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We examine the polarized doubly-virtual Compton scattering (VVCS) off the nucleon using chiral
perturbation theory (yPT). The polarized VVCS contains a wealth of information on the spin structure of
the nucleon which is relevant to the calculation of the two-photon-exchange effects in atomic spectroscopy
and electron scattering. We report on a complete next-to-leading-order calculation of the polarized VVCS
amplitudes S, (v, Q%) and S, (v, Q%), and the corresponding polarized spin structure functions g, (x, Q%) and
g>(x, 0?). Our results for the moments of polarized structure functions, partially related to different spin
polarizabilities, are compared to other theoretical predictions and “data-driven” evaluations, as well as to
the recent Jefferson Lab measurements. By expanding the results in powers of the inverse nucleon mass,
we reproduce the known “heavy-baryon” expressions. This serves as a check of our calculation, as well as
demonstrates the differences between the manifestly Lorentz-invariant baryon yPT and heavy-baryon

frameworks.
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I. INTRODUCTION

In the studies of nucleon structure, the forward doubly-
virtual Compton scattering (VVCS) amplitude, Fig. 1, is
playing a central role (see, e.g., Refs. [1-4] for reviews).
Traditionally, its general properties, such as unitarity,
analyticity, and crossing, are used to establish various
useful sum rules for the nucleon magnetic moment
(Gerasimov-Drell-Hearn [5,6] and Schwinger sum rules
[7-9]) and polarizabilities (e.g., Baldin [10] and
Gell-Mann-Goldberger-Thirring sum rules [11]). More
recently, the interest in nucleon VVCS has been renewed
in connection with precision atomic spectroscopy, where
this amplitude enters in the form of two-photon exchange
(TPE) corrections. As the TPE corrections in the atomic
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domain are dominated by low-energy VVCS, it makes
sense to calculate them systematically using chiral pertur-
bation theory (yPT), which is a low-energy effective-field
theory of the Standard Model.

In this paper, we present a state-of-the-art yPT calcu-
lation of the polarized nucleon VVCS, relevant to TPE
corrections to the hyperfine structure of hydrogen and
muonic hydrogen. This will extend the leading-order yPT
evaluation of the TPE effects in hyperfine splittings
[12—-17]. Here, however, we do not discuss the TPE
evaluation, but rather focus on testing the yPT framework
against the available empirical information on the low-
energy spin structure of the nucleon.

It is especially interesting to confront the yPT predictions
with the recent measurements coming from the ongoing
“Spin Physics Program” at Jefferson Laboratory [18-27],
with the exception of a recent measurement of the deuteron
spin polarizability by the CLAS Collaboration [28], which
does not treat correctly complications due to deuteron
spin [29].

Our present calculation is extending Ref. [30] to the
case of polarized VVCS. We therefore use a manifestly

Published by the American Physical Society
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FIG. 1. The forward Compton scattering, or VVCS, in the case
of virtual photons, ¢> = —Q>.

covariant extension of SU(2) yPT to the baryon sector
called baryon yPT (ByPT). First attempts to calculate
VVCS in the straightforward ByPT framework (rather
than the heavy-baryon expansion or the “infrared regulari-
zation”) were done by Bernard et al. [31] and our group
[32]. The two works obtained somewhat different results,
most notably for the proton spin polarizability 6; 7. Here we
improve on [32] in three important aspects appreciable at
finite Q%: (1) inclusion of the Coulomb-quadrupole (C2)
N — A transition [33,34]; (2) correct inclusion of the
elastic form-factor contributions to the integrals I'; (Q?),
1,(Q?%), and 1,(Q?) (see Secs. I C and I D for details),
and (3) cancellations between different orders in the chiral
prediction and their effect on the convergence of the
effective-field-theory calculation, and thus, the error esti-
mate. These improvements, however, do not bring us closer
to the results of [31], and the source of discrepancies most
likely lies in the different counting and renormalization of
the wA-loop contributions. Bernard et al. [31] use the so-
called small-scale expansion [35] for the A(1232) contri-
butions, whereas we are using the d-counting scheme [36]
(see also Ref. [37] [Sec. 4] for review).

This paper is organized as follows. In Sec. II A, we
introduce the polarized VVCS amplitudes and their rela-
tions to spin structure functions. In Sec. II B, we introduce
the spin polarizabilities appearing in the low-energy
expansion (LEX) of the polarized VVCS amplitudes. In
Sec. I C, we briefly describe our yPT calculation, focusing
mainly on the uncertainty estimate. In Sec. III, we show our
predictions for the proton and neutron polarizabilities, as
well as some interesting moments of their structure
functions. In Sec. III G, we summarize the results obtained
herein, comment on the improvements done with respect to
previous calculations, and give an outlook to future
applications. In Appendix B, we discuss the structure
functions; in particular, we define the longitudinal-
transverse response function, discuss the A-pole contribu-
tion, and give analytical results for the tree-level zN- and
A-production channels of the photoabsorption cross sec-
tions. In Appendix C, we give analytical expressions for
the zN-loop and A-exchange contributions to the central
values and slopes of the polarizabilities and moments of
structure functions at Q> = 0. The complete expressions,
also for the mA-loop contributions, can be found in the
Supplemental Material [38].

II. CALCULATION OF UNPOLARIZED
VVCS AT NLO

A. VVCS amplitudes and relations
to structure functions

The polarized part of forward VVCS can be described in

terms of two independent Lorentz-covariant and gauge-
invariant tensor structures and two scalar amplitudes [3]:

™ (p.q)

1
— e g ¢ 2
AL (v, 0%)

— 5 (M6 + 4" — 47 9) S (v, 0%). (1)
N

Here, ¢ and p are the photon and nucleon four-momenta

(cf. Fig. 1), v is the photon lab-frame energy, Q* = —¢* is

the photon virtuality, and y* =1[y*,y*] and p"* =

Y*r vy —yy*y*) are the usual Dirac matrices.

Alternatively, one can use the following laboratory-frame
amplitudes:

2

gn@,QZ)—i{s,(v,QZ)— 9 s2<u,Q2>], (22)

MN MNU
2 :g n ., Y 2
grr(v, Q7) M, Si(v, Q )+MN52(14Q) . (2b)

introduced in Eq. (A2). The optical theorem relates the
absorptive parts of the forward VVCS amplitudes to the
nucleon structure functions or the cross sections of virtual
photoabsorption:

4 2
ImS$) (1, Q%) = g1 (x. Q%) (3a)

2
_ M(D’Q) |:%GLT(1/, 0%) +orr(v, Q2)} ’

V>4 0?
A72aM
ImS$, (v, Q%) = %gz(m 0%) (3b)
MK (v, Q?
= %Qg) {éf&r(’/v Qz) —orr(v, Qz)],

with a the fine structure constant and K (v, Q?) the photon
flux factor. Note that the photon flux factor in the optical
theorem and the cross sections, measured in electropro-
duction processes, is a matter of convention and has to be
chosen in both quantities consistently. In what follows, we
use Gilman’s flux factor:
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K(.0%) =4l = Vv’ + 0% (4)

The helicity-difference photoabsorption cross section is
defined as 677 = 1/2(6y/, — 03)2), where the photons are
transversely polarized, and the subscripts on the right-hand
side indicate the total helicities of the y*N states. The cross
section o 7 corresponds to a simultaneous helicity change
of the photon and nucleon spin flip, such that the total
helicity is conserved. A detailed derivation of the con-
nection between this response function and the photo-
absorption cross sections can be found in Appendix B.
The forward VVCS amplitudes satisfy dispersion relations
derived from the general principles of analyticity and
causalityl:

N 167raMN/1 g1(x, 0%)
Si(v. Q%) = 02 o dxl —X2(v)vg)? — 0 (5a)
2MN d , V2507 +or7](V. 0?)
VP QW = — o)
2 _ 16malty / 9 0°)
VSZ(I/’ Q ) - Q2 0 1= xz(v/vd)z —i0t (Sb)
2M2 W V,Z[Q orr —orr)(V. Q%)
VP QU = - i0%)

with v = Q?/2M the elastic threshold.

B. Low-energy expansions and relations
to polarizabilities

The VVCS amplitudes naturally split into nucleon-pole
(57°') and nonpole (57°"°') parts, or Born ($3°™) and non-
Born (S;) parts:

Si _ S?ole + S?onpole _ S?Om + Si~ (6)

The Born amplitudes are given uniquely in terms of the
nucleon form factors [1]:

onn 2ma [ Q2G(QY)F(Q?

" (V,Qz)_MLZ{ My(g]_)yzl( )_F%(Qz)} (7a)
2

Slz?;om (1/, Q2) — Uz”l (QZ)FZ(QZ) (7b)

el

The same is true for the nucleon-pole amplitudes, which
are related to the Born amplitudes in the following way:

"The dispersion relation for vS,(v, Q%) is used because it is
pole-free in the limit Q> — 0, and then v — 0 [cf. Eq. (7b)].

+ 2020, (8a)

ole orn
S0 0%) = $PM (0, 0%) + 5

SE (v, 0%) = SBom (v, 02). (8b)
Here, we used the elastic Dirac and Pauli form factors

F1(Q?) and F,(Q?), related to the electric and magnetic
Sachs form factors Gz(Q?) and G,,(Q?) through

Gp(Q%) +7Gu(Q%)

Py = CREIETME) gy

where 7 = Q?/4M3,.

A LEX of Eq. (5), in combination with the unitarity
relations given in Eq. (3), establishes various sum rules
relating the nucleon properties (electromagnetic moments,
polarizabilities) to experimentally observable response
functions [1,3]. The leading terms in the LEX of the real
Compton scattering (RCS) amplitudes are determined
uniquely by charge, mass, and anomalous magnetic
moment, as the global properties of the nucleon. These
lowest-order terms represent the celebrated low-energy
theorem (LET) of Low, Gell-Mann, and Goldberger
[39,40]. The polarizabilities, related to the internal structure
of the nucleon, enter the LEX at higher orders. They make
up the non-Born amplitudes and can be related to moments
of inelastic structure functions.

The process of VVCS can be realized experimentally
in electron-nucleon scattering, where a virtual photon is
exchanged between the electron and the nucleon. This
virtual photon acts as a probe whose resolution depends on
its virtuality Q. In this way, one can access the so-called
generalized polarizabilities, which extend the notion of
polarizabilities to the case of response to finite momentum
transfer. The generalized forward spin polarizability y,(Q?)
and the longitudinal-transverse polarizability §;,(Q?) are
most naturally defined via the LEX of the non-Born part of
the lab-frame VVCS amplitudes [1]:

1
.0 = L (0 + 10
+70(Q*) + (10a)
1 nonpole 2 2a 2 2\, 2
e . 0%) = 5 ()0 + 6.7 (Q )0 + - -
(10b)

Their definitions in terms of integrals over structure
functions are postponed to Egs. (19) and (22). Here, we
only give the definition of the moment 75(Q?):
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GLT(Vv Q2)

M3, [
I3<Q2) = 4ﬂéva/ dv
0]

2 fx
=2 [ (.0 + o ) (1)
0" Jo
which is related to the Schwinger sum rule in the real
photon limit [7-9,41,42]. The LEX of the nonpole part of
the covariant VVCS amplitudes can be described entirely in
terms of moments of inelastic spin structure functions [up
to O(v*) [43]1:

K(v.0%)
vQ

1
4z

2a
MyQ?

nonpole( 0% = Az/l—jlll(Qz) + { [1,(0%)

—1,(Q%)] JrMNéLT(Qz)}’/Za (12a)

— I,(0*)]V?
(12b)

1
—uSh (), 02) = 2al,(Q?) +

2a )
i @[h(Q)

1,(Q?%) and 1,(Q?) are generalizations of the famous
Gerasimov-Drell-Hearn (GDH) sum rule [5,6] from RCS to
the case of virtual photons [1]. Their definitions are given
in Egs. (26) and (32). I,(Q?) is the well-known Burkhardt-
Cottingham (BC) sum rule [44],

2M%,

L(Q*) = o

¥ [ dex,02) = 102160,
(13)

which can be written as a “superconvergence sum rule’:

2

167raM2 hmu52 v, 0%) / dxg,(x,0%) =0. (14)
The latter is valid for any value of Q2 provided that the
integral converges for x — 0. Combining Eq. (5) with the
above LEXs of the VVCS amplitudes, we can relate 1,,(Q?),
1,(Q%), yo(Q?), and 6;7(Q%) to moments of inelastic
structure functions (see Sec. III). It is important to note that
only yo(Q?) and &;7(Q?) are generalized polarizabilities.
The relation of the inelastic moments 7, (Q?) and 1, (Q?) to
polarizabilities will be discussed in detail in Secs. III C and
11 D. The difference between S, (v, 02) and 1" (v, 0?)
[cf. Eq. (8)] will be important in this context.

C. Details on yPT calculation and uncertainty estimate

In this work, we calculated the next-to-leading-order
(NLO) prediction of ByPT for the polarized non-Born
VVCS amplitudes. This includes the leading pion-nucleon
(=nN) loops (see Ref. [32][Fig. 1]), as well as the subleading
tree-level Delta exchange (A exchange) (see Ref. [30]

[Fig. 2]) and the pion-Delta (zA) loops (see Ref. [32]
[Fig. 2]). In the é-power-counting scheme [36], the LO and
NLO non-Born VVCS amplitudes and polarizabilities are
of O(p?) and O(p*/A), respectively.” The low-energy
constants (LECs) are listed in Table I, sorted by the order at
which they appear in our calculation. At the given orders,
there are no “new” LECs that would need to be fitted from
Compton processes. For more details on the ByPT for-
malism, we refer to Ref. [30], where power counting,
predictive orders (Sec. IIT A), and the renormalization
procedure (Sec. III B) are discussed.

A few remarks are in order for the inclusion of the
A(1232) and the tree-level A-exchange contribution. In
contrast to Ref. [32], we include the Coulomb-quadrupole
(C2) N — A transition described by the LEC g.. The
relevant Lagrangian describing the nonminimal y*NA
coupling [33,34] (note that in these references the overall
sign of g, is inconsistent between the Lagrangian and
Feynman rules) reads

3e

r@ _
AT oMM,

NT; { iguF*0,A, — geysF"™ 0,4,

+ lM Ysr* (0,4, — BUAQ)@,F"”} +Hec, (15
with M, = My + M, and the dual of the electromagnetic
field strength tensor F* = e"”’”F Even though the
Coulomb coupling is subleadmg compared with the electric
and magnetic couplings (gr and g,,), its relatively large
magnitude (cf. Table I) makes it numerically important, for
instance, in yo(Q?). Furthermore, we study the effect of
modifying the magnetic coupling using a dipole form factor,

9m = [ I (16)

L+ (Q/A)?1

where A = 0.71 GeV?. The inclusion of this Q> depend-
ence mimics the form expected from vector-meson domi-
nance. It is motivated by observing the importance of this
form factor for the correct description of the electroproduc-
tion data [33].

To estimate the uncertainties of our NLO predictions,
we define

o) 6w

such that the neglected next-to-next-to-leading order terms
are expected to be of relative size 6> [33]. The uncertainties

’In the full Compton amplitude, there is a lower order
contribution coming from the Born terms, leading to a shift in
nomenclature by one order: the LO contribution referred to as the
NLO contribution, etc. (See, e.g., Ref. [45].)
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FIG. 2. Upper panel: Generalized forward spin polarizability for the proton (left) and neutron (right) as a function of Q. The result of
this work, the NLO ByPT prediction, is shown by the blue solid line and the blue band. The red line represents the LO ByPT result. The
purple short-dashed line is the O(p*) HB result from Ref. [51]. The black dotted line is the MAID model prediction [61-63], which is
taken from Ref. [1] (proton) and Ref. [20] (neutron). The pink band is the IR + A result from Ref. [60], and the gray band is the
ByPT + A result from Ref. [31]. Empirical extractions for the proton: Ref. [18] (blue dots), Ref. [64] (purple square), and Ref. [57]
(orange triangle; uncertainties added in quadrature); and neutron: Ref. [20] (blue diamonds) and Ref. [58] (green dots; statistical and
systematic uncertainties added in quadrature). Lower Panel: Longitudinal-transverse spin polarizability for the proton (left) and neutron
(right). The orange dot-dashed and purple short-dashed lines are the O(p?) and O(p*) HB results from Ref. [51]. The pink band is the
IR result from Ref. [60] and the gray band is the covariant ByPT + A result from Ref. [31]. The black dotted line is the MAID model
prediction [61-63]; note that for the proton we use the updated estimate from Ref. [1] obtained using the z,#, 7z channels.

in the values of the parameters in Table I have a much
smaller impact compared to the truncation uncertainty and
can be neglected. Unfortunately, Al,4(Q?), 7o(Q?), and
70(Q?%), i.e., the sum rules involving the cross section
orr(v, Q?), as well as the polarizability AI,(Q?), turn out

TABLE I. Parameters (fundamental and low-energy constants)
[46] at the order they appear first. The zNA coupling constant /1,
is fit to the experimental Delta width and the y*NA coupling
constants gy, gg, and g¢ are taken from the pion photoproduction
study of Ref. [33].

o(p?) a=1/(137.04), My = M, = 938.27 MeV
o(p?) ga = 1.270, f, = 92.21 MeV, m, = 139.57 MeV
O(p*/A) My =1232 MeV, hy = 2g,na = 2.85,

to be numerically small. Their smallness suggests a
cancellation of leading orders (which can indeed be
confirmed by looking at separate contributions as shown
below). Therefore, an error of 5*(Q?)P(Q?), where P(Q?)
is a generalized polarizability, might underestimate the
theoretical uncertainty for some of the NLO predictions. To
avoid this, we estimate the uncertainty of our NLO polar-
izability predictions by

oP(0?)

= {Max[5*(0)P(0)%,5*(0)PL©(0)?, 5*(0) PN-C(0)?]
+Max[6*(Q?)[P(Q?) - P(0)]%,
S4(Q2)[PLO(Q2) _ PLO(O)]Z,

3*(Q)[PNO(Q?) — PNO(0) ] }/2, (18)
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where PYO(Q?) is the zN-loop contribution, PNO(Q?)
are the A-exchange and zA-loop contributions, and
P(Q?%) = PY°(Q?) + PNO(Q?). This error prescription
is similar to the one used in, e.g., Refs. [47-50]. Here,
since we are interested in the generalized polarizabilities,
we added in quadrature the error due to the real-photon
piece P(0) and the Q?-dependent remainder P(Q?) — P(0).
Note that /,(0) and 7, (0) are given by the elastic Pauli form
factor, which is not part of our ByPT prediction and is
considered to be exact.

Note that our result for the spin polarizabilities (and the
unpolarized moments [30]) are NLO predictions only at low
momentum transfers Q ~ m,. At larger values of Q = A,
they become incomplete LO predictions. Indeed, in this
regime the A propagators do not carry additional suppression
compared to the nucleon propagators, and the 7A loops are
promoted to LO. In general, we only expect a rather small
contribution from omitted 7A loops to the Q* dependence
of the polarizabilities, since 7#A loops show rather weak
dependence on Q? compared with the A exchange or 7N
loops. Nevertheless, this issue has to be reflected in the error
estimate. Since the polarizabilities at the real-photon point
P(0) are not affected, it is natural to separate the error on the
Q?-dependent remainder P(Q?) — P(0), as done in Eq. (18).
To accommodate for the potential loss of precision above
Q = A, we define the relative error 5(Q?) as growing with
increasing Q? [see Eq. (17)].

Upon expanding our results in powers of the inverse
nucleon mass, My, we are able to reproduce existing results
of heavy-baryon yPT (HByPT) at LO. We, however, do not
see a rationale to drop the higher-order My terms when they
are not negligible (i.e., when their actual size exceeds by far
the natural estimate for the size of higher-order terms).
Comparing our ByPT predictions to HByPT, we will also
see a deficiency of HByPT in the description of the Q2
behavior of the polarizabilities. Note that the O(p*) HByPT
results from Refs. [51,52], which we use here for compari-
son, do not include the A. These references studied the
leading effect of the latter in the HByPT framework, using
the small-scale expansion [35], observing no qualitative
improvement in the HByPT description of the empirical data
[51,52] when including it. We therefore choose to use the
O(p*) results as the representative HByPT curves.

Another approach used in the literature to calculate the
polarizabilities in yPT is the infrared regularization (IR)
scheme, introduced in Ref. [53]. This covariant approach
tries to solve the power counting violation observed in
Ref. [54] by dropping the regular parts of the loop integrals
that contain the power-counting-breaking terms. However,
this subtraction scheme modifies the analytic structure of
the loop contributions and may lead to unexpected prob-
lems, as was shown in Ref. [55]. As we will see in the next
section, the IR approach also fails to describe the Q2
behavior of the polarizabilities.

III. RESULTS AND DISCUSSION

We now present the NLO ByPT predictions for the
nucleon polarizabilities and selected moments of the
nucleon spin structure functions. Our results are obtained
from the calculated non-Born VVCS amplitudes and the
LEXs in Egs. (10) and (12). For a cross-check, we used the
photoabsorption cross sections described in Appendix B.
In addition to the full NLO results, we also analyze the
individual contributions from the zN loops, the A
exchange, and the zA loops.

A. 70(Q*)—generalized forward spin polarizability
The forward spin polarizability,

1 0 2 .02
YO(QZ)_Z—HQ/ du\@% (19)

AM3 x?
Q2

16(ZM2 Xo
= Q6 N/O dxx? |:g] (x, Qz) -

provides information about the spin-dependent response
of the nucleon to transversal photon probes. The RCS
analogue of the above generalized forward spin polar-
izability sum rule is sometimes referred to as the Gell-
Mann, Goldberger, and Thirring (GGT) sum rule [11]. At
Q% =0, the forward spin polarizability is expressed
through the lowest-order spin polarizabilities of RCS
as yo = —(Yeie1 + Ysn + Yewm2 + Yang2)- The forward
spin polarizability of the proton is relevant for an
accurate knowledge of the (muonic-)hydrogen hyperfine
splitting, as it controls the leading proton-polarizability
correction [16,56].

The zN-loop, A-exchange, and 7A-loop contributions to
the NLO ByPT prediction of the forward spin polarizability
amount to, in units of 10~* fm?,

92 (x, QZ) ,

Yop = —0.93(92) % 2.01 —2.84 - 0.10,  (20a)

Yon = 0.03(92) ~2.98 —2.84 - 0.10,  (20b)

while the slope is composed as follows, in units of
10~ fm®:

d 2

Yol )| 004 —03340.114001,  (21a)
dO” g2

d 2

Yol )| _ g 61(7)~—0734+0.114001.  (21b)
dO” [

Figure 2 (upper panel) shows our NLO prediction, as
well as the LO zN loops, compared to different exper-
imental and theoretical results. For the proton, we have
one determination at the real-photon point by the GDH
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Collaboration [19], yo, = —1.00(8)(12) x 10~* fm*, and
further Jefferson Laboratory data [18,57] at very low Q2.
For the neutron, only data at finite Q? are available [20,58].
The experimental data for the proton are fairly well
reproduced in the whole Q? range considered here, while
for the neutron the agreement improves with increasing Q.
The HB limit of our z/N-loop contribution reproduces the
results published in Refs. [51,59] for arbitrary Q2
In addition, our prediction is compared to the MAID
model [1,20], the IR + A calculation of Ref. [60], and
the ByPT + A result of Ref. [31].

The zN-production channel gives a positive contribution
to the photoabsorption cross section o7 (v, Q°) at low Q?
(cf. Fig. 10). Accordingly, one observes that the zN loops
give a sizable positive contribution to y,(Q?). The Delta, on
the other hand, has a very large effect by canceling the zN
loops and bringing the result close to the empirical data.
From Fig. 3 (upper panel), one can see that it is the A
exchange what dominates, while zA loops are negli-
gible. This was expected, since the forward spin polar-
izability sum rule is an integral over the helicity-difference

proton

015 020 0.25

Q@ [GeV?]

0.00 0.05 0.10

proton

I A e e e L S e e e e e

sur [107* fm*

020 0.25

0.10

0.15
Q? [GeV?]

cross section, in which o3/, is governed by the Delta
at low energies (the relevant energy region for the
sum rule).

To elucidate the difference between the present calcu-
lation and the one from Ref. [31], we note that the two
calculations differ in the following important aspects. First,
Ref. [31] uses the small-scale counting [65] that considers
A and m, as being of the same size, A ~ m, . In practice,
this results in a set of wA-loop graphs which contains
graphs with one or two yAA couplings and hence two or
three Delta propagators. Such graphs are suppressed in the
0 counting and thus omitted from our calculation while
present in that of Ref. [31]. Second, the Lagrangians
describing the interaction of the Delta are constructed
differently and assume slightly different values for the
coupling constants. In particular, we employ (where pos-
sible) the so-called “consistent” couplings to the Delta
field, i.e., those couplings that project out the spurious
degree of freedom (see Refs. [37,66,67]). The authors of
Ref. [31], on the other hand, use couplings where the
consistency in this sense is not enforced. The effects of
these differences are of higher order in the &-counting

neutron
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005 010 0145 020 0.25
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FIG. 3. Contributions of the different orders to the chiral predictions of y,(Q?) (upper panel) and &, 7-(Q?) (lower panel) for the proton
(left) and neutron (right). Red solid line: z#N-loop contribution; green dot-dashed line: A-exchange contribution; orange dotted line:
mA-loop contribution; blue long-dashed line: total result; purple dot-dot-dashed line: total result without g contribution; and black

short-dashed line: total result without g;, dipole.
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expansion, and their contribution to the Q> dependence
of the considered polarizabilities is expected to be
rather small; however, the differences at Q> = 0 could
be noticeable [68].

Finally, as mentioned in Sec. I C, we are including a
dipole form factor in the magnetic coupling g,;, a modi-
fication absent in Ref. [31]. This modification is expected
to be needed in order to generate the correct Q> behavior of
the polarizabilities that receive a significant contribution
from the magnetic y*NA transition, such as y,(Q?).
Figure 2 (upper panel) shows that our predictions for the
Q? dependence of yy(Q?) differ quite significantly from
those of Ref. [31]. The main reason for this is the dipole
form factor that indeed drives the curves closer to the
experimental data. Another polarizability that shows a

proton
0.0¢
-05F :
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= 15} :
20/ ]
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~30}, ‘ ‘ . ‘ ‘ ]
000 005 010 015 020 025 0.30

Q% [GeV?]
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PR

015 020 025 0.30
Q% [GeV?
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similar importance of the dipole form factor is the closely
related 1,(Q?), considered below in Sec. Il C, and shown
in Fig. 4 (upper panel). In other polarizabilities, such as
5.7(Q?) shown in Fig. 2 (lower panel), the magnetic
transition is not so prominent, and so is the effect of the
dipole form factor on the Q? dependence. The effect of the
form factor on the polarizabilities is further illustrated in
Figs. 3, 5, and 9, where one can see the total result with the
gy dipole compared to the total result without it.
Concerning the generalized forward spin polarizability,
the experimental data for y,,(Q?) at very low Q7 slightly
favor the ByPT prediction without inclusion of the
dipole form factor [31]. In general, our ByPT prediction
is able to describe all experimental data within errors and
shows perfect agreement for yp,(Q?) at Q* < 0.3 GeV?

neutron
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FIG. 4. Upper panel: The generalized GDH integral 1,,(Q?) for the proton (left) and neutron (right) as a function of Q2. The result of
this work, the NLO ByPT prediction, is shown by the blue solid line and the blue band. The red line represents the LO ByPT result. The
purple short-dashed line is the O(p*) HB result from Refs. [51,52]. The gray band is the ByPT + A result from Ref. [31]. The black
dotted line is the MAID model prediction [69]. Experimental extractions for the proton: Ref. [57] (orange triangle; uncertainties added in
quadrature); and neutron: Refs. [21]/[27], where magenta dots/orange diagonal crosses correspond to data and red squares/lilac crosses
correspond to data plus extrapolation to unmeasured energy regions. The green stars at the real-photon point are derived from the
anomalous magnetic moments: x, &~ 1.793 and x, ~ —1.913 [70]. Lower panel: The generalized GDH integral I;(Q?) for the proton
(left) and neutron (right) as a function of Q2. The purple short-dashed line is the HB result from Ref. [52]. Experimental extractions for
the proton: Ref. [18] (blue dots) and Ref. [57] (orange triangle; uncertainties added in quadrature); and neutron: Refs. [58]/[27]
(uncertainties added in quadrature) where green dots/orange diagonal crosses correspond to data and gray squares/lilac crosses
correspond to data plus extrapolation to unmeasured energy regions.
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and for y,,(0Q?) in the region of 0.15 < Q% < 0.3 GeV>.
The zA-loop contribution does not modify the Q? behavior
of yo(Q?) and differs from Ref. [31] by only a small global
shift. Note also the relatively large effect of g., which
generates a sign change for virtualities above ~0.2 GeV?
[see Fig. 3 (upper panel)].

B. 6,7(Q*)—longitudinal-transverse polarizability

The longitudinal-transverse spin polarizability,

1 o 2 0>
5LT(Q2):ﬁ/ dy\/@%

2y
S [ 4l (5,00 n(. 07, (22)
contains information about the spin structure of the nucleon
and is another important input in the determination of
the (muonic-)hydrogen hyperfine splitting [16,56]. It is
also relevant in studies of higher-twist corrections to the
structure function g, (x, Q%), given by the moment d,(Q?)
[52] (see Sec. IIIE). The peculiarity of the response
encoded in this polarizability is that it involves a spin flip
of the nucleon and a polarization change of the photon (see
Appendix B and Fig. 11).

It is expected that the Delta isobar gives only a
small contribution to &;7(Q?), which makes this polar-
izability a potentially clean test case for chiral calcula-
tions. Consequently, there are relatively many different
theoretical calculations of 6, 7(Q?) coming from different
versions of yPT with baryons (HB, IR, and covariant).
Reference [51] found a systematic deviation of the HB
result for 6, 7,(Q?) from the MAID model prediction. This
disagreement was identified by the authors of Ref. [71] as a
puzzle involving the neutron 6,7 polarizability—the &; 7
puzzle. The IR calculation in Ref. [60] also showed a
deviation from the data and predicted a rapid rise of
5.7(Q?) with growing Q2. The problem is solved by
keeping the relativistic structure of the theory, as the
ByPT + A result of Ref. [31] showed.

As expected, already the leading zN loops provide
a reasonable agreement with the experimental data
[cf. Fig. 2 (lower panel)]. Since the A-exchange con-
tribution to §;7(Q?) is small, the effect of the g,, form
factor is negligible in this polarizability, as is that of the
gc coupling [cf. Fig. 3 (lower panel)]. In fact, we predict
both the A-exchange and the zA-loop contributions to be
small and negative. This is in agreement with the MAID
model, which predicts a small and negative contribution
of the P33 wave to ,7(Q%). However, in the calculation
of Ref. [31], which is different from the one presented
here only in the way the A(1232) is included, the
contribution of this resonance to &,7,(Q*) is sizable
and positive. The authors of that work attributed this

large contribution to diagrams where the photons couple
directly to the Delta inside a loop. As mentioned in
Sec. Il A, the effect of such loop diagrams does not
change the Q? behavior of the polarizabilities. On the
other hand, it can produce a substantial shift of the
5.7(Q%) as a whole. A higher-order calculation should
resolve the discrepancy between the two covariant
approaches; however, it will partially lose the predictive
power since the LECs appearing at higher orders will
have to be fitted to experimental data.

The zN-loop, A-exchange, and 7A-loop contributions to
the NLO ByPT prediction of the longitudinal-transverse
polarizability are, in units of 107 fm*,

Surp = 1.32(15) ~ 1.50 = 0.16 —0.02,  (23a)

Sprn = 2.18(23) ~2.35-0.16 - 0.02,  (23b)

while the slopes are, in units of 107 fm®,

ds 2
LzQ) = —0.85(8) ~ —0.80 — 0.04 — 0.01,
dQ Q2=0
(24a)
46,7, (0?
L,ZQ) = —1.24(12) & —1.19 — 0.04 — 0.01.
dQ Q2:0

(24b)

C. 1,(Q*—a generalized GDH integral

The helicity-difference cross section o7 exhibits a faster
falloff in v than its spin-averaged counterpart o7. This is
due to a cancellation between the leading (constant) terms
of 61/, and o3/, at large v.> The resulting 1/v falloff of
the helicity-difference cross section allows one to write an
unsubtracted dispersion relation for the VVCS amplitude
g (1, 02) [cf. Eq. (10)]. This is the origin of the GDH
sum rule [5,6],

1 o
_ az %2:_2/ dUO-TT(l/), (25)
2My, 27° Ju, v

which establishes a relation to the anomalous magnetic
moment x. It is experimentally verified for the nucleon by
MAMI (Mainz) and ELSA (Bonn) [72,73].

There are two extensions of the GDH sum rule to
finite Q”: the generalized GDH integrals I,(Q?) and
1,(Q?). The latter will be discussed in Sec. IIID. The
former is defined as®

*Notice that a constant term in orr at v — oo is forbidden by
crossing symmetry.
“Note that 1,(Q?) is sometimes called I77(0?).
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i 11(0)

_ L *© QO'TT(VQ)
__Sfcz/yod\/l+ v

Xo 4M2 2
_éf) d’{ & 92<X’Qz>—gl<x,Q2>] (26)

Because of its energy weighting, the integral in Eq. (26)
converges slower than the one in the generalized forward
spin polarizability sum rule (19). Therefore, knowledge of
the cross section at higher energies is required and the
evaluation of the generalized GDH integral 1, (Q?) is not as
simple as the evaluation of y,(Q?).

The generalized GDH integral 1,(Q?) is directly related
to the nonpole amplitude ¢} (v, %), which differs from
non-Born amplitude g;7(v, Q%) by a term involving the
elastic Pauli form factor

2rav

gr}onpole(y’ QZ) — gTT( Qz) - FZ(QZ) (27)

My,
[cf. Egs. (2) and (8)]. Consequently, 7,(Q?) is not a
pure polarizability, but also contains an elastic contribu-
tion. The “nonpolarizability” or the Born part of 1,(Q?) is
given by

1
I30M(Q%) = 14(Q%) — Al (Q%) = -7 F3(0%),  (28)
where we refer to the polarizability part as Al,(Q?). The
same is true for the generalized GDH integral I,(Q?),

which is directly related to S°"°(v, 02):

1 (Q%) = 1,(0%) ~ AL(QY) =~ F(0Y).  (29)
In the following, we will add the Born parts to our LO and
NLO ByPT predictions for the polarizabilities Al,(Q?) and
AI,(Q?), employing an empirical parametrization for the
elastic Pauli form factor [74]. This allows us to compare to
the experimental results for 7,(Q?) and I,(Q?) (cf. Fig. 4).
Note that the blue error bands only describe the uncer-
tainties of our ByPT predictions of the polarizabilities,
while the elastic contributions are considered to be exact, as
explained in Sec. IIC. The uncertainties of the polar-
izability predictions are therefore better reflected in Fig. 5,
where we show the contributions of the different orders to
the ByPT predictions of Al,(Q?) and Al,(Q?), as well as
the total results with error bands.

The E97-110 experiment at Jefferson Lab has recently
published their data for I4,(Q?) in the region of
0.035 GeV? < Q% < 0.24 GeV? [27]. In addition, there
are results for /4, (Q?) from the earlier E94-010 experiment

[21], and for I Ap(Qz) from the E08-027 experiment [57].
The O(p*) HB calculation gives a large negative effect
[52], which does not describe the data. The ByPT + A
result from Ref. [31], which mainly differs from our work
by the absence of the dipole form factor in g,;, looks
similar to this HB result and only describes the data points
at lowest Q?. Our NLO prediction, however, follows
closely the Q? evolution of the data. In Fig. 5 (upper
panel), we show the polarizability Al,(Q?), whose Q2
evolution is clearly dominated by the A exchange. Similar
to the case of y,(Q?), the inclusion of the dipole in gy
and the Coulomb coupling g is very important in order to
describe the experimental data. The LO prediction, on the
other hand, slightly overestimates the data [cf. Fig. 4
(upper panel)].

At the real-photon point: 7,(0) = —”72 and Al,(0) = 0.
Therefore, we give only the slope of the polari-
zability Al,(Q?) (showing also the separate contribu-
tions from zN loops, A exchange, and zA loops) in units
of GeV~2:

dAI 2
M = —8.58(3.43) ~2.38 — 11.21 + 0.25,
40 |y
(30a)
dAl 2
M =-9.55(343) ~ 1.41 — 11.21 + 0.25.
To

(30b)

Including the empirical Pauli form factor [74], we find,
in units of GeV~2,

dIAp(QZ) —_318 dIAn(Q2>

—3.00. 31
do? 02=0 do? 02=0 G

D. I'y(Q?) and I,(Q?)—the first moment
of the structure function g; (x, Q%)

The second variant for a generalization of the GDH sum
rule to finite Q? is defined as

3 (@)

—5 / \/7[0TT(U 0?) +%0LT(V’Q2)
:—@A dxg; (x, 0%), (32)

where I,(0) = — ”—2 This generalized GDH integral directly

stems from the amphtude S Ole(v, 0?) with the LEX
from Eq. (12). It is given by the first moment of the
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FIG. 5. Contributions of the different orders to the chiral predictions of Al,(Q?) (upper panel) and A, (Q?) (lower panel) for the
proton (left) and neutron (right). Red solid line: z/N-loop contribution; green dot-dashed line: A-exchange contribution; orange dotted
line: zA-loop contribution; blue solid line and blue band: total result; purple dot-dot-dashed line: total result without g~ contribution;

and black short-dashed line: total result without g,, dipole.

structure function g; (x, 0?), I'1(Q?) = [3° dxg, (x, Q?), as

follows: 1,(Q?) = %@r] (Q?). The isovector combination

Fitpon (0%) = /0 ® dxlgy (1 02) = gua(x. Q2] (33)

is related to the axial coupling of the nucleon through the
Bjorken sum rule [75,76]:

. 9a
lelinoorl(p—n)(Qz) g :

(34)

As explained in Eq. (28), the moment 7, (Q?) splits into a
polarizability part Al;(Q?) and a Born part I3°™(Q?).
Figure 4 (lower panel) shows the Q? dependence of I, (Q?)
which, in contrast to 7,(Q?) shown in Fig. 4 (upper panel),
is clearly dominated by its Born part and the elastic Pauli
form factor. The zN-loop, A-exchange, and zA-loop
contributions to the polarizability Al,(Q?) are shown in
Fig. 5 (lower panel). Comparing to Fig. 5 (upper panel),
one sees that Al,(Q?) is less sensitive to g and the dipole
form factor in g, than Al,(Q?).

For the proton, our NLO ByPT prediction gives a very
good description of the experimental data [18,57] and is in
reasonable agreement with the MAID prediction [69]. For
the neutron, one observes good agreement with the empiri-
cal evaluations including extrapolations to unmeasured
energy regions starting from Q2 > 0.1 GeV? [27,58]. In
the region of Q% < 0.05 GeV?, one observes an interesting
tension between the recent E97-110 experiment [27] and
the data from CLAS [58]. While the newest measurement
finds 7,,(0.035 GeV?) < x2/4, thus suggesting a negative
slope at low Q, the older measurement found a rather large
value for 1;,(0.0496 GeV?). A similar but milder behavior
is seen in the E97-110 [27] and E94-010 [21] data for 14,,.
The MAID predictions do not agree with the CODATA
recommended values for the anomalous magnetic moments
of the proton and neutron [70], which in our work are
imposed by using empirical parametrizations for the elastic
Pauli form factors [74]. The slope of the HB result from
Ref. [52] is too large and therefore only reproduces the data
at very low Q>

Figure 6 shows the moment I'; (Q?) for the proton and
neutron, while Fig. 7 shows the isovector combination
Iy p-n(0Q%). The LO and NLO ByPT predictions are
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FIG. 6. First moment of the structure function g, (x, Q%) for the proton (left) and neutron (right) as a function of Q2. The legend is the

same as in Fig. 4.
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FIG. 7. Isovector combination of I'; (Q?) as a function of Q2.
The legend is the same as in Fig. 6. The pink curve is the IR result
from Refs. [60,77]. The experimental points are from Ref. [78]
(brown dots) and Ref. [23] (orange squares).

identical, because our calculation produces the same Delta
contributions for the proton and the neutron. For the
isovector combination, the MAID model only agrees with
the data at very low Q? < 0.10 GeV>. The same is true
for the IR result [60,77], while all other chiral results
describe the data: NLO ByPT (this work), ByPT + A [31],
and HByPT [52].

At the real-photon point: 1,(0) = —‘572 and AZ,(0) = 0.
Therefore, we give only the slope of the polarizability
AI(Q?) (showing also the separate contributions from 7N
loops, A exchange, and 7A loops) in units of GeV~2:

dal,, (02

7”’(2Q | 0304)~034-053+058 (350
dQ Q2=0

dAT, (0>

71"(2@ = —1.01(10) ~ —=1.07 — 0.53 + 0.58.
dQ Q2:0

(35b)

Including the empirical Pauli form factor [74], we find,
in units of GeV~—2,

dIlp(Qz)
40 |y

dI]n(QZ)

= 5.80, —

=553, (36)

E. d,(Q%)—a measure of color polarizability

Another interesting moment to consider is d,(Q?),
which is related to the twist-3 part of the spin structure
function g,(x, 0?) [79,80]:

d,(0%) =3 / Lo (x 00 - V(6 02 (37)

where g¥ W (x, 0?) is the twist-2 part of g,(x, 0?). Using
the Wandzura-Wilczek relation [81], one can relate d,(Q?)
to the moments of the spin structure functions g, (x, Q%)

and g,(x, Q%):
d(0?) = / ' Bo(x 00 + 201 (x. 0V (38)

This relation, however, only holds for asymptotically
large Q. It is also in the high-Q? region, where
d,(Q?*) is a measure of color polarizability [82,83],
through its relation to the gluon field strength tensor
[80]. We refer to Ref. [84] for a recent review on the
spin structure of the nucleon, including a discussion
of sum rules for deep inelastic scattering and color
polarizabilities.

What we consider in the following is the inelastic part of
d,(Q?), defined as the moment of g; (x, Q) and g,(x, Q%)
spin structure functions [cf. Eq. (38)]:

2,(0%) = / " dr 2Py (x. 0%) + 201 (x. 07)].  (39)
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This moment provides another testing ground for our ByPT
predictions through comparison with experiments on the
neutron [22]. Going toward the low-Q? region, the inter-
pretation of d,(Q?) in terms of color polarizabilities will
fade out. The above definition, however, implies it is related
to other VVCS polarizabilities:

~ 4 TM2.02
dz(Qz)_Q— NQ

= ) D +1,(0)=1,4(0%)].
s, Lr(Q7)+1,(Q%) = 14(0%)

(40)

Note that d,(Q?) and its first two derivatives with respect to
Q? vanish at Q% = 0. The considerations in Egs. (28) and
(29) have no effect on d,(Q?), since the Born contributions
from 1,(Q?) and I,(Q?) cancel out. Therefore, d,(Q?) is a
pure polarizability.

In Fig. 8 (upper panel), we show our NLO ByPT
prediction and other results for d,(Q?). While MAID [69]
and ByPT describe the experimental data for the neutron
[22] very well, the HB limit [51,52] is showing a fast growth
with Q2. This illustrates the importance of keeping the
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relativistic result. Note also that, even though the zN-loop
contribution is dominant, both g and the form factor in gy,
are essential to obtain a curvature that reproduces the data
[cf. Fig. 9 (upper panel)]. For the proton there are, to our
knowledge, no experimental results to compare with.
However, the agreement between the NLO ByPT prediction
and the MAID prediction at low energies is reasonable.

F. 7,(Q?)—fifth-order generalized
forward spin polarizability

It is interesting to compare the generalized fifth-order
forward spin polarizability sum rule,

1 0 2 .02
@)= [ a1+ LoD

(41)
4 2.2
O [ an o5, 0) -0 .07
neutron
0.012 [ ' o ' ' ]
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0.008 | ]
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FIG.8. Upper panel: The inelastic moment d, (Q?) for the proton (left) and neutron (right) as a function of Q. The result of this work,
the NLO ByPT prediction, is shown by the blue solid line and the blue band. The red line represents the LO ByPT result. The purple
short-dashed line is the O( p4) HB result from Refs. [51,52]. The black dotted line is the MAID model prediction [69]. The experimental
points for the neutron (cyan dots) are from Ref. [22]. Lower panel: Fifth-order generalized forward spin polarizability 7,(Q?), for the
proton (left) and neutron (right) as a function of Q>. The experimental points for the proton are from Ref. [64] (purple square) and

Ref. [85] (orange dot).
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FIG.9. Contributions of the different orders to the chiral predictions of d,(Q?) (upper panel) and 7,(Q?) (lower panel) for the proton
(left) and neutron (right). Red solid line: zN-loop contribution; green dot-dashed line: A-exchange contribution; orange dotted line:
mwA-loop contribution; blue long-dashed line: total result; purple dot-dot-dashed line: total result without g. contribution; and black

short-dashed line: total result without g, dipole.

to the sum rule integrals for I,(Q?) and y,(Q?), since they
differ merely by their energy weighting of 677 (v, Q%) and a
constant prefactor [cf. Egs. (19), (26), and (41)]. From
1,(Q?) to 75(Q?%) to 7,(Q?), the energy suppression is
increasing by a factor of 72, respectively. Therefore, the
description of ¥,(Q?) should be easiest in a low-energy
effective-field theory such as yPT, whereas y,(Q?) and
1,(Q?) receive larger contributions from higher energies.

In Fig. 8 (lower panel), we show our LO and NLO ByPT
predictions for 7,(Q?). One can see that the wN-loop
contribution is positive (in accordance to what we see
for the cross section o77; see Fig. 10). The Delta shifts it
substantially, especially in the low Q? region, bringing it
into a better agreement with data. In general, the ByPT
curves start above the empirical data points at the real-
photon point, and then decrease asymptotically to zero
above Q? > 0.1 GeV2. On the other hand, the MAID
prediction reproduces the empirical data at the real-photon
point, then decreases to negative values until about
0? > 0.06 GeV?, from where it also starts to asymptoti-
cally approach zero. Consequently, our NLO ByPT pre-
diction of 7,(Q?%) is consistently above the MAID

prediction. This is very different from what we saw for
1,(Q?) in Fig. 4 (upper panel), where the MAID prediction
at the real-photon point is above the experimental value.
While the agreement of our predictions with the empirical
data is in general quite good for all moments of 677(v, Q?),
one should point out that both for ,,(Q?) and 7,,(Q%) we
overestimate the data at low Q% For I,(Q?) such an
observation cannot be made because Al,(0) =0, and
thus, 7,(0) is given by the empirical Pauli form factor
only. From 1,(Q?), 7o(Q?), and 7,(Q?), the latter has the
smallest, however, non-negligible dependence on g. and
the dipole in g;, [cf. Fig. 9 (lower panel)].

The zN-loop, A-exchange, and 7A-loop contributions to
the NLO ByPT prediction of the fifth-order forward spin
polarizability amount to, in units of 10™* fm®,

Yop = 1.12(30) # 2.08 — 0.96 — 0.01, (42a)

7on = 1.95(30) £ 2.92 —0.96 — 0.01,  (42b)

while the slope is composed as follows, in units of
107* fm®:
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TABLE II. The NLO ByPT predictions for the forward VVCS
polarizabilities and their slopes at Q> = 0. The contributions of
the zN loops, the A exchange, and the zA loops are shown,
together with the combined total result. Note that 7,(0) =
1,(0) = d»(0) = 0 and (d,)’ = 0.

zN loops A exchange zA loops Total
p 201 -2.84 -0.10  -0.93(92)
(107* fm*) n 298 0.03(92)
Sy p 150 -0.16 -0.02  1.32(15)
(10°* fm*) n  2.35 2.18(23)
7o p 208 -0.96 -0.01  1.12(30)
(107* fm%) n 292 1.95(30)
(vo) p —033 0.11 0.01  —0.22(4)
(107* fm®) n  —0.73 -0.61(7)
(6r7) p —0.80 —0.04 -0.01  —0.85(8)
(107* fm%) n  —1.19 —1.24(12)
(7o)’ p —1.00 0.16 0.00  —0.84(10)
(1074 fm?®) n  —1.58 —1.42(15)
(AL, p 238 —-11.21 0.25 —8.58(3.43)
(GeV™?) n 141 -9.55(3.43)
(ALY p 034 -0.53 0.58  0.39(4)
GeV? n  -1.07 -1.01(10)
d 2
70,(0°) = —0.84(10) ~ —1.00 + 0.16 + 0.00,
do* |,
02=0
(43a)
dy 2
M — —1.42(15) ~ —1.58 4 0.16 + 0.00.
dQ Q2:0

(43b)

Note that the HB prediction of 7, [4.23 at O(p?) and

3.65 at O(e) [85,86]] is almost an order of magnitude
larger than the empirical value, and therefore not shown
in Fig. 8.

TABLE III.

G. Summary

Our results are summarized in Table II, where we give
the contributions of the different orders to the chiral
predictions of the polarizabilities and their slopes at the
real-photon point. A quantitative comparison of our pre-
dictions for the spin polarizabilities to the work of Bernard
et al. [31] and different empirical evaluations is shown in
Table III. We can see that the inclusion of the Delta turns
out to be very important for all moments of the helicity-
difference cross section. To describe the Q? behavior of the
polarizabilities, the magnetic coupling of the N — A
transition should be modified by a dipole form factor, as
has been observed previously in the description of electro-
production data [33]. This dipole form factor effectively
takes account of vector-meson exchanges. The Coulomb-
quadrupole N — A transition, despite its subleading order,
is important in the description of some moments of spin
structure functions. This is contrary to what we saw for the
moments of unpolarized structure functions [30], where the
Coulomb coupling had a negligible effect. The zA loops
are mainly relevant for the generalized GDH integrals.

IV. CONCLUSIONS

We have presented a complete NLO calculation of the
polarized non-Born VVCS amplitudes in covariant ByPT,
with pion, nucleon, and A(1232) fields. The dispersion
relations between the VVCS amplitudes and the tree-level
photoabsorption cross sections served as a cross-check of
these calculations.

The obtained moments of the proton and neutron spin
structure functions, related to generalized polarizabilities
and GDH-type integrals, agree well with the available
experimental data. The description of their Q* evolution is
improved compared to the previous yPT predictions. In
particular, the NLO ByPT predictions obtained here give a
better description of the empirical data (e.g., from the
Jefferson Laboratory “Spin Physics Program”) than the HB
[51,52] and IR [60] calculations.

Our NLO ByPT predictions for the spin polarizabilities at Q*> = 0, compared with the ByPT + A

predictions from Bernard et al. [31], and the available empirical information. Where the reference is not given, the
empirical number is provided by the MAID analysis [61,69] with unspecified uncertainty.

Proton Neutron

This work ByPT + A Empirical This work ByPT + A Empirical
70 —-0.93(92) —1.74(40) —1.00(8)(12) [19] 0.03(92) —0.77(40) —0.005
(10~* fm*) —0.90(8)(11) [85] [MAID]

—0.929(105) [64]

orr 1.32(15) 2.40(1) 1.34 2.18(23) 2.38(3) 2.03
(107* fm*) [MAID] [MAID]
70 1.12(30) 0.60(7)(7) [85] 1.95(30) 1.23
(10™* fm®) 0.484(82) [64] [MAID]
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The demonstrated predictive power of the yPT frame-
work amplitudes makes it well suited for extending the yPT
evaluation of the TPE effect in the hyperfine structure of
(muonic-)hydrogen [15-17] to next-to-leading order.
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APPENDIX A: TENSOR DECOMPOSITIONS
OF THE VVCS AMPLITUDES

In this Appendix, we review the decomposition of
the forward VVCS process into tensor structures and
scalar amplitudes. In particular, we consider the connec-
tion between the covariant and the semirelativistic decom-
position in the lab frame that is defined in terms of
the conventional transverse, longitudinal, transverse-
transverse, and transverse-longitudinal amplitudes.

As explained in Sec. II A, the process of forward VVCS
off the nucleon can be described in terms of four explicitly
covariant amplitudes S;, and T, [3]:

<p” . q”> (p” - %q”) Ty(v, 0%)

q
(A1)

where €, (¢,) are the incoming (outgoing) photon polarization vectors, v is the photon lab-frame energy, and 0% is
the photon virtuality. Alternatively, the decomposition in the laboratory frame (which in the forward case coincides
with the Breit frame) is parametrized in terms of the nucleon Pauli matrices ¢ and the four scalar functions f;, fr, grr,

and g;7:

T(v, Q%) = eoeg fr(v. Q%) + (€% - €)fr(v, Q%) +iG - (8" x €)grr(v. Q%) — iG - (o€ — Eeg) X GlgLr(v. O%).

Here, ¢ and ¢ = g/|q| are the photon three-momentum in
the lab system and its unit vector. The modified polarization
vector components are given by

g:e—izf]i' F=-4F-q), (A
0 {o |§|( Q)Q7 q(€-q). (A3)
where € = (€, €) is the usual incoming photon polarization
vector, and ¢”* the outgoing polarization vector. The LEX of
the lab frame amplitudes [Eq. (10)] can serve, in particular,
as the definition of the generalized polarizabilities. The lab
frame amplitudes are also conveniently used for the
definition of the response functions; see the example of
the scalar amplitude g,7(v, Q%) and the corresponding
response function o, 7(v, Q%) below in Appendix B.

APPENDIX B: PHOTOABSORPTION
CROSS SECTIONS

In the forward kinematics, the spin-dependent VVCS
amplitudes and the spin polarizabilities can be described in
terms of the polarized structure functions g, (x, Q%) and

(A2)

|
g>(x, Q%), or equivalently, the helicity-difference cross
section o7 (v, Q%) and the longitudinal-transverse response
function o7 (v, 0?), with the help of dispersion relations
(5) and the optical theorem (3). In this way, the photo-
absorption cross sections, measured in electroproduction
processes, form the basis for the most empirical evaluations
shown throughout Sec. I1I. In the following, we present the
ByPT predictions for the tree-level cross sections of zN-,
zA-, and A-production through photoabsorption on the
nucleon (cf. Figs. 8,9, and 10 in Ref. [30]). In Secs. B 1 and
B 2, we will discuss the leading z#N-production channel and
the A-production channel, respectively. We used these
cross sections to verify the polarizability predictions
obtained otherwise from the calculated non-Born VVCS
amplitudes. Because of the bad high-energy behavior of the
zA-production cross sections in ByPT (cf. Fig. 10), the
dispersion relations in Eq. (5) require further subtractions
for a reconstruction of the zA-loop contribution to the
spin-dependent VVCS amplitudes. Therefore, not all
polarizabilities could be verified, but only those appearing
as higher-order terms in the LEX of the VVCS amplitudes,
such as 7, [16].
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FIG. 10. Photoabsorption cross sections for zN (red lines) and zA production (orange lines) with 0% =0 (solid lines) and
0% = 0.1 GeV? (dashed lines for zN and dotted lines for zA channels).

1. zN-production channel

In order to extract the response function o, (v, Q?), we
have developed a method similar to the one used to
calculate o77(v, Q%) (see, for example, Ref. [87]). For
o7 (v, 0?), however, the calculation is more complicated
because one has to take into account that the associated
Compton process involves a spin flip of the nucleon, as
illustrated in Fig. 11. When calculating the cross section,
the product of the incoming nucleon spinors has to reflect
this flip.

@ -0

A’ﬂ/

h'=)

I
h=-15 :
I

FIG. 11. Relation between the forward Compton process and
the photoabsorption process given by the optical theorem. In
particular, we show the longitudinal-transverse contribution. The
double-line arrows represent the spin of the external particles,
while the dot represents the scalar (longitudinal) polarization of
the incoming photon. Inside the blob the intermediate states are
represented: e.g., nucleons with spins 7 (which are averaged in
the calculation of the cross section) and pions.

The forward VVCS amplitude related to o; 7 (v, 0*)—
and 6,7(Q%*)—is g.r(v, Q%). Tt can be extracted from
Eq. (A2) if one takes the modified polarization vector
components in Eq. (A3) with € = ¢; and €* = €, as input,
,0,0,¢°) and e, = :F%(o, 1,+i,0) are
the standard longitudinal and transverse polarization vec-
tors, respectively. For e, and €%, only the choice of
helicities #' = £1/2 and h = F1/2 gives a nonzero
contribution, and one obtains

where ¢; = é (g

H T, 0y = xi {=iG - (08 — Eelf) x Glgrr(v. O*) }xi
=V2g,1(v. 0), (B1)

where y;, and ;(;, are two-component Pauli spinors with
opposite helicities, or here, spins.

Let us now consider the related photoabsorption
process and, in particular, the tree-level y*N — zN channel
(see diagrams in Fig. 8 of Ref. [30]). We define the
wN-production amplitude as

T = uy, (PB)ZAi(S, O iuy, (Pa), (B2)
with the Dirac structures
'y =vs, (B3a)
1
I :E[dA’¢]7Sa (B3b)
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where u, (P,) and u',‘;B(PB) are the Dirac spinors and P,
and Pp are the four-momenta of the incoming and outgoing
nucleons, respectively. When calculating the photoabsorp-
tion cross section, related to the VVCS amplitude in
Eq. (B1), the nucleon spin flip should be implemented
by i, (P,) in 77 and u,(P,) in 7T, together with the
appropriate transverse and longitudinal photon polarization
vectors €’ and €.

However, if one wants to use the properties of the
Dirac matrices, it is more useful to construct an operator
to produce this spin flip in the external nucleons of
Fig. 11. This is accomplished by introducing the projector
= ﬁi (y! + iy*)ys, which also takes into account the

extra factor v/2 in Eq. (B1). We checked that with this
projector one correctly extracts ;7 by comparing the
HB limit of our result to the HB result of Ref. [51],
where the authors calculate this polarizability from the
Compton amplitude directly. With all those ingredients,
the longitudinal-transverse cross section is calculated in the
following way:

1 [Dflem ! $
N flem T
our(v, 07) = 64725 | Pilem /—1 deosd i A (B9

with

Xij =Tr[(Pp +My)Ti(Pa + MN)FLTYOF;}’OL (B5)
where 0 is the scattering angle in the center-of-mass (cm)
frame and [p;|, (|Pflem) is the three-momentum of an
incoming (outgoing) particle in the cm frame. An explicit
calculation of the matrix X;; leads to

0 2<PB_PA)'€

X=M
NQ(—ﬂwmcm g (s—u)

L), (B6)

where |G;|cy (|G f]cm) is the relative three-momentum of the
incoming (outgoing) particles in the cm frame. Here, s, f,
and u are the usual Mandelstam variables. For the different
y*N — nN channels, we obtain the following amplitudes
A;, where we introduce ¢, as the four-momentum of the
incoming photon and gp as the four-momentum of the
outgoing pion:
(i) y'p—ap

A :egAMN 2Py -€+qy-€ 2Pp-€—qy-€
! fx s — M3 u-M% |
(B7a)
egaMy 1 1
2 fr [S—M,zV u—MN] (B7b)

i) 7*p = x*n

A  V2egaMy [2Ps €+ gy €
e fr s —M%
2(P, — Pp) - .
L 2Pa=Py) et ds e], (BSa)
t—m2
\/zegAMN
Ay =1 (B8b)
: fﬂ(s_M12V>
(iii) y*n — 7°n
A =0, (B9a)
A, =0; (B9Db)
(iv) y¥'n—>z"p
A _ﬁegAMN 2Pg-€—qy €
! fr u— Mz,
2(Py—P .
_ ( A B) §+QA €:|’ (BlOa)
t—m?
2eqgaM
sy = Y20 N (B10b)
fﬂ'(u_MN

The analytical expressions shown above were checked with
the amplitudes given in Ref. [88]. Analytical expressions
for the tree-level y*N — zN channel of the 6, (v, Q*) and
orr(v, Q?) cross sections are given below (proton channels:
7 n and 7° p; neutron channel: 7~ p). We checked that they
reproduce the known results in the real-photon limit
[45,87]. To shorten the final expressions for the cross
sections, which are considerably longer for finite Q? than in
the real-photon limit, we define the following dimension-
less kinematic variables:

0, = (E)/v5 =L gy

1, = (B} )/ 5 = M ()

b= s ="M gy

po = Erjys =M gy

by = e 5 = VMR CT TG 5
= 5 = YOI ) s

2s
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Here, (EV),,, and (E}V )em are the energies of the incoming and outgoing nucleon, E%y, is the energy of the incoming photon,
and E7,, is the energy of the outgoing pion, all in the cm frame.

ntn 2 M2
Gg"T ) = _64ﬂf%jz(g§— NMIZV)ZA? {45/177’1}/[(1‘4%\’ - S)(Mlz\/ - Q2 - S)(Q2 + 25:6;/:327) + 2s(m%Q2 - (M?V - S)
X (MY + s(=1428,5,))) 4] = 2(My, — 5)(My — Q% —5)
254, A,
X (Q% + 2B, Bz — 25252,)(Q> + 25(B, B + Ar2,))arctanh (m) } (B17)
p) _ M, (s = M} + Q) 3(M}, = 5) + 258, )

{—4m,2,Q2 +2(M% - s) (2(s - M%) + 4sp, B, +

T 6AnfZs(s — M2)2A, 522

+

2m; Q% (s — My,) ) M3 —s
+ 2 3

(MIZV - S(l - 2ﬁyﬂn + 2/17rﬂy))(M12\’ - S(l - 2ﬁ7ﬁ7[ - 2)“15/1]/)) s Aﬂ’?'y

X (Q*s(422m2 + s(—4p2p2 + 8B, B, + 44222 — 3)) + 3M§,

+ My (s(8B,, + 222 = 9) —30?) + s> (—422 + 86,6, + 2(1 + 222)2% - 3)

2530
+ M3,5(Q%(6 — 8B,B,) + s(4p2p2 — 16,8, — 4(1 + 22)A2 + 9)))arctanh <M12v - SEZﬁyyﬂﬂ - 1)) } (B18)

wp) _ €My Ar
(o} =
m 167rf,2,s2/1§ Mj‘\, — 2M12v5(1 - Zﬂ},ﬁﬂ) — sz(—4ﬁ%ﬁ% + 4ﬂyﬁ,, + 4/@/13 - 1)

X [Q%s(=222m% + AP2P2s — AP, Bos — 402025 + 5) — MG,

+ M?V(Qz + S(3 - 4ﬂyﬁ7z)) + M%VS(ZQz(zﬂyﬁﬂ - 1)

+ 5(—4p 07 + 8, Pr + 42347 = 3)) + 5° (46757 — 4B, P — 42305 4 1))]

1 284
+ 5 [ (QF + 48,5075 + 45> (P22 — 12A2) Jarctanh (7 ; )
254, {( ¢ & ) Q% + 2spB,p,

+ (MY = 2M3(Q? — 225 + 5) + s(20*(1 = 2B,B,) — 42 Pas + 2(222 — 1)A2s + 5))

2544
aretant (MzN 5Ch - l} B

n 2 2M3 /171
U = Saafion s M |20 =)@+ 2800+ 2.
- 4s((M12V - S)(Qz - 2s(a7r - l)ﬂy) + stﬂ]/ﬂﬂ)/l}% + 833(a7r - 1)’1?]
s — M3
Ar

+ [(Q® +2587)(Q* + 25B,,)* + 45> (2(ar — 1)B,(Q* + 255, ;)

2544
— Q2/1727)/1}% + 853 (aﬂ - 1)21;1]arctanh <m> }, (BZO)
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o\mp) _ MR 1
L 16nf20s(s — M%)?A, | —2s(M3, + (=1 +2,8,))%2% + 85322

X [~3M3 (02 + 252) + 2Mys2(~(Q* + 2Sﬂ2)(2ﬂyﬁﬂ ~3)(5BBe=3) + (Q(2 Bt 62 -3)

+ 258, (120, + 2, — 120,55, + 4,47 = 3))4; —4s(az — 1)A7)

+2M557 [—(Q% +257) 2B, B = 1) (6 + B,B (=9 +25,6,)) + (Q*(3— 1223 + 4B, B (=1 + 2, + 7))

—258,(=3 +4a,(3+2B,B(B,Bz—3)) +4P,(Br + (2= B,B2)22) )25 +85((ar = 1) (1 +a =2, B,) + 20, ,42) 2]
sY(Q* +2567) (1 =28,5,)* (28, = 3) +2(Q* (=1 + 647 +-28,5.((1 = 2,4,)* = 227))

+ 258, (=14 2B, + (=14 B,2) (= + 205, B, — B, 27))) A7 = 8(s(atz = 1) (az + (1 =2,,)*)

2B, (25 + Q)2 + 325ty — 1)72AS) + 2MSu5(Q(6 — TP, B+ 72) + 28, (B,(6 = T8, B) + (1= 4at,)22))]

2
2%3 [(Q* +25p7) (3MR, + 5(25, B = 3)) (MK, +5(28,B, — 1)) + 25 (=M} (Q* + 25, — 8s0,f,)
250,
+5(2p,(1 —4a, +4a,B,B,) + Q*(1 —242)))A2 + 85 (a2 — 1)A}]arctanh <M%] n s“zzﬂy’ﬂ” - 1)> } (B21)

PGy eQQiM?v Az
M 16nf2052 L (MR + 5(2B,r — 204k, — 1) (M3, + 5(2B,r + 2242, — 1))

X [2/1135‘(5‘((1 - 2)“72r)Q2 + 2ﬂys(2aﬂ - 1)(2ﬂyﬁﬂ - 1)) - ]‘412\/(Q2 + Zﬂ},S(l - Zaﬂ'))>

) 1
Q4 208 + 502855 = 1)+ 8lae = Dardds’) & 5o

X [(4ﬂ%s2(2(aﬂ = 1)B,(Q% +2B,B,5) — 220%) + (Q* + 25%5)(Q* + 2B,B,5)*
25252,
Q> + 25p,B,

X (=My +20% 4 5(2B,f, + 1)) + 2475(=M3(Q* + 28,s5) + Q*
+ 0*s(22a, — 1B, =22 + 1) + 2B,5*(4(a, — 1)B,B, + 1)) + 8(a, — 1)*2}s%)

X arctanh( 254ty ﬂ } (B22)
M12V+S(2ﬂyﬁn'_ 1) ’

+ 8(a, — 1)2/1;‘s3)arctanh< ) + ((Q% 4 282) (M3, + s(2B,5, — 1))

2. A-production channel

The tree-level A-exchange diagram in Fig. 2 of Ref. [30] contributes to the non-Born part of the VVCS amplitudes. The
contribution of the A exchange to the VVCS amplitudes can be split into [17]

Sle—exch. (y, QZ) — SlA_pOIG(l/, QZ) 4 Sle—exch.(y, QZ), (B23a)
USZA—exch. (l/, Q2) _ l/SzA-pOIe(IJ, Q2) + U'VSZA-exch.(y’ Qz)’ (B23b)
and similarly for the unpolarized VVCS amplitudes discussed in Ref. [30]. Here, we introduced the A-pole contributions

SiA'pOle and the A-nonpole contributions S°*-, The former amplitudes feature a pole at the A(1232)-production threshold,
and thus, are proportional to
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1

1 1

[s = M3][u — M}]

AM% A -1V

(B24)

They can be reconstructed from the dispersion relations in Eq. (5) with the tree-level A-production cross sections as input

(cf. Fig. 10 in Ref. [30]),

2

> 2 2 28
Ta 2 _o  9p(A=v)(Q° —Myv)® | geQ's(A—v) 2 =12
—guMy(M —4 -M
0. 07) = g { Ry -+ g+ EEZDE =M GG 0,07 - )l
- 2 2—MyMA|G1? + s(Q* + Av
_4gMgCQ2‘q|2+ gEgCQ [ N A|Q| (Q )} 6(V—VA), (sta)
MyM 5
) = 2[00y )] O DIMGE 2 )
LT
MM |q] My MyM3
R 2 _ Muyv)|gl? v—A)(M%|G|* —20%s
+gMgEMA|q|2_gMgC(Q N )|Q| +gEgC( )( N|Q| Q ) 5(V—Z/A>, (BZSb)
M MyMy
with A =M, — My, M. = M, + My, and the Mandelstam variable s = M3, + 2Myv — Q*. Analytical expressions

for the spin structure functions g,(x, Q%) and g,(x, Q%) can be constructed from Eq. (3) with the flux factor

K(v.0%) =gl = Vv + Q.

In the A-nonpole contributions to S, (v, Q%) and vS, (v, Q?), the pole in v at the A(1232)-production threshold has

canceled out:

“Aexch. a 4g%0*
Syeseh (v, Q%) = MM [Q%Qi + gp(A* =30%) + M2 — 8gmgeM por_
2 2(My —4M 2 2(3My — 2M
_ 29m9cQ EVIAN A) + 9egcQ (MAN A):|’ (B26a)
% 2na GMy0r  grO* (0% — A?
18, M (v, %) = My M2 |:9%MAC‘)— + 2 2N S ;MA ) + geguMa(M a0, —4Myo_)
+
SvA—exch. v, QZ M2 w2
— 959cA(2Q% + Myw..) + gugcQ*(4AMy — w+)} +=2 5 ) [ e vz] . (B26b)
N

with @, = \/(Ma + My)? + Q% and w, = (M3 — M3+
Q?)/2M , and the nonpole contribution to S, (v, Q?):

27raM NV

SzA—exch. (1/7 Q2) MAMZ

lgm + 9El9c (B27)

These amplitudes, to the contrary, are not described by the
tree-level A-production cross sections in the standard
dispersive approach [17]. This peculiarity has been pre-
viously missed, e.g., in the calculation of the A-exchange
contribution to the hydrogen hyperfine splitting in Ref. [89].
The importance of including the A-nonpole contribution is
also evident when considering the BC sum rule in Eq. (14).
The A-pole terms by themselves violate the BC sum rule,
but cancel exactly with the A-nonpole terms:

lim vSSP (1, 0?) + lim vS, M (1, 02) =0. (B28)

[
APPENDIX C: POLARIZABILITIES AT Q*=0

In this section, we give analytical expressions for the
polarizabilities and their slopes at Q%> = 0. In particular, we
give the HB expansion of the zN-loop contributions and
the A-exchange contributions. The complete expressions,
also for the zA-loop contributions, can be found in the
Supplemental Material [38]. Recall that 7,(0) =1,(0) =

d,(0) = 0 and dd2

|Q —=0.

1. zN-loop contribution

Here, we give analytical expressions for the zN-loop
contributions to the proton and neutron spin polarizabil-
ities, expanded in powers of u = m,/My, viz. the HB
expansion. Note that we choose to expand here to a high
order in u; the strict HB expansion would only retain the
leading term in an analogous NLO calculation.
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(i) Polarizabilities at Q% = 0:

2.2 21 59 1875mu? 3
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(i) Slopes of polarizabilities at Q> = 0:

dyo,(0?) e A57u 28515xu3 1953 570255mu°
AR 2- 22347 — - 4491 4 DI
A0 |y 14407 f2m? § M e O R L T T
(C8)
dyo,(0?) e’ qi 8lzu 2535mu® 84315xu°
Hol)l 2 a2 — 27301 490 tog put + T C9
A0 |y 14407 f2mid g oM 32 (14 90log ™ + =04 » (©)
ds7,(0%) e 5 27au 5865xu° 617 2056845mu°
—=p= =— 94 J_Z_Z P00 3 — 4361 pppakhias AR )
407 |y, 28800 fZmi | 2 32 M T Tase o\ 4 TOOORKK 4096
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= =—JA T T A4+ 4+ 2 (114481 Rl TR
007 |y 1A IR 4 e T Ty aSleemt =gy
(C11)
dl,,(0%) A 15zp 1 18397u°
itV AL — 2T (115 + 88 log ) 5(5+ 34logpu)u* +--- %, (C12
007 |y O6m 32 1 5 (115 +88logu)u” +——--—+5(5 + 34logpu)u” + (C12)
dl,,(0?) ot 1 lzu 1 99mu®  25u*
i U120 R ST 2 (1 4 20 log p)p ok Cl13
d0> |y W22 \2° 8 g (1 +20logu” + == ——5 (C13)
dr,,(0% ot 3r 537> 1
VA0 24431 - — (15 + 56 log )i + - b, Cl4
407 o 9672 | 8 +2(4+ 3logupu = —— =5 (15+ S6log p)u” + (C14)
df1,(0%) 9a z 1 5Tmp | 24
b L1 0) R (3441 - N C15
A0 |py 82212 TR AR i P rai i S € (C13)

114026-22



FORWARD .... II. SPIN ... PHYS. REV. D 102, 114026 (2020)

d70 Sop\¥< )

| B ergi { 1 2371/1 377u? 3 15551mu®  3371u* 1640457 7° } (C16)

dQ2 0*=0 =~ 1673 2m8 L105 256 210 6144 105 32768 '

d70,(0 | . e? %A {L 153z 694> 4615z 172u* 120897z’ } (17)
Tdor 1070 T Tes 2m8 \105 T 1792 T 70 6144 35 32768

2. A-exchange contribution

Here, we give analytical expressions for the tree-level A-exchange contributions to the nucleon spin polarizabilities
and their slopes at Q> = 0. Note that the A-exchange contributes equally to proton and neutron polarizabilities. Recall that
for the magnetic y*NA coupling we introduced a dipole form factor to mimic vector-meson dominance:
gu = gu/ (1 + Q*/A*).

(i) Polarizabilities at Q% = 0:

e’ 9w | 98 49uge
=- - ===, Cl18
= T <A2 uz M+A> (C18)
2M 2

5yp = : ? 9JE 4 IMY9E gE92C ’ (C19)
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(i) Slopes of polarizabilities at Q> = 0:
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