle in the
PQCD approach.
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andBðB0
d → f1ð1420Þf1ð1420ÞÞ ¼ 0.86 × 10−7with about

75%, 35%, and 15% reduction, respectively. Here, only the
central values are quoted for clarifications.
In principle, the B0

d → f1f1 decay rates could be acces-
sible at the LHCb and/or Belle-II experiments with accu-
mulating a large number of B0

dB̄
0
d events in the near future,

after all, the B0
d → KþK− with decay rate 1.3� 0.5 × 10−7

and B0
s → πþπ− with branching ratio 7.6� 1.9 × 10−7

[1,40,53] have been measured at LHCb. But, by consid-
ering the secondary decay process of f1ð1285Þ, namely,
Bðf1ð1285Þ → ηπþπ−Þ ∼ 35% [1] or Bðf1ð1285Þ →
2π0πþπ−Þ ∼ 22.3% [1], then the B0

d → f1ð1285Þf1ð1285Þ
channel have to be detected through the processes
B0
d → f1ð1285Þð→ηπþπ−Þf1ð1285Þð→ηπþπ−Þ or B0

d →
f1ð1285Þð→2π0πþπ−Þf1ð1285Þð→2π0πþπ−Þ with the
branching ratios under the narrow width approximation,

BðB0
d→ ðηπþπ−Þf1ð1285Þðηπþπ−Þf1ð1285ÞÞ

≡BðB0
d → f1ð1285Þf1ð1285ÞÞ ·B2ðf1ð1285Þ→ ηπþπþÞ;

≈0.81þ1.07
−0.52 ×10−7; ð30Þ

BðB0
d→ð2π0πþπ−Þf1ð1285Þð2π0πþπ−Þf1ð1285ÞÞ

≡BðB0
d→f1ð1285Þf1ð1285ÞÞ ·B2ðf1ð1285Þ→2π0πþπ−Þ;

≈0.33þ0.43
−0.21×10−7: ð31Þ

It seems that the above two results are too small to be
measured experimentally in the near future.
However, the B0

s → f1f1 decays have large branching
ratios in the order of 10−6 ∼ 10−5, which are expected to be
measured in the near future at LHCb and Belle-II experi-
ments. Unlike the B0

d → f1f1 decays, the B0
s → f1f1 ones

are almost dominated by the pure penguin contributions
just with the tiny while negligible tree pollution, which can
be clearly seen from the decay amplitudes presented in the
Table V. Furthermore, when the contributions from tree
diagrams are turned off for the B0

s → f1f1 decays, the CP-
averaged branching ratios, in terms of the central values,
will change slightly as follows,

BðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 3.78 × 10−6; ð32Þ

BðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 7.43 × 10−6; ð33Þ

BðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 3.40 × 10−5: ð34Þ

Relative to the dominant f1ð1285Þ → ηππ decay, the
decay rate for the dominant f1ð1420Þ → KK̄π process is
not yet available.5 Therefore, it is not easy to exactly
estimate the branching ratios of B0

s → f1ð1285Þf1ð1420Þ
and f1ð1420Þf1ð1420Þ decays via the resonant
channels B0

s→ðηπþπ−Þf1ð1285ÞðK0
SK

þπ−Þf1ð1420Þ and B0
s →

ðK0
SK

þπ−Þf1ð1420ÞðK0
SK

þπ−Þf1ð1420Þ. Fortunately, as dis-
cussed in Ref. [55], the only decay modes of the
f1ð1420Þ were assumed as K̄K�, a0ð980Þπ, and ϕγ,
and the decay rate of f1ð1420Þ → K�K̄ was given as
about 96%, then the branching ratio could be naïvely
assumed as Bðf1ð1420Þ → K0

SK
�π∓Þ ≈ 64%. Then, sim-

ilarly, under the narrow width approximation, the
B0
s→f1ð1285Þð→ηπþπ−Þf1ð1420Þð→K0

SK
þπ−Þ and B0

s →
f1ð1420Þð→K0

SK
þπ−Þf1ð1420Þð→K0

SK
þπ−Þ processes

have the branching ratios as follows:

BðB0
s → ðηπþπ−Þf1ð1285ÞðK0

SK
þπ−Þf1ð1420ÞÞ

≡BðB0
s → f1ð1420Þf1ð1420ÞÞ ·Bðf1ð1285Þ→ ηπþπ−Þ

·Bðf1ð1420Þ→ K0
SK

þπ−Þ≈ 1.68þ1.56
−1.04 × 10−6; ð35Þ

BðB0
s → ðK0

SK
þπ−Þf1ð1420ÞðK0

SK
þπ−Þf1ð1420ÞÞ

≡BðB0
s→f1ð1420Þf1ð1420ÞÞ ·B2ðf1ð1420Þ→K0

SK
þπ−Þ

≈1.38þ1.34
−0.89 ×10−5: ð36Þ

TABLE IV. Decay amplitudes(in units of 10−3 GeV3) of the B0
d → f1f1 modes with three polarizations in the PQCD approach, where

only the central values are quoted for clarification. Note that the numerical results in the parentheses are the corresponding amplitudes
without annihilation contributions.

Decay modes
B0
d → f1ð1285Þf1ð1285Þ B0

d → f1ð1285Þf1ð1420Þ B0
d → f1ð1420Þf1ð1420Þ

Contributions Tree diagrams Penguin diagrams Tree diagrams Penguin diagrams Tree diagrams Penguin diagrams

AL 0.463−i0.005 0.253−i0.306 0.292−i0.003 −0.285þi0.102 0.092−i0.001 −0.024−i0.132
ð0.299−i0.133Þ ð0.219−i0.056Þ ð0.189−i0.084Þ ð−0.198þi0.124Þ ð0.059−i0.026Þ ð−0.168þi0.089Þ

AN −0.109−i0.441 −0.047þi0.203 −0.069−i0.278 −0.278þi0.282 −0.022−i0.087 −0.162þi0.134
ð−0.116−i0.447Þ ð−0.024þi0.050Þ ð−0.073−i0.281Þ ð−0.262þi0.184Þ ð−0.023−i0.089Þ ð−0.160þi0.106Þ

AT −0.236−i0.964 −0.114þi0.413 −0.149−i0.607 −0.581þi0.565 −0.047−i0.191 −0.341þi0.267
ð−0.228−i0.964Þ ð−0.065þi0.102Þ ð−0.143−i0.607Þ ð−0.549þi0.366Þ ð−0.045−i0.191Þ ð−0.333þi0.210Þ

5Due to the currently unknown nature [1] and the different
understanding [54] of the f1ð1420Þ, we just take the absolutely
dominant mode, i.e., f1ð1420Þ → K̄K� into account. Then, by
including the secondary decay chain K� → Kπ under the narrow
width approximation, the branching ratio of the strong decay
f1ð1420Þ → K̄K� → K0

SK
�π∓ could be naïvely estimated as

Bðf1ð1420Þ → K̄K�Þ · BðK� → K�π∓Þ.
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Certainly, these two large values as given in Eqs. (35) and
(36) are believed to be detectable at LHCb experiments, as
well as at Belle-II ones in the near future.
Different from the ideal mixing between ω and ϕ in the

vector sector, both of f1ð1285Þ and f1ð1420Þ mesons have
some admixtures of fs and fn correspondingly. Therefore,
though the similarity of the distribution amplitudes between
the f1 states and the ωðϕÞ mesons has been observed [22],
relative to the B0

d;s→ωðϕÞωðϕÞ and B0
d;s→f1ωðϕÞ decays,

the more complicated interferences among the B0
d;s →

fnfn; fnfs, and fsfs are involved in the B0
d;s → f1f1

decays, as presented explicitly in the Eqs. (13)–(15) and
Eqs. (19)–(21). In other words, it is not easy to naïvely
anticipate the constructive or destructive interferences in
the B0

d;s → f1f1 decays just like those in the B0
d;s →

ωðϕÞωðϕÞ, and B0
d;s → f1ωðϕÞ ones. But, as observed in

the Table VI, the B0
s → fnfn channel has a small longi-

tudinal while two tiny and negligible transverse amplitudes,
which would make the interferences in the B0

s → f1f1
decays more easy to be explored. Therefore, it can
still be expected that the nearly pure penguin B0

s →
f1ð1420Þf1ð1420Þ decay with a large branching ratio could
provide useful information to constrain the B0

s − B̄0
s mixing

phase, even to find new physics signal beyond the standard
model complementarily.
As clearly seen in the Tables I–III, the numerical

results calculated in the PQCD approach suffer from large
uncertainties induced by the less constrained distribution
amplitudes of the involved hadrons. At the same time,
frankly speaking, it is worthy of stressing that the large
errors presented in the Tables I–III for the considered
B0
d;s → f1f1 decays are mainly induced by the decay

constants, Gegenbauer moments, even the mixing angle
of the f1 mesons. In light of these large uncertainties, we
then define some interesting ratios of the branching ratios
for the decay modes. As generally expected, if the modes in
a ratio have similar dependence on a specific input
parameter, the error induced by the uncertainty of this
input parameter will be largely canceled in the ratio, even if
one cannot make an explicit factorization for this param-
eter. Furthermore, from the experimental side, we know
that the ratios of the branching ratios generally could be
measured with a better accuracy than that for the individual
branching ratios. The relevant ratios about the decay
rates of the considered B0

d;s → f1f1 decays can be read
as follows:

TABLE V. Same as Table IV but for the B0
s → f1f1 modes.

Decay modes B0
s → f1ð1285Þf1ð1285Þ B0

s → f1ð1285Þf1ð1420Þ B0
s → f1ð1420Þf1ð1420Þ

Contributions Tree diagrams Penguin diagrams Tree diagrams Penguin diagrams Tree diagrams Penguin diagrams

AL −0.003þi0.048 −2.202þi0.976 0.096−i0.007 2.784−i1.006 0.061−i0.014 −1.598þi2.199
ð−0.051þi0.020Þ ð−1.530−i0.060Þ ð0.065−i0.025Þ ð2.679þi0.221Þ ð0.051−i0.020Þ ð−0.792−i0.400Þ

AN 0.023þi0.074 −0.612−i0.279 −0.026−i0.091 −0.055þi1.318 −0.021−i0.072 3.193−i2.745
ð0.021þi0.073Þ ð−0.891þi0.117Þ ð−0.027−i0.092Þ ð0.868þi0.043Þ ð−0.021−i0.073Þ ð1.739−i0.726Þ

AT 0.040þi0.158 −1.241−i0.592 −0.055−i0.202 −0.140þi2.663 −0.042−i0.159 6.695−i5.424
ð0.042þi0.159Þ ð−1.827þi0.209Þ ð−0.053−i0.202Þ ð1.723þi0.095Þ ð−0.042−i0.159Þ ð3.732−i1.353Þ

TABLE VI. Decay amplitudes(in units of 10−3 GeV3) for flavor states B0
d;s → fnfn; fnfs, and fsfs of the B0

d;s → f1f1 modes with
three polarizations in the PQCD approach, where only the central values are quoted for clarification. Note that the numerical results in
the parentheses are the corresponding amplitudes of B̄0

d;s → fnfn; fnfs, and fsfs.

Decays
B0
d → f1f1 B0

s → f1f1

Flavor states B0
d → fnfn B0

d → fnfs B0
d → fsfs B0

s → fnfn B0
s → fnfs B0

s → fsfs

AL 0.433−i0.162 −0.336þi0.159 0.121−i0.151 −0.411þi0.484 2.278−i0.068 −2.235þi1.786
AL ð−0.176−i0.315Þ ð−0.350−i0.125Þ ð0.193−i0.021Þ ð−0.470þi0.416Þ ð2.080−i0.059Þ ð−2.235þi1.786Þ
AN −0.242−i0.133 −0.246þi0.152 0.002−i0.002 −0.006þi0.005 1.923−i0.553 1.833−i2.142

ð−0.427þi0.418Þ ð−0.282−i0.067Þ ð0.003þi0.000Þ ð−0.008þi0.002Þ ð1.912−i0.280Þ ð1.833−i2.142Þ
AT −0.523−i0.332 −0.509þi0.302 0.001−i0.004 −0.003þi0.006 3.997−i1.059 3.858−i4.259

ð−0.902þi0.887Þ ð−0.573−i0.147Þ ð0.004−i0.002Þ ð0.000þi0.007Þ ð3.959−i0.468Þ ð3.858−i4.259Þ
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Rsd
1 ½f1ð1285Þf1ð1420Þ�≡ BðB0

s → f1ð1285Þf1ð1420ÞÞPQCD
BðB0

d → f1ð1285Þf1ð1420ÞÞPQCD
;

≈ 14.85þ0.63
−0.21ðωBÞþ9.96

−5.89ðfMÞþ2.23
−4.18ðaf1Þþ1.40

−0.65ðϕf1Þþ0.28
−0.52ðatÞþ0.26

−0.30ðVÞ; ð37Þ

Rsd
2 ½f1ð1285Þf1ð1285Þ�≡ BðB0

s → f1ð1285Þf1ð1285ÞÞPQCD
BðB0

d → f1ð1285Þf1ð1285ÞÞPQCD
;

≈ 5.57þ0.80
−0.64ðωBÞþ2.80

−1.61ðfMÞþ0.66
−1.47ðaf1Þþ0.58

−0.34ðϕf1Þþ0.68
−0.71ðatÞþ0.26

−0.25ðVÞ; ð38Þ

Rsd
3 ½f1ð1420Þf1ð1420Þ�≡ BðB0

s → f1ð1420Þf1ð1420ÞÞPQCD
BðB0

d → f1ð1420Þf1ð1420ÞÞPQCD
;

≈ 3.37þ0.27
−0.32ðωBÞþ1.58

−1.11ðfMÞþ0.66
−1.33ðaf1Þþ0.79

−0.75ðϕf1Þþ0.19
−0.17ðatÞþ0.01

−0.00ðVÞ × 102; ð39Þ

Rdd
4 ½f1ð1285Þ=f1ð1420Þ�≡ BðB0

d → f1ð1285Þf1ð1285ÞÞPQCD
BðB0

d → f1ð1285Þf1ð1420ÞÞPQCD
;

≈ 1.31þ0.05
−0.04ðωBÞþ0.20

−0.22ðfMÞþ0.36
−0.15ðaf1Þþ0.04

−0.05ðϕf1Þþ0.14
−0.12ðatÞþ0.04

−0.05ðVÞ; ð40Þ

Rss
5 ½f1ð1420Þ=f1ð1285Þ�≡

BðB0
s → f1ð1285Þf1ð1420ÞÞPQCD

BðB0
s → f1ð1285Þf1ð1285ÞÞPQCD

;

≈ 2.03þ0.28
−0.22ðωBÞþ0.68

−0.53ðfMÞþ0.34
−0.48ðaf1Þþ0.12

−0.08ðϕf1Þþ0.01
−0.00ðatÞþ0.00

−0.01ðVÞ; ð41Þ

Rdd
6 ½f1ð1285Þ=f1ð1420Þ�≡ BðB0

d → f1ð1285Þf1ð1420ÞÞPQCD
BðB0

d → f1ð1420Þf1ð1420ÞÞPQCD
;

≈ 5.05þ0.11
−0.19ðωBÞþ0.54

−0.60ðfMÞþ0.01
−0.38ðaf1Þþ1.17

−1.08ðϕf1Þþ0.04
−0.00ðatÞþ0.11

−0.09ðVÞ; ð42Þ

Rss
7 ½f1ð1420Þ=f1ð1285Þ�≡

BðB0
s → f1ð1420Þf1ð1420ÞÞPQCD

BðB0
s → f1ð1285Þf1ð1420ÞÞPQCD

;

≈ 4.49þ0.35
−0.45ðωBÞþ0.02

−0.01ðfMÞþ0.17
−0.39ðaf1Þþ0.68

−0.42ðϕf1Þþ0.14
−0.10ðatÞþ0.01

−0.00ðVÞ; ð43Þ

Rdd
8 ½f1ð1285Þ=f1ð1420Þ�≡ BðB0

d → f1ð1285Þf1ð1285ÞÞPQCD
BðB0

d → f1ð1420Þf1ð1420ÞÞPQCD
;

≈ 6.64þ0.00
−0.10ðωBÞþ1.79

−1.78ðfMÞþ1.18
−0.78ðaf1Þþ1.20

−1.26ðϕf1Þþ0.72
−0.59ðatÞþ0.35

−0.31ðVÞ; ð44Þ

Rss
9 ½f1ð1420Þ=f1ð1285Þ�≡

BðB0
s → f1ð1420Þf1ð1420ÞÞPQCD

BðB0
s → f1ð1285Þf1ð1285ÞÞPQCD

;

≈ 9.11þ2.07
−1.79ðωBÞþ3.05

−2.36ðfMÞþ1.92
−2.74ðaf1Þþ1.02

−1.18ðϕf1Þþ0.31
−0.16ðatÞþ0.02

−0.02ðVÞ: ð45Þ

Generally speaking, it should be noted that the errors
arising from the parameters, in particular ffn and ffs and a

k
2

and a⊥1 , cannot be reduced effectively in the ratios because
of the significant interferences among the decay amplitudes
of B0

d;s → fnfn; fnfs, and fsfs. Nevertheless, we still
expect that the LHCb and/or Belle-II experiments could
perform the measurements with enough precision on these

ratios in the future, in order to give some essential
constraints on the input parameters or the mixing angle ϕf1 .
From the numerical results for the decay amplitudes of

the B0
d;s → f1f1 decays and the B0

d;s → fnfn; fnfs, and
fsfs flavor states collected in the Tables IV–VI, one can
find that the constructive or destructive interferences with
different extents in the considered decays could vary with
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the mixing angle ϕf1 between fn and fs in the quark-flavor
basis. To see the variation clearly with the mixing angle, we
show the CP-averaged branching ratios BðB0

d;s → f1f1Þ
varying with ϕf1 ∈ ½0; π� in Fig. 2. It is of great interest to
find that the line-shapes of BðB0

d → f1ð1285Þf1ð1285ÞÞ
and BðB0

s → f1ð1420Þf1ð1420ÞÞ in the PQCD approach
vary with ϕf1 similar to each other, but with a quasi mirror
symmetry, i.e., the red, solid line on the l.h.s. and the
magenta, dotted line on the r.h.s., as shown in Fig. 2.
The differences between these two lines are indeed
induced by the dramatic interferences arising from the
contributions from B0

d → fnfs to the former while that
from B0

s → fnfs to the latter. And similar phenomena also
appear in the line shapes of BðB0

d → f1ð1285Þf1ð1420ÞÞ
and BðB0

s → f1ð1285Þf1ð1420ÞÞ, as well as of BðB0
d →

f1ð1420Þf1ð1420ÞÞ and BðB0
s → f1ð1285Þf1ð1285ÞÞ. This

picture really displays the different interferences mainly
from B0

d → fnfn and B0
d → fnfs to the B0

d → f1f1
decays while from B0

s → fsfs and B0
s → fnfs to the

B0
s → f1f1 decays. Of course, as given in the

Table VI, the decay amplitudes from B0
d → fsfs and B0

s →
fnfn in the longitudinal polarization also contribute to the
B0
d;s → f1f1 decays. Therefore, it is expected that, if the

precise fn and fs distribution amplitudes are available, then
the mixing angleϕf1 could be constrained by the near future
measurements on the large B0

s → f1f1 decay rates associ-
ated with the interferences as exhibited in Fig. 2, and
vice versa.

B. CP-averaged polarization fractions

Now, we turn to the calculations for the polari-
zation fractions of the B0

d;s → f1f1 decays. Based on the
helicity amplitudes Aiði ¼ L;N; TÞ, we can equi-
valently define the amplitudes in the transversity basis as
follows:

AL ¼ ξm2
B0
d;s
AL; Ak ¼ ξ

ffiffiffi
2

p
m2

B0
d;s
AN;

A⊥ ¼ ξm2
B0
d;s
r2f1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr2 − 1Þ

q
AT; ð46Þ

for the longitudinal, parallel, and perpendicular polariza-
tions, respectively, with the normalization factor ξ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

FPc=ð16πm2
BΓÞ

p
and the ratio r¼P2 ·P3=ðmf1 ·mf1Þ.

These amplitudes satisfy the relation,

jALj2 þ jAkj2 þ jA⊥j2 ¼ 1; ð47Þ

following the summation in Eq. (23). Since the transverse-
helicity contributions can manifest themselves through
polarization observables, we therefore define CP-averaged
fractions in three polarizations fL, fk, and f⊥ as the
following,

fL;k;⊥ ≡ jAL;k;⊥j2
jALj2 þ jAkj2 þ jA⊥j2

¼ jAL;k;⊥j2: ð48Þ

With the above transversity amplitudes shown in Eq. (46),
the relative phases ϕk and ϕ⊥ can be defined as

ϕk ¼ arg
Ak
AL

; ϕ⊥ ¼ arg
A⊥
AL

: ð49Þ

From the Tables I–III, one can clearly find that four of
the considered B0

d;s → f1f1 decays are dominated by the
transverse contributions, while the other two are governed
by the longitudinal ones, whose values for the polarization
fractions fL and fTð¼ 1 − fLÞ can be explicitly read as
follows,

fLðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 27.7þ19.7

−11.4%;

fTðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 72.3þ8.4

−14.1%; ð50Þ
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FIG. 2. Dependence of the CP-averaged B0
d;s → f1f1 branching ratios on ϕf1 in the PQCD approach, in which the red, solid line, the

blue, dashed line, and the magenta, dotted line correspond to the B0
d;s decays with final states f1ð1285Þf1ð1285Þ, f1ð1285Þf1ð1420Þ,

and f1ð1420Þf1ð1420Þ, respectively.
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fLðB0
d → f1ð1285Þf1ð1420ÞÞ ¼ 18.0þ14.1

−6.0 %;

fTðB0
d → f1ð1285Þf1ð1420ÞÞ ¼ 81.9þ4.6

−10.0%; ð51Þ

fLðB0
d → f1ð1420Þf1ð1420ÞÞ ¼ 12.4þ21.3

−8.1 %;

fTðB0
d → f1ð1420Þf1ð1420ÞÞ ¼ 87.6þ6.0

−15.3%; ð52Þ

fLðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 10.6þ10.3

−4.5 %;

fTðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 89.4þ3.3

−7.6%; ð53Þ

and

fLðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 78.9þ5.2

−7.5%;

fTðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 21.1þ5.4

−3.8%; ð54Þ

fLðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 59.0þ10.0

−13.3%;

fTðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 40.9þ9.6

−7.0%; ð55Þ

in which all the errors from various parameters have been
added in quadrature. These predicted CP-averaged polari-
zation fractions will be tested at LHCb and/or Belle-II to
further explore the decay mechanism with helicities asso-
ciated with experimental confirmations on the decay rates.
In Ref. [22], the longitudinal polarization fractions of

the B0
d → f1f1 decays have been calculated in the QCDF

approach,

fLðB0
d → f1ð1285Þf1ð1285ÞÞQCDF ¼ 0.66þ0.07

−0.84 ; ð56Þ

fLðB0
d → f1ð1285Þf1ð1420ÞÞQCDF ¼ 0.57þ0.10

−0.66 ; ð57Þ

fLðB0
d → f1ð1420Þf1ð1420ÞÞQCDF ¼ 0.68þ0.23

−0.58 : ð58Þ

As far as the central values are considered, the results in the
QCDF approach exhibit the dominance of the longitudinal
decay amplitudes, which are very contrary to those in the
PQCD approach at leading order. However, when the
large uncertainties are taken into account, then one can
find that the transverse contributions can also govern these
B0
d → f1f1 decays possibly.
In order to show explicitly the interferences among

different flavor states contributing to the B0
d;s → f1f1

decays in three polarizations, we collect their corres-
ponding decay amplitudes, namely, ALðB0

d;s → fnfnÞ,
ANðB0

d;s → fnfsÞ, and ATðB0
d;s → fsfsÞ in the Table VI,

and the resultant amplitudes for the physical states, i.e.,
ALðB0

d;s→f1f1Þ, ANðB0
d;s → f1f1Þ, and ATðB0

d;s → f1f1Þ,
with differentiating them from tree diagrams and from
penguin diagrams in the Tables IV and V. From these
results quoted with only central values, one can easily
observe that, generally speaking, the significantly con-
structive [destructive] interferences govern the B0

d → f1f1
and B0

s → f1ð1420Þf1ð1420Þ [B0
s → f1ð1285Þf1ð1285Þ]

decays transversely [longitudinally]. While for the B0
s →

f1ð1285Þf1ð1420Þ mode, the interferences are slightly
moderate within errors on both longitudinal and transverse
polarizations.
Unfortunately, no data or theoretical predictions for the

considered B0
s → f1f1 decays are available nowadays. It is

therefore expected that our predictions in the PQCD
approach would be confronted with future LHCb and/or
Belle-II experiments, as well as the theoretical comparisons
within the framework of QCDF, soft-collinear effective
theory [56], and so forth.
Although, as aforementioned, the global agreement with

data for B → VV decays has been greatly improved in the
PQCD approach theoretically [48] by picking up higher
power r2i terms that were previously neglected, it seems that
the predictions about the polarization fractions for the
B0
d;s → f1f1 decays cannot be understood similarly as the

B0
d;s → ωω;ϕϕ decays [48] due to the constructive and/or

destructive interferences with different extents.
Let us take the B0

d;s → f1ð1285Þf1ð1285Þ and B0
d;s →

f1ð1420Þf1ð1420Þ decays as examples to clarify the
differences from the vector decays of B0

d;s → ωω and
B0
d;s → ϕϕ with ideal mixing in the PQCD approach at

leading order [48]. As we know, with the referenced value
ϕf1 ¼ 24°, the physical states f1ð1285Þ and f1ð1420Þ are
predominated by the component of fn and fs with a factor
about cosϕf1 ¼ 0.914. Thus, due to the similar behavior
of the vector and 3P1-axial-vector mesons, the B0

d;s →
f1ð1285Þf1ð1285Þ and B0

d;s → f1ð1420Þf1ð1420Þ decays,
in principle, could provide similar phenomena when
the interferences from the fs and fn component are
turned off correspondingly. Numerically, the B0

d;s →
f1ð1285Þf1ð1285Þ and B0

d;s → f1ð1420Þf1ð1420Þ decay
rates and the longitudinal polarization fractions without
the relevant interferences mentioned above could be read as

(i) Without the interferences from the fs component,

BðB0
d→f1ð1285Þf1ð1285ÞÞ¼1.03×10−6 ·cos2ϕf1 ;

fLðB0
d→f1ð1285Þf1ð1285ÞÞ¼17.5%; ð59Þ

BðB0
s→f1ð1285Þf1ð1285ÞÞ¼4.04×10−7 ·cos2ϕf1 ;

fLðB0
s→f1ð1285Þf1ð1285ÞÞ¼100%: ð60Þ

(ii) Without the interferences from the fn component,

BðB0
d→f1ð1420Þf1ð1420ÞÞ¼0.37×10−7 ·cos2ϕf1 ;

fLðB0
d→f1ð1420Þf1ð1420ÞÞ¼99.9%; ð61Þ

BðB0
s→f1ð1420Þf1ð1420ÞÞ¼3.52×10−5 ·cos2ϕf1 ;

fLðB0
s→f1ð1420Þf1ð1420ÞÞ¼22.8%: ð62Þ
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The ideal mixing, i.e., ϕf1 ¼ 0°, in the above equations
would give the cases like B0

d;s → ωω and B0
d;s → ϕϕ

decays, because the B0
d;s → f1ð1285Þf1ð1285Þ decays just

receive the contributions from the flavor amplitude B0
d;s →

fnfn while the B0
d;s → f1ð1420Þf1ð1420Þ ones just from

the B0
d;s → fsfs correspondingly. Here, it is noted that, in

comparison to the decay constants fω ¼ 0.187 GeV, fTω ¼
0.151 GeV and fϕ ¼ 0.215 GeV, fTϕ ¼ 0.186 GeV for the
vector ω and ϕ [57], the decay constants ffn ¼ 0.193 GeV
and ffs ¼ 0.230 GeV [50] can remarkably enhance the
contributions on the transverse polarization in the B0

d →
fnfn and B0

s → fsfs decays, respectively, which finally
result in the small longitudinal polarization fractions
already presented in the above equations. Meanwhile,
one can easily observe that the interferences from the B0

d →
fnfs and B0

d → fsfs amplitudes contribute destructively to
the B0

d → f1ð1285Þf1ð1285Þ decay rate with 23%, while
those from the B0

s → fnfs and B0
s → fnfn amplitudes

contribute constructively to the B0
s → f1ð1420Þf1ð1420Þ

branching ratio with 15%. For the pure annihilation decays
B0
d → fsfs and B0

s → fnfn, as shown in the Table VI, both
of them are absolutely governed by the longitudinal
contributions and the polarization fractions are about
100%, which are almost the same as those in the B0

d →
ϕϕ and B0

s → ωω decays correspondingly.
As presented in the Eqs. (8)–(21) and in the Tables IV–VI,

one can find that, except for the other four penguin-
dominated modes, the B0

d → f1ð1285Þf1ð1285Þ and B0
d →

f1ð1285Þf1ð1420Þ decays received the contributions arising
from the color-suppressed tree amplitudes with different
extents. To our knowledge, theB0

d → ρ0ρ0 decay dominated
by the color-suppressed tree amplitude has a small decay rate
and a similarly small longitudinal polarization fraction in the
PQCD approach at leading order that cannot be comparable
to the measurements. Nevertheless, the partial next-to-
leading order contributions from vertex corrections, quark
loop, and chromomagnetic penguin diagrams [58], and the
evolution from the Glauber-gluon associated with the trans-
verse-momentum-dependent wave functions [28] could
remarkably enhance the branching ratio and the longitudinal
polarization fractions simultaneously. Then the theoretical
predictions could be consistent well with the measurements
given by BABAR [59] and LHCb [60] experiments within
errors.6 Therefore, the future examinations at LHCb and/or
Belle-II experiments on these two mentioned channels

sensitive to the above-mentioned color-suppressed tree
amplitudes could help to identify the needs of the possible
next-to-leading order corrections.Of course, this issue has to
be left for future study elsewhere.
In addition, we present the relative phases (in units

of rad) ϕk and ϕ⊥ of the B0
d;s → f1f1 decays for the first

time. The numerical results can be seen explicitly in the
Tables I–III. Of course, these predictions have to await
for the future tests because no measurements have been
available until now.

C. Direct CP-violating asymmetries

Now we come to the evaluations of direct CP-violating
asymmetries of the B0

d;s → f1f1 decays in the PQCD
approach. As for the directCP violationAdir

CP, it is defined as

Adir
CP ≡ Γ̄ − Γ

Γ̄þ Γ
¼ jĀfinalj2 − jAfinalj2

jĀfinalj2 þ jAfinalj2
; ð63Þ

where Γ and Afinal stand for the decay rate and the decay
amplitude of B0

d;s → f1f1, while Γ̄ and Āfinal denote the
charge conjugation ones, correspondingly. Meanwhile,
according to Ref. [62], the direct-induced CP asymmetries
can also be studied with the help of helicity amplitudes.
Usually, we need to combine three polarization fractions, as
shown in Eq. (48), with those corresponding conjugation
ones of B decays and then to quote the resultant six
observables to define direct CP violations of B0

d;s → f1f1
decays in the transversity basis as follows:

Adir;l
CP ¼ f̄l − fl

f̄l þ fl
; ð64Þ

wherel ¼ L; k;⊥ and thedefinitionof f̄ is the sameas that in
Eq. (48) but for the corresponding B̄0

d;s decays.
Using Eq. (63), we calculate the direct CP-violating

asymmetries in the B0
d;s → f1f1 decays and present the

results as shown in Tables I–III. Based on these numerical
values, some comments are in order:
(1) The direct CP-violating asymmetries within still

large theoretical errors for the B0
d;s → f1f1 decays

could be read straightforwardly from the Tables I–III
as follows,

Adir
CPðB0

d→f1ð1285Þf1ð1285ÞÞ¼26.5þ14.0
−19.9%;

Adir
CPðB0

s→f1ð1285Þf1ð1285ÞÞ¼−0.3þ1.3
−1.3%; ð65Þ

Adir
CPðB0

d → f1ð1285Þf1ð1420ÞÞ ¼ 54:7þ4.4
−10.1%;

Adir
CPðB0

s → f1ð1285Þf1ð1420ÞÞ ¼ 2.8þ0.8
−0.9%; ð66Þ

Adir
CPðB0

d→f1ð1420Þf1ð1420ÞÞ¼25:4þ10.6
−15.8%;

Adir
CPðB0

s→f1ð1420Þf1ð1420ÞÞ¼−1.9þ0.6
−0.8%; ð67Þ

6It should be mentioned that previously the Belle collaboration
reported a small longitudinal polarization fraction of the B0

d →
ρ0ρ0 decay [61], which is in good agreement with the values in
the PQCD approach at leading order [48], but is different
dramatically to that in the QCDF approach [22,62,63] and the
soft-collinear effective theory [64]. It means that a refined
measurement on this small longitudinal polarization fraction is
very important at the Belle-II experiment.
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where all the errors from various parameters as
specified previously have been added in quadrature.
For the former decays with ΔS ¼ 0, as exhibited in
the Table IV, the considerable tree or penguin
contaminations lead to the large direct CP asymme-
tries. While for the latter decays with ΔS ¼ 1, as
displayed in the Table V, the negligible tree pollution
result in the very small direct CP violations. Cur-
rently, all these direct CP violations seem hard to be
detected in the near future experimentally due to the
small decay rates for the former decays and due to
the tiny CP asymmetries for the latter ones.

(ii) For the B0
s → f1ð1285Þf1ð1285Þ and B0

s →
f1ð1285Þf1ð1420Þ decays, there exist the large
direct CP-violating asymmetries in both transverse
polarizations, namely, parallel and perpendicular,
with still large theoretical errors as follows:

Adir;k
CP ðB0

s→f1ð1285Þf1ð1285ÞÞ¼9.1þ7.5
−6.6%;

Adir;⊥
CP ðB0

s→f1ð1285Þf1ð1285ÞÞ¼8.6þ7.9
−6.7%; ð68Þ

and

Adir;k
CP ðB0

s→f1ð1285Þf1ð1420ÞÞ¼13.6þ5.0
−5.8%;

Adir;⊥
CP ðB0

s→f1ð1285Þf1ð1420ÞÞ¼14.8þ5.5
−6.4%; ð69Þ

which may be easily accessible associated with the
large decay rates in the order of 10−6 ∼ 10−5 within
theoretical errors. Other predictions about the direct
CP violations in every polarization for the consid-
ered B0

d;s → f1f1 decays could be found out in the
Tables I–III explicitly, we here will not list them
individually. These results could be tested in the
(near) future at LHCb, Belle-II, and other facilities
such as the Circular Electron-Positron Collider.

At last, we shall give some remarks on the important
annihilation contributions.7 In particular, the penguin

annihilation contributions was proposed to explain the
polarization anomaly in the B → ϕK� decays in standard
model [65]. Subsequently, more studies about the B → VV
decays based on the rich data were made in a systematic
manner, and the penguin-dominated channels were further
found to need the annihilation contributions to a great
extent [22,48,62–64,66]. It is worth pointing out that,
because of similar behavior between the vector and the
3P1-axial-vector mesons, the authors proposed the similar
annihilation contributions, as in the B → VV decays, to
estimate the B → Að3P1ÞV and Að3P1ÞAð3P1Þ decay rates
and polarization fractions [22].
Therefore, we shall explore the important contributions

from weak annihilation diagrams to the B0
d;s → f1f1

decays considered in this work. In order to clearly examine
the important annihilation contributions, we present the
explicit decay amplitudes in Tables IV and V decomposed
as tree diagrams and penguin diagrams with and without
annihilation contributions in three polarizations. To show
the variations of the considered B0

d;s → f1f1 decays with
no inclusion of the contributions from annihilation dia-
grams, we shall list the observables numerically such as the
CP-averaged branching ratios, the polarization fractions,
and the direct CP-violating asymmetries by taking only the
factorizable emission plus the nonfactorizable emission
decay amplitudes into account in the PQCD approach.
(1) Branching ratios

Without the contributions from annihilation dia-
grams, then the branching ratios will turn out to be

BðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 5.00þ6.72−3.38 × 10−7;

BðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 2.60þ2.63−1.85 × 10−6;

ð70Þ
BðB0

d → f1ð1285Þf1ð1420ÞÞ ¼ 3.72þ4.55−2.61 × 10−7;

BðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 4.83þ4.09−3.05 × 10−6;

ð71Þ
BðB0

d → f1ð1420Þf1ð1420ÞÞ ¼ 0.95þ1.07−0.70 × 10−7;

BðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 0.65þ0.71−0.43 × 10−5:

ð72Þ
(2) Longitudinal polarization fractions

By neglecting the weak annihilation contribu-
tions, the CP-averaged longitudinal polarization
fractions of the B0

d;s → f1f1 decays are written as

fLðB0
d → f1ð1285Þf1ð1285ÞÞ ¼ 16.7þ11.6−4.3 %;

fLðB0
s → f1ð1285Þf1ð1285ÞÞ ¼ 45.8þ8.1−11.3%; ð73Þ

fLðB0
d → f1ð1285Þf1ð1420ÞÞ ¼ 13.3þ7.3−2.2%;

fLðB0
s → f1ð1285Þf1ð1420ÞÞ ¼ 74.6þ12.8−13.9%; ð74Þ

7In principle, as part of the power corrections, the nonfactor-
izable emission diagrams could also contribute to the observ-
ables. However, associated with the symmetric behavior from the
leading-twist distribution amplitudes of the fn and fs states,
the mentioned contributions are much smaller than those from the
annihilation diagrams due to the cancelation between the two
nonfactorizable emission diagrams, e.g., see Fig. 1(c) with hard
gluon from valence antiquark and 1(d) with hard gluon from
valence quark, respectively. Numerically, by taking the B0

s →
f1ð1420Þf1ð1420Þ decay rate BðB0

s → f1ð1420Þf1ð1420ÞÞ ≈
3.37þ3.27

−2.18 × 10−5 as an example, it is found that BðB0
s →

f1ð1420Þf1ð1420ÞÞ ≈ 0.65þ0.71
−0.43 × 10−5 without the contributions

arising from the annihilation diagrams and BðB0
s →

f1ð1420Þf1ð1420ÞÞ ≈ 0.01þ0.04
−0.01 × 10−5 without the nonfactoriz-

able emission and annihilation contributions. Therefore, we here
emphasize the more important power corrections, i.e., annihila-
tion contributions, in this paper.
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fLðB0
d → f1ð1420Þf1ð1420ÞÞ ¼ 21.0þ4.9−4.8%;

fLðB0
s → f1ð1420Þf1ð1420ÞÞ ¼ 6.0þ16.8−6.3 %: ð75Þ

(3) Direct CP-violating asymmetries
Without the contributions arising from annihila-

tion type diagrams, the direct CP-violating asym-
metries are then given as

Adir
CPðB0

d→f1ð1285Þf1ð1285ÞÞ¼−1.2þ12.3−18.4%;

Adir
CPðB0

s→f1ð1285Þf1ð1285ÞÞ¼−4.7þ0.5−1.6%; ð76Þ

Adir
CPðB0

d→f1ð1285Þf1ð1420ÞÞ¼39.1þ1.9−5.3%;

Adir
CPðB0

s→f1ð1285Þf1ð1420ÞÞ¼−3.7þ2.0−3.2%; ð77Þ

Adir
CPðB0

d→f1ð1420Þf1ð1420ÞÞ¼29.8þ6.7−8.1%;

Adir
CPðB0

s→f1ð1420Þf1ð1420ÞÞ¼−2.4þ0.5−1.6%: ð78Þ

In the above equations, all the errors from various param-
eters have been added in quadrature. Generally speaking,
within the still large theoretical errors, for the branching
ratios for example, by combining the results as presented in
the Eqs. (24)–(26), it seems that the numerical results with
and without the important annihilation contributions could
be consistent with each other in a 2σ standard deviation.
However, in light of the central values about the observ-
ables for the B0

d;s → f1f1 decays, the results collected in
the Eqs. (24)–(26), (50)–(55), (65)–(67), and (70)–(78)
clearly show that

(i) the annihilation diagrams can contribute to theB0
d;s →

f1f1 decay rates with different ratios from the
least 5% to the largest 80%. Specifically, once
the annihilation contributions are turned off, then the
CP-averaged branching ratios of the B0

d;s → f1f1
decays will decrease about 25% for the B0

d →
f1ð1285Þf1ð1285Þ and B0

d → f1ð1285Þf1ð1420Þ
modes; and reduce around 30%and 35% for theB0

s →
f1ð1285Þf1ð1285Þ and B0

s → f1ð1285Þf1ð1420Þ
ones, respectively. The annihilation diagrams can
enhance BðB0

s →f1ð1420Þf1ð1420ÞÞ from 0.65×
10−5 to 3.37 × 10−5.

(ii) Indeed, the annihilation diagrams can modify the
polarization fractions of the B0

d;s → f1f1 decays
with different extents. Without the contributions
from the annihilation diagrams, it is found that
the B0

s → f1ð1285Þf1ð1420Þ channel remains longi-
tudinal polarization dominated but with a 26%
enhancement, the B0

d → f1ð1285Þf1ð1285Þ, B0
d →

f1ð1285Þf1ð1420Þ, B0
s → f1ð1420Þf1ð1420Þ, and

B0
d → f1ð1420Þf1ð1420Þ decays remains transverse

polarization dominated but with a 40%, 26%, 42%
reduction of fL, and a near 70% enhancement of fL,
respectively, and the B0

s → f1ð1285Þf1ð1285Þ mode

goes from a large longitudinal polarization fraction
to a slightly larger transverse one than one half.

(iii) As claimed in [67], the annihilation diagrams in the
heavy B meson decays could contribute a large
imaginary part, as shown in the Tables IVand V, and
act as the main source of large strong phase in the
PQCD approach. Therefore, the absence of the
contributions from annihilation diagrams change
the interferences highly between the weak and
strong phases in the B0

d;s → f1f1 decays and finally
results in the significant variations of the direct CP-
violating asymmetries, even the positive or nega-
tive signs.

IV. CONCLUSIONS AND SUMMARY

In short, we have analyzed the B0
s → f1f1 decays for the

first time in the quark-flavor basis with the PQCD approach.
We obtained the small decay rates that are hard to be
measured in the CKM suppressed B0

d → f1f1 decays while
the large branching ratios that are easy to be accessible in the
CKM favored B0

s → f1f1 ones due to the interferences
with different extents among the flavor decay amplitudes
B0
d;s → fnfn, fnfs, and fsfs. Particularly, the B0

s →
f1ð1420Þf1ð1420Þ decay with a large branching ratio in
the order of 10−5 is expected to be measured through
the B0

s → ðK0
SK

�π∓Þf1ð1420ÞðK0
SK

�π∓Þf1ð1420Þ channel.
Our numerical results of the observables such as the
CP-averaged branching ratios, the polarization fractions,
and the direct CP-violating asymmetries indicate that the
weak annihilation diagrams play important roles in under-
standing the dynamics in these B0

d;s → f1f1 decays in the
PQCD approach. Of course, these predictions in the PQCD
approach await for the confirmations from the future exami-
nations, which could help us to understand the annihilation
decay mechanism in vector-vector and vector-axial-vector B
decays in depth. We explored the dependence of BðB0

d;s →
f1f1Þ on the mixing angle ϕf1 in the quark-flavor basis and
found the interesting line shapes tohint useful information. In
light of the large theoretical errors induced by the uncon-
strained inputs, we also defined nine ratios of the B0

d;s →
f1f1 decay rates to await for the (near) future measurements
at LHCb and/or Belle-II, even other facilities, e.g., Circular
Electron-Positron Collider. Note that the large uncertainties
of the predicted branching ratios are canceled to a large extent
in several ratios. Then the mixing angle ϕf1 between the
flavor states fn and fs could be further constrained, which
would finally help pin down the θK1

angle to understand the
properties of the light axial-vector mesons more precisely.
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APPENDIX: WAVE FUNCTIONS AND
DISTRIBUTION AMPLITUDES

The heavy B meson is usually treated as a heavy-light
system and its light-cone wave function can generally be
defined as [26,68]

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p fðPþmBÞγ5ϕBðx; kTÞgαβ; ðA1Þ

where α, β are the color indices; P is the momentum of B
meson; Nc is the color factor; and kT is the intrinsic
transverse momentum of the light quark in B meson.
Recent developments on the B meson wave function and
its distribution amplitude can refer to, e.g., the Refs. [69].
The B meson distribution amplitude in the impact b (not

to be confused with the heavy quark b. Here, b is the
conjugate space coordinate of transverse momentum kT)
space has been proposed as [26]

ϕBðx;bÞ¼NBx2ð1−xÞ2exp
�
−
1

2

�
xmB

ωB

�
2

−
ω2
Bb

2

2

�
; ðA2Þ

and widely adopted, for example, in [8–10,26,28,31,33,48].
This B meson distribution amplitude obeys the following
normalization condition,

Z
1

0

dxϕBðx; b ¼ 0Þ ¼ fB
2

ffiffiffiffiffiffiffiffi
2Nc

p ; ðA3Þ

where fB is the decay constant of the Bmeson related to the
normalization factor NB. For the B0

d meson, the shape
parameter ωB was fixed at 0.40 GeV with fB ¼ 0.19 GeV
and NB ¼ 91.745 by combining the rich data and plenties
of PQCD calculations on the observables of Bþ and B0

d
mesons’ decays [26,68]. Here, the assumption of isospin
symmetry has been made. For the B0

s meson, a somewhat
larger momentum fraction is adopted due to the heavier s
quark, relative to the lightest u or d quark in the Bþ or B0

d
mesons. Therefore, by considering a small SU(3) sym-
metry-breaking effect, we adopt the shape parameter ωB ¼
0.50 GeV with fB ¼ 0.23 GeV for the B0

s meson [33], and
the corresponding normalization constant is NB ¼ 63.67.

In order to estimate the theoretical uncertainties induced by
the shape parameters, we also consider varying the shape
parameter ωB by 10%, that is, ωB ¼ 0.40� 0.04 GeV for
B0
d meson and ωB ¼ 0.50� 0.05 GeV for the B0

s meson,
respectively.
The wave functions for the light flavor fnðsÞ state of the

axial-vector f1 mesons can be written as [23,49],

ΦL
fnðsÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p γ5fmfnðsÞϵ=LϕfnðsÞ ðxÞ þ ϵ=LP=ϕt
fnðsÞ ðxÞ

þmfnðsÞϕ
s
fnðsÞ ðxÞgαβ; ðA4Þ

ΦT
fnðsÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p γ5fmfnðsÞϵ=Tϕ
v
fnðsÞ ðxÞ þ ϵ=TP=ϕT

fnðsÞ ðxÞ

þmfnðsÞiϵμνρσγ5γ
μϵ=νTn

ρvσϕa
fnðsÞ ðxÞgαβ; ðA5Þ

for longitudinal and transverse polarizations, respectively,
with the polarization vectors ϵL and ϵT of fnðsÞ, satisfying
P · ϵ ¼ 0. x denotes the momentum fraction carried by
quarks in fnðsÞ, n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ are
dimensionless lightlike unit vectors, and mfnðsÞ stands for
the mass of light axial-vector flavor state fnðsÞ. In addition,
we adopt the convention ϵ0123 ¼ 1 for the Levi-Civita
tensor ϵμναβ.
The twist-2 light cone distribution amplitudes can gen-

erally be expanded as the Gegenbauer polynomials [23]:

ϕfnðsÞ ðxÞ ¼
ffnðsÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ
�
1þ ak2

3

2
ð5ð2x − 1Þ2 − 1Þ

�
;

ðA6Þ

ϕT
fnðsÞ ðxÞ ¼

ffnðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ½3a⊥1 ð2x − 1Þ�: ðA7Þ

For the twist-3 ones, we use the following form as in
Ref. [49]:

ϕs
fnðsÞ ðxÞ ¼

ffnðsÞ
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

½6xð1 − xÞða⊥1 ð2x − 1ÞÞ�; ðA8Þ

ϕt
fnðsÞ ðxÞ¼

ffnðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3

2
a⊥1 ð2x−1Þð3ð2x−1Þ2−1Þ

�
; ðA9Þ

ϕv
fnðsÞ ðxÞ ¼

ffnðsÞ
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
3

4
ð1þ ð2x − 1Þ2Þ

�
; ðA10Þ

ϕa
fnðsÞ ðxÞ ¼

ffnðsÞ
8

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

½6xð1 − xÞ�; ðA11Þ

where ffnðsÞ is the “normalization” constant for the flavor
state fnðsÞ on both longitudinal and transverse polarizations,

and the Gegenbauer moments ak2 and a⊥1 are as follows:
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ak2 ¼
�−0.05þ0.03

−0.03 ðfor fnÞ;
0.10þ0.15

−0.19 ðfor fsÞ;
a⊥1 ¼

�−1.08þ0.48
−0.48 ðfor fnÞ;

0.30þ0.00
−0.33 ðfor fsÞ:

ðA12Þ
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