
 

New τ-based evaluation of the hadronic contribution to the vacuum
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We revisit the isospin-breaking and electromagnetic corrections to the decay τ− → π−π0ντ, which allow
its use as input in the two-pion contribution to the (leading-order) hadronic vacuum polarization part of the
muon anomalous magnetic moment. We extend a previous resonance chiral Lagrangian analysis, which
included those operators saturating the next-to-leading-order chiral low-energy constants, by including the
contributions appearing at the next order. As a result, we improve agreement between the two-pion tau
decay and eþe− data and reduce the discrepancy between experiment and the Standard Model prediction of
aμ (using τ input) to the approximately 2σ level.
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I. INTRODUCTION

The anomalousmagneticmoment of the (first electron and
then) muon [aμ ≡ ðgμ − 2Þ=2] has been crucial for the
development of quantum field theory and the understanding
of radiative corrections within it. Over the years, it has
validated those computed inQEDat increasing precision and
(in the muon case) started probing the other StandardModel
(SM) sectors, electroweak andQCD, setting also—andmore
interestingly—stringent constraints on new physics contri-
butions. In the absence of any direct hint for heavy new
particles or interactions at the LHC, clean observables both
from experiment and theory—amongwhich aμ stands out—
are reinforced as a promising gate for the eagerly awaited
further (indirect) discoveries in high-energy physics.
With the forthcoming measurement of aμ at Fermi

national accelerator laboratory (FNAL) [1], we will finally
have an experimental update on the long-standing discrep-
ancy (at 3 to 4 sigmas) between the SM prediction of this
observable (recently refined in Ref. [2])1 and its most
accurate measurement, at Brookhaven national laboratory
(BNL) [45]. On the theory side, a tremendous effort driven
by the Muon g-2 Theory Initiative2 has been reducing (and
makingmore robust) the SMerrors during the last few years,

in order to profit maximally from the new data. In the
near future, both the FNAL [1] and the Japan proton
accelerator research complex [46] experiments will shrink
the current experimental uncertainty (63×10−11) by a
factor 4. A commensurate improvement on the theory error
is essential in maximizing the reach on new physics of these
measurements.
The SM uncertainty on aμ (43 × 10−11) is saturated by

that of the hadronic contributions, where the error of the
dominant hadronic vacuum polarization (HVP,LO) part has
been reduced to 40 × 10−11, versus 17 × 10−11 of the light-
by-light piece [2]. In turn, the HVP, LO contribution is
dominated by the ππ cut (yielding approximately 73% of
the overall value), where good-quality data of the corre-
sponding eþe− hadronic cross sections [47–56] enable its
computation by dispersive methods [57,58]. Alternatively,
one can also use isospin-rotated τ → ππντ measurements
with that purpose, as was put forward in large electron-
positron collider times [59], despite that the required
isospin-breaking (IB) corrections cannot be computed in
a model-independent way presently. Still, while a lattice
QCD computation of these is achieved, the authors find
convenient testing the consistency of both extractions of
aHVP;LOππ
μ , in light of the tensions between different sets of

eþe− → πþπ− data that have not been resolved so far [2].
In addition to the previous data-based determinations

of aHVP;LOμ , lattice QCD is also achieving computations
with reduced errors, although not yet competitive with the
eþe− evaluations [2]. One notable exception to this is the
recent very accurate result (53 × 10−11 error) of the BMW
Collaboration [60], according to which the difference with
respect to the SM prediction is at the 1 sigma level.
Concerning the tau-based determination, Refs. [61,62]

computed the required isospin-violating and electromagnetic
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1The SM prediction [2] is based on Refs. [3–37] (see also the
last developments in Refs. [38–44]).

2Its website is https://muon-gm2-theory.illinois.edu/.
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corrections using resonance chiral theory (RχT) [63,64],
and Refs. [65,66] computed them using vector meson
dominance (VMD). These series of articles were employed
by Ref. [67] (updated in Refs. [68,69]), which, remarkably,
found that the discrepancy of the SM prediction with the
measurement is reduced substantially when tau data are
employed.3 Notwithstanding, as precise measurements of
σðeþe− → hadronsÞ became available in the last 15 years,
the eþe−-based evaluation gained preference over using tau
data. Indeed, Ref. [2] concludes that “at the required
precision to match the eþe− data, the present understanding
of the IB (isospin-breaking) corrections to τ data is unfortu-
nately not yet at a level allowing their use for the HVP
dispersion integrals,” despite Ref. [77] claiming that (the
model-dependent) ρ − γmixing in the neutral channelmakes
it agree with the results in the charged current. It is the
purpose of this work4 to extend previous RχT analyses
[61,62] of the required IB corrections to dipion tau decays so
that they can again be useful, when combined with
σðeþe− → πþπ−ðγÞÞ, to increase the accuracy of the SM
prediction of aHVP;LOμ . In this spirit, we note that Jegerlehener
[79] indeed combines both sets of data (using the IB
corrections of Ref. [77]), which reduces the error of
aHVP;LOμ by approximately 17% [79].
Within the global effort of the Muon g-2 theory initiative,

we revisit in this paper the RχT computations including
operators that—in the chiral limit—start to contribute at
Oðp6Þ. This is possible by the knowledge acquired after the
analyses of Cirigliano et al. [61,62] [where operators
contributing at Oðp4Þ were considered], through a series
of works studying operator product expansion (OPE)
restrictions on RχT couplings on several relevant three-
point Green’s functions (and related form factors) [31,80–
101].5,6 This procedure will also allow us to evaluate an
uncertainty for the results by Cirigliano et al. [62], which is
one of the main outcomes of this work, together with the
new results, including operators that start contributing to
the Oðp6Þ chiral low-energy constants (LECs).
The paper is organized as follows. In Sec. II, we review

the main features of the τ− → π−π0ντγ decays and split the
model-independent part from the hadron form factors,

computed in RχT including new terms, subleading in
the chiral expansion. We then recall the short-distance
(SD) QCD constraints on the Lagrangian couplings and
their phenomenological determinations and explain our
estimation of the remaining free couplings, based on chiral
counting. After that, in Sec. III, we recap the radiative
corrections needed for the tau-based calculation of aHVP;LOμ

and predict several observables for the processes where the
real photon is detected together with the pion pair. Then, in

Sec. IV, we evaluate aHVP;LOjππμ using tau data, which is the
main result of this article. Finally, our conclusions are
presented in Sec. V. Several Appendixes complement the
main material, explaining how the coefficients dominating
uncertainties were fitted, giving a full account of the
kinematics, and providing with the complete expressions
for the structure-dependent (axial-)vector form factors of
the τ− → π−π0ντγ decays.

II. τ − → π −π0γντ DECAYS

A. Amplitude

For the radiative decay τ−ðPÞ→π−ðp−Þπ0ðp0ÞντðqÞγðkÞ,
we can split the contributiondue to the bremsstrahlungoff the
initial tau lepton from the one coming from the hadronic part.
We write down the general structure for these processes

[62,110]

T ¼ eGFV�
udϵ

μðkÞ�fFνuðqÞγνð1 − γ5Þðmτ þ =P − =kÞγμuðPÞ
þðVμν − AμνÞuðqÞγνð1 − γ5ÞuðPÞg; ð1Þ

where Fν¼ðp0−p−ÞνfþðsÞ=2P ·k, with the charged pion
vector form factor fþðsÞ defined through hπ0π−jdγμuj0i ¼ffiffiffi
2

p
fþðsÞðp− − p0Þμ and s¼ðp−þp0Þ2. Gauge invariance

(ϵμ→ϵμþkμ) implies the Ward identities

kμVμν ¼ ðp− − p0ÞνfþðsÞ; kμAμν ¼ 0: ð2Þ
Imposing Eq. (2) and Lorentz invariance, we have the
expression for the vector structure-dependent tensor

Vμν ¼ fþ½ðP − qÞ2�p
μ
−ðp− þ k − p0Þν

p− · k
− fþ½ðP − qÞ2�gμν

þ fþ½ðP − qÞ2� − fþðsÞ
ðp0 þ p−Þ · k

ðp0 þ p−Þμðp0 − p−Þν

þ v1ðgμνp− · k − pμ
−kνÞ þ v2ðgμνp0 · k − pμ

0k
νÞ

þ v3ðp0 · kpμ
− − p− · kpμ

0Þpν
−

þ v4ðp0 · kpμ
− − p− · kpμ

0Þðp0 þ p− þ kÞν ð3Þ

and for the axial one

Aμν ¼ ia1ϵμνρσðp0 −p−Þρkσ þ ia2Wνϵμλρσkλp−ρp0σ

þia3ϵμνρσkρWσ þ ia4ðp0þ kÞνϵμλρσkλp−ρp0σ; ð4Þ

3The difference between the SM prediction of aμ and the BNL
measurement is 3.7σ [2]. If isospin-rotated tau data are employed
for aHVP;LOμ , it amounts to 2.4σ [69], instead. This difference
could, in principle, be due to new physics effects, hinting at a
lepton universality violation in the corresponding nonstandard
vector and/or tensor couplings at low energies [70–72]. See the
most updated discussions of its connection with αQED in the
electroweak fit in Refs. [73–76].

4Currently, a lattice evaluation of IB for using tau data in
aHVP;LOππ
μ is in progress [78].
5See also, e.g., Refs. [102–108].
6Similar radiative corrections were computed for the τ → ηπντγ

decays in RχT [109], even though part of our contributions here
were suppressed (and thus neglected) there because of G-parity.
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where W ≡ P − q ¼ p− þ p0 þ k. We could use the basis
given in Ref. [109], but instead we prefer a modified one
that resembles the decomposition in Ref. [62] (see also
Ref. [110]). These tensor structures depend on four vector
(vi) and four axial-vector (ai) form factors. For the axial
structure, the Schouten identity has been used.
Taking into account that ðP − qÞ2 ¼ sþ 2ðp0 þ p−Þ · k,

the Low theorem [111] is manifestly satisfied:

Vμν¼fþðsÞ
pμ
−

p− ·k
ðp−−p0ÞνþfþðsÞ

�
pμ
−kν

p− ·k
−gμν

�

þ2
dfþðsÞ
ds

�
p0 ·k
p− ·k

pμ
−−pμ

0

�
ðp−−p0ÞνþOðkÞ: ð5Þ

B. Theoretical framework

We will present in the following the model-dependent
contributions to the Vμν and Aμν tensors. We will closely
follow Ref. [62], extending it to include subleading
terms in the chiral expansion. In this reference, a large-NC
[112–114] inspired computation was carried out.
Specifically, it was restricted to the dominant (for
NC → ∞) tree-level diagrams, although the relevant loop
corrections for the τ− → π−π0ντγ decays—giving the ρ
(and a1, for completeness) off-shell width7—were taken
into account.8 Also, given the limited phase space of tau
decays and the fact that the region E≲Mρ þ Γρ is the most

important one for the IB corrections needed for aHVP;LOππ
μ

[62], the contribution of the ρð1450Þ and other heavier
resonances was neglected in this reference (despite the fact
that, in the large-NC limit, there is an infinite tower of
resonances per channel), as we will also do.9 Within this
setting, our computation will include all RχT operators
contributing to the Oðp6Þ chiral low-energy constants. Our
results agree with those in Ref. [62], providing the new
contributions with resonance operators that are suppressed
by one chiral order in the low-energy limit (where possible,
our computations have been checked against the results in
Ref. [109]).
As explained in Ref. [62], this procedure warrants the

correct low-energy limit (as given by chiral perturbation
theory [126–130]) and includes consistently the most
general pion and photon interactions with the lightest
resonances. Demanding the known QCD SD constraints
results in relations among the Lagrangian couplings, and
chiral counting can be employed to estimate those still

unconstrained after using phenomenological information.
It should then provide an accurate description of the
τ− → π−π0ντγ decays for s≲ 1 GeV2, which gives approx-

imately 99.8% of the whole aHVP;LOjππμ contribution.

C. Vector form factors

Within RχT [63,64,83,88], the diagrams contributing to
the vector form factors of the τ− → π−π0γντ decays
including operators that start contributing to the Oðp6Þ
LECs are shown in Figs. 1–3.10 The first three diagrams in
Fig. 1 and the first diagram in Fig. 2 contribute to the pion
vector form factor entering the structure-independent (SI)
piece11

fþðsÞ ¼ 1þ GVFV

F2

s
m2

ρ − s

þ
ffiffiffi
2

p
FVs

F2ðm2
ρ − sÞ ½2ð2λ

V
8 þ λV9 þ 2λV10Þm2

π − sλV21�

þ 2
ffiffiffi
2

p
GVs

F2ðm2
ρ − sÞ ½4λ

V
6m

2
π − sλV22�

þ 4s
F2ðm2

ρ − sÞ ½4λ
V
6m

2
π − sλV22�

× ½2ð2λV8 þ λV9 þ 2λV10Þm2
π − sλV21�: ð6Þ

The contribution of both the last diagram in Fig. 1 and the
last diagram in Fig. 2 vanishes for a real photon, as the
corresponding [fþð0Þ ¼ 1 part] contribution is already in
the SI piece. We note we are using F ∼ 92 MeV for
the pion decay constant and that QCD OPE constraints
λV21 ¼ λV22 ¼ 0 [83]. In fact, we will see in Sec. II E that all
modifications induced by the λVi couplings to fþðsÞ (6)
vanish once SD QCD constraints are accounted for.
For the vector form factors, we get

v1 ¼ v01 þ vR1 þ vRR1 þ vRRR1 þ vRþRR
GI1 ; ð7aÞ

v2 ¼ v02 þ vR2 þ vRR2 þ vRRR2 þ vRþRR
GI2 ; ð7bÞ

v3 ¼ v03 þ vR3 þ vRR3 þ vRRR3 þ vRþRR
GI3 ; ð7cÞ

v4 ¼ v04 þ vR4 þ vRR4 þ vRRR4 þ vRþRR
GI4 ; ð7dÞ

where v0i is the contribution in Ref. [62] (D
−1
R stands for the

inverse resonance propagator),127We will introduce them following Ref. [115] for the ρð770Þ
and Refs. [86,116] for the a1ð1260Þ resonances.

8See Refs. [117–123] for next-to-leading-order computations
in 1=NC, allowing to include the scale dependence of the chiral
pertubation theory LECs in the low-energy limit of RχT.

9Nevertheless, we will include the dominant effect of the
ρð1450Þ and ρð1700Þ resonances in our dispersive pion form
factor [124,125] and check the negligible impact of heavier
resonances in the vi and ai form factors in our analysis.

10The contributions involving scalar and pseudoscalar reso-
nances are discussed at the end of Sec. II C.

11Relevant RχT couplings are introduced after Eq. (7) and in
Sec. II E below.

12We recall that FR gives the coupling of the R ¼ V, A
resonance to the r ¼ v, a external current and the ρππ vertex
receives contributions both from FV and GV .

NEW τ-BASED EVALUATION OF THE HADRONIC … PHYS. REV. D 102, 114017 (2020)

114017-3



v01 ≡ FVGV

F2M2
ρ
ð2þ 2M2

ρD−1
ρ ½ðP − qÞ2� þ sD−1

ρ ðsÞ þ sM2
ρD−1

ρ ðsÞD−1
ρ ½ðP − qÞ2�Þ

þ F2
V

2F2M2
ρ
ð−1 −M2

ρD−1
ρ ½ðP − qÞ2� þ ðP − qÞ2D−1

ρ ½ðP − qÞ2�Þ

þ F2
A

F2M2
a1

�
M2

a1 −m2
π þ

1

2
s

�
D−1

a1 ½ðp− þ kÞ2�;

v02 ≡ FVGVs
F2M2

ρ
ð−D−1

ρ ðsÞ −M2
ρD−1

ρ ðsÞD−1
ρ ½ðP − qÞ2�Þ

þ F2
V

2F2M2
ρ
ð−1 −M2

ρD−1
ρ ½ðP − qÞ2� − ðP − qÞ2D−1

ρ ½ðP − qÞ2�Þ

þ F2
A

F2M2
a1

ðM2
a1 −m2

π − k · p−ÞD−1
a1 ½ðp− þ kÞ2�;

v03 ≡ F2
A

F2M2
a1

D−1
a1 ½ðp− þ kÞ2�;

v04 ≡ −
2FVGV

F2
D−1

ρ ðsÞD−1
ρ ½ðP − qÞ2� þ F2

V

F2M2
ρ
D−1

ρ ½ðP − qÞ2�;

and vRi , v
RR
i , vRRRi , and vRþRR

GIi
13 correspond to contributions including operators which do not contribute to the next-to-

leading-order (NLO) chiral LECs. Because of their length, the expressions for these form factors are in Appendix C.
In writing the new contributions to vi, the basis given in Ref. [83] has been used for the even-intrinsic parity operators (with
couplings λXi ), and the basis given in Ref. [88] has been employed for the odd-intrinsic parity operators (κXi couplings). Both
sets of λXi and κXi couplings have dimensions of inverse energy.

FIG. 1. One-resonance exchange contributions from the RχT to the vector form factors of the τ− → π−π0γντ decays.

FIG. 2. Two-resonance exchange contributions from the RχT to the vector form factors of the τ− → π−π0γντ decays.

13In general, diagrams are gauge invariant by themselves. Those giving the contribution vRþRR
GIi need to be summed to achieve gauge

invariance. These are the first three diagrams in Fig. 1 and the first diagram in Fig. 2.
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Including operators with at most one resonance, only the
contribution from the exchange of ρ and a1 resonances on
the vector form factor appeared [62]. Allowing for multi-
resonance operators, we also have contributions with ω
exchange, coming from the odd-intrinsic parity sector, for
both vector and axial-vector form factors (as well as
resonance contributions on the axial form factor, absent
in Ref. [62]). Apparently, such ω contributions were
responsible for the larger effect of the IB corrections
obtained in Refs. [65,66] with respect to Refs. [61,62].
As a result, Ref. [67] (and later evaluations by this group)
ascribed an error to these corrections covering both contra-
dictory evaluations. As we include (among others) con-
tributions with an ω − ρ − π vertex in this work, closer
agreement with the VMD evaluation should, in principle,
be expected.
We have verified that all diagrams including scalar

mesons vanish in the isospin symmetry limit. We point
out that all contributions involving pseudoscalar mesons
can be obtained from those with an axial-vector resonance
by replacing it by a pseudoscalar resonance. Then, at
leading chiral order, the saturation of the LECs by spin-1
mesons [63] shows that diagrams including pseudoscalar
resonances are suppressed. If we assume that this feature
also holds at the next chiral order, then pseudoscalar
resonance exchanges could be safely neglected.14

D. Axial-vector form factors

The axial form factors at chiral Oðp4Þ get contributions
from the Wess-Zumino-Witten functional [131,132]:

a01 ≡ 1

8π2F2
; a02 ≡ −1

4π2F2½ðP − qÞ2 −m2
π�
: ð8Þ

The diagrams that receive contributions due to the anomaly
are shown in Fig. 4.15

For the axial form factors (see Figs. 5–7), we get

a1 ¼ a01 þ aR1 þ aRR1 þ aRRR1 ; ð9aÞ

a2 ¼ a02 þ aR2 þ aRR2 þ aRRR2 ; ð9bÞ

a3 ¼ aR3 þ aRR3 þ aRRR3 ; ð9cÞ

a4 ¼ aR4 þ aRR4 þ aRRR4 ; ð9dÞ

where aRi , a
RR
i , and aRRRi include Oðp6Þ vertices. Because

of their length, the expressions for these form factors
appear in Appendix D.

E. SD constraints

Including operators which start contributing to the
Oðp6Þ LECs, we have now so many parameters (see
Table I) allowed by the discrete symmetries of QCD and
chiral symmetry that, in practice, prevent making phenom-
enological predictions. It is possible to find relations
between these couplings by means of SD properties of
QCD and its OPE. We summarize these results in this
section.
For the parameters contributing to two-point Green’s

functions (and related form factors), the constraints
[63,64,133–137]

FVGV ¼ F2; F2
V − F2

A ¼ F2;

F2
VM

2
V ¼ F2

AM
2
A; 4cdcm ¼ F2;

8ðc2m − d2mÞ ¼ F2; cm ¼ cd ¼
ffiffiffi
2

p
dm ¼ F=2 ð10Þ

are set, respectively, by the known asymptotic behavior of
the pion vector form factor, the V − A correlator (yielding
the Weinberg sum rules), the scalar form factor, and the
S − P correlator.
We note that the vanishing of the axial pion form factor

(giving the π-to-γ matrix element) at infinite momentum
transfer demands—if only the original RχT Lagrangian
[64] is used—2FVGV ¼ F2

V . This, together with the two
first equations in Eq. (10), determine

FV ¼
ffiffiffi
2

p
F; GV ¼ Fffiffiffi

2
p ; FA ¼ F; ð11Þ

all in terms of the pion decay constant. These relations
were employed in Ref. [62]. We emphasize that—once
operators contributing to the NLO chiral LECs are

FIG. 3. Three-resonance exchange contributions from the RχT
to the vector form factors of the τ− → π−π0γντ decays.

FIG. 4. Anomalous diagrams contributing to the axial tensor
amplitude Aμν at Oðp4Þ.

14Since contributions from scalar and pseudoscalar resonances
are suppressed, we will neglect them for the axial form factors in
the next section.

15The first diagram, when coupled to a vector current,
contributes to the SI piece in Vμν.
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considered [83,88]—the relations (11) no longer hold true
(see Ref. [94]). Seen from another perspective, consistent
sets of SD relations on n-point Green’s functions vary with
n. For n ¼ 2, one has the set (11) [63]. We shall also
consider the set obtained for n ¼ 3 [83,88,94] (where
operators with more than one resonance field start to
appear) in the following. We will come back to discussing
the actual values of the FV , GV , and FA couplings before
closing this section, as they are essential to assess the error
associated to the IB corrections computed in Ref. [62].
Now, we consider RχT operators which do not contrib-

ute to the NLO chiral LECs. For the even-intrinsic parity
sector [83,98],16

λP13 ¼ 0; λS17 ¼ λS18 ¼ 0;

λA17 ¼ 0; λV6 ¼ λV21 ¼ λV22 ¼ 0; ð12Þ

using these SD constraints in Eq. (6) and the Brodsky-
Lepage behavior [138,139] of fþðsÞ, we get

2λV8 þ λV9 þ 2λV10 ¼ 0: ð13Þ

The study of the hVAPi and hSPPi Green’s functions
yields the following restrictions on the resonance couplings
[81–83] [the Weinberg sum rules in Eq. (10) were used
below]:

ffiffiffi
2

p
λ0¼−4λVA1 −λVA2 −

λVA4
2

−λVA5 ¼ 1

2
ffiffiffi
2

p ðλ0þλ00Þ;
ffiffiffi
2

p
λ0 ¼λVA2 −λVA3 þλVA4

2
þλVA5 ¼ FV

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
V−F2

p ;

ffiffiffi
2

p
λ00 ¼λVA2 −

λVA4
2

−λVA5 ¼ 2F2−F2
V

2FV

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
V−F2

p ;

λPV1 ¼−4λPV2 ¼−
F2

4
ffiffiffi
2

p
dmFV

; λPA1 ¼ F2

16
ffiffiffi
2

p
dm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
V−F2

p :

ð14Þ

For the odd-intrinsic parity sector [88],17

FIG. 5. One-resonance exchange contributions from the RχT to the axial-vector form factors of the τ− → π−π0γντ decays.

FIG. 6. Two-resonance exchange contributions from the RχT to the axial-vector form factors of the τ− → π−π0γντ decays.

FIG. 7. Three-resonance exchange contributions from the RχT
to the axial-vector form factors of the τ− → π−π0γντ decays.

16The corresponding coefficients are denoted λRi , with the
upper index showing the resonance fields involved.

17The corresponding coefficients are denoted κRi , with the
upper index showing the resonance fields involved.
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κV14 ¼
NC

256
ffiffiffi
2

p
π2FV

; 2κV12þ κV16 ¼−
NC

32
ffiffiffi
2

p
π2FV

;

κV17 ¼−
NC

64
ffiffiffi
2

p
π2FV

; κP5 ¼ 0;

κVV2 ¼F2þ 16
ffiffiffi
2

p
dmFVκ

PV
3

32F2
V

−
NCM2

V

512π2F2
V
;

8κVV2 − κVV3 ¼ F2

8F2
V
: ð15Þ

The analysis of the hVASi Green’s function yields [88]

κS2 ¼ κA14 ¼ 0; κV4 ¼ 2κV15; κVA6 ¼ F2

32FAFV
;

FVð2κSV1 þ κSV2 Þ ¼ 2FAκ
SA
1 ¼ F2

16
ffiffiffi
2

p
cm

; ð16Þ

and through the study of the hVVAi Green’s function in
Ref. [31],

FVκ
VA
5 ¼ −

NCM2
V

64π2FA
: ð17Þ

A comparison between two basis for the odd-intrinsic
operators [80,88] was given in Ref. [94], which is con-
sistent with those in Eq. (15)18:

MVð2κV12þ 4κV14þ κV16− κV17Þ ¼ 4c3þ c1 ¼ 0;

MVð2κV12þ κV16− 2κV17Þ ¼ c1− c2þ c5 ¼ 0;

−MVκ
V
17 ¼ c5− c6 ¼

NCMV

64
ffiffiffi
2

p
π2FV

;

MVκ
V
15 ¼ c4;

8κVV2 ¼ d1þ 8d2 ¼
F2

8F2
V
−

NCM2
V

64π2F2
V
;

κVV3 ¼ d3 ¼−
NC

64π2
M2

V

F2
V
;

1þ 32
ffiffiffi
2

p
FVdmκPV3
F2

¼ 0;

F2
V ¼ 3F2: ð18Þ

For the even- and odd-intrinsic parity sectors, there are 115
even-intrinsic parity sector ðEIPÞ þ 67 odd-intrinsic parity
sector ðOIPÞ ¼ 182 operators saturating the Oðp6Þ LECs,
but only a few of them contribute to a given process. The
form factors of the τ− → π−π0γντ decays at Oðp6Þ are
given by 32ðEIPÞ þ 23ðOIPÞ ¼ 55 operators (Table I).
Taking into account the relations in Eqs. (12)–(18), we
get 24 ðEIPÞ þ 17 ðOIPPÞ ¼ 41 undetermined couplings.
To estimate the unknown parameters, we basically followed

(but for the results in Appendix A) the strategy devised in
Ref. [109]. We will restore to the available phenomeno-
logical information on these couplings and estimate—
based on chiral counting—those for which we lack it.
Equation (14) leaves two λVAi couplings undetermined;

the numerical values of the restricted combinations (see
their definitions in terms of the λVAi in Ref. [81]) are

λ0 ∼ 0.4; λ00 ∼ −0.14; λ0 ∼ 0.07: ð19Þ

Since the same linear combination of λVA4 and λVA5 is in all
couplings in Eq. (19), we choose λVA4 as independent. By
similar reasons, we take λVA2 as the other independent
coupling. Based on Eq. (19), we conservatively estimate
jλVA2 j ∼ jλVA4 j ≤ 0.4.
According to Ref. [83] the λXi couplings can be estimated

from low-energy couplings CR
i of the Oðp6Þ χPT

Lagrangian as19

jλVi j ∼
3M2

V

2F
CR
i ∼ 0.025 GeV−1;

jλVVi j ∼ M4
V

2F2
CR
i ∼ 0.1; ð20Þ

where we take the relation jCR
i j ∼ 1

F2ð4πÞ4 linked to

jLR
i j ∼ 1

ð4πÞ2 ∼ 5 × 10−3, which corresponds to the typical

size of theOðp4Þ LECs. This sets a reasonable upper bound
on jλVi j ∼ jλAi j≲ 0.025 GeV−1 and jλVVi j ∼ jλVAi j≲ 0.1.
For the anomalous sector, we have the following

predictions from Eq. (18): −MVκ
V
17 ¼ c5 − c6 ∼ 0.016,

8κVV2 ¼ d1 þ 8d2 ∼ −0.070 and κVV3 ¼ d3 ∼ −0.112.
There is a sign ambiguity on the determination of c3 from
τ− → ηπ−π0ντ decays [89]. We will take c3 ¼ 0.007þ0.020

−0.012
according to the determinations by Chen et al. in
Refs. [90,95,140] (which is also in agreement with the

TABLE I. Operators contributing at Oðp6Þ to the vector and
axial-vector form factors.

Even-intrinsic parity [83]

ÔV
i 6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22

ÔA
i 4, 12, 13, 15, 16, 17

ÔVV
i 2, 3, 4, 5, 7

ÔVA
i 1, 2, 3, 4, 5

Odd-intrinsic parity [88]
ÔV

iμναβ 1, 2, 3, 6, 7, 8, 9, 10, 11, 12, 14, 16, 17

ÔA
iμναβ 5, 6, 7

ÔVV
iμναβ 2, 3, 4

ÔVA
iμναβ 2, 3, 4, 5

18We note, particularly, the last of these equations, which is at
odds with Eq. (11).

19Couplings of operators with two resonance fields are
dimensionless [83,88].
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most elaborated eþe− → ðη=π0Þπþπ− fit [92]). Although
c4 was first evaluated by studying σðeþe− → KKπÞ in
Ref. [86], this yielded an inconsistent result for τ− →
K−γντ branching ratio [87], so we will use c4 ¼ −0.0024�
0.0006 [95] as the most reliable estimation. In view of all
these results, we will take jcij ≲ 0.015 as a reasonable
estimate, which is translated to jκVi j≲ 0.025 GeV−1. Since
there is not enough information on κAi , we will take
jκAi j ∼ jκVi j≲ 0.025 GeV−1. We will see in the following
sections that the observables that we consider and the

IB corrections for aHVP;LOjππμ depend mostly on the κVi
couplings (besides FV , GV , and FA); for this reason, we
perform a global fit to better bind these couplings (see
Appendix A).20

We turn now to the remaining couplings. We will employ
d2 ¼ 0.08� 0.08, which has been determined simultane-
ously with c3 [90,92,95,140]. For d4, we will assume
jd4j < 0.15, or in terms of κVVi , we get jκVVi j ≲ 0.1. Again,
we will adopt jκVAi j ∼ jκVVi j≲ 0.1, which agrees with the
prediction κVA5 ∼ −0.14 in Eq. (17).
Using only operators contributing to the Oðp4Þ LECs,

we have the consistent set for two-point Green’s functions
(11). However, including operators which start contributing
atOðp6Þ, we shall use the relations for two- and three-point
Green’s functions [Eq. (10) and Eqs. (12) to (18)]. In
particular, FV ¼ ffiffiffi

3
p

F, which implies (via (10)) GV ¼
F=

ffiffiffi
3

p
and FA ¼ ffiffiffi

2
p

F. Therefore, we will also be showing
the Cirigliano et al. results [62] with the latter set of
constraints (inconsistent for two-point Green’s functions)
so that the impact of the change of FV , FA, andGV between
these two cases is appreciated.
We will refer to the original [62] constraints (11) as

FV ¼ ffiffiffi
2

p
F and by FV ¼ ffiffiffi

3
p

F to their consistent set of
values (FV ¼ ffiffiffi

3
p

F;GV ¼ F=
ffiffiffi
3

p
; FA ¼ ffiffiffi

2
p

F) up to three-
point Green’s functions. In this last way, we stress that the
consistent set of SD constraints in both parity sectors
[81,83,88,94] determines the FV ¼ ffiffiffi

3
p

F relations (among
many others, reviewed in this section).

III. RADIATIVE CORRECTIONS FOR
HADRONIC VACUUM POLARIZATION

The four-body differential decay width is given by [62]21

dΓ ¼ ð2πÞ4
2mτ

jMj2δ4ðP − p− − p0 − k − qÞ

×
d3p−

ð2πÞ32E−

d3p0

ð2πÞ32E0

d3q
ð2πÞ32Eν

d3k
ð2πÞ32Eγ

; ð21Þ

and using the relation d3p−
2E−

d3p0

2E0
¼ π2

4m2
τ
dsdudx and integrat-

ing over the 3-momentum of the photon and neutrino,22

we get

dΓ¼ 1

32ð2πÞ6m3
τ

�Z
d3q
2Eν

d3k
2Eγ

jMj2δ4ðP−p− −p0−k−qÞ
�

×dsdudx; ð22Þ

working at leading order in the Low expansion and in the
isospin limit mu ¼ md, and we have

M ¼ eϵ�μðkÞMð0Þ
ππ

�
p−μ

p− · k
−

Pμ

P · k

�
þOðk0Þ; ð23Þ

whereMð0Þ
ππ ¼GFV�

ud

ffiffiffiffiffiffiffiffi
SEW

p
fþðsÞðp−−p0ÞνuðqÞγνð1−γ5Þ×

uðPÞ is the amplitude at leading order for the nonradiative
decay that includes the SD electroweak radiative corrections
(SEW). At Oðk−1Þ, the amplitude for the radiative decay is
proportional to the amplitude of the nonradiative decay
according to Low’s theorem [111].
The unpolarized spin-averaged squared amplitude is

given by

jMj2 ¼ 4παjMð0Þ
ππ j2

X
γ

ϵ�μðkÞϵνðkÞ

×

�
p−μ

p− · kþ 1
2
M2

γ
−

Pμ

P · k− 1
2
M2

γ

�

×

�
p−ν

p− · kþ 1
2
M2

γ
−

Pν

P · k− 1
2
M2

γ

�
þOðk−1Þ; ð24Þ

using the relation
P

γ ϵ
�μðkÞϵνðkÞ ¼ −gμν and massive

photons (kμkμ ¼ M2
γ ). The sum over photon polarizations

should include the longitudinal part, since our photon has
mass and the amplitude is no longer gauge invariant. We do
not take into account this contribution because it will
vanish in the limit Mγ → 0.
Thus, Eq. (24) becomes

jMj2 ¼ 4παjMð0Þ
ππ j2

�
2P · p−

ðp− · kþ 1
2
M2

γÞðP · k − 1
2
M2

γÞ

−
m2

π

ðp− · kþ 1
2
M2

γÞ2
−

m2
τ

ðP · k − 1
2
M2

γÞ2
�

þOðk−1Þ; ð25Þ

20The results obtained assuming jκVi j ≲ 0.025 GeV−1 can be
found at https://arxiv.org/abs/2007.11019v1. While both results
agree remarkably, the errors are reduced in the current procedure.

21Although the analytical results in this section were presented
in the quoted reference, we include them here, given their
importance in the evaluation of the relevant IB corrections,
and take advantage to add a few explanations to previous
discussions of this subject [62,66].

22The kinematics for these decays are in Appendix B.
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where

jMð0Þ
ππ j2 ¼ 4G2

FjVudj2SEWjfþðsÞj2ðDðs; uÞ þOðkÞÞ; ð26Þ

with Dðs;uÞ¼1
2
m2

τðm2
τ−sÞþ2m4

π−2uðm2
τ−sþ2m2

πÞþ2u2.
Equation (25) does not contribute at Oðk−1Þ, and these
terms are canceled out by those in Eq. (26) according to the
Burnett-Kroll theorem [141].
Replacing Eqs. (25) and (26) in Eq. (22), we get

dΓ¼ αG2
FjVudj2SEW
4ð2πÞ4m3

τ
jfþðsÞj2Dðs;uÞ

× ð2P ·p−I11ðs;u;xÞ−m2
πI02ðs;u;xÞ−m2

τI20ðs;u;xÞÞ
×dsdudxþOðk0Þ; ð27Þ

the Imnðs; u; xÞ is defined as

Imnðs;u;xÞ¼
1

2π

Z
d3q
2Eν

d3k
2Eγ

δ4ðP−p− −p0−k−qÞ
ðP ·k− 1

2
M2

γÞmðp− ·kþ 1
2
M2

γÞn
;

ð28Þ

performing an integration over x; and we can split the decay
width according to the integration region

d2Γ
dsdu

¼ d2Γ
dsdu

����
DIII

þ d2Γ
dsdu

����
DIV=III

þOðk0Þ; ð29Þ

where

d2Γ
dsdu

����
DIII

¼ αG2
FjVudj2SEW
4ð2πÞ4m3

τ
jfþðsÞj2Dðs;uÞ

× ðJ11ðs;u;MγÞþ J02ðs;u;MγÞþ J20ðs;u;MγÞÞ
ð30Þ

and

d2Γ
dsdu

����
DIV=III

¼ αG2
FjVudj2SEW
4ð2πÞ4m3

τ
jfþðsÞj2Dðs;uÞ

× ðK11ðs;uÞþK02ðs;uÞþK20ðs;uÞÞ; ð31Þ

with

Jmnðs; u;MγÞ ¼ cmn

Z
xþðs;uÞ

M2
γ

dxImnðs; u; xÞ; ð32Þ

Kmnðs; uÞ ¼ cmn

Z
xþðs;uÞ

x−ðs;uÞ
dxImnðs; u; xÞ; ð33Þ

and

cmn ¼
8<
:

2P · p− m ¼ n ¼ 1;

−m2
τ m ¼ 2; n ¼ 0;

−m2
π− m ¼ 0; n ¼ 2.

ð34Þ

Equation (28) is an invariant, so we can evaluate it in any
reference frame in order to simplify the integration, and
working in the γ − ντ center of mass, we have

Imnðs; uÞ ¼
1

23ð2πÞ
Z

x −M2
γ

xðP · k − 1
2
M2

γÞmðp− · kþ 1
2
M2

γÞn
× d cos θνdϕ−: ð35Þ

Integrating this equation over x in DIV=III and DIII , as in
Refs. [62,142], we get [Li2ðxÞ ¼ −

R
1
0

dt
t logð1 − xtÞ]

J11ðs; uÞ ¼ log

�
2xþðs; uÞγ

Mγ

�
1

β
log

�
1þ β

1 − β

�

þ 1

β
ðLi2ð1=Y2Þ − Li2ðY1Þ þ log2ð−1=Y2Þ=4

− log2ð−1=Y1Þ=4Þ; ð36Þ

J20ðs; uÞ ¼ log

�
Mγðm2

τ − sÞ
mτxþðs; uÞ

�
; ð37Þ

J02ðs; uÞ ¼ log
�
Mγðm2

τ þm2
π0
− s − uÞ

m−
π xþðs; uÞ

�
; ð38Þ

K20ðs; uÞ ¼ K0;2ðs; uÞ ¼ log

�
x−ðs; uÞ
xþðs; uÞ

�
; ð39Þ

where the expressions in Eq. (36) are given by

Y1;2 ¼
1 − 2α�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 2αÞ2 − ð1 − β2Þ

q
1þ β

; ð40Þ

with

α ¼ ðm2
τ − sÞðm2

τ þm2
π0
− s − uÞ

ðm2
π− þm2

τ − uÞ ·
λðu;m2

π− ; m2
τÞ

2δ
; ð41aÞ

β ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðu;m2

π− ; m2
τÞ

p
m2

π− þm2
τ − u

; ð41bÞ

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðu;m2

π− ; m2
τÞ

p
2

ffiffiffi
δ

p ; ð41cÞ

δ ¼ −m4
π0
m2

τ þm2
π−ðm2

τ − sÞðm2
π0
− uÞ − suð−m2

τ þ sþ uÞ
þm2

π0
ð−m4

τ þ suþm2
τsþm2

τuÞ: ð41dÞ

Experimentally, it is impossible to measure the full
photon spectrum because of acceptances, efficiencies,
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and cuts. For this reason, we need to calculate the inclusive
decay width, since we cannot distinguish the radiative
decay from the nonradiative decay for low-energy (or
collinear) photons.
For the nonradiative decay, we have

d2Γ
dsdu

¼ G2
FjVudj2SEW
64π3m3

τ
jfþðsÞj2ð1þ felmloopðu;MγÞÞ2Dðs; uÞ;

ð42Þ

which includes isospin violation and photonic corrections
according to Ref. [61], where felmloopðu;MγÞ is given by

felmloopðu;MγÞ ¼
α

4π

�
ðu −m2

πÞAðuÞ þ ðu −m2
π −m2

τÞBðuÞ

þ2ðm2
π þm2

τ − uÞCðu;MγÞ þ 2 log
mπmτ

M2
γ

�
;

ð43Þ

with

AðuÞ ¼ 1

u

�
−
1

2
log rτ þ

2 − yτffiffiffiffi
rτ

p xτ
1 − x2τ

log xτ

�
; ð44aÞ

BðuÞ ¼ 1

u

�
1

2
log rτ þ

2rτ − yτffiffiffiffi
rτ

p xτ
1 − x2τ

log xτ

�
; ð44bÞ

Cðu;MγÞ ¼
1

mτmπ

xτ
1− x2τ

�
−
1

2
log2xτ þ 2 logxτ logð1− x2τÞ

−
π2

6
þ 1

8
log2rτ

þ Li2ðx2τÞ þ Li2

�
1−

xτffiffiffiffi
rτ

p
�

þ Li2ð1− xτ
ffiffiffiffi
rτ

p Þ− log xτ log
M2

γ

mτmπ

�
; ð44cÞ

in terms of the variables

rτ¼
m2

τ

m2
π
; yτ¼1þrτ−

u
m2

π
; xτ¼

1

2
ffiffiffiffi
rτ

p
�
yτ−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2τ −4rτ

q 	
;

Thus, the inclusive decay width is

d2Γ
dsdu

����
ππðγÞ

¼ G2
FjVudj2SEW
64π3m3

τ
jfþðsÞj2Dðs; uÞΔðs; uÞ; ð45Þ

where

Δðs; uÞ ¼ 1þ 2felmloopðu;MγÞ þ gradðs; u;MγÞ: ð46Þ

In the previous expression, we neglected the quadratic term
for felmloopðu;MγÞ, and

gradðs; u;MγÞ ¼ gbremsðs; u;MγÞ þ grestðs; uÞ; ð47Þ

with

gbremsðs; u;MγÞ ¼
α

π
ðJ11ðs; u;MγÞ þ J20ðs; u;MγÞ

þ J02ðs; u;MγÞÞ; ð48aÞ

grestðs; uÞ ¼
α

π
ðK11ðs; uÞ þ K20ðs; uÞ þ K02ðs; uÞÞ: ð48bÞ

Integrating Eq. (45) over u and using

Z
uþðsÞ

u−ðsÞ
Dðs;uÞdu¼m6

τ

6

�
1−

s
m2

τ

�
2
�
1−

4m2
π

s

�
3=2

�
1þ 2s

m2
τ

�
;

we have

dΓ
ds

����
ππðγÞ

¼ G2
FjVudj2m3

τSEW
384π3

jfþðsÞj2
�
1 −

s
m2

τ

�
2

×

�
1 −

4m2
π

s

�
3=2

�
1þ 2s

m2
τ

�
GEMðsÞ; ð49Þ

for this, we follow the same notation as in Ref. [62]:

GEMðsÞ ¼
R
RIV Dðs; uÞΔðs; uÞduR uþðsÞ

u−ðsÞ Dðs; uÞdu
: ð50Þ

We can split the electromagnetic correction factor [GEMðsÞ]
in two parts, Gð0Þ

EMðsÞ and Grest
EMðsÞ; the first one corresponds

to taking grestðs; uÞ → 0, and the second one is the
remainder of GEMðsÞ,

Gð0Þ
EMðsÞ

¼
R
RIII Dðs; uÞð1þ 2felmloopðu;MγÞ þ gbremsðs; u;MγÞÞduR uþðsÞ

u−ðsÞ Dðs; uÞdu
;

ð51aÞ

Grest
EMðsÞ ¼

R
RIV=III Dðs; uÞgrestðs; uÞduR uþðsÞ

u−ðsÞ Dðs; uÞdu
: ð51bÞ

In Eq. (51a), the term 2felmloopðu;MγÞ þ gbremsðs; u;MγÞ is
finite when Mγ → 0,
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2felmloopðu;MγÞ þ gbremsðs; u;MγÞ
¼ α

4π
ððu −m2

πÞAðuÞ þ ðu −m2
π −m2

τÞBðuÞ
þ2ðm2

π þm2
τ − uÞCðuÞÞ

þ α

π
ðJ11ðs; uÞ þ J20ðs; uÞ þ J02ðs; uÞÞ: ð52Þ

In this limit, we have

CðuÞ ¼ 1

mτmπ

xτ
1 − x2τ

�
−
1

2
log2xτ þ 2 log xτ logð1 − x2τÞ

−
π2

6
þ 1

8
log2rτ þ Li2ðx2τÞ þ Li2

�
1 −

xτffiffiffiffi
rτ

p
�

þ Li2ð1 − xτ
ffiffiffiffi
rτ

p Þ
�
; ð53Þ

J11ðs; uÞ ¼
1

2
log

�
4x2þðs; uÞγ2

mπmτ

�
1

β
log

�
1þ β

1 − β

�

þ 1

β
ðLi2ð1=Y2Þ − Li2ðY1Þ

þ log2ð−1=Y2Þ=4 − log2ð−1=Y1Þ=4Þ; ð54Þ

J20ðs; uÞ ¼ log

�
m2

τ − s
xþðs; uÞ

�
; ð55Þ

J02ðs; uÞ ¼ log

�
m2

τ þm2
π − s − u

xþðs; uÞ
�
; ð56Þ

where xþðs; uÞ is defined in Eq. (B19).
The leading Low approximation for Gð0Þ

EMðsÞ is plotted in
Fig. 8. This function has two poles, one at s ¼ 4m2

π and the
other at s ¼ m2

τ .

We will use the same conventions as Ref. [62],
so we denote as “complete bremsstrahlung” the
amplitude where the structure-dependent part vanishes,
i.e., v1 ¼ v2 ¼ v3 ¼ v4 ¼ a1 ¼ a2 ¼ a3 ¼ a4 ¼ 0. For
convenience, we will refer in the following simply as
Oðp4Þ and Oðp6Þ to the contributions from RχT including
operators that contribute up to Oðp4Þ and up to Oðp6Þ
chiral LECs, respectively.23

In GEMðsÞ, the difference between using the FV ¼ ffiffiffi
2

p
F

or FV ¼ ffiffiffi
3

p
F constraints at Oðp4Þ is only appreciated for

s≲ 0.35 GeV2, with the latter set producing the largest
deviation with respect to the SI result (Fig. 8). It is
important to note that—as put forward in Ref. [62]—with
FV ¼ ffiffiffi

2
p

F constraints (those consistent for two-point
Green’s functions) the impact of the structure-dependent
corrections on GEMðsÞ is negligible and the evaluation with
SI gives already an excellent approximation. On the
contrary, we find that using the FV ¼ ffiffiffi

3
p

F set this is no
longer true, which will increase the GEMðsÞ correction in

aHVP;LOjππμ using τ data [even before adding the Oðp6Þ
contributions].
In Fig. 8, several contributions to the GEMðsÞ function

are shown: the Gð0Þ
EM part by a dashed blue line and the

complete bremsstrahlung (SI) contribution with a solid
black line. The full amplitude including all RχT operators
which contribute at Oðp4Þ [Oðp6Þ] is represented by black
dashed/dotted (red dash-dotted) lines in Fig. 8. For the
Oðp4Þ contribution, we distinguish between using FV ¼ffiffiffi
2

p
F (FV ¼ ffiffiffi

3
p

F), represented by dashed (dotted) lines.
Compared to previous results [61,62,65,66], we note the

FIG. 8. Correction functionGð0Þ
EMðsÞ in Eq. (51a) (blue dashed line). The solid line shows theGEMðsÞ function neglecting the structure-

dependent part (SI), i.e., by taking v1 ¼ v2 ¼ v3 ¼ v4 ¼ a1 ¼ a2 ¼ a3 ¼ a4 ¼ 0; the dashed and dotted lines are the Oðp4Þ GEMðsÞ
function (with either FV ¼ ffiffiffi

2
p

F or FV ¼ ffiffiffi
3

p
F constraints). The blue shaded region is the full Oðp6Þ contribution, including

(overestimated) uncertainties. The left-hand side plot corresponds to the dispersive parametrization [124], while the right-hand side
corresponds to the Guerrero-Pich parametrization [143] of the form factor (the latter was used in Ref. [62]).

23The different SD constraints applying in each case were
discussed at length in Sec. II E.
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appearance of a bump near the end of the phase space on
GEMðsÞ due to the inclusion of the ρð1450Þ and the ρð1700Þ
resonances in the dispersive representation of the vector
form factor [124,125]. The blue band in Fig. 8 shows the
uncertainty of the Oðp6Þ contribution, evaluated according
to that on the couplings which were determined phenom-
enologically or estimated from chiral counting in Sec. II E
(see also Appendix A).24 While the central values of the
Oðp6Þ corrections change mildly the results obtained at
Oðp4Þ,25 their huge uncertainty band suggests that our
estimate of the RχT couplings which start contributing at
Oðp6Þ was very conservative (one naively expects and
approximate 1=NC uncertainty for a large-NC expansion26).
Lacking a better way for this estimation, we consider this
uncertainty band as a conservative upper limit on the
corresponding uncertainties. Therefore, our error bands
at Oðp6Þ should be regarded accordingly in the following.
On the contrary, the small modification induced by those
Oðp6Þ couplings fixed by SD constraints (with all remain-
ing ones vanishing) with respect to the Oðp4Þ [62] results
suggests that the difference between those is a realistic
estimate of the missing subdominant terms in Ref. [62]27

and will be given as such in the remainder of the paper.

A. Radiative decay

The differential decay width [142] is given by

dΓ ¼ λ1=2ðs;m2
π0
; m2

π−Þ
2ð4πÞ6m2

τs
jMj2dEγdxdsd cos θ−dϕ−; ð57Þ

where jMj2 is the unpolarized spin-averaged squared
amplitude that corresponds to the τ− → π−π0γντ decays
and Eγ is the photon energy in the τ rest frame. It is not
worth it to quote here the full analytical expression

for jMj2.

For these decays, we have the integration region

D ¼ fEmin
γ ≤ Eγ ≤ Emax

γ ; xmin ≤ x ≤ xmax; smin ≤ s ≤ smax;

−1 ≤ cos θ− ≤ þ1; 0 ≤ ϕ− ≤ 2πg; ð58Þ

with boundaries

ðm2
τ − sþ xÞ
4m2

τ
−
λ1=2ðs; x;m2

τÞ
4mτ

≤ Eγðs; xÞ ≤
ðm2

τ − sþ xÞ
4mτ

þ λ1=2ðs; x;m2
τÞ

4mτ
;

4m2
π ≤ sðxÞ ≤ ðmτ −

ffiffiffi
x

p Þ2;
0 ≤ x ≤ ðmτ − 2mπÞ2; ð59Þ

or interchanging the last two limits,

0 ≤ xðsÞ ≤ ðmτ −
ffiffiffi
s

p Þ2; 4m2
π ≤ s ≤ m2

τ : ð60Þ

There are other ways to write these,

4m2
π ≤ sðx; EγÞ ≤

ðmτ − 2EγÞð2mτEγ − xÞ
2Eγ

0 ≤ xðEγÞ ≤
2Eγðm2

τ − 4m2
π − 2mτEγÞ

mτ − 2Eγ
;

Ecut
γ ≤ Eγ ≤

m2
τ − 4m2

π

2mτ
; ð61Þ

or exchanging x ↔ Eγ,

ðm2
τ þ x − 4m2

πÞ
4mτ

−
λ1=2ðx;m2

τ ; 4m2
πÞ

4mτ

≤ EγðsÞ ≤
ðm2

τ þ x − 4m2
πÞ

4mτ
þ λ1=2ðx;m2

τ ; 4m2
πÞ

4mτ
;

0 ≤ x ≤ ðmτ − 2mπÞ2; ð62Þ

and

0 ≤ xðs; EγÞ ≤
2Eγðm2

τ − s − 2EγmτÞ
mτ − 2Eγ

4m2
π ≤ sðEγÞ ≤ mτðmτ − 2EγÞ;

Ecut
γ ≤ Eγ ≤

m2
τ − 4m2

π

2mτ
: ð63Þ

Further, interchanging s ↔ Eγ , we get

24These were varied assuming Gaussian errors, and the band
was generated so as to cover all data points obtained in 100
spectrum simulations. Results were stable upon increasing
statistics. The corresponding blue bands were obtained similarly
in Figs. 12–14.

25This is reasonable, since SI is basically unchanged by the
Oðp4Þ contributions.

26This rough estimate of the parametric uncertainty is sup-
ported by the computation of χPT LECs including such correc-
tions (see, e.g., Refs. [119,121,123]). We note that in this work
resonance widths (dominant next-to-leading-order effect in the
large-NC expansion for the considered decays) are included.
Also, the uncertainty corresponding to including excited reso-
nances (an infinite number of them appears for NC → ∞) was
checked to be negligible.

27These were not estimated in Ref. [62] as SI was already an
excellent approximation to the result up to Oðp4Þ (using the
FV ¼ ffiffiffi

2
p

F set).
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Ecut
γ ≤ EγðsÞ ≤

m2
τ − s
2mτ

;

4m2
π ≤ s ≤ mτðmτ − 2Ecut

γ Þ: ð64Þ

We recall that this amplitude has IR divergences due to
soft photons, i.e., Eγ → 0, which is the same problem with
Mγ → 0 outlined in the previous section. Correspondingly,
the experiment is not able to measure photons with energies
smaller than some Ecut

γ (which is related with the exper-
imental resolution).
Concerning the Oðp6Þ contributions, once we employ

the relations obtained from the SD behavior of QCD and its
OPE, it is seen that observables are basically insensitive (at
the percent level of precision) to Oð1Þ changes of all the
couplings but κVi (the ρ − ω − π vertex is described by these
couplings), which will saturate the (overestimated) uncer-
tainty of our predictions at this order.
If we integrate Eq. (57) using the limits in Eq. (64) and

the dispersive vector form factor [124,125], we get the π−π0

invariant mass distribution, the photon energy distribution,
and the branching ratios as a function of Ecut

γ , shown in
Figs. 10–14 and summarized in Table II. In these figures,
the dot-dashed red line corresponds to taking the limit
where all the couplings at Oðp6Þ vanish except for those
constrained by SD, and the band overestimates the corre-
sponding uncertainties.
As it can be observed from Table II and Fig. 14, the main

contribution at Oðp4Þ corresponds to the complete brems-
strahlung (SI) amplitude (in agreement with Ref. [62]), and
the value for the branching ratio becomes smaller with larger
values of Ecut

γ . The values in Table II are slightly different
from those reported in Ref. [62]; this effect is mainly due to
the parametrization of the pion vector form factor (see
Fig. 9). The form factor obtained from the dispersion relation
[124] is above the one obtained using the Guerrero-Pich
parametrization [143] at s ≃M2

ρ, and also the former
includes the ρð1450Þ and ρð1700Þ resonances.

FIG. 9. Modulus and phase of the pion vector form factor, fþðsÞ. The solid line corresponds to the dispersive representation used in
Ref. [124], while the dashed line corresponds to the Guerrero-Pich parametrization [143] employed by Ref. [62].

FIG. 10. The π−π0 hadronic invariant mass distribution for the
τ− → π−π0γντ decays for Ecut

γ ¼ 100 MeV (black), Ecut
γ ¼

200 MeV (brown), Ecut
γ ¼ 300 MeV (blue), Ecut

γ ¼ 400 MeV
(gray), and Ecut

γ ¼ 500 MeV (red) using only the bremsstrahlung
(SI) contribution.

FIG. 11. The π−π0 hadronic invariant mass distributions for
Ecut
γ ¼ 300 MeV. The solid and dashed lines represent theOðp4Þ

corrections using FV ¼ ffiffiffi
3

p
F and FV ¼ ffiffiffi

2
p

F, respectively. The
dotted line stands for the bremsstrahlung contribution (SI).
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According to our discussion on error estimation of the
Oðp4Þ result [including the uncertainty coming from
missing higher-order terms from the result at Oðp6Þ
when only SD constraints are used], we have—for
Ecut
γ ¼ 300 MeV—BRðτ− → π−π0ντÞ ¼ ð1.9þ3.2

−0.0Þ × 10−4.
The spectrum for these decays with vi ¼ ai ¼ 0 is

plotted in Fig. 10; the dominant peak corresponds to
bremsstrahlung off the π−, and the secondary receives
two contributions: one from bremsstrahlung off the τ lepton
and another from a resonance exchange in Vμν (for
Ecut
γ ≤ 100 MeV, these two are merged into one single

peak). The rate and spectrum are dominated by the
complete bremsstrahlung (SI) contribution.
In Fig. 11, we show the distribution for Ecut

γ ¼ 300 MeV
taking into account the SI contribution (dotted line) and the
Oðp4Þ amplitude obtained using FV ¼ ffiffiffi

2
p

F (dashed line)
and FV ¼ ffiffiffi

3
p

F (solid line); the most important contribu-
tion corresponds to the ρ resonance exchange at
s ∼ 0.6 GeV2. The main difference between these two
approaches is seen in Fig. 11, where up to s ∼ 0.4 GeV2

the dashed line is below and the solid line is above the
bremsstrahlung (SI) contribution (dotted line). The dashed
line is quite similar to the distribution in Fig. 2 of Ref. [62],
while the solid line resembles closely the distribution in
Fig. 4.6 of Ref. [142] obtained from the VMD model [144]
neglecting the ω-resonance contribution.
In Fig. 12, we show a comparison between the dipion

distribution at different orders. As we can see, the inclusion
of the corrections atOðp6Þ gives a noticeable enhancement
at low s.
For the photon energy distribution, Fig. 13, we can

differentiate between the full amplitude [solid, dashed lines

FIG. 12. The π−π0 hadronic invariant mass distributions for
Ecut
γ ¼ 300 MeV. The solid and dashed lines represent theOðp4Þ

corrections using FV ¼ ffiffiffi
3

p
F and FV ¼ ffiffiffi

2
p

F, respectively. The
dotted line represents the bremsstrahlung contribution (SI). The
dot-dashed red line corresponds to using only SD constraints at
Oðp6Þ, and the blue shaded region overestimates the correspond-
ing uncertainties.

FIG. 13. Photon energy distribution for the τ− → π−π0γντ
decays normalized with the nonradiative decay width. The dotted
line represents the bremsstrahlung contribution. The solid and
dashed lines represent the Oðp4Þ corrections using FV ¼ ffiffiffi

3
p

F
and FV ¼ ffiffiffi

2
p

F, respectively. The dot-dashed red line corre-
sponds to using only SD constraints atOðp6Þ (with overestimated
uncertainties in the blue shaded area).

FIG. 14. Branching ratio for the τ− → π−π0γντ decays as a
function of Ecut

γ . The dotted line represents the bremsstrahlung
contribution, and the solid line and dashed lines represent the
Oðp4Þ corrections using FV ¼ ffiffiffi

3
p

F and FV ¼ ffiffiffi
2

p
F, respec-

tively. The dot-dashed red line is the Oðp6Þ contribution using
only SD constraints and neglecting all other couplings. The blue
shaded region overestimates the Oðp6Þ uncertainties.

TABLE II. Branching ratios Br(τ− → π−π0γντ) for different
values of Ecut

γ . The second column corresponds to the complete
bremsstrahlung, and the third and fourth columns correspond to
the Oðp4Þ contributions.

Ecut
γ

BR
(brems)

BRðFV ¼ ffiffiffi
2

p
FÞ

½Oðp4Þ�
BRðFV ¼ ffiffiffi

3
p

FÞ
½Oðp4Þ�

100 MeV 8.6 × 10−4 9.0 × 10−4 9.5 × 10−4

300 MeV 1.7 × 10−4 1.9 × 10−4 2.3 × 10−4

500 MeV 2.8 × 10−5 3.9 × 10−5 5.4 × 10−5
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up to Oðp4Þ and dotdashed red line up to Oðp6Þ] and the
bremsstrahlung contribution (dotted line), but as in the case
of the branching fraction, the distribution decreases for high
energies. In the case of the Oðp6Þ distribution, there is an
enhancement at middle and high photon energies.
According to Figs. 11–14, measurements of the ππ

invariant mass, of the photon spectrum and the partial
decay width, for a reasonable cut on Eγ (at low enough
energies the inner bremsstrahlung contribution hides com-
pletely any structure-dependent effect), could decrease
substantially the uncertainty of the Oðp6Þ computation.
This was already emphasized in Ref. [62] but remained
unmeasured at BABAR and Belle. We hope these data can
finally be acquired and analyzed at Belle-II.

In Fig. 15, we show the branching ratio for Ecut
γ ¼

100; 300, and 500 MeV from top to bottom. The outcomes
are summarized in Table III.

IV. IB CORRECTIONS TO aHVP;LOππ
μ

We can evaluate the leading contributions to the hadronic
vacuum polarization (HVP) by means of the dispersion
relation [145],

aHVP;LOμ ¼ 1

4π3

Z
∞

sthr

dsKðsÞσ0e−eþ→hadronsðsÞ; ð65Þ

where KðsÞ is a smooth QED kernel concentrated at low
energies, which increases the E≲Mρ contribution,

KðsÞ ¼ x2

2
ð2− x2Þþ ð1þ x2Þð1þ xÞ2

x2

�
lnð1þ xÞ− xþ x2

2

�

þð1þ xÞ
ð1− xÞ x

2 lnðxÞ; ð66Þ

with

FIG. 15. Predictions for the branching ratio at Oðp6Þ for a sample of 1000 points, with Ecut ¼ 100, 300, and 500 MeV from top to
bottom.

TABLE III. Branching ratios Brðτ− → π−π0γντÞ for different
Ecut
γ values at Oðp6Þ.

Ecut
γ BR(SD) ½Oðp6Þ� BR ½Oðp6Þ�

100 MeV 1.3 × 10−3 ð1.9� 0.3Þ × 10−3

300 MeV 5.1 × 10−4 ð1.1� 0.3Þ × 10−3

500 MeV 2.4 × 10−4 ð0.6� 0.2Þ × 10−3
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x ¼ 1 − βμ
1þ βμ

; βμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

μ=s
q

;

and σ0e−eþ→hadronsðsÞ is the bare hadronic cross section.28 We
can relate the hadronic spectral function from τ decays to
the eþe− hadronic cross section by including the radiative
corrections and the IB effects. For the ππ final state, we
have [61,62]

σ0ππ ¼
�
KσðsÞ
KΓðsÞ

dΓππ½γ�
ds

�
RIBðsÞ
SEW

; ð67Þ

where

KΓðsÞ ¼
G2

FjVudj2m3
τ

384π3

�
1 −

s
m2

τ

�
2
�
1þ 2s

m2
τ

�
;

KσðsÞ ¼
πα2

3s
; ð68Þ

and the IB corrections

RIBðsÞ ¼
FSRðsÞ
GEMðsÞ

β3πþπ−

β3
πþπ0

����FVðsÞ
fþðsÞ

����
2

: ð69Þ

The SEW term encodes the SD electroweak corrections
[146–153], and FSRðsÞ accounts for the radiation from the
final-state pions [154,155]. The GEMðsÞ term was already

discussed at length in Sec. III, the β3πþπ−=β
3
πþπ0 term is a

phase space factor, and the last term in RIBðsÞ is a ratio
between the neutral [FVðsÞ] and the charged [fþðsÞ] pion
form factor.
To study the effect of the radiative correction GEMðsÞ on

aHVP;LOμ ½ππ�, we have evaluated the expression [62]

ΔaHVP;LOμ ¼ 1

4π3

Z
s2

s1

dsKðsÞ
�
KσðsÞ
KΓðsÞ

dΓππ½γ�
ds

��
RIBðsÞ
SEW

−1

�
;

ð70Þ

taking SEW ¼ 1,
β3
πþπ−

β3
πþπ0

¼ 1 and j FVðsÞ
fþðsÞ j

2 ¼ 1. The results are

summarized in Table IV using dispersion relation (DR)

form factor. The results obtained for the Gð0Þ
EM and the

complete Oðp4Þ contribution (with FV ¼ ffiffiffi
2

p
F) agree

with those in Ref. [62], which are þ16 × 10−11 and
−10 × 10−11, respectively (for the whole integral). In
Table V, we summarize the results obtained using the
Guerrero-Pich [143] parametrization of the form factor
(which only accounts for the completely dominant ρ
exchange), which are in nice agreement with those found
with the dispersive form factor [that also includes the
ρð1450Þ and ρð1700Þ effects]. This checks, a posteriori,
that excited resonance contributions make a negligible
effect in the GEMðsÞ corrections to aHVP;LOμ .29

TABLE IV. Contributions to ΔaHVP;LOμ in units of 10−11 using the dispersive representation of the form factor. From the two
evaluations labeled Oðp4Þ, the left (right) one corresponds to FV ¼ ffiffiffi

2
p

F (FV ¼ ffiffiffi
3

p
F).

½s1; s2� ΔaHVP;LO
μ;Gð0Þ

EM

ΔaHVP;LOμ;SI ΔaHVP;LO
μ;½Oðp4Þ� ΔaHVP;LO

μ;½Oðp4Þ� ΔaHVP;LOμ;½SD� ΔaHVP;LO
μ;½Oðp6Þ�

½4m2
π; 1 GeV2� þ17.8 −11.0 −11.3 −17.0 −32.4 −74.8� 44.0

½4m2
π; 2 GeV2� þ18.3 −10.1 −10.3 −16.0 −31.9 −75.9� 45.5

½4m2
π; 3 GeV2� þ18.4 −10.0 −10.2 −15.9 −31.9 −75.9� 45.6

½4m2
π; m2

τ � þ18.4 −10.0 −10.2 −15.9 −31.9 −75.9� 45.6

TABLE V. Contributions to ΔaHVP;LOμ in units of 10−11 using the Guerrero-Pich parametrization of the form factor. From the two
evaluations labeled Oðp4Þ, the left (right) one corresponds to FV ¼ ffiffiffi

2
p

F (FV ¼ ffiffiffi
3

p
F).

½s1; s2� ΔaHVP;LO
μ;Gð0Þ

EM

ΔaHVP;LOμ;SI ΔaHVP;LO
μ;½Oðp4Þ� ΔaHVP;LO

μ;½Oðp4Þ� ΔaHVP;LOμ;½SD� ΔaHVP;LO
μ;½Oðp6Þ�

½4m2
π; 1 GeV2� þ17.3 −10.2 −10.4 −15.9 −28.3 −63.2� 16.5

½4m2
π; 2 GeV2� þ17.7 −9.4 −9.6 −15.2 −28.1 −58.1� 12.2

½4m2
π; 3 GeV2� þ17.8 −9.3 −9.5 −15.1 −28.0 −67.8� 17.5

½4m2
π; m2

τ � þ17.8 −9.3 −9.5 −15.1 −28.0 −64.9� 13.4

28Although final-state radiation would belong to HVP, NLO, it
is always included in HVP, LO (and not in HVP, NLO) as
eliminating this radiation from the measured data is unfeasible.
Thus, a final-state radiation factor is also needed in the radiative
corrections discussed below.

29By replacing D−1
ρ ðxÞ by ð1þ βρ0 Þ−1ðD−1

ρ ðxÞ þ βρ0D−1
ρ0 ðxÞÞ,

with βρ0 ∈ ½0.12; 0.15� [125] throughout the vi and ai form
factors, we have verified that the impact of the ρ0 on the

GEMðsÞ correction to aHVP;LOjππ;τμ is negligible. Similarly, the error
induced by other excited resonances shall also be irrelevant.
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The values in the last columns of Tables IV and V were
obtained evaluating Eq. (70) according to the couplings
discussed in Sec. II E for a sample of 200 points for each
interval of integration (results were stable under increasing
this number).
The other contributions are summarized in Table VI:
(i) The SEW contribution SEW ¼ 1.0201 gives

ΔaHVP;LOμ ¼ −103.1 × 10−11, consistent with earlier
determinations (using slightly different values of
SEW) and with a negligible error.

(ii) The phase space (PS) correction inducesΔaHVP;LOμ ¼
−74.5 × 10−11 (trivially in agreement with previous
computations), again with tiny uncertainties.

(iii) The final-state radiation (FSR, which is formally
NLO) yields ΔaHVP;LOμ ¼ þ45.5ð4.6Þ × 10−11, in
accord with Ref. [67] (its value was not quoted
in Ref. [62]).

(iv) The correction due to the ratio of the form factors
(Fig. 16) is harder to evaluate. We have considered
two alternatives, labeled FF1 and FF2, that we
explain next. We use the following numerical
inputs for the ρ − ω mixing parameter θρω ¼
ð−3.5� 0.7Þ × 10−3 GeV2 [62] and Γρ0 − Γρþ ¼
0.3� 1.3 MeV, mρ� −mρ0 ¼ 0.7� 0.8 MeV, and
mρ0 ¼ 775.26� 0.25 MeV from particle data group
[156].
In FF1, as in Ref. [62], we include the measure-

ment of the ππγ channel of the ρ0 Γρ0→πþπ−γ ¼
1.5� 0.2 MeV and the measurements of Γρ0→π0γ

and Γρþ→πþγ, which are approximately 0.1 MeV
[157]. Thus, we estimate Γρ0→πþπ−γ − Γρ�→π�π0γ ¼
1.5� 1.3 MeV. In this way, we get a positive
correction of ΔaHVP;LOμ ¼ þ40.9ð48.9Þ × 10−11.
The uncertainty on the third column of Table VI
(FF1) corresponds to sum the errors due to uncer-
tainties of ρ − ω mixing (8.5), the ρþ − ρ0 mass

difference (15.9), and the ρþ − ρ0 width difference
(45.5) in quadrature (in units of 10−11).
On the other hand, in FF2, we use the same

numerical inputs for Γρ0→πþπ−γ − Γρ�→π�π0γ ¼
0.45� 0.45 MeV as in Ref. [62] (and all the others
as we did before), and we obtain a positive correc-
tion of ΔaHVP;LOμ ¼ þ77.6ð24.0Þ × 10−11. The un-
certainty in the fourth column of Table VI (FF2)
corresponds to sum the errors due to uncertainties of
ρ − ω mixing (8.6), the ρþ − ρ0 mass difference
(15.9), and the ρþ − ρ0 width difference (15.8) in
quadrature (in units of 10−11).
This correction is þð61� 26� 3Þ × 10−11 in

Ref. [62] and þð86� 32� 7Þ × 10−11 in Ref. [67],
in agreement (despite the big errors) with our FF2
and FF1 determinations, respectively.

(v) Finally, we get ð−15.9þ5.7
−16.0Þ × 10−11 [ð−76� 46Þ×

10−11] for the GEMðsÞ correction at Oðp4Þ [Oðp6Þ]
versus −10 × 10−11 in Ref. [62] and −37 × 10−11 in
Ref. [65] (from the last two results, ð−19.2� 9.0Þ ×
10−11 was used in Ref. [67]). As explained before,
the previous uncertainty on the Oðp6Þ can only be
taken as an upper bound on it. Also interesting is the
GEMðsÞ correction when only the couplings re-
stricted by SD are used (with all others at this order
set to zero), which allows us to estimate the effect
of missing higher-order terms on the Oðp4Þ result
quoted above. This Oðp4Þ result, which is our
reference value, is consistent with both the earlier
RχT [62] and the VMD [67] evaluations, albeit with
a larger (asymmetric) error.

In Fig. 17, we show the full IB correction factor
RIBðsÞ for the different orders of approximation in the
GEMðsÞ factor using the DR parametrization of the form
factor. As we can see, there is a difference between the
contributions at Oðp4Þ and those at Oðp6Þ for energies
below approximately 0.5 GeV2 and above approximately
0.7 GeV2.
An important cross-check is the branching fraction

Bππ0 ¼ Γðτ → ππ0ντÞ=Γτ, which is a directly measured
quantity. It can also be evaluated from the I ¼ 1 component
of the eþe− → πþπ−ðγÞ cross section after taking into
account the IB corrections. The branching fraction is
given by

BCVC
ππ0

¼ Be

Z
m2

τ

4m2
π

dsσπþπ−ðγÞðsÞN ðsÞ SEW
RIBðsÞ

; ð71Þ

where

N ðsÞ ¼ 3jVudj2
2πα20m

2
τ
s

�
1 −

s
m2

τ

�
2
�
1þ 2s

m2
τ

�
: ð72Þ

FIG. 16. Ratio of the form factors (FF1) for θρω ¼
ð−3.5� 0.7Þ × 10−3 GeV2. The solid line represents the mean
value.
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Using the most recent data obtained from BABAR [54]30 for the eþe− → πþπ−ðγÞ cross section and taking the same
numerical inputs as we did for FF1, we get

BCVC
ππ0

¼

8>>>>><
>>>>>:

ð24.76� 0.11� 0.25� 0.01� 0.01� 0.02Þ%; SI;

ð24.77� 0.11� 0.25� 0.01� 0.01� 0.02Þ%; FV ¼ ffiffiffi
2

p
F;

ð24.77� 0.11� 0.25� 0.01� 0.01� 0.02Þ%; FV ¼ ffiffiffi
3

p
F;

ð24.80� 0.11� 0.25� 0.01� 0.01� 0.02Þ%; SD;

ð73Þ

where SI, FV ¼ ffiffiffi
2

p
F, FV ¼ ffiffiffi

2
p

F, and SD correspond to the different approximations of the GEMðsÞ factor. The result for
FV ¼ ffiffiffi

2
p

F is our reference one, with a negligible uncertainty from the missing higher-order terms starting at Oðp6Þ.
On the other hand, when we use the same numerical inputs as in the case of FF2, we get (again, our reference result is the

FV ¼ ffiffiffi
2

p
F one, with the uncertainties quoted below)

BCVC
ππ0

¼

8>>>>><
>>>>>:

ð24.57� 0.11� 0.08� 0.01� 0.01� 0.02Þ%; SI;

ð24.57� 0.11� 0.08� 0.01� 0.01� 0.02Þ%; FV ¼ ffiffiffi
2

p
F;

ð24.58� 0.11� 0.08� 0.01� 0.01� 0.02Þ%; FV ¼ ffiffiffi
3

p
F;

ð24.61� 0.11� 0.08� 0.01� 0.01� 0.02Þ%; SD:

ð74Þ

In both cases, the first error corresponds to the statistical experimental uncertainty on σππðγÞ, the second is related to
uncertainty on the ρþ − ρ0 width difference, the third corresponds to the uncertainty in the ρþ − ρ0 mass difference, and the
fourth corresponds to the uncertainty of the ρ − ω mixing. The last error corresponds to the corrections induced by FSR on
BCVC
ππ0

, which reduces approximately −0.20ð2Þ% the ππ branching fraction.
If we include all the couplings contributing to GEMðsÞ at Oðp6Þ according to Sec. II E, we have an additional error

associated to the electromagnetic (EM) contributions. Thus, we get

BCVC
ππ0

¼ ð24.80� 0.11� 0.25� 0.01� 0.01� 0.02þ0.21
−0.01Þ% ð75Þ

for FF1 and

BCVC
ππ0

¼ ð24.61� 0.11� 0.08� 0.01� 0.01� 0.02þ0.21
−0.01Þ% ð76Þ

for FF2. Both previous results match perfectly our reference determinations obtained with FV ¼ ffiffiffi
2

p
F.

TABLE VI. Contributions to ΔaHVP;LOμ in units of 10−11 using the DR form factor as the reference one.

½s1; s2� SEW PS FSR FF1 FF2 EM

½4m2
π; 1 GeV2� −101.1 −74.1 þ44.7 þ41.8� 49.0 þ78.4� 24.5 −17.0þ5.7

−15.4
½4m2

π; 2 GeV2� −103.1 −74.4 þ45.5 þ40.9� 48.9 þ77.6� 24.0 −16.0þ5.7
−15.9

½4m2
π; 3 GeV2� −103.1 −74.5 þ45.5 þ40.9� 48.9 þ77.6� 24.0 −15.9þ5.7

−16.0
½4m2

π; m2
τ � −103.1 −74.5 þ45.5 þ40.9� 48.9 þ77.6� 24.0 −15.9þ5.7

−16.0

½s1; s2� ΔaμðFF1Þ ΔaμðFF2Þ
½4m2

π; 1 GeV2� −105.7þ49.5
−51.6 −69.1þ25.6

−29.3
½4m2

π; 2 GeV2� −107.1þ49.4
−51.6 −70.4þ25.1

−29.2
½4m2

π; 3 GeV2� −107.1þ49.4
−51.7 −70.4þ25.1

−29.2
½4m2

π; m2
τ � −107.1þ49.4

−51.7 −70.4þ25.1
−29.2

30We thank to Alex Keshavarzi and Bogdan Malaescu for providing us tables with the measurement of the eþe− → πþπ−ðγÞ cross
section.
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These results are in good agreement (though better for
FF1) with the value reported by the Belle Collaboration
[158],

Bτ
ππ0

¼ ð25.24� 0.01� 0.39Þ%; ð77Þ

where the first uncertainty is statistical and the second is
systematic. Nonetheless, they are in some tension with the
very precise ALEPH measurement ð25.471� 0.097�
0.085Þ% [159].
We show in Fig. 18 the prediction for the eþe− → πþπ−

cross section using the data reported by Belle [158] (as it is
the most precise measurement of this spectrum) for the
normalized spectrum ð1=NππÞðdNππ=dsÞ compared to the
last measurements from BABAR [54] and KLOE [160].31

We recall that the eþe− → πþπ− cross section obtained
using τ data is given by [158]

σ0ππ ¼
1

N ðsÞ ×
�
Bππ

Be

�
×

�
1

Nππ

dNππ

ds

��
RIBðsÞ
SEW

�
: ð78Þ

In Fig. 18, the τ-based prediction is obtained using the
Oðp4Þ result for GEMðsÞ, with the estimated uncertainty
from missing higher-order corrections given by the result at
Oðp6Þ (employing only the SD constraints). The blue dot-
dashed line shown overestimates the error at Oðp6Þ.
From Fig. 18, we observe good agreement between the

BABAR data and the τ decays prediction (slightly better for
FF1).32 The previous comparisons make us consider our
evaluation with FF1 the reference one (so that its difference

with FF2 will assess the size of the error induced by IB
among the ρ → ππγ decay channels).33

Using Eq. (78), we evaluate the IB-corrected
aHVP;LOμ ½ππ; τ� from the Belle mass spectrum. We use the
particle data group values [156] for mτ, Vud, and Be.
In Table VII (VIII) we show IB-corrected aHVP;LOμ ½ππ; τ�

in units of 10−10 using the measured mass spectrum by
Belle (ALEPH). For each dataset, results for the different
approximations to GEMðsÞ are shown. We choose showing
first the results with both Belle and ALEPH datasets as the
first (second) one yields the most accurate spectral function
(branching ratio) measurement. As in Ref. [67] (and later
works by the Orsay group), the contributions are split in
two intervals. In the first one,

ffiffiffi
s

p
∈ ½2mπ� ; 0.36 GeV�,

(the very scarce) data are not used, as they affect the
precision of the integral. Instead, we use the results of the
dispersive fits in Ref. [125]. We proceed analogously in
Tables IX and X with the CLEO [166] and OPAL [167]34

measurements.
Taking into account all dipion tau decay data from the

ALEPH [159], Belle [158], CLEO [166], and OPAL [167]
collaborations (the latter yielding the largest contribution to

aHVP;LOjππμ exceeding approximately 10.7 × 10−10 the mean,
although with the largest errors as well) in Tables XI
and XII at Oðp4Þ and Oðp6Þ, respectively, we get the
combined tau-data contribution

1010 · a
HVP;LOjππ;τdata
μ ¼ 519.6� 2.8spectraþBRs

þ1.9
−2.1 IB ð79Þ

at Oðp4Þ and

FIG. 17. Full IB correction factor RIBðsÞ for the different orders of approximation in GEMðsÞ using the central values given in (FF1).
The blue region corresponds to the (overestimated) corrections at Oðp6Þ in GEMðsÞ.

31We have chosen to show in the comparison these two eþe−
datasets as the results from both collaborations are those deviat-
ing the most, and thus mainly responsible from the tension in
σðeþe− → πþπ−Þ.

32One can also check how important the ρþ − ρ0 width
difference is around s ≃M2

ρ.

33We, nevertheless, recall that recent BESIII data [55,161] and
evaluations within the hidden local symmetry model [162–165]
agree better with the KLOE data than with BABAR’s.

34We thank to Jorge Portolés for providing us with the OPAL
dataset.
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FIG. 18. Comparison between the different data sets from BABAR (above) and KLOE (below) with ΔΓππγ ¼ 1.5 MeV (left) and
ΔΓππγ ¼ 0.45 MeV (right) for FF1 and FF2, respectively. The blue region corresponds to the experimental error on σππðγÞ. The solid and
dashed lines represent the contributions with FV ¼ ffiffiffi

3
p

F and FV ¼ ffiffiffi
2

p
F at Oðp4Þ, respectively. The dotted line is the SI contribution.

The red line depicts the envelope of GEMðsÞ at Oðp6Þ, which overestimates the uncertainty at this order. The blue dot-dashed line is the
Oðp6Þ contribution using only SD constraints.

TABLE VII. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 using the measured mass spectrum by Belle with
Bππ ¼ ð25.24� 0.01� 0.39Þ%. Different approximations to GEMðsÞ are displayed in the various columns. The last three of them
show the results at Oðp6Þ, and their differences overestimate the error at this order. The error of the Oðp4Þ prediction (obtained with
FV ¼ ffiffiffi

2
p

F) can be quantified from its difference with the SD value [corresponding to the Oðp6Þ contribution using only SD
constraints].

FF1

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 499.43 499.42 499.05 498.16 492.18 498.41 495.30
½0.1296 GeV2; 2 GeV2� 509.47 509.46 509.09 508.14 501.87 508.40 505.13
½0.1296 GeV2; 3 GeV2� 509.68 509.67 509.30 508.35 502.08 508.61 505.34
½0.1296 GeV2; 3.125 GeV2� 509.72 509.71 509.34 508.40 502.12 508.65 505.39

FF2

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 503.03 503.02 502.65 501.75 495.76 502.01 498.88
½0.1296 GeV2; 2 GeV2� 513.08 513.06 512.70 511.75 505.46 512.00 508.73
½0.1296 GeV2; 3 GeV2� 513.29 513.28 512.91 511.96 505.66 512.21 508.94
½0.1296 GeV2; 3.125 GeV2� 513.33 513.32 512.95 512.01 505.71 512.26 508.98
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TABLE VIII. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 using the measured mass spectrum by ALEPH with
Bππ ¼ ð25.471� 0.097� 0.085Þ%. The rest is as in Table VII.

FF1

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 495.28 495.27 494.92 494.05 488.25 494.30 491.27
½0.1296 GeV2; 2 GeV2� 506.57 506.56 506.21 505.29 499.15 505.53 502.34
½0.1296 GeV2; 3 GeV2� 506.82 506.81 506.45 505.53 499.38 505.77 502.58
½0.1296 GeV2; 3.125 GeV2� 506.82 506.81 506.46 505.53 499.39 505.78 502.58

FF2

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 498.86 498.85 498.50 497.63 491.81 497.87 494.84
½0.1296 GeV2; 2 GeV2� 510.16 510.15 509.80 508.87 502.72 509.12 505.92
½0.1296 GeV2; 3 GeV2� 510.41 510.40 510.04 509.12 502.95 509.36 506.16
½0.1296 GeV2; 3.125 GeV2� 510.41 510.40 510.05 509.12 502.96 509.36 506.16

TABLE IX. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 using the measured mass spectrum by CLEO with Bππ ¼ ð25.36� 0.44Þ%.
The rest is as in Table VII.

FF1

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 498.51 498.50 498.14 497.27 491.43 497.52 494.47
½0.1296 GeV2; 2 GeV2� 508.98 508.97 508.61 507.69 501.54 507.93 504.74
½0.1296 GeV2; 3 GeV2� 509.15 509.14 508.79 507.86 501.70 508.11 504.91
½0.1296 GeV2; 3.125 GeV2� 509.20 509.18 508.83 507.91 501.75 508.15 504.95

FF2

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 502.10 502.09 501.74 500.86 495.00 501.11 498.06
½0.1296 GeV2; 2 GeV2� 512.58 512.57 512.22 511.29 505.12 511.58 508.33
½0.1296 GeV2; 3 GeV2� 512.76 512.75 512.39 511.47 505.29 511.71 508.50
½0.1296 GeV2; 3.125 GeV2� 512.80 512.79 512.43 511.51 505.33 511.75 508.54

TABLE X. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 using the measured mass spectrum by OPAL with
Bππ ¼ ð25.46� 0.17� 0.29Þ%. The rest is as in Table VII.

FF1

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 509.50 509.51 509.07 508.04 501.31 508.34 504.82
½0.1296 GeV2; 2 GeV2� 521.29 521.29 520.86 519.77 512.69 520.06 516.34
½0.1296 GeV2; 3 GeV2� 521.49 521.49 521.06 519.96 512.88 520.25 516.56
½0.1296 GeV2; 3.125 GeV2� 521.49 521.49 521.06 519.97 512.88 520.26 516.57

FF2

½s1; s2� SI FV ¼ ffiffiffi
2

p
F FV ¼ ffiffiffi

3
p

F SD Min Max Mean

½0.1296 GeV2; 1 GeV2� 512.99 512.99 512.56 511.53 504.78 511.82 508.30
½0.1296 GeV2; 2 GeV2� 524.79 524.79 524.36 523.27 516.17 523.56 519.86
½0.1296 GeV2; 3 GeV2� 524.99 524.99 524.56 523.46 516.36 523.76 520.06
½0.1296 GeV2; 3.125 GeV2� 524.99 524.99 524.56 523.46 516.36 523.76 520.06
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1010 · a
HVP;LOjππ;τdata
μ ¼ 514.6� 2.8spectraþBRs

þ5.0
−3.9 IB ð80Þ

at Oðp6Þ.
The IB errors come from the uncertainty on Γðρ → ππγÞ

(FF1 vs FF2) and either from the difference between the
FV ¼ ffiffiffi

2
p

F and SD results [in Eq. (79)] or from the
difference between the mean and minimum/maximum
results [in Eq. (80)].
Contrary to previous estimates [62,67–69,77], the

errors in a
HVP;LOjππ;τdata
μ happen to be dominated by the

uncertainty on the IB contributions [but for the lower error
on Eq. (79)].
When Eqs. (79) and (80) are supplemented with the four-

pion tau decays measurements (up to 1.5 GeV) and with
eþe− data at larger energies in these modes (and with eþe−
data in all other channels making up the hadronic cross
section), we get [7,69]

1010 · aHVP;LOjτdataμ ¼ 705.7� 2.8spectraþBRs
þ1.9
−2.1 IB � 2.0eþe−

� 0.1narrowres � 0.7QCD ð81Þ

at Oðp4Þ and

1010 · aHVP;LOjτdataμ ¼ 700.7� 2.8spectraþBRs
þ5.0
−3.9 IB � 2.0eþe−

� 0.1narrowres � 0.7QCD ð82Þ

at Oðp6Þ, and we have also included the uncertainties
corresponding to using eþe− data for those contributions
not covered by tau decay measurements and to the

inclusion of narrow resonances and the perturbative
QCD part.
Adding errors in quadrature, an uncertainty of þ4.0

−4.1 (
þ6.1
−5.2 )

is obtained at Oðp4Þ [Oðp6Þ]. These numbers (all in units
of 10−10) have to be compared with the error of 4.0
in Ref. [2].
When all other (QED, EW, and subleading hadronic)

contributions are added to Eqs. (81) and (82) according to
Ref. [2], the 3.7σ [2] deficit of the SM prediction with
respect to the BNL measurement [45] is reduced to

Δaμ ≡ aexpμ − aSMμ ¼ ð15.3� 7.7Þ × 10−10 ð83Þ

at Oðp4Þ and

Δaμ ≡ aexpμ − aSMμ ¼ ð20.3þ8.3
−8.9Þ × 10−10 ð84Þ

at Oðp6Þ, which are 2.0 and 2.3σ, respectively.

V. CONCLUSIONS

In this work, we have revisited the resonance chiral
Lagrangian computation of the isospin-breaking and radi-
ative corrections to the τ− → π−π0ντγ decays in Ref. [62],
by including the terms that start to contribute to the Oðp6Þ
chiral LECs. Our main motivation for that was to revisit the
determination of aHVP;LOμ using tau decay data so that it
could—when combined with the eþe− measurements—
reduce the Standard Model error on aμ, thus enhancing the
sensitivity to new physics of the current BNL and future

TABLE XI. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 atOðp4Þ. The first error is related to the systematic uncertainties on the mass
spectrum and also includes contributions from the τ-mass and Vud uncertainties. The second error arises from Bππ0 and Be, and the third
error arises from the isospin-breaking corrections.

aHVP;LOμ ½ππ; τ�
Experiment 2mπ� − 0.36 GeV 0.36–1.8 GeV TOTAL

Belle 8.81� 0.00� 0.14þ0.16
−0.34 511.14� 1.94� 7.99þ1.91

−2.09 519.95� 1.94� 7.99þ1.91
−2.12

ALEPH 8.89� 0.00� 0.05þ0.16
−0.34 508.26� 4.48� 2.82þ1.91

−2.09 517.15� 4.48� 2.82þ1.91
−2.12

CLEO 8.85� 0.00� 0.15þ0.16
−0.34 510.63� 3.40� 8.93þ1.90

−2.08 519.48� 3.40� 8.93þ1.90
−2.11

OPAL 8.89� 0.00� 0.12þ0.15
−0.34 522.81� 10.04� 7.00þ1.87

−2.12 531.70� 10.04� 7.00þ1.87
−2.15

TABLE XII. IB-corrected aHVP;LOμ ½ππ; τ� in units of 10−10 at Oðp6Þ. The rest is as in Table XI.

aHVP;LOμ ½ππ; τ�
Experiment 2mπ� − 0.36 GeV 0.36–1.8 GeV TOTAL

Belle 7.77� 0.00� 0.12þ1.20
−0.59 507.18� 1.91� 7.88þ4.72

−3.76 514.95� 1.91� 7.88þ4.87
−3.81

ALEPH 7.84� 0.00� 0.04þ1.21
−0.60 504.37� 4.35� 2.79þ4.63

−3.70 512.21� 4.35� 2.79þ4.78
−3.75

CLEO 7.80� 0.00� 0.14þ1.21
−0.59 506.74� 3.28� 8.84þ4.63

−3.71 514.54� 3.28� 8.84þ4.78
−3.76

OPAL 7.84� 0.00� 0.10þ1.20
−0.60 518.32� 9.69� 6.92þ5.25

−4.12 526.16� 9.69� 6.92þ5.39
−4.16
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FNAL and Japan proton accelerator research complex
measurements.
Our isospin-breaking corrections improve the agreement

between τ and eþe− dipion data (both in the spectrum and

its integral), which endorses our evaluation of aHVP;LOjτdataμ .

Our main results are aHVP;LOjτdataμ ¼ ð705.7þ4.0
−4.1Þ × 10−10

(including the same contributions as in Ref. [62]) and

aHVP;LOjτdataμ ¼ ð700.7þ6.1
−5.2Þ × 10−10 [when the operators

starting to contribute to the Oðp6Þ, LECs are also consid-
ered]. These reduce the anomaly Δaμ ≡ aexpμ − aSMμ to 2.0
and 2.3σ, respectively.
We also provide a detailed study of the ππ spectrum, Eγ

distribution, and branching ratio, for different cuts on the
photon energy. These τ− → π−π0ντγ decays observables
have the potential to reduce drastically the error of our
predictions, so we eagerly await their measurement at
Belle-II.
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APPENDIX A: FIT RESULTS

Since the κVi couplings are related with the ω exchange,
which is known to give an important contribution to the
τ → ππγντ decays, we perform a global fit using the
relations for the resonance saturation of the anomalous
sector LECs at NLO [88], Eqs. (10)–(18) in Sec. II E and
the estimation of the LECs in Ref. [168].
Neglecting all the other contributions, we get

κV1 ¼ ð−2.1� 0.7Þ × 10−2 GeV−1; ðA1aÞ

κV2 ¼ ð−8.8� 9.1Þ × 10−3 GeV−1; ðA1bÞ

κV3 ¼ ð2.2� 5.8Þ × 10−3 GeV−1; ðA1cÞ

κV6 ¼ ð−2.1� 0.3Þ × 10−2 GeV−1; ðA1dÞ

κV7 ¼ ð1.2� 0.5Þ × 10−2 GeV−1; ðA1eÞ

κV8 ¼ ð3.1� 0.9Þ × 10−2 GeV−1; ðA1fÞ

κV9 ¼ ð−0.1� 5.9Þ × 10−3 GeV−1; ðA1gÞ

κV10 ¼ ð−5.9� 9.6Þ × 10−3 GeV−1; ðA1hÞ

κV11 ¼ ð−3.0� 0.6Þ × 10−2 GeV−1; ðA1iÞ

κV12 ¼ ð1.0� 0.8Þ × 10−2 GeV−1; ðA1jÞ

κV13 ¼ ð−5.3� 1.1Þ × 10−3 GeV−1; ðA1kÞ

κV18 ¼ ð4.7� 0.8Þ × 10−3 GeV−1: ðA1lÞ

These values are in good agreement with our earlier
estimation in Sec. II E, jκVi j ≲ 0.025 GeV−1.

APPENDIX B: KINEMATICS

1. τ − ðPÞ → π − ðp − Þπ0ðp0ÞγðkÞντðqÞ kinematics

To describe this type of decays, we need five indepen-
dent variables. We choose s¼ðp−þp0Þ2; u ¼ ðP − p−Þ2;
x ¼ ðkþ qÞ2; θν, which is the angle between the direction
of the π−π0 c.m. frame in the τ lepton rest frame and the
direction of q⃗ in the π−π0 c.m. frame (see Fig. 19); and ϕ−,
which is angle between the plane of the π−π0 c.m. frame
and the plane of the γντ c.m. frame. We can write the
invariants in terms of these variables,

P · p0 ¼
sþ u − x −m2

π0

2
; ðB1aÞ

q · k ¼ x −M2
γ

2
; ðB1bÞ

p− · p0 ¼
s −m2

π− −m2
π0

2
; ðB1cÞ

p− · ðqþ kÞ ¼ u − x −m2
π0

2
; ðB1dÞ

P · ðqþ kÞ ¼ x − sþm2
τ

2
; ðB1eÞ

FIG. 19. The τ− → π−π0γντ decay in the τ-lepton rest frame.
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P · p− ¼ ðm2
π− −m2

π0
þ sÞðm2

τ þ s − xÞ
4s

þ λ1=2ðs; x;m2
τÞλ1=2ðm2

τ ; m2
π− ; m2

π0
Þ

4s
cos θ−

¼ m2
τ þm2

π− − u
2

; ðB2Þ

P · k ¼ ðm2
τ − sþ xÞðxþM2

γÞ
4x

−
ðx −M2

γÞλ1=2ðs; x;m2
τÞ

4x
cos θν; ðB3Þ

p− · k ¼ ðxþM2
γÞðm2

τ − s − uþm2
π0
Þ

4x
−
ðx −M2

γÞ cos θν
4xλ1=2ðs; x;m2

τÞ
Aðs; u; xÞ

−
ðx −M2

γÞλ1=2ðs;m2
π− ; m2

π0
Þ

4
ffiffiffi
x

p ffiffiffi
s

p sin θν sin θ− cosϕ−; ðB4Þ

ϵμναβkμPνp−αqβ ¼
ðx −M2

γÞλ1=2ðs;m2
π− ; m2

π0
Þλ1=2ðs; x; m2

τÞ
8

ffiffiffi
s

p ffiffiffi
x

p sin θν sin θ− sinϕ−; ðB5Þ

ϵμναβkμPνp−αp0β ¼ ϵμναβkμPνp0αqβ ¼ ϵμναβkμp−νp0αqβ ¼ ϵμναβPμp−νp0αqβ ¼ −ϵμναβkμPνp−αqβ; ðB6Þ

where

Aðs; u; xÞ ¼ m4
τ þ sðsþ uÞ þ xðu − s − 2m2

π−Þ þm2
π0
ðm2

τ − sþ xÞ −m2
τð2sþ uþ xÞ: ðB7Þ

Working in the τ-lepton rest frame, we have

Eγ ¼
ðm2

τ − sþ xÞðxþM2
γÞ

4mτx
−
ðx −M2

γÞλ1=2ðs; x; m2
τÞ

4mτx
cos θν; ðB8Þ

Eν ¼ jq⃗j ¼ ðm2
τ − sþ xÞðx −M2

γÞ
4mτx

þ ðx −M2
γÞλ1=2ðs; x;m2

τÞ
4mτx

cos θν; ðB9Þ

k⃗ ¼
�
−
ðxþM2

γÞλ1=2ðs; x;m2
τÞ

4mτx
þ ðm2

τ − sþ xÞðx −M2
γÞ

4mτx
cos θν

�
êz þ

x −M2
γ

2
ffiffiffi
x

p sin θνêx; ðB10Þ

q⃗ ¼
�
−
ðx −M2

γÞλ1=2ðs; x; m2
τÞ

4mτx
−
ðm2

τ − sþ xÞðx −M2
γÞ

4mτx
cos θν

�
êz −

x −M2
γ

2
ffiffiffi
x

p sin θνêx; ðB11Þ

E− ¼ ðm2
τ þ s − xÞðsþm2

π− −m2
π0
Þ

4mτs
þ λ1=2ðs; x; m2

τÞλ1=2ðs;m2
π− ; m2

π0
Þ

4mτs
cos θ−

¼ m2
τ þm2

π− − u
2mτ

; ðB12Þ

E0 ¼
ðm2

τ þ s − xÞðs −m2
π− þm2

π0
Þ

4mτs
−
λ1=2ðs; x; m2

τÞλ1=2ðs;m2
π− ; m2

π0
Þ

4mτs
cos θ−

¼ sþ u − x −m2
π−

2mτ
; ðB13Þ

jp⃗−j ¼
λ1=2ðu;m2

τ ; m2
π−Þ

2mτ
; ðB14Þ
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p⃗− ¼
�ðsþm2

π− −m2
π0
Þλ1=2ðs; x;m2

τÞ
4mτs

þ ðm2
τ þ s − xÞλ1=2ðs;m2

π− ; m2
π0
Þ

4mτs
cos θ−

�
êz þ

λ1=2ðs;m2
π− ; m2

π0
Þ

2
ffiffiffi
s

p sin θ−êρ; ðB15Þ

p⃗0 ¼
�ðs −m2

π− þm2
π0
Þλ1=2ðs; x;m2

τÞ
4mτs

−
ðm2

τ þ s − xÞλ1=2ðs;m2
π− ; m2

π0
Þ

4mτs
cos θ−

�
êz −

λ1=2ðs;m2
π− ; m2

π0
Þ

2
ffiffiffi
s

p sin θ−êρ; ðB16Þ

cos θ− ¼ 2sðm2
τ þm2

π− − uÞ − ðm2
τ þ s − xÞðsþm2

π− −m2
π0
Þ

λ1=2ðs; x;m2
τÞλ1=2ðs;m2

π− ; m2
π0
Þ ; ðB17Þ

cos θν ¼
ðm2

τ − sþ xÞðxþM2
γÞ − 4mτEγx

ðx −M2
γÞλ1=2ðs; x;m2

τÞ
; ðB18Þ

where λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2xz − 2yz is the Kallen function and êρ ¼ cosϕ−êx þ sinϕ−êy. From Eq. (B17),
we get

x�ðs; uÞ ¼
−m4

π− þ ðm2
π0
− sÞðm2

τ − uÞ þm2
π−ðm2

τ þm2
π0
þ sþ uÞ

2m2
π−

� λ1=2ðu;m2
τ ; m2

π−Þλ1=2ðs;m2
π− ; m2

π0
Þ

2m2
π−

; ðB19Þ

and

u�ðs; xÞ ¼ m2
τ þm2

π− −
ðm2

τ þ s − xÞðsþm2
π− −m2

π0
Þ

2s
� λ1=2ðs; x;m2

τÞλ1=2ðs;m2
π− ; m2

π0
Þ

2s
; ðB20Þ

these bounds on u and x correspond to the forward and backward directions, i.e., by taking θ− ¼ 0; π. For the nonradiative
decay, we have

DIII ¼ fu−ðs; 0Þ ≤ u ≤ uþðs; 0Þ; ðmπ− þmπ0Þ2 ≤ s ≤ m2
τg; ðB21Þ

this region is plotted in Fig. 20, which corresponds to the projection RIII onto the su-plane. In the case of the radiative
decay, we have

DIV ¼ fxminðs; uÞ ≤ x ≤ xmaxðs; uÞ; uminðsÞ ≤ u ≤ umaxðsÞ;ðmπ− þmπ−Þ2 ≤ s ≤ ðmτ −MγÞ2g; ðB22Þ

with

xminðs; uÞ ¼


x−ðs; uÞ uþðs;M2

γÞ ≤ u ≤ ðmτ −mπ−Þ2; ðmπ− þmπ0Þ2 ≤ s ≤ s�

M2
γ u−ðs;M2

γÞ ≤ u ≤ uþðs;M2
γÞ; s� ≤ s ≤ ðmτ −MγÞ2;

ðB23Þ
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xmaxðs; uÞ ¼ xþðs; uÞ; ðB24Þ

uminðsÞ ¼ u−ðs;M2
γÞ; ðB25Þ

umaxðsÞ¼

ðmτ−mπ−Þ2 ðmπ−þmπ0Þ2≤s≤s�;

uþðs;M2
γÞ s�≤s≤ðmτ−MγÞ2;

ðB26Þ

where s� ¼ mτðmτmπ−þm2

π0
−m2

π− Þ−M2
γmπ−

mτ−mπ−
is the value that max-

imizes uþðs;M2
γÞ. We will be working in the isospin limit

(mu ¼ md), i.e., m2
π− ¼ m2

π0
, and thus many of the last

expressions will be simplified. We use a nonvanishing Mγ

in order to deal with the IR divergences; at the end, these
divergences are canceled out by those divergences of
the nonradiative decay so we can take the limit Mγ → 0.
The projection RIV ¼ RIV=III ∪ RIII of the DIV is plotted
in Fig. 20 for Mγ → 0.

APPENDIX C: VECTOR FORM FACTORS

vR1 ¼ 1

F2

�
16k · p0ð2κV12 þ κV16Þð−ð2k · p− þ sÞð2κV12 þ κV16Þ þ 2ðP − qÞ2κV17Þ

Dω½ðkþ p0Þ2�

þ
ffiffiffi
2

p
FV

M2
ρ

ð2sλV12 − ð4k · p0 þ sÞðλV13 þ λV14 − λV15Þ þ ð2k · p− þ sÞλV16 − 4k · p−λ
V
17

þ 4k · p−λ
V
18 þ sλV18 þ 4k · p−λ

V
19 þ 2sλV19 þ 4k · p0λ

V
21 þ 2k · p0λ

V
22 − 2k · p−λ

V
22Þ

þ 1

M2
a1Da1 ½ðkþ p−Þ2�

ð−8ð−2k · p0M2
a1sþ ðk · p− −M2

a1Þs2 þ 2ðk · p0Þðk · p−Þ

× ð2M2
a1 þ sÞÞðλA12Þ2 − 8k · p−ð2k · p0 þ sÞð2M2

a1 þ sÞðλA13Þ2 − 2
ffiffiffi
2

p
FAðk · p0ÞsλA15

− 2
ffiffiffi
2

p
FAðk · p−ÞsλA15 −

ffiffiffi
2

p
FAs2λA15 − 8

ffiffiffi
2

p
FAk · p−M2

a1λ
A
17 − 4

ffiffiffi
2

p
FAðk · p−ÞsλA17

þ 16ðk · p0Þðk · p−ÞsλA15λA17 þ 16ðk · p−Þ2sλA15λA17 þ 8ðk · p−Þs2λA15λA17
þ 32ðk · p−Þ2M2

a1ðλA17Þ2 þ 16ðk · p−Þ2sðλA17Þ2 þ λA13ð8ðk · p−ÞsðP − qÞ2λA15
þ ð2k · p0 − 2k · p− þ sÞð2M2

a1 þ sÞð
ffiffiffi
2

p
FA − 8k · p−λ

A
17ÞÞ þ λA12ð−8ðsð2k · p−ðM2

a1 − sÞ
þM2

a1sÞ þ 2k · p0ð4k · p−M2
a1 − 2ðk · p−ÞsþM2

a1sÞÞλA13 − 8ðk · p− −M2
a1ÞsðP − qÞ2λA15

þ ðk · p0ð4M2
a1 − 2sÞ − sð2M2

a1 þ sÞ þ k · p−ð−4M2
a1 þ 2sÞÞð

ffiffiffi
2

p
FA − 8k · p−λ

A
17ÞÞÞ

�
ðC1Þ

FIG. 20. Projection of the kinematic region for the nonradiative
decay RIII (gray) and the radiative decay RIV ¼ RIV=III ∪ RIII

(black and gray) onto the su-plane. RIV=III (black) is the
kinematic region, which is only accessible to the radiative decay.
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vRR1 ¼ 1

2
ffiffiffi
2

p
F2

�
64k · p0FVð−ð2k · p− þ sÞð2κV12 þ κV16Þ þ 2ðP − qÞ2κV17ÞκVV3

M2
ρDω½ðkþ p0Þ2�

−
64k · p0ð4k · p0 þ 2k · p− þ sÞð2κV12 þ κV16ÞκVV3 ð−FV þ 2

ffiffiffi
2

p ðP − qÞ2λV22Þ
Dρ½ðP − qÞ2�Dω½ðkþ p0Þ2�

þ 2FV

M2
a1M

2
ρDa1 ½ðkþ p−Þ2�

ð2ð2
ffiffiffi
2

p
FAk · p−M2

a1 −
ffiffiffi
2

p
FAðk · p−Þsþ

ffiffiffi
2

p
FAM2

a1s

þ 4ð−2k · p0M2
a1sþ ðk · p− −M2

a1Þs2 þ 2ðk · p0Þðk · p−Þð2M2
a1 þ sÞÞλA12

þ 4ð2k · p0 þ sÞð2k · p−M2
a1 − ðk · p−ÞsþM2

a1sÞλA13 þ 8ðk · p0Þðk · p−ÞsλA15
þ 8ðk · p−Þ2sλA15 − 8k · p0M2

a1sλ
A
15 − 8k · p−M2

a1sλ
A
15 þ 4ðk · p−Þs2λA15

− 4M2
a1s

2λA15 − 16ðk · p−Þ2M2
a1λ

A
17 þ 8ðk · p−Þ2sλA17 − 8k · p−M2

a1sλ
A
17ÞλVA2

− k · p−ð2
ffiffiffi
2

p
FAM2

a1 þ
ffiffiffi
2

p
FAsþ 4ð4k · p0M2

a1 − 2ðk · p0Þs − s2ÞλA12
þ 4ð2k · p0 þ sÞð2M2

a1 þ sÞλA13 − 8ðk · p0ÞsλA15 − 8ðk · p−ÞsλA15 − 4s2λA15
− 16k · p−M2

a1λ
A
17 − 8ðk · p−ÞsλA17ÞðλVA4 þ 2λVA5 ÞÞ

þ ð ffiffiffi
2

p
FV − 4ðP − qÞ2λV22Þ

M2
a1Da1 ½ðkþ p−Þ2�Dρ½ðP − qÞ2� ð−2ð−4

ffiffiffi
2

p
ð−2k · p0M2

a1sþ ðk · p− −M2
a1Þs2

þ 2ðk · p0Þðk · p−Þð2M2
a1 þ sÞÞλA12 þ ð4k · p0M2

a1 − 2ðk · p0Þs − s2Þ
× ðFA − 4

ffiffiffi
2

p
k · p−λ

A
13 − 4

ffiffiffi
2

p
k · p−λ

A
17ÞÞλVA2 − 2sðP − qÞ2ðFA þ 4

ffiffiffi
2

p
ðk · p− −M2

a1ÞλA12
− 4

ffiffiffi
2

p
k · p−λ

A
13 − 4

ffiffiffi
2

p
k · p−λ

A
17ÞλVA3 þ ð2k · p0 þ sÞð−4

ffiffiffi
2

p
ð2k · p−M2

a1 − ðk · p−Þs
þM2

a1sÞλA12 þ ð2M2
a1 þ sÞðFA − 4

ffiffiffi
2

p
k · p−λ

A
13 − 4

ffiffiffi
2

p
k · p−λ

A
17ÞÞðλVA4 þ 2λVA5 ÞÞ

þ 2FV

M2
ρDρ½ðP − qÞ2� ð−2ðP − qÞ2λV22ððP − qÞ2 − 8sλVV2

− 2ð4k · p0 þ sÞλVV3 þ 8k · p0λ
VV
4 þ 2sλVV4 − 16k · p0λ

VV
5 − 4sλVV5 Þ

þ
ffiffiffi
2

p
FVð−4sλVV2 − ð4k · p0 þ sÞðλVV3 − λVV4 þ 2λVV5 ÞÞÞ

−
4FVð

ffiffiffi
2

p ð4k · p0 þ sÞGVλ
VV
7 þ sλV21ðs − 2ð4k · p0 þ sÞλVV7 ÞÞ
M2

ρDρ½s�
�

ðC2Þ

vRRR1 ¼ −
FVð−

ffiffiffi
2

p
FV þ 4ðP − qÞ2λV22Þffiffiffi

2
p

F2M2
a1M

2
ρDa1 ½ðkþ p−Þ2�Dρ½ðP − qÞ2�

× ð−4ð−2k · p0M2
a1sþ ðk · p− −M2

a1Þs2 þ 2ðk · p0Þðk · p−Þð2M2
a1 þ sÞÞðλVA2 Þ2

− k · p−ðλVA4 þ 2λVA5 Þð−2sðP − qÞ2λVA3 þ ð2k · p0 þ sÞð2M2
a1 þ sÞðλVA4 þ 2λVA5 ÞÞ

þ 2λVA2 ð2ðk · p− −M2
a1ÞsðP − qÞ2λVA3 þ ðsð2k · p−ðM2

a1 − sÞ þM2
a1sÞ

þ 2k · p0ð4k · p−M2
a1 − 2ðk · p−ÞsþM2

a1sÞÞðλVA4 þ 2λVA5 ÞÞÞ ðC3Þ
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vRþRR
GI1 ¼ 1

F2Dρ½ðP − qÞ2�Dρ½s�
ð

ffiffiffi
2

p
FVð2ðM2

ρ − sÞsλV12 − ðM2
ρ − sÞð4k · p0 þ sÞλV13

− 4k · p0M2
ρλ

V
14 þ 4ðk · p0ÞsλV14 −M2

ρsλV14 þ s2λV14 þ 4k · p0M2
ρλ

V
15 − 4ðk · p0ÞsλV15
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ρsλV15 − s2λV15 − 2k · p0M2

ρλ
V
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ρλ
V
17 − 4ðk · p0ÞsλV17
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V
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ρλ
V
14

þ 8ðk · p0Þ2sλV14 þ 8ðk · p0Þðk · p−ÞsλV14 − 6k · p0M2
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VV
3 þDω½ðkþ p0Þ2�κVV4 ÞÞ − 16κVV3 ð−FV þ 2

ffiffiffi
2

p ðP − qÞ2λV22Þ
M2

ωDρ½ðP − qÞ2�Dω½ðkþ p0Þ2�
× ðð2M2

ωð2k · p− þ sÞ − 2k · p0ð2k · p− − 2M2
ω þ sÞÞκV12 þ k · p0ð2k · p− þ 2M2

ω þ sÞκV16Þ

þ ð ffiffiffi
2

p
FV − 4ðP − qÞ2λV22Þð−FA þ 4

ffiffiffi
2

p
k · p−ðλA12 þ λA13 þ λA17ÞÞð2λVA2 − λVA3 Þ

Da1 ½ðkþ p−Þ2�Dρ½ðP − qÞ2�

þ 4k · p−FVð2λA12 þ λA15Þð2λVA2 − λVA4 − 2λVA5 Þ
M2

ρDa1 ½ðkþ p−Þ2�
−
2FVð

ffiffiffi
2

p
GV − 2sλV21ÞλVV7
M2

ρDρ½s�

−
FVð

ffiffiffi
2

p
FVðλVV3 − λVV4 þ 2λVV5 Þ − 2ðP − qÞ2λV22ð−1þ 2λVV3 − 2λVV4 þ 4λVV5 ÞÞ

M2
ρDρ½ðP − qÞ2�

�
ðC14Þ

vRRR4 ¼ −
2

ffiffiffi
2

p
FVk · p−ð

ffiffiffi
2

p
FV − 4ðP − qÞ2λV22Þð2λVA2 − λVA3 Þð2λVA2 − λVA4 − 2λVA5 Þ
F2M2

ρDa1 ½ðkþ p−Þ2�Dρ½ðP − qÞ2� ðC15Þ

vRþRR
GI4 ¼ 2

ffiffiffi
2

p
FV

F2Dρ½ðP − qÞ2�Dρ½s�
ðð−M2

ρ þ sÞðλV13 þ λV14 − λV15 þ λV18 þ λV19Þ þ 2M2
ρλ

V
21 − sλV21 þ 2sλV21λ

VV
7 Þ

þ 4GVð
ffiffiffi
2

p
ððP − qÞ2 −M2

ρÞλV7 − FVλ
VV
7 þ

ffiffiffi
2

p
λV22ð−4k · p0 − 4k · p− þ 3M2

ρ − 2sþ 2ðP − qÞ2λVV7 ÞÞ
− 8ðsððP − qÞ2 −M2

ρÞλV7 λV21 þ λV22ð−ðM2
ρ − sÞðP − qÞ2λV13 − ðM2

ρ − sÞðP − qÞ2λV14 þ 2k · p0M2
ρλ

V
15

þ 2k · p−M2
ρλ

V
15 − 2ðk · p0ÞsλV15 − 2ðk · p−ÞsλV15 þM2

ρsλV15 − s2λV15 − 2k · p0M2
ρλ

V
18 − 2k · p−M2

ρλ
V
18

þ 2ðk · p0ÞsλV18 þ 2ðk · p−ÞsλV18 −M2
ρsλV18 þ s2λV18 − 2k · p0M2

ρλ
V
19 − 2k · p−M2

ρλ
V
19 þ 2ðk · p0ÞsλV19

þ 2ðk · p−ÞsλV19 −M2
ρsλV19 þ s2λV19 þ 4k · p0M2

ρλ
V
21 þ 4k · p−M2

ρλ
V
21 − 8ðk · p0ÞsλV21

− 8ðk · p−ÞsλV21 þ 5M2
ρsλV21 − 4s2λV21 þ 4ðk · p0ÞsλV21λVV7 þ 4ðk · p−ÞsλV21λVV7 þ 2s2λV21λ

VV
7 ÞÞ ðC16Þ
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APPENDIX D: AXIAL FORM FACTORS

aR1 ¼
ffiffiffi
2

p

3F2

�
−
2ðP − qÞ2FVðκV1 − κV2 þ κV3 þ κV6 þ κV7 − κV8 − 2κV12 − κV16 þ κV17Þ

M2
ω

þ 4ððP − qÞ2κV11 þ sκV12 − ðk · p0 þ k · p−ÞκV16Þð−GV þ ffiffiffi
2

p
sλV21Þ

Dρ½s�

þ 1

M2
ρDρ½ðkþ p−Þ2�

ðFVð2k · p− þ sÞð2ðk · p− −M2
ρÞκV12 − k · p−κ

V
16Þ

þ GVð−4ð2ðk · p−Þ2 þ ðk · p−Þs −M2
ρsÞκV12 þ 2k · p−ð2k · p− − 2M2

ρ þ sÞκV16Þ
þ

ffiffiffi
2

p
ð−2κV12ððk · p− −M2

ρÞð2k · p0 þ sÞð2k · p− þ sÞλV16 − 2ðk · p− −M2
ρÞ

× ð2k · p0 þ sÞð2k · p− þ sÞλV17 þ 8ðk · p0Þðk · p−Þ2λV18 þ 8ðk · p−Þ3λV18
þ 4ðk · p0Þðk · p−ÞsλV18 þ 8ðk · p−Þ2sλV18 − 4k · p0M2

ρsλV18 − 4k · p−M2
ρsλV18

þ 2ðk · p−Þs2λV18 − 2M2
ρs2λV18 þ 8ðk · p0Þðk · p−Þ2λV19 þ 8ðk · p0Þðk · p−ÞM2

ρλ
V
19

þ 8ðk · p−Þ2M2
ρλ19 þ 4ðk · p0Þðk · p−ÞsλV19 þ 4ðk · p−Þ2sλV19 − 4k · p0M2

ρsλV19

þ 2ðk · p−Þs2λV19 − 2M2
ρs2λV19 − 8ðk · p−Þ3λV21 − 4ðk · p−Þ2sλV21 þ 4k · p−M2

ρsλV21

þ 8ðk · p−Þ3λV22 − 8ðk · p−Þ2M2
ρλ

V
22 þ 4ðk · p−Þ2sλV22 − 4k · p−M2

ρsλV22Þ
þ k · p−κ

V
16ðð2k · p0 þ sÞð2k · p− þ sÞλV16 þ 2ð−ð2k · p0 þ sÞð2k · p− þ sÞλV17

þ ðP − qÞ2ð2k · p− − 2M2
ρ þ sÞλV18 þ 4ðk · p0Þðk · p−ÞλV19 − 8k · p0M2

ρλ
V
19

− 4k · p−M2
ρλ

V
19 þ 2ðk · p0ÞsλV19 þ 2ðk · p−ÞsλV19 − 2M2

ρsλV19 þ s2λV19 − 4ðk · p−Þ2λV21
þ 4k · p−M2

ρλ
V
21 − 2ðk · p−ÞsλV21 þ 4ðk · p−Þ2λV22 þ 2ðk · p−ÞsλV22ÞÞÞÞ

þ 1

M2
ρDρ½ðkþ p0Þ2�

ðFVð4k · p0 þ 2k · p− þ sÞð2ðk · p0 −M2
ρÞκV12 − k · p0κ

V
16Þ

þ GVð−4ð4ðk · p0Þ2 −M2
ρð2k · p− þ sÞ þ k · p0ð2k · p− − 2M2

ρ þ sÞÞκV12 þ 2k · p0

× ð4k · p0 þ 2k · p− − 2M2
ρ þ sÞκV16Þ þ

ffiffiffi
2

p
ðk · p0κ

V
16ðð2k · p− þ sÞð4k · p0 þ 2k · p− þ sÞλV16

þ 2ð−ð2k · p− þ sÞð4k · p0 þ 2k · p− þ sÞλV17 þ ð8ðk · p0Þ2 þ 12ðk · p0Þðk · p−Þ
þ 4ðk · p−Þ2 − 4k · p0M2

ρ − 4k · p−M2
ρ þ 6ðk · p0Þsþ 4ðk · p−Þs − 2M2

ρsþ s2ÞλV18
þ 8ðk · p0Þðk · p−ÞλV19 þ 4ðk · p−Þ2λV19 − 4k · p−M2

ρλ
V
19 þ 4ðk · p0ÞsλV19

þ 4ðk · p−ÞsλV19 − 2M2
ρsλV19 þ s2λV19 − 8ðk · p0Þ2λV21 − 4ðk · p0Þðk · p−ÞλV21

þ 4k · p0M2
ρλ

V
21 − 2ðk · p0ÞsλV21 þ 8ðk · p0Þ2λV22 þ 4ðk · p0Þðk · p−ÞλV22 þ 2ðk · p0ÞsλV22ÞÞ

− 2κV12ððk · p0 −M2
ρÞð2k · p− þ sÞð4k · p0 þ 2k · p− þ sÞλV16 þ 2ð−ðk · p0 −M2

ρÞ
× ð2k · p− þ sÞð4k · p0 þ 2k · p− þ sÞλV17 þ ðP − qÞ2ð4ðk · p0Þ2 −M2

ρð2k · p− þ sÞ
þ k · p0ð2k · p− − 2M2

ρ þ sÞÞλV18 þ 8ðk · p0Þ2ðk · p−ÞλV19 þ 4ðk · p0Þðk · p−Þ2λV19
− 4ðk · p0Þðk · p−ÞM2

ρλ
V
19 − 4ðk · p−Þ2M2

ρλ
V
19 þ 4ðk · p0Þ2sλV19 þ 4ðk · p0Þðk · p−ÞsλV19

− 2k · p0M2
ρsλV19 − 4k · p−M2

ρsλV19 þ ðk · p0Þs2λV19 −M2
ρs2λV19 − 8ðk · p0Þ3λV21

− 4ðk · p0Þ2ðk · p−ÞλV21 þ 4ðk · p0Þ2M2
ρλ

V
21 þ 4ðk · p0Þðk · p−ÞM2

ρλ
V
21 − 2ðk · p0Þ2sλV21

þ 2k · p0M2
ρsλV21 þ 8ðk · p0Þ3λV22 þ 4ðk · p0Þ2ðk · p−ÞλV22 − 8ðk · p0Þ2M2

ρλ
V
22

− 4ðk · p0Þðk · p−ÞM2
ρλ

V
22 þ 2ðk · p0Þ2sλV22 − 2k · p0M2

ρsλV22ÞÞÞÞ

þ 2ðP − qÞ2ðκA5 − κA6 þ κA7 Þð−FA þ 2
ffiffiffi
2

p ðP − qÞ2λA17Þ
Da1 ½ðP − qÞ2�

�
ðD1Þ
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aRR1 ¼ 1

3
ffiffiffi
2

p
F2

�
4sFVκ

VV
3 ð− ffiffiffi

2
p

GV þ 2sλV21Þ
M2

ωDρ½s�

−
1

M2
ρM2

ωDρ½ðkþ p−Þ2�
ðFVð

ffiffiffi
2

p
ð2k · p− þ sÞFVðM2

ρκ
VV
3 þDρ½ðkþ p−Þ2�κVV4 Þ

þ 2
ffiffiffi
2

p
GVðM2

ρð2k · p− − sÞκVV3 − ð2k · p− þ sÞDρ½ðkþ p−Þ2�κVV4 Þ
þ 2ð2k · p− −M2

ρÞð2k · p− þ sÞκVV4 ðð2k · p0 þ sÞλV16 − 2ð2k · p0 þ sÞλV17 þ 4k · p0λ
V
18

þ 4k · p−λ
V
18 þ 2sλV18 þ 4k · p0λ

V
19 þ 2sλV19 − 4k · p−λ

V
21 þ 4k · p−λ

V
22Þ − 2M2

ρκ
VV
3

× ðð2k · p0 þ sÞð2k · p− þ sÞλV16 − 2ð2k · p0 þ sÞð2k · p− þ sÞλV17 − 2ð2k · p− − sÞ
× ðP − qÞ2λV18 − 24ðk · p0Þðk · p−ÞλV19 − 16ðk · p−Þ2λV19 þ 4ðk · p0ÞsλV19 − 4ðk · p−ÞsλV19
þ 2s2λV19 þ 8ðk · p−Þ2λV21 − 4ðk · p−ÞsλV21 þ 8ðk · p−Þ2λV22 þ 4ðk · p−ÞsλV22ÞÞÞ

þ 1

M2
ρM2

ωDρ½ðkþ p0Þ2�
ðFVð−

ffiffiffi
2

p
FVð4k · p0 þ 2k · p− þ sÞðM2

ρκ
VV
3 þDρ½ðkþ p0Þ2�κVV4 Þ

þ 2
ffiffiffi
2

p
GVðM2

ρð2k · p− þ sÞκVV3 þ ð4k · p0 þ 2k · p− þ sÞDρ½ðkþ p0Þ2�κVV4 Þ
− 2ð2k · p0 −M2

ρÞð4k · p0 þ 2k · p− þ sÞκVV4 ðð2k · p− þ sÞλV16 − 2ð2k · p− þ sÞλV17
þ 4k · p0λ

V
18 þ 4k · p−λ

V
18 þ 2sλV18 þ 4k · p−λ

V
19 þ 2sλV19 − 4k · p0λ

V
21 þ 4k · p0λ

V
22Þ

þ 2M2
ρκ

VV
3 ðð2k · p− þ sÞð4k · p0 þ 2k · p− þ sÞλV16 þ 2ð−ð2k · p− þ sÞ

× ð4k · p0 þ 2k · p− þ sÞλV17 þ ð2k · p− þ sÞðP − qÞ2λV18 þ 4ðk · p−Þ2λV19
þ 4ðk · p−ÞsλV19 þ s2λV19 − 4ðk · p0Þðk · p−ÞλV21 − 2ðk · p0ÞsλV21 þ 8ðk · p0Þ2λV22
þ 4ðk · p0Þðk · p−ÞλV22 þ 2ðk · p0ÞsλV22ÞÞÞÞ

þ 2ðP − qÞ2FVðκVA2 − κVA3 − κVA4 Þð− ffiffiffi
2

p
FA þ 4ðP − qÞ2λA17Þ

M2
ωDa1 ½ðP − qÞ2�

−
4ðP − qÞ2κVA5 ð− ffiffiffi

2
p

GV þ 2sλV21Þð−FA þ 2
ffiffiffi
2

p ðP − qÞ2λA17Þ
Da1 ½ðP − qÞ2�Dρ½s�

−
2ðFA − 2

ffiffiffi
2

p ðP − qÞ2λA17Þ
M2

ρDa1 ½ðP − qÞ2�Dρ½ðkþ p−Þ2�
ðk · p−κ

V
16ð−2ð−ð2M2

ρ − sÞð2k · p− þ sÞ

þ 2k · p0ð2k · p− − 4M2
ρ þ sÞÞλVA2 − 2M2

ρð4k · p0 þ 2k · p− þ sÞλVA3
þ ð2k · p− þ sÞðð2k · p0 þ 4k · p− − 2M2

ρ þ sÞλVA4 þ 2ð2k · p0 þ sÞλVA5 ÞÞ
þ 2κV12ð2ððk · p−Þs2 −M2

ρs2 þ 2ðk · p−Þ2ð2M2
ρ þ sÞ þ 2k · p0ð2ðk · p−Þ2

−M2
ρsþ k · p−ð2M2

ρ þ sÞÞÞλVA2 − 2k · p−M2
ρð4k · p0 þ 2k · p− þ sÞλVA3

− ð2k · p− þ sÞðð4ðk · p−Þ2 − 2k · p−M2
ρ þ 2k · p0ðk · p− −M2

ρÞ þ ðk · p−Þs
−M2

ρsÞλVA4 þ 2ðk · p− −M2
ρÞð2k · p0 þ sÞλVA5 ÞÞÞ

þ 2ðFA − 2
ffiffiffi
2

p ðP − qÞ2λA17Þ
M2

ρDa1 ½ðP − qÞ2�Dρ½ðkþ p0Þ2�
ð−k · p0κ

V
16ð−2ð2k · p− þ sÞð4k · p0 þ 2k · p−

− 2M2
ρ þ sÞλVA2 − 2M2

ρð2k · p− þ sÞλVA3 þ ð4k · p0 þ 2k · p− þ sÞðð4k · p0 þ 2k · p−

− 2M2
ρ þ sÞλVA4 þ 2ð2k · p− þ sÞλVA5 ÞÞ þ 2κV12ð−2ð2k · p− þ sÞð4ðk · p0Þ2

−M2
ρð2k · p− þ sÞ þ k · p0ð2k · p− − 2M2

ρ þ sÞÞλVA2 þ 2k · p0M2
ρð2k · p− þ sÞλVA3

þ ð4k · p0 þ 2k · p− þ sÞðð4ðk · p0Þ2 −M2
ρð2k · p− þ sÞ þ k · p0ð2k · p− − 2M2

ρ þ sÞÞλVA4
þ 2ðk · p0 −M2

ρÞð2k · p− þ sÞλVA5 ÞÞÞ
�

ðD2Þ
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aRRR1 ¼ −
FVð

ffiffiffi
2

p
FA − 4ðP − qÞ2λA17Þ

3
ffiffiffi
2

p
F2M2

ρM2
ωDa1 ½ðP − qÞ2�Dρ½ðkþ p0Þ2�Dρ½ðkþ p−Þ2�

ð−M2
ρð2k · p− þ sÞ

×Dρ½ðkþ p−Þ2�κVV3 ð2ð2k · p− þ sÞλVA2 þ 4k · p0λ
VA
3 − ð4k · p0 þ 2k · p− þ sÞ

× ðλVA4 þ 2λVA5 ÞÞ þDρ½ðkþ p0Þ2�ð2Dρ½ðkþ p−Þ2�κVV4 ð−2ð3k · p0 þ k · p− þ sÞ
× ð2k · p− þ sÞλVA2 þ ð8ðk · p0Þ2 þ 6ðk · p−Þ2 þ 5ðk · p−Þsþ s2 þ 5k · p0

× ð2k · p− þ sÞÞλVA4 þ 2ð3k · p0 þ k · p− þ sÞð2k · p− þ sÞλVA5 Þ þM2
ρκ

VV
3

× ð2ð12ðk · p0Þðk · p−Þ þ 8ðk · p−Þ2 − 2ðk · p0Þsþ 2ðk · p−Þs − s2ÞλVA2
− 4k · p−ð4k · p0 þ 2k · p− þ sÞλVA3 þ ð2k · p0 þ sÞð2k · p− þ sÞðλVA4 þ 2λVA5 ÞÞÞÞ ðD3Þ

aR2 ¼ 4
ffiffiffi
2

p

3F2

�
−
2ðP − qÞ2FVðκV1 − κV2 þ κV3 Þ

M2
ωDπ½ðP − qÞ2�

þ FVð3κV1 − 3κV2 þ 3κV3 þ κV6 þ κV7 − κV8 − 2κV12 − κV16 þ κV17Þ
M2

ω

þ 2
ffiffiffi
2

p
k · p0ð2κV12 þ κV16ÞðλV18 þ 2λV19Þ

Dρ½ðkþ p0Þ2�
−
2k · p0ð2κV12 þ κV16Þð−GV þ 2

ffiffiffi
2

p
k · p0λ

V
21Þ

Dπ½ðP − qÞ2�Dρ½ðkþ p0Þ2�

−
2k · p−ð2κV12 þ κV16Þð−GV þ 2

ffiffiffi
2

p
k · p−λ

V
21Þ

Dπ½ðP − qÞ2�Dρ½ðkþ p−Þ2�
þ 2ðκV11 þ κV12ÞðGV −

ffiffiffi
2

p
sλV21Þ

Dρ½s�

−
2ðk · p0 þ k · p−Þð2κV12 þ κV16ÞðGV −

ffiffiffi
2

p
sλV21Þ

Dπ½ðP − qÞ2�Dρ½s�
þ 1

M2
ρDρ½ðkþ p−Þ2�

× ðGVð4ðk · p− −M2
ρÞκV12 − 2k · p−κ

V
16Þ þ FVð−2ðk · p− −M2

ρÞκV12 þ k · p−κ
V
16Þ

þ
ffiffiffi
2

p
ð−k · p−κ

V
16ðð2k · p0 þ sÞλV16 − 2ð2k · p0 þ sÞλV17 þ 4k · p0λ

V
18 þ 4k · p−λ

V
18

− 2M2
ρλ

V
18 þ 2sλV18 þ 4k · p0λ

V
19 þ 2sλV19 − 4k · p−λ

V
21 þ 4k · p−λ

V
22Þ þ 2κV12

× ððk · p− −M2
ρÞð2k · p0 þ sÞλV16 − 2ðk · p− −M2

ρÞð2k · p0 þ sÞλV17 þ 2ð2ðk · p−Þ2
þ 2k · p0ðk · p− −M2

ρÞ −M2
ρsþ k · p−ð−M2

ρ þ sÞÞλV18 þ 2ðk · p− −M2
ρÞ

× ðð2k · p0 þ sÞλV19 þ 2k · p−ð−λV21 þ λV22ÞÞÞÞÞ

þ ðκA5 − κA6 þ κA7 ÞðFA − 2
ffiffiffi
2

p ðP − qÞ2λA17Þ
Da1 ½ðP − qÞ2�

�
ðD4Þ
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aRR2 ¼ 2
ffiffiffi
2

p

3F2

�
8k · p0FVκ

VV
3 ðλV18 þ 2λV19Þ

M2
ωDρ½ðkþ p0Þ2�

þ 4k · p0FVκ
VV
3 ð ffiffiffi

2
p

GV − 4k · p0λ
V
21Þ

M2
ωDπ½ðP − qÞ2�Dρ½ðkþ p0Þ2�

þ 4k · p−FVκ
VV
3 ð ffiffiffi

2
p

GV − 4k · p−λ
V
21Þ

M2
ωDπ½ðP − qÞ2�Dρ½ðkþ p−Þ2�

þ 2FVκ
VV
3 ð ffiffiffi

2
p

GV − 2sλV21Þ
M2

ωDρ½s�
þ FV

M2
ρM2

ωDρ½ðkþ p−Þ2�
ð

ffiffiffi
2

p
FVðM2

ρκ
VV
3 þDρ½ðkþ p−Þ2�κVV4 Þ

− 2
ffiffiffi
2

p
GVðM2

ρκ
VV
3 þDρ½ðkþ p−Þ2�κVV4 Þ − 2M2

ρκ
VV
3 ðð2k · p0 þ sÞλV16

− 2ð2k · p0 þ sÞλV17 þ 4k · p0λ
V
18 þ 2sλV18 þ 4k · p0λ

V
19 þ 2sλV19 − 4k · p−λ

V
21

þ 4k · p−λ
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