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Distribution of energy-momentum tensor around a static quark
in the deconfined phase of SU(3) Yang-Mills theory
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The energy-momentum tensor (EMT) characterizes the response of the vacuum as well as the thermal
medium under the color electromagnetic fields. We define the EMT by means of the gradient-flow
formalism and study its spatial distribution around a static quark in the deconfined phase of SU(3) Yang-
Mills theory on the lattice. Although no significant difference can be seen between the EMT distributions in
the radial and transverse directions except for the sign, the temporal component is substantially different
from the spatial ones near the critical temperature 7. This is in contrast to the prediction of the leading-
order thermal perturbation theory. The lattice data of the EMT distribution also indicate the thermal
screening at long distance and the perturbative behavior at short distance.
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I. INTRODUCTION

To study complex quantum systems such as the Yang-
Mills (YM) theory, it is customary to introduce test probe(s)
and analyze the response. The Wilson loop is one of such
probes whose measurement in YM theory provides infor-
mation on the static quark-antiquark system that is closely
related to the confinement property in YM vacuum [1].
Thanks to the recent development of the gradient-flow
method [2—4] and its application to the energy-momentum
tensor (EMT) 7 ,,, (x) [5-8], it became possible to study the
gauge-invariant structure of the flux tube between the quark
and antiquark in the confining phase through the spatial
distribution of EMT under the Wilson loop [9,10].

The purpose of the present paper is to extend the
above idea and to explore the EMT distribution around a
static quark in YM theory. As a first step, we consider the
deconfined phase above the critical temperature 7. of
the SU(3) YM theory in the range of temperature 1.2 <
T/T. < 2.6 and measure the EMT distribution around the
Polyakov loop. The EMT with the gradient flow has been
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used to study thermodynamics of YM theory [11-16] and
of QCD [17,18]. However, the observables in these studies
are limited to global quantities such as the pressure, energy
density, entropy density, and the specific heat. On the other
hand, we focus on the local observable in this study and
examine the following questions: (i) How are the energy
density and the stress tensor distributed around the static
quark?, (ii) how are the distributions modified as a function
of temperature?, and (iii) how can one extract parameters
such as the running coupling and the Debye screening mass
from the distributions?

The organization of the present paper is as follows. In
Sec. II, we briefly review the definition of EMT and its
property in the spherical coordinate system. In Sec. III, we
introduce the EMT operator on the lattice and its correlation
with the Polyakov loop operator. In Sec. IV, we discuss the
numerical procedure and lattice setup to analyze the EMT
operator around a static quark on the lattice. Numerical
results and their physical implications are given in Sec. V.
Section VI is devoted to the summary and conclusion. In
Appendix A, we discuss the procedure to make the tree-level
improvement of the correlation between the EMT and the
Polyakov loop on the lattice. In Appendix B, the leading-
order (LO) perturbative analysis of the correlation is pre-
sented using the high temperature effective field theory.

II. EMT AROUND A STATIC CHARGE

The stress tensor o;;(i,j =1,2,3) is related to the

spatial component of the EMT, 7 ;;, as [19]
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=-Tj. (1)

The force per unit area JF; acting on a surface with the
normal vector n; is given by the stress tensor as

Fi = Gij” T}’l (2)

p— Ty

(k)

The local principal axes n;’ and the corresponding

eigenvalues 4, of the local stress tensor are obtained by
solving the eigenvalue problem:

Tyt =40 (k=1.2.3). (3)

1

The strength of the force per unit area along nl(-k) is given by

the absolute values of the eigenvalue 4. Neighboring
volume elements separated by a surface with the normal

(k)

vector n; * pull (push) each other for 4, < 0 (4, > 0) across

the wall. Note that the three principal axes n5k> are

orthogonal with one another because o;; is a symmetric
tensor.

For a system with a single static source, it is convenient
to use the spherical coordinate system (r,@, @) with the
radial coordinate r = |x|, and the polar and azimuthal
angles € and ¢. The spherical symmetry allows us to
diagonalize the static EMT in Euclidean spacetime 7, (x)
in this coordinate system as

ij

T},yl (x) = diag(744(l’), Trr<r)’ TGG(r)) (4)

where y,y’ =4, r, 6. Because of the spherical symmetry,
the azimuthal component degenerates with the polar
component, 7 ,,(r) = T gy(r), so that only independent
components are given in Eq. (4).

In the Abelian case, EMT is given by the Maxwell stress-
energy tensor [19], Th>vell = F F 45;4vaan0 with
the field strength F,,. When a static charge is placed at the

origin, the EMT is denoted by
Tyl = dlag( -E* E%), (5)

with E;(x) being the electric field. The spatial structure
of Eq. (5) is illustrated in Fig. 1 where the neighboring
volume elements around the static electric charge pull
(push) each other along the radial (angular) direction. In a
static system, the force acting on a volume element through
its surface should be balanced. This property is guaranteed
by the momentum conservation 9,7 ;; = 0 together with
the Gauss theorem.

source

FIG. 1. Stress acting on the infinitely small volume element
under the existence of a single static charge (source). In the case
of the classical electromagnetism, a small volume element at a
distance of r from the charge is pulled along the radial direction
from the neighboring volume elements while it is pushed in the
transverse direction.

III. EMT FOR SU@3) YANG-MILLS THEORY
ON THE LATTICE

A. YM gradient flow

We consider the pure SU(3) YM gauge theory in the
four-dimensional Euclidean space defined by the action,

- / d*xGE, (x)GE, (x). ()

Here g, is a bare gauge coupling and G, (x) is the field
strength composed of the fundamental gauge field Af(x).
The YM gradient flow evolves the gauge field along the
fictitious fifth dimension ¢ introduced in addition to the
ordinary four Euclidean dimensions x through the flow
equation [2-4],

dAs (1, x) 5 0Sym(1)
dt °5A“( x)’

(7)

The flowed YM action Syy(?) in the (4 + 1)-dimensional
coordinate is constructed by substituting the flowed
gauge field Aj(z,x) in Eq. (6) with an initial condition,
Af(t = 0,x) = Aj(x).

An important feature of the gradient flow for # > 0 is that
any composite operators composed of flowed gauge fields
are UV finite even at the equal spacetime point [4,7]. This is
a consequence of the smoothing of the gauge fields in the
four-dimensional Euclidean space within the range ~v/2t.
In addition, in the small 7 limit, composite local operators
are represented by the local operators of the ordinary gauge
theory at t = 0. These properties lead us to the renormal-
ized EMT operator defined with the small 7 expansion [5]:

T;l}v(x) = 1[i_%lTyv(tv x)’ (8)

Tu(t.x) = 1 (U, (1, x)
+ 42 ()8, [E(t, x) = (E(1,%))o),  (9)
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where (E(t, x)), is the vacuum expectation value of E(t, x).
The dimension-four gauge-invariant operators on the right-
hand side of Eq. (9) are given by [5]

1

E(t,x) = 2

G, (1, )G, (1, x), (10)

U, (t.x) = Gj,(t.x)Gy,(t.x) = 6,,E(t,x), (11)

where G, (¢, x) is the field strength composed of the flowed
gauge field. Because of the vacuum subtraction in Eq. (9),
(TR,(x))o vanishes. The coefficients ¢;(¢) and ¢,(¢) have
been calculated perturbatively in Refs. [5,8,14] for small 7.
We use two-loop perturbative coefficients [8,14] for the
construction of EMT throughout this study.

B. EMT around a static heavy quark

To describe a static quark Q on the lattice, we introduce
the Polyakov loop at the origin, Q(0). Then the expectation
value of Eq. (9) around Q is given by

(T (2, ) Tr(0))
(Tre(0))

<T;w(t7x)>Q = - <T/w(t7x)>' (12)

We note that Eq. (12) is well-defined only when the Z;
symmetry in SU(3) YM theory is spontaneously broken: In
the Z; unbroken phase, both the numerator and denomi-
nator of the first term on the right-hand side vanish exactly.
This is the reason why we focus on the system in the Z3
broken phase above T, in this paper. In practice, we choose
the state with the Polyakov loop being real among the three
equivalent Z5 states in the deconfined phase.

The renormalized EMT distribution around Q is
obtained after taking the double extrapolation,

(Th,(x))o = limlim(7 (£, x)) . (13)

t—0 a—0

In our actual analysis, we extract the renormalized EMT
distribution by fitting the lattice data with the following
functional form [12,13]:

(T (t.x))o= Ty (x)o+bu(t)a® +cut+d, 2, (14)

where the contributions from discretization effects (b,,) as
well as the dimension-six and -eight operators (c,,, and d,, )
are considered.

To perform the double extrapolation reliably, the smear-
ing radius p = /2t needs to be larger than the lattice
spacing to suppress the discretization error. At the same
time, p should be smaller than half the temporal size 1/2T
with temperature 7 as well as the distance from the source
(r) to avoid the overlap of operators. Therefore we require

1
2<p<Smin| r,— ). 15
o/25p < minr. 5. ) (15)
The lattice data to be fitted by Eq. (14) should be within this
window. As will be discussed in Sec. IV C, we impose
more stringent conditions for the range of ¢ in our numerical
analysis.

IV. LATTICE SETUP

A. Gauge configurations

Numerical simulations in SU(3) YM theory were per-
formed on the four-dimensional Euclidean lattice with the
Wilson gauge action and the periodic boundary conditions
at four different temperatures: 1.207 ., 1.44T ., 2.00T ., and
2.60T .. The simulation parameters for each 7' are summa-
rized in Table I. The inverse coupling f = 6/ g(z) is related to
the lattice spacing a determined by the reference scale wy
[12,20]. The spatial and temporal lattice sizes, N, and N,,
together with the number of configurations N, are also
summarized in Table I. All lattices have the same aspect
ratio N;/N, = 4.

The gauge configurations are generated by the pseudo-
heat-bath method followed by five over-relaxations. Each
measurement is separated by 200 sweeps. Statistical errors
are estimated by the jackknife method with 20 jackknife
bins. We employ the Wilson gauge action for Sy () in the
flow equation (7) and the clover type representation for
the field strength G, (¢, x). The numerical solution of the

TABLEI Simulation parameters for the four temperatures: The
spatial lattice size N, the temporal lattice size N, f# = 6/ g%, the
lattice spacing a. N, represents the number of configurations.

T/ Tc Ns N‘r ﬂ a [fm] Nconf
1.20 40 10 6.336 0.0551 500
48 12 6.467 0.0460 650
56 14 6.581 0.0394 840
64 16 6.682 0.0344 1,000
72 18 6.771 0.0306 1,000
1.44 40 10 6.465 0.0461 500
48 12 6.600 0.0384 650
56 14 6.716 0.0329 840
64 16 6.819 0.0288 1,000
72 18 6.910 0.0256 1,000
2.00 40 10 6.712 0.0331 500
48 12 6.853 0.0275 650
56 14 6.973 0.0236 840
64 16 7.079 0.0207 1,000
72 18 7.173 0.0184 1,000
2.60 40 10 6.914 0.0255 500
48 12 7.058 0.0212 650
56 14 7.182 0.0182 840
64 16 7.290 0.0159 1,000
72 18 7.387 0.0141 1,000
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gradient-flow equation is obtained by the third order
Runge-Kutta method.

In order to suppress the statistical noise, we apply the
multihit procedure in the measurement of the Polyakov
loop by replacing every temporal link by its thermal
average [21]. The choice of the temporal argument x, of
the EMT in Eq. (12) is arbitrary. Therefore, we average
the EMT over the temporal direction to reduce the stat-
istical error.

B. Discretization effect

The EMT in the spherical coordinate system on the
lattice reads

TZ<TW/(I,X,X4)>Q

X4

= diag((T g (t, 7)) s (T (1. 7)) 00 (T (1, 7)) )-

The behavior of the EMT distribution close to the source Q
is affected by the violation of rotational symmetry owing to
lattice discretization. As an example, we show in Fig. 2 the
distribution of —r*(T ,,(t/a%q,, = 1.3.7)), as a function
of rT at T/T, = 1.44, where ag 9 is the lattice spacing of
the finest lattice at this temperature. The figure shows that
the oscillating behavior of the numerical results becomes
more prominent on coarser lattices. In this study, we use the
lattice data only for N, > 12 for the continuum extrapo-
lation to suppress the discretization errors. In Appendix A,
we consider an alternative analysis that performs the tree-
level improvement of the numerical results and uses them
for the continuum extrapolation with the N, = 10 data. As
discussed there, we confirm that the results in both cases are
the same within the errors.

(16)

C. Double extrapolation

The double extrapolation, Eq. (13) consists of two
steps: (I) the continuum (a — 0) extrapolation and (II)
t — 0 extrapolation. In this subsection, we demonstrate

2,

o™
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=]

S

~
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o 0.005 A N,=10 N,=14 N,=18

| VN, =12 b N,=16

0.35 0.40 0.45 0.50 0.55 0.60 0.65

rT

FIG. 2. Distribution of —r*(7T,,(1/ag g,y = 1.3.7)), as func-
tions of r7T at T/T,. = 1.44.

these procedures by using the lattice dataat 7 /7T, = 1.44 as
an example.

In Fig. 3, we show —(7,.(t.rT)),/T* at rT = 0.40,
0.48, 0.60 as a function of 1/N2? = (aT)? for four values of
tT2. To obtain the EMT values at a given r and ¢, we first
perform the linear interpolation of the lattice data along the
r direction and then interpolate along the ¢ direction by the
cubic spline method for each a.

In Fig. 3, fitting results of the data at N, = 12-18
according to Eq. (14) at fixed ¢ are shown by the solid lines,
while the results of the continuum limit are shown by
the filled squares on the vertical dotted line at 1/N? = 0.
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FIG. 3. Color open symbols represent —(7 ,,(, rT))o/T* for
various ¢ as functions of 1/N? = a>T? at T/T. = 1.44. The
continuum extrapolation for each ¢ is shown by the solid lines,
with the extrapolated results represented by the filled symbols.
Panels (a), (b), and (c) show the results at ¥7" = 0.40, 0.48, 0.60,
respectively.
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FIG. 4. Each component of EMT at rT = 0.40 (top) and rT =

0.60 (bottom) as functions of t72. Color open symbols denote

(T,,(t.rT))o/T* for each a as functions of 7. The black solid line with the gray error band is the continuum-extrapolated result. The
dotted lines show the fitted results of the continuum result with ranges 1, 2, and 3. The black symbols are the results of the t — 0

extrapolation for these fitting ranges.

We then take the + — O extrapolation by fitting the con-
tinuum-extrapolated results for different r with Eq. (14) at
a = 0. This fit has to be carried out within the range of ¢
satisfying Eq. (15). We employ 7% = 0.00401 correspond-
ingto t/a® = 1.3 of the finest lattice data as the lower bound
of the fitting window: This choice satisfies Eq. (15) for all the
lattices. The upper bound of the fitting window is taken to be
tT? = 0.015, since the thermodynamic quantities show a
linear behavior below this value [12].

We consider the following three ranges within
0.00401 < tT? < 0.015 to estimate the systematic uncer-
tainty from the fitting ranges [12]:

range 1: 0.00767 < tT? < 0.0113,
range 2: 0.00401 < 7% < 0.0113,
range 3: 0.00767 < ¢T? < 0.0150.

Range 1 is the most conservative window, while range 2
(range 3) is the extension of range 1 towards the smaller
(larger) values of . We employ the result of range 1 as a
central value and use range 2 and range 3 for an estimate
of the systematic error. In the following, all the results after
the double extrapolation contain both the statistical and
systematic errors.

In Fig. 4, the open symbols with statistical errors
represent (7 ,,(1,1T))o/T* at rT =0.40 (upper) and
0.60 (lower) for each a. The results of the continuum limit
are denoted by the black solid lines with the gray statistical
error band for 0.00401 < ¢T? < 0.015. Range 1 is high-
lighted by the yellow band. The figure also shows the fitted
results for ranges 1, 2, and 3 by the dotted lines. The final

results of the # — 0 limit for each range are shown by the
open black symbols around 72 = 0: They agree with each
other within the statistical errors, which suggests that the
systematic uncertainty from the choice of the fitting range
is not significant.

V. RESULTS OF EMT DISTRIBUTIONS

Before entering into the detailed discussions on the
spatial distribution of EMT, we first show the result of the
stress distribution at 7/7T,. = 2.60 on a two-dimensional
plane including the static source in Fig. 5. The same result

0.1
E o0 ++—+- —F":;»"
> + + ot
-0.11 « X X>< ><X *w ¥
—0.2 ,kx x )( *;-‘Ti* x X x’K
% * A <0
-0.3{, - Y +++—»-—A2>0(
-0.2 0.0 0.2
x [fm]

FIG. 5. Stress distribution around a static quark at the origin at
T/T. = 2.60. The red and blue arrows are the principal directions
along the radial and transverse directions, respectively. The
length of each arrow represents the square root of the eigenvalue.
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is later shown in Fig. 8 in a different form. In Fig. 5, the red
and blue arrows represent the principal directions of the
stress tensor along the radial and transverse directions,
respectively. The length of each arrow represents the square
root of the eigenvalue corresponding to each principal axis.
This figure is to be compared with Fig. 1 in Ref. [9].

A. Channel dependence

In Fig. 6, we show the dimensionless EMT,
_<T§4(r)>Q/T4> _<Tl}r(r)>Q/T4’ and <T§9(”)>Q/T4’ as
functions of the dimensionless length 7. The error bands
include both the statistical and systematic errors, where the
latter is estimated from the three fitting ranges for the t — 0
extrapolation. Since the thermal expectation value (7, (. x))
is subtracted as in Eq. (12), we have (T7,(r)), — 0 in the
r — oo limit.

We find that —(77(r)) o, —(T5(r))g. and (Tgy(r))o
are all positive for r7 <1 and decrease rapidly with
increasing r. These signs are the same as those of the
Maxwell stress tensor in Eq. (5). Individual signs physi-
cally mean that a volume element has a positive localized
energy density and receives a pulling (pushing) force
along the longitudinal (transverse) direction; see Figs. 1
and 5.

Figure 6 indicates that the absolute values of the spatial
components [(TX.(r))o| and [(T§,(r))o| are degenerated
within the error for all temperatures. On the other hand,
[(T54(r)) ol is larger than the spatial components especially
at lower temperature. This is in contrast to the degenerate
magnitude of all components in the Maxwell stress, Eq. (5)
and is also different from the leading-order thermal
perturbation theory (Appendix B).

B. Temperature dependence

Shown in Fig. 7 is the temperature dependence of
the spatial distribution of the EMT with respect to the
physical distance r [fm]; (a) —(T5,(r))g. ) =(T75.(r)) -
and (c) (T§y(r))p. Also, shown in Fig. 7(d) is the
distribution of the trace of the EMT given by

—(T4(r) + T75(r) + 2T p(r)o-  (17)
Figure 7 tells us that the EMT distributions have small T
dependence at short distances, r < 0.2 fm. On the other
hand, for large distances, sizable T dependence can be seen
despite the growth of the errors at high 7.

1.50 1.50
(B)7/7= L
1.25 1.25
— —(TE(r)o/T* — —(TR))o/T*
1.00 1.00
— —(TE(r))o/T* — —(TR(r))q/T"
0.75 —  (TE@)o/T | 073 — (TR /T
0.50 0.50
0.25 0.25
0.00 0.00
1.50 1.50
(€)T/T.=2.00 (d)T/T.=2.60
1.25 1.25
— —(TR(r))o/T" — —(TR(r))o/T"
1.00 1.00
— —(TR()) /T — —(TR(r))o/T"
0.75 —  (TE@))o/T | 073 —  {TR@)o/T
0.50 0.50
0.25 0.25
0.00 0.00
0.4 0.6 0.8 1.0 1.2 0.4 0.6 0.8 1.0 1.2
rT rT

FIG. 6. EMT distribution (—(7 4 (r)) . —(T5(r)) . (Tty(r))o) as functions of rT after the double extrapolation: (a) 7 = 1.207.,

(b) T = 1.44T,, (¢c) T = 2.00T,, and (d) T = 2.60T...
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<
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FIG. 7. EMT distribution  (=(T%,(r)) g, —(TR.(r))g,

(T35(r)) o). and Ay(r) as functions of r [fm] at each temperature:
(@) _<T§4(r)>g, (b) —<Tl§r(r)>Q, (©) <T§9(r)>Q’ and (d) AQ(r)~

To make these features more explicit, we plot the same
results with a dimensionless normalization 7*(7" fy, (r))o as
a function of r in Fig. 8. The figure shows that the T
dependence is suppressed for r7 < 0.3 and all results
approach a single line, while the result tends to be more
suppressed for rT 2 0.3 compared with this universal
behavior as temperature is raised. This result is reasonable
as the T dependence of r*(77%,(r)), would be suppressed

for r < (22T)7".

0.04

r(T () q

—0.02

—0.04

EMT  distribution

FIG. 8. rH(—(T§(N)g. ~(TR(n)g.
(T5y(r)) o). and r*Ay(r) as functions of r [fm] at each temper-
ature: (a) —r4<T}f4(r)>Q, (b) _r4<Tl}r(r)>Q’ (c) r4<T§0(r)>Q,
and (d) r*Ay(r).

At distance (22T)"' < r< A™! with A being the
lambda parameter, the behavior of (7° }fy,(r))Q should be
described by the perturbation theory in electrostatic QCD
(EQCD). In the leading order of EQCD in this regime, we
have the following ratio (Appendix B):

Ag(r) ' L

__ToV) |, 3
‘ <T4R4,rr,n90<r)>Q s + O(g )’ (18)
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which is independent of r and 7 and is given only by a
function of a;.

Shown in Fig. 9 is the r dependence of Ay(r)/
(T%4,.00(r))o as a function of r at T/T, = 2.60. From
this result and Eq. (18), we obtain, at r = 0.1 fm, a, =
0.221(17) from —Ay(r)/{T54(r)) o, a; = 0.286(24) from
—Ao(r)/(TR(r)). and a; = 0.319(35) from Ay(r)/
(Thy(r)) - Although these values are channel dependent,
indicating the existence of non-negligible higher order
contributions, it is notable that they are consistent with
that obtained from the similar analysis of the Polyakov
loop correlations at r = 0.1 fm [22,23]. Higher order «;
corrections and the thermal corrections for the EMT
around a static charge to be compared with our lattice
data is under way [24].

Let us now turn to the long-distance region in Fig. 8.
Owing to the large errors in this region, it is not possible to
extract the thermal screening of the form exp(—2mpr)
with mp being the Debye screening mass. Nevertheless,
Figs. 8(a)-8(d) indicate that the EMT distributions decrease
faster than 1/r* at long distances, and the tendency is
stronger at high temperatures. To draw a definite conclu-
sion, however, higher statistical data are necessary.

VI. SUMMARY AND CONCLUDING REMARKS

In the present paper, we have studied, for the first time,
the EMT distribution around a static quark at finite temper-
ature above T'. of the SU(3) YM theory on the lattice. The
YM gradient flow plays crucial roles to define the EMT on
the lattice and to explore its spatial structure.

The main results of this paper can be summarized as
follows.

As shown in Fig. 6, we found no significant difference
between the absolute magnitude of the EMT along the
radial direction and that of the transverse direction for all
temperatures above T'.. This seems to be in accordance with
the leading-order thermal perturbation theory in QCD,
which predicts the same magnitude for all principal
components of the EMT. However, we found a substantial

1.75 |

— —Ao()/(TE())q
130} — Ao () (TR (M)q
125 —  Ag(NATEM)q
1.00

0.75

0.50

0.25

T/T, = 2.60
0.10 0.12 0.14 0.16 0.18
7 [fm]

FIG. 9. Ratios Ay (r)/(T,,00(r))o as functions of r at
T/T, = 2.60.

difference between the EMT distribution in the temporal
direction and that of the spatial directions, especially near
T.. This indicates that there is indeed a genuine non-
Abelian effect present at finite temperature, so that precise
comparison with the higher-order thermal QCD calculation
would be called for.

As shown in Figs. 7 and 8, all the EMT distributions
have small 7 dependence at short distances, r < 0.2 fm.
Also the EMT distributions decrease faster than 1/r* at
long distances, and the tendency is stronger at high
temperatures. However, owing to the large statistical errors,
we could not extract the values of the thermal Debye
screening. By using the fact that the EMT distributions are
T independent at short distances, we attempted to extract
the strong coupling constant from the ratios between the
different components of the EMT. The result, (0.1 fm) ~
0.22-0.32, is consistent with that obtained from the similar
analysis for the QQ free energy at finite 7.

We have some important issues to be studied further.
Going beyond the leading-order thermal QCD calculation
for the EMT [24] is necessary to understand the lattice
results presented in this paper. At the same time, increasing
the statistics of lattice data is necessary to extract, e.g.,
the screening mass from the long range part of the EMT
distribution.

There are also several interesting future problems. First
of all, the extension to full QCD is an important next step.
Since the Z; symmetry is explicitly broken by dynamical
fermions, the present method can be applied directly to a
single static quark Q, a static diquark QQ and QQ both at
low and high temperatures. In particular, the single quark
system in QCD at zero temperature corresponds to a heavy-
light meson [25]. Second, the EMT distributions of the
QQQ system will provide new insight into the flux tube
formation in baryons [26] as well as the “gravitational”
baryon structure [27-31] at zero and nonzero temperatures.
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APPENDIX A: TREE-LEVEL IMPROVEMENT
OF THE LATTICE OBSERVABLES

As shown in Fig. 2, there exists sizable discretization
effect for the EMT distribution on coarse lattices especially
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for N, = 10. In this Appendix, we attempt to reduce such
discretization effects by using the tree-level lattice propa-
gator. A similar idea has been applied to the analysis of the
Polyakov loop correlations in Refs. [22,32].

In calculating the EMT distribution around a static
quark, Eq. (16), we need the expectation values of
Egs. (10) and (11) at nonzero flow time ¢. These quantities
are constructed from (Gj,(t,x)G5,(1,x)),, where the
temporal coordinate is suppressed for notational simplicity.
In the continuum theory at the tree level, this operator is
calculated to be

(Gl (1,x) G, (1,%))
N> -1
2

2

=—g g;w(tvx)g/m(t’x)’ (Al)

where g is the gauge coupling and N = 3 is the number of
colors, with

Gy (1.2)5 = / (A2, 0)Gh (1 2). (A2)

By selecting appropriate gauge fixing conditions for the
gauge action and the gradient-flow equation, one obtains

G1a(t.x) = Gys(t,x) = G31(t,x) = 0 and

Gias(t.x) =

dBp e 1 |x|
D(1,x) = xS (2L}, (A4
o) = [ @ P (ﬁﬁ) (A4)

Next, in lattice gauge theory the propagator correspond-
ing to Eq. (A4) with the Wilson gauge action for the gauge
action and the flow equation reads [33,34]

r Bp . —15i P}
D(t,xn) :/ p3 eiPxn e -
- (2m) 2P

with x,, = an = a(n,,n,,n.) and p; = (2/a)sin(p,/2a).
When the clover-leaf operator for the discretized represen-
tation of Gy, (z,x,) is employed, the discretized represen-
tation of Gy (z,x,) is given by [35]

9,D(t,x), (A3)

(A5)

Gif(1.%,) = 5 (D(1.%,.) = Dltx, ). (A9

Using Egs. (A3) and (A6), the tree-level improvements
of Eqgs. (10) and (11) denoted by the superscript “imp” may
be written as

(E(t,3,))g" = e(t,%,)(E(1,%,)) g, (A7)

<Uyy’(tvxn>>glp = C(t7xn)<Uyy’(t’xn)>Q’

where the correction factor ¢(z,x,) is defined by

(A8)

1 3 i4 t X, >
== A9

53 (G )
In Eq. (A9), the average over i is taken because generally
the ratio Gy(t,x,)/G%(1,x,) at a lattice site x,, depends
on i. However, in our particular choice of discretization,
i.e., the Wilson gauge actions and the clover-leaf operator,
it is easily shown that G;4(1,x,,) /G (¢, x,) does not depend
on i. In this special case the average over i in Eq. (A9) is
redundant. When this property is violated, the improvement
of (U,,(t,x,))o may be replaced by the one that depends
on y and y’ in place of Eq. (A8).

There is one more subtle issue about Eq. (A8). At the tree
level, one easily finds that the matrix elements of Uy, U,
and —Uyy are the same, while the actual lattice data do not
necessarily satisfy such a relation as shown in the main
text. In our tree-level improvement, therefore, we decom-
pose our lattice data into the treelike part and the rest,
(Uyy(t.x,)) g = Uy, (1.x,) + 68U, (t,x,), where the tree-
like part UY,(1,x,) satisfies Uf(r.x,)= U} (t,x,) =
—UY,(t,x,). Then we apply our tree-level improvement
only to the first term:
<U},y/(t,x,,)>lé“p =c(t.x )Utyly,(t,x,l

)+6U,,(t.x,).  (A10)

Below, we consider three choices of U’ ;17,( t,x,) to estimate
the systematic uncertainty of this procedure: U;ly, =
(Usa) s (Upr) o> and —(Ugg) . Corresponding results for
(TR (t,r)) as example are shown in Figs. 10(b), 10(c),
and 10(d), respectively, together with the case without the
correction, Fig. 10(a). Colored open symbols represent
the data at each N, and the gray (yellow) shade is the
continuum result with (without) the data at N, = 10.
The figures show that the tree-level improvement sup-
presses the discretization effect at short distances in three
cases, especially for N, = 10.

Let us now compare the continuum extrapolation using
the data including N, = 10 with the tree-level improvement
and that using the data without N, = 10 and without the
tree-level improvement. Shown in Fig. 11 is such a
comparison for —(7,,(1,rT=0.40)),/T* at T/T,=1.44
as functions of 1/NZ. Colored open triangles represent the
data without the tree-level improvement (red) and with the
tree-level improvement for three different prescriptions
(blue, orange, and green). Filled symbols at 1/N? =0
are the continuum extrapolation: The red squares are
continuum results without N, = 10 data discussed in the
main text, while the diamonds are the continuum results
with N, = 10 data after the tree-level improvement. Taking
into the uncertainly associated with the different prescrip-
tions for the tree-level improvement, the default results
without N, = 10 in the main text are found to be consistent
with the improved results including N, = 10.
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FIG. 10. Distribution of —r*(7,,(1/ag 4y = 1.3.7)) as func-
tions of 7. (a) Same figure as Fig. 2 shown for a comparison. (b),
(c),(d) Tree-level improved results with Eqs. (A7) and (A10) for
three choices of U;ly,: (b) U?y, = (Uss)g> (© U;ly, =(U,)0s

@ Uy, = (U)o

APPENDIX B: LEADING-ORDER
PERTURBATIVE ANALYSIS OF EMT
AROUND A STATIC CHARGE

Let us consider the SU(N) Yang-Mills system at
high temperature where ¢(2z7T) < 1. Then, the effective
theory valid at the length scale of R > (2zT)~! is the
dimensionally reduced EQCD in three dimensions (see,
e.g., [36-39])
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FIG. 11. Comparison of the different prescriptions in the
continuum extrapolation of —(7,,(t,rT =0.40)),/T* at T/T, =
1.44: (a) tT? = 0.00401, (b) 1T? = 0.00767, (c) tT?> = 0.0113,
and (d) 7% = 0.0150.

1
Seocp = / d*x [ETrQ'Z +Tr(Dg)* + myTre? + 5 Lqep | -

(B1)

Here (An o) = (A, 9°1) = (A1, Ag)/(gVT), Gy
0;A; — 0;A; + igelA;, Aj], and Dyp = 0,9 + ige[A;. ¢

114522-10



DISTRIBUTION OF ENERGY-MOMENTUM TENSOR AROUND A ...

PHYS. REV. D 102, 114522 (2020)

with Tr(#*s") = 16, The higher dimensional operators
are denoted by 6Lpgcp. The effective coupling and the
Debye screening mass in the LO read gz = ¢gv/T and
m¥ = (N/3)(gT)?, respectively.

Under the “Feynman static gauge” (044, = 0 for the
temporal component and the Feynman gauge for the spatial
component 4;) [37,38], the tree-level propagators read

e—mDM
(@*(0)¢" (x)) = bap W (B2)
AOLW) =ty (B
(A7(0)¢"(x)) = 0. (B4)

where a and b are color indices. Moreover, the Polyakov
loop operator Q(x) is written as
Q(x) = Pe—igfol/rdTA4(x,r) — o—ige®)/VT (B5)
The LO contribution to the connected correlation
between the Polyakov loop and the EMT stems from the
two gluon exchange of O(g?) and is diagrammatically
shown in Fig. 12. Since the Polyakov loop operator has
only the scalar component ¢(x), the terms which survive in
the LO are the connected diagrams with G7,, i.e.,

((Gfy)* (x)Tr(0)),
(TrQ(0)) -

(G)*(x))o = (B6)

where the suffix ¢ implies the connect correlation.
By expanding (G¢%)? and TrQ up to O(¢?) for fixed
i=1, 2,3, we obtain

(G (%)) = —592«00 (0)0i"(x)) (9" (0)0,9° (x))

+O(g%)

N2 —1 5 e—mD\x| 2 ;
() o
e Bl 41
- 8zt x|

+0(g),

(B7)

where a; = ¢*/4x and Cr = (N> —1)/2N.

FIG. 12. Diagram contributing to the leading-order calculation
of the correlation function between the Polyakov loop and the
EMT operator. The vertical line represents the Polyakov loop and
two wavy lines exchanged gluons. The symbol ® corresponds to
the EMT operator.

Picking up the contributions of (G¢;)*(x) in each
component of the EMT, we obtain the following perturba-
tive estimate for r = |x| > (227)~' up to O(¢?):

<T44<x)>g = <Trr(x)>Q = _<T€9(x)>Q

C 1)?
— __Fas (mDr:V_ ) e—2nlDr + O<g3)'
kY4 r

(B8)

The simplest way to show the above relation is to
choose x = (r,0,0), so that 7 ,,.(r,0,0) = 71;(r,0,0) and
ng(r, O, O) = 722(", 0, 0)

Although one finds that the EMT trace (7 ,,(x)),
vanishes at O(g?), one can utilize the following trace
anomaly to evaluate its O(g*) contribution:

P o o
Ty = 2_gG””G"”’ (B9)
where the Yang-Mills beta function reads f =

~pog = rg> + -+ with Sy = (11/3)Cy/(4n)*, p) =
(34/3)C3/(4n)*, and C4 = N. By using the right-hand
side of the formula and following the same procedure as
above, we find

11 CACF (mDr+ 1)2
<TW(x))Q = _? (47[)2 a% 4

+O(g).

e—ZmDr

(B10)

This is indeed O(g?) higher than Eq. (BS).
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