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New 7-based evaluation of the hadronic contribution to the vacuum
polarization piece of the muon anomalous magnetic moment
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We revisit the isospin-breaking and electromagnetic corrections to the decay 7~ — 7~ z°v,, which allow
its use as input in the two-pion contribution to the (leading-order) hadronic vacuum polarization part of the
muon anomalous magnetic moment. We extend a previous resonance chiral Lagrangian analysis, which
included those operators saturating the next-to-leading-order chiral low-energy constants, by including the
contributions appearing at the next order. As a result, we improve agreement between the two-pion tau
decay and e™ e~ data and reduce the discrepancy between experiment and the Standard Model prediction of

a, (using 7 input) to the approximately 2¢ level.
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I. INTRODUCTION

The anomalous magnetic moment of the (first electron and
then) muon [a, = (gﬂ —2)/2] has been crucial for the
development of quantum field theory and the understanding
of radiative corrections within it. Over the years, it has
validated those computed in QED at increasing precision and
(in the muon case) started probing the other Standard Model
(SM) sectors, electroweak and QCD, setting also—and more
interestingly—stringent constraints on new physics contri-
butions. In the absence of any direct hint for heavy new
particles or interactions at the LHC, clean observables both
from experiment and theory—among which a,, stands out—
are reinforced as a promising gate for the eagerly awaited
further (indirect) discoveries in high-energy physics.

With the forthcoming measurement of a, at Fermi
national accelerator laboratory (FNAL) [1], we will finally
have an experimental update on the long-standing discrep-
ancy (at 3 to 4 sigmas) between the SM prediction of this
observable (recently refined in Ref. [2])1 and its most
accurate measurement, at Brookhaven national laboratory
(BNL) [45]. On the theory side, a tremendous effort driven
by the Muon g-2 Theory Initiative® has been reducing (and
making more robust) the SM errors during the last few years,
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in order to profit maximally from the new data. In the
near future, both the FNAL [1] and the Japan proton
accelerator research complex [46] experiments will shrink
the current experimental uncertainty (63x107!") by a
factor 4. A commensurate improvement on the theory error
is essential in maximizing the reach on new physics of these
measurements.

The SM uncertainty on a, (43 x 107'") is saturated by
that of the hadronic contributions, where the error of the
dominant hadronic vacuum polarization (HVP,LO) part has
been reduced to 40 x 1071, versus 17 x 107! of the light-
by-light piece [2]. In turn, the HVP, LO contribution is
dominated by the zz cut (yielding approximately 73% of
the overall value), where good-quality data of the corre-
sponding e'e™ hadronic cross sections [47-56] enable its
computation by dispersive methods [57,58]. Alternatively,
one can also use isospin-rotated 7 — zzr, measurements
with that purpose, as was put forward in large electron-
positron collider times [59], despite that the required
isospin-breaking (IB) corrections cannot be computed in
a model-independent way presently. Still, while a lattice
QCD computation of these is achieved, the authors find
convenient testing the consistency of both extractions of
a,},IVP’LO””, in light of the tensions between different sets of
eTe™ — mtx~ data that have not been resolved so far [2].

In addition to the previous data-based determinations
of a,I;WP L0 'attice QCD is also achieving computations
with reduced errors, although not yet competitive with the
e"e” evaluations [2]. One notable exception to this is the
recent very accurate result (53 x 10~!! error) of the BMW
Collaboration [60], according to which the difference with
respect to the SM prediction is at the 1 sigma level.

Concerning the tau-based determination, Refs. [61,62]
computed the required isospin-violating and electromagnetic

Published by the American Physical Society


https://orcid.org/0000-0002-6612-7157
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.114017&domain=pdf&date_stamp=2020-12-08
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.102.114017
https://doi.org/10.1103/PhysRevD.102.114017
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://muon-gm2-theory.illinois.edu/
https://muon-gm2-theory.illinois.edu/
https://muon-gm2-theory.illinois.edu/

J. A. MIRANDA and P. ROIG

PHYS. REV. D 102, 114017 (2020)

corrections using resonance chiral theory (RyT) [63,64],
and Refs. [65,66] computed them using vector meson
dominance (VMD). These series of articles were employed
by Ref. [67] (updated in Refs. [68,69]), which, remarkably,
found that the discrepancy of the SM prediction with the
measurement is reduced substantially when tau data are
employed.3 Notwithstanding, as precise measurements of
o(ete” = hadrons) became available in the last 15 years,
the e e~ -based evaluation gained preference over using tau
data. Indeed, Ref. [2] concludes that “at the required
precision to match the e*e™ data, the present understanding
of the IB (isospin-breaking) corrections to z data is unfortu-
nately not yet at a level allowing their use for the HVP
dispersion integrals,” despite Ref. [77] claiming that (the
model-dependent) p — y mixing in the neutral channel makes
it agree with the results in the charged current. It is the
purpose of this work® to extend previous RyT analyses
[61,62] of the required IB corrections to dipion tau decays so
that they can again be useful, when combined with
o(ete” - ntx(y)), to increase the accuracy of the SM
prediction of a,I;WP’LO. In this spirit, we note that Jegerlehener
[79] indeed combines both sets of data (using the IB
corrections of Ref. [77]), which reduces the error of
afVPLO by approximately 17% [79].

Within the global effort of the Muon g-2 theory initiative,
we revisit in this paper the Ry7T computations including
operators that—in the chiral limit—start to contribute at
O(p®). This is possible by the knowledge acquired after the
analyses of Cirigliano et al. [61,62] [where operators
contributing at O(p*) were considered], through a series
of works studying operator product expansion (OPE)
restrictions on RyT couplings on several relevant three-
point Green’s functions (and related form factors) [31,80—
101].>° This procedure will also allow us to evaluate an
uncertainty for the results by Cirigliano et al. [62], which is
one of the main outcomes of this work, together with the
new results, including operators that start contributing to
the O(p®) chiral low-energy constants (LECs).

The paper is organized as follows. In Sec. II, we review
the main features of the 7~ — 777,y decays and split the
model-independent part from the hadron form factors,

3The difference between the SM prediction of a, and the BNL
measurement is 3.7¢ [2]. If isospin-rotated tau data are employed
for aHVP’LO, it amounts to 2.4¢ [69], instead. This difference
could, in principle, be due to new physics effects, hinting at a
lepton universality violation in the corresponding nonstandard
vector and/or tensor couplings at low energies [70-72]. See the
most updated discussions of its connection with aggp in the
electroweak fit in Refs. [73-76].

4Currently, a lattice evaluation of IB for using tau data in

HVP.LO,, :_ -
a, ~ is in progress [78].

>See also, e.g., Refs. [102-108].
Similar radiative corrections were computed for the 7 — nzv,y
decays in RyT [109], even though part of our contributions here
were suppressed (and thus neglected) there because of G-parity.

computed in RyT including new terms, subleading in
the chiral expansion. We then recall the short-distance
(SD) QCD constraints on the Lagrangian couplings and
their phenomenological determinations and explain our
estimation of the remaining free couplings, based on chiral

counting. After that, in Sec. III, we recap the radiative
corrections needed for the tau-based calculation of a,IfVP’LO
and predict several observables for the processes where the

real photon is detected together with the pion pair. Then, in

Sec. IV, we evaluate aEVP'LO‘”” using tau data, which is the

main result of this article. Finally, our conclusions are
presented in Sec. V. Several Appendixes complement the
main material, explaining how the coefficients dominating
uncertainties were fitted, giving a full account of the
kinematics, and providing with the complete expressions
for the structure-dependent (axial-)vector form factors of
the 7~ — 7~ 2%,y decays.

IL. 7= - 2~ 2w, DECAYS
A. Amplitude

For the radiative decay 7~ (P) — 7~ (p_)7°(po)v.(q)y (k),
we can split the contribution due to the bremsstrahlung off the
initial tau lepton from the one coming from the hadronic part.

We write down the general structure for these processes
[62,110]

T = eGpV, e (k) {F,u(q)y" (1 —ys)(m; + P — B)y,u(P)
(Vi = Aw)ulq)r* (1 —7s)u(P)}, (1)

where F,=(po—p_),f+(s)/2P-k, with the charged pion
vector form factor £ (s) defined through (z°z~|dy*u|0) =

V2f . (s)(p — po)* and s=(p_+ py)?. Gauge invariance
(e, —~¢€,+k,) implies the Ward identities

k, Vi = (p_ = po)* f+(s),

Imposing Eq. (2) and Lorentz invariance, we have the
expression for the vector structure-dependent tensor

kAW =0.  (2)

“(p_+k—py)*
2 =f+[(P—q)2]p (p p"—'.k Po)

Fel(P=q)] = fi(s)
(po+p-)-k
+ 01 (¢ p- - k= prEk) + vy (¢ po - k = pik)
+ v3(po - kpt = p— - kpl)p~
+ v4(po - kp™ — p_ - kp)(po + p- + k)* (3)

— f+[(P—q)’]g"

14

(po+ p-)(Po— P-)

and for the axial one

A = ia, e (py — p_) ko + ia; W'k, p_, po,
+iaye"*°k,W,+ias(po+ k) € k;p_,pos.  (4)
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where W =P — g = p_ + po + k. We could use the basis
given in Ref. [109], but instead we prefer a modified one
that resembles the decomposition in Ref. [62] (see also
Ref. [110]). These tensor structures depend on four vector
(v;) and four axial-vector (a;) form factors. For the axial
structure, the Schouten identity has been used.

Taking into account that (P — ¢)* = s + 2(py + p_) - k,
the Low theorem [111] is manifestly satisfied:

V= f () -

+2%§ﬂ <[Iji—]1z Ii_PS) (P-=po)*+0O(k).  (5)

pL B 2
om0 ()

B. Theoretical framework

We will present in the following the model-dependent
contributions to the V,, and A,, tensors. We will closely
follow Ref. [62], extending it to include subleading
terms in the chiral expansion. In this reference, a large-N ¢
[112-114] inspired computation was carried out.
Specifically, it was restricted to the dominant (for
N — o) tree-level diagrams, although the relevant loop
corrections for the 7= — 77 2%,y decays—giving the p
(and a;, for completeness) off-shell width’—were taken
into account.” Also, given the limited phase space of tau

decays and the fact that the region E < M, + I, is the most

important one for the IB corrections needed for aZIVP'LO””

[62], the contribution of the p(1450) and other heavier
resonances was neglected in this reference (despite the fact
that, in the large-N limit, there is an infinite tower of
resonances per channel), as we will also do.” Within this
setting, our computation will include all RyT operators
contributing to the O(p®) chiral low-energy constants. Our
results agree with those in Ref. [62], providing the new
contributions with resonance operators that are suppressed
by one chiral order in the low-energy limit (where possible,
our computations have been checked against the results in
Ref. [109]).

As explained in Ref. [62], this procedure warrants the
correct low-energy limit (as given by chiral perturbation
theory [126—130]) and includes consistently the most
general pion and photon interactions with the lightest
resonances. Demanding the known QCD SD constraints
results in relations among the Lagrangian couplings, and
chiral counting can be employed to estimate those still

"We will introduce them following Ref. [115] for the p(770)
and Refs. [86,116] for the a;(1260) resonances.

¥See Refs. [117-123] for next-to-leading-order computations
in 1/N¢, allowing to include the scale dependence of the chiral
pertubation theory LECs in the low-energy limit of Ry7.

Nevertheless, we will include the dominant effect of the
p(1450) and p(1700) resonances in our dispersive pion form
factor [124,125] and check the negligible impact of heavier
resonances in the v; and a; form factors in our analysis.

unconstrained after using phenomenological information.
It should then provide an accurate description of the
= — 7~ 7',y decays for s < 1 GeV?, which gives approx-

imately 99.8% of the whole a,I;WP’LO‘”” contribution.

C. Vector form factors

Within RyT [63,64,83,88], the diagrams contributing to
the vector form factors of the 7= — 7 z%wv, decays
including operators that start contributing to the O(p®)
LECs are shown in Figs. 1-3."° The first three diagrams in
Fig. 1 and the first diagram in Fig. 2 contribute to the pion
vectolr1 form factor entering the structure-independent (SI)
piece

GVFV S
=1
fi(s) + F nl—s
\/EF Ky
P
2v2Gys
FnZ—s) [42¢ m7 — 523,
4s
+ FQ(T%—S) [4/1gl’i’l,2Z - S/l%é]
X [2(24% + Ay +24Y,)m2 — sA,]. (6)

The contribution of both the last diagram in Fig. 1 and the
last diagram in Fig. 2 vanishes for a real photon, as the
corresponding [f, (0) = 1 part] contribution is already in
the SI piece. We note we are using F ~92 MeV for
the pion decay constant and that QCD OPE constraints
A, = 4%, = 0 [83]. In fact, we will see in Sec. ILE that all
modifications induced by the 4} couplings to f, (s) (6)
vanish once SD QCD constraints are accounted for.
For the vector form factors, we get

v; = 00 + oR + R 4 pRRR 4 RARR (7a)
vy = vy + vf 4 off R oG, (Th)
vy = 0§ + o + off + ofF R gt (7c)
vy = vy +vf o o g (7d)

where v? is the contribution in Ref. [62] (D,}1 stands for the
inverse resonance propagator),12

"The contributions involving scalar and pseudoscalar reso-
nances are discussed at the end of Sec. I1C.

""Relevant RyT couplings are introduced after Eq. (7) and in
Sec. I E below.

We recall that Fp gives the coupling of the R=V, A
resonance to the » = v, a external current and the pzz vertex
receives contributions both from Fy and Gy.
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FIG. 1. One-resonance exchange contributions from the RyT to the vector form factors of the 7~ — 7~ 7%, decays.
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FIG. 2. Two-resonance exchange contributions from the RyT to the vector form factors of the 7= — 7~ 7w, decays.

G
W) = FVMV (24 2M2D; ' [(P = q)*] + sD; ' (s) + sM2D; ' (s)D; ' [(P — q)?])
p
F2
1 - M2D;'[(P P—q)’D;'[(P
+2F2M2( [(P=q)*] + (P = q)*D;'[(P = 9)*])
F2 1
i (M2, = 3 ) 3+ 17
FyGys
0 - VYV 2)-1
vy = (=D, (s) = M, D, (s)D, 7 [(P = q)7])
FZM% P P
2
s (1= W33 (P =4 = (P= 0D} (P~ )
2
e (M3, = w2 =k p )DZ(p + k)
F2M2 ﬂ - a — 9’
F2
8= g Dl + 07,
2FyGy _ F2
vi=- 2 D,'(s)D;'((P - q)’] +F2M2 (P —q)?].
and of, vRR, pRRR and p&FRR' correspond to contributions including operators which do not contribute to the next-to-

leading-order (NLO) chiral LECs. Because of their length, the expressions for these form factors are in Appendix C.
In writing the new contributions to v;, the basis given in Ref. [83] has been used for the even-intrinsic parity operators (with
couplings A¥), and the basis given in Ref. [88] has been employed for the odd-intrinsic parity operators (k¥ couplings). Both
sets of AX and «¥ couplings have dimensions of inverse energy.

BIn general, diagrams are gauge invariant by themselves. Those giving the contribution v%*% need to be summed to achieve gauge

invariance. These are the first three diagrams in Fig. 1 and the first diagram in Fig. 2.
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FIG. 3. Three-resonance exchange contributions from the RyT
to the vector form factors of the 7= — 7~ 7%wv, decays.

Including operators with at most one resonance, only the
contribution from the exchange of p and a; resonances on
the vector form factor appeared [62]. Allowing for multi-
resonance operators, we also have contributions with @
exchange, coming from the odd-intrinsic parity sector, for
both vector and axial-vector form factors (as well as
resonance contributions on the axial form factor, absent
in Ref. [62]). Apparently, such @ contributions were
responsible for the larger effect of the IB corrections
obtained in Refs. [65,66] with respect to Refs. [61,62].
As a result, Ref. [67] (and later evaluations by this group)
ascribed an error to these corrections covering both contra-
dictory evaluations. As we include (among others) con-
tributions with an @ —p — x vertex in this work, closer
agreement with the VMD evaluation should, in principle,
be expected.

We have verified that all diagrams including scalar
mesons vanish in the isospin symmetry limit. We point
out that all contributions involving pseudoscalar mesons
can be obtained from those with an axial-vector resonance
by replacing it by a pseudoscalar resonance. Then, at
leading chiral order, the saturation of the LECs by spin-1
mesons [63] shows that diagrams including pseudoscalar
resonances are suppressed. If we assume that this feature
also holds at the next chiral order, then pseudoscalar
resonance exchanges could be safely neglected.14

D. Axial-vector form factors

The axial form factors at chiral O(p*) get contributions
from the Wess-Zumino-Witten functional [131,132]:

1
8m2F?’

-1

0 —
AT FP((P - q)* —mz]

a

(8)

0 —
a1=

The diagrams that receive contributions due to the anomaly
are shown in Fig. 4.»
For the axial form factors (see Figs. 5-7), we get

ay = a + af + afR + afRR, (9a)

ay = a3 + af + af® + afRR, (9b)

"Since contributions from scalar and pseudoscalar resonances
are suppressed, we will neglect them for the axial form factors in
the next section.

The first diagram, when coupled to a vector current,
contributes to the SI piece in V.

/7T /7.‘—
7 7
7/ 7/
7/ 7/
7 7
7/ 7/
e e
7/ 7/
7/ 7/
SNNANANNN-TY Q- - - - ANNNNAN Y
N N
N —_ N
N i N
AN AN
N N
AN AN
AN AN
N N
AN 0 AN 0
™ ™

FIG. 4. Anomalous diagrams contributing to the axial tensor
amplitude A* at O(p*).

s =+ 9
ay = af + afR 4 afRR, (9d)

where af, af®, and af®® include O(p®) vertices. Because

of their length, the expressions for these form factors
appear in Appendix D.

E. SD constraints

Including operators which start contributing to the
O(p®) LECs, we have now so many parameters (see
Table I) allowed by the discrete symmetries of QCD and
chiral symmetry that, in practice, prevent making phenom-
enological predictions. It is possible to find relations
between these couplings by means of SD properties of
QCD and its OPE. We summarize these results in this
section.

For the parameters contributing to two-point Green’s
functions (and related form factors), the constraints
[63,64,133-137]

FVGV - Fz,
FyM3, = FAM3,
8(ch — &) = 2,

Fy —Fi =F,
4c,c,, = F?,

Cm:cd:\/idm:F/z (10)

are set, respectively, by the known asymptotic behavior of
the pion vector form factor, the V — A correlator (yielding
the Weinberg sum rules), the scalar form factor, and the
S — P correlator.

We note that the vanishing of the axial pion form factor
(giving the z-to-y matrix element) at infinite momentum
transfer demands—if only the original Ry7 Lagrangian
[64] is used—2F Gy = F%. This, together with the two
first equations in Eq. (10), determine

Fy = V2F, Gy = — F,=F, (11

all in terms of the pion decay constant. These relations
were employed in Ref. [62]. We emphasize that—once
operators contributing to the NLO chiral LECs are

114017-5
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FIG. 6. Two-resonance exchange contributions from the RyT to the axial-vector form factors of the 7~ — 7z~ 7%uw, decays.

0 i T 0
1 1 1 1
| | | |
| | | |
@ — - » ¥ ® — = - » y
R - i aq P w

FIG. 7. Three-resonance exchange contributions from the RyT
to the axial-vector form factors of the v~ — z~ 7 yv, decays.

considered [83,88]—the relations (11) no longer hold true
(see Ref. [94]). Seen from another perspective, consistent
sets of SD relations on n-point Green’s functions vary with
n. For n = 2, one has the set (11) [63]. We shall also
consider the set obtained for n =3 [83,88,94] (where
operators with more than one resonance field start to
appear) in the following. We will come back to discussing
the actual values of the Fy, Gy, and F, couplings before
closing this section, as they are essential to assess the error
associated to the IB corrections computed in Ref. [62].

Now, we consider RyT operators which do not contrib-
ute to the NLO chiral LECs. For the even-intrinsic parity
sector [83,98],16

A{% - 0,
My =0,

’1?7 = /1];8 =0,
A =43 =4, =0, (12)

"*The corresponding coefficients are denoted AR, with the
upper index showing the resonance fields involved.

using these SD constraints in Eq. (6) and the Brodsky-
Lepage behavior [138,139] of f_ (s), we get

228 + 4§ + 241, = 0. (13)

The study of the (VAP) and (SPP) Green’s functions
yields the following restrictions on the resonance couplings
[81-83] [the Weinberg sum rules in Eq. (10) were used
below]:

A 1
V2= —ApVA VA T4 _ VA _ X+,
0 1 2 2 5 2\/5( )
Var—ao a2 g Py
R N
Al 2F2—F2
Vo =gyata _gva_ 2T TV
2 7 R, /PP
APV:_4,1PV:_F72 JPA — F? .
1 > T W24,y T 16V2d, - F

(14)

For the odd-intrinsic parity sector [88],"

"The corresponding coefficients are denoted «¥, with the
upper index showing the resonance fields involved.
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N N
1% c v % c
Kjg=—F—=—, 2k, +Kk{g=——"F75—,
4 256\/272Fy 2 30202 Fy,
N
v c P
Kj;7=———=5—, k5 =0,
1 64\/277,'2FV 3
v F24+16V2d,,Fy«Y _ NcMj,
2 32F% 5122°F3°
F2
8y — iV = 15
-l = (15)
The analysis of the (VAS) Green’s function yields [88]
s v v VA F?
K2:K?4:0’ Ky = 2K{s, Kg :32FAFV’
2
Fy(263Y +x3Y) = 2F ;654 = , 16
VR ) = 2E = e (16

and through the study of the (VVA) Green’s function in
Ref. [31],

NeM,
6477.'2 FA '

FvK;/A = (17)

A comparison between two basis for the odd-intrinsic
operators [80,88] was given in Ref. [94], which is con-
sistent with those in Eq. (15)'%:

My (2kY, + 4k}, + Kl —Kk);) =4c3 +¢; =0,

My (2kY, 4+ kg —2k17) = ¢y — 2+ ¢5 =0,

NeM
MY = e —p =V
TN
MvKY5:C4,
F2 NcM?
8V =d, +8dy =——5——
R T
Ne M3
W=V
N
32V2Fyd,, kY
1+M:0’
F
F2 =3F2, (18)

For the even- and odd-intrinsic parity sectors, there are 115
even-intrinsic parity sector (EIP) 4+ 67 odd-intrinsic parity
sector (OIP) = 182 operators saturating the O(p®) LECs,
but only a few of them contribute to a given process. The
form factors of the = — 7~ 7%wv, decays at O(p®) are
given by 32(EIP) + 23(OIP) = 55 operators (Table I).
Taking into account the relations in Egs. (12)—(18), we
get 24 (EIP) + 17 (OIPP) = 41 undetermined couplings.
To estimate the unknown parameters, we basically followed

Bwe note, particularly, the last of these equations, which is at
odds with Eq. (11).

TABLE 1. Operators contributing at O(p®) to the vector and
axial-vector form factors.

Even-intrinsic parity [83]

f))’ 6,7,8,9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22

0 4,12, 13, 15, 16, 17

orv 2,3,4,57

oyt 1,2,3,4,5

Odd-intrinsic parity [88]

oy 1,2,3,6,7,8,09, 10, 11, 12, 14, 16, 17
uvap

AHA

?%aﬂ 5,6,7

Oiyap 2,3,4

oV 2,3,4,5

ipvaf

(but for the results in Appendix A) the strategy devised in
Ref. [109]. We will restore to the available phenomeno-
logical information on these couplings and estimate—
based on chiral counting—those for which we lack it.

Equation (14) leaves two A}4 couplings undetermined,;
the numerical values of the restricted combinations (see
their definitions in terms of the AY” in Ref. [81]) are

A ~04, A~ =0.14, Ao~ 0.07. (19)

Since the same linear combination of 2}# and A{ is in all
couplings in Eq. (19), we choose 1} as independent. By
similar reasons, we take Ay* as the other independent
coupling. Based on Eq. (19), we conservatively estimate
YA~ AYA] < 0.4.

According to Ref. [83] the 2¥ couplings can be estimated
from low-energy couplings CR of the O(p®) xPT
Lagrangian as

3M?
Vi =V R < 0.02 v-!
|4/ ] >F CF ~0.025 GeV~',
M
WV ~—2Cck~ol, 20
WY~ 5 sC (20)
where we take the relation |CE| NW linked to

|LE| ~ﬁ~5 x 1073, which corresponds to the typical
size of the O(p*) LECs. This sets a reasonable upper bound
on || ~ [A4] £0.025 GeV~! and |AYV| ~ |AV4] < 0.1.
For the anomalous sector, we have the following
predictions from Eq. (18): —My«k{; = c5 — cg ~0.016,
8kyY =d; +8dy ~—0.070 and &YV =d;~—0.112.
There is a sign ambiguity on the determination of ¢3 from
7= — na~ 7%, decays [89]. We will take c3 = 0.00775:0%)
according to the determinations by Chen et al. in
Refs. [90,95,140] (which is also in agreement with the

19Couplings of operators with two resonance fields are
dimensionless [83,88].
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most elaborated ete™ — (y/2°)ztz~ fit [92]). Although
¢4 was first evaluated by studying o(eTe™ — KKx) in
Ref. [86], this yielded an inconsistent result for 7= —
K~ yv, branching ratio [87], so we will use ¢, = —0.0024 +
0.0006 [95] as the most reliable estimation. In view of all
these results, we will take |c;| < 0.015 as a reasonable
estimate, which is translated to |x}'| < 0.025 GeV~'. Since
there is not enough information on x{, we will take
[kt ~ [k)] < 0.025 GeV~!'. We will see in the following

sections that the observables that we consider and the

IB corrections for a,EWP’LO‘”” depend mostly on the !

couplings (besides Fy, Gy, and F,); for this reason, we
perform a global fit to better bind these couplings (see
Appendix A).”

We turn now to the remaining couplings. We will employ
d, = 0.08 + 0.08, which has been determined simultane-
ously with ¢3 [90,92,95,140]. For d,, we will assume
|d4| < 0.15, or in terms of kY, we get |!V| < 0.1. Again,
we will adopt |k}4| ~ |«/V| < 0.1, which agrees with the
prediction k¢4 ~ —0.14 in Eq. (17).

Using only operators contributing to the O(p*) LECs,
we have the consistent set for two-point Green’s functions
(11). However, including operators which start contributing
at O(p®), we shall use the relations for two- and three-point
Green’s functions [Eq. (10) and Eqgs. (12) to (18)]. In
particular, Fy, = +/3F, which implies (via (10)) Gy =
F/+/3 and F, = \/2F. Therefore, we will also be showing
the Cirigliano et al. results [62] with the latter set of
constraints (inconsistent for two-point Green’s functions)
so that the impact of the change of Fy,, F,, and Gy between
these two cases is appreciated.

We will refer to the original [62] constraints (11) as
Fy = +/2F and by F, = \/3F to their consistent set of
values (Fy, = \/3F,Gy = F/\/3,F, = v/2F) up to three-
point Green’s functions. In this last way, we stress that the
consistent set of SD constraints in both parity sectors
[81,83,88,94] determines the Fy, = /3F relations (among
many others, reviewed in this section).

III. RADIATIVE CORRECTIONS FOR
HADRONIC VACUUM POLARIZATION

The four-body differential decay width is given by (621"

2m)*
ar =S TP (P - p = po—k =)
dp_ d*po d*q A’k

*2m)2E. (2)2E, (2)2E, )25, )

*The results obtained assuming |x¥| < 0.025 GeV~" can be
found at https://arxiv.org/abs/2007.11019v1. While both results
agree remarkably, the errors are reduced in the current procedure.

: fon Ep-dpo
and using the relation S5 3k,

ing over the 3-momentum of the photon and neutrino,”
we get

_ .
= mdsdudx and integrat-

1 &g dk
dr = 254(P—p_— po—k—
32(27)°m3 [ / 2E,,2E7|M| (P=p-=po q)}
x dsdudx, (22)

working at leading order in the Low expansion and in the
isospin limit m, = m,, and we have

— o O Pn _ Pu 0
M = ee* (k) Mz <p_ 7. k> +O(k%),  (23)

where M =GV /Sewf -+ () (p-—po),ii(q)r* (1-75) %
u(P) is the amplitude at leading order for the nonradiative
decay that includes the SD electroweak radiative corrections
(Sgw). At O(k™'), the amplitude for the radiative decay is
proportional to the amplitude of the nonradiative decay
according to Low’s theorem [111].

The unpolarized spin-averaged squared amplitude is
given by

IMP = 4zal M P> e (k)e* (k)
Y

P Pl/ > —1
X - +O(k™"), (24)
<p_-k+iM2 P-k—im:

using the relation ) e*(k)e’(k) = —¢" and massive
photons (k*k, = M%). The sum over photon polarizations
should include the longitudinal part, since our photon has
mass and the amplitude is no longer gauge invariant. We do
not take into account this contribution because it will
vanish in the limit M, — 0.

Thus, Eq. (24) becomes

— — 5 2P p_
IM]? :4m|M,<,92|2(
(p_-k+iM2)(P-k—1iM2)
my m; )
(p— - k+3M2)* (P-k—3M2)?
+ O(k™), (25)

*! Although the analytical results in this section were presented
in the quoted reference, we include them here, given their
importance in the evaluation of the relevant IB corrections,
and take advantage to add a few explanations to previous
discussions of this subject [62,66].

*The kinematics for these decays are in Appendix B.
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where

MEZ = 4GHV P Sewl £+ () P(D (s, u) + O(K)),(26)

with D(s,u)=1mZ(m?—s)+2m3—2u(m?—s+2m2)+2u’.
Equation (25) does not contribute at O(k~!), and these
terms are canceled out by those in Eq. (26) according to the
Burnett-Kroll theorem [141].

Replacing Egs. (25) and (26) in Eq. (22), we get

_ aGIZV|Vud|2SEW

dl' = £ +(8)]PD(s.u)

4(27)*m?
X (2P p_Iyy(s,u,x) = mzloy(s,u, x) = m7lp (s, u, x))
X dsdudx + O(k°); (27)

the 7,,,(s, u, x) is defined as

L (o) 1/d3qd3k 5 (P—p_—po—k—q)

U, — 5 s

" 2z ) 2E,2E,(P-k—3M3)"(p_-k+3M3)"
(28)

performing an integration over x; and we can split the decay
width according to the integration region
T

d’r d’r

= O(k9), 29
dsdu dsdu plll + dsdu pIv/in + ( ) ( )
where
d2F aG%|V d|2SEW 2
= ud "EW D(s,
dsdu| pu 4(27)*m3 f+(FD(s. )
X (Jyi(s,u,M,) +Jop(s,u,M,) + T (s, u,M,))
(30)
and
JZF (XG%|V d|2SEW 2
- —_—fl udal oW D(s,
dsdu pIv/in 4(27[)4?)12 |f+(S)| (S M)
X (K1 (s,u) + Ko (s, u) + Kayo(s,u)),  (31)
with
xy(s.u)
Jon (s, u,M,) = cm”/ dxl,,,(s,u,x), (32)
M;
X (s.u)
Knls) = ey [ ditp (s, (33
x_(s.u)
and

Equation (28) is an invariant, so we can evaluate it in any
reference frame in order to simplify the integration, and
working in the y — v, center of mass, we have

1 / x—M?
2°(2z) ) x(P-k=3M2)"(p_-k+iM2)"

x dcosf,d¢_. (35)

[mn(s7 M) =

Integrating this equation over x in Dyy/y; and Dy, as in
Refs. [62,142], we get [Liy(x) = — [§ £log(1 — x1)]

t

Ji(s,u) =log <2X+Z(VIS’W> %log (tg)
Y

+%<Liz<1/n> ~ Lip(¥)) + logX(=1/Y,)/4
—log*(—1/Y})/4).

M, (m; - s)) ,

J20(S’u>:10g<mx (S I/l)
T\

M,(m2+m? —s—u
/ g )>, (38)

‘I02(s9 M) = ]Og< m=x (S M)
T\

Kao(s.u) = Koa(s. u) = log (}’:g Z;) (39)

where the expressions in Eq. (36) are given by

1=2a+,/(1-207 - (1)

Yir,= — , 40
12 157 (40)
with
m2—s)(m24+m> —s—u) A 2 m?
g = me = S)lms ¥ my ) A )
(mz- + m; —u) 26
— Mu, m2-, m?)
= VAR ) 41b
“ mi- +m? —u (416)
l ’ 2_7 2
7= (u M mr)7 (41¢)
2V
6 = —mlmz + mz-(m7 — s)(m2, — u) — su(—mz + s + u)
+ m2y(—=m? + su + mzis + m7u). (41d)

Experimentally, it is impossible to measure the full
photon spectrum because of acceptances, efficiencies,
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and cuts. For this reason, we need to calculate the inclusive
decay width, since we cannot distinguish the radiative
decay from the nonradiative decay for low-energy (or
collinear) photons.

For the nonradiative decay, we have

dzr _ G%|Vud|2SEW

2
dsdu 6413 m? )) D(s,u),

(P + fioap(u:
(42)

which includes isospin violation and photonic corrections
according to Ref. [61], where f{I™ (u, M) is given by

loop
. y) = £ (0= m2) A + (1= 2 = )

m,m
+2(m2 +m? — u)C(u, M,) + 210g#>’
¥

(43)

2- Yo X
N log x,), (44a)

1 2r, =y, X,
B(u) = » (zlogr + \/E 2 log x,), (44b)

1 X, 1
C(u,M,) = e (—Elogzxr + 2log x, log(1 — x2)
2
—%—f—glogzr,

. . xz'
+L12(X%>+Ll2<1 - rT)
2

+ Liy(1 ) —logx, 1 M,
(1 =x.\/r;) —logx, og.—

T

), (44c)

in terms of the variables

2
ms u 1 N
re= ’ 1:1+r1_ y Xp= ( T 1—47'7),
m2 7 m? 2 VTV

Thus, the inclusive decay width is

&T G VialPSew | (10
dsdal = dmmE D(s.u)A(s.u), (45
dsdul () 645m |f+()°D(s, u)A(s,u), (45)
where

A(s,u) =1+ 2ff$?p(u,M},) + Graa(s. u. M,). (46)

In the previous expression, we neglected the quadratic term
1
for fioep(u, M,), and

grad(s’ u, MJ/) = gbrems(sv u, M}/) + grest(sv u)? (47)

with

a
Gvoms (5.1 M,) = (733 (5210, M,) + T, 0. M, )

+Joa(s,u.M,)), (48a)

(48Db)

a
Grest (s, u) = ;(Kll(s’ u) + Kpo(s, u) + Kop(s, u)).

Integrating Eq. (45) over u and using

ui(s) mb s\ 2 4m2\3/2 2s
D(s.u)du=""(1-"2 ) (1422,
/u_(s) (s.u)du 6 ( m%) ( s ) ( +m3>

we have

dr G%|V q*m3S 52
“ :Mhﬁr(ﬂ\z 1-—
dS m‘[(}/) 38477: m;

x( 4T§>3/2<1+%)GEM@); (49)

for this, we follow the same notation as in Ref. [62]:

Jrv D(s, u)A(s, u)du.

f:_*(i? D(s,u)du

Gem(s) =

(50)

We can split the electromagnetic correction factor [Gy(s)]
in two parts, Gg&(s) and G5y (s); the first one corresponds
to taking gp(s,u) — 0, and the second one is the

remainder of Ggy(s),

0
G ()
B Jrin D(s, ) (142 5o (14, M) + Gorems (5, u, M,,) )du

f:f((;;) D(s,u)du

El

(51a)

fRIV/m D(S u)gre“(s u)du

f:j(g)) D(s,u)du

Gin(s) = (51b)

In Eq. (51a), the term 25 (u

loop M}’) + gbrems(s, u, My) is
finite when M, — 0,
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Gem(s)

098 _____ Gy [ O(p*) 1 with Fv=y/2 f
SRRREEREE Gem [O(pH I with Fv=A3E N\ fe Gew [ O(p*) | with Fv=+/3 £
—— Gem[S1] 09 Gy 1)
094 _ Ggm [ O(p% Jonly SD constraints 1 | --.- Ggwm [ O(p®) 1 only SD constraints
05 1.0 15 2.0 25 3.0 0.94 0.5 1.0 15 2.0 25 3.0
s [GeV?] s [GeV?]
FIG. 8. Correction function Gg&[(s) in Eq. (51a) (blue dashed line). The solid line shows the Gy (s) function neglecting the structure-

dependent part (S), i.e., by taking v; = v, = v3 = v4 = a; = a, = a3 = a, = 0; the dashed and dotted lines are the O(p*) Ggy(s)
function (with either Fy, = \/2F or Fy, = \/3F constraints). The blue shaded region is the full O(p®) contribution, including
(overestimated) uncertainties. The left-hand side plot corresponds to the dispersive parametrization [124], while the right-hand side

corresponds to the Guerrero-Pich parametrization [143] of the form factor (the latter was used in Ref. [62]).

2f o (14, M)+ Gorems (55 4, M)
= 41 (= m2)A(u) + (u = m2 — m2)B(u)
T
+2(mz + m7 — u)C(u))

+%(J11(Sv”)+J20(5v“)+J02(S’“)>‘ (52)

In this limit, we have

1 1
Clu) = o f’xz (—2log2x, + 2log x,log(1 — x2)
7 Mo+ i)+ Ly (1 -
——+—log’r ir(x i 1-
6 ] g 7. 2\Mt 2 \/r—T

+ Liy(1 —xf\/r_f)>, (53)

Ji(s,u) = %log (M) %log (%g)

1, . .
+E(L12(1/Y2) Liy(Yy)

+log*(—1/Y,)/4 —log*(—=1/Y})/4).  (54)

Tools, ) = log< m; — s ) (55)

(s, u)

m%-i—m,zr—s—u)’ (56)

JOZ(S7M> = 10g< x+(s,u)

where x_ (s, u) is defined in Eq. (B19).
The leading Low approximation for Gg\),[(s) is plotted in

Fig. 8. This function has two poles, one at s = 4m?2 and the

other at s = m?2.

We will use the same conventions as Ref. [62],
so we denote as “complete bremsstrahlung” the
amplitude where the structure-dependent part vanishes,
i.e., 1}1:1)2:113:114:(11261226132614:0. For
convenience, we will refer in the following simply as
O(p*) and O(p®) to the contributions from RyT including
operators that contribute up to O(p*) and up to O(p°)
chiral LECs, respectively.”

In Ggyp(s), the difference between using the Fyy = V2F
or Fy, = \/3F constraints at O(p*) is only appreciated for
s £0.35 GeV?, with the latter set producing the largest
deviation with respect to the SI result (Fig. 8). It is
important to note that—as put forward in Ref. [62]—with
Fy = /2F constraints (those consistent for two-point
Green’s functions) the impact of the structure-dependent
corrections on Ggy () is negligible and the evaluation with
SI gives already an excellent approximation. On the
contrary, we find that using the Fy, = /3F set this is no

longer true, which will increase the Ggy(s) correction in

aL{VP’Lol'"‘ using 7 data [even before adding the O(p)

contributions].

In Fig. 8, several contributions to the Ggy(s) function
are shown: the Gg\)/[ part by a dashed blue line and the
complete bremsstrahlung (SI) contribution with a solid
black line. The full amplitude including all RyT operators
which contribute at O(p*) [O(p®)] is represented by black
dashed/dotted (red dash-dotted) lines in Fig. 8. For the

O(p*) contribution, we distinguish between using Fy =

V2F (Fy, = \/3F), represented by dashed (dotted) lines.
Compared to previous results [61,62,65,66], we note the

“The different SD constraints applying in each case were
discussed at length in Sec. ITE.
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appearance of a bump near the end of the phase space on
Ggum(s) due to the inclusion of the p(1450) and the p(1700)
resonances in the dispersive representation of the vector
form factor [124,125]. The blue band in Fig. 8 shows the
uncertainty of the O(p®) contribution, evaluated according
to that on the couplings which were determined phenom-
enologically or estimated from chiral counting in Sec. IIE
(see also Appendix A).** While the central values of the
O(p®) corrections change mildly the results obtained at
(D(p“),25 their huge uncertainty band suggests that our
estimate of the RyT couplings which start contributing at
O(p®) was very conservative (one naively expects and
approximate 1/N ¢ uncertainty for a large-N ¢ expansi0n26).
Lacking a better way for this estimation, we consider this
uncertainty band as a conservative upper limit on the
corresponding uncertainties. Therefore, our error bands
at O(p®) should be regarded accordingly in the following.
On the contrary, the small modification induced by those
O(p®) couplings fixed by SD constraints (with all remain-
ing ones vanishing) with respect to the O(p*) [62] results
suggests that the difference between those is a realistic
estimate of the missing subdominant terms in Ref. [62]27
and will be given as such in the remainder of the paper.

A. Radiative decay
The differential decay width [142] is given by

—/11/2(
T

m,, m2-)
g 2, |M|*dE,dxdsd cos0_dp_, (57)

where |M]|? is the unpolarized spin-averaged squared
amplitude that corresponds to the 7= — z~z"yv, decays
and E, is the photon energy in the 7 rest frame. It is not
worth it to quote here the full analytical expression

for |M|%

2These were varied assuming Gaussian errors, and the band
was generated so as to cover all data points obtained in 100
spectrum simulations. Results were stable upon increasing
statistics. The corresponding blue bands were obtained similarly
in Flgs 12-14.

SThis is reasonable, since SI is basically unchanged by the
O({’ ) contributions.

SThis rough estimate of the parametric uncertainty is sup-
ported by the computation of yPT LECs including such correc-
tions (see, e.g., Refs. [119,121,123]). We note that in this work
resonance widths (dominant next-to-leading-order effect in the
large-N expansion for the considered decays) are included.
Also, the uncertainty corresponding to including excited reso-
nances (an infinite number of them appears for No — c0) was
checked to be negligible.

*"These were not estimated in Ref. [62] as SI was already an
excellent approximation to the result up to O(p*) (using the

Fy = V2F set).

For these decays, we have the integration region

D= {E;nin < E}/ < E;r/naxvxmin <x< Xmax> Smin <s< Smaxs

—1<cosf_<+1,0<¢_ <2z}, (58)

with boundaries

(m2—s+x) A%(s,x,m2)
4m? 4m,
(m2—s+x)  A%(s,x,m?)
<E <
SEy(s,x) < 4m, * 4dm, ’
4mz < s(x) < (m, = /)%,
0<x < (m,—2m,)>?, (59)

or interchanging the last two limits,
0<x(s) < (m.—s)? 4dmp<s<mi (60)

There are other ways to write these,

(m, —2E,)(2m,E, — x)

4m? < s(x,E,) <

2E,
2E,(m* —4m% — 2m_E
O S X(Ey) S }/(m‘[ mn’ m‘[ }/) ,
m, —2E,
m? — 4m?
EM“"<E <——T, 61
v =Y = 2m1. ( )
or exchanging x <> E,,
(m2 +x—4m2)  2V%(x,m2,4m2)
4m, 4m,
(m? 4+ x —4m2) /11/2(36, m?2,4m2)
<E < s
/(5) < 4m, + 4dm,
0<x<(m,—2m,)>, (62)
and
2E,(m? —s —2E
O S X(S,E ) S J/(mT s ]/m‘[)
v m, —2E,
4m; < s(E,) < m.(m, - 2E,),
m% — 4m?
EW<E <t %, 63
v o — 7Y = 2’"1 ( )

Further, interchanging s <> E,, we get
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FIG. 9. Modulus and phase of the pion vector form factor, f, (). The solid line corresponds to the dispersive representation used in
Ref. [124], while the dashed line corresponds to the Guerrero-Pich parametrization [143] employed by Ref. [62].

m2 —s

ESM <E,(s) <

’

2m,

4m2 < s <m,(m, — 2E™). (64)

We recall that this amplitude has IR divergences due to
soft photons, i.e., E, — 0, which is the same problem with
M, — 0 outlined in the previous section. Correspondingly,
the experiment is not able to measure photons with energies
smaller than some E5" (which is related with the exper-
imental resolution).

Concerning the O(p®) contributions, once we employ
the relations obtained from the SD behavior of QCD and its
OPE, it is seen that observables are basically insensitive (at
the percent level of precision) to O(1) changes of all the
couplings but k! (the p — @ — 7z vertex is described by these
couplings), which will saturate the (overestimated) uncer-
tainty of our predictions at this order.

If we integrate Eq. (57) using the limits in Eq. (64) and
the dispersive vector form factor [124,125], we get the z
invariant mass distribution, the photon energy distribution,
and the branching ratios as a function of E;";‘“, shown in
Figs. 10-14 and summarized in Table II. In these figures,
the dot-dashed red line corresponds to taking the limit
where all the couplings at O(p®) vanish except for those
constrained by SD, and the band overestimates the corre-
sponding uncertainties.

As it can be observed from Table II and Fig. 14, the main
contribution at O(p*) corresponds to the complete brems-
strahlung (SI) amplitude (in agreement with Ref. [62]), and
the value for the branching ratio becomes smaller with larger
values of EJ". The values in Table II are slightly different
from those reported in Ref. [62]; this effect is mainly due to
the parametrization of the pion vector form factor (see
Fig.9). The form factor obtained from the dispersion relation
[124] is above the one obtained using the Guerrero-Pich
parametrization [143] at s~ Mﬁ, and also the former
includes the p(1450) and p(1700) resonances.

4.x107°F
L 3.x107%f
Q L
S [
2 2.x10_15j
= :
1.x10715}

o —— — —

0.5 1.0 15

s[GeVZ]

FIG. 10. The z~z° hadronic invariant mass distribution for the
v = n 'y, decays for ES™ =100 MeV (black), ES =
200 MeV (brown), E;”‘ =300 MeV (blue), E;”‘ =400 MeV
(gray), and E;“t = 500 MeV (red) using only the bremsstrahlung
(SI) contribution.

dr/ds[107"° GeVv™"]
o o o o
N EN » [o¢)

o« ¢
o

s [GeVZ]

FIG. 11. The n~z° hadronic invariant mass distributions for
E"t = 300 MeV. The solid and dashed lines represent the O(p*)

corrections using Fy, = v/3F and F, = \/2F, respectively. The
dotted line stands for the bremsstrahlung contribution (SI).
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T T T T

-------- dr/ds[Sl]

dr/ds[O(p*)] with F,=+/3 f
————— dr/ds[O(p*)] with F,=/2 f

- dr/ds[O(p®)] only SD constraints

dr/ds [107"° Gev™' ]

05 10 15 2.0
s [GeV?]
FIG. 12. The 7~z hadronic invariant mass distributions for
E't = 300 MeV. The solid and dashed lines represent the O(p*)
corrections using Fy, = v/3F and F, = \/2F, respectively. The
dotted line represents the bremsstrahlung contribution (SI). The
dot-dashed red line corresponds to using only SD constraints at

O(p®), and the blue shaded region overestimates the correspond-
ing uncertainties.

According to our discussion on error estimation of the
O(p*) result [including the uncertainty coming from
missing higher-order terms from the result at O(p®)
when only SD constraints are used], we have—for
ES" = 300 MeV—BR(7™ — 77 7°;,) = (1.9733) x 107,

The spectrum for these decays with v; =a; =0 is
plotted in Fig. 10; the dominant peak corresponds to
bremsstrahlung off the z~, and the secondary receives
two contributions: one from bremsstrahlung off the 7 lepton
and another from a resonance exchange in V, (for
EJ" <100 MeV, these two are merged into one single

0.100
0.010
> 0.001
9o
>
g -4
< 10
= dr/TdE, [S1]
: ~
© 105 dr /T dE, [O(p")] with F,=+/3 1 N\ ]
----- dr/T,dE, [O(p")] with F,=4/2
1076} -~~~ dI/T,dE,[O(p®)] only SD constraints =i
0.2 0.4 0.6 0.8
E, [GeV]
FIG. 13. Photon energy distribution for the 7= — 7~ 2%,

decays normalized with the nonradiative decay width. The dotted
line represents the bremsstrahlung contribution. The solid and
dashed lines represent the O(p*) corrections using Fy = v/3F
and Fy = V2F, respectively. The dot-dashed red line corre-
sponds to using only SD constraints at O( p®) (with overestimated
uncertainties in the blue shaded area).

T T T T T

0.0051 b
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Ny -
2 5.x107
%
|
3
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= 1.x107*
@
5.x1075F e Br[S] i
BO(p*)] with F,=+/3 1
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1.x1078k ~~ ="~ BrO(p®)] only SD constraints A
. . ) ) )
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FIG. 14. Branching ratio for the 7= — 7~2%uw, decays as a
function of Ej". The dotted line represents the bremsstrahlung
contribution, and the solid line and dashed lines represent the
O(p*) corrections using Fy, = v/3F and F, = \/2F, respec-
tively. The dot-dashed red line is the O(p®) contribution using
only SD constraints and neglecting all other couplings. The blue
shaded region overestimates the O(p®) uncertainties.

peak). The rate and spectrum are dominated by the
complete bremsstrahlung (SI) contribution.

In Fig. 11, we show the distribution for E5"* = 300 MeV
taking into account the SI contribution (dotted line) and the

O(p*) amplitude obtained using Fy, = v/2F (dashed line)

and Fy = \/§F (solid line); the most important contribu-
tion corresponds to the p resonance exchange at
s ~0.6 GeV2. The main difference between these two
approaches is seen in Fig. 11, where up to s ~ 0.4 GeV?
the dashed line is below and the solid line is above the
bremsstrahlung (SI) contribution (dotted line). The dashed
line is quite similar to the distribution in Fig. 2 of Ref. [62],
while the solid line resembles closely the distribution in
Fig. 4.6 of Ref. [142] obtained from the VMD model [144]
neglecting the w-resonance contribution.

In Fig. 12, we show a comparison between the dipion
distribution at different orders. As we can see, the inclusion
of the corrections at O(p®) gives a noticeable enhancement
at low s.

For the photon energy distribution, Fig. 13, we can
differentiate between the full amplitude [solid, dashed lines

TABLE 1II. Branching ratios Br(z~— — 7z~ z"yv,) for different
values of Ej™. The second column corresponds to the complete
bremsstrahlung, and the third and fourth columns correspond to
the O(p*) contributions.

BR BR(Fy = V2F) BR(Fy = /3F)
E (brems) [O(p*)] [O(p*)]
100 MeV 8.6 x 1074 9.0 x 10 9.5 x 107
300 MeV 1.7 x 107 1.9 x 107 2.3 x 107
500 MeV 2.8 x 1073 3.9 % 1075 54x107°
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FIG. 15. Predictions for the branching ratio at O(p®) for a samp
bottom.

up to O(p*) and dotdashed red line up to O(p®)] and the
bremsstrahlung contribution (dotted line), but as in the case
of the branching fraction, the distribution decreases for high
energies. In the case of the O(p®) distribution, there is an
enhancement at middle and high photon energies.

According to Figs. 11-14, measurements of the zz
invariant mass, of the photon spectrum and the partial
decay width, for a reasonable cut on E, (at low enough
energies the inner bremsstrahlung contribution hides com-
pletely any structure-dependent effect), could decrease
substantially the uncertainty of the O(p®) computation.
This was already emphasized in Ref. [62] but remained
unmeasured at BABAR and Belle. We hope these data can
finally be acquired and analyzed at Belle-II.

TABLE II.  Branching ratios Br(z~ — #~z%v,) for different
ES values at O(p©).

Ep BR(SD) [0(p°)] BR [O(p°)]
100 MeV 1.3 % 1073 (1.9 +£0.3) x 1073
300 MeV 5.1 %107 (1.1£0.3) x 1073
500 MeV 2.4 % 107 (0.6 £0.2) x 1073

0.0015

0.0010
TSATYV,)

le of 1000 points, with E_,, = 100, 300, and 500 MeV from top to

In Fig. 15, we show the branching ratio for E;E“‘ =
100, 300, and 500 MeV from top to bottom. The outcomes
are summarized in Table III.

IV. IB CORRECTIONS TO a}' V"0

We can evaluate the leading contributions to the hadronic
vacuum polarization (HVP) by means of the dispersion
relation [145],

uvero |

" - 4—77:3 ” dSK(S)GO

e

(65)

~ e —hadrons (S) ’
Sthr

where K(s) is a smooth QED kernel concentrated at low
energies, which increases the E < M, contribution,

2 2

X x2 X 2 X
K(s) :ﬂz—ﬁﬂ% <1n(1+x)—x+7)
(14+x)
) #In(x). %)

with
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TABLE IV. Contributions to AaZIVP'LO in units of 107" using the dispersive representation of the form factor. From the two

evaluations labeled O(p

%), the left (right) one corresponds to Fy, = v/2F (Fy = \/3F).

HVP,LO HVP,LO HVP,LO HVP,LO HVP,LO HVP,LO
Is1.5:] Aa, o Adsi Ad, o() Ad, () Ady isp) Ad, jo(p9)
[4m2,1 GeV?)] 1738 ~11.0 113 ~17.0 324 _74.8 + 44.0
[4m2.2 GeV?] 1183 ~10.1 ~10.3 ~16.0 319 759 +455
[4m2,3 GeV?) +18.4 ~10.0 102 159 319 759 +45.6
(dm2, m?] 1184 ~10.0 ~10.2 ~15.9 319 759 +45.6

TABLE V. Contributions to Aaj"*"© in units of 10" using the Guerrero-Pich parametrization of the form factor. From the two

evaluations labeled O(p

4), the left (right) one corresponds to F = V2F (Fy = \/3F).

HVP.LO HVP.LO HVP.LO HVP.LO HVP.LO HVP.LO

51,52 Ad, 6o, Ad, 51 Ad, 100 A4, joip) Ad, fsp) A4, o)
[4m2, 1 GeV?] +17.3 —10.2 -10.4 -15.9 -28.3 —-63.2£16.5
[4m2,2 GeV?] +17.7 -94 -9.6 —15.2 -28.1 -58.1£12.2
[4m2,3 GeV?] +17.8 -9.3 -9.5 -15.1 -28.0 —-67.8 £17.5
[4m2, m2 +17.8 -93 -9.5 —15.1 -28.0 —-64.9 £ 134
_1-4 Cp = /i —am /s, discussed at length in Sec. III, the g3, /43, , term is a
1+, " " phase space factor, and the last term in Rg(s) is a ratio
between the neutral [Fy(s)] and the charged [f, (s)] pion

and ae o' —hadrons (8) 18 the bare hadronic cross section.® We  form factor.

can relate the hadronic spectral function from z decays to
the e e~ hadronic cross section by including the radiative
corrections and the IB effects. For the zz final state, we
have [61,62]

o0 — K,(s) drnﬂ[y] Rig(s) (67)
i Kr(s) ds Sew
where
G|V yal*m} s \? 2s
K = (1-— 14+—),
r(s) 38473 m?2 +m%
2
o
K —_— 68
) =5 (68)
and the IB corrections
FSR(s) B | Fy(s
R (s) = 2RO e | P () (69)
Gem(s) B o | f1(5)

The Sgw term encodes the SD electroweak corrections
[146-153], and FSR(s) accounts for the radiation from the
final-state pions [154,155]. The Ggy(s) term was already

8 Although final-state radiation would belong to HVP, NLO, it
is always included in HVP, LO (and not in HVP, NLO) as
eliminating this radiation from the measured data is unfeasible.
Thus, a final-state radiation factor is also needed in the radiative
corrections discussed below.

To study the effect of the radiative correction Ggy(s) on
MVPLO(77], we have evaluated the expression [62]

w0 =g Pk [ (=)

(70)

taking Spw = 1 = 1. The results are

’ ﬁs
summarized in Table IV using d1spersion relation (DR)

form factor. The results obtained for the Gg\),[ and the

complete O(p?*) contribution (with Fy = /2F) agree
with those in Ref. [62], which are +16 x 10~!" and
—10 x 107!, respectively (for the whole integral). In
Table V, we summarize the results obtained using the
Guerrero-Pich [143] parametrization of the form factor
(which only accounts for the completely dominant p
exchange), which are in nice agreement with those found
with the dispersive form factor [that also includes the

p(1450) and p(1700) effects]. This checks, a posteriori,

that excited resonance contributions make a negligible

effect in the Gy (s) corrections to aj ' 0%

By replacing D, (x) by (1+4,)™"(D;' (x) + D} (x)).
with B, € [0.12,0. 15] [125] throughout the v; and @, form

factors, we have verified that the impact of the p’ on the
HVP.LO|

nrT

Ggwm(s) correction to ay is negligible. Similarly, the error
induced by other excned resonances shall also be irrelevant.
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FIG. 16. Ratio of the form factors (FFl) for 6,, =

(=3.540.7) x 1073 GeV?. The solid line represents the mean
value.

The values in the last columns of Tables IV and V were
obtained evaluating Eq. (70) according to the couplings
discussed in Sec. II E for a sample of 200 points for each
interval of integration (results were stable under increasing
this number).

The other contributions are summarized in Table VI:

(i) The Sgw contribution Sgw = 1.0201 gives

AaVPEO = —103.1 x 1071, consistent with earlier
determinations (using slightly different values of
Sgw) and with a negligible error.

(i1) The phase space (PS) correction induces Aaﬁlvp Lo —
—74.5 x 107" (trivially in agreement with previous
computations), again with tiny uncertainties.

The final-state radiation (FSR, which is formally
NLO) yields Agj"P© = +45.5(4.6) x 107", in
accord with Ref. [67] (its value was not quoted
in Ref. [62]).

The correction due to the ratio of the form factors
(Fig. 16) is harder to evaluate. We have considered
two alternatives, labeled FF1 and FF2, that we
explain next. We use the following numerical
inputs for the p— @ mixing parameter 6,, =
(=3.5+0.7) x 1073 GeV? [62] and Lo—T, =
0.3+£13MeV, m: —myu =0.7+0.8 MeV, and
my = 77526 £ 0.25 MeV from particle data group
[156].

In FF1, as in Ref. [62], we include the measure-
ment of the zzy channel of the p° Ty, -, =
1.5+0.2 MeV and the measurements of I _ 0,
and I')+_,+,, which are approximately 0.1 MeV
[157]. Thus, we estimate T'jo_+,-, = e o0, =
1.5+ 1.3 MeV. In this way, we get a positive
correction of AalVPTO = 140.9(48.9) x 10711,
The uncertainty on the third column of Table VI
(FF1) corresponds to sum the errors due to uncer-
tainties of p — @ mixing (8.5), the p* — p® mass

(iii)

(iv)

difference (15.9), and the p* — p° width difference
(45.5) in quadrature (in units of 107'1).

On the other hand, in FF2, we use the same

numerical inputs for [ - — e 0, =
0.45 4 0.45 MeV as in Ref. [62] (and all the others
as we did before), and we obtain a positive correc-
tion of Aap "0 = 477.6(24.0) x 10~'". The un-
certainty in the fourth column of Table VI (FF2)
corresponds to sum the errors due to uncertainties of
p — o mixing (8.6), the p* — p® mass difference
(15.9), and the p* — p° width difference (15.8) in
quadrature (in units of 10~'").

This correction is +(61 +26 +3) x 107! in
Ref. [62] and +(86 4-32 4= 7) x 107! in Ref. [67],
in agreement (despite the big errors) with our FF2
and FF1 determinations, respectively.

(v) Finally, we get (—15.9777) x 107! [(=76 + 46)x
107" for the Ggy(ss) correction at O(p*) [O(p®)]
versus —10 x 10! in Ref. [62] and —37 x 10~!! in
Ref. [65] (from the last two results, (—19.2 £+ 9.0) x
10~ was used in Ref. [67]). As explained before,
the previous uncertainty on the O(p®) can only be
taken as an upper bound on it. Also interesting is the
Ggwm(s) correction when only the couplings re-
stricted by SD are used (with all others at this order
set to zero), which allows us to estimate the effect
of missing higher-order terms on the O(p*) result
quoted above. This O(p*) result, which is our
reference value, is consistent with both the earlier
RyT [62] and the VMD [67] evaluations, albeit with
a larger (asymmetric) error.

In Fig. 17, we show the full IB correction factor
Riz(s) for the different orders of approximation in the
Ggm(s) factor using the DR parametrization of the form
factor. As we can see, there is a difference between the
contributions at O(p*) and those at O(p®) for energies
below approximately 0.5 GeV? and above approximately
0.7 GeV2.

An important cross-check is the branching fraction
B, =T(t - n7%,)/T,, which is a directly measured
quantity. It can also be evaluated from the / = 1 component
of the ete”™ —» nzn (y) cross section after taking into
account the IB corrections. The branching fraction is
given by

2

mz S
BEYC = Be/ dsc ) ()N ()
e’ 4m? . (y)( ) ( ) RIB (S)

(71)

where

N(

3V ,al? s\ 2 2s
= 1—-— 14+—). 72
2 2radm? s m?2 + m?2 (72)
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TABLE VI. Contributions to Aa in units of 10~!" using the DR form factor as the reference one.
[Sl 5 Sz] SEW PS FSR FF1 FF2 EM
[4m2,1 GeV?] -101.1 -74.1 +44.7 +41.8 +49.0 +78.4 4245 -17.07%7,
4m?2,2 GeV? —-103.1 —74.4 +45.5 +40.94+48.9 +77.6 +24.0 -16.037
n -15.9
[4m2,3 GeV?] —103.1 —74.5 +45.5 +40.9 £ 48.9 +77.6 £24.0 1595,
[4m2, m?] -103.1 —74.5 +45.5 +40.9 +48.9 +77.6 +24.0 -15.9457
(51, 52] Aa,(FF1) Aa,(FF2)
[4m2,1 GeV?] -105.714)2 —69.1155%
[4m2,2 GeV?] -107.1784 -70.4735)
[4m2,3 GeV?] -107.118)7 ~70.41355
[4m2, m?] -107.173)7 -70.4735

Using the most recent data obtained from BABAR (541 for the ete™ — atx(y) cross section and taking the same
numerical inputs as we did for FF1, we get

24776 £0.11 £0.25 £0.01 £0.01 £0.02)%, SI,

( )
gove _ ) AT 01140255001 4+001 £0.02)%, Fy = V2F,
71'7'[0 =
( )
( )

24.7740.11 £0.25 £0.01 = 0.01 £ 0.02)%, Fy = /3F,
2480 £0.11 £0.25£0.01 £0.01 £0.02)%, SD,

where SI, F, = /2F, Fy, = +/2F, and SD correspond to the different approximations of the Gy (s) factor. The result for

F\ = \/2F is our reference one, with a negligible uncertainty from the missing higher-order terms starting at O(p®).
On the other hand, when we use the same numerical inputs as in the case of FF2, we get (again, our reference result is the

Fy = /2F one, with the uncertainties quoted below)

24.57 4 0.11 £ 0.08 + 0.01 +0.01 +0.02)%, SI,
gOvC 24.57+0.11 £ 0.08 £ 0.01 +0.01 +0.02)%, Fy, = v2F,
0 p—

( )
( )

i (24.58 £0.11 +0.08 + 0.01 & 0.01 £0.02)%, F, = \/3F,
(24.61 £0.11 £0.08 £0.01 £0.01 +0.02)%, SD.

(74)

In both cases, the first error corresponds to the statistical experimental uncertainty on o,,(,), the second is related to
uncertainty on the p* — p° width difference, the third corresponds to the uncertainty in the p™ — p° mass difference, and the

fourth corresponds to the uncertainty of the p — @ mixing. The last error corresponds to the corrections induced by FSR on
Bg;f)c, which reduces approximately —0.20(2)% the zz branching fraction.

If we include all the couplings contributing to Ggy(s) at O(p®) according to Sec. I1E, we have an additional error
associated to the electromagnetic (EM) contributions. Thus, we get
BEYC = (24.80 £0.11 +£0.25 + 0.01 £ 0.01 £ 0.027§71)% (75)
for FF1 and

BEYC = (24.61 £0.11 £ 0.08 + 0.01 £ 0.01 & 0.02702)% (76)
%/ 8
for FF2. Both previous results match perfectly our reference determinations obtained with Fy, = v/2F.

*We thank to Alex Keshavarzi and Bogdan Malaescu for providing us tables with the measurement of the e*e™ — zz~(y) cross
section.
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FIG. 17. Full IB correction factor Ryg(s) for the different orders of approximation in Ggyy(s) using the central values given in (FFI).
The blue region corresponds to the (overestimated) corrections at O(p®) in Ggy(s).

These results are in good agreement (though better for
FF1) with the value reported by the Belle Collaboration
[158],

B® , = (2524 £0.01 £ 0.39)%. (77)

where the first uncertainty is statistical and the second is
systematic. Nonetheless, they are in some tension with the
very precise ALEPH measurement (25.471 +0.097 +
0.085)% [159].

We show in Fig. 18 the prediction for the eTe™ — 777~
cross section using the data reported by Belle [158] (as it is
the most precise measurement of this spectrum) for the
normalized spectrum (1/N,,)(dN,,/ds) compared to the
last measurements from BABAR [54] and KLOE [160].31

We recall that the ete™ — ztz~ cross section obtained
using 7 data is given by [158]

59;7; :;X (Bﬂﬂ.') % < 1 dN;m) <RIB(S)>‘
N (S ) B e N nn ds SEW

In Fig. 18, the 7-based prediction is obtained using the
O(p*) result for Ggy(s), with the estimated uncertainty
from missing higher-order corrections given by the result at
O(p®) (employing only the SD constraints). The blue dot-
dashed line shown overestimates the error at O(p9).

From Fig. 18, we observe good agreement between the
BABAR data and the 7 decays prediction (slightly better for

FF1).” The previous comparisons make us consider our
evaluation with FF1 the reference one (so that its difference

(78)

3'We have chosen to show in the comparison these two ete™
datasets as the results from both collaborations are those deviat-
ing the most, and thus mainly responsible from the tension in
olete” - nta™).

One can also check how important the pt —p° width
difference is around s ~ M,z,.

with FF2 will assess the size of the error induced by IB
among the p — nzy decay channels).33

Using Eq. (78), we evaluate the IB-corrected
a?O |z, 7] from the Belle mass spectrum. We use the
particle data group values [156] for m,, V4, and B,.

In Table VII (VIII) we show IB-corrected ay ¥ =[xz, 7]
in units of 107!° using the measured mass spectrum by
Belle (ALEPH). For each dataset, results for the different
approximations to Ggy(s) are shown. We choose showing
first the results with both Belle and ALEPH datasets as the
first (second) one yields the most accurate spectral function
(branching ratio) measurement. As in Ref. [67] (and later
works by the Orsay group), the contributions are split in
two intervals. In the first one, /s € [2m,=,0.36 GeV],
(the very scarce) data are not used, as they affect the
precision of the integral. Instead, we use the results of the
dispersive fits in Ref. [125]. We proceed analogously in
Tables IX and X with the CLEO [166] and OPAL [167]**
measurements.

Taking into account all dipion tau decay data from the
ALEPH [159], Belle [158], CLEO [166], and OPAL [167]

collaborations (the latter yielding the largest contribution to

ay VPOl exceeding approximately 10.7 x 10710 the mean,

although with the largest errors as well) in Tables XI
and XII at O(p*) and O(p®), respectively, we get the
combined tau-data contribution

HVP.LO|

1019 a, e —519.6 + 2.85pec[m+BRsf21:?IB (79)

at O(p*) and

33We, nevertheless, recall that recent BESIII data [55,161] and
evaluations within the hidden local symmetry model [162-165]
agree better with the KLOE data than with BABAR’s.

*We thank to Jorge Portolés for providing us with the OPAL
dataset.
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FIG. 18. Comparison between the different data sets from BABAR (above) and KLOE (below) with AI';,, = 1.5 MeV (left) and

AT, = 0.45 MeV (right) for FF1 and FF2, respectively. The blue region corresponds to the experimental error on ¢,,(,). The solid and

dashed lines represent the contributions with F\, = \/3F and F = \/2F at O(p*), respectively. The dotted line is the SI contribution.
The red line depicts the envelope of Gy (s) at O(p®), which overestimates the uncertainty at this order. The blue dot-dashed line is the
O(p®) contribution using only SD constraints.

TABLE VII. IB-corrected a,lfvp L0 [zz,7] in units of 1079 using the measured mass spectrum by Belle with
B, = (25.24 +0.01 4 0.39)%. Different approximations to Ggy(s) are displayed in the various columns. The last three of them
show the results at O(p®), and their differences overestimate the error at this order. The error of the O(p*) prediction (obtained with
Fy = V2F) can be quantified from its difference with the SD value [corresponding to the O(p®) contribution using only SD

constraints].

FF1
[s1.52] SI Fy = 2F Fy =/3F SD Min Max Mean
[0.1296 GeVZ, 1 GeVz] 499.43 499.42 499.05 498.16 492.18 498.41 495.30
[0.1296 GeV2,2 GeVz] 509.47 509.46 509.09 508.14 501.87 508.40 505.13
[0.1296 GeV2,3 GeVz] 509.68 509.67 509.30 508.35 502.08 508.61 505.34
[0.1296 GeV?,3.125 GeVz} 509.72 509.71 509.34 508.40 502.12 508.65 505.39
FF2
[51.52] SI Fy =V2F Fy =/3F SD Min Max Mean
[0.1296 GeV2, 1 GeVz] 503.03 503.02 502.65 501.75 495.76 502.01 498.88
[0.1296 GeV2,2 GeVz] 513.08 513.06 512.70 511.75 505.46 512.00 508.73
[0.1296 GeV2,3 GeVZ] 513.29 513.28 512.91 511.96 505.66 512.21 508.94
[0.1296 GeV?,3.125 GeVz] 513.33 513.32 512.95 512.01 505.71 512.26 508.98
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TABLE VIIL. IB-corrected aj *'C[zz,7] in units of 107' using the measured mass spectrum by ALEPH with
B, = (25471 £ 0.097 & 0.085)%. The rest is as in Table VII.

FF1
[s1, 5] SI Fy =2F Fy =\/3F SD Min Max Mean
[0.1296 GeV?, 1 GeVz] 495.28 495.27 494.92 494.05 488.25 494.30 491.27
[0.1296 GeV3,2 GeVz] 506.57 506.56 506.21 505.29 499.15 505.53 502.34
[0.1296 GeV2,3 GeVz] 506.82 506.81 506.45 505.53 499.38 505.77 502.58
[0.1296 GeV?,3.125 GeVz} 506.82 506.81 506.46 505.53 499.39 505.78 502.58
FF2
[s1.52] SI Fy = 2F Fy =/3F SD Min Max Mean
[0.1296 GeV?, 1 GeVz] 498.86 498.85 498.50 497.63 491.81 497.87 494.84
[0.1296 GeV2,2 GeVz] 510.16 510.15 509.80 508.87 502.72 509.12 505.92
[0.1296 GeV?,3 GeVz] 510.41 510.40 510.04 509.12 502.95 509.36 506.16
[0.1296 GeV?,3.125 GeVz} 510.41 510.40 510.05 509.12 502.96 509.36 506.16

TABLE IX. IB-corrected al'*""°[zz, ] in units of 10~'° using the measured mass spectrum by CLEO with B, = (25.36 + 0.44)%.
The rest is as in Table VIIL

FF1
[51.52] SI Fy =V2F Fy =/3F SD Min Max Mean
[0.1296 GeV?, 1 GeV?] 498.51 498.50 498.14 497.27 491.43 497.52 494.47
[0.1296 GeV?,2 GeV?] 508.98 508.97 508.61 507.69 501.54 507.93 504.74
[0.1296 GeV?,3 GeV?] 509.15 509.14 508.79 507.86 501.70 508.11 504.91
[0.1296 GeV?,3.125 GeV?] 509.20 509.18 508.83 507.91 501.75 508.15 504.95
FF2
(51, 52] SI Fy = 2F Fy = /3F SD Min Max Mean
[0.1296 GeV?, 1 GeV?] 502.10 502.09 501.74 500.86 495.00 501.11 498.06
[0.1296 GeV?,2 GeV?] 512.58 512.57 512.22 511.29 505.12 511.58 508.33
[0.1296 GeV3,3 GeVz] 512.76 512.75 512.39 511.47 505.29 511.71 508.50
[0.1296 GeV?,3.125 GeV?] 512.80 512.79 512.43 511.51 505.33 511.75 508.54

TABLE X. IB-corrected a,lfVP ’Lo[mz, 7] in units of 107! using the measured mass spectrum by OPAL with
B,, = (25.46 £0.17 = 0.29)%. The rest is as in Table VIL

FF1
[51.52] SI Fy =V2F Fy =/3F SD Min Max Mean
[0.1296 GeV?, 1 GeV?] 509.50 509.51 509.07 508.04 501.31 508.34 504.82
[0.1296 GeV?,2 GeV?] 521.29 521.29 520.86 519.77 512.69 520.06 516.34
[0.1296 GeV?,3 GeV?] 521.49 521.49 521.06 519.96 512.88 520.25 516.56
[0.1296 GeV?,3.125 GeV?] 521.49 521.49 521.06 519.97 512.88 520.26 516.57
FF2
(51, 52] SI Fy = \2F Fy = /3F SD Min Max Mean
[0.1296 GeV?,1 GeV?] 512.99 512.99 512.56 511.53 504.78 511.82 508.30
[0.1296 GeV?,2 GeV?] 524.79 524.79 524.36 523.27 516.17 523.56 519.86
[0.1296 GeV?,3 GeV?] 524.99 524.99 524.56 523.46 516.36 523.76 520.06
[0.1296 GeV?,3.125 GeV?] 524.99 524.99 524.56 523.46 516.36 523.76 520.06
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TABLE XI. IB-corrected a;,""©[zz, 7] in units of 10~'0 at O(p*). The first error is related to the systematic uncertainties on the mass
spectrum and also includes contributions from the z-mass and V,, uncertainties. The second error arises from B, 0 and B,, and the third

error arises from the isospin-breaking corrections.

TOTAL

aII:IVP,LO 77, 7]
Experiment 2m = — 0.36 GeV 0.36-1.8 GeV
Belle 8.81 £ 0.00 £ 0.147016 511.14 + 1.94 £7.991)9)
ALEPH 8.89 + 0.00 + 0057016 508.26 & 4.48 £ 2.821) 05
CLEO 8.85 4 0.00 £ 0.15791° 510.63 £ 3.40 + 8.9311:%0
OPAL 8.89 4+ 0.00 + 0.12791 522.81 £ 10.04 £ 7.001,%]

519.95 + 1.94 £7.9957)
517.15 £ 4.48 £2.82) )1
519.48 +3.40 £ 8.935) "
531.70 & 10.04 £ 7.001)%7

TABLE XII. IB-corrected aj," "“©[zz, 7] in units of 1010 at O(p®). The rest is as in Table XI.

a’l;lVP‘LO [ﬂ'ﬂ', T]
Experiment 2m,+ —0.36 GeV 0.36-1.8 GeV TOTAL
Belle 7.77 £0.00 £ 0.127 % 507.18 & 1.91 + 7.881372 514.95 +1.91 +7.88138]
ALEPH 7.84 +0.00 £ 0.0472) 504.37 £4.35 £2.7915% 51221 £4.35+£2.797378
CLEO 7.80 & 0.00 £ 0.147)2) 506.74 +3.28 + 8.84 3%} 514.54 £3.28 £ 8.84737%
OPAL 7.84 £0.00 £ 0.107) %) 518.32 £9.69 £ 6.92135 526.16 £9.69 + 6.9217-2
HVP.LO oy s _ _ inclusi f h i

]010 - ay A _ §14.6 + 2~8spectra+Bst_L§ng (80) glé]l:l)m;);ﬂ of narrow resonances and the perturbatlve

at O(p®) Adding errors in quadrature, an uncertainty of ¥ (1)

The IB errors come from the uncertainty on I'(p — zzy)
(FF1 vs FF2) and either from the difference between the
Fy = V2F and SD results [in Eq. (79)] or from the
difference between the mean and minimum/maximum
results [in Eq. (80)].

Contrary to previous estimates [62,67-69,77], the

. HVP.LO|4s ae .
errors in a ot happen to be dominated by the

uncertainty on the IB contributions [but for the lower error
on Eq. (79)].

When Egs. (79) and (80) are supplemented with the four-
pion tau decays measurements (up to 1.5 GeV) and with
e'e™ data at larger energies in these modes (and with e*e™
data in all other channels making up the hadronic cross
section), we get [7,69]

10 . HVPLO| gy, _ +1.9
10" - ay @ =705.7 + 2.8 pecirarBRs 5 1 g T 2-0ct e

+0. 1narrowres + 0-7QCD (81)

at O(p*) and

HVP.LO rdata B
1010+ g VPEOk = 700.7 £ 2.8 peerra BRs 3 g £ 2.0+
+ O'lnarrowres + 0'7QCD (82)
at O(p®), and we have also included the uncertainties

corresponding to using e™ e~ data for those contributions
not covered by tau decay measurements and to the

is obtained at O(p*) [O(p®)]. These numbers (all in units
of 10719 have to be compared with the error of 4.0
in Ref. [2].

When all other (QED, EW, and subleading hadronic)
contributions are added to Eqgs. (81) and (82) according to
Ref. [2], the 3.7¢ [2] deficit of the SM prediction with
respect to the BNL measurement [45] is reduced to

Aa,=a;’ —aM = (153 +£7.7) x 10710 (83)
at O(p*) and
Aa, = a;" —aM = (20.3153) x 10710 (84)
at O(p®), which are 2.0 and 2.30, respectively.

V. CONCLUSIONS

In this work, we have revisited the resonance chiral
Lagrangian computation of the isospin-breaking and radi-
ative corrections to the 7~ — ﬂ‘zroyfy decays in Ref. [62],
by including the terms that start to contribute to the O(p®)

chiral LECs. Our main motivation for that was to revisit the
determination of a,IfVP’LO using tau decay data so that it
could—when combined with the e*e™ measurements—
reduce the Standard Model error on a,,, thus enhancing the

sensitivity to new physics of the current BNL and future
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FNAL and Japan proton accelerator research complex
measurements.
Our isospin-breaking corrections improve the agreement

between 7 and e e~ dipion data (both in the spectrum and

HVP,LO
its integral), which endorses our evaluation of a, .,

HVP,LO -
Our main results are a s — (705.739) x 1071

(including the same contributions as in Ref. [62]) and
ap POk — (700.7:81) x 10710 [when the operators
starting to contribute to the O(p®), LECs are also consid-
ered]. These reduce the anomaly Aa, = a;" — a;™ to 2.0
and 2.30, respectively.

We also provide a detailed study of the zz spectrum, E,
distribution, and branching ratio, for different cuts on the
photon energy. These 7~ — 7~ z’v,y decays observables
have the potential to reduce drastically the error of our
predictions, so we eagerly await their measurement at
Belle-II.
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APPENDIX A: FIT RESULTS

Since the k)" couplings are related with the w exchange,
which is known to give an important contribution to the
T — nmyv, decays, we perform a global fit using the
relations for the resonance saturation of the anomalous
sector LECs at NLO [88], Egs. (10)—(18) in Sec. ITE and
the estimation of the LECs in Ref. [168].

Neglecting all the other contributions, we get

— (=21407)x 102 GeV-!,  (Ala)
— (=8849.1)x 107 GeV-!,  (Alb)
K = (22458 x 1073 Gev-!,  (Alc)
K = (=2.14£03)x 102 GeV™',  (Ald)
= (1.240.5) x 1072 GeV~!, (Ale)
kY = (3.1£09)x 102 GeV-',  (Alf)

= (0.1 £5.9) x 1073 GeV~', (Alg)
)y = (=5.9+£9.6) x 1073 GeV~!, (Alh)
k), = (-3.0+£0.6) x 1072 GeV~!, (A1)
= (1.0+0.8) x 1072 GeV~, (A1j)
kly = (=53 +1.1) x 1073 GeV~!, (A1K)
Kl = (47+£0.8) x 107 Gev~l. (A1l)

These values are in good agreement with our earlier
estimation in Sec. IIE, [}| <0.025 GeV~!.

APPENDIX B: KINEMATICS

1. 77 (P) » n~ (p_)x°(py)y(k)v,(q) kinematics

To describe this type of decays, we need five indepen-
dent variables. We choose s=(p_+pg)% u = (P — p_)%;
x = (k+ q)?%; 6,, which is the angle between the direction
of the 7~ z° c.m. frame in the 7 lepton rest frame and the
direction of g in the z~z" c¢.m. frame (see Fig. 19); and ¢_,
which is angle between the plane of the z~z” c.m. frame
and the plane of the yv, c.m. frame. We can write the
invariants in terms of these variables,

s+u—x—m72[0

P'po 3 s (Bla)
— M?
g k=" (B1b)
2
s —mi- —m?,
J 5 : (Blc)
U—x—m,
p--(qg+k) = > , (B1d)
x—s—l—m%
P-(qg+k) = 7 , (Ble)
Y
0,
Vr -

FIG. 19. The 7~ — 7~ z%wv, decay in the 7-lepton rest frame.
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(m%_ — mio + s)(m% + 5 — x) /11/2(5,)6, m%)ll/z(m%’ m72r'7 m,ZTO)

P = 0
P- 13 + A5 cosf_
:m%—&—m,z,——u’ (B2)
2
mZ — s+ x)(x + M? x = M2V (s, x, m?
oo PRI M) (o Wt )
X X
ok (x+M3)(m? —s —u+mk) ~ (x—M%)cosH,,A(s )
- 4x 4xV2 (s, x,m2)
(x —M%)il/z(s,m,z,-,mio)
- sin@, sinf_cos ¢_, (B4)
1A ”
(x = M2)AV2(s, m2-, m?)) A% (s, x, m2)
Pk P,p_oqs = ! u sin @, sin @_ sin ¢p_ (B5)
ut v —alp 8\/5\/)_6 v s
PR, P, p_abop = €k, P, poadp = Pk, Poady = €*PPyp_,Poadp = —€" Pk, PLp_adp. (B6)
where
A(s,u,x) = mi 4 s(s 4 u) + x(u — s = 2mz-) + m2y(m7 — s + x) — mz(2s + u + x). (B7)
Working in the z-lepton rest frame, we have
E (m?—s+x)(x+M2) (x—M2)A?(s,x,m?)
= - cosf,, (B8)
4m,x 4m,x
P-s+x)(x—M; — M2)AV2 (s, x, m?
E, = |3 =" 4’;);6 2 7>4m x( ") cos,, (BY)
T T
R M2V (s, x, m2 2_ — M2 2
k= (_ (x + 711 (s,,m )+(m SIX)(X y)cosﬁ,/)éz—i—xzi\/_ysinﬁvéx, (B10)
m.x m.x X
x — M)A (s, x, m? m2—s + x)(x — M? — M?
g= <_( /)4 ( ) _( 1 I y)cosey>éz—72\/_ysin9yéx, (B11)
m.x m.x X
— (m% + s = X)(S + mlzt_ - mio) + /11/2(*99)(7 m%)ll/z(*g? m72[_7 m}zzo) COSG
- 4m,s 4m,s -
:mz—l—m,%-—u’ (B12)
2m,
. (m? + s —x)(s —m2 +m%)  AV2(s.x,m3)AV2 (s, m2-, m%) cosd
0 4m,s 4m,s -
S+ u—x—mi
_Srum X me B13
. M2 (u, m2, m2-)
|p-| = TE, (B14)

T
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0 o, + 210 M ) g s BI5
cosf_ ez—i—z—\/gsm _e,, (B15)

5 ((s—l—m - —m%) AV (s, x, m?) N (m? + s — x)A"2 (s, m-. m2,)

4m,s 4m,s

s —m2 +m2 A2 (s, x,m2)  (m2 45— x)AV? (s, m2-, m? M2 (s, m2-, m?
130:<< )2 (s xmd) A2 (s, m ,,O>COSQ>AZ_M$H@_@W (B16)

NG

4m.,s 4m,s

2s(mz + mz- —u) — (m7 4 s — x)(s + mz- —m%))

A2 (s, x, mE)A2 (s, mE- m%) '

cosO_ = (B17)

(m? — s+ x)(x + M?) —4m,E,x
(x = M2)AV? (s, x,m2) '

cosf, = (B13)

where A(x,y,z) = x> + y? + 7> — 2xy — 2xz — 2yz is the Kallen function and e, = cos¢_e, +sing_e,. From Eq. (B17),
we get

—mg- + (m2, = s)(m? — u) + ma-(m? +m2 + s +u) A (u,mmz- )2V (s, mi-, m?,
xi(s.u) = U =)L 2)2 ( - i 2) ( ) Bio)
mi- mﬂ_

and

(m7 + 5= x)(s +mz- —m%) N A2 (s, x,m3)AV2 (s, m2-, m2,) .
2s 2s ’

uy (s,x) = m? + m2- — (B20)

these bounds on u and x correspond to the forward and backward directions, i.e., by taking _ = 0, z. For the nonradiative
decay, we have

DM = {u_(s,0) < u, (s,0), (my +myp)? <s <m?}; (B21)

this region is plotted in Fig. 20, which corresponds to the projection R’/ onto the su-plane. In the case of the radiative
decay, we have

DIV = {xmin(s’ u) <x< xmax(s’ Lt), umin(s) Su< umax(s)7(m7r' + mzr')z <s< (mT _M}')z}’ (BZZ)

with

x_(s,u) ui(s. M) <u<(my—my)? (mg+mp) <s<s*

B23
M? u_(s,M?) <u<u,(s,M?), s*<s < (m,—M,)>, (B23)

1) = {
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Xmax (8, u) = x_ (s, u), (B24)

i) = u_(5,83) (B25)
2 2 *
=M, -~ tmp) <s<s”,

T R =)
u (s.M2) s*<s<(m.—M,)?,

m,(memg=+m? —m>_)=M>m,~
where s* = —— 2% 7' " " iq the value that max-

m,—m,—
imizes u, (s, M3). We will be working in the isospin limit
(m, = my), ie., mz- =m?, and thus many of the last
expressions will be simplified. We use a nonvanishing M,
in order to deal with the IR divergences; at the end, these
divergences are canceled out by those divergences of

the nonradiative decay so we can take the limit M, — 0.

The projection RV = R!V/!IT'y RIT of the D'V is plotted
in Fig. 20 for M, — 0.

s (rrT)

FIG. 20. Projection of the kinematic region for the nonradiative
decay R'" (gray) and the radiative decay R'V = R/V/! y R
(black and gray) onto the su-plane. R'V/!!! (black) is the
kinematic region, which is only accessible to the radiative decay.

APPENDIX C: VECTOR FORM FACTORS

vy = —

r_ 1 <16k - po(2kYy + &) (=(2k - p_ + )2k, + k{g) + 2(P = 9)*k;

F2
V2Fy

2
M;

+

(2541, = (4k - po + $)(A)3 + Ay = A5) + (2k - p_ + 5)Afg — 4k - p_Af;

+ 4k p_AYg + sAlg + 4k - p_AYy + 254Yy + 4k - poAy, + 2k - poAyy — 2k - p_A%,)

1

MZD, [k + p)]

(=8(=2k - poM3 s + (k- p_ — M3 )s* +2(k - po) (k- p-)

X (2M2, + 5))(H)% = 8k - p_(2k - po + ) (M2, + 5) (M) = 2V2F 4 (k - po)sils

— 2V2F (k- p_)sks — V2Fxs225 — 8V2F sk - p_M2 1 — 4V2F 5 (k - p_)sit,
+16(k - po)(k - p_)shisht; +16(k - p_)skishiy + 8(k - p_)s*Xishi

+32(k - p_)*MG, (A%)* + 16(k - p_)>s(25)* + 258 (k - p_)s(P — q)*Xs

+ (2k - po =2k - p_+5)(2M2 + 5)(V2F, — 8k - p_i)) + X (=8(s(2k - p_(M2, —5)
+ M3 s) + 2k - po(dk - p_MG —2(k- p_)s + M3 s))Ats = 8(k - p_ — M3, )s(P — q)*X{s

+ (k- po(4M3 —2s) — s(2M3 +s) + k- p_(—4M; + 25))(V2F, — 8k - p_ﬂ?ﬁ)))

(C1)
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yRR — 1 (64k “poFy(—(2k- p_ + S)(2’<Y2 + K‘1/6) +2(P — Q)ZKY7)K¥V
b 2V2F? MED,[(k + po)?]

64k po(4k - po + 2k - p_+ 5) (2} + Kl )KYY (=Fy +2V2(P = g)*A)
D,[(P =)D, [(k + po)?]

(22V2F k- p_M2, = V2F \(k - p_)s + V2F ;M2 s

N 2Fy
M3 M3D,, [(k+ p_)?]
+4(=2k - poM3 s+ (k- p_ — M3 )s* +2(k - po) (k- p_)(2M2% + 5))%,
+4(2k - po + 5)(2k - p_M%,l —(k-p_)s+ Mils)/ﬁg + 8(k - po) (k- p_)sAis
+8(k - p_)*sils — 8k - pOMglsﬂ/fS — 8k - p_M‘zlls/Vl‘5 +4(k - p_)s*Ais
—4M3 5225 = 16(k - p_)*MG A, 4 8(k - p_)>sit; — 8k - p_Mg sit;) Ay
— k- p_(2V2F M2, + V2F u5 + 4(4k - poM>2, = 2(k - po)s — s2)2%,
+ 42k - po + 5)(2M3, + 5)Af5 — 8(k - po)sAfs — 8(k - p_)sAis — 4s?As
— 16k - p_M3 215 — 8(k - p_)sit;) (44" 4 244))
(V2Fy = 4(P = q)*23)
M3 D, [(k+ p_)*ID,[(P — q)*]
+2(k - po) (k- p_)(2M3, + 5))4, + (4k - poMG —2(k - po)s — s?)
X (FA - 4\/§k : P—/Vlg - 4\/§k : P—/ﬁ%))@m - 2S(P - Q)Z(FA + 4\/5(]C p-— M?n )/1/1‘2
— 4V2k - p_ifly = 4V2k - p_iiy) ¥ + (2k - po + ) (=4V2(2k - p_MZ, — (k- p_)s
+ M2 5) M + (M2, + 5)(Fa = 4V2k - p_Jiy — 4v/2k - p_1)) (A + 2244))
2Fy
M3D,[(P - q)?]
—2(4k - po + )WYV + 8k - poAyV + 2s4)Y = 16k - poA¥V — 4sAYV)
+ V2Fy (=452 — (4k - po + 5)(AYY =AYV + 22YV)))

_AFy(V2(4k - po + 5)GyAYY + 523 (s = 2(4k - po + 5)47"))
M3D,|s]

(—2(—4\/5(—21( . pOMﬁls + (k- p_— Mf,l)s2

+ (=2(P = q)*25,((P = q)* = 854"

(C2)

JRRR _ _ Fy(—=V2Fy +4(P — q)*%,)
V2FM MD,, [(k + p-)*ID,[(P = g)*]
X (=4(=2k - poM2 s + (k- p_ — M2 )s* +2(k - po)(k- p_)(2M2 + 5))(2}*)?
— k- p_ (A 2284 (<25(P = q)*A¥* + (2k - po + 5)(2M2 + 5)(A4A +2444))
+ 22342k - po = MG)s(P = q)? 23" + (s(2k - p_ (MG, —s) + M3, s)
+ 2k - po(4k - p_Mg, —2(k- p_)s + Mz, 5)) (A" +2254))) (C3)
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R+RR
Vo1 —

1
F?D,[(P —q)’ID,ls]
— 4k - poMAAY, + 4(k - po)sAYy — MasAYy + s2AY, + 4k - poM3AYs — 4(k - po)sAs
+ M2sAYs — s2AYs — 2k - poMaAY + 2(k - po)sAYs + 4k - poM3AY; — 4(k - po)sil;
+ 2M5sAY; — 252215 — 4k - poMZAYg + 4(k - po)sAYg — MsAYg + s2AYg

— 2k - poM3AYy + 2(k - po)sAly — 4k - p_MZAY, +4(k - p_)sAY, — 2M3s43,

+ 522y, + 6k - pOM/z,/lg2 + 2k - p_M32%, — 6(k - po)siy, —2(k - p_)sAy,

+ 2M3s2Y, — 2528, + 8(k - po)sAh AV + 25225 YY) + 2Gy (V2(4k - py + 5)

X (P =q)* = M2)AY = (4k - po + s)Fy YV + V225, (=16(k - py)? — (2M3 — 5)
X (2k - p_ +5) =2k - po(8k - p_ —2M3 + 3s) + 2(4k - po + 5)(P — q)*2}"))

(\@FV(Z(M/% — $)sAY, — (M/z, —5)(4k - po+ 5)A;

—4(s(4k - po + 5)((P = q)* = MA)AYAY, + 2%, (2(M2 — 5)s(P — q)*2),

— (M} = 5)(4k - po + 5)(P = q)*A{s = 8(k - po)*MpAY, = 8(k - po) (k- p_ )M,
+ 8(k - po)sAY, + 8(k - po) (k- p_)sAl, — 6k - poM2sA, — 2k - p_M2sA},
+6(k - po)s?AY, + 2(k - p_)s*Al, — M2s*AY, + s°AY, + 8(k - po)>M3As

+ 8(k - po) (k- p_)MA(s — 8(k - po)*sijs = 8(k - po) (k- p_)ss

+ 6k - poM3sAYs 4 2k - p_M3sAYs — 6(k - po)sAls — 2(k - p_)s*Als + M2s?A)s
- S3’1Y5 —4(k- PO)zM/Z)ﬂY() —4(k - po)(k- P—)M%}LYG +4(k- Po)zsﬂ/s

$ (k- po)(k- p_)sily ~ 2k - poM3sily + 2(k - po)stily + 8(k - po)2MEAL,
+8(k - po) (k- p_)MA(; = 8(k - po)*sAi; = 8(k - po) (k- p_)sii;

+ 8k - poM3sAY; 4 4k - p_M3sAY; — 8(k - po)s*AY; — 4(k - p_)s*A};

+ 2M3s22Y; — 25727, — 8(k - po)*M3AYg — 8(k - po)(k - p_)M3Als

+ 8(k - po)*sils + 8(k - po) (k- p_)sAly — 6k - poM2sAYg — 2k - p_M3sAg
+6(k - po)s?Alg +2(k - p_)s*Aly — M2s?AYg + s3AYg — 4(k - po)>M3AY,

—4(k - po)(k - p_)M3AYs + 4(k - po)*sAjy +4(k - po)(k - p_)sAjy

=2k poMpsit + 2(k - po)s*Aly = 8(k - po) (k- p_)M}25, = 8(k - p_)*M3A3,
= 16(k - po)?shy; = 8(k - po)(k - p_)shy; + 8(k - p_)*s3, + 4k - poMjsi5;

— 8k p_Mjsiy, — 6(k - po)s*a3y + 6(k - p_)s*23), — 2M3s*23, + s°43)

+ 8(k- Po)zMﬁﬂsz + 8(k - po) (k- P—)Mgﬂ‘z/z —8(k - po)>si5,

—8(k- po)(k- p_)sAY, 4+ 6k - poM3say, + 2k - p_M3sAy, — 6(k - po)s*AY,
=2k - p_)s* + M3, = 533, + 16(k - po)*sds 47"

+16(k - po)(k- p_)shyAy¥ + 12(k- po)s*dzy 47" + 4(k - p_)s*a5, 47" + 25°23,47")))
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2

vy =

w1 <8FV(2k-p_+s)

1 82k -p_+s
( CRP-H9) 4k po—M2)(2k- p_+ 5)(K,)? + k- poxls

F2\M2D,,[(k + po)?]
X ((4k - po+ 2k - p_ = 2M2, + s)k{s — 2(P — q)*k};) + &\, ((=8(k - po)* + 4k - poM,

V2F
+2M3,(2k - p_ + 5))k|g + 4(k - po — MZ) (P — q)*k};)) + sz (2541, — sA);
p
+dk-p_ A, + sAY, — 4k - p_As — sA{s — 4k - p_A{; 4+ 2k - p_Ay — 4k - p_AY,

2V/2
M3 D, [(k+ p_)*

X (A5)* + /1?2(4\/5k -p_(—4(k-po)(k- p_) + 2k - poM2 +2k-p_M2% —2(k-p_)s
+ M2, 5)35 + 4V2(k - p_)2 (P = q)24s + (=2(k - po) (k- p_) +2(k - p_)?

+ 2k - poM2, + 2k - p_M% — (k- p_)s + M2, 5)(=F4 + 4V2k - p_it))

— (k- p_ = M2 )(=4V2k - p_(2k - po + 5)(A5)* — 4k - p_A(F s — 2V2k - p_ify)

+ (P = q) A5 (=Fa +4V2k - p_aiy) + 5 (4V2k - p_(P — q)224s

+ 2k - podys — 2k - p_AY,) + (4V2(k - p_)2(2k - po + 2M7 +5)

(k- po—2k-p_+5)(Fy —Mk-p_za%))))) ()

(2(P = q)*k\; (MK + (2k - po — M3, )k} ")

w

V2F2 \M2M2D,,[(k + po)]

+ K16 (M5, (2k - p_ + $)KYY = (2k - pg — M) (4k - po + 2k - p_ + s)x;")

+2(2k - p_ + s)x{y (Mo + Dy [(k + po)?Jxy"))

16(2k - p_ + 5)(=Fy +2V2(P - q)*23,)

M;D,[(P = q)’]D,[(k + po)’]

+ (2k - po = M3)KYY) + k5 ((—4(k - po)* + 2MG,(2k - p_ +5)

=2k po(2k - p_ = 3MG, + ))&y + 2k - po(=2k - po + M)xy"))
2k - p_Fy

M2 M2D, [(k+ p_)?]

—4(2k - po + $)Ay 4+ 8k - poAils + 8k - p_Afs + 4sAis + 8k - p_Al,)A¥A

— (=4Q2k - polk - p_ = MG) = M3 s + k- p_(=2MG, +s))At, + (k- p_ = M3)

X (V2F; +4(2k - po + $)45 — 4(P — q)*25 — 8k - p_if;)) (A + 24¥4))

(V2Fy = 4(P - q)*43))
M2 D, [(k+ p_)ID,[(P - q)?]
+ (2k- polk- p = M2) = M2 s + k- p_(=2M3, + 5))(Fy — 4v/2k - p_its
—4V2k- p )Yt = (4V2(k- p_)2ty + (k- po = M2)(Fy = 4V2k - p_i,
—4V2k- p_ity)) (2P — )Y ~ (2k - po + $) (A4 +2454)))

Fy
M;D,[(P - q)*]
+2(P = q)*A5((P = q)* + 852" = 2(4k - p_ +5)(33" = 4)") + 4s45"))
N 2Fy(V2(4k - p_ 4 5)GyAYY + sAY (s = 2(4k - p_ + s)m))>

M3D,[s]

(k- poris(((P = q)* + Mg )y

(2k - p_(=V2F, +4(2k - py + 2M2, + 5)2%,

(2(4V2(k - p_)*(2k - po +2M2, + 5) %y

+ (V2Fy(=4s2YV + (4k - p_ + s)(AYV = AYV) = 252)Y)

(Co)
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R+RR __
er0)

RRR _ _ V2k - p_Fy(=V2Fy + 4(P — q)*4»)
" T T M2 M2D, [(k + p_)ID, (P — q)]

B FZD/)[(P - Q)Z]D/)[S]

(4k - p_(2k - po +2M32 + 5)(A54)?

— (k- po = MG ) (A" +2254) (2(P = q)* 23 = (2k - po + 5) (44 +2444))
=242k - p_(P = q)*2¥* + (=4(k - po) (k- p_) + 2k - poM;,
+ 2k p_MG = 2(k- p_)s + M3 s)(A* +2254)))

V2Fy

(2(M3 — 5)sAY, + s(=M3 + $)Aly + 4k - p_M22},

—4(k- p_)sA{y + MosAY, — 5?2, — 4k - p_MZAls + 4(k - p_)sA}s — M2sAYs

+ 52AYs — 2k - poM3AYs — 2k - p_M3AYs + 2(k - po)sifs +2(k - p_)sAYg

— MsAg + s2AYg + 4k - poMZAY, — 4(k - po)sAY; + 2M3sA{; — 2s2AY;

+ 2k - p_MAlg = 2(k - p_)sAfg + 2k - poMpAy + 2k - p_MGAYy = 2(k - po)sify
—2(k- p_)sAy + M2sAYy — 522y — 4k - p_M3ZAY, + 4(k - p_)sAY, + 5243,

+ 6k - poM3AY, + 2k - p_M32%, — 6(k - po)sAYy — 2(k - p_)sAY, + 2M3%sAY,
—2522Y, = 8(k - p_)sAV AV = 25220, YY) = 2Gy (V2(4k - p_ + 5)

X (P =q)> = M)A — (4k - p_+s)Fy2¥Y + V225 (=16(k - p_)* + 8k - p_M>
—10(k-p_)s —s* =2k po(8k - p_ +s) +2(P — q)*(4k - p_ + 5)2¥"))
+4(s(4k - p_ + 5)((P = q)* = M2)AY 2}, + A%, (=2(M>% — 5)s(P — q)*A),

£ (M2~ 5)5(P — g2 Ay — 8k~ po) (k- p_)M2AY, — 8(k - p_ M2,

+ 8(k- po)(k- p_)sAl, + 8(k - p_)*sA{, — 2k - poM2sA{, — 6k - p_M?2sA},
+2(k - po)s*Al, + 6(k - p_)s*A{, — M2s2AY, + sy, + 8(k - po)(k - p_)M3A];
+ 8(k - p_)2M3A\s — 8(k - po) (k- p_)sAls — 8(k - p_)*sAls + 2k - poM3sAs

+ 6k - p_M2sAYs — 2(k - pg)sAYs — 6(k - p_)s?AYs + M2s?As — s> A

4k po MY, + 80k po) (k- pLOMZAYs +4(k - pL MY, — Ak - po s,
—8(k- po)(k- p_)sAyg — 4(k - p_)2sAYg + 4k - poM>3sAYs + 4k - p_M3sAYg
—4(k- po)s?AYg — 4k - p_)s?AYg + M2s?AYs — s°AYg — 8(k - po)*M2AY,

= 8(k - po)(k - p_)MjAY; + 8(k - po)*sAy; +8(k - po)(k - p_)sii;

— 8k - poM3sAY; — 4k - p_M2sAY; + 8(k - po)s*AY; + 4(k - p_)s*A};

= 2Ms?A(; + 252y, — 4(k - po) (k- p_)MAfs — 4(k - p_)*MpAly

+4(k - po) (k- p-)sifg +4(k- p_)*sAly — 2k - p_MsAfg +2(k - p_)s*Als

(k- PO)ZM/Z)’% —8(k - po) (k- P—)M/%’% —4(k- P—)ZM/%'IYI) +4(k- P0)25'1‘1/9
k- po)(k- p_)sily + 4(k- p_)2sAYy — 4k - poM3sAYy — 4k - p_M3sAY,

- po)s*Aly + 4(k - p_)s*Aly — M35 AYy + s3AYy + 8(k - po) (k- p_)M2AY,
k- p_)*M22Y, —24(k - po)(k - p_)sAY, —24(k - p_)*sAY, + 12k - p_M3s23,
(k- po)s*Ayy = 14(k - p_)s*23) — 43, = 8(k - po)*M}Az,

8k po) (k- pIMALs + 80k~ po)2sils + 80k~ po) (k- p_)sis

— 6k - poM3sAY, — 2k - p_M3s2%, + 6(k - po)s?Ay, + 2(k - p_)sAY, — M3s*2%,
S+ 16(k - po)(k - p_)SEAALY + 16(k - p_VsHALY + 4(k - po)sPAS Y
12k p)s2AY,AYY 1 253Y 20V))

==

—4
+ 8(
+4(
+ §(
-2
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2 8
R=— —4(4(k - pg)? — M2 (2k - k-
U3 F2 (Mg,Dka‘Fpo)z]( ( ( pO) a)( p_+S)—|— Po

X (2K p =202 + ) (k)2 + k- porla(2K - p_ + )kl = 2(P - g)x))
26y (4(k - po)? = 2k poM2, + M(2K - p_+ $))Kly + 2(k - po — M2)(P - q)1y))

| V2Fy(24; + A + A + 2450
MZ
P

8
+
MG, Dy, [(k + p-)’]

+ M2 5)(M)? = 8k - p_(2k - po + 5)(5)2 = 2V2F sk - podits — 2V/2F sk - p_Jis
- ﬂFAs/lfs - 4\/§FAk - p- Ay +16(k - po)(k - P—)’Vl&s’%% +16(k - P—)z’l?slll%
+8(k - p_)saishty +16(k - p_)*(4)* + A5(8k - p_(P = q)* A5 + (2k - po

— 2k p_+$)(V2F, =8k - p_if;)) + 5 (8(k - po(4k - p_ —2M2 ) = M3 s

+ 2k p_(MZ + $)A = 8(k- p_ — M2 )(P — q)*Xs + (2k - pg — 2k - p_ + 4M?.

((=2(k - po)(k- p_) +2k- poM% +2k-p_M3 — (k- p_)s

T S)(VEE, + 8k p_ﬂ¢7>>>) (c9)

1 16Fy
V2F? (‘ MZMD,[(k + po)*]
X (4k - po+2k-p_+s)kyV) = ((2k - p_ + s)k}s = 2(P — q)*k};) (M2&YY
29V
VD P (AL
— M2k - p_ +5) + k- po(2k - p_ = 3MG, + 5))ky¥ + k- po(=2k - po + Mz)iy")
+ k- poxis (P = q)* + Mg)KyY + D, [(k + po)?IxyY))
2Fy
Mz M;D,, [(k+ p_)?]
X (=2M3 + )y + (k- p_ = M2 )(V2F 5 + 4(2k - py + 5)A5 — 4(P — q)%21
— 8k - p_ )Y 4 k- p_(=V2F 4 +4(2k - p + 2M2, + 5) 2 — 42k - po + 5) X
+ 8k polis + 8k - p_Ajs + 4siis + 8k - p_aiy) (A + 2451))
(=V2Fy +4(P - q)*2},)

M3, Dy, [(k + p_)*ID,[(P - )]
ke p_(=2M3, + 5)M + (2k - po +2M2, + 5)(Fp — 4V2k - p_ity
—4V2k - p_A))AYA + (Fu+4V2(k- p_ — M2) M — 4V 2k - p_aiy
—4V2k- p_ify)(2(P = q)*2§* = (2k - py + 5) (4" + 2441)))

8Fy(V2Fy —4(P - Q)zﬁgz)'lg‘/)
M;D,[(P - g)*]

RR _

(265 (=M, (2k - p_ + 8)K3" + (2k - po — M7))

+ D, [(k+ po)*lcy")) +

+

(—2(—4(2k - po(k - p_ —M%) =M% s+ k- p_

(=2(4V2(2k - po(k - p_ = M%) — M2, s

(C10)
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RRR _ V2Fy(=V2Fy + 4(P — q)*2},) A2k X )
U3 = T a0 2 57 (—4Q2k - po(k - p- — Mg)
F>M; M;D, [(k + p_)’ID,[(P - )]
=M s+ k- p_(=2M3 +5) () + k- po (A4 +2287)(2(P - g)* 23"
— 2k po+ s)(AM +2454)) + 2054 2(k - p- — MG, ) (P — q)*3"
— (k- po(4k - p_ =2M3 ) = M3 s + 2k - p_ (M7, + ) (2" +22¢4)))
2V2
UICQ;-IERR - F2Dp[<P _ q>2] (FV - 2\/§(P - q)Z/IXZ)(zzY} + /1}/6 + l}/8 + /1‘1/9)
2 8
R=— 4(k - pyg— M2)(2k - V)2
o = 2 (o (0 po = MK p+5)(ch)

+ k- pokls(=(2k - p_ 4 s)k|s + 2(2k - p_ + M2 + s)k];) — 2k}, (M2(2k - p_ + s)k}s

+2(=M3,(2k - p_ +5) + k- po(2k - p_ = MG, + 5))k{7))

_ V2Fy (s + Ay = As = 25) _ V2022 + 25) (=Fa + 4V2k - p_(3 + 45 + 45))

M2 D, [(k+ p-)’]

”fR = L;Z_ <_ 2072 Sy 2
F MprDw[(k+p0) ]
= 2x17(M3,(P = q)°yY — (2k - po — MG,) 2k - p_ + s)xy")

((2k - p_ + s)k{s(M2YY + (=2k - pg + M2)YY)

16xYY (=Fy + 2v2(P — ¢)*2Y,)

202k po -+ (MY + D, [(k + poli")) -

V2Fy —4(P — q)*A%) (=F s +4V2k - p_(At) + 415 + 4)) Q43" - A4)
D, [(k+ p_)ID,[(P - q)*]
| 4 poFy (2 + 2 QA4 = A = 20%)  2Fy(V2Gy = 252 A
M3D,, [(k+ p_)?] M;D,[s]
Fy(VAF, (Y =2 +2207) = 2(P = g/ (=1 + 248Y = 244 + 44¥V))
B M2D,[(P = q)’] >

N

pRRR _ _2V2Fyk-p_(V2Fy —A(P = q)°2%) (243" — 1Y) (225" — 2% - 205"

MZD,[(P = q)*|D,[(k + po)’]
x ((2M2(2k - p_ + s) = 2k - po(2k - p_ —=2M?2, + 5))xV, + k- po(2k - p_ +2M? + )

F*M3D,,[(k+ p_)*D,[(P - q)*]

pRIRR _ 2V2Fy
@ FD,[(P - q)ID,[s]

+4Gy (V2((P = q)* = M)Ay = Fyay¥ + V225 (=4k - po = 4k - p_ + 3M} =25 +2(P = q)*4}"))
= 8(s((P = q)> = M)Ay 43, + 25 (=(M} = 5)(P = q)*A{s — (M}, = 5)(P — q)*A{y + 2k - poMp A
+ 2k - p_M2AYs = 2(k - po)sAls — 2(k - p_)sAYs + M2sAYs — s*AYs — 2k - poMAAYy — 2k - p_M32;
+2(k - po)sAls + 2(k - p_)sAly — M2sAls + s*Alg — 2k - poM2AYy — 2k - p_M2AYy + 2(k - po)siy

+2(k - p_)sAly — M3sAly + s*AYy + 4k - poM3AY, + 4k - p_M3A%, — 8(k - py)sAl,;
—8(k- p_)sAY, + 5M2sAY, — 4s22Y, 4+ 4(k - po)sAy AYY + 4k - p_)sAS\ AV + 25225, 45Y))
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APPENDIX D: AXIAL FORM FACTORS

a

T 3p2 M2

4((P_Q)2K11+5’<12 (k-po+k-p_ )Kle)(_Gv+\/§5/1¥1)
D,[s]

R Q(_z(P_‘I)zFV( | =Ky + &Y + &g + Ky — Ky — 2K], —K{g +KJ7)
I

+

ol
1

oD,k + p-)’]
+Gy(=4(2(k - p-)* + (k- p_)s = Mps)K{; + 2k - p_(2k - p_ = 2M}, + s)x{c)
+ V2(=2k}5 (k- p_ — M2)(2k - po + 5)(2k - p_ + 5)Als = 2(k - p_ — M?)

X (2k - po+5)(2k - p_ + 5)A(; +8(k - po) (k- p_)*2fs + 8(k - p_)*2f
+4(k- po)(k- p_)sAls + 8(k- p_)*sAly — 4k - poM>2sAYy — 4k - p_M3sAYq

(Fy(2k-p_+s)(2(k- p_ - Mg)"}/z — k- p_klg)

+2(k- p_)sAy = 2M252AY + 8(k - po) (k- p_ )22l + 8(k - po)(k - p_)M2AY,
+8(k - p_)*Mjhg + 4(k - po)(k - p_)sify +4(k - p_)>sAjy — 4k - poMpsafy
+2(k- p_)s?AYy — 2M3s?AYy — 8(k - p_)32%, — 4(k - p_)>sAy, + 4k - p_M3sA3,
+8(k-p_)’Ay, = 8(k - p_)*Mp15, +A(k - p_)*shy, — 4k - p_Mjsiy,)

+ k- p_ilo(2k - po+5)(2k - p_ + $)AVs +2(=(2k - po + 5)(2k - p_ + )AL,
+(P—q)*(2k-p_ - 2M/% + 5)Alg +4(k - po) (k- p_)Aly — 8k - POMEJ}@

— 4k - p_M2AYy + 2(k - po)sAly + 2(k - p_)sAYy — 2M3sAYy + s?AYy — 4(k - p_)*A%,
+4k - p_MyAy —2(k - p_)shy +4(k- p_)*23 +2(k - p_)siy))))

1
M3D,[(k + po)’]
+ Gy (—4(4(k - p)* = M3(2k - p_+ ) + k- po(2k - p_ = 2M? + 5) )k}, + 2k - pg
X (4k - po + 2k - p_ = 2M>% + 5)kVs) + V2(k - porls((2k - p_ + 5)(4k - po + 2k - p_ + 5)AV;
+2(=(2k - p_ +5)(4k - po + 2k - p_ + )47 + (8(k - po)* + 12(k - po)(k - p-)
+4(k- p_)? —4k- poM% — 4k - p_M3 + 6(k - po)s + 4(k - p_)s — 2M3s + s*)A};
+8(k'l?o)(k'l’—)/1¥9 +4(k‘P—>2/1V —4k-p_ MZ/I o +4(k- PO)S/119
+4(k- p_)sfy — 2M/ZJS/1Y9 + 574 = 8(k - po)*43, — 4(k - po)(k - p_)A3,

+ 4k - poMpAyy = 2(k - po)siyy + 8(k - po)?23, + 4(k - po) (k- p-)Ay, +2(k - po)siyy))
= 2kl ((k - po = M) (2k - p_ + 5)(4k - po + 2k - p_ + 5) + 2(=(k - po — M})
X (2k - p_+5)(4k - po+ 2k - p_+5)Af; + (P — q)*(4(k - po)* = Mj(2k - p_ + )
+k-po(2k-p_ - 2M§ + S))/l}/s +8(k - po)? (k- P—)’% +4(k - po) (k- P—)Z/%
—4(k - po)(k- P—)M;%ﬂ}g —4(k- P—)2M§AY9 +4(k - Po)zsﬂg +4(k - po) (k- P—)S/%
— 2k - poM3sAYy — 4k - p_M3s2Yy + (k- po)s*Aly — M2s* Ay — 8(k - po) A3,
—4(k- po)* (k- p_)A3) + 4(k - po)*MpAz, + 4(k - po) (k- p_)MAzy = 2(k - po)*si3,
+ 2k - poM3syy + 8(k - po) Ay, + 4(k - po)* (k- p_)A5, = 8(k - po)*MpA3,
—4(k- po)(k- P—)Mg’lgz +2(k - Po) Sigz —2k- POM,%Sflgz))))
LA q)*(k§ — kg +x7)(=Fy +2v2(P - 61)”?‘7))

D, [(P-q)*

+

(Fy(4k - po+2k-p_+5)(2(k- po — M3)k}, — k - pokls)
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e 1 <4sFVK3VV(—ﬂGV + 254%))
ay = 2 2
3V2F M3D,ls]
1
MIMED,[(k+ p-)*]
+2V2Gy (M3(2k - p_ — s)kYV — (2k - p_ + 5)D,[(k + p_)*|x}")
+2(2k - p_ — M2)(2k - p_ + 5)Ky ' ((2k - po + 5)AYs — 2(2k - po + $)A}; + 4k - podls
+ 4k - p_Als + 2545 + 4k - poAly + 25Ag — 4k - p_AY, + 4k - p_AY,) — 2M2kYY
x ((2k- po+5)(2k- p_+ $)Als —2(2k - po + 5)(2k - p_ + 5)A); —=2(2k - p_ —5)
X (P = q)* Ay = 24(k - po)(k - p_)Atg = 16(k - p_)*Afg + 4(k - po)sify — 4(k - p_)sAfy
+ 2S2/1‘1/9 +8(k - P—)zﬂgl —4(k- P—)S/% +8(k- P—)Z/% +4(k- P—)S/%)))

(Fy(V2(2k - p_+ $)Fy(MpKy" + D, [(k + p_)*]x}")

+ (Fv(—\/EFV(4k - po + 2k p_+5)(MKYV + D,[(k + po)lcy")

MZMGD,[(k + po)’]
+ 2\/§GV(M§(2k P+ 5)KYY + (4k - pg + 2k - p_ + 5)D,[(k + po)?]xy)
—2(2k - po — M3)(4k - po + 2k - p_ + s)ky " ((2k - p_ + 5)AYs —2(2k - p_ + 5)A};
+ 4k - podlg + 4k - p_Alg + 25AYg + 4k - p_AYy + 254Yg — 4k - poAy, + 4k - poAYy)
+2M%kYV ((2k - p_ + 5)(4k - po + 2k - p_ + 5)Ag + 2(=(2k - p_ + )
X (4k - po+ 2k p_+5)A; + 2k - p_+5)(P = q)* A5 +4(k - p_)*A,
+4(k - P—)S}“‘@ + 52’1}/9 —4(k - po) (k- P—)}% = 2(k- PO)S/% + 8(k - Po)zf%
+4(k - po) (k- p_)A3, +2(k - po)siz,))))
L2P- q)*Fy (k54 = k§* = ky) (=V2F 4 +4(P = 9)*21)
M;D,,[(P - q)*]
4(P — q)* k¥ (=V2Gy + 254Y))(=F 4 +2V2(P — g)*14;)
D, [(P— Q)Z]Dﬂ[s]

_ 2(Fa—2V2(P—9)*2)

M;D, (P = q)*ID,[(k + p_)*]
+ 2k po(2k - p_ — 4M2 + 5))AYA = 2M3(4k - po + 2k - p_ + 5) YA
+ (2k-p_+5)((2k - po + 4k - p_ = 2M>2 + $)A]4 + 2(2k - pg + 5)AL4))
+2k15(2((k - po)s® = Mps® +2(k - p_)*(2M} + 5) + 2k - po(2(k - p_)?
—Mis+ k- p_(2M2 + 5)))AY* — 2k - p_M>5(4k - po + 2k - p_ + 5)A§*
= (2k-p_+5)((4(k - p_)* =2k p_Mj + 2k - po(k- p_ = M7) + (k- p_)s
— MZs)AA +2(k - p- — M3)(2k - pg + 5)AL™)))

2(Fy —2V2(P — q)*24)

MD,, (P = q)*D,[(k + po)’]
—2M3 + $)AYA = 2M5(2k - p_ + 5)AY4 + (4k - po + 2k - p_ + 5)((4k - po + 2k - p_
—2M3 + $)AYA +2(2k - p_ + 5)AYM)) 4 2k1,(=2(2k - p_ + 5)(4(k - po)?
—M2(2k- p_+ )+ k- po(2k- p_ —2M2 + 5)) 234 + 2k - poM3(2k - p_ + 5)2¥*
+ (4k - po +2k - p_ 4 5)((4(k - po)* —=M3(2k - p_ + ) + k- po(2k - p_ —2M?% + 5))A}*

(k- p_xi(=2(=(2M} = 5)(2k - p_ + 5)

(=k - poks(=2(2k - p_ +s)(4k - po + 2k - p_

(k- py - M3)(2K - p_ +s>z¥A>>>) (D2)
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akRR — _ Fy(V2F, = 4(P - 9)*2)
3V2FPMGMED,, (P — q)*1D,[(k + po)’]D,[(k + p_)*]

x D,[(k+ p_)*kYY (2(2k - p_ + 5)23* + 4k - poA¥* — (4k - po + 2k - p_ +5)

x (A4 +245%)) + Dy [(k + po)*](2D,[(k + p- ks (=2(3k - po + k- p_ +5)

X (2k - p_ + )Y + (8(k - pg)* + 6(k- p_)> +5(k- p_)s + s* + 5k - pg

X (2k-p_+ )M + 23k - po+ k- p_+5)(2k- p_+ 5)AL) + MoxYV

X (2(12(k - po) (k- p_) + 8(k - p_)* = 2(k - po)s + 2(k - p_)s — s*) 23"

— 4k - p_(4k - po + 2k - p_+ )3 + (2k - po + 5)(2k - p_ + 5) (A" +2254)))) (D3)

(—M/%(Zk “p_+5s)

V2 (2P —qPFy(xl — k) + k)
) MD,[(P - g)*]

Fy(3ky — 3Ky 4 3kY + k{ + Ky —ky§ — 2K{, — K{g + K{7)

M,
2v2k - po(2kt; + Ks) (A5 +249) 2k - po(2kt; + Kis) (=G + 2v2k - po2}))
D,[(k + po)?] D,[(P = q)’ID,[(k + po)’]
_ 2k - p_(2«{, + &) (=Gy + 2v/2k - P-43) + 2(xty +x15)(Gy = ﬁs’%)
D,[(P = q)’|D,[(k+ p_)*] D,[s
_2(k-po+ k- p)(2k], +k1s)(Gy = V2s23)) 1
D,[(P - q)’|D,ls] M;D,[(k+ p_)*]

X (Gy(4(k- p- —M3)kY, =2k - p_kg) + Fy(=2(k - p_ — M3)kY, + k- p_«xY)
+V2(=k - p_xYs((2k- po + $)AYs = 2(2k - po + 5)AY; + 4k - podly + 4k - p_Als
— 2MZAs + 2545 + 4k - poAly + 254y — 4k - p_AY, + 4k - p_2Y,) + 2k},
X (k- p_=M3)(2k - po + 5)As = 2(k - p_ = M3)(2k - po + $)Af; +2(2(k - p_)?
+ 2k po(k- p- —M32) = Mas + k- p_(=M3 + s))A}g + 2(k - p_ — M3)
X ((2k- po+ $)A + 2k - p_(=2%, + %))
L (k8 =G+ ) (Fa = 2V2(P — q)%))

D, [(P-q)]

(D4)

114017-35



J. A. MIRANDA and P. ROIG PHYS. REV. D 102, 114017 (2020)

re _ 2V2 <8k - poFyrYY (Mg +24%y) | 4k - poFyry¥ (V2Gy — 4k - podl))

a =
23\ MLD,[(k+ po)?] MD,[(P —q)’ID,[(k + po)’]
k- p_Fyiy¥(V2Gy —4k-p_a3,) | 2Fyky¥ (V2Gy —2s23))
MeD[(P = q)*D,[(k + p_)*] MD,[s]
Fy

+ (V2Fy(M3kY" + D, [(k + p-)*Ix}")

WD, 6+ p )

- 2\/§GV(M/2,K¥V + D, [(k+ p_)*kyY) = 2M2cYY ((2k - po + 5)AYg

—2(2k - po + $)A; + 4k - poAlg + 2545 + 4k - podly + 254]y — 4k - p_AY,

+ 4k p_a3) +2(2k - p_ = MR)KYY((2k - po + 5)Afs — 2(2k - po + 5)A1;

4k poay + dk - p_aYy + 252V, + 4k - poay + 22 — 4k - p_AY,

Fy(ky" — k3" — k{")(V2F4 = 4(P — 9)°24y)
M;,Dy, (P = q)?]

@

+4k-p_AY)) +

2k¥A(VIGy = 252) (Fa = 2V2(P = q)*24;)
D,,[(P = q)’|D,[s]
L P02y + k1) (Fa — 2V2(P — q)%24,) (2244 — 2Y4)
D, [(P = q)’ID,[(k + po)*]
2(F, —2v2(P - q9)*4)

M;D,,[(P = q)’ID,[(k + p_)*]
+ (2k- po + 4k - p_ = 2M>% + 5)AY4 4+ 2(2k - po + 5)AY4) + 2},
< (2(k- p_ = M) (2k - po + $)43" + (=2(k - po)(k - p_) —4(k - p_)?

(k- p_kis(=2(2k - po + 5)A34

+ 2k - poM5 + 2k - p_M?% — (k- p_)s + M3s)A)* = 2(k - p_ — M3)(2k - po + s)/lgA))> (D5)

RRR _ _ 2\/EFV(\/EFA —4(P - 61)2/11‘7)
“ T T3PMEMED, [(P - q)AID,[(k + po)ID,[(k + p_)?]

X (4k - poMD,[(k + p_)?Jiy (=225 + 23*) 4 D, [(k + po)*J(M3(2k - po + s)y”
X (2254 = AyA = 22¥4) + D, [(k + p_)?|x}V (2(2k - po + 5)A34
— (2k- po + 4k - p_+ )" = 2(2k - pg + 5)28*))) (D6)
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g V2 <_4Fv(k-po—k-p_)(KY—K2V+K3V+KX+K7V—KSV—KY7>

3T 32 M?
_ 4(k-py—k- P—)(2K¥1 - KYa)(GV - \/ES'%)
D,|[s]
1
+ (—2Gy(2(4(k - po)* + M2(2k - p_+s) —k - pg

M/Z)D/)[(k + PO)Z]
X (2k - p_+2M} + 5))k{, + k - po(—4k - po + 2k - p_ +2M> + 5)k|;)

+ Fy(2(4(k- po)* = k- po(2k - p_+ s) + My(2k - p_+ s))x}; + k- po

X (=dk - po + 2k - p_ +4M2 + 5)klg) — V2(k - poxls(—(4k - po — 2k - p_

—AM3 — 5)(2k - p_ + $)A{g + 2((4k - po — 2k - p_ —4AM; — 5)(2k - p_ + 5)A1;

+ (=8(k - po)* +4(k- p_)* =2k - po(2k - p_ —2M3 +5) + 4k - p_(M2 + 5)

+ 5(2M7 + 5)) s = 8(k - po) (k- p_)Afg + 4(k - p_)*A]y + 4k - p_M}2,

—4(k - po)sAly + 4(k - p_)sAly + 2M2sAly + %A}y + 8(k - po)?AY;

—4(k - po) (k- p_)Ay; — 4k - poM3A3, = 2(k - po)siy, — 8(k - po)*23,

+4(k- po)(k- p_)AY, + 8k - poM22AY, 4+ 2(k - po)sAy,)) + 2k}, ((2k - p_ + 5)

X (4(k - po)* —k-po(2k - p_ +s) + M2(2k - p_ + s))AYs + 2(=(2k - p_ +5)

X (4(k - po)* =k~ po(2k - p_ + ) + M3(2k - p_+5))Af; + (8(k - po)* = k- po

X (2k-p_+5)*+M2(2k - p_ + 5)* +2(k - po)*(2k - p_ = 2M? + 5)) A5

+8(k - po)*(k - p_)Aly = 4(k - po)(k - p_)*Aly = 4(k - po) (k- P—)Mg/%

+ 4(k - P—)zM;ZJ/% +4(k - po)*sify —4(k - po)(k - p_)sijy — 2k - POM%M‘@

+ 4k p_Msify = (k- po)s®Ao + Mps* Ay = 8(k - po)°43 + 4(k - po)* (k- p_)A3,
+4(k - Po)zMgf% —4(k - po) (k- P—)M;Zaﬂgl +2(k - po)*shy, — 2k - poMﬁsile
+8(k+ po)’ A3, — 4k po)*(k- p_)Ay, +4(k - po)(k- p_)MAy, = 2(k - po)*siy,

1
VD, [k + p_7)
+k-p_(=2k-p_+2M2+ 5)kYg) — Fy(2(2(k - p_)*> + 2k - p_M2 — (k- p_)s
+ M2s)KYy + k- p_(=2k - p_ 4+ 4AM2 + 5)kVe) + V2(k - p_l(—(2k - p_ — 4M>% — 5)
X (2k - po + 5)AYg +2((2k - p_ — 4M3 — 5)(2k - po + )4}, — (2k - p_ — 2M3 — 5)

X (P —q)*Afg —4(k - po) (k- p_)Aly + 4k - p_M2Aly + 2(k - po)site — 2(k - p_)sily

+ 2M2sAly + 522V + 4(k - p_)2AY, — 4k - p_M32AY, —2(k - p_)sAy, — 4(k- p_)?A%,

+ 8k - p_M23Y, + 2(k - p_)sA%,)) + 2k}, ((2k - po + 5)(2(k - p_)> + 2k - p_M>

— (k- p_)s+M2s)Als +2((2k - po + s)(=2(k - p_)* = M2s + k- p_(=2M> + 5))A},

+ (P =q)*(2(k- p_)* = (k- p_)s + Mps)AYs +4(k - po)(k - p_)*Afg — 4(k - po)

x (k- P—)M%’I}g +4(k- P—)2M§AY9 =2k po) (k- p_)safy +2(k - p_)*si,

+ 2k - poMishfy — (k- p_)s*Aly + Mps?2Yg —4(k - p_)*A3; +2(k - p_)*s3,

— 2k p_MEHY, + 4k p_)als + 4k p_ ML, — 20k p_ st

A(=k - po+ k- p_)(x§ — kg +K7)(Fa — 2\/§(P - Q)zﬂ/ﬁ))
D, [(P - q)’]

+ 2k - poM}s23))))) + (2Gy(2(2(k - p_)* = (k- p_)s + M2s)«},

+2k - p_M2s2%,)))) + (D7)
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1 F
akR = v V2Fy (M2(4k - po + 2k - p_ + s)k¥V
1 =i (i, PV o280

+ (=4k - po + 2k - p_ +5)D,[(k + po)2Jk}V) = 2(V2Gy (M3 (2k - p_ + s)&YV
+ (=4k - po + 2k - p_+ 5)D,[(k + po)*Iky") + (2k - po — M) (4k - po
—2k-p_ =)k ((2k - p_ 4 5)A{g — 2(2k - p_ + $)A{; + 4k - poAls

+ 4k p_Ag +25A)g + 4k - p_AYy + 25A}y — 4k - poAY, + 4k - poAY,)

+ MYV ((2k - p_ + s)(4k - po + 2k - p_ + 5)AYg + 2(=(2k - p_ + 5)

X (4k - po+2k- p_+5)A; + 2k p_+5)(P = q)*Afg +4(k - p_)*A,
+4(k- p_)siy + s7Afg — 4(k - po) (k- p_)A3; = 2(k - po)sy, + 8(k - po)*A3,

Ak o)k p )it 20k po) ) + e

X (=V2Fy (M}(6k - p_ + )Y + (=2k - p_+5)D,[(k + p_)’]x")
+2(V2Gy (M2(2k - p_ + $)KYV + (=2k - p_ + 5)D,[(k + p_)?]x}¥)
+ (2k- po —=M2)(2k - p_ = 5)k}V ((2k - po + 5)As — 2(2k - po + 5)A};
+ 4k - podYs + 4k - p_Als + 25AYg + 4k - podiy + 254y — 4k - p_AY,
+ 4k - p_2%,) + MAYY ((2k - po + 5)(6k - p_ + 5)AYg + 2(—=(2k - pg + 5)
X (6k - p_+$)A{; + 2k p_ +5)(P = q)*Alg = 4(k - po) (k- p_) A,
18k p_ )Yy + 2(k - po)saly + 2(k - p_)saly + s2AY, — 4(k - p_)2AY,
4F,
Mg)Da] [(P - q)Z]
X (k- po + k- p) (5" = k¥ = k{*)(V2F 4 — 4(P = q)*24;))
+ 8(=k-po+k- P—)K;/A(\/EGV —2543))(Fa = 2V2(P - q)*2)
D, [(P=q)’ID,[s]
2(Fy —2V2(P - q)*4)

MD,[(P = q)*|D,|(k + p-)’]
+4(k- po)s —4(k- p_)s +4M3s + 2s*)AY4 4+ 2M5(4k - po — 2k - p_ + 5)A34
+4(k - po) (k- p_)ayt +8(k - p_)* A = 8k - poMyaA — 4k - p_Mya*
—2(k- po)sayt = 2(k - p_)sAy* = 2M3sa* — 5224 + 8(k - po)(k - p_)AY*
— 16k - poM2AYA — 4(k - po)sA¥t + 4(k - p_)sAYA — 8M2ZsaYA — 2522Y4)
+ 26,202k polk- p_— M2k~ p_—5) = (k- p_)s? + M2
+2(k- p_)2(2M3 + )34 + 2k - p_M3(4k - po — 2k - p_ + 5)2¥4
4k po)(k- YA — 8k~ p_YAYA — 4(k - po) (k- p_)MEAYA
+ 4k p_)* MY +2(k - po) (k- p_)say* +2(k - p_)*say
— 2k - poMasAy* — 4k - p_M2sA}A + (k- p_)s*AY* — M2s? 24
—8(k - po)(k- P—)2/1¥A —8(k - po)(k- P—)M%/Q/A +4(k - po)(k - P—)SAXA
—4(k- p_)2sA¥t — 4k - poM3sAYA — 4k - p_M3sAYA + 2(k - p_)s*2YA

2(Fpy —2V2(P - q9)*)
M;D, [(P = q)’]D,[(k + po)?]

—2(k- p_)sAY, 4+ 12(k - p_)22Yy + 2(k - p_)sihy)))) +

(k- p_iis((=8(k - po)(k- p_) + 8k p_M3

—2M2s?2Y4)) +

(k- poxs(2(4k - po =2k - p_
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>

RRR _ FV(\/EFA —4(P - ‘I)zll/ﬁ)

—OMZ = 5)(2k - p_ + $)IYA = 2M2(2k - p_ + )Y — 16(k - po)2aYA
+4(k- p_)2Ay" + 8k - poMOALA + 4k - p_MoAA + 4(k - p_)sA)?

+ 2M2sAA + s 204 = 16(k - po) (k- p_)A¥d +8(k - p_)2a¥4

+ 16k - p_MZA{* — 8(k - po)sAi® + 8(k - p_)sA{A + 8MpsAYA + 252204
+ 215 (=2(2k - p_ + 5)(4(k - po)> + M, (2k - p_+5) = k- po

X (2k - p_ 4 2M> + )34 = 2k - poM2(2k - p_ + 5)A* + 16(k - po)* 24
— 4k po) (k- p_VR = 8(k - po ML+ 4(k - po) (k- p_)MALA
+4(k- p_)2MZAYA — 4(k - po) (k- p_)sAY* + 2k - poM2sAy?

+ 4k - p_M2sayA = (k- po)s* Ay + M2s22)4 + 16(k - po)* (k- p_)a¥4

— 8(k - po) (k- p_)?2¥* + 8(k - p_)2M32Y" + 8(k - po)?say*

—8(k- po)(k- p_)sA¥* + 8k - p_M3sa¥* = 2(k - po)s?A¥* + 2M/2,s2/1¥A))>

—M?2 i s
SVAPMENED, (P = a7 D,k -+ po D, e+ p] P P

x D,[(k+ p_)*kYY (2(2k - p_ + 5)23* + 4k - poA¥* — (4k - po + 2k - p_ + 5)

X (WA +223%)) = D,[(k + po)’)(2(k - po — k- p_)D,[(k + p_)?Jxy"

X (=2(2k - p_+3s)A4 + (8k - po + 6k - p_ + 5)AA +2(2k - p_ + 35)A¥4)

+ MYV (2(4(k - po) (k- p_) = 8(k - p_)> = 2(k- po)s = 2(k - p_)s — s2)a¥
—4k - p_(4k-po—2k-p_+ ) + (2k - po + 5)(6k - p_ + 5) (A4 4+ 22Y4))))

(Gy(4(k - po — Mp)kty = 2k - pokls)

442 1
3F*M; (Dp[(k + po)’]
+ Fy(=2(k- po = M)KYy + k- poxl) + V2(=k - poxts((2k - p_ + 5)2s
=22k - p_ + $)Al; + 4k - podYg + 4k - p_Als + 254\ + 4k - p_AYy + 4AM3AY,
252y = 4k poidy + 4k poily) + 265((k- po — M2k p_ -+ )2l
~ 2k py = M2k p_+ )2, + 4k po)ily + 4k po)(k - p_)i
— 4k - pOM/%/l}/S — 4k - P—M/ZJYS +2(k- PO)M}/S - ZM%SAYS +4(k - po)(k- P—)’%
— 4k - poM2aYy — Ak - p_M22Y, + 2(k - po)sity — 2M2saYy — A(k - po)?AY,

1
D,[(k+ p-)’]
X (Fy(2(k- p- = M3)k{, — k- p_xYg) + Gy(=4(k - p_ — M2)k{, + 2k - p_xYg)
+V2(k - p_iYo((2k - po + 5)AYs = 2(2k - po + $)AY; + 4k - poly + 4k - p_2ly
+ 252% + 4k - podly + AM2AY, + 252, — 4k - p_aY, + 4k - p_al,
+ &1y (=2(k - po = M3)(2k - po + 5) Mg + 4(k - p— — M7)(2k - po + 5)21;
—4(k - p_— M) (P — q)* Ay = 8(k - po) (k- p_)Ao + 8k - poM3AYy + 8k - p_M3AY,
—4(k- p_)siy +4M2sAly + 8(k - p_)*AY, — 8k - p_M3AY, — 8(k- p_)2},

+4k- PoM%gl + 4(k - po)*2y, — 4k - POM%’%))) +

s p_M,%%))))
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aRR —

4

(V2Fy(M2YY + D, [(k + po)*&y")

22 < Fy
3F*M; \M;,D,[(k + po)*]
—2V2Gy(M2kYY + D, [(k + po)2J&yV) + 2(2k - po — M2)ky"
x ((2k - p_ + $)As = 2(2k - p_ + 5)Al; + 4k - poAly + 4k - p_Ay + 2541y
+ 4k - p_AYy + 254y — 4k - poAY; + 4k - poAYy) — 2MAKYY ((2k - p— + 5)AY;
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