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Chiral perturbation theory (ChPT) is a low-energy effective field theory of QCD and also a nonlinear
sigma model based on the symmetry breaking pattern SUðNfÞ × SUðNfÞ → SUðNfÞ. In the limit of
massless Nf quarks, we enumerate the independent operators without external sources in ChPT using an
on-shell method, by counting and presenting the soft blocks at each order in the derivative expansion, up to
Oðp10Þ. Given the massless on-shell condition and total momentum conservation, soft blocks are
homogeneous polynomials of kinematic invariants exhibiting Adler’s zero when any external momentum
becomes soft and vanishing. In addition, soft blocks are seeds for recursively generating all tree amplitudes
of Nambu-Goldstone bosons without recourse to ChPT, and in one-to-one correspondence with the “low-
energy constants”which are the Wilson coefficients. Relations among operators, such as those arising from
equations of motion, integration by parts, Hermiticity, and symmetry structure, manifest themselves in the
soft blocks in simple ways. We find agreements with the existing results up to next-to-next-to-next-to-
leading order (NNNLO) and make a prediction at N4LO.
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I. INTRODUCTION

Chiral perturbation theory (ChPT) describes the low-
energy dynamics of QCD [1], in particular interactions of
mesons and baryons below the energy scaleΛ ∼Oð1 GeVÞ,
and is an integral component of our understanding of many
nuclear processes. Conceptually ChPT is the earliest, and
perhaps also the most elegant, example employing the
modern technique of effective field theory (EFT) [2], which
later found wide-ranging applications in diverse topics.
The success of ChPT lies in the key observation that, in

most cases, symmetry alone is sufficient to capture the long
wavelength dynamics of a physical system; short wave-
length fluctuations are encoded in an infinite number of
“coupling constants,” or Wilson coefficients in the lan-
guage of renormalization group evolution, which are given
as inputs in the EFT. In order to achieve any predictive
power, a power counting scheme must be supplied to
organize the relative importance of different coupling

constants so that at low energies only a small number of
them are needed to describe experimental processes rel-
evant at a certain energy scale and a given precision.
In ChPT, the relevant symmetry is the chiral symmetry of

light quarks, SUðNfÞL × SUðNfÞR, where Nf is the num-
ber of light quark flavors and can be 2 or 3, depending
on whether the strange quark is included. In our world
chiral symmetry is broken spontaneously to the diagonal
group SUðNfÞV due to confinement. The degrees of free-
dom in ChPT are not quarks and gluons, but are mesons
(such as pions), nucleons, and the photon. In particular,
pions play a crucial role in ChPT because they are the
Nambu-Goldstone bosons for the spontaneously broken
chiral symmetry.1

A common power counting in ChPT is the momentum
expansion—operators in the effective Lagrangian are
organized in increasing powers of momenta, i.e., deriva-
tives in position space, and the coupling constants are
called low-energy constants (LECs). For an experimental
process carrying the typical momentum p, the effect of an
effective operator carrying n derivatives is characterized by
ðp=ΛÞn, where Λ is a mass scale dictating the convergence
of the momentum expansion. So for a small momentum
transfer, p ≪ Λ, only a few effective operators need to be
included; those carrying a high number of derivatives can
be neglected.
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1This is the case for Nf ¼ 2. For Nf ¼ 3, kaons and η mesons
are also included.
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In addition to Λ, there is a second mass scale in ChPT,

h0jJμAðxÞjπi ∝ eip·xfπpμ; ð1Þ

where JμAðxÞ is the axial current for SUðNfÞA, pμ is the pion
momentum, and fπ is the pion decay constant. This is the
famous partially conserved axial current (PCAC) hypoth-
esis in low-energy QCD [3], which states that the axial
current would be exactly conserved if the pion were
massless. At a fixed order n in the momentum expansion,
there are actually an infinite number of operators carrying n
derivatives and an arbitrary even power of pion fields
ðπ=fπÞ2k. However, this does not imply there are an infinite
number of LECs at a fixed derivative order, because
operators carrying different powers of π=fπ are often
related to one another by the broken symmetry group in
a nonlinear way. One can choose a parametrization for the
nonlinearly realized broken symmetry and resum the
corresponding 1=fπ expansion into a compact analytic
form, thereby arriving at an operator that is invariant under
the complete SUðNfÞL × SUðNfÞR. Each invariant oper-
ator is multiplied by a LEC, which needs to be measured
experimentally. In the end, the number of LEC’s is finite at
each order in the momentum expansion and independent of
the nonlinear parametrization.
At the leading Oðp2Þ, the lowest order term in the 1=fπ

expansion is the kinetic term of the pions, and all higher
order terms in 1=fπ are uniquely related to the pion kinetic
terms by the broken symmetry, leading to one invariant
operator carrying two derivatives. There is no LEC at this
order because the coefficient of the Oðp2Þ operator is fixed
by canonically normalizing the scalar kinetic term. One
popular nonlinear parametrization is [2]

Lð2Þ ¼ 1

2

∂μπ
a∂μπa

ð1þ πaπa=f2πÞ2
; a ¼ 1; 2; 3: ð2Þ

Since the pions transform as the adjoint of SUðNfÞV , the
invariance under the unbroken group is explicit. It is much
less obvious that the above equation is also invariant under
the broken SUðNfÞA. At Oðp4Þ there are four invariant
operators in general and, therefore, four LECs. At higher
orders in the momentum expansion, it is customary to
rescale each derivative ∂μ → ∂μ=Λ and each pion field
πa → πa=fπ , then the structure of ChPT reads

LChPT ¼ Λ2f2½L̃ð2Þð∂=Λ; π=fπÞ þ L̃ð4Þð∂=Λ; π=fπÞ þ � � ��;
ð3Þ

where L̃ðnÞ contains only operators carrying n derivatives.
Moreover, demanding that quantum corrections to Eq. (3)
cannot be larger than the natural size of each operator gives
rise to the relation,

Λ ∼ 4πfπ: ð4Þ

This is the expectation from the so-called naive dimen-
sional analysis [4].
The construction of a minimal basis for invariant

operators in EFTs is obviously an important question
and notoriously tricky to deal with, due to the fact that
different operators can sometimes lead to identical S-matrix
elements. Two well-known examples are operators related
by integration by parts and equation of motion. For the
Standard Model (SM), there is a vast amount of literature in
pursuing all higher dimensional operators consistent with
(approximate) symmetries of the SM; some influential
works can be found in Refs. [5–7]. The effort intensified
in recent years, mainly driven by the need to confront the
SM with the ever improving experimental precision. This
line of investigation has also led to interesting theoretical
questions and new underlying structures of EFTs [8–13].
For ChPT, there are additional complications due to
operator relations imposed by the nonlinearly realized
broken symmetry, making the counting of operators more
involved. In spite of the difficulty, the construction of the
effective Lagrangian up to Oðp6Þ [next-to-next-to-leading
order (NNLO)] was completed a while ago [14–16] and
Oðp8Þ [next-to-next-to-next-to-leading order (NNNLO)]
Lagrangian was obtained recently [17].
In this work we would like to take up a relatively modest

task: counting the number of independent parity-even
operators in ChPT, in the massless quark limit, and with
the external sources turned off, up to Oðp10Þ [next-to-next-
to-next-to-next-to-leading order (N4LO)]; and then we
provide an “on-shell” basis for the operators. For the sake
of simplicity as well as to facilitate comparison with
Refs. [14–17], we will work in an arbitrary spacetime
dimension and an arbitrary flavor Nf. In particular, the
Gram determinant condition for a finite spacetime dimen-
sion is not taken into account in this work. This is less
ambitious than building the complete N4LO effective
Lagrangian, and our study could serve as a starting point
toward that goal. Moreover our methodology is new, in the
sense that we will employ the “soft bootstrap” approach
developed in the modern S-matrix theory [18–20], which
aims to (re)construct effective field theories from the
peculiar soft limit of S-matrix elements. The approach
relies on finding higher point (pt) tree amplitudes from
lower pt amplitudes by imposing unitarity and a soft limit,2

which can be implemented easily via the soft recursion
relation [18]. The seed amplitude for the recursion relation
is called the soft block and is in one-to-one correspondence
with the invariant operator at each order in the momentum
expansion [20]. In practice, the soft blocks are the lowest pt

2The effort was actually initiated a long time ago using the
current algebra approach [21,22], which is quite cumbersome and
difficult to systematize.
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contact interaction from each invariant operator when all
external legs are on-shell. Working with soft blocks has the
advantage that the redundancies in operator relations
manifest themselves in the on-shell method in simple ways.
This work is organized as follows. In Sec. II we provide a

brief overview of recent progress in understanding the
interactions of Nambu-Goldstone bosons from the soft limit
of on-shell amplitudes, after which we discuss in Sec. III
properties of soft blocks that are relevant for our compu-
tation. A basis for the kinematic invariants we employ is
also given there. Our main results are contained in Sec. IV,
where soft blocks up to Oðp10Þ are presented. We also
include an ancillary Mathematica notebook detailing the
calculation. Then we summarize in Sec. V. Several long
expressions, as well as an expository description of the
Mathematica notebook, are relegated to the Appendixes.

II. A BRIEF OVERVIEW OF IR FORMULATION

The construction of higher order effective operators in
ChPT is usually based on the general formalism developed
by Callan, Coleman, Wess, and Zumino (CCWZ) in
Refs. [23,24], which is a top-down approach in that it
requires specifying a broken group G in the ultraviolet
(UV) and an unbroken group H in the infrared (IR). In the
context of ChPT, the approach has been reviewed exten-
sively; see for example Refs. [25–29]. Here we give a brief
overview of recent progress in describing interactions of
Nambu-Goldstone bosons from the IR, without recourse to
CCWZ, by specifying the soft limit of S-matrix elements.
The starting point of the IR formulation of ChPT is

Adler’s zero condition [30], which states that the on-shell
amplitudes of Nambu-Goldstone bosons must vanish when
one external momentum p is taken to be soft: p → τp and
τ → 0. Although usually phrased as an on-shell statement
and initially proven using the old-fashioned current algebra
technique, Adler’s zero condition actually follows from the
quantum Ward identity of a shift symmetry on the Nambu-
Goldstone field πa in the Lagrangian formulation [31],

πa → πa þ εa þ � � � ; ð5Þ

where εa is an infinitesimal constant shift. Terms neglected
above arise from the nontrivial vacuum structure of the
unbroken group H [32] and vanish trivially for the
unbroken U(1) (sub)group.
More specifically, let us consider a set of scalars fπag

transforming as a linear representation of an unbroken group
H with generators Tr. It is always possible to choose a basis
such that Tr is purely imaginary and antisymmetric [33]:

½Tr�ab ¼ −½Tr�ba; ðTrÞ� ¼ −Tr: ð6Þ

The shift symmetry enforcing Adler’s zero condition
under the constraints of theH-symmetry is highly nonlinear
[34,35],

πa → πa þ ½
ffiffiffiffi
T

p
cot

ffiffiffiffi
T

p
�abεb;

½T �ab ¼
1

f2
½Tr�ac½Tr�dbπcπd; ð7Þ

where f is the “decay constant” of the Nambu-Goldstone
boson. The effective Lagrangian invariant under Eq. (7) can
be constructed using the following two objects:

daμ ¼
1

f
½F1ðT Þ�ab∂μπ

b;

Er
μ ¼

1

f2
∂μπ

a½F2ðT Þ�ab½Tr�bcπc; ð8Þ

where

F1ðT Þ ¼ sin
ffiffiffiffi
T

p
ffiffiffiffi
T

p ; F2ðT Þ ¼ −
2i
T
sin2

ffiffiffiffi
T

p

2
: ð9Þ

In the above daμ transforms covariantly under the shift
symmetry in Eq. (7), while Ei

μ transforms in the adjoint
representation of H as a “gauge field,”

daμ → ½hAðε; πÞ�abdbμ; ð10Þ

Er
μTr→ hAðε;πÞEr

μTrh†Aðε;πÞ− ihAðε;πÞ∂μh
†
Aðε;πÞ; ð11Þ

where the specific form of hAðε; πÞ does not concern us here.
The important observation here is that these two building
blocks are constructed using only IR data, without reference
to the broken group G, as long as the closure condition is
satisfied [34],

½Tr�ab½Tr�cd þ ½Tr�ac½Tr�db þ ½Tr�ad½Tr�bc ¼ 0; ð12Þ

which applies to many commonly encountered situations,
such as the adjoint of the SUðNÞ group or the fundamental of
SOðNÞ. Another important comment is the normalization of
the decay constantf is undetermined in the IR formulation, in
that the effective Lagrangian constructed thisway is invariant
under the rescaling of f → cf for arbitrary c. Moreover, a
purely imaginary c corresponds to a noncompact coset,while
a real c arises from a compact coset [34].
In ChPT, H ¼ SUðNfÞ and πa’s transform under the

adjoint representation. We can then write dμ ¼ daμTa, and
the leading two-derivative operator is unique:

Lð2Þ ¼ f2

2
trðdμdμÞ; ð13Þ

where the coefficient is fixed by canonical normalization of
the scalar kinetic term. The leading order (LO) equation of
motion is

∇μdμ ¼ 0; ð14Þ
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where ∇μdν ≡ ∂μdν þ i½Eμ; dν�. At the next-to-leading
order (NLO), there are four independent operators carrying
four derivatives,

O1 ¼ ½trðdμdμÞ�2; ð15Þ

O2 ¼ ½trðdμdνÞ�2; ð16Þ

O3 ¼ trð½dμ; dν�2Þ; ð17Þ

O4 ¼ trðfdμ; dνg2Þ; ð18Þ

and the NLO effective Lagrangian is

Lð4Þ ¼
X4
i¼1

L4;iOi: ð19Þ

In the above the coefficients L4;i are the LECs at NLO. In
principle one could write several more operators at this
order, but they are all equivalent to the above list upon
integration by parts, equations of motion at LO, and the
following two important identities:

∇½μdν� ¼ 0; Eμν ≡ −i½∇μ;∇ν� ¼ −i½dμ; dν�; ð20Þ

which can also be derived in the IR [20].3 The list of
operators can be further reduced if we specialize to
Nf ¼ 2; 3.
At NNLO, operators in ChPT for a general Nf are first

presented in Ref. [16] and later clarified in Ref. [17], while
the N3LO Lagrangian was studied in Ref. [17]. In this work
we shall focus on ChPT in the limit of massless Nf quarks
and without external sources.
The preceding IR construction in the Lagrangian

approach has an on-shell counterpart, which is pioneered

by Susskind and Frye in Ref. [21]. Starting from the 4-pt
amplitudes of pions, Susskind and Frye constructed the
6-pt pionic amplitudes, by introducing a 6-pt contact
interaction so that Adler’s zero condition is satisfied; see
Fig. 1. At the time up to 8-pt amplitudes were constructed
this way, and the relation of this approach to the then
popular current algebra was clarified in Ref. [22].
Themodern approach,which is developed inRefs. [18,37]

and goes by the name of soft bootstrap, relies on the powerful
techniques of on-shell recursion relations for scalar theories
with a vanishing single soft limit. While “normal” recursion
relations for Yang-Mills theories and gravity rely on the
amplitudes vanishing at infinity when deforming the real
momentum into the complex plane, on-shell amplitudes for
scalar theories do not have such nice properties. Instead,
“soft” recursion relations make use of the vanishing single
soft limit of the amplitudes to construct an integrand that
vanishes at complex infinity. In essence, the recursion
relation works by searching for an expression, constructed
from lower-pt amplitudes, which possesses the correct single
soft limit and factorization property of higher-pt amplitudes.
Focusing on ChPT, where the Nambu-Goldstone bosons

transform as the adjoint of the unbroken SUðNfÞ, it will be
convenient to introduce flavor-ordered partial amplitudes
[38], which are akin to the color-ordered partial amplitudes
in the SUðNÞ Yang-Mills theory. The full amplitude at the
leading Oðp2Þ can be written as

Ma1���anðp1;…; pnÞ
≡ X

σ∈Sn−1

Caσð1Þ���aσðn−1ÞanMðσð1Þ;…; σðn − 1Þ; nÞ; ð21Þ

where

Ca1a2���an ¼ trðTa1Ta2 � � �TanÞ ð22Þ

is the flavor factor, σ is a permutation of indices
f1; 2;…; n − 1g, and Ta is the generator of the SUðNfÞ
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FIG. 1. The Feynman diagrams for the 6-pt pionic amplitudes. The 6-pt contact interaction in the bottom row is required to satisfy
Adler’s zero condition.

3In the coset construction the identities follow from the
Maurer-Cartan equation [36].
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group. The full amplitude has permutation invariance
among all external legs, while the partial amplitude
Mð1; 2;…; nÞ is invariant only under cyclic permutations
of the external legs due to Eq. (22). Beyond LO, the flavor
factor Ca1a2���an may involve a multitrace structure and the
partial amplitudes will only have the corresponding partial
cyclic invariance.
At a fixed order in the derivative expansion, the soft

bootstrap program constructs higher-pt amplitudes from
lower-pt amplitudes through the soft recursion relation
[18], which utilizes an all-leg shift for the external momenta
of Mn,

pi → p̂i ¼ ð1 − aizÞpi; ð23Þ
where z is a complex shift parameter and total momentum
conservation requires

Xn
i¼1

aip
μ
i ¼ 0; ð24Þ

where we have adopted the convention that all momenta
are incoming. The deformed amplitude M̂nðzÞ with
momentum variables p̂i is still an on-shell amplitude, in
the sense that all external momenta remain on-shell, and
taking the soft limit of pi corresponds to setting z → 1=ai.
In D-dimensional spacetime, nontrivial solutions for ai
exist when n − 1 ≥ Dþ 1, and the number of distinct
solutions is n −D − 1 [18].
The deformed amplitudes M̂nðzÞ do not vanish at the

complex infinity z → ∞. However, given that the Nambu-
Goldstone amplitude in ChPT must satisfy Adler’s zero
condition, M̂nðzÞ ∼ p̂ for p̂ → 0 [30], it is possible to
define a soft factor [18],

FnðzÞ≡
Yn
i¼1

ð1 − aizÞ; ð25Þ

so that the Cauchy integral,

I
dz
z
M̂nðzÞ
FnðzÞ

¼ 0; ð26Þ

contains poles only z ¼ 0 and the factorization channel I,
where the shifted momentum of an internal propagator
P̂IðzÞ becomes on-shell:

P̂IðzÞ ¼
X
i∈I

pi − z
X
i∈I

aipi; P̂IðzÞ2 ¼ 0: ð27Þ

Cauchy’s theorem then relates the n-pt amplitude Mn,
which is the residue at z ¼ 0, to the other residues at
P̂2
I ðz�I Þ ¼ 0:

Mn ¼ M̂nð0Þ ¼ −
X
I;�

1

P2
I

M̂ðIÞ
L ðz�I ÞM̂ðIÞ

R ðz�I Þ
Fnðz�I Þð1 − z�I =z

∓
I Þ

; ð28Þ

where ML and MR are the two lower-pt subamplitudes
associated with the factorization channel I. As an example,
the three factorization channels of 6-pt partial amplitudes
are shown in Fig. 2, which is equivalent to the contribution
of the four diagrams in Fig. 1.
Equation (28) is the foundation of the soft bootstrap

program, which determines higher-pt amplitudes from
lower-pt amplitudes at a fixed order in the derivative
expansion, by imposing the desired soft limit on the
amplitudes. The nonlinear shift symmetry in Eq. (7) is
the algebraic realization of the soft bootstrap in the
Lagrangian formulation, since Adler’s zero condition fol-
lows from the Ward identity corresponding to Eq. (7) [39].

III. POWER COUNTING AND SOFT BLOCKS

Since the soft bootstrap constructs higher-pt amplitudes
from lower-pt amplitudes, an input is needed to serve as the
seed for the soft bootstrap. These inputs are the soft blocks.
A soft block SðkÞðp1;…; pnÞ is a contact interaction
carrying n scalars and k derivatives that satisfies Adler’s
zero condition when all external legs are on-shell. In other
words, each soft block is a homogeneous polynomial of
kinematic invariants fsij ≡ 2pi · pj; i; j ¼ 1;…; ng of
degree k=2, which satisfy Adler’s zero condition. Note
that for scalar field theories k is always even.
For each derivative order k, the number of soft blocks is

finite. First of all, no nontrivial soft blocks exist for n ≤ 3,
because of total momentum conservation. For n > 3, let us
perform the all-leg-shift in Eq. (23) and the soft block now
becomes a polynomial of degree k in z: ŜðkÞ ¼ ŜðkÞðzÞ.
Taking the single soft limit in momentum pi is now
equivalent to taking z → 1=ai. Adler’s zero condition then
implies
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FIG. 2. The three factorized channels for the 6-pt single trace amplitude Mð1; 2; 3; 4; 5; 6Þ. The contribution of these three diagrams
are equivalent to those from the four Feynman diagrams shown in Fig. 1.
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ŜðkÞð1=aiÞ ¼ 0; i ¼ 1;…; n: ð29Þ

That is, 1=ai is a root of Ŝ
ðkÞðzÞ. However, in D ¼ 4 there

exists nontrivial solutions for ai’s only when the number of
external legs n ≥ 6 [18]. So we will distinguish two
separate cases: (i) k ≤ 4, and (ii) k ≥ 6.
In case (i), ŜðkÞðzÞ is a polynomial in z of degree k ≤ 4,

which has at most 4 distinct roots. Therefore soft blocks
with n ≥ 6 cannot exist. For n ¼ 4, 5, the ai’s are trivial and
the argument fails. So soft blocks with 4 or 5 external legs
could exist in principle and are indeed found in Ref. [20].
In case (ii), ŜðkÞðzÞ is a polynomial in z of degree k ≥ 6,

so soft blocks with n ≤ k could be there. The goal of this
study is to enumerate all soft blocks for k ≤ 10.
In the Lagrangian approach, the soft block has a very

simple interpretation: it represents the lowest order inter-
action vertex from each operator at a given order in the
derivative expansion, when all external legs are taken on-
shell. Recall that in ChPT, and more generally in the non-
linear sigma model (NLSM), each operator at a fixed
derivative order actually contains an infinite number of
operators with an increasing power of 1=f. For example,
the LO operator in Eq. (13) contains all operators carrying
two derivatives and powers of 1=f2:

Lð2Þ ¼ f2

2
trðdμdμÞ ¼

X
n≥2

c2;n
fn−2

∂2½Π�n; ð30Þ

where Π ¼ fπag and ∂2½Π�n denotes generic contractions
of n πa ’s. The coefficients c2;n can be computed using
Eq. (8), although its values are parametrization dependent.4

There is, however, an “invariant” statement, independent of
the particular parametrization chosen: the c2;n’s must be
such that Alder’s zero condition is satisfied for all S-matrix
elements of Oðp2Þ. Assuming the adjoint representation of
SUðNÞ, there is only one (flavor-ordered) soft block at
Oðp2Þ [20], up to momentum conservation,

Sð2Þð1; 2; 3; 4Þ ¼ c0
s13
f2

; ð31Þ

where we have imposed the cyclic permutation invariance
for the flavor-ordered partial amplitudes defined in
Eq. (21). Sð2Þð1; 2; 3; 4Þ is precisely the flavor-ordered
4-pt contact interaction from Eq. (30) for ChPT.5 The soft
bootstrap, through either the shift symmetry in Eq. (7) or
the on-shell recursion relation in Eq. (28), uniquely
determines coefficients of all higher multiplicity operators
c2;n; n ≥ 6 in terms of c0. Since there is only one operator at

the leading order, c0 can be absorbed into the normalization
of f and all two derivative operators are resummed into the
compact form trðdμdμÞ.
Beyond LO, the effective Lagrangian has a schematic

form given by

L ¼ Λ2f2
X

m≥1;n≥2

c2m;n

Λ2mfn
∂2m½Π�n; ð32Þ

where the Lorentz indices on the derivatives have been
suppressed and invariance under Lorentz transformations
implies an even number of derivatives. For ðm; nÞ ¼ ð2; 4Þ,
there exist four soft blocks [20]:

Single trace∶ Sð4Þ
1 ð1; 2; 3; 4Þ ¼ c1

Λ2f2
s213;

Sð4Þ
2 ð1; 2; 3; 4Þ ¼ c2

Λ2f2
s12s23; ð33Þ

Double trace∶ Sð4Þ
1 ð1; 2j3; 4Þ ¼ d1

Λ2f2
s212;

Sð4Þ
2 ð1; 2j3; 4Þ ¼ d1

Λ2f2
s13s23: ð34Þ

These four soft blocks can be matched to the 4-pt vertices
from the four Oðp4Þ operators in Eq. (19). In terms of the
LECs, we have

c1 ¼ L4;3 þ 3L4;4; c2 ¼ 2ðL4;3 − L4;4Þ;
d1 ¼ 2L4;1 þ L4;2; d2 ¼ 2L4;2: ð35Þ

For each soft block, a series of operators of the form ∂4½Π�n
are uniquely determined and resummed into the corre-
sponding linear combination of Oi in Eq. (19). The low-
energy constants, or the Wilson coefficients, are free
parameters associated with each soft block during the
procedure of the soft bootstrap.
One important advantage of working with soft blocks,

instead of operators in the Lagrangian, is they are on-shell
objects free of the redundancies associated with the
Lagrangian formulation. As a consequence, it is simple
and straightforward to check and verify the linear depend-
ence of two operators. For example, the equation of motion
and integration by parts manifest themselves trivially in the
on-shell approach by way of on-shell condition p2 ¼ 0 and
momentum conservation

P
i pi ¼ 0. On the other hand, the

Hermiticity of an operator, which is not always transparent
for higher derivative operators, can be seen through the
reflection invariance (inside each trace) of a flavor-ordered
soft block, since under the Hermitian condition the m-trace
flavor factor transforms as

4Except for c2;2 ¼ 1=2 which is fixed by canonically normal-
izing the kinetic term.

5There is a second, “double trace” soft block for Nambu-
Goldstone bosons transforming under the fundamental represen-
tation of the SOðNÞ group [20].
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½trðTa1Ta2 � � �Tai1 ÞtrðTai1þ1 � � �Tai2 Þ � � � trðTaimþ1 � � �TanÞ�†
¼ trðTai1 � � �Ta2Ta1ÞtrðTai2 � � �Tai1þ1 Þ � � � trðTan � � �Taimþ1 Þ:

ð36Þ

So the Hermitian or anti-Hermitian condition for soft
blocks implies

SðmÞ
n ð1; 2;…; i1ji1 þ 1;…; i2j…jimþ1;…; nÞ
¼ �SðmÞ

n ði1;…; 2; 1ji2;…; i1 þ 1jn;…; imþ1Þ: ð37Þ

Furthermore, different operators related to each other under
special relations such as those in Eq. (20) would result in
identical S-matrix elements and, therefore, give rise to
identical or dependent soft blocks. These properties greatly
simplify the counting of independent operators in ChPT.
Last but not least, we would like to make a comment on

the basis for kinematic invariants. Since soft blocks with a
2m derivative are homogenous polynomials of degree m
made out of kinematic invariants, and the number of
kinematic invariants grew factorially with the number of
external legs n, it is important to adopt an appropriate basis
of independent kinematic invariant Kn.
The Mandelstam kinematic invariant basis Kn, for

n-external momenta pi;i¼1;2;3;…;n, is defined by the
symmetric invariants sij ≡ ðpi þ pjÞ2 and antisymmetric
invariants ϵp1p2���pn

≡ ϵμ1μ2���μnp
μ1
1 p

μ2
2 � � �pμn , where all the

momenta are assumed to be incoming and ϵμ1μ2���μn is
the antisymmetric tensor. The symmetric invariants are
even under parity transformations, and antisymmetric
invariants are odd under parity transformations. In the case
of n ¼ 4 particles, the usual Mandelstam variables are
defined as s≡ s12 ¼ ðp1 þ p2Þ2, t≡ s13 ¼ ðp1 þ p3Þ2,
and u≡ s23 ¼ ðp2 þ p3Þ2. In this work, we are interested
in computing the even-parity soft blocks and then compar-
ing these soft blocks with the operators that have been
obtained in Refs. [16,17,40]. Therefore, we impose parity
invariance which eliminates the antisymmetric invariants
involving the ϵ-tensor.
Among the sij’s, the on-shell condition and total momen-

tum conservation together leave only nðn−1Þ=2−n¼nðn−
3Þ=2 kinematic invariants. In addition, in d-dimensional
spacetime, there can only be at most d linearly independent
momenta. This implies the following n × n matrix:

0
BB@

s11 s12 … s1n

..

. ..
. . .

. ..
.

s1n s2n … snn

1
CCA; ð38Þ

has a rank of at most d, leading to the condition that any
ðdþ 1Þ × ðdþ 1Þ sub-Gram matrix has a zero determinant.
The Gram conditions are highly nonlinear relations among
sij. Following Refs. [16,17,40] we will work in d ≥ n − 1

spacetime dimensions and ignore theGramconditions. Itwill
be interesting to return to incorporating the Gram conditions
in the future. In the end, the Mandelstam basis consists
of choosing any nðn − 3Þ=2 invariants out of the set
fsij; i < j; i; j ¼ 1;…; ng.

IV. COMPUTING SOFT BLOCKS

In ChPT, the operators at Oðp6Þ and Oðp8Þ that are
Hermitian, even-parity, and Lorentz invariant were con-
structed in Refs. [16,17,40]. In this section we will
enumerate the number of soft blocks all the way up to
Oðp10Þ and demonstrate equivalence to the existing count-
ing up to Oðp8Þ. In the following subsections, we compute
the 4-pt, 6-pt, 8-pt, and 10-pt soft blocks up to orderOðp10Þ
in the momentum space.
For n-pt soft blocks, we choose the set of independent

kinematic invariants in the Mandelstam basis to be

fs12;s13;…;s1;n−1;s23;s24;…;s2;n−1;…;sn−3;n−2;sn−3;n−1g:
ð39Þ

In order to construct the n-pt soft blocks at Oðp2mÞ in
momenta, we start with the most general homogeneous
polynomial of degree m in the kinematic invariants in Kn,

p½sij� ¼ c1sm12 þ c1sm−1
12 s13 þ � � � þ cNsmn−3;n−1; ð40Þ

where the number of coefficients (number of monomials) in
the polynomial p½sij� is

N ¼
�
Kn þm − 1

m

�
: ð41Þ

The coefficients fc1; c2;…; cNg of the polynomial p½sij� in
Eq. (40) must satisfy constraints from Adler’s zero con-
dition, invariance under cyclic permutations, and Hermitian
conjugation. To give an idea of the vast number of
monomials we are dealing with, we show in Table I the
number of monomials N before and after imposing Adler’s
zero condition on every external leg.
After Adler’s zero condition, we still need to impose the

invariance under cyclic permutations and Hermitian con-
jugation, and only after that do we arrive at the number of
independent n-pt soft blocks at Oðp2mÞ. In the following
subsections, we explicitly construct the n-pt soft blocks up
toOðp10Þ in a general spacetime dimension d. The 4-pt soft
blocks up to Oðp4Þ have already been studied in Ref. [20].

A. 4-pt soft blocks

In the subsection, we compute the 4-pt soft blocks up to
Oðp10Þ. As an illustration, we explain in detail how to
compute the 4-pt soft block at Oðp6Þ.
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At 4-pt, there are two independent kinematic invariants,
fs12; s13g. In order to compute the 4-pt soft blocks, at
Oðp6Þ, we start with a general homogeneous polynomial of
degree-3 in K4 ¼ fs12; s13g:

p½sij� ¼ c0s312 þ c1s212s13 þ c2s12s213 þ c3s313: ð42Þ
It turned out that, because of total momentum conservation
and the on-shell condition, the above equation automatically
satisfies Adler’s zero condition for all external momentum.
Consequently, we only need to consider the invariance of
Eq. (42) under cyclic symmetry and Hermitian conjugation.
It is easy to see that at 4-pt there are only two possible

trace structures, which already appear atOðp4Þ [20]: (i) the
single trace soft block Sð6Þð1; 2; 3; 4Þ, where (1,2,3,4)
indicates invariance under the cyclic transformation in
(1234), and (ii) the double trace soft block Sð6Þð1; 2j3; 4Þ,
where ð1; 2j3; 4Þ indicates the separate invariance under
cyclic transformations (12) and (34). For the double trace
soft block there is an additional symmetry under the
exchange of the two traces, ð12Þ ↔ ð34Þ.
Let us consider the single trace soft block Sð6Þð1; 2; 3; 4Þ

first. The polynomial p½sij� in Eq. (42) under the cyclic
transformation in (1234) becomes

p½sij� → p0½sij� ¼ c0s323 þ c1s223s24 þ c2s23s224 þ c3s324

¼ c0ð−s12 − s13Þ3 þ c1ð−s12 − s13Þ2s13
þ c2ð−s12 − s13Þs213 þ c3s313: ð43Þ

Note that the cyclic transformation takes us outside of
K4 ¼ fs12; s13g and we have used momentum conservation
to reexpress p0½sij� in K4. Setting p½sij�¼p0½sij�, as
required by the cyclic invariance, we have

p½sij� ¼ c0s313 þ c1s12s13ðs12 þ s13Þ: ð44Þ

So only two independent coefficients remain, giving rise to
two single trace soft blocks:

Sð6Þ
1 ð1; 2; 3; 4Þ ¼ c0

Λ4f2
s313;

Sð6Þ
2 ð1; 2; 3; 4Þ ¼ c1

Λ4f2
s12s13ðs12 þ s13Þ; ð45Þ

where c0 and c1 are related to the Oðp6Þ LECs, with the
precise relations depending on the particular nonlinear
parametrization chosen. It is easy to check that both
soft blocks in Eq. (45) are invariant under the Hermitian
conjugation transformation: ð1234Þ → ð4321Þ, although
we will see later that this is not always automatic.
Similarly, the two independent double trace soft blocks

Sð6Þð12j34Þ, which are invariant under the individual
cyclic permutations (12) and (34), exchange symmetry
of the trace ð12Þ ↔ ð34Þ, and Hermitian conjugations
ð12Þ → ð21Þ and ð34Þ → ð43Þ are

Sð6Þ
1 ð1; 2j3; 4Þ ¼ d0

Λ4f2
s312;

Sð6Þ
2 ð1; 2j3; 4Þ ¼ d1

Λ4f2
s12s13ðs12 þ s13Þ; ð46Þ

where d0 and d1 are another two LECs.
Following the above procedures, we compute the 4-pt

soft blocks up toOðp10Þ. Single trace soft blocks for 4-pt at
Oðp8Þ are

Sð8Þ
1 ð1; 2; 3; 4Þ ¼ c00

Λ6f2
s413;

Sð8Þ
2 ð1; 2; 3; 4Þ ¼ c01

Λ6f2
s212ðs12 þ s13Þ2;

Sð8Þ
3 ð1; 2; 3; 4Þ ¼ c02

Λ6f2
s12ðs313 − 2s13s212 − s312Þ; ð47Þ

where c00, c
0
1, and c02 are three LECs. The 4-pt double trace

soft blocks at Oðp8Þ are

Sð8Þ
1 ð1; 2j3; 4Þ ¼ d00

Λ6f2
s412;

Sð8Þ
2 ð1; 2j3; 4Þ ¼ d01

Λ6f2
s212s13ðs12 þ s13Þ;

Sð8Þ
3 ð1; 2j3; 4Þ ¼ d02

Λ6f2
s13ðs313 þ 2s12s213 − s312Þ; ð48Þ

where d00, d
0
1, and d02 are three LECs. The 4-pt single trace

soft blocks at Oðp10Þ are

Sð10Þ
1 ð1; 2; 3; 4Þ ¼ c000

Λ8f2
s513;

Sð10Þ
2 ð1; 2; 3; 4Þ ¼ c001

Λ8f2
s212s13ðs12 þ s13Þ2;

Sð10Þ
3 ð1; 2; 3; 4Þ ¼ c002

Λ8f2
s12s13ðs313 − 2s13s212 − s312Þ; ð49Þ

TABLE I. The number of monomials N before and after
imposing Adler’s zero condition up to Oðp10Þ.

Order Oðp2mÞ
External
legs n-pt

N before
Adler’s zero

N after
Adler’s zero

Oðp4Þ 4-pt 3 3

Oðp6Þ 4-pt 4 4
6-pt 165 15

Oðp8Þ 4-pt 5 5
6-pt 495 150
8-pt 8855 105

Oðp10Þ 4-pt 6 6
6-pt 1287 621
8-pt 42504 3360

10-pt 575757 945
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where c000 , c
00
1 , and c002 are two LECs, The 4-pt double trace

soft blocks at Oðp10Þ are

Sð10Þ
1 ð1; 2j3; 4Þ ¼ d000

Λ8f2
s512;

Sð10Þ
2 ð1; 2j3; 4Þ ¼ d001

Λ8f2
s312s13ðs12 þ s13Þ;

Sð10Þ
3 ð1; 2j3; 4Þ ¼ d002

Λ8f2
s12s13ðs313 þ 2s12s213 − s312Þ; ð50Þ

where d000 , d
00
1 , and d002 are three LECs. Note that, for 4-pt,

since s13 is cyclic symmetric for the single trace and s12 is
cyclic symmetric for the double trace, Oðp10Þ soft blocks
for single and double traces can be obtained from soft
blocks at Oðp8Þ by multiplying s13 and s12, respectively.
This feature is also true going from Oðp4Þ to Oðp6Þ for
4-pt; but for higher point soft blocks, these features
disappear. In Table II we list the number of LECs for
4-pt soft blocks up to Oðp10Þ.

B. 6-pt soft blocks

At 6-pt or higher, the number of monomials in Eq. (40)
grows factorially, as shown in Table I. Moreover, Adler’s
zero condition is not automatic anymore and now gives
nontrivial constraints on the coefficients ci in p½sij�, which
significantly reduces the number of monomials.
The kinematic invariants we adopt at 6-pt are

K6 ¼ fs12; s13; s14; s15; s23; s24; s25; s34; s35g: ð51Þ

Adler’s zero condition corresponds to taking the soft limit
for every external momentum. For example, let us take
p1 → 0. This imposes constraints on four of the kinematic
invariants in K6, thereby reducing the number of indepen-
dent kinematic invariants down to five. It is obvious that
the same is true for taking any other pi → 0. More
explicitly,

p1 → 0⇒ fs12→ 0;s13→ 0;s14→ 0;s15→ 0g;
p2 → 0⇒ fs12→ 0;s23→ 0;s24→ 0;s25→ 0g;
p3 → 0⇒ fs13→ 0;s23→ 0;s34→ 0;s35→ 0g;
p4 → 0⇒ fs14→ 0;s24→ 0;s34→ 0;

s35→−s12−s13− s15−s23− s25g;
p5 → 0⇒ fs15→ 0;s25→ 0;s35→ 0;

s34→−s12−s13− s14−s23− s24g;
p6 → 0⇒ fs15→−s12−s13− s14;s25→−s12− s23− s24;

s34→−s12−s13− s14−s23− s24;

s35→ s12þ s14þ s24g: ð52Þ

These are the substitutions one performs on p½sij� in
Eq. (40) when taking the soft limits. Requiring p½sij�¼0

under the soft limits greatly reduces the number of
monomials. For instance, in the case of 6-pt at Oðp6Þ,
Adler’s zero condition imposes 150 constraints on ci’s, and
thus reduces the number of monomials from 165 to 15 as
shown in Table I. For completeness we provide the explicit
expressions of p½sij� in this case, after imposing Adler’s
zero condition, in Eq. (A1).
After Adler’s zero condition we need to consider the

possible trace structures at 6-pt. There are four possibilities
listed in Table III, and we need to impose the corresponding
cyclic invariance, exchange symmetry of the trace, as well
as Hermitian conjugation. In the end we found all 6-pt soft
blocks up to Oðp10Þ, whose numbers are summarized in
Table III. Explicit expressions for the Oðp6Þ 6-pt soft
blocks are given in Eqs. (B1)–(B15) in Appendix B. At
Oðp8Þ and Oðp10Þ the expressions are quite complicated
already for 6-pt soft blocks. The results are given instead in
the accompanying Mathematica notebook, which contains
the complete soft blocks we computed up to Oðp10Þ.

C. 8-pt and 10-pt soft blocks

We follow the procedures mentioned in Secs. IVA and
IV B to compute the 8-pt and 10-pt soft blocks up to
Oðp10Þ. For 8-pt, there are seven possibilities for the
different trace structures as listed in Table IV, while for
10-pt there are 12 possibilities listed in Table V. We impose
the cyclic invariance, the trace exchange symmetry of the
trace, and the Hermitian conjugation corresponding to the
trace structure. The computation of the soft blocks is done
in the accompanying Mathematica notebook. Here we list
the number of soft blocks for 8-pt and 10-pt in Table IVand
Table V, respectively. The number of soft blocks up to
Oðp8Þ that satisfy the Hermitian (CP even) condition

TABLE II. The number of independent 4-pt soft blocks up to
Oðp10Þ.

(1234) ð12j34Þ
Oðp4Þ 2 2
Oðp6Þ 2 2
Oðp8Þ 3 3
Oðp10Þ 3 3

TABLE III. The number of 6-pt soft blocks up to Oðp10Þ. The
numbers in the parentheses are the numbers of non-Hermitian
soft blocks.

Trace structures (123456) ð12j3456Þ ð123j456Þ ð12j34j56Þ
Oðp6Þ 5(0) 4(0) 3(0) 3(0)
Oðp8Þ 22(7) 19(6) 10(3) 9(0)
Oðp10Þ 71(41) 59(32) 28(15) 25(0)
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matches exactly the number of independent operators for
SUðNÞ ChPT obtained in Refs. [16,17,40].

V. SUMMARY

In this work we computed the number of independent
soft blocks in ChPT up to N4LO at Oðp10Þ, in the massless
quark limit and with all external sources turned off. In
particular, to facilitate comparison with existing literature,
we assumed a general spacetime dimension d and general
flavor Nf. The soft blocks are in one-to-one correspon-
dence with the independent operators, and therefore the
LECs, in ChPT. In Table VI we present a summary of the
total number of soft blocks up to Oðp10Þ. The complete
effective Lagrangian of ChPT at Oðp6Þ and Oðp8Þ are
known in Refs. [14–17]. Our “on-shell” approach is
independent from the traditional Lagrangian formulation
utilizing the CCWZ method, and comparison of our results
with the literature finds agreements after taking the appro-
priate limit. In particular, we make a prediction at Oðp10Þ.
In addition to counting the soft blocks, we also presented

the expressions for the soft block themselves. These are
important ingredients for pursuing the soft bootstrap pro-
gram, which aims to recursively construct on-shell tree
amplitudes of ChPT. The soft blocks are connected to the
Lagrangian approach as the lowest pt contact interaction
in each of the invariant operators, when all external
legs are taken on-shell. As on-shell objects, they are free

of ambiguities arising from operator relations typically
present in the Lagrangian formulation.
One limitation of the current study is we are only

considering ChPT in the massless quark limit and with
external sources turned off, which is due to the fact that the
soft bootstrap approach has not been extended to these
cases. Another limitation is we work in arbitrary spacetime
dimensionality D and flavor Nf. It would certainly be very
interesting to study how these limitations could be removed
in the future. On a related note, Ref. [41] appeared
concurrently with this study and enumerated operators
for the full ChPT, which include sources and quark masses,
using the Hilbert series method. Moreover, finite Nf and
finite spacetime dimensions D are taken into account.
While Ref. [41] included more classes of operators, it
seems difficult to compare with existing literature in
Refs. [14–17], which assumes general Nf and D. On the
other hand, our results can be directly cross-checked with
Refs. [14–17], and we obtained full agreement. It would
certainly be interesting to generalize the Hilbert series
method to a large Nf and D, which seems computationally
intensive, and to specialize the on-shell method to finite Nf

and D. Given that the two methods are of very different
characters, we expect it to be a fruitful line of investigation
to construct an explicit equivalence, or mapping, between
the two methods.
Although it is unlikely that results presented here could

be of immediate phenomenological interest, it is perhaps
worth recalling that ChPT has been playing a prominent
role in our understanding of low-energy QCD in the past
half a century, and also is the prototypical example of
effective field theories. Thus it is rather remarkable that
new underlying structures are still being uncovered for such
an important and well-studied subject. In this context it will
be useful to compare and understand different recent
approaches in enumerating operators in EFTs.

TABLE IV. The number of 8-pt soft blocks up to Oðp10Þ. The numbers in the parentheses are the numbers of non-Hermitian soft
blocks.

(12345678) ð12j345678Þ ð123j45678Þ ð1234j5678Þ ð12j34j5678Þ ð12j345j678Þ ð12j34j56j78Þ
Oðp8Þ 17(1) 13(1) 7(0) 10(0) 10(0) 7(0) 5(0)
Oðp10Þ 255(180) 190(130) 128(98) 87(42) 107(42) 76(41) 26(0)

TABLE V. The number of 10-pt soft blocks atOðp10Þ. The numbers in the parentheses are the numbers of non-Hermitian soft blocks.

(0123456789) ð01j23456789Þ ð012j3456789Þ ð0123j456789Þ ð01234j56789Þ ð01j23j456789Þ
Oðp10Þ 79(26) 56(18) 35(10) 44(6) 25(4) 34(3)

ð01j234j56789Þ ð01j2345j6789Þ ð012j345j6789Þ ð01j23j45j6789Þ ð01j23j456j789Þ ð01j23j45j67j89Þ
Oðp10Þ 29(6) 27(3) 21(0) 18(0) 18(0) 7(0)

TABLE VI. A summary table for the number of soft blocks,
including all trace structures.

Oðp4Þ Oðp6Þ Oðp8Þ Oðp10Þ
No. of soft blocks 4 19 135 1451
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APPENDIX A: 6-PT POLYNOMIAL SATISFYING
ADLER’S ZERO CONDITION

The general polynomialp½sij� in Eq. (40) for 6-pt atOðp6Þ
has 165 coefficients ci to begin with. The implementation of
Adler’s zero condition in Eq. (52) leads to 150 constraints.
Thus, the polynomial p½sij� in Eq. (40) reduces to

p½sij� ¼ c0½s14s23ðs12 þ s13 þ s14 þ s23 þ s24 þ s34Þ� þ c1½s13s24ðs12 þ s13 þ s14 þ s23 þ s24 þ s34Þ�
þ c2½s12s34ðs12 þ s13 þ s14 þ s23 þ s24 þ s34Þ� þ c3½ðs12 þ s13 þ s14 þ s15Þs24s35�
þ c4½s14ðs12 þ s23 þ s24 þ s25Þs35� þ c5½s15s23ðs12 þ s13 þ s15 þ s23 þ s25 þ s35Þ�
þ c6½s13s25ðs12 þ s13 þ s15 þ s23 þ s25 þ s35Þ� þ c7½s12s35ðs12 þ s13 þ s15 þ s23 þ s25 þ s35Þ�
þ c8½s14s25ðs13 þ s23 þ s34Þ − s14ðs12 þ s23 þ s24Þs35�
þ c9

2
½s12ðs213 þ ðs14 þ s15 þ 2s23 þ s24 þ s25 þ s34 þ s35Þs13 þ s223

þ s14s23 þ s15s23 þ s12ðs13 þ s23Þ þ s23s24 þ s23s25 þ s15s34 þ s23s34 þ s25s34 þ ðs14 þ s23 þ s24 þ 2s34Þs35Þ�
þ c10½s13ðs212 þ ðs13 þ s14 þ s15 þ 2s23 þ s24 þ s25 þ s34 þ s35Þs12 þ s223

þ s13s23 þ s14s23 þ s15s23 þ s15s24 þ s23s24 þ s14s25 þ s23s25 þ 2s24s25 þ s23s34 þ s25s34 þ ðs23 þ s24Þs35Þ�

þ c11

��
1

2
ðs23 − s13Þs212 þ

1

2
ð−s213 − ðs14 þ s15 þ s24 þ s25 þ s34 þ s35Þs13 þ s223

þ s14s23 þ s15s23 þ s23s24 þ s23s25 − s15s34 þ s23s34 þ s25s34 þ ðs14 þ s23 − s24Þs35Þs12
þ ðs14 þ s24Þðs15s23 − s13s25Þ þ ðs14s23 − s13s24Þs35

��

þ c12

��
1

2
ðs13 − s23Þs212 þ

1

2
ðs213 þ ðs14 þ s15 þ s24 þ s25 þ s34 þ s35Þs13 − s223

− s14s23 − s15s23 − s23s24 − s23s25 þ s15s34 − s23s34 − s25s34 − ðs14 þ s23 þ s24Þs35Þs12
þ s13s24ðs15 þ s25Þ þ s15s24s34 − s14ðs15s23 − s13s25 þ ðs23 þ s24Þs35Þ

��

þ c13½ð−ðs213 þ ðs14 þ s15 þ 2s23 þ s24 þ s25 þ s34 þ s35Þs13 − s25s34 − s14s35Þs12
− s212s13 − s213s23 − s14s23s25 þ s15s25s34 þ s14s23s35 þ s14s24s35 − s13ðs223 þ s24s23

þ s25s23 þ s34s23 þ s15ðs23 þ s24Þ þ 2s24s25 þ s14ðs23 þ 2s25Þ þ ðs23 þ s24Þs35ÞÞ�

þ c14

��
1

2
ðs13 þ s23Þs212 þ

1

2
ðs213 þ ðs14 þ s15 þ 4s23 þ s24 þ s25 þ s34 þ s35Þs13 þ s223

þ s14s23 þ s15s23 þ s23s24 þ s23s25 þ s15s34 þ s23s34 − s25s34 þ ð−s14 þ s23 þ s24Þs35Þs12
þ s213s23 þ s23ðs14ðs15 þ s25Þ þ s15s34Þ þ s13ðs223 þ s15s23 þ s24s23 þ s25s23 þ s34s23

þ s24s25 þ s14ðs23 þ s25Þ þ ðs23 þ s24Þs35Þ
��

; ðA1Þ

where fc0; c1;…; c14g are the 15 coefficients remaining. This is the starting point of imposing cyclic invariance for various
trace structures to compute the soft blocks.
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APPENDIX B: 6-PT SOFT BLOCKS AT Oðp6Þ
Here we explicitly list the 6-pt soft blocks atOðp6Þ for the single trace, double trace, and triple trace structures shown in

Table III, after imposing Adler’s zero condition, trace exchange symmetry, and the Hermitian conjugation. The explicit
expressions for the 6-pt soft blocks at Oðp8Þ and Oðp10Þ are too long to be presented here and can be found in the
accompanying Mathematica notebook.

1. Single trace

There are five single trace 6-pt soft blocks at Oðp6Þ that are invariant under the cyclic transformation (123456) and
Hermitian conjugation ð123456Þ ↔ ð654321Þ:

Sð6Þ
1 ð1; 2; 3; 4; 5; 6Þ ¼ a0

Λ4f4
s14s25ðs13 þ s23 þ s34 þ s35Þ; ðB1Þ

Sð6Þ
2 ð1; 2; 3; 4; 5; 6Þ ¼ a1

Λ4f4
½s13s15ðs24 − s25Þ − s213s25 − s13s25ðs12 þ s14 þ s23 þ s25 þ s35Þ

− s14s25ðs23 þ s34Þ þ s14s35ðs12 þ s23 þ s24Þ þ s15s24ðs23 þ s34 þ s35Þ�; ðB2Þ

Sð6Þ
3 ð1; 2; 3; 4; 5; 6Þ ¼ a2

Λ4f4
½s213ðs23 þ s24Þ þ s13ðs23s35 þ s14ðs23 þ s24Þ þ s15ð2s23 þ s24Þ

þ ðs23 þ s24 þ s25Þðs23 þ s24 þ s34ÞÞ þ s12ðs13ðs23 þ s24Þ þ s15ðs23 − s34Þ
− ðs24 þ s34Þs35Þ þ s23ðs14ðs15 þ s35Þ þ s15ðs15 þ s23 þ s24 þ s25 þ s35ÞÞ�; ðB3Þ

Sð6Þ
4 ð1; 2; 3; 4; 5; 6Þ ¼ a3

Λ4f4
½s212ðs23 þ s34Þ þ s12ðs223 þ 2s14s23 þ s15s23 þ s24s23 þ s25s23

þ 2s34s23 þ s234 þ s14s34 þ s15s34 þ s24s34 þ s13ðs23 − s24 þ s34Þ
þ s35ðs23 þ s24 þ s34ÞÞ þ ðs14s23 − s13s24Þðs13 þ s14 þ s15 þ s23 þ s24 þ s25Þ
þ s23s34ðs14 þ s15Þ − s13s34ðs24 þ s25Þ�; ðB4Þ

Sð6Þ
5 ð1; 2; 3; 4; 5; 6Þ ¼ a4

Λ4f4
½−s14s23s34 − s14s23ðs13 þ s14 þ s23 þ s24Þ

þ s25s34ðs13 þ s14 þ s15Þ − s212ðs13 þ s23 þ s34 þ s35Þ
− s12ðs213 þ s223 þ s234 þ s235 þ s15s23 þ s23s24 þ s23s25 þ s24s34 þ s14s34

þ s15s34 þ 2s14s23 þ 2s23s34 þ s13ðs14 þ s15 þ 2s23 þ s24 þ s25 þ 2ðs34 þ s35ÞÞ
þ ðs14 þ s15 þ 2s23 þ s24 þ s25 þ 2s34ÞÞ�; ðB5Þ

where a0, a1, a2, a3, and a4 are arbitrary constants.

2. Double trace

There are two trace structures for the double trace soft blocks: Sð6Þð1; 2j3; 4; 5; 6Þ and Sð6Þð1; 2; 3j4; 5; 6Þ. We list the
expressions of the two trace structures separately.

a. ð1;2j3;4;5;6Þ
The double trace soft blocks Sð6Þð1; 2j3; 4; 5; 6Þ are invariant under the separate cyclic transformations, (12) and (3456),

and Hermitian conjugation: ð12Þ ↔ ð21Þ and ð3456Þ ↔ ð6543Þ. There are four double trace 6-pt soft blocks
Sð6Þð1; 2j3; 4; 5; 6Þ at Oðp6Þ that satisfy the above symmetries:

Sð6Þ
1 ð1; 2j3; 4; 5; 6Þ ¼ b0

Λ4f4
s12s35ðs12 þ s13 þ s15 þ s23 þ s25 þ s35Þ; ðB6Þ
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Sð6Þ
1 ð1; 2j3; 4; 5; 6Þ ¼ b1

Λ4f4
½s12ðs213 þ ðs14 þ s15 þ 2s23 þ s24 þ s25 þ 3s34 þ s35Þs13 þ s223

þ 2s234 þ s14s23 þ s15s23 þ s23s24 þ s23s25 þ 2s14s34 þ s15s34 þ 3s23s34

þ 2s24s34 þ s25s34 þ s12ðs13 þ s23 þ 2s34Þ þ s14s35 þ s23s35 þ s24s35 þ 2s34s35Þ�; ðB7Þ

Sð6Þ
1 ð1; 2j3; 4; 5; 6Þ ¼ b2

Λ4f4

�
1

2
s212ðs13 þ s23Þ þ

1

2
s12ðs213 þ ðs14 þ s15 þ 4s23 þ 3s24 þ s25

þ s34 þ s35Þs13 þ s223 þ s15s23 þ s23s24 þ s23s25 − s15s34 þ s23s34 − s25s34

þ s23s35 þ s24s35 þ s14ð3s23 þ s35ÞÞ þ s14s223 þ s214s23 þ s14s15s23

þ s14s23s24 þ s213ðs23 þ s24Þ þ s14s23s34 − s15s24s34 − s14s25s34

− s15s25s34 þ s14s23s35 þ s14s24s35 þ s13ðs15s23 þ s14ð2s23 þ s24Þ
þ ðs23 þ s24Þðs23 þ s24 þ s25 þ s34 þ s35ÞÞ�; ðB8Þ

Sð6Þ
1 ð1; 2j3; 4; 5; 6Þ ¼ b3

Λ4f4
½−s12ðs213 þ s13ðs14 þ s15 þ 4s23 þ 3s24 − s25 þ s34 þ s35Þ þ s223

− s15s23 þ s23s24 þ s23s25 − s15s34 þ s23s34 − s25s34 þ s23s35 þ 3s24s35

þ 3s14ðs23 þ s35ÞÞ − s212ðs13 þ s23Þ − 2ðs213ðs23 þ s24 − s25Þ
þ s13ðs223 þ ð2s24 þ s34 þ s35Þs23 þ s224 − s225 þ s14ð2s23 þ s24Þ − s15s25

þ s24s25 þ s24s34 þ 2s24s35 − s25s35Þ þ s214s23 − s15ðs223 þ s15s23

þ s23ðs25 þ s35Þ þ s24s34 þ s25s34 − s24s35Þ þ s14ðs223 þ s15s23

þ s23ðs24 þ s34 þ 2s35Þ − s25s34 þ 3s24s35 þ s25s35ÞÞ�; ðB9Þ
where b0, b1, b2, and b3 are arbitrary constants.

b. ð1;2;3j4;5;6Þ
The double trace soft blocks Sð6Þð1; 2; 3j4; 5; 6Þ are invariant under the separate cyclic transformations: (123), (456);

trace exchange symmetry: ð123Þ ↔ ð456Þ; and Hermitian conjugation: ð123Þ ↔ ð321Þ and ð456Þ ↔ ð654Þ. There are
three double trace 6-pt soft blocks Sð6Þð1; 2; 3j4; 5; 6Þ at Oðp6Þ that satisfy the above symmetries:

Sð6Þ
1 ð1; 2; 3j4; 5; 6Þ ¼ c0

Λ4f4
½s12s15s34 þ s15s23s34 þ s15s24s34 þ s15s25s34 þ s12s24s35

þ s15s24s35 þ s13ðs14s25 þ s24s35Þ þ s14ðs23s25 þ s34s25 þ s35s25 þ s24s35Þ�; ðB10Þ
Sð6Þ
1 ð1; 2; 3j4; 5; 6Þ ¼ c1

Λ4f4
½s12s25s34 þ s14s25s34 þ s13ðs15s24 þ s25s34Þ þ s12s14s35

þ s14s23s35 þ s14s24s35 þ s14s25s35 þ s15ðs23s24 þ s34s24 þ s35s24 þ s25s34Þ�; ðB11Þ
Sð6Þ
1 ð1; 2; 3j4; 5; 6Þ ¼ c1

Λ4f4
½s212ðs13 þ s23 þ s34 þ s35Þ þ s12ðs213 þ s13ðs14 þ s15 þ 3s23

þ 2s24 þ 2s25 þ 2s34 þ 2s35Þ þ s223 þ s234 þ s235 þ 2s14s23 þ 2s15s23 þ s23s24

þ s23s25 þ s14s34 þ 2s23s34 þ s24s34 þ s15s35 þ 2s23s35 þ s25s35 þ s34s35Þ
þ s14s223 þ s15s223 þ s214s23 þ s215s23 þ s14s15s23 þ s14s23s24 þ s15s23s25

þ s213ðs23 þ s24 þ s25Þ þ s14s23s34 − s15s24s34 − s14s25s34 − s15s25s34

þ s15s23s35 − s14s24s35 − s15s24s35 − s14s25s35 þ s13ðs223 þ 2s14s23

þ 2s15s23 þ 2s24s23 þ 2s25s23 þ s34s23 þ s35s23 þ s224 þ s225 þ s14s24

þ s15s25 þ s24s25 þ s24s34 þ s25s35Þ�; ðB12Þ
where c0, c1, and c2 are arbitrary constants.
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3. Triple trace

The triple trace soft blocks Sð6Þð1; 2j3; 4j5; 6Þ are invariant under the separate cyclic transformations: (12), (34), and (56);
trace exchange symmetry: ð12Þ ↔ ð34Þ, ð12Þ ↔ ð56Þ, and ð34Þ ↔ ð56Þ; and Hermitian conjugation. There are three triple
trace 6-pt soft blocks at Oðp6Þ that satisfy the above symmetries:

Sð6Þ
1 ð1; 2j3; 4j5; 6Þ ¼ d0

Λ4f4
s12s34s56; ðB13Þ

Sð6Þ
1 ð1; 2j3; 4j5; 6Þ ¼ d1

Λ4f4
½s34ðs25ðs13 þ s14Þ þ s12ðs15 þ s25Þ þ s15ðs23 þ s24 þ 2s25ÞÞ

− s56ðs14s23 þ s13s24Þ − s12ðs213 þ s223 þ s14s23 þ s15s23 þ s23s24 þ s23s25

þ s15s34 þ s12ðs13 þ s23Þ þ s23s34 þ s25s34 þ s14s35 þ s23s35 þ s24s35

þ 2s34s35 þ 2s35s46 þ s13ðs14 þ s15 þ 2s23 þ s24 þ s25 þ s34 þ s35ÞÞ�; ðB14Þ

Sð6Þ
1 ð1; 2j3; 4j5; 6Þ ¼ d2

Λ4f4
½−s212ðs13 þ s23Þ − s12ðs213 þ s223 þ 3s15s23 þ s23s24 þ s23s25

þ s23s34 þ s14ðs23 − s35Þ þ s23s35 − s24s35

þ s13ðs14 þ s15 þ 4s23 þ s24 þ 3s25 þ s34 þ s35ÞÞ
− 2s15s223 − 2s215s23 − 2s14s15s23 − 2s15s23s25 − 2s213ðs23 þ s25Þ
− s15s23s34 þ s15s24s34 þ s14s25s34 − s56ðs14s23 þ s13s24Þ − 2s15s23s35

þ 2s14s24s35 þ 2s15s24s35 þ 2s14s25s35 − s13ð2s223 þ 2s14s23 þ 2s24s23

þ 4s25s23 þ 2s34s23 þ 2s35s23 þ 2s225 þ 2s24s25 þ 2s15ð2s23 þ s25Þ
þ s25s34 þ 2s25s35Þ�; ðB15Þ

where d0, d1, and d2 are arbitrary constants.

APPENDIX C: CODING FOR COMPUTING
SOFT BLOCKS

In this Appendix we briefly describe the algorithms used
to compute soft blocks in the accompanying Mathematica
notebook, with the hope to make the notebook more
accessible to the readers. Up to 8-pt at Oðp8Þ, the soft
blocks can easily be computed on a typical laptop com-
puter. For 8-pt and 10-pt at Oðp10Þ, we ran the codes on a
computing cluster with 44 CPUs. Using the parallel
computing feature in Mathematica, it generally takes less
than a day to obtain the soft blocks of a particular trace
structure at Oðp10Þ.
The inputs of the algorithm to compute soft blocks are

Adler’s zero condition or cyclic invariance, a set of
independent monomials, and a set of independent blocks.
The output is a set of blocks satisfying the input condition.
Both Adler’s zero condition and cyclic invariance can
be expressed as transformations of kinematic variables
fsij → σðsijÞg; see for example Eq. (52) for Adler’s zero
condition. The set of independent monomials are used to
extract coefficients of a polynomial. At the very start, when
no Adler’s zero or cyclic conditions have been imposed, the

set of independent blocks is the same as the set of
independent monomials.
Denote a set of blocks as fS̃nðfsijgÞg, n ¼ 1;…; N, with

N the input number of blocks.6 The following is the
algorithm to obtain soft blocks, schematically:

(i) Set S̃nðfsijgÞ equal to the set of independent
monomials.

(ii) Define a polynomial pðfsijgÞ ¼
P

N
n¼1 cn×

ðS̃nðfσðsijÞgÞ − S̃nðfsijgÞÞ and extract the coeffi-
cients of pðfsijgÞ with respect to the input mono-
mials. Setting the coefficients of the input monomials
to zero gives rise to a set of linear equations of the
coefficients fcng.

(iii) Solve the linear equations of fcng. The solution is
that a subset D of fcng is expressed as linear
functions of the rest of fcng denoted as I.7

(iv) Plug the solutions of the previous step back
to

P
N
n¼1 cnS̃nðfsijgÞ. Extract the coefficients of

6These are not soft blocks yet, so we put a tilde on Sn.7D stands for dependent coefficients and I independent
coefficients.
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cn ∈ I, and the set of extracted coefficients (poly-
nomials of fsijg) is the set of output blocks.

(v) Repeat from step 2 until all Adler’s zero conditions
and cyclic conditions (also Hermitian and anti-
Hermitian conditions) are imposed. In the end, the
set of output blocks is the set of soft blocks.

In step 2 above, if Adler’s zero is to be implemented, then
pðfsijgÞ ¼

P
N
n¼1 cnS̃nðfσðsijÞgÞ where σ corresponds to

imposing Adler’s zero condition in Eq. (52). The most time
consuming and computational demanding steps are step 2
and step 3. Efforts have been made to greatly optimize the
notebook so as to obtain the Oðp10Þ soft blocks.
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