PHYSICAL REVIEW D 102, 116008 (2020)

Nonlinear photon trident versus double Compton scattering
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We study the photon trident process, where an initial photon turns into an electron-positron pair and a
final photon under a nonlinear interaction with a strong plane-wave background field. We show that this
process is very similar to double Compton scattering, where an electron interacts with the background field
and emits two photons. We also show how the one-step terms can be obtained by resumming the small- and
large-y expansions. We consider a couple of different resummation methods and also propose new
resummations (involving Meijer-G functions) which have the correct type of expansions at both small and
large y. These new resummations require relatively few terms to give good precision.
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I. INTRODUCTION

The strength of a high-intensity laser is usually expressed
in terms of ay = E/w," where E is the field strength and @ a
typical frequency scale. The O(a) processes nonlinear
Compton scattering e~ — e~ + y followed by nonlinear
Breit-Wheeler pair production y — e~ + e™ were observed
more than two decades ago at SLAC [1]. There the lasers
had ay < 1 and the observation could be explained in terms
of perturbative (albeit multiphoton/nonlinear) physics.
Today’s lasers [2] can have much larger a,. For sufficiently
large a, (depending on the size of the other parameters of
the system), one can approximate O(a"*?) processes by
incoherent products of sequences of O(a) processes, where
the laser can be approximated as locally constant during
each O(a) step. This is a key ingredient of particle-in-cell
codes [3-9], which are often the only means available to
study higher-order processes. Since higher-order processes
are expected to be important in upcoming high-intensity
laser experiments, and since they are in general too difficult
to compute exactly, it is important to do the following:

(1) Study how to approximate O(a"=?) processes.

*g.torgrimsson@hzdr.de

We use units with m, =c =h =1 and absorb a factor
of e into the background field, eE — E. We use g, =
diagonal(1, —1,—1,-1).
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(2) Estimate more precisely the size of the corrections
and delineate the region where these corrections can
be neglected.

Point (1) involves e.g., the question how to sum over the
spin and polarization of intermediate particles [10-13],
which we have recently treated with Stokes vectors and
“strong-field-QED Mueller matrices” in [14]. For (2), it is
natural to study in detail the O(a?) processes, for which
one can with some effort calculate the entire probability.
The trident process (e~ — 2e~ + e™) has been studied
in [10,11,13,15-20] and double Compton scattering
(e~ — e~ 4 2y) has been studied in [12,21-27]. Both these
processes have a single particle (apart from the laser field)
in the initial state. Processes with two particles in the initial
state have recently attracted more interest [28—31], but they
are quite different from both a conceptual and a calcula-
tional point of view.

However, there is one O(a®) process that has not
received much attention, namely, the photon trident process
(y > e +e" +y), which is, like trident and double
Compton, also a O(a?) process with only one initial
particle. To the best of our knowledge, this process has
only been studied in [32]. So, our goal in this paper is to
study this process.

We use the same methods as we previously used in
[15,27] to study the trident and double Compton. Although
those two processes had already been studied in a couple
papers, we were able to show that certain terms that had
been omitted in the previous literature on the locally
constant-field (LCF) regime are actually crucial for point
(2). In fact, for double Compton we showed in [27] that the
inclusion of the omitted terms can even change the order of

Published by the American Physical Society


https://orcid.org/0000-0001-5442-8297
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.116008&domain=pdf&date_stamp=2020-12-11
https://doi.org/10.1103/PhysRevD.102.116008
https://doi.org/10.1103/PhysRevD.102.116008
https://doi.org/10.1103/PhysRevD.102.116008
https://doi.org/10.1103/PhysRevD.102.116008
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GREGER TORGRIMSSON

PHYS. REV. D 102, 116008 (2020)

magnitude of the correction. These terms are part of what
we call the one-step part of the probability, which gives the
correction to the two-step part, i.e., the incoherent product
of two O(a) processes summed over the spin/polarization
of the intermediate particle. In the LCF regime, one can
expand the probability in a power series in 1/ay < 1. The
two-step scales as P, ~af + O(a)) and the one-step as
P, ~ ay. The terms that were omitted in the previous LCF
literature are the exchange part of the probability, by which
we mean the cross-term between the two parts of the
amplitude that are related by swapping place of the two
identical particles in the final state. We call the nonex-
change part of the probability the direct part.2 In [27], we
showed that the most difficult part of the exchange term in
double Compton has the same functional form as the
corresponding term in trident, so one can obtain one from
the other by some simple replacement of the parameters.
Since these terms are the most difficult to calculate, this
close relation is of course very useful in practice, as it mean
that we can calculate them using the same methods.

In this paper, we show that photon trident has an even
closer relation to double Compton, as expected. Indeed, on
an analytical level, all contributions to photon trident can be
obtained from the corresponding terms in double Compton
by a simple replacement of the longitudinal momenta. For
x < 1, we show explicitly that it is possible to obtain the
spectrum by replacing the longitudinal momenta in the
double Compton spectrum. Here y = agb,, where by = kp
is the product of the wave vector of the laser (k, = w) and
the momentum p, of the initial particle. In the photon-
trident case, there are no identical particles in the final state,
but there are two different contributions to the amplitude
where the final photon is emitted by either the electron or
the positron, and the cross-term between those diagrams
corresponds to the exchange terms in trident and double
Compton. Our results thus show that the most complicated
terms in all these three second-order processes are closely
related.

However, since these replacements involve e.g., chang-
ing sign of some lightfront-longitudinal momenta (which
are all positive for real particles), these relations cannot
be used to simply directly translate numerical results of
e.g., the spectrum in double Compton into results for
photon trident. In particular, in [27], we showed that the
direct and exchange parts of the one-step tend to cancel, but
from these relations alone we cannot say whether this
cancellation also happens in photon trident. To answer this
question, we have to perform new calculations.

While the one-step can be computed numerically as in
[27], here we will show that another way is to use
resummation methods. One can consider expansions in
different parameters. Here we will consider the small- and

2So, _“direct” *
P, = P?“ + P§~.

“one-step.” Instead, P, = [P’gi' and

large-y expansions. We will show that existing resumma-
tion methods based on Borel transformation, conformal
maps, and Padé approximants can be used. In some cases, it
can become time consuming to calculate many orders in
these expansions, so we want resummation methods that
maximize the precision over larger y intervals given a finite
number of terms. New resummation methods such as the
one in [33] can be used to improve the resummation.
However, with these general resummation methods, there is
still room for improvement. So, we have found new
resummation methods which are tailor-made for strong-
field QED in LCF. These new resummations have the same
type of expansions as the exact result for both small and
large y. This means that we need relatively few terms from
these expansions in order to find precise resummations over
large intervals of y. In fact, this allows us to find uniform
resummations that works for any value of y.

This paper is organized as follows. In Sec. II, we give
the necessary definitions and explain how to derive the
exact results for photon trident. The exact results are
presented and compared with double Compton in
Sec. III. In Sec. III B, we derive saddle-point approxima-
tions to further compare with double Compton. In Sec. IV,
we show how to resum the small-y expansion. In Sec. V, we
derive the large-y expansion and present a new resumma-
tion in terms of a sum over Meijer-G functions. In Sec. VI,
we present another new resummation, which is a sum of
terms that are quadratic in Meijer-G functions and which
we show can be used to resum the small- and large-y
expansions simultaneously. After having used double
Compton in Secs. [IV-VI as an example for these resum-
mation approaches, in Sec. VII we use them for photon
trident. We also present new resummations which involve
sums of products of Airy functions. We conclude in
Sec. VIIIL

II. DEFINITIONS AND DERIVATION

We consider in general pulsed plane-wave background
fields. The structure of this field makes it useful to use
lightfront coordinates v* = 2v =10 £ 03, vt = {v',2?}.
For momentum variables, we use P = {P_, P, }. The field
depends only on one lightlike coordinate, which is chosen
to be x* and is referred to as lightfront time. Instead
of x*, we usually use ¢ = kx = wx™ as integration variable,
where @ is a characteristic frequency of the field. In
terms of these coordinates, the field can be expressed as
fuw = k,a, — k,a,, where a, = a_ =0 and a, (¢) has an
arbitrary pulse shape and arbitrary polarization.

The initial state contains a photon with momentum /, and
polarization &,. The photon is on-shell so [, =[5 /(41_). We
use lightfront gauge where ke =0, so e =0 and
e, =1l,e,/(21_). Although we do not consider any non-
trivial wave-packet effects here, it is still convenient to start
with an initial state described by a wave-packet f(/) as
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im) = [ dlrweal o) (1)
where the momentum measure

d’P,dP_O(P_)

4P =
(27)32P_

()
is Lorentz invariant. The step function comes from the fact
that the longitudinal momentum P_ = P, — P; > 0 for all
physical momenta. The photon mode operator obeys

[a, (). aj (1)

= =20.5(1- 1)Ly, (3)

where 6(P) = (2z)36(P_)5*(P ) and
k,l, + 1k,
L(l) = g — % (4)

The sum over two orthogonal polarization vectors, e.g., with
e, ={1,0} and £, = {0, 1}, is given by

S e, (1) = =Ly (). (5)

pol

We assume that the wave packet is sharply peaked, so
((in]in) = 1),

/ dilF(D2F (1) = F(1). (6)

where we also use / for the position of the peak.

We are interested in the probability that this initial state
decays into a final state with an electron, a positron, and a
photon with momentum p,, pj,, and [, respectively. The
amplitude for this process has two terms (M = M, + M),
where the final photon is emitted by either the electron (M)
or the positron (M ). These are given by, see Fig. 1,

1
—S(p+p +1I-DM
k..

= (ie)? [ dindtnpta)f e St )by x)
™)

and

/

p

FIG. 1. Feynman diagrams for photon trident.

1 -
—o(p+p +I'-1)M

ky
= (—ie)? / A i () de M S (), x)) ¢ e oy _(xy),

(8)

where w(p,x) =
solution, where

@(p,x) = eXp{—i<pX+/ d¢2a§k;a )} 9)

_ K
K(p.¢) = 1+i

K(p,¢)u(p,o)p(p,x) is the Volkov

(10)

and u(p.o,) is a field-independent spinor normalized as

> u(p.o) =

o

F+ 1. (11)

The positron Volkov solution is given by w_(p’,x) =

K(p'.¢)v(p'.0')p(—p'.x), where K(P.¢)=K(-P.4)
and
Zvv p.o’) -1 (12)
The propagator is given by
S =i [ S kpP) R (Poy). (13
xy)=i[| —= JX) ————— . Y).
Y Qo Y e Y

We separate the propagator as [24]

+
(o

where P3" = (1+ P%)/(4P_), and then the P, integral
gives

1 1
P—1+ie 4P_

POH +1
— P9" + iesi - (14)
+ gn(P_)

dP+ e—i(xz*—x?r)PJr e —i(xy —x)PP 58
k,) 2z P-1+4ic  2kP {ik5(0)

+(P" + 1)[0(kP)0(621) — O(=kP)6(612)]}.

(15)

where 0;; = ¢; — ¢}, ¢; = kx;. The integrals over xl_j give
delta functions. For M,, we have P=p,:=p+1
(kP >0) and for M, we have P=-pj=—(p'+/)
(kP < 0).
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The total probability is given by

Z / dpdp'dl

spmq

:_Z/d dp’ klkl’

spins

2

/dlf—&(p+p +I'-)M

(16)

where I’ = [ — p — p’ and we have 1/2 because we average
over the polarization of the initial photon. To compare with
our results for trident and double Compton, we introduce
the following notation. We call the terms coming from
IM,|* and [M,|* the direct part, and Py, = P, + P,
where

pir =35 [apap S 0

splns

We refer to the cross-term as the exchange part

Pe = Z/ d”’ klkl, ) oRe MiM (18)

spins

The integrals over p, and p’, are Gaussian and we
perform them analytically for arbitrary field shape and
polarization [34]. We are left with the longitudinal momen-
tum spectrum P(s), which we define as

P / " dsods,0(q)P(s). (19)

where we use the following notation for the longitudinal
momenta, s, = kp/by, s, = kp'/by, q, = kl/by, and
g, = kl'/by = q, — sy — s5. When evaluating the spec-
trum, we set by = k[, i.e., ¢, = 1. However, in order to
see the symmetries and relation with double Compton,
we will keep ¢, explicit. For the momentum of the
intermediate fermion, we use s, =kp,/byg=¢q; — 5,
and s; = kpi/by = q — so.

III. EXACT RESULTS

Because of the separation of the propagator in (15), the
terms P4, P4, and P, are each separated into three
terms with two, three, and four lightfront time integrals. To
express these terms compactly, we use the following
definitions. For the longitudinal momenta, we use r;; =
(l/sz) (I/S/)’ ij (l/S,) (l/sj)’andKu ( I/S )
(s;/s;). The field enters the exponential part of the
integrands via the effective mass M [35],

2 _ 2 2
M =1+ (a%); — (a);; (20)

J 1’

where

=5 [ wr@). 1)

J

We also use ©;; = 0 Mlzj. The preexponential parts of the

integrands can be expressed in terms of

ij = ald) — (a)y;. (22)

There are at most four ¢ integrals. We use ¢, and ¢, for the
amplitude M and ¢; and ¢; for its complex conjugate M*.
The Gaussian integrals over p, and p’, need to be
regulated, which we do by replacing ¢, 4 — ¢4 + i€/2
and ¢, 3 — ¢ 3 — ie/2 where € > 0. We leave the factors
of € implicit, as this can anyway be seen as a shift in the
integration contours for ¢;.
For the direct terms, we find

A

@ 505, 5F20©
Py (s) = 4_7[22—S2/d¢12 &, B0 (23)

1°1

where d¢p;, = d¢p,d¢h,,

P¢ (s) — Re iaz /d¢1239(931) 7b0[721®21+r01®23]
. 4m*boqi 516021023
(9192 = 5052412 - Axy) (24)
and
PS,(s) = o /d¢12349(931)9(942) 5ho{F21©1 4701 O3]
= 4’szo‘ll S%921943

2ib
X{|:K21<~ %0 +1+A12A21>+1:|
2 \F20y

K()] 2b
1+A5-A
) [2 <70194%+ Tl 43) ]

Tt [(Am ~Ap)- (A —Ay)

+(50+S1)(S2_S1)(A12 X Agp) - (A34xA43)} }

So52
(25)
The corresponding terms for PP can be obtained by
replacing s, <> s, (which means e.g., s; <> s7). As in

the trident and the double Compton cases, we split the step
functions as [15]

0(042)6(031)
SR Y= TR YOS

where the first term gives P$,_,, which we call the two-step
part, and the second term gives P$,_, |, which contributes to
the one-step terms.
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The two-step part can be obtained with the gluing
approach presented in [14]. [In fact, the entire 5, can
be obtained by including 6(0,,)0(65;) instead of just
0(643 — 05;1) in the integrand.] For photon trident, we need
all three O(a) processes: nonlinear Breit-Wheeler and
Compton scattering by either an electron or a positron.
The spin and polarization structure of each of these can be
expressed compactly in terms of the Stokes vectors, n;, for
the initial and the two final-state particles,

P=(P)+ny-Py+mn;-P,+n,-P,
+mny-Py-ny +n-Ppy-ny +n;-Pppomy
+ Po1oijeoiny jnyy, (27)

where the expressions for (PP) and P can be found in [14].
According to the gluing prescription, we have

Ipglue = 24<IPBW[FD%> (28)
and
Pglue = 24<[P)BW[P%>7 (29)

where Pgy and PCP are the probabilities for nonlinear
Breit-Wheeler and nonlinear Compton by an electron or a
positron, respectively, (1) =1, (n) =0, and (nn) = 1 for
each particle, and there is a factor of 2* because spin sums
have been expressed in terms of averages for three final-
state particles and one intermediate particle. In contrast to
the trident case, see Eq. (44) in [14], there is no factor of
1/2 since we do not have any identical particles here. By
expressing the O(a) processes as P = N,(cl)Nﬁ»z)MkjiN,(»()),
where M can be seen as a strong-field-QED Mueller
matrix, these averages (...) are equivalent to Mueller-

matrix multiplication, Ni Ny Nt MS, MEWN'.
For the exchange terms, we find PLl =0,

—ia’ /d¢1239(931) o7 172102 701 05]
4nboqi 51602103
X A - Az, (30)

PL(s) = Re

P2l(s) = PL(s) and finally the most difficult term

|s0<—>s2>

_(12 / d¢12349(931)0(942)

877.'2]9(2)6]% 50515752d

919> 0y Oy
S 05 S 7 I IO el Rl <)
. exp{zbososlsiszdo [ 2 43(% q >
® (S ® ®
+ 0304 (i +£) + 03104, (ﬁ —iﬂ }
SZ SO Sl Sl
2ib, 2bo )\ 2
X Fo+ fo+——(fi+z)+(52) 22
dy dy
(31)

P& (s) = Re

where
04,0 0,,0.
d, = 220 OO (32)
$187 S082
Fo = (ko +x7)(d; - dy)(dy - d3)
+ (koo — k17)(dy x dy) - (dy x d3),  (33)
= d; - siqdy) - (s1¢2d5 — 5,,d
fo SoslsiszKSqu 1 = s1q1dy) - (s1q2dy — 51¢,d3)
+ (52q1d4 + 5092d5) - (52¢2d; + 50g1d3)], (34)
0 0
f1=xKn {41(11 dy +£d3 'dz}
$2 S0

0 0
+ K1 |:_Silld1 . d3 +€d2 . d4:|
1

0 0
+ (ko2 + K1) [_idl dy +—2dy - d3} (35)
q> q1

2 2
S78 51

7 = el <3—l—0>¢1— 1 <3_ﬁ>¢4
$2519> S152 5257141 S182

2 2
q S182 q S182
o () (32
S15091 S150 15092 S150

(36)
0,30 05,0 0430
2 = —Kpy KliLiu‘F(Koz +K11)ﬂ7 (37)
S052 $151 919>
and
[0,,0 05,0 0,30 1
d, = 61_2 21 43A12— 31 2A L+ 23 41A14 . (38)
sostdo | ¢2 S1 S2 ]
(05,0 0,30 05,0 1
= 92 21 43A21+ 23 41A23_ 31 42A24 . (39)
sis2do | 42 So S1

(04,0 6,36 0,436
q1 42 31A3l+ 2; 41A32— 43 21A34 . (40)

3:
sos1dy | 1

a1 _923941A41+94§_931A42_943921

d4:
sos1do [ 82 1 q1

Agl. (41)

A. Comparison with double Compton

These expressions look very similar to the ones we
derived in [27] for double Compton. In fact, we can obtain
each of these terms by the following replacements.

Let us start with P¢. To obtain P{,, P{,, and P$, in (23),
(24), and (25) from the expression in [27] for the direct part
of the probability of double Compton, note first that those
expressions are expressed as sums of two asymmetric terms

116008-5



GREGER TORGRIMSSON

PHYS. REV. D 102, 116008 (2020)

¢ €«<—— s1

%ql% T

S0 —S2 q1 q2

e *

¢s3 ¢ €<—— s1

— 589

lj\)fh

P4

—8] ——> ¢

22 22
]Pex IFDdir

Y7

51 ———> ¢4

¢ €<—— 51

NG
NN

Pl? ]P;ll

/5

FIG. 2. Probability diagrams [15,27] for photon trident.

l]:DlerC( ) Pler asym(LIl? Q2) + |]:Ddlr asym(‘h QI) To g0 from
[P’?fagym(ﬂh, q>) to P¢, replace ¢q; - —q, (we change an

outgoing photon to an incoming one), s, — —s, (the initial
electron becomes an outgoing positron),3 and s, — s (just
different notation for the outgoing electron). These changes
take care of all the nontrivial parts of the expressions. To
obtain the correct overall factor, we have to multiply by an
overall factor of —2/¢?. The reason for this sign is that when
changing an electron to a positron by replacing p — —p/, the
spin sumin (11) gives minus (12). The factor of 2 is due to the
fact that in double Compton one has to divide by 2 to prevent
double counting of identical particles, while here there are no
identical particles in the final state. The factor of g7 is just
normalization, and we anyway put ¢; = 1 when evaluating
these expressions. The expressions for [’” can of course also
be obtained in this way, since [P” can be obtained from P¢ by
replacing s <> 5.

To obtain P, from the exchange terms, we first note that
PP () = Pexaym(q1: 42) + Petagym(92. 41). Pei(s) s
obtained from PEDS,.(q1.¢,) by replacing ¢, — —q,
so = —s8», and s, — s, as for the direct terms, plus s; —
—s7 (the intermediate electron is changed to a positron). We
also have to multiply by a factor of —2/¢? for the same
reasons as for P°.

For P22, we note that in the expressions above and in [27]
we have named the ¢ variables such that the ¢, step
happens before the ¢, step, which is why we have 6(0;,).
However, looking at the second line in (15), we see that to
compare with the double Compton expressions in [27], it is
more natural to rename the integration variables as ¢, <>
¢, in the above expressions for P22. Then ¢, and ¢, are the
vertices connected to the g;-photon line and ¢, and ¢5 are
the vertices connected to the g,-photon line, which is also
how the photon lines are connected for the choice of
variable names we made in the double Compton case [27].
With this renaming, the ¢, vertex happens before the ¢,

*Since the longitudinal momenta are positive for physical
particles, we see that values of the longitudinal momenta that are
physical for photon trident are unphysical for double Compton,
and vice versa. This also explains why one of them can be a
threshold process, while the other is not.

vertex, and P22 is obtained from PZPC with the same
replacements for the momentum variables and overall
prefactor as for the other terms, plus changing one of
the step function 6(0,,) = —0(0,4). This replacement of
the step function and the extra sign change is due to the
relative sign between the two terms in the second line in
(15), which in turn comes from the fact that the P,
integration contour should be closed in the upper and
lower complex plane for P_ > 0 and P_ < 0, respectively.
So, 0(0,4,) = —0(60,4) is a consequence of the replacements
of the momentum variables. We could trivially make the
same ¢,, ¢, replacement for the entire exchange part,
because this does not have any effect on P!2, which can
be seen as a four-dimensional integral with 5(0,,) instead
of 9(942) or 9(924)

These relations can be better understood by comparing
the probability diagrams in Fig. 2 with the corresponding
ones in [27] for double Compton. By comparing also with
the diagrams in [15] for trident, we see that the diagrams for
P22 are similar for all three processes. However, the other
diagrams for trident look different from what we have here,
so one should not expect it to be possible to obtain relations
between these terms and the corresponding terms in photon
trident or double Compton.

B. Saddle-point approximations

In this section, we will derive saddle-point approximations
for the emission of a hard photon and y <« 1. We consider
linearly polarized fields, a(¢) = aof(¢). In the LCF regime,
we have a, > 1 and we can expand the probability in a series
in 1/ay. We perform the ¢ integrals with the saddle-point
method. The calculations are almost identical to the ones in
[27], so we simply state the results. We find

o? SOS2 do ;
2e N
qu $1V/F20 )(
where y(¢) = apbof'(¢).
Pe o? 461142 + 5052 |: 1 1 :| /d¢ E )
= 3 — ~ e -
12 24mq?  s1V/Fao P21 ol

e _
Pll
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2 1 1 1 d¢ 3 20
pp @ L[ [
¢ 24m2q3 siV/Ta [F2a1 Tor by 4

—-a? [q 1, 92 S151 ] do 220
Py =5 V0| -+ -——— /— e >,
2l 20 92 491 9192 by \/_

dmiq;
e o o’ @192 1 (g1 | g2 s15% do,
Pzz_ﬂ*_z — |t 7
471'(11 Sos2 81 92 41 9192 by
27‘21 2r01

d 20
x/ % x(01)x(0,)e %o o) (46)
o bo

and
P = —Py_, (47)

where Pp,_,; = P%,_, + P5,_ | [note that (45) is symmetric
in sy < 553, so P%,_, = P5,_ | to leading order]. In fact,
these expressions can be obtained from the corresponding
results in [27] by simply making the replacements as
explained in the previous section. Thus, the exchange term
cancels the direct part of the one-step to leading order, not just
in the double Compton case, but also for photon trident. This
tells us that the two-step part is a better approximation of the
total probability than what the scaling Py, ~ O(a3), Pope ~
O(ay) alone suggests.

The above results hold for arbitrary field shapes with
ag > 1. There are certain field shapes which also allow us
to obtain simple expressions for ag ~ 1. One such example
is a Sauter pulse, a(¢) = a,tanh ¢p. The results for photon
trident agree with what one obtains by making the replace-
ments of the longitudinal momenta in the corresponding
results in [27]. Thus, for these single-maximum fields, all
three second-order processes with one initial particle
(trident, double Compton, and photon trident) have the
same a( dependence in the leading, exponential part of the
probability, only the dependencies on the longitudinal
momenta are different.

If we use ¢, and s, as independent integration variables,
then we can perform the s, integral with the saddle-point
method. The saddle point is given by sq = s, = (¢, —
q>)/2 and, for ay > 1, we find that the probability scales as

e st )

so emitting a hard photon (g, ~ ¢;) leads to an increased
exponential suppression compared to the Breit-Wheeler
case, as expected.

IV. RESUMMATION OF SMALL-y EXPANSION

In the previous section, we used the leading order in the
saddle-point expansion to see how important various terms

are. We saw in particular that the exchange term cancels
the direct part of the one-step to leading order. This means
that one has to go beyond the leading order for these
terms. However, the small-y expansion is asymptotic and,
as we showed in [27] for double Compton, for these
processes the region where the precision is improved by
adding the first couple of next-to-leading order terms is
limited to so small y that the exponential suppression
makes results very small. Fortunately, as demonstrated in
[20] for trident, one can use resummation methods to
resum these asymptotic series.

See also [36—40] for resummations of expansions in the
field strength or derivative (y, in [39]) and [41-43] for
resummations of the a series.

The resummations methods that we will describe in the
following sections are quite general. We focus initially on
double Compton scattering as an example and return to
photon trident in Sec. VIL. In [27], we plotted the
probability as a function of y for several different values
of ¢, and g,. We have checked that the resummations
presented below agree with the numerical results from [27].
However, we will present several different resummations of
both the small- and the large-y expansions, which means
that we do not need exact numerical results in order to
check the precision of the resummations. Instead, to check,
e.g., the precision of the small-y resummations at large y we
can use the large-y expansion, and vice versa for large-y
resummations. There is also a large interval around y ~ 1
where the small- and large-y expansions agree to a high
precision. So, in the plots below, the exact numerical result
is not included, but if it were it would in all cases be
indistinguishable from at least one of the curves.

From [27], we see that in some cases there is a large
degree of cancellation between the direct and exchange
parts of the one-step, not just for small y, but also as y
becomes large. One typical example where this happens is
q1 = q» = 1/3, which we use as a first example. Here the
one-step terms can be expanded as

pone _ 3a’agAg (

4 )
ne — _ = 7P exp | —— |79, 49
dir \/5”3/2 \/)? p 3 > ( )

¥
3atayA 4
Pone — el ¢ exp (— —) Te, (50)
\/577,'3/2\/)? 3)(
where
T=> Tx" (51)
n=0
pan 1907 18761023 ;51512914979
T T 8644 T 1292992 X T 429981696

(52)
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50021 48618935483 ,

302407 ~ 7472424960 ¥
231504152856583
3_.. (53)

4860943073280 ©

T =1+

A direct sum of the series in 7' does not work, because this
is an asymptotic series with factorially growing coeffi-
cients. The standard approach for such series is to use Borel
transformation,

[5e] 6]

BT(1) =S B = Z%tn. (54)

n=0 n=0

By calculating a finite number of terms, we obtain a
truncated Borel transform BTy = > B, ", which needs
to be resummed before we transform back to y. This can be
done with Borel-Padé-conformal methods [40,44-51].

One way is to calculate a Padé approximant [47-50] for
the truncated series

PBT[m/n|(1) = Sl Ail

=Tisn pg - PIn0+ 0T,
j=12j

(55)

where m and n are integers with m + n + 1 < N. The Padé
approximant provides an analytic continuation of the
truncated series beyond its (finite) radius of convergence.
The final step is to take the inverse of the Borel transform,
i.e., the Laplace transform,

o dt

PBT(m/n](y) = / e PBTIm/nl(0).  (56)

0

which gives a resummation of the original 7 series.

In practice, it can for some contributions be challenging
to calculate a large number of terms. For these sort of
asymptotic series obtained with the saddle-point method,
the challenge is that the number of different terms in the
integrand can become very large if there are several
integration variables. So, one needs to make the most of
the terms one has. One common way to improve the
convergence is to make a conformal transformation before
making the Padé approximant [44-46,49-51]. For this, one
uses additional information about the series, in particular,
the position of the singularity closest to the origin. By
calculating the first ~20 terms (for the direct part, ~10 for
the exchange part) and by matching the ratios of neighbor-
ing coefficients of the Borel transform onto B, /B, =
co+ci/n+cy/n?*+ -, we find (for this example) ¢, =
—3 and hence the Borel transform has a finite radius of
convergence limited by a singularity at t = 1ty = —1/3. We
make a change of variable in BTy(7) from ¢ to the
conformal variable z [52],

1+i-1
\/ 41

L+L+1 (1=2)*

which maps t < #;, onto the unit circle in the complex z
plane. The resulting function is then reexpanded in powers
of z to the same order as BT y(¢). Next, one makes a Padé
approximant [m/n](z) of this series in z. Expressing z in
terms of ¢ gives a Padé-conformally resummed Borel
transform PCBT(t), and then the last step is to perform
the Laplace transform,

PCBT[m/n)(y) = A " %e"/XPCBT[m/n}(t). (58)

Another resummation method was proposed in [33],
which we found to be very useful for resumming saddle-
point series for the two-step part of trident and nonlinear
Breit-Wheeler in [20]. It is even more useful here, because
we have access to fewer terms in the small-y expansion. In
this method, one makes use of the additional information
about the scaling at large y. The transform is given by a
linear superposition of a certain function ¢(x) with rescaled
argument,

ast = “o(-4).

=1 A Ai

The constants ¢; and y; are obtained by demanding that the
first 2n terms in the series in ¥ match the terms in the series
to be resummed. Although one can choose different
functions, we will choose the confluent hypergeometric
function suggested in [33],

blx) = x—au<a, I 4a- bé), (60)

where a and b are two constants. We will show below that
PSe scales as 1/y!/3 for large y, which means that we want
the resummed 7 to scale as y'/%. To match this large-y
scaling, we choose @ = —1/6. The second constant, b, is
not determined by this scaling. In some cases, one can
obtain a significant improvement at large y by choosing a
suitable value of b, which one can find by testing a couple
of different values and see which leads to the best agree-
ment with the large-y expansion at large y (which we will
derive in the next section).” The fact that the large-y scaling

*One could of course imagine a more precise, numerical
determination of b by comparing with the large-y result. How-
ever, for the examples we have considered, it is usually enough to
try only a couple of different values of b in order to obtain a
resummation that is indistinguishable from the exact result on the
scale of the plot (assuming, of course, that enough terms have
been calculated and that such a value of b exists). Moreover,
below we will anyway present new resummation methods that
allow us to resum the small-y expansion using several (in
principle arbitrarily many) terms from the large-y expansion.
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—
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p—
a1 —Q2—3

X

10%R
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] R Meijer-G [4]

0.1f
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-15}
108 Ry
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/
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5 / small-x [5/5]
————— conformal [5/5] S~
————— confluent [5]
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FIG. 3. Comparison of different resummation methods for the

direct and exchange parts of the one-step, Ry, = P3¢/ (apAg)
and R, = PX°/(ayA¢). For the confluent resummation, we
have chosen b = 19/20 (b = 2/5) for the direct (exchange) part.
However, in this case, this resummation is not very sensitive to
the value of b, and the difference from e.g., b = 1 is on the order
of the width of these lines at y = 1000.

is built into the resummation allows us to obtain a good
precision (even at large y) with fewer terms than what is
needed for the conformal-Padé method.

In Fig. 3, we compare these resummation methods.
Consider first the direct part, for which it is easier to
obtain more terms. We see that the Padé resummation with
[9/9] gives a good precision up to y ~ 20, while for larger y
there is a small difference from the exact result. With the
Padé-conformal method with [9/9], we find good precision
for the entire range plotted. An even better precision can be
obtained with only ~ half the number of terms using the
confluent resummation ASTs.

For the exchange part, P22, it can be challenging/time
consuming to obtain a large number of terms. Here we have
calculated the first 11 terms, i.e., up to '°. For the Padé and
Padé-conformal methods, this allows us to use [5/5]. As we
see in Fig. 3, this means that the Padé resummation breaks
down sooner, at y 2 10, and the relative error is larger in the
large-y part of the plotted interval. The Padé-conformal
resummation is still rather good even for larger y, with a
relative error of ~4% at y ~ 100. We can still use the same

1 10

100

1000

-01}

108R
0.10¢

_0.05} confluent [5]
large-x [10]
————— large-x [1/9]

————— Meijer-G [4]

-0.10

FIG. 4. Comparison of the different large-y resummations for
the total one-step R = Ry, + Ro. On this scale and in this
interval, the exact result is well approximated by the confluent
hypergeometric resummation in (59) with n =5, a = 5/6, and
b = 156/100, where a follows from the leading large-y scaling
(1/4*3) and the value of b is the result of a very rough
optimization at large y, where the result is very well approximated
by the large-y expansion. The “large-y[10]” line is the result of a
direct summation of the first 11 terms in (62); the “large-y[1/9]”
line is a [1/9] Padé approximant of that sum; and “Meijer-G” is
the new resummation in (78) with c,,, n = 0, ..., 4, determined by
matching its large-y expansion with the first five terms in (62).

order for the confluent resummation, i.e., AST'5, which still
gives a very precise result even at very large y.

It is natural from a calculational point of view to consider
the direct and exchange parts separately. For example, here
we can calculate many more terms for the direct part, which
is good for both precision and in order to determine the
singularities of the Borel transform. However, the direct
and exchange parts are in general on the same order of
magnitude and (for double Compton scattering, but not for
trident) only their sum is gauge invariant. For some values
of ¢, and ¢,, the direct and exchange parts only cancel each
other (to leading order) for small y, but not for large y. For
such cases, we could simply resum the direct and exchange
parts separately before adding them together, which would
give a relative error for their sum on the same order of
magnitude as the relative error for the direct and exchange
parts separately. However, here we have chosen a more
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challenging example, where |P3¢ 4 P2¢| is much smaller
than |P¢| and |Pg¢|, which means that even a small error
in the resummation of the terms separately can be a large
error for their sum. In such cases, it is better to first add
together the two y series before resumming. The resum-
mation of P + Pg¢ with the confluent hypergeometric
method is shown in Fig. 4, where we find a very good
agreement over essentially the entire y range by a suitable
choice of a and b in (60). However, to make this choice, we
first have to derive the large-y expansion.

V. RESUMMATION OF LARGE-y EXPANSION

In this section, we will consider the large-y expansion.
To obtain this expansion, we first need to know how the
integration variables scale. In the simplest term, P;;, the
exponential part of the integrand is given by

exp {lzrf (1 +‘19;>} (61)

which has been obtained from the integrand for the exact
result by rescaling @ — 6/a, and expanding to leading
order in 1/a, with y kept constant. From this we see that,
for large y in LCF, we should rescale & — y'/36 and then
expand the integrand in powers of 1/y. For the other one-
step terms, we first recall that the LCF approximation is
obtained from our expressions in [27] for the exact result by
changing variables from ¢, ..., ¢4 to ¢ = (643 + 621)/2,
p=043—0y, 0= (053+0,)/2, and n=045—0y,
where 6;; = (¢; +¢;)/2 and 6,; = ¢; — ¢;, and then the
one—step terms are obtained by rescaling {@,0,7} —
{®,0,n}/a, and expanding to leading order in 1/a,, which
is O(ag) (so this is a Laurent series) for the one-step terms
(compared to O(a3) for the two-step). The integrands now
only depend on ¢ via the locally constant value of y(¢). So,
if we either consider a constant field or the “rate” given by
the ¢ integrand, then we have integrals over {¢, 6,7} for
P2>~! (the ¢ integral is trivial for P?*~!) and P2, for P}2
and P!? we have integrals over {6, 7}, and for P'! there is
only one integral over 6. For P?>~!, P12 and P!, one can,
by looking at the exponential part of the integrand as for
P!, see that one should rescale {@,0,7} — ¥'/*{p.0,n}
to obtain the large-y expansion. The exponential part of the
integrand for P22 is more complicated, even in the LCF
case. However, it is straightforward to check that the same
rescaling of the integration variables also works for P22. It
turns out that each term has the same form as the total one-
step, which we find to be given by

1
lpone (S) = (XZCZOA(]&F L

Z ) /3 (62)

where the coefficients L, are obtained by performing the
{p,0,n} integrals. We have performed some of these

[1-(Rapprox/R)I

0.020
=g =2
91=G2=7
00151 — large—x [1/9]
Meijer-G [4]
0.010} —— Meijer-G [5]
—— Meijer-G [6]
— Meijer-G [7
0.005 | ! 7l

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 X

FIG. 5. Relative error of large-y resummations. Same notation
as in Fig. 4. At y =1, the probability is exponentially small
Pone ~ 10712 compared to Fig. 4. To estimate the relative error,
the exact result has been approximated by the confluent hyper-
geometric resummation in Fig. 4, which is possible because its
relative error is much smaller in this y interval (it is after all a
resummation of the small-y expansion and hence becomes more
precise as y decreases).

integrals numerically, but this is straightforward and can
be done quickly with e.g., Mathematica, even for the
exchange term. So, we have without much numerical effort
calculated the first 11 terms, i.e., up to n = 10. At least
from these terms, it seems that the large-y expansion is
convergent. In any case, just a direct summation of these
terms, without any resummation, gives a good precision
down to y ~ 1, as can be seen in Fig. 4. As y decreases
below y = 1, the direct sum of this series starts to deviate
more and more from the exact result. A quick way to
improve this is to make a Padé approximant for L in the
variable y = 1/4%/3. Although the (near) diagonal approx-
imants ([N/N], [N —1)/N], or [N/(N — 1)]) usually give
good improvement, in this case we know that the result
should vanish exponentially fast as y — 0, which means
that we find a much better result by using off-diagonal
approximants [M/N] with N > M. In Fig. 4, we show that
[1/9] gives in this case a significant improvement, where,
on the scale of this plot, one could argue that we have a
decent precision for arbitrary y. However, if one zooms in
on the region where the probability starts to become
exponentially suppressed, then one notices that even the
Padé-resummed result starts to deviate more and more from
the exact result; see Fig. 5. However, in Figs. 4 and 5, we
see that we obtain a significant improvement with the
following, new resummation method, which gives a much
higher precision down to much smaller y.

A. New resummation method

In this section, we will propose a new resummation
method, which works very well for these terms. We know
that P (s) has a large-y expansion in the form of (62) and
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a small-y expansion in the form of (note that this starts at
/X because the leading order terms proportional to 1/,/y
in the direct and exchange parts cancel)

Pone(5) = a2apAdb/F exp (— ZT—Z) . (63

where r = (1/[1 — ¢, —¢,] — 1) and

T = i T (64)

n=0

The idea now is to look for some special function that has
the same type of expansions at both large and small y. We
are inspired by [53] to look for such a function starting with
a general Meijer-G function [54-56]

Gmn al,...,ap
pPq b b
1o+ Dy

z> . (65)

Many special functions can be expressed in terms of G}¢
and having a large number of free parameters (a; and b;)
makes this a very general class of functions and hence a
good place to start looking for resummation functions. In
[53], it was shown how asymptotic series (especially those
with branch cuts) can be resummed into a single Meijer-G
o
resummation is improved by increasing the number of
parameters, i.e., increasing p. To resum our series in y, we
will end up with a different class of Meijer-G functions.
For large y, we want an expansion in powers of 1/y/3,
but, since we know that for general photon momenta ¢, and
¢, the small-y expansion has an exponential part as in (63),
we use &:= (r/y)*? as a rescaled parameter. Apart from
the overall factor of 1/y'/? « \/Z, the large-y expansion
should only involve integer powers of £ as seen in (62). So,
we start with G2 (c&X), where k is some positive integer
and ¢ a constant. At small y, i.e., large argument of
G;f‘g(cfk), we want an exponential scaling as in (63).
The relevant expansions in this limit can be found in
[54-57], and for a general G}/ this involves first expressing

function on the form Gﬁ and where the precision of the

G as a linear combination of Gy and GY,. The latter has
the exponential scaling that we want

G (2) ~exp (—vz'/¥)z Z .z, (66)
n=0

where v = g — p and

1(1-v "
1 SR ) N
i=1 1

i=

By matching the exponents in (63) and (66), we find that
we need v = 2k/3. Since v and k are integers, this implies

k=3j uv=2j (68)

where j = 1,2,3.... This matching also gives
c=97j% (69)

and for a function which starts its small-y expansion with
/¥ rather than /yy" we also have

1 P

q
y=—— ai=1-j+> b.  (70)
4j 1 i—1

i=

As we will demonstrate, we can obtain a good resum-

mation already with only j = 1, which gives ng,i(; (&/9).

The series expansion at £ < 1 is given by

m

Gpi(z) =D 2P pF ()P 2), (T1)

k=1

where all the parameters have been suppressed and F is
the generalized hypergeometric function, which can be
expanded in integer powers of z. Since the function we
are looking for should start with an overall factor of
1/x¢'3 « /&, the b parameters can only be

bk:

+ n=012... (72)

AN =
SRS

If two b parameters are equal or differ by an integer, then
the expansion of G would involve log y terms, which we do
not have here. This implies that we can only have three b
parameters, i.e., ¢ <3, which, since ¢ = p + 2, means
q =2 or g = 3. However, g =2 does not work for the
following reason: For j = 1, we have y = —1/4 in (67).
But with b, = 1/6 + (n,/3) and b, = (1/6) + (n,/3), we
find y +1/4 = (1+n, +n,)/6 # 0, so there are no b,
and b, for which y = —1/4. So, for this choice of j = 1, we
have p =1 and g = 3. Since G is symmetric with respect
to the b parameters, we can without loss of generality set

1 11 1 2
blzg-i-l’ll b2:6+§+n2 b3=6+§+n3
(73)
and then y = —1/4 implies
3
ay = =+ny +n, +n3+n, (74)

2

where n=0,1,2.... Note that n > 0 corresponds to
functions with expansions starting at a higher order, i.e.,
Vxx" rather than /y, but these are relevant because our
resummation involves a sum of different G functions.
However, the different choices of n and n; do not all give
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independent functions: It is easy to show using the Mellin-
Barnes integral definition of G and I'(z + 1) = zI'(z) that
these functions obey the following contiguous relations:

G(n,n3)

=G(n,n3—1)+(b3—a;)G(n+1,n3-1)

(75)

and similarly for n; and n,. This means that any function
with nonzero n; can be reduced to a linear combination of
functions with different n and n; = 0, so we can without
loss of generality set n; = n, = n3 = 0. Thus, we have
finally found a set of resummation functions,

2 o

where the overall normalization constant is chosen such
that the large-y expansion starts with f,,/v/& = 1 + O(&).
The factor of /& in the prefactor comes from using

G a;+c ‘G a;
bi+cl) 7\ b
with ¢ =1/6. The resummation is now obtained by

matching the original series onto the corresponding expan-
sion of

VAR +1] 3
an()-—T\fGO(O’é :

z> , (77)

N

> eafulr), (78)

n=0

which determines the constants c,,

Although expansion formulas for general G can be
found in [54-57], especially the higher-order terms in the
small-y expansions can be difficult to find. So, we will for
convenience explain how to obtain the expansions for the
particular G function that we have. The large-y expansion
can be found starting with the Mellin-Barnes integral
representation, which in our case gives

it g e (@
Jo= = VE —ico 27I <9>
l"(—s)l“(l -$s)IE-s)

3 3
—r4+
- \3

FG+n-s)
ico g 31+s 1+3s1—‘ -3
) [o s
i 2l T(5+n—s)
where we have used Gauss’s multiplication formula for I
[58]. The s integral has poles at s = m, s = (1/3) 4+ m, and
s = (2/3) +m, where m =0, 1,2, ..., and the expansion
in powers of £ can now be obtained by performing this
integral with Cauchy’s residue theorem.

As an aside, we note that, while a Meijer-G function can
always, trivially be expressed as a Fox-H function [59] with
twice as many parameters, from the above equation we see
that f, can actually be expressed compactly as a different
Fox-H function,

fn=3I <§ + n) VEHY < G+ ”’)1) ‘353). (80)

(0,3

A similar reformulation could be more useful in the
generalization to Meijer-G functions with more parameters,
ie., toj> 1.

Note that, using this integral representation, the sum in
(78) can be expressed as a single Mellin-Barnes integral, so
this resummation gives an approximation of the Mellin
transform of the probability with respect to y. It could be
interesting to study whether one could find a resummation
directly in terms of the Mellin transform rather than finding
one via G.

To obtain the small-y expansion, it is convenient to
rewrite the Mellin-Barnes integral as a “LCF’-type integral:
We obtain this by first using [58]

d
r(—3s):/ & pmty3s (81)
o I
and

1 du
— _ —a)+s 82
C(a; —s) 2mi etu ' (82)

where the integration contour for the u integral goes around
the negative axis counterclockwise. We will perform the s
and ¢ integrals. In the s integrand, we have

exp {s(Iny — 3[In |¢| + i arg(?)] + In |u| + iarg(u))}, (83)

where y = 3&3. To simplify this, we choose an integration
contour for the ¢ integral with arg(¢) = (1/3) arg(u) and
change variable from r = e’ 2¢()/3 to T where T goes
from —oo to oo on the real axis. Then the s integral gives a
delta function, which we use to perform the 7 integral. We
obtain

{=(vu)'"* + u}

['(a, f/Zm Ma'
)il
i 3
x/dT ! e i +T3 (84)
T expll v
222 PP\ TR [

where x = 1/&/? = y/r and the 7 contour lies in the upper
complex plane (e.g., from 7 = c0e>™/% to 7 = c0e™/®), or
for integration along the real axis the pole at 7 =10 is
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avoided with 7 — 7 + ie, € > 0. The small-y expansion is
now readily obtained with the saddle-point method by
changing variable from 7 = i + /x&7 to 57 and expanding
the integrand in x.

The integral in (84) is of the type that one usually
encounters in LCF. By making partial integration, one can
rewrite it as

or Qe () 5o (5
(85)

where Ai(¢) is the Airy function,

Aiy (&) = /{f ® drAi(o), (86)

and P; are polynomials. This might seem like a simpler
formulation of this resummation. However, these polyno-
mials are not arbitrary, but related by the fact that the small-
 expansions should not have negative powers of y. In any
case, we see that for some terms in LCF this resummation
will converge to the exact result after summing a finite
number of f,. For example, here we find that the one-step
contribution from P! is exactly given by f(y), so if we
resum P'! separately then we simply have ¢, = 0 for all
n > 0 in (78). This is perhaps not so surprising given that
exact results for O(a) processes have been expressed in
terms of Meijer-G functions in [60], and P! has a structure
similar to O(a) processes.

In principle, one could use both the small-y and large-y
expansions of P to determine the coefficients ¢, in (78).
However, in this case, it turns out to be much better to use
more terms from the large-y expansion. In fact, we find a
very good resummation using only the large-y expansion.
For example, in Fig. 4, we use only the large-y expansion
and find a resummation that works down to much smaller
y compared to the Padé resummation, even using only half
as many terms from (62). The reason for this is that the
new resummation has the same exponential scaling at
small y as the exact result, while the Padé approximant can
only approximate this using a large power. So, for a fixed
order, the Padé approximant will break down as y
decreases, while the new resummation can still give a
good approximation at small y, even if none of the
coefficients c,, in (78) are determined with the coefficients
T, in (63). In Fig. 5, we show that the relative error can be
made very small, even at small y, by including more terms
in (78). Having a resummation of the large-y expansion
that works down to such small y is very useful, because
this means that there will be a significant overlap with the
resummations of the small-y expansion, even for a simple
resummation such as Borel + Padé, which in turn means
that one can check the precision of these resummations
without using any numerical data for the exact result.

Using the new resummation to resum the large-y expan-
sion, we find results that, for a given order, eventually start
to deviate from the exact result at small y as seen in Fig. 5.
However, the result vanishes exponentially as y — 0, so it
is not necessarily very useful to have a high precision at
very small y anyway.

B. LCF integrals

Applying the LCF approach to some nonconstant field
means replacing y in the above with the locally constant
x(0) and integrating over o. [In doing this, one should
replace the overall factor of a; in e.g., (63) with y(o)/by.]
Here it is an advantage that the above resummation
methods give the result for an entire interval in y rather
than just the result for a single value of y. In other words,
the output of one resummation is a function of y, not just a
number. We just have to make sure that the resummation
function is valid up to the maximum of y (o) and down to
values of y where the ¢ integrand starts to become
negligible. Since the dependence on y is slow, the integral
over ¢ is not difficult to perform numerically. For
some field shapes, we can even perform the ¢ integral
analytically.

Consider e.g., d'(c) = apsin“c for 0 <o <z, ie.,
x(0) = yosin> 6 where y, = agh,. We are motivated to
consider such a short pulse since this makes the one-step
terms more important compared to the two-step part. [We
could trivially consider a train of such pulses, e.g., with
different sign such that a(c0) = a(—o0).] Using the Mellin-
Barnes integral representation of G and

/,, . /Al
dosinoc = ———=-—,
0 I+

2

(87)

which follows from a suitable integral representation of the
Beta function I'(a)I'(b)/T'(a + b) (see [58]), we find

ha(ro) 5= / doz(0)flz(0)]

\/_F +n) 2.5.5+n |8
- VOGS 12 1 n|o) @8
’3°3212°12

where &, = (r/y0)*>. So, having found the coefficients c,,
going from a constant field to this pulsed field is simply
done by replacing f, in (78) with h,,.

For an oscillating field, a'(6) = agsine and y(o) =
Xol| sina|, we find a similar result for the integral over each
cycle,

\/_F( +n) \/gG‘le(

| a1ty =5 2
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For a Gaussian pulse, d'(6) = age™, the o integral

gives
2 V3r
doexp{—(=—-25)0? p = ——.
Jeren{-(-2)} - 5275

The square root means that the s integrand now has a
branch cut and can therefore not be performed in terms of a
Meijer-G function. However, the result is still expressed as
a single Mellin transform, and a common way of evaluating
Meijer-G functions is anyway to perform a 1D integral, so it
is not really a problem if a field shape leads to a Mellin
transform that cannot be expressed as a Meijer-G function.

Thus, having expressed the y dependence of the prob-
ability as a Mellin transform can be quite useful for going
from a constant to an inhomogeneous field in LCF.

(90)

VI. RESUMMATION OF SMALL-
AND LARGE-y EXPANSIONS

In this section, we will show how to simultaneously
resum both the small- and the large-y expansions. In the
previous section, we resummed into a sum of single Meijer-
G functions (78), where the difference between the terms is
governed by an integer. We saw that this works well for the
resummation of the large-y expansion, but less well for the
small-y expansion. One could view this as the resummation
functions being too rigid for the small-y expansion. In this
section, we will therefore present another, more flexible
resummation method. We are inspired here by the resum-
mation method in [33], which we used in Sec. IV, to resum
the small-y expansion with the exponential part factored
out, i.e., for T in (63). In this section, we are interested in
something similar to (59), but for the whole probability,
not just the exponential part. One can expect that treating
the whole probability could be useful and allow for an
improved resummation, e.g., because if one factors out the
exponential exp(—2r/[3y]), then the large-y expansion of it
gives a power series in 1/y, which would have to be
compensated somehow by the expansion of the resummed
T in order to obtain the correct series for the whole
probability, which we know only involves factors of
1/4*3. Tt therefore seems advantageous to look for
resummations of the whole rather just part of the proba-
bility. However, we see immediately that we cannot simply
take one of the Meijer-G functions from the previous
section and rescale its argument, because if G(y) gives the
correct exponential as in (63), then G(y/y,) gives a
different exponential and hence a very different scaling.
This is in contrast to a resummation of a series without
exponential part, because if ¢(y) has the correct type of
power series expansion, so too does ¢(y/y,). To overcome
this obstacle, we propose a resummation which is quadratic
in (e.g.) Meijer-G functions.

So, we are looking for a function f(y/r) that, roughly
speaking, has the same type of small- and large-y expan-
sions as the square root of the probability (or rather the one-
step part). Using arguments similar to the previous section,
we find that one such function is given by

917) (91)

Then the following function has the same type of small- and
large-y expansions as the probability:
2x
. (92
)1(52) o

where w is a continuous parameter. Note that for w # 0 the
two separate factors of f each has a different exponential
scaling than P,,., but their product still has the same
exponential scaling as P, because (1 +w)/2 + (1 —w)/
2 = 1. The factor of (1 —w?)"/* in the prefactor is just
for convenience. We also find it convenient to change
variable from w = /1 — (1/v) to v. The resummation is
now given by

-

11
) = — 30( 1
f() 8\/§7Tx1/6 13 0’%’%

2x
1+w

nmm=u—wwv(

(93)

x x

E c, F <wn;—>,
’

n=1

where the constants ¢, and w, (or v,) are obtained by
matching with the small- and large-y expansions of P. In
[33], it was shown that the coefficients in (59) can be
obtained conveniently from a Padé approximant. What we
have here is more complicated and we cannot use the same
method. Instead, we have simply obtained ¢, and w, by a
numerical root finding with the Newton-Raphson method
and just guessing a starting point. Fortunately, this is not a
big problem because, as we will show, we do not actually
need to include many terms. The constants ¢, and w, can
be obtained by using only the small-y expansion, but using
terms from both expansions allows us to find a resumma-
tion that converges to the exact result as both y — 0 and
¥ — . So, in some cases, this will give a uniform
resummation with a maximum relative error at some finite
- In the particular case considered here, P, changes sign
at y ~ 3, which means that there will be a short interval
around this point where the relative error diverges.
However, this is not a real problem since it is just due
to the fact that the exact result goes to zero, and in effect we
have a resummation which gives a good precision for any
value of y.

As an example, we consider g; = ¢, = 1/3. With N = 3
in (93), we find by matching with the first three terms in the
small- and the large-y expansions: c¢;~ 1.3 —0.26i;
v ~1.140.66i; ¢, =cj; v, =155 c3~=2.9; v3~2.0.
We see that these constants are in general complex, but the
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GG [6,0]
02f ... - GG[8,0]
————— GG [3,3]
0.1
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FIG. 6. Resummation in (93). [m,n] means that the first m
terms from the small-y expansion and the first n terms from the
large-y expansion have been used to determine the constants c,
and w,, in (93). The MG line is the linear Meijer-G resummation
(78), which, as demonstrated in Fig. 4, effectively represents the
exact result on the scale of this plot.

complex constants come in conjugate pairs, ensuring that
the result is real. The relative error is less than 0.1% for
xS 1.27 and y 2 3.59 and becomes increasingly more
precise as y becomes smaller or larger. The relative error is
larger around the point where the result changes sign, but
the resummation is nevertheless indistinguishable from the
exact result on a plot like Fig. 4. So, with only three terms
each from the small- and the large-y expansions, we obtain
a resummation that works for any y. This is illustrated
in Fig. 6.

If we only use the small-y expansion, then we need to
go to N =4 in order to have a precise resummation at
large y; see Fig. 6. In this case, we find c¢; ~ 62.9-98.7i;
vy ~ 1.3 4+0.075i; ¢y = c}; v, = 155 3 ~0.39; v3 ~0.61;
cy ~—126.5; vy ~ 1.4. From this, we see that in some cases
0 < v; < 1, which makes w; purely imaginary. The result is
still real though because (92) is an even function of w. The
relative error is less than 0.3% in the large-y limit, which
can be seen by noting that the relative error in the first
couple of terms in the large-y expansion is {|(L'/L;)—
1,|(LY/Ly) —1],...} ~{0,0029,0.0028,0.004,0.01,0.007,
...}, where L, are the exact expansion coefficients in (62)
and L) are the corresponding ones obtained by expanding
(93). From this we see that, with the first eight terms from
the small-y expansion, the resummation in (93) actually
gives a good approximation of the first couple of large-y
expansion coefficients, even though none of the constants
in (93) were obtained by matching with the large-y
expansion coefficients (i.e., only using the basic fact that
the expansion is in powers of 1/y%3). The fact that
|(L¥*/L;) — 1] is already small means that, if we want a
higher precision at large y, then the solution for ¢; and v;
that was obtained using only small-y coefficients also
serves as a good starting point for numerically finding
the corresponding solution if e.g., six terms are obtained

from the small-y coefficients and the remaining two from
the large-y coefficients.

One can imagine many different resummuations that,
like (91) and (92), involve products of two or more
functions with rescaled arguments such that the exponential
part at small y remains fixed. For example, with

2\/m . 1
fx) = 51/6\){1_/15 Al {(5x)2/3]’ (94)

we have that f3(y/r) has the correct type of small- and
large-y expansions. So, we can use this function for
resummation by matching onto e.g.,

nzN;Cn(l —w%)”sf(x)sz _ijfz [1 fw] (95)

or
N
D el = o)1 = wh)/10f (x)
n=1

b=l o

where x = y/r and c,, v,, and w, are constants to be
obtained by matching with the small- and/or large-y
expansions. These two examples seem to lead to somewhat
slower convergence if only the small-y expansion coef-
ficients are used. However, with N =3 and with, say,
three of the first terms from the large-y expansion, we
again obtain resummations that are indistinguishable from
the exact result on a plot like Fig. 6. An advantage of
resummations that only involve well-used functions like the
Airy function is that they can be faster or more convenient
to evaluate numerically.

A. Another example

So far, we have used ¢; = g, = 1/3 as an example. We
can of course use the same methods for other points in the
longitudinal momentum spectrum. As another example, we
consider ¢; = 1/3 and g, = 1/10. In Fig. 7, we show that
we have several different resummation that give essentially
the same result over a large interval of y. The resummations
that use more of the large (small)-y expansion coefficients
tend to be more precise at larger (smaller) y.

For the confluent hypergeometric resummation, note
that, while a is fixed by the leading large-y scaling, which is
1/*3 for any point in the spectrum, b is not fixed by this
scaling. In Fig. 4 (for ¢, = ¢, = 1/3), we chose a value of
b that leads to a resummation with good agreement with the
large-y expansion at large y, and in Fig. 7 we can see that
the same choice of b also gives a good agreement with the
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10°R breaks down as y decreases. In contrast, the Meijer-G
, resummation in (78), using only large-y coefficients, is still
or / good even as the result becomes very small.
osl / ; | In Fig. 9, we consider the Airy-function resummation in
' / 91=7.92=70 (95). As for the previous example, if only the small-y
0sl // coefficients are used, then this resummation has a some-
' / what slower convergence compared the Meijer-G resum-
ol Iarg{e-x [1/9] . mation in (93). However, if we use both the small- and the
Meijer-G [4] N large-y coefficients, then we obtain a competitive resum-
o2l /T - confluent [5] ~ mation. With (4,2) terms from the (small,large)-y expan-
sions, we find a decent precision at y 2 1, but a significant
‘ ‘ ‘ . difference around the point in the small-y region where the
s 1 10 100 1000 result changes sign. By matching with two more terms in
10°R the large-y expansion, i.e., going to (4,4), the precision is
21 naturally increased at y 2 1, but, more importantly, we
10l obtain a significant improvement at smaller y, with now a
1 ] good agreement with the other resummations. So, including
o8l 41=5.92=7] more terms from the large-y expansion helps also at smaller
¥, even though the same number of terms from the small-y
0.6} large-x [1/9] expansion were used. Thus, with only four terms from the
GG [8,0] small- and large-y expansion, respectively, we obtain a
o4rJ - GG [0.0] good resummation for arbitrary y. As mentioned, this Airy-
function resummation can be more convenient for numeri-
o2f /) ----- GG[4,4] .
cal evaluation.
1 10 100 1000 X

FIG. 7. Total one-step. Another illustration of the fact that
several different small- and/or large-y resummations have
large overlap. The confluent hypergeometric resummation is of
the same type as in Fig. 4, ie., with n =5, a =5/6, and
b = 156/100.

other resummations for this second example, ¢; = 1/3
and ¢, = 1/10.

The simple Padé approximant of the large-y expansion
has a good agreement with the other resummations on the
scale of Fig. 7. However, by zooming in on smaller y in
Fig. 8, we can see that the Padé approximant eventually

R
10-8
1079 11
01—3 Q2= 0
10—10 L
10-11} confluent [5]
large-x [1/9]
L A - MG[8]
10-13] PP GG [4,4]
0.04 0.06 0.08 0.10 0.12 0.14 X

FIG. 8. Same as Fig. 7.

108R

1.0F
08} gt

a1 3,CI2 10
0.6
/f large-x [1/9]
04} / Ai® [10,0]
----- - AP°[4,2]
e Y A5 [4,4]
1 10 100 1000 X
R
10—8 /’——
1079 1=
gq1= 3 q2= 10

10—10 L

01| confluent [5]

Ai® [10,0]

10712¢ AS [4,2]

oy ] === A [4,4]

0.04 0.06 0.08 0.10 0.12 0.14 X

FIG. 9. Different orders of the Airy-function resummation in
(95), where [m, n] means that the constants in (95) are determined
by the first (m,n) terms in the (small, large)-y expansions.

116008-16



NONLINEAR PHOTON TRIDENT VERSUS DOUBLE COMPTON ...

PHYS. REV. D 102, 116008 (2020)

VII. RESUMMING ONE-STEP IN
PHOTON TRIDENT

In the previous sections, we have showed how to resum
the one-step part in double Compton. Exactly the same
resummation methods can also be used for photon trident.
Here we do not have any previous results to compare with,
but, as shown in the previous sections, we have several
resummations that can be compared with each other and we
find a large overlap for the resummation of the small- and
the large-y expansions.

As an example, we consider s, = §,, which is a saddle
point (see Sec. III B), and for definiteness s, = 1/3, which
means that the final state particles share the initial longi-
tudinal momentum equally. We showed in Sec. III B that
the direct and exchange parts of the one-step cancel to
leading order for small y. However, as shown in Fig. 10, for
this example, these terms do not cancel for larger y. This
means that it makes more sense in this case to resum the
direct and exchange parts separately, compared to the
double Compton example above where these terms cancel
also for larger y.

10° IRy, ex
6t 1
So=So=— ;‘"\.\\
sf 077275 \ Meijer-G [4] (dir)
\ APAIR[9,0] (dir)
af /

Meijer-G [4] (ex)
i2Ai*[9,0] (ex)

1 10 100 1000 %
108R
10 100 1000 ©
05 Meijer-G [4]
————— GG [6,0]
-1.0
-15
-2.0
FIG. 10. First plot: exchange and minus direct part of the one-

step, Re, and —Rg;,. The large-y lines are obtained with only
large-y expansion coefficients, resummed with the Meijer-G
resummation (78), and the Ai?Ai’”® lines are obtained with only
the small-y expansion, by resumming the first nine terms using
(99). Second plot: total one-step, Ry + R.x. Same notation as
in Fig. 6.

So, we first consider the resummation of the direct and
exchange parts separately. Eventually, one needs to sum the
direct and exchange parts since it turns out that they are on
the same order of magnitude and only their sum is gauge
invariant. However, since the exchange part has a much
more complicated integrand, it is useful to know whether or
not there is some regime where it is negligible. To resum
the small-y expansions, we can use the general methods
described in Sec. IV. The convergence properties of the
large-y expansion can be improved by off-diagonal Padé
approximants as in Sec. V. However, a much better resum-
mation is achieved with the new Meijer-G resummation
in Sec. V. The only difference is that the direct and exchange
terms separately have small-y expansions that start
with (1/,/x) exp(—=2r/[3y]) rather than \/y exp(=2r/[3y])
[cf. (49), (50), and (63)], which can be taken into account

1-(RL/Rg)I
0.020
— large-x [1/9]
Meijer-G [3]
0.015
—— Meijer-G [4]
—— Meijer-G [5]
0.010 Meijer-G [6]
—g,=1
So—82—3
0.005
0.0 1.5 20 X
N-(RLIRs)I
0.020
— large-x [1/9]
Meijer-G [3]
0.015 .
= Meijer-G [4]
— Meijer-G [5]
0.010 —— Meijer<G [6]
=g =1
80—82—3
0.005
0.0 0.5 1.0 1.5 20 X
FIG. 11. The relative difference between large- and small-y

resummations, R; and Rg, for the direct (solid lines) and
exchange parts (dashed lines) of the one-step in the first plot
and direct + exchange in the second plot. Rg has been obtained
by resumming the small-y expansion with Borel + Padé, but
Borel + conformal + Padé, or the confluent Hypergeometric
resummation would give the same plots since the relative dif-
ference between these three is much smaller than |1 — Ry /Rg].
The different lines correspond to different resummations of the
large-y expansion, with the same notation as in Fig. 5. For the
direct and exchange parts, Meijer-G [m] corresponds to (78)
withn =-1,...,m—1.
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simply by starting the sum in (78) with n = —1 instead of
n = 0. The improved precision is illustrated in Fig. 11, where
a much higher precision is obtained and even with
fewer terms.

We can also use resummations similar to the ones in VI
to resum the small- and large-y expansions simultaneously,
which gives high precision for any value of y. However, we
cannot use exactly the same resummations because the
small-y expansions have an overall factor of 1/y compared
to the total one-step, while the large-y expansions are still
of the same type. Note that this means that one cannot
simply apply the previous resummations to yP3:® and yPy©
because such an overall multiplication changes the large-y
expansion. So, instead of a resummation that only involves
the Airy function, here we use both Ai(z) and its derivative
Ai'(z). Let

— S| ] 57)

fl (x) - W (5x>2/3

and

falx) = —2\/7?51/6Ai’[ } (98)

(5x)/3

then f2(x)f3(x)/x'/3 has the correct type of small- and

large-y expansions. So, as one possible resummation, we
take

a (1 —22)1/6 7 x 7 x
E c
"xB3(1 —w2)l/e 1=, " 140,

n=0

X

MR

where the 3N constants c,, v,, and w, can be obtained by
matching with either the small-y expansion or both the
small- and large-y expansions. For the example considered
here, we find that these constants are in general complex, as
in the previous section, but this time a single solution for ¢,,,
v,, and w,, can give resummations with a small imaginary
part. However, this is not a problem because the complex
conjugate cj,, vy, and w}, is also a solution, so by summing
over both solutions one obtains real resummations. This is
the same as simply taking the real part in cases where a
single solution gives resummations with nonzero imaginary
part, and we still only need 3N coefficients from the small-/
large-y expansions. As shown in Fig. 12, this Airy function
approach allows us to obtain resummations with uniform
precision, with a finite maximum relative error at some
finite y. In general, if there are N constants at a given order
of some resummation and all of them are determined by the
first N coefficients of the large-y expansion, then the result
is usually more precise at large y compared to a resumma-
tion where e.g., half of the constants are determined by the

(99)

[1-(Rre/Rre (2))1

0.0007 ¢
0.0006 f — large-x [1/9]
small-x

0.0005 |

g — APAIR[4,2]

4
00004 Jr — ARAR[7,2]
0.0003
0.0002 |
0.0001

X
0 10 20 30 40 50

FIG. 12. Estimated relative error of resummations of small-,
large-, or both small- and large-y expansions. Solid and dashed
lines correspond to the direct and exchange parts, respectively.
The exact result has been approximated by (78) with N =9 for
x > 1 (y > 1/2) for the direct (exchange) part and for smaller y
by the Borel + Padé [7/7] ([5/5]) resummation of the small-y
expansion. The relative difference from the actual exact result is
smaller than the scale of this plot [this can be estimated by
comparing the two approximations at y = 1 (y = 1/2)]. The
small-y lines have been obtained with the confluent hyper-
geometric resummation of the first ten terms, and, by testing
different b = n/100 and comparing with the large-y expansion at
x =10%, b =74/100 (b = 66/100) for the direct (exchange)
part. The large-y lines are [1/9] Padé approximants of the large-y
expansion. The Ai?Ai”*[m, n] lines correspond to (99) with the
constants obtained by matching onto the first (m, n) terms in the
(small,large)-y expansion.

large-y expansion and the rest from the small-y expansion.
And vice versa if all constants are determined by the small-
 expansion. However, using coefficients from both expan-
sions (still with the number of constants, N, fixed) allows
us to obtain resummations that is precise for arbitrary y, and
it can be much faster to obtain e.g., five terms in the small-
and five terms in the large-y expansions rather than ten
terms in the small-y expansion.

We have now showed how the direct and exchange parts
can be resummed separately. From this, we see that the
exchange term is on the same order of magnitude as the
direct term also for large y, but they do not cancel in this
case. This means that we can simply add the two separate
resummations without losing precision. However, having
seen that they are on the same order of magnitude and
recalling that only their sum is gauge invariant, it is also
natural to sum the two terms from the start and construct
resummations of their sum. To resum the small-y expan-
sion, we can e.g., use the GG resummation in (93). As
shown in Fig. 10, this approach allows us to obtain good
precision up to large y with relatively few terms. To resum
the large-y expansion, we can use the G resummation in
(78). The precision of this resummation is shown in Fig. 11.

We have used s, = s, = 1/3 as an example. The same
methods can of course be used for other points in the
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FIG. 13. Same notation as in Fig. 10, different momentum.

spectrum. The only difference is how many terms from
the expansions one needs. In Fig. 13, we consider s, =
s, =4/9, where the final-state photon has lower momen-
tum compared to the pair. We find that —P§;° is roughly a
factor of 2 larger than P¢ for large y, so in this example
too these two terms do not cancel each other. We see that
we again can obtain a large overlap between the resum-
mations that only use either the small- or the large-y-
expansion coefficients. In the previous example, Fig. 10,
we found a very good precision at large y by resumming
just the first six terms in the small-y expansion with the
resummation in (93). This time, the same order of resum-
mation gives a small, but noticeable error. This can be fixed
by using ten terms from the small-y expansion. However,
by using coefficients from both the small- and the large-y
expansions, we can find a similar agreement with only three
terms from each expansion.

In some cases, it can be challenging to obtain a high
precision at large y if one only has access to and only uses
~10 of the first coefficients in the small-y resummation.
Figures 14 and 15 show two such examples. However, the
resummations in Sec. VI allow us to fix this by using just a

160 1600 X
large-x [4/16] Ai® [8,0]
Iarge—x [1/4] AI5 [4‘2]

GG [10,0]
-06 -\-- GG[42]
-0.8
-1.0
1g8
-1.2 9'82_9

FIG. 14. Same notation as in Fig. 10. Ai’ is the resummation in
(95). The large-y[4/16] is indistinguishable from the exact result
on this scale, but diverges from it at small y.

couple of coefficients from the large-y expansion. In
Fig. 14, we obtain good precision for arbitrary y by using
just (4,2) coefficients from the (small,large)-y expansions.
The momentum of the final photon is the same in Figs. 10
and 14, but in Fig. 10 the fermion momenta are at the saddle
point, s, = s,, while in Fig. 14 s, and s, differ by a factor
of 5. As expected, this means that there is more exponential
suppression in the second example.

In these photon trident examples, the direct and
exchange parts do not cancel at larger y in the way that
they do in the double Compton examples. However, even
for these photon trident examples, there is a partial
cancellation because the direct and exchange parts are
on the same order of magnitude but have opposite sign.
We have also found that the cancellation increases if one
keeps sg + s, fixed but moves away from the saddle point
sg = §». This is illustrated in Fig. 15, where Pg;° is much
closer to —Pg¢ compared to the case in Fig. 13, where
P3¢ 2 1.8PK° for y > 10 and —Pge~2.2P%° as
y — .

In this paper we have focused on resumming the one-
step term. We could use these resummations methods
also for the two-step part. However, the two-step part
can anyway be expressed in terms of Airy functions, so a
Meijer-G approach would simply lead to the same, exact
result.
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& w
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5
1 10 100 1000 %
108R
: ‘ ‘ : : — X
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-1.0f
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FIG. 15. Same notation as in Fig. 10, different momentum.
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VIII. CONCLUSIONS

We have studied the photon trident process in plane-
wave backgrounds. In contrast to the other two O(a?)
processes with only one incoming particle, trident and
double Compton, photon trident has not attracted much
attention, and we are only aware of one previous paper [32].
However, as these O(a?) processes are the first steps in the
formation of cascades, it is important to study all three
O(a?) processes. We have already showed that several
results for double Compton can be obtained by making
certain replacements in our results for trident. This is
especially useful for the exchange term, because it is in
general difficult to calculate and so it is good to know that
one can use the same methods to compute these exchange
terms in trident and double Compton. In this paper, we have
shown that there is an even closer relation between double
Compton and photon trident. All terms can be obtained by
replacing the longitudinal momenta in the double Compton
expressions. We have shown this explicitly for the leading
order in y < 1.

This means that we can immediately obtain saddle-point
approximations for photon trident from our corresponding
results in [27] for double Compton by just replacing the
longitudinal momenta. In particular, this means that the
direct and exchange parts of the one-step cancel each other
to leading order, not just for double Compton, but also for
photon trident. One reason to consider trident, double
Compton, and photon trident is to better delineate the
region of parameter space where a two-step approximation
works, and by extension where a corresponding “N-step”
approximation works for cascades. The near cancellation
between the direct and exchange parts of the one-step in
double Compton and photon trident is thus important as it
tells us that the two-step approximation is better than what
one would have otherwise guessed based on the scaling of
the two-step and one-step with respect to a,. In the double
Compton case, this near cancellation continues up to large
y for large parts of the spectrum. Here we have seen that
this does not in general happen for photon trident, but the
direct and exchange terms anyway continue to be on the
same order of magnitude.

The one-step terms can be challenging to calculate,
especially the exchange part. Here we have shown how the
small- and large-y expansions can be resummed to obtain a
good precision for large intervals of y or even arbitrary y.
The small-y expansion is divergent. We have showed that
this series can be resummed with Borel transformation,
conformal maps, and Padé approximants, or with a new
resummation [33] based on a confluent hypergeometric
function. The large-y expansion seems to be convergent
and does not need resummation for y larger than some fixed

value. However, with a finite number of terms, one can
significantly extend the large-y expansion by suitable
resummations. A first improvement can be obtained by
(far from diagonal) Padé approximants. However, the exact
result has an exponential scaling at small y, so any Padé
approximant of the large-y expansion eventually breaks
down as y decreases. For this reason, we have developed
new resummation methods, which have the same type of
expansions as the exact result for both small and large y.
These resummations can be expressed in terms of Meijer-G
functions. We were inspired to look for such resummations
by the Meijer-G resummation in [53]. But in contrast to
[53], we are dealing with a class of Meijer-G functions that
have exponential rather than power-law scaling at large
argument (small y). And our resummations involve sums of
Meijer-G functions, rather than a single Meijer-G with
increasing number of parameters. We have found that these
new resummations work well for resummation of the one-
step terms, including the exchange part. We expect this to
be useful also for other processes and quantities in LCF,
because the structure of the small- and large-y expansions is
largely determined by the exponential part of the lightfront-
time integrands, which can in general, for all processes with
a single particle in the initial state, be expressed in terms of
Kibble’s effective mass.

One useful generalization of what has been studied here
would be to consider quantities where the large-y expan-
sion has logarithmic terms, which is e.g., the case for
the trident probability integrated over the longitudinal
momenta. One can expect that it should be possible to
treat also such cases with Meijer-G functions, as they have
log terms for certain parameters. It could also be useful to
consider resummations of expansions in the longitudinal
momenta of the final-state particles, as this might allow one
to find results that work simultaneously for both double
Compton and photon trident (because they are related via
replacements of the momenta).’
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3Such expansions would also bring out the IR divergences in
these processes. We have shown that IR divergences cancel in
general in plane-wave backgrounds when summing the proba-
bilities of indistinguishable processes [61]. See also [32], where a
finite photon mass was used to regularize the IR divergences in
photon trident and the mass operator correction to nonlinear
Breit-Wheeler pair production.
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