PHYSICAL REVIEW D 102, 116002 (2020)

Quantum formation of topological defects

Mainak Mukhopadhyay ! Tanmay Vachaspati ! and George Zahariade

1,2

lPhysics Department, Arizona State University, Tempe, Arizona 85287, USA
2Beyond: Center for Fundamental Concepts in Science, Arizona State University,
Tempe, Arizona 85287, USA

® (Received 29 September 2020; accepted 2 November 2020; published 1 December 2020)

We consider quantum phase transitions with global symmetry breakings that result in the formation of
topological defects. We evaluate the number densities of kinks, vortices, and monopoles that are produced

ind = 1, 2, 3 spatial dimensions, respectively, and find that they scale as ¢

=4/2 and evolve toward attractor

solutions that are independent of the quench timescale. For d = 1 our results apply in the region of
parameters Az/m < 1 where 4 is the quartic self-interaction of the order parameter, 7 is the quench

timescale, and m is the mass parameter.
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I. INTRODUCTION

The formation of topological defects during a quantum
phase transition is a novel process in which the quantum
vacuum spontaneously breaks up into classical objects.
In a thermal phase transition, the formation of defects is
also a transition from a collection of particles above the
critical temperature to a collection of a complex of particles
(defects) and new excitations at low temperatures. It is no
surprise that there has been so much theoretical and
experimental [1-23] interest in understanding details of
defect formation.

The number density of defects formed during a phase
transition is sensitive to the rates at which external
parameters are changed to pass through the phase tran-
sition. The leading theoretical framework for estimating the
number density of defects is the “Kibble-Zurek” analysis
[1-6]. Numerical simulations have further strengthened the
model [24-30]. However, predictions of the Kibble-Zurek
model have not yet gained universal confirmation, with
most experiments in systems involving “He, liquid crystals,
superconductors, superfluids in agreement [9-23] and
others in disagreement [11,18,31] with the predictions.
In particular, the appearance of vortices in “He was claimed
in [13] but was retracted in [11] since it was found that the
vortices in the former case were an externally induced
artifact. Overall, the analysis of the phenomenon of defect
formation in various systems is an ongoing field of research
and has broad implications.
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In the present work we follow our analysis of [32] and
solve for the number density of defects (kinks, vortices, and
monopoles) formed during a quantum phase transition. The
analysis is rigorous and without recourse to approximation
but the quantum field theory models we consider are “free,”
the only interaction being with external parameters that
drive the phase transition. These models provide us with
zeroth order solvable problems in different dimensions that
we fully analyze. Even with these minimal interactions,
the analysis is highly nontrivial and in part has to be done
numerically. We discuss how other interactions may be
included in the analysis using perturbation theory and
under what conditions we expect the zeroth order approxi-
mation to be accurate.

We are generally interested in Poincaré invariant field-
theoretic models in d + 1 spacetime dimensions, featuring
an internal (global) O(d) symmetry which is spontaneously
broken during a quantum phase transition. In particular,
we will be considering d real scalar fields @, ...,®,
assembled in an O(d)-multiplet ® = (P, ..., D )" whose
dynamics are given by the Lagrangian density

1
L4 = Eaﬂqﬂaﬂcb — V(T D). (1)

Here the potential V is O(d) invariant and depends on a
(possibly time-dependent) external parameter . We assume
that V4 is such that the vacuum manifold is O(d) symmetric
for <0 and O(d —1) symmetric for > 0. In other
words, as the parameter f increases from negative to
positive values, the system transitions from a higher
symmetry phase to a lower symmetry one, and the average

'In this paper we use a mostly plus signature for the
Minkowski metric and natural units, # = ¢ = 1.
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vacuum field configuration starts exhibiting topological
defects. These defects then annihilate with one another
and eventually disappear. It is precisely this dynamics of
formation and annihilation of topological defects that we
are concerned with in this paper. In fact, our main purpose
will be to determine the number density of topological
defects as a function of time and its dependence on the
external parameter /3, using a combination of analytical and
numerical methods.

For concreteness we will take f to be the (time-
dependent) mass squared of the field, so that

V(@) = %mz(t)(DT(I) + % @DY, (2

where

my (1) = —m? tanh (5) (3)

T

and A, m, 7 are positive parameters. In particular, the quench
parameter 7 is a timescale quantifying the rate of change of
the potential during the phase transition. It is clear that for
t <« —7, the vacuum manifold reduces to the null field
configuration ® =0 and is therefore O(d) symmetric,
while for ¢ > 7 it includes all field configurations on the
O(d — 1)-symmetric hypersphere given by

ADTD = m?. (4)

In Fig. 1 we sketch the potential (2) at a few different times.

It is well known that these models have topological
defects—kinks (d = 1) in one spatial dimension, vortices
(d = 2) in two spatial dimensions, and monopoles (d = 3)
in three spatial dimensions [33]. In each of these cases the
vacuum manifold described by (4) has nontrivial topology:
for d = 1itis 2 points, for d = 2 itis acircle, and ford = 3
it is a two-sphere. The defect locations are described by
zeros of @ even in the symmetry broken phase. The zeros

V()
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FIG. 1. Snapshots of the d =1 potential at a few different
times. The plots have been shifted vertically for clarity.

are trapped due to the nontrivial topology of the vacuum
manifold. We realize that the topology persists even if we
set A =0 and the problem of defect formation simplifies.
Then the 4 = 0 problem can be thought of as the zeroth
order problem. We discuss the 1 # 0 problem for d = 1 in
greater detail in Sec. V where we find that 4 dependent
corrections are small if Az/m < 1.

The overall strategy will be to regulate both the IR and
the UV behaviors of the field theory by working in a finite
box of size L¢ (with periodic boundary conditions) and
discretize space on a N¢ point lattice (with lattice spacing
a = L/N). Then we can determine an exact expression for
the field probability density functional as a function of a
finite number of quantities that can be computed numeri-
cally. We then find the average expectation value of a
judiciously constructed quantum operator that counts the
number density of zeros of the field multiplet @ in the limit
of the finite resolution imposed by the lattice. We finally
take both the continuum limit N — oo, a — 0, and the
infinite volume limit, L — oo (in this exact order), to
recover the full field theory result. Up to spurious zeros
due to vacuum fluctuations that can consistently be dis-
carded, this accurately gives the number density of topo-
logical defects. The case of a sudden phase transition
(r = 0) can be treated analytically but the general case will
be treated numerically.

It should be mentioned that the so-called spinodal
decomposition—where one phase evolves into domains of
other phases in the absence of phase barriers—during
quantum phase transitions has been the subject of extensive
work in the literature [34—41]. These studies were in the
context of the Ginzburg-Landau model and in a more general
field theoretic context but were limited to instantaneous
quenches [35-37,41,42]. Our purely quantum approach
applies to noninstantaneous quenches and is readily general-
izable to the case of d-dimensional global topological
defects. The present work aims to describe it in an
elementary and self-contained manner. We find, for different
quench timescales 7, the behavior of the average defect
number density. We observe that defects start being pro-
duced immediately after the phase transition and their
number density reaches a maximum within a short time,
after which they start annihilating with each other and their
number density goes down. The efficiency of topological
defect production is found to depend on the details of the
phase transition. Indeed the defect number density increases
faster and to higher maximum values as = decreases and the
phase transition becomes more sudden. On the contrary, the
late-time mutual annihilation of topological defects exhibits
universal characteristics. After a transient regime, the num-
ber density of defects decays as a power law +~%/> with a
coefficient that only depends on the spatial dimension d and
not on 7. Hence the 7 =0 result is an attractor for the
dynamics of defect formation and subsequent decay for a
large class of quantum phase transitions. Our comprehensive
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analysis thus provides a unifying picture of defect formation
and decay during noninstantaneous quenches and fills a gap
in the literature. We are, however, limited to the regime
where the 4 = 0 approximation holds, and we discuss this
limitation in some detail in Sec. V.

The paper is structured as follows. In Secs. II and III we
fully describe the average dynamics of kink (d = 1) and
vortex (d = 2) condensation, respectively. In Sec. IV we
extend these results to three and higher dimensions. In
Sec. V we discuss how the previous results constitute only
the zeroth order approximation in a perturbative expansion
in A and estimate the next-order corrections. We end in
Sec. VI by emphasizing the importance of our results and
contrasting them with previous work done on the subject.

II. ONE DIMENSION: KINKS

One of the challenges in finding the number density of
kinks is to first define a kink in the quantum field theory
given by (1) with d =1, where we denote the single-
component scalar field @ by ¢. This can be done using
the Mandelstam “kink operator” [43], which is a two-
component fermionic operator, y. A key property of 7 is
that it satisfies the equal time commutation relations,
ng(t.x), y<x
0, y > X,

B0.9).200.0] = { 5
where 7 is a real number. If |s) is an eigenstate of ¢(z,y)

such that ¢|s) = 0 (for all y), then we find that the state
|s"y = 7(t, x)|s) satisfies

nls’).
0, y > X.

y <X,

Byl = { (6)

Hence the operator 7 has created a step in the value of ¢ at x
by an amount 5. If ¢ =0 and ¢ =# are two possible
vacuum expectation values of ¢, y would have created a
kink that interpolates between two vacua. The number
density of y quanta would then correspond to the number
density of kinks.

Unfortunately the relation between y and ¢ is quite

complicated—jy involves exponentials of ¢ and gz’) and other
quantum field theory subtleties—and we do not have a
clear way to utilize the Mandelstam operator. Instead, we
find it useful to work entirely with the ¢ field, simply
defining the kink to be a jump in the value of ¢ as further
discussed in Sec. II B. Our definition of the kink operator is
also helpful in the case of vortices and monopoles for
d =72, 3 as these objects correspond to intersections of
domain walls, i.e., kinks extended to higher dimensions.

A. Setup and quantization

We start by treating the d = 1 case in detail. The relevant
Lagrangian density for the real scalar field ¢ is thus

A
L0 = @) - 3mF 534" (1)

Clearly, for t < 0 the model has a unique vacuum ¢ =0
while for 7 > 0 it has two degenerate vacua at ¢p = +m/+/A
corresponding to the two minima of the double-well
potential. It is well known that in the ¢ > 7 limit [where
m, (1) & —m?], there exist static classical kink and antikink
solutions given by

b (x) = i%tanh ("\%) (8)

These solutions are nonperturbative and topologically
nontrivial: they interpolate between the two vacua over a
spatial scale ~1/m. Of course, Poincaré invariance allows
the construction of displaced or even “dynamical” kinks
from the above solutions but, whatever the frame, they will
always be characterized by their topological charge

q= / T dx 0. = () —d(-0).  (9)

[Se]

In fact, a kink always has a positive topological charge
since the field undergoes a negative to positive sign change,
while an antikink has the exact opposite property.

Multikink and antikink solutions can be constructed as
well, but these will not be static anymore since the kinks
and antikinks will attract each other and they will even-
tually annihilate. If separations are large and the different
kinks and antikinks are initially at rest, such configurations
will, however, be approximately static. Even though the
topological charge of such field configurations does not
inform us about the number of kinks or antikinks involved
(since the topological charge is a binary valued quantity),
one can, however, in principle recognize the presence of
individual kinks and antikinks in a given field configuration
by focusing on the points where the field changes sign: a
negative-to-positive sign change will be identified as a kink
while a positive-to-negative one will be identified as an
antikink. Of course, this is only part of the picture because
not every sign change should be counted as a kink or
antikink especially if it occurs on time and distance scales
shorter than the characteristic width of 1/m. We will
discuss this subtlety in Sec. II B.

We are interested in the production of kinks during a
quantum phase transition and, in particular, in how their
average number density scales with time. As we have
discussed in Sec. I, we will first be analyzing the 4 = 0 case
and the Lagrangian density we will work with will thus be

1

L0 =20 = 5l (10

N =

We now need to quantize this model. We start by
assuming that the volume (or length since d = 1) of space
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is finite of size L and that the field obeys periodic boundary
conditions. (We can alternatively think of space as a circle
of length L.) We then discretize space on a lattice consisting
of N points separated by a distance « = L/N. At each
lattice point x; = ja, we define the discretized field
¢;=¢(x;), and the full Lagrangian of the discretized
theory reads

L = g(iﬁ% - %fl)TQz(t)qﬁ, (11)

where we have assembled the discretized fields in a column
vector ¢ = (¢y, ..., ¢pn)" and the matrix Q, is defined by

+2/a* +my(t), j=1
—1/a?, j=1+1(mod N) (12)

0, otherwise.

[QZ]jl =

Introducing the canonically conjugate momentum fields,
= ar}bj, and assembling them in a column vector
= (m,....,my)", we can promote both the ¢,’s and
m;’s to operators satisfying canonical commutation rela-

tions [¢b j» 7] = i6;. The quantum Hamiltonian of the
discretized theory [44] then reads

" (1), (13)

where hats denote operator valued quantities. It is apparent
from (13) that the discretized theory describes the quantum
dynamics of a set of N quadratically coupled, simple
harmonic oscillators.

We are interested in how the (unique) quantum vacuum
before the phase transition [at a time #y, << —7 when the
potential is upright and m,(ty) ~ m?] is destabilized by
the quench and evolves into a more complicated state
featuring dynamical kinks and antikinks. To understand the
dynamics of this process we need to solve the functional
Schrodinger equation associated with (13),

oY 1 a

LAY 2T, (Y, 14

A N S Y, (14)
where the wave functional W[¢,, ..., ¢y t] is such that |P|?

gives the probability density of a given field configuration
at time ¢, and the Laplacian operator is defined by

0* o

One can easily check that the wave functional for the
vacuum state at ¢ = f is

W) = Nexp |- 30700 9] (19

where

M= @N/A det (Q(19))'/%, (17)

T

and fractional powers of the positive-definite matrix
Q,(ty) are unambiguously defined in the standard way.
For instance, Qé/z =0 Diag(l}/z, ...,/111\,/2)0T, where O is
the orthogonal matrix diagonalizing €, and 1; are the
(positive) eigenvalues of ,. Given this initial condition,
the solution for the wave functional at time ¢ will be
given by

1 [t j

¥(t) = N exp {—5/ dr'TrM (1) +%¢TM(Z)¢ . (18)
Iy

where the N x N complex symmetric matrix M(¢) verifies

M + M?* + Q,(1) = 0, (19)

and M(ty) = iQ,(ty)'/>. Introducing the complex N x N
matrix Z(z) defined by

7+ Q()Z =0, (20)
and
I
Z(ty) = ———=Q, ()4, 21
( 0) \/2_61 2( 0) ( )
Z(t9) = —— Qs (1) (22)
vV2a

we can write

M=277" (23)

Indeed, using (20), (21), and (22), it is easy to check
that this expression yields a symmetric matrix since
777" —(2Z™")T is a conserved quantity which vanishes
at time f,. We can now write the probability density
functional as

[®(1)|> = IN|? exp [—;/Zdt’Tr(M(ﬂ) +M(1)")

)

M) - M (). 24)

To simplify this expression we first use the fact that
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/ "dTHM(¢) + M(F)T) = Te(logK)[f . (25)

Ty

where K =ZZ' is a real positive definite symmetric
matrix; indeed, using (20), (21), and (22), it is easy to
check that ZZ" —Z*Z" is a conserved quantity that
vanishes at time f,. Next, we make use of another
conserved quantity

7'7-72'7 =i/a, (26)

which can also be verified via (20), (21), and (22), to
show that

M(t) - M(1) = iK™ /a. (27)

Finally, plugging (25) and (27) into (24) yields a simplified
(and manifestly normalized) expression for the probability
density functional

1
\/det(2zK)

This expression [along with (20), (21), and (22)] contains
all the information that we will need in order to determine
the average number density of kinks in the lattice. Note that
K is a time-dependent matrix, whose time dependence is
given by that of the matrix Z.

Before going any further, we mention a separate inter-
pretation of the matrix Z. Working in the Heisenberg
picture with respect to time f,, we can define creation
and annihilation operators at time f, by

(1) = VKR (28)

(@42 (ty) — iaQy* (1)), (29)

— [N} |
- ¥

a(to)

' (1) (@ (1) + a2y *P(19)).  (30)

Notice that we have used column vector notation here but
that the dagger refers to the adjoint operation on the Hilbert
space only: it does not turn column vectors into row
vectors. Then we can expand the Heisenberg picture
discretized field operators at time ¢ as follows:

b (1) = Z(1)"d(19) + Z(1)a" (19). (31)

Equations (20), (21), and (22) ensure that the Heisenberg
equations as well as the proper initial conditions at 7, are
verified. Now it is easy to see that the matrix K is simply the
covariance matrix of the discretized field since, using (31),

N
(0lh;¢h1[0) = Zzﬁzzk =K. (32)

k=1

Here the Heisenberg picture vacuum |0) is time indepen-
dent and defined by the wave functional (16).

In principle we now have all the ingredients needed to
discuss the quantum production of kinks during the phase
transition. Indeed, Eq. (28) along with the N? complex
linear ordinary differential equations (20) fully determine
the quantum dynamics of the field configuration. However,
it turns out that not all components of the matrix Z are
relevant and we can reduce the number of differential
equations that need to be solved. It can be shown that the
matrix Z is circulant [45]; i.e., its matrix elements Z il
depend only on j—[(mod N). We can therefore diago-
nalize it via the discrete Fourier transform:

1 & .
Zj = N E cp(t)emitimt2mN, (33)
n=1

This allows us to recast (20), (21), and (22) in terms of the
complex mode functions ¢, (¢) thus obtaining

¢+ sz sin’ G\';) + mz(z)} c, =0, (34)

and

e(ty) = J%Z [% sin? (’;v—”> + mz(to)] " 3e)

Rewriting the dynamical equations in terms of mode
coefficients provides an enormous computational gain:
we now only have to solve N equations instead of NZ.
Additionally, as we will shortly see, mode coefficients
are particularly well suited to discussing problems related
to the N — oo limit and divergences related to vacuum
fluctuations of the quantum field. We can achieve further
simplification by writing the mode functions in trigono-
metric form

Cp = pnemn’ (37)
where p, and 6, are, respectively, the modulus and argu-
ment of the complex number c,, and making use of the

conserved quantity (26), which in this representation takes
the form of a conserved angular momentum,

20, = 1/2L. (38)

Then (34) reduces to a set of N real (but nonlinear) ordinary
differential equations,
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; 4  (7n 1
Pn+ |:; Sll’l2 <W> + mz([):| Pn = m, (39)

with initial conditions

putin) =z o (57 ) et 40)

bn(t()) =0. (41)

Even though working in terms of modes is computa-
tionally advantageous, kinks are configurations (field
zeros) in physical space. Thus we have to straddle the
two descriptions as in the following Sec. II B.

B. Average kink number density

We are now in a position to tackle the problem of
kink production during the phase transition. As mentioned
earlier, since kinks and antikinks occur at zeros of the field
configuration, we first introduce a quantum operator 7,
that gives the number density of zeros in a given field
configuration:

N A | . .
iz = nz(¢) = ZZZ [sen(d;) — sen(dj.1))?
=
i_izs‘g (bjhis1)- (42)

More precisely, such an operator is sensitive to the number
of sign changes that occur between adjacent points on the
lattice. We should stress that this is only accurate up to the
finite resolution given by the lattice spacing a. It may, in
fact, undercount the number of zeros of the actual con-
tinuous field configuration (if there are multiple sign
changes within a lattice spacing). We expect, however,
that, as N becomes large enough, this operator will become
more and more accurate. This assumption is reasonable as
long as we can find a way to disregard high frequency
noiselike fluctuations due to the quantum vacuum thus
counting only “true” kinks and antikinks.

We now calculate the vacuum expectation value of this
operator or, in the Heisenberg picture

(iiz) = (0l72z(1)]0). (43)

Given that we know the probability density functional
explicitly for the Schrodinger picture time-dependent state
we can write

AN = aNn (et K2
(fiz) det(ZnK)/d ¢nz (@)

N 1 & N

=313 2 (endid) (44)
where

(sen(¢jh; )>

- v/ det(ZJTK)

Introducing the permutation (shift) matrix

P {1’
17 0’

and performing the change of variables ¢ — P!~/¢p, we can
rewrite (45) as

/ dVpsgn(pip;i,)e K ¢2 (45)

j=1i+ 1(mod N),

. (46)
otherwise,

<Sgn(¢§j¢3j+l )

\/T/ ¢sgn (P192)e

_¢TP] IK 1P1—]¢/2
(47)

As mentioned earlier, Z is a circulant matrix and, con-
sequently, it has to be polynomial in P. Therefore, the
matrix K = ZZ" is also circulant and K~! is seen to
commute with P. This implies that

<Sgn($jf13j+1)> (sgn($ flA5 )
1

~/det(22K) / dNpsgn (¢ y)ed K9/,

(48)

and the average number density of zeros simply reduces to

= [~ {sen(dhid)]. (49)

Let it be mentioned here that the circulant property of the
covariance matrix K is the mathematical counterpart of the
fact that the system has translational invariance (which is
maintained at a discretized level by our choice of periodic
boundary conditions). In other words, it is a consequence of
the fact that two-point correlation functions (¢(x)p(y))
depend only on the relative position |x — y|.

We now need to evaluate (48) more explicitly. We start
by writing
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A

v
(sen(di)) > [ dpidsseniise)
0=179¢

1
~ /det(22K) =
X/d(bs"'d(/’Ne_WK_]Wz’ (50)

where the sum runs over the four quadrants in the (¢, ¢)
plane (denoted by Roman numerals). We then decompose
K~! into suitably sized blocks,

K= (zz")' = ( 4 B), (51)

where A and C are real symmetric matrices of respective
sizes2x2and (N —2) x (N —2),while Bisa2 x (N —2)
real matrix, and introduce the notations y = (¢, ¢,)7,
E=(¢s3,....¢n)". We also assume that C is invertible,
which will be true generically. This allows us to rewrite the
bilinear in the exponent in (50) as

¢TK"'p = (E+C'B"y) C(E+ C'By)

+xT(A—BC'BT)y. (52)
Using
N-2)/2
/ dV-2ge~E+CT B0 CE+CTB /2 — @nR . (53)
det(C)
we can perform the Gaussian integral over ¢, ..., ¢y and
obtain
(sen(d ) 1
sgn =
S P2)) = Jdet(K) det(O)
v
< [ dprdssen(gs)exo
0=170
1 h
<=z on (D). (54)
e (G,
where
A'=A-BC'BT (55)

is the so-called Schur complement of C. The leftover two-
dimensional quadrant integrals,

to= [ andpsepexn |50 (5 )|

(56)

can also be carried out. For the first quadrant, for example,
sgn(¢¢,) = +1 and we can write

=7 [ dnag,

1
exp | =3 (41107 + 2400 + A

= [Tas [ ga,

1
exp |- (41,5 + 24055 + A) 3

oo 1
:/ ds 2 7 /
0 A”S +2A12S+A22

1 /3 4 Al,
TN AL ALz ™ A AL — A
1147422 12 114422 12
1 T A’
SR S P 12)} 57
Jdet(A) {2 («/det(A’) 57)

where in going from the first to the second line we used the
change of variables ¢; — s¢,.

The integrals over the remaining three quadrants are
readily obtained from /; as follows. To begin with, the
change of variables ¢; — —¢; and ¢, - —¢, makes it clear
that I;;; = I;, and I;; = I;y. Furthermore, notice that the
change of variables ¢; - —¢; (leaving ¢, unchanged) on
I;; has the same effect (up to an overall sign) as changing
A, into —A/, in (57). We thus obtain

III:_

\/ﬁ B + tan~! <\/%>} , (58)

and all the four integrals /, appearing in (54) are accounted
for. We can achieve further simplification by taking
advantage of the properties of the matrix A’. In particular,
since

= )6 w1 @

we have

det(K-1) = detl(K) — det(A) det(C)  (60)

and (54) collapses to

A N

But we can go even further. Indeed, inverting (59),

K< I O><A"' 0)(1 —BC“) ©2)
\=C!BT | o c'J\o I ’
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shows that A’~! coincides with the upper-left 2 x 2 block of
the matrix K. More explicitly we can write

aeGl e

where, using (33) and the reality of K,

2 (64)

N
a=K, = E lcn
n=1

=K = lc,[*cos(2zn/N). (65)

N
n=1

Thus

| a —p
v (5 7 %)

and (61) becomes

(sen(d) = >tan! (ﬁ) 2t (2). o)

Finally we obtain the average number density of zeros

- %sin‘l <§>} . (68)

Recall, however, that we are interested in the average
number density of kinks which may differ from the number
density of zeros as given in (68) because the latter includes
zeros due to vacuum fluctuations of the quantum field. The
difference between the two quantities is clearest long before
the phase transition, where the field is in its unique vacuum
and its expectation value vanishes everywhere on the
lattice. However, the field fluctuates about zero and there
is a nonzero average number density of zeros. This is to be
contrasted with the average number density of kinks which
should be exactly zero before the phase transition.
Moreover, the average number density of zeros is expected
to be highly sensitive to the number of lattice points N since
the finer the resolution, the more zeros can be identified.
This is again different for the average number density of
kinks which are supposed to be extended objects whose
separation is set by the correlation length of the field
fluctuations. We therefore need a systematic procedure to
eliminate the spurious zeros from the result in (68). One
way is to restrict the sums in (64) and (65) to those modes
¢, (1) that are not oscillating [46], in other words, to indices
n verifying

n 4 .
a); )(t) = ?sm2 <%> + my(t) <0. (69)

It is indeed the presence of such unstable modes that
allows for the production of the nonperturbative kink and
antikink solutions. Then the formula for the average
number density of kinks, ng, is obtained by restricting
the modes that enter (68), giving us

N (P
nK:ZL{l—ﬂsm 1<&>}, (70)
where now
a= ) el (71)
w;”)SO
p= |c, | cos(2zn/N). (72)
Q)(H)SO

These equations only apply for # > 0 when the modes start
to become unstable. For ¢ < 0, there are only fluctuating
modes, and we set ngy = 0. We will discuss the difference
between (/i) and ng in Sec. IID.

After the phase transition and as long as the lattice
spacing a is small enough, a < 2/+/|m,(t)| for all times
t > 0, we can introduce n,(t), the time-dependent critical
value of n that separates unstable modes from modes that
oscillate,

nelr) =

(A,

2

where || denotes the integer part function. Then
n.(t) < N/2 and (71) and (72) can be rewritten in a more
explicit way:

ne(1)
a= ), Icn|2=|c0|2+22;|cn|2, (74)

|n|<n (1)

p= Z |c,|? cos(2zn/N)
[nl<ne (1)
()
= |col? +2)  le,[? cos(2an/N). (75)
n=1

Here we have identified c¢_, with cy_, for concision and
exploited the symmetry cy_, =c, (valid for | <n <N —1),
which can be checked directly via (34), (35), (36). Since
the ratio /@ belongs to the interval [0, 1] one can also
rewrite (70) as
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ng = cos! (5> (76)

L a

Before diving into analytical and numerical estimates of
ng we need to discuss the continuum and infinite volume
limits of our discretized theory. We start with the con-
tinuum limit. Keeping L fixed, and noticing that, for all N,
n.(t) <mL/4, we can safely take the N — oo limit in
expressions involving n/N. In particular,

o0 () 4t 77
and
e[y

Then the expression for the ratio /& reads

272 Zw;n) (t)SOnz | Cc, |2

i B 79
N2 Ewg,,)msomp (79)

~
~

SRS

Now, it is clear that this expression is of the form 1 — 2x2
with x € [0, 1], and therefore we may use the identity

cos™! (1 —2x%) = 2sin ! x (80)

to simplify (76) and obtain

. T Zw(zn)(t)sonz'C" |2

N L N Zmé")(t)§0|c’l|2

2 Z:w('”(z)sonz|cn|2
L Ew(z"> (<0 | Cn |

This is the expression of the continuum limit (N — o0)
average number density of kinks. The main property of this
expression is that it does not depend on N anymore. Indeed,
although the system’s dynamics is governed by an infinite
number of mode functions, only a finite number appears
in the formula; it is only those modes with n < mL/2x
that trigger the instabilities required for the production of
kinks. This means that the result is stable in the UV limit
and does not depend on the resolution of our discretization.
Physically, the contribution of the vacuum fluctuations of
the quantum field has been discarded.

Let us now end this section by discussing the infinite
volume (or length since we are working in one spatial
dimension) limit L — oo. This is readily done by noticing
that the finite size of the spatial dimension is responsible for
the discreteness of the wave vectors

ks

(82)

corresponding to different modes. As L increases, however,
these wave vectors become more and more numerous and
densely packed until they form a continuum spanning the
entire interval [—m,m]. At this point, it is convenient to
switch notations and index any relevant quantities by %,
instead of just n. Then

oS (1) = k2 + my (1) (83)

and

(=0 @l s

The average kink number density can therefore be rewritten

1 D ik 1<k (o ka e, [?

K= .
7\ <k mlew,

(85)

In the L — oo limit the sums over k, become integrals over
k, so that

(86)

Here we have tacitly introduced the infinite volume mode
functions ¢, verifying

éx + (k% + my(t))ep =0, (87)

and we used their k - —k symmetry properties. We now
have all the tools required to perform simple analytical
estimates of the average kink number density.

C. Analytical estimate

In the limit of a sudden phase transition (z = 0), we can
solve (34) exactly since m,(t) = —m?@(t) (where O is the
Heaviside function). In fact, one may then choose the initial
time to be 7, = O_ and solve the differential equations

, 4 ., (nn
¢+ [; sin? (W) - mz} ¢, =0, (88)

with initial conditions
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Since the time dependence of the frequency has disappeared,
the above differential equations can be solved analytically.
This yields the unstable mode functions c,(¢) involved in
the formula for the average number density of kinks (70),
i.e., those verifying |n| < N sin~!(ma/2)/x. More precisely
we have

—i T4 ~1/4
c,(t) = ! {—2 sin? <”—1\’;) + mz] cosh (k,1)

V2L |a
1[4 [ 7n , | /4 sinh(,1)
—— | sin? (2 TED . o1
gz e () o] o
where k, = |/m* — % sin?(%). Taking first the continuum

limit N - oo while keeping L fixed we obtain, for
|n| < mL/2x,

o ()~ \;;_L(k% + m?)~1/4 cosh (t\/m2 - kﬁ)

sinh (t m? — kﬁ)
vVm? =k 7

where we labeled the mode functions by k, = 2zn/L as

in the previous section. In the L — oo limit, the discrete

variable k&, becomes continuous and we can write an
analytical formula for the average kink number density as
V3

in (86):
— k2):| }1/2
()
(93)

1
(R w2

L (92)

. 1 {/m " {kz(m2 cosh (2tvVm? — k?)
K 0 (m? — KOV + m?

With this expression in hand we can immediately estimate a
few important quantities. First of all, we can predict the late
time behavior of the average kink number density. Indeed,
for large ¢ the integrals simplify considerably and it is easy to
see that they are dominated by values of k < m. We can then
estimate (93) to be

1 [ Jor dkk* exp (—tkz/m)] 1721 Im
ng ~— R—y|=— (94)

m | [&dkexp (—tk*/m) x\ 2t
Using Eq. (93), one can also estimate the maximum number
density of kinks that are produced after the phase transition.
In fact, taking a time derivative of (93), it is easy to convince
oneself that this maximum occurs at ¢ = 0_, in other words,
immediately after the phase transition. Moreover, its value
can be computed exactly to be

nK():; f(;ndk/ /k2+m2
m (ﬁ—sinh"(l)
2 coth™! (v/2)

1 <fom ik /R ¥ m2> /2

1/2
> ~0.175m.  (95)

T

Both the power law for the asymptotic behavior of the
average kink number density and the maximum number of
kinks value will be numerically confirmed in the following
subsection. Our analytic results agree with previous work
on sudden phase transitions in thermal quenches studied in
[34,39,40,42] using different techniques.

D. Numerical results

We now discuss our numerical results for the time
evolution of ny for different values of the quench parameter
7. In principle this involves solving the complex differential
equations (34) with initial conditions (35) and (36), for the
unstable mode functions ¢, (z)—those with |n| < n.(7). We
can then directly evaluate the average number density of
kinks using (70). However, since this formula only involves
|c, ()| = pa(t), considerable computational gain can be
achieved by instead solving the real differential equa-
tions (39) with initial conditions (40) and (41).

It turns out that this system of ordinary differential
equations presents a major computational difficulty caused
by the fact that p,(¢) grows exponentially for |n| < n.(7).
Therefore the numerical evolution is limited to short time
periods after the phase transition beyond which the num-
bers involved become extremely large and results cannot be
trusted. One way to get around this problem is to factor out
the exponential growth, i.e., the zero mode py (1) = py(1),
from the other modes and evolve it separately. So we write

Pa(t) = po(t)r, (1) (96)

forn =1, ..., N — 1. With this redefinition it can be shown
that the differential equation (39) now becomes

.. 20 . (n) 0) 1 1 _
rn+2/)_0rn+<w2 _(U2 +4L2pg<1_r_‘:’ rn_oa

97)
and its corresponding initial conditions are given by
(n) —1/4
1 t
(1) = 22 () (98)
V2L polto)
i.(tg) = 0. (99)

Recall here that
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(100)

and wéo) = ng). Furthermore, one can also efficiently

solve for po(z) by introducing the auxiliary function
q(1) = Inpy(t), verifying

—4q
.. ) (0) e
=— 101
with initial conditions
q(ty) =1In { : (mz(fo))_l/ﬂ’
V2L
i(1y) = 0. (102)

By going to the ¢(#) variable we avoid the exponential
growth of pg(t). Thus, both the differential equation for
r.(t) (97) and its corresponding initial conditions can be
rewritten in terms of this auxiliary function:

e~

. 1
7240, + (wg )—w§°>+m <1 —r4)>rn:0 (103)

with initial conditions

(0) 1/4
w, (ty)
rn(tO) = (a)gn)([(;)> s

i, (t) = 0.

(104)

In summary, the numerically efficient way to study the
dynamics of kink formation in our model is to solve (101)
and (103) with respective initial conditions (102) and (104).
The computational problem we had is indeed resolved
since we managed to eliminate the exponential growth of
pn(t) by suitable function redefinitions. The numerics can
now be trusted for much longer periods of time.

In our numerical work we work in units where m = 1
and pick 7y = —200. To get accurate results we choose
large L and N. Most of our results are for L = 6400 and
N = 12800. The evolution of the average number density
of kinks ny for different quench timescales 7z is shown in
Fig. 2. The different curves exhibit the same qualitative
behavior: immediately after the phase transition (¢ = 0) the
average number density of kinks increases from 0 to a
maximum value (ng),,, Within a time #.,,, and this is
followed by a gradual decrease that asymptotically con-
verges to a power law. Physically this corresponds to the
production of a random distribution of kinks and antikinks
during the phase transition, followed by their mutual
annihilation over time. Noticeably, the asymptotic behavior
of the average kink number density is independent of the
quench timescale: at late times the plots for different values

Nk

0.100[

0.050

0.010

-0 10 50 100 250 550 1050 t

FIG. 2. Log-log plot of ng versus time for 7 = 0.1 (purple,
topmost curve), 0.5 (red curve), 1.0 (green curve), 5.0 (orange
curve), 10.0 (blue curve). The black dashed line shows the
exhibited power law at late times, i.e., £~'/2,

of 7 converge to the same function that falls off as +~'/2.
[We have also cross-checked this result by computing the
correlation length &(7) of field fluctuations and showing
that it scales as 1/ng ~t'/2, as expected from existing
results in the literature [35-37,39,40].] This scaling law
also agrees with the analytical estimate of Eq. (94) and
shows that the 7 = 0 solution is a universal attractor. To
analyze the rate at which the kink densities for different
values of 7 converge, we plot Ang(t,7y,7,) = ng(t, 7)) —
ng(t,7,) versus ¢ in Fig. 3. We observe that at late times
these differences fall off as /2. We can therefore
conclude that

Ank

0.100F
0.010F
0.001F

1074k

10—5 L

107

0 10 50 100 250 550 050!
FIG. 3. Log-log plot of the differences between the average
kink number density for different values of 7, ng(r,7; = 0.1) —
ng(t,7,) versus time for 7, = 0.5 (blue curve), 1.0 (red curve),
5.0 (purple curve), 10.0 (green curve). The black dashed line
shows the exhibited power law, i.e., /2.
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Nk

— L =6400, N = 12800

0.10[ — L =6400, N = 25600
L = 12800, N = 25600

0.05F

0.02f

0 10 5 100 a0 !
FIG. 4. Log-log plot of ng(t) versus time for z = 1.0 for
various values of L and N as given in (70).

where Cg ~0.22 is a constant of proportionality that is
independent of the quench timescale 7. This agrees well
with the analytical estimate found in Eq. (94): 1/(zv/2) ~
0.225.

We can explicitly check, as shown in Fig. 4, that our
results are independent of both L and N as long as they are
sufficiently large and a = L/N is sufficiently small. In
Fig. 5 we have also plotted (i) and ny for different values
of N. Although the curves depend on N (or are UV
sensitive) near the phase transition, the late time behaviors
are universal. This is to be expected since unstable modes
grow exponentially and dominate the sums in (74) and (75).
Thus our technique of restricting the mode sums to
differentiate between field zeros and kinks is reasonable
and gets rid of the artifacts arising due to finite N.

The plots of (ng ). Versus 7 and 7., versus z are shown
in Fig. 6 and Fig. 7, respectively. From these we note that
the faster the phase transition (smaller quench time 7),
the more kinks and antikinks are produced and the faster
their maximum number density is attained. In Fig. 6 we

see that the maximum density of kinks (ng),.. flattens;

nk, {Az)

— nk with N = 12800
— (Az) with N = 12800
— (hz) with N = 25600

0.50[

0.10F

0.05[

0.01}

0.1 1 10 100

FIG. 5. Log-log plot of ng and (i) versus time for z = 1.0,
L = 6400, and various values of N.

(nK) max

0.175F ®==--o-—q.__
0.150 e,
0.1251

0.100 .

0.075f

0.050

01 05 1 5 10 50 100
FIG. 6. Log-log plot of the maximum average kink number

density (ng)max versus z. For larger values of 7 the maximum
average kink number density falls off as 77033,

i.e., it becomes a constant as quench timescales approach
zero. The value of (ng),,., for which this happens is seen to
be approximately 0.175. This agrees remarkably well with
the analytical estimate in Eq. (95).

III. TWO DIMENSIONS: VORTICES

The analysis done in Sec. II can be generalized to the
d =2 case. We will be considering a two-dimensional
complex scalar field @ whose dynamics are described by
the Lagrangian density

1 1 1
£0 — Eaﬂq)*aﬂcp - Em%(t)q)*q) - Z,1(<1>*c1>)2. (106)

This theory is known to possess solitonic solutions called
vortices, characterized by a topological charge known as
the winding number. Assuming a vortex field configuration
®(x,y) = r(x,y)e®*Y) = ¢(x,y) + iw(x,y) centered at a
point (xg, ¥o), the winding number is given by

t max

0.5f

0.1 0.5 1 5 10 50 100

T

FIG.7. Log-log plot of the time at which the maximum average
kink number density (ng).,.x occurs (fm.,) versus 7. For larger
values of 7, t,,,, grows as 7034,
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L by —ydp).  (107)

1 1
r= do = —
2r cr

_ZC

where C is any closed loop around (x, yo). Generically a
nonzero winding number along a closed loop implies the
existence of a vortex configuration and the vanishing of the
field somewhere within the bounded region. Therefore, as
in the case of kinks, vortices are to be found among zeros
of .

To study the production of vortices during the quantum
phase transition we will thus do a similar analysis to the one
we did for kinks. We start by setting 4 to zero and express
the Lagrangian density in terms of the two real scalar fields
¢ and y, respectively, defined as the real and imaginary
parts of the complex field ®:

L0 = @)+ 3 O = 3mal @ +v). (108)

This is a model for two noninteracting real scalar fields
in two spatial dimensions. In order to apply the methods
outlined in Sec. II, we need to discretize this model. We
first compactify both spatial dimensions by assuming
periodic boundary conditions, ¢(x+L,y) =¢(x,y+L)=
¢(x,y) (and similarly for w). Space is thus seen to be
a 2-torus of area L. We then discretize it on a regular
square lattice consisting of N? points separated by a
distance a = L/N along both the x and y directions.
Now for each lattice point (x;,y;) = (ja. la) we can define
the discretized fields ¢;; = ¢(x;.y;) and v, = w(x;,y)).
Writing the discretized Lagrangian and quantizing it
can be done analogously to the one-dimensional case,
with the understanding that any vectors and matrices are
now N2- and N? x N’-dimensional, respectively. For
example, the vector of discretized field values of ¢ is
given by

¢ = (¢11’¢12’ ---,¢1N7¢21, ceey ¢2N’ LRRE] ¢NN—1’¢NN)T'
(109)

More generally, any N> x N? matrix A will be represented
by a two-dimensional array of matrix elements A;;y,
arranged in the following way:

All,ll A11,12 All,lN A11,21 A11,22

A12,11 A12,12 A12,1N A12,21 A12,22
A= AlN.ll AlN.12 AlN,lN AlN,Zl AlN,22

A21,11

A22,11

With these conventions in mind (where matrices are four
index objects and vectors are two index objects), we can
directly generalize the computations in Sec. Il A to solve
the functional Schrodinger equation for the wave-
functional are W[¢;;,y;;: #]. In fact, we can define a new
N? x N? matrix Z obeying Egs. (20), (21), and (22) as long
as the matrix elements of Q, are given by

+2/a*+my(t), i=k,j=I,
“1/d, i=k+1,j=1+1(modN),

0, otherwise.

[92] ijkl =

(110)

It is then easy to write the probability density functional as
in Eq. (28),

1

e e_¢TK_1¢/2e_V/TK_IW/2.
det(2zK)

(1) (111)

where the matrix K is still related to Z via K = ZZ".
We can be even more explicit by realizing that the

matrix Z(7) is once again real and circulant, i.e., the matrix

elements of Z, Z,, ., depend only on p — r (mod N) and

q — s (mod N). We can therefore again diagonalize Z using
the discrete Fourier transform:

1 & : : ,
qu’rs = N n;] Cont (t)e—l(p—f)me/Ne—l(q—s)Zﬂn /N (1 12)

Using Egs. (20), (21), and (22), the complex mode
functions ¢, (t) verify

4 /
En.n’ + |:§ {Sil’l2 (%) + sin? <%) } + mz(l‘):| Con = 0,

(113)
and
curl) = iy [ () + 90 ()|
N mQ(IO)] ‘1/“’ (114)
e (1) = \/155;, sz {Sin2 (?) + sin® (73\7,1/) }
i mz(fo)] 1/4. (115)

Note that ¢,,, = ¢, which immediately implies that
Zpgrs = Zgpsr» and again we assume the initial time ¢,
to be such that ty <« —z. This follows from the rotational
symmetry of the system.
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A. Average vortex number density

To find the vortex number density, we first need a
quantum operator that counts the number of zeros n, of the
complex field @ (as in Sec. IIB), or in other words,
coincident zeros of both the fields ¢ and y. Since space is
discretized, such an operator necessarily yields a coarse-
grained estimate of the actual number of zeros of a given
field configuration. As the number of lattice points N?
increases, so does the operator’s resolution: while certain
“zeros” cease to be counted, new ones are revealed. In the
limit where N — oo we expect divergences, just as in the
kink case, and we will return to this point later on.

We think of the vortex as the intersection of a domain
wall of ¢p—for our purposes, a domain wall is a curve on
which ¢p = O—with a domain wall of y. Then, as shown in
Fig. 8, there could be a situation where a ¢ domain wall
enters a plaquette through one edge and leaves through the
opposite edge, while a v domain wall passes through the
plaquette in the orthogonal direction. Then the two domain
walls must intersect, leading to coincident zeros that
correspond to a vortex within that plaquette. Other pos-
sibilities include the case where the ¢ wall enters the
plaquette from the lower edge but leaves from the right

|

16

i, j+1

i+1,j+1

FIG. 8. A plaquette showing how zeros are counted.

edge in Fig. 8 while the y domain wall goes through as
shown or bends to exit from the top edge. It is ambiguous
whether a coincident zero exists in these other cases but the
ambiguity is minimized as the lattice resolution is increased
(N — o0). Hence we can count zeros of @ in the large N
limit by counting the plaquettes in which ¢ and y domain
walls enter across orthogonal edges.

Then, motivated by the discussion in Sec. I B, we can
define the number density of zeros of ® by

[{Sgn(ff;i,;) - Sgn($i+1,,/‘)}2{5gn(lﬁi,j) - Sgn(lﬁi,,j+1)}2 + (¢ < )]

1 & A SN
= 412 Z[{l - Sgn(¢i$j¢i+lﬁj)}{1 - Sgn(lﬁi,’lﬁi.jﬂ)} +{1- Sgn(%ﬂf’m.;”“ - Sgn(¢ij¢i.j+l)”' (116)

ij=1

We can now write down the vacuum expectation value of
the operator Ai,: (iiz) = (0|fiz(¢)|0). Using the fact that the
fields ¢ and y are independent and that, consequently, the
probability density functional factorizes as in Eq. (111), we
first notice that

<Sgn(¢§ij$i,j+l )
_ 1 /dN(ﬁ ( ) —-p"K" /2
= W sgn(;jd; jr1)e .
(117)

Then, using the fact that the matrix K~! is circulant and,
moreover, symmetric under the interchange of its first (or
last) two indices—properties that are inherited from Z, we
can establish that

<Sgn(q§ijq§i.j+l)> = <Sgn(€l?’11€l?’12)>
<sgn(q§1 14321 )
<Sgn(<13ij<13i+1,j)>-

(118)

|

Physically, this set of equalities is a manifestation of the
translational and rotational invariance of the system. It is
also clear that, ¢ being a dummy variable in the integral
of Eq. (117),

(sgn(y;jiu)) = <Sgn(§$ijq§kl)>- (119)
These properties thus allow us to write the average number
of zeros of the field in a very simple form:

N2

(iz) =551 - <Sgn(<l§11f1312)>}2'

- (120)

From this point on, the computation of the average
number of zeros follows along the same lines as in Sec. II,
and we obtain

N? 2 2
(fz) = 32 [1 —;sin_1 <§>} ,

where a and f are now defined as

(121)
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N
_ _ 2
a=Ky = E |Cn,n’

nn'=1

, (122)

N
B=Kinn= Y legylPcos(2zn’/N). (123)

nn'=1

Here, once again, we have used the reality of the matrix Z.

Equation (121) gives us the number density of field
zeros but we are interested in counting the number density
of vortices. We have already discussed how quantum
fluctuations can induce a nonzero number density of
zeros of the field even in the absence of spontaneous
symmetry breaking. We thus need to eliminate such
spurious zeros by restricting the sums in (122)
and (123) to the mode functions ¢, () that are non-
oscillating. In this case we include the modes correspond-
ing to n and n’ verifying

n.n 4 . . '
a)(2 (1) = 2 {sm2 <7][V—n> + sin® (%) } +my(t) <0.
(124)

The average number density of vortices formed after the
phase transition is finally given by

NZ B 2
_ -1
ny E |:1 ;Sln <5>:| s (125)
where
(_XE |Cn,n’ 2, (126)
A <0
p= | |> cOS(22n' /N). (127)
{u("'"l) <0
, <

Similar to the case of kinks (see discussion in Sec. II B),
this result makes sense only after the phase transition;
it is ill-defined before. As might be intuitively expected,
the average number density of vortices is obtained, up to a
combinatorics factor due to the ¢ <> w symmetry, by
squaring the average number density of kinks. In the next
subsections we will see that this intuition is supported by
both analytical and numerical estimates of the asymptotic
dynamics of the problem.

Analogously to Sec. 1B, Eq. (125) can be further
simplified by first taking the continuum limit N — oo
(at fixed volume L) to obtain

8 ngr,n’)son/z ‘ Cnn |2

ny X —
L2 ngn.n’)so | Cn,n’ ‘2 ’

(128)

where the sums run over pairs of integers (n,n’') € Z*
verifying

n,n' 2 2 2zn"\?
05" (1) (?) + ( ’Z”) +my (1) <0, (129)

and it is understood that c¢_, .y = cy_ps Cpmy = Cpy-n
for 0 < n,n’ < N — 1. Relabeling the mode functions by
the discrete two-dimensional wave vector

(130)

7 n n' 2 2zn’
fo = 047 = (352 21,

L
and taking the large L limit, Eq. (128) can be recast as
szsk((t) d*kk3 | c*
’ fkskc(r) d*k|cz|?

Here we have once again introduced the infinite volume
mode functions c;—labeled by a continuum of two-

(131)

ny &

dimensional wave vectors k = (k,. k,)—verifying

&+ (K +my(t)e; = 0, (132)

and defined k = |l€| and k(1) = /|m,(t)] as in Sec. II B.
Noticing that c; depends” only on k and going to polar
coordinates, we can turn the double integrals in (131) into
single integrals to finally obtain the continuum, infinite
volume limit of the average vortex number density:

Nifé‘z-(f) dkk3|CI-{'|2

ny ~ .
T RO gk,

(133)

With the possible exception of our particular choice of UV
cutoff, this formula is in agreement with known results in
the literature [see, e.g., Eq. (5) in [42]].

B. Analytical estimate

Just as we did in the case of kinks in Sec. II C, we can
also compute the average number density of vortices at late
times in the limit of a sudden phase transition (z = 0). This
can be achieved once again by exactly solving the differ-
ential equations for the mode coefficients ¢, (). As we
saw in Sec. III these differential equations are as follows:

4 /
Com + [? {sin2 <%> + sin? <%) } - mz} Cow =0,
(134)

with initial conditions

*This can be checked explicitly using Egs. (113), (114), (115)
and is a consequence of the rotational invariance of the problem.
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0 (0) = ‘—ﬁ% [i { (

”") + sin’ (”"I)} + 2} o
— m

N b

1 114 ! 174

Cpw(0) = N {; {sin2 (75\,—”) + sin? (%) } + mz] :

(135)

(136)

The solution to these equations can be obtained analytically. In fact, they look very similar to the ones we obtained in the
kinks case but now involve two indices instead of just one. This gives the unstable mode functions ¢, ,,(¢) involved in the

formula for the average number density of vortices:

. 4 / -1/4
Cop (1) = \/2Z_L {; {sin2 (;Tv—n) + sin? (%) } + mz} cosh (k,, 1)

1 [4 ! 1/4 sinh(k,, vt
+ T {; {sin2 (ﬂ—]\’;) + sin? (%) } + mz} T Eanl) K(,,’,(:/.n ) . (137)
where
4 (. (7n .o [mn
Ky = \/m2 - {sm2 (W) + sin? (W) } (138)
Now, taking first the continuum limit N — co while keeping L fixed, we obtain, for n> + n"> < (mL/2x)?,
—L (2 2 o0\l 2 _ s _ )
2 (0= (K2 2 ) cosh(t\/m — Kk )
k” ﬂ/( ) m y y
. |, Sinh (z\/ m? — k> — k§"/)2)
= (kﬁ!’)2 + R 4 m2> : 139
V2L g 1)

\/mz _ ky% _ k}(}"’)z

where we have relabeled the mode functions by I_én,n/ = (k)(("), k.<y”/)) and recall that k") = 2zn /L, k§,”/> =2zn'/L. In the
limit L — oo, the discrete variables ]_én_n’ become continuous and, as in Eq. (133), we can write an analytical formula for the

average number density of vortices:

1 {/m [k3(m2 cosh (2tVm? — k*) — k?)
ny ~ - dk
7= LJo

(m? — W+

Using this equation, we can once again estimate the late
time behavior of the average number of vortices. In the
limit, k, kK’ < m, we have

1 J§" dkk? exp (—tk* /m)
MR [ dkk exp (—1km)

N =2k, (141)

m
n’t
As mentioned below Eq. (127), the vortex number density
is obtained by squaring the kink number density and
multiplying by the combinatorial factor of 2! due to the
exchange symmetry ¢ <> .

Furthermore, as in the case of kinks, the maximum
number density of vortices can be estimated using

]}{Amdk{k(mzcosh(h\/M)—kz)]}_l. (140)

(m? — R\ +

[

Eq. (140). This maximum is reached immediately after
the phase transition, at time ¢ = 0, and is found to be

L[y dkk® VK A+ m?
7> [ dkk /K + m?

_my

~ 3z2

(nV)max

~ 0.0478m?>.

(142)

C. Numerical results

We use numerical techniques to solve (113) and then
calculate the average vortex number density using (125).
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FIG. 9. Log-log plot of ny(r) versus time for z = 0.1 (purple,
topmost curve), 0.5 (red curve), 1.0 (green curve), 5.0 (orange
curve), 10.0 (blue curve). The black dashed line shows the
exhibited power law at late times, i.e., '

For reasons discussed earlier, the parameters L and N that
we choose for our numerical simulations need to be
sufficiently large to accurately describe the continuum
infinite volume limit. We choose L =2000 and N =4000.
As in the case of kinks, the results are insensitive to the
UV and IR cutoffs. In practice, because of the order N?
computational complexity of the problem and the exponen-
tial growth of the magnitudes of mode functions, we directly
solve for p, , =|c,,| and factor out the zero mode to
improve the numerical accuracy (see Sec. II D for details).

In Fig. 9 we show the average vortex number density for
different quench parameters 7 as a function of time. As
in the kink case, the plots of ny versus ¢ for different 7
converge to the same function and decay as r~' as we
expect from the analytical estimate in (141). The result also
agrees with the intuition that a vortex corresponds to the
intersection of two independent domain walls.

Figure 9 also shows that immediately after the phase
transition, ny increases from zero to some maximum value
(ny)max 10 @ time 7., As time goes on ny starts to decay.
At very early times, after the phase transition, randomly
distributed vortices of positive and negative winding
numbers are produced, but then the system starts relaxing,
the vortices-antivortices start annihilating, and the dynam-
ics reaches its scaling regime.

We can also plot the differences of vortex number
densities for different values of 7 as we did in the case
of kinks: Any(t,7(,7,) = ny(t,7;) — ny(t,7,). This is
shown in Fig. 10 which shows that Any(t,7;,7,) decays
as 172 at late times. We thus deduce the asymptotic form,

a() = Cy (?) +O(), (143)

where Cy is some constant of proportionality that is
independent of the quench timescale z. Numerically, we
find Cy = 0.092. This is again in reasonable agreement with

Any

0.01

10-4 -

0 10 50 100 250 550 1050!
FIG. 10. Log-log plot of the differences between the average
vortex number density for different values of 7, ny (7,7, = 0.1) —
ny(t,7,) versus time for 7, = 0.5 (blue line), 1.0 (red line), 5.0
(purple line), 10.0 (green line). The black dashed line shows the
exhibited power law, i.e., 2.

the value we calculated analytically for a sudden phase
transition (z = 0) in Eq. (141), more precisely 1/7> ~ 0.101.
The plots of (ny ), versus 7 and 7,,,,, versus 7 are shown
in Fig. 11 and Fig. 12, respectively. The intuitive under-
standing that a faster phase transition (smaller quench
timescale 7) leads to greater and more rapid vortex produc-
tion is confirmed by these plots. Moreover, from Fig. 11 we
see that the maximum number density of vortices (7y ).
flattens as the quench timescale 7 approaches zero. This
happens for a value (ny),,,, & 0.0483 which is once again in
good agreement with our analytical result in Eq. (142).
As a final remark, comparing Fig. 6 to Fig. 11 shows
us right away that for the same quench timescales z, the
maximum vortex number density (ny )., is much lower
than the maximum kink number density (rng),.. For
example, in the limiting case of 7 — 0, (ny),x ~ 0.050
while (k). & 0.175. This is again to be expected since
the formation of a vortex requires the simultaneous

(Nv) max
0.050(

0.020(
0.010[

0.0051

0.1 05 1 5 10 50 100

r

FIG. 11. Log-log plot of the maximum average vortex number
density (ny ). versus z. For larger values of 7 the power law
manifested is ~7704
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t max

0.51

0.1 05 1 5 10 50 100
FIG. 12. Log-log plot of the time at which the maximum
average vortex number density (72y) .« Occurs (f,,,) versus 7. For
larger values of 7 the power law exhibited is ~z%3.

vanishing of two fields, which is less probable than the
vanishing of a single field necessary for the formation of a
kink in one dimension.

IV. HIGHER DIMENSIONS: MONOPOLES

Having worked out the details of the d =1 and d = 2
cases, it is easy to see that the methods described in the
previous sections directly generalize to higher dimensions.
Without going into the details of a rigorous proof, the
average number density of zero-dimensional topological
defects np formed in the d-dimensional field theory
discussed in Sec. I is given by

d! a2
—zd/z Y <?> —+ O(t_(d+2)/2) (144)
T

np =dn} =
for late times. The factor of d! arises because of permu-
tation symmetry. To get a monopole in d dimensions we
need coincident zeros of d fields in a cell of the lattice. As
in Sec. 111, the point @ = 0 corresponds to the intersection
of d orthogonal domain walls. The d! permutations of the
wall positions preserves the @ = 0 point that leads to the d!
prefactor in (144).

In Fig. 13 we show numerical results for d = 3 for the
monopole number density as a function of time, obtaining
the first term on the right-hand side of (144). In Fig. 14
we provide evidence for the second term on the right-hand
side of (144).

V. EFFECT OF SELF-INTERACTIONS

A key question is to understand the range of parameters
for which our results are a good approximation even when
A # 0. We will address this in the context of the model in
one spatial dimension given in (7). We check for self-
consistency of our solution and examine the conditions
under which it breaks down.

nm

0.010¢

0.001}

0 10 50 100 250 550 1050 t

FIG. 13. Log-log plot of ny,(t) versus time for = = 0.1 (purple,
topmost curve), 0.5 (red curve), 1.0 (green curve), 5.0 (orange
curve), 10.0 (blue curve). The black dashed line shows the
exhibited power law at late times, i.e., r~>/2. Here we use
L =800, N = 1600.

Any
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10—7,

10—9,

0 10 50 100 250 550 1050t

FIG. 14. Log-log plot of the differences between the average
monopole number density for different values of 7, ny(t,7; =
0.1) — ny(2,7,) versus time for 7, = 0.5 (blue line), 1.0 (red
line), 5.0 (purple line), 10.0 (green line). The black dashed line
shows the exhibited power law, i.e., /2.

Our solution for the wave function is a Gaussian at all
times and so (¢*) = 3(¢?)?. With 1 # 0, the evolution of
the wave functional, ¥[¢, 7], will depend on 1. As long as ¥
can be approximated by a Gaussian centered at ¢p = 0 we
can use the Hartree approximation (e.g., [47]) to write A¢*
as 3A(¢*)¢*. Taking into account mass renormalization at
lowest order in 4 we obtain an effective mass squared
msi (o).

W) = ma(t) 4 2 22 ). (145)

where the “in” subscript refers to evaluation at the initial
time (t - —o0). The mass counterterm 3A(¢?); /2 is
chosen such that the effective mass equals m at the initial
time. Therefore, in the Hartree approximation, the effects of
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interactions are negligible if the 4 dependent corrections to

m, are small and mS (1) ~ m; (1), or

3A(#%) = (#7)in] < 2|my]. (146)
The condition in (146) will fail in two circumstances.
First, around the time of the phase transition, ¢ ~ 0, when
m, ~ —m?*t/7 [see (3)] is very small; second, at late times,
when (¢?) grows large. We can make these statements
more precise by noticing that (146) is strongly violated
whenever the function

Fre(t) = 2lmo| = 32[(#%) = (7)1 (147)
becomes negative. It turns out that, generically, f,, has
three zeros that we denote as 1, 1,, #3, and it is negative on
the intervals [, 1,] and [t3, 00) (see Fig. 15 for a qualitative
sketch of f, ;). The late time violation is not important for
us as long as by that time all the kinks have already been
formed. Moreover, their mutual interactions are exponen-
tially suppressed on distances longer than 1/m in d = 1,
and they can be completely neglected given that the average
separation of the kinks is larger than ~(ng);l ~6/m. On
the other hand, the early time violation in the interval [, 7,]
can be important as it might interfere with kink production
and change the maximum kink number density.

We can thus deduce three necessary conditions for the
kink number density in the 1 =0 model to be a good
approximation to that in the 4 # 0 case:

(i) The duration of early time violation of (146) needs to

be finite, i.e., t, < co.
(i) All the kinks need to have been produced by the time
the late time violation of (146) sets in, i.e., fy < 3.

(iii) The duration of the early time violation of (146)
needs to be much smaller than the fastest time-
scales of variation of the wave functional, i.e.,
At=t,—t; < 1/m.

We have swept the (4,7) parameter space to determine
the regions where the above conditions are verified. This
has been done numerically by approximating f,, via

VRO

FIG. 15. Sketch of f, () to show its generic features.

0.8

0.6

0.4

0.2

0.0
0 5

FIG. 16. Plot showing the allowed and disallowed regions of
the (1, 7) parameter space in units where m = 1.

[ia() % 2|mo| =32 Z (lea(OF =lealto)?)  (148)

and determining the corresponding values of 7, t,, t; for a
wide range of values of A and z. The results are shown in
Fig. 16 where we used the same numerical parameters as in
Sec. II D. The regions shaded in red, orange, and pink are
excluded by the necessary conditions (i), (ii), and (iii),
respectively. Alternatively we expect the 4 = 0 model to
be accurate inside the green region. Remarkably, the
Ar/m = 1 curve lies deep inside this region which indicates
that Az/m < 1 is a sufficient condition for the approxima-
tion to be valid.

VI. CONCLUSIONS

In this work we carried out a thorough analysis of the
dynamics of topological defect formation in a quantum
field theory where the only interactions are with external
parameters that induce a quantum phase transition. We thus
worked in the limit where self-interactions can be
neglected. Results for the number density of kinks in
one spatial dimension are summarized in Fig. 2, for vortices
in two spatial dimensions in Fig. 9, and for monopoles in
three spatial dimensions in Fig. 13. These results indicate
that the number density of topological defects in d spatial
dimensions scales as +~%/? and does not depend on the
quench timescale, in the late time limit. Moreover,
we showed that the sudden phase transition analytical
result is a universal attractor. These novel results stand in
contrast to the Kibble-Zurek prediction for a thermal
phase transition.

We have also discussed the limit within which our results
can be expected to be a good approximation for a more
realistic theory where self-interactions are not explicitly set
to zero. In the case of kinks (d = 1) we found the condition
At/m < 1 where A is the self-interaction coupling strength,
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to be a sufficient condition for our results to hold. This
condition can be generalized on dimensional grounds to be
Am?27 < 1 in d spatial dimensions.
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