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Perturbative method to estimate meson masses in the framework
of the Bethe-Salpeter equation beyond its dominant interaction
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We propose a novel method to calculate the meson mass in the framework of Dyson-Schwinger equation
and Bethe-Salpeter equation (BSE), once their dominant interactions are identified. The method is based on
the perturbation theory of matrix, which is widely used in quantum mechanics. Taking interactions other
than the dominant ones as perturbations, we derive the first order correction of quark propagator.
Implementing the perturbation on BSE, the mass correction at first order is then given. We exemplify this
method with the well-known rainbow-ladder (RL) truncation, and go beyond the RL using a simple model,
i.e., the Munczek-Nemirovsky (MN) model, by studying the pion and p mesons mass shift. The results are
all in good agreement with those obtained by fully solving the BSE beyond RL. Our perturbative method
therefore can be used to give a semiquantitative estimate of meson mass correction in cases when the BSEs
are complicated by interactions that go beyond the dominant one.

DOI: 10.1103/PhysRevD.102.114008

I. INTRODUCTION

The bound state problem is important in QCD since all
hadrons are composite particles constituted by elementary
particles as quarks and gluons. The mass spectrum of the
hadrons encode information of their substructure. Many
approaches have been developed to study the hadron
spectrum, such as the constituent quark model [1-6],
Nambu-Jona-Lasinio (NJL) model [7,8], functional
renormalization group [9,10], lattice QCD [11-16] and
Bethe-Salpeter equation (BSE) [17-25]. Among them, the
BSE coupled with Dyson-Schwinger equation (DSE)
provides an efficient tool. The BSE-DSE approach starts
with the quark and gluon degrees of freedom, and preserves
the symmetries of QCD, such as the U(1) gauge symmetry
and U (1) chiral symmetry [26]. In practice, this is realized
by implementing truncations (on vertices and interaction
kernels) that respect the vector Ward-Takahashi identity
(WTI) and axial-vector WTTI [27,28]. During the last two
decades, the rainbow-ladder (RL) truncation achieved great
success in describing J© = 07,1~ ground state mesons
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[23,28-31] and 1*,3" ground state baryons [32,33], which
are regarded as orbital angular momentum L = 0 dominant
states. However, in the study of radially excited pseudo-
scalar and vector mesons, the RL truncation generally
underestimates their masses, implying the necessity of
going beyond RL truncation [34].

It is a subtle work to construct dressed quark-gluon
vertex and quark-anti-quark interaction kernel beyond RL
truncation. There are mainly two approaches. One is to use
explicit diagrammatic representation to the DSE of the
dressed quark-gluon vertex [17,21,35-41]. In Ref. [35], the
first model study of meson BSEs beyond RL truncation is
given by considering subleading Abelian correction for
quark-gluon vertex and quark-antiquark kernel, followed
by a number of further studies [17,21,36,42]. The non-
Abelian quark-gluon vertex is discussed in Ref. [37], and
the meson spectrum are calculated [39]. Pion exchange
between quarks was also considered [40,43]. Another
approach to go beyond RL truncation is to construct the
tensor structures of the dressed quark-gluon vertex and
thereafter to build the quark-antiquark interaction kernel
under the constrain of axial-vector WTI [44-48].

In this paper, we propose a new method to estimate the
meson mass correction, once the dominant interaction is
identified. This includes the case of RL truncation, given
the success of RL truncation in describing the properties of
ground state hadrons, e.g., the masses and the decay
constants of pion and p mesons [20,23,49]. Our starting
point is to treat the interaction terms beyond the dominant

Published by the American Physical Society
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term as perturbations, i.e., their contribution to the DSE
and BSE are small as compared to the dominant term. As
compared to fully solving the DSE-BSE, our method
requires much less computational effort. Furthermore, as
we will show below, it serves as a general method which
can be conveniently applied to any interaction kernel.

This paper is organized as follows. In Sec. II, we give a
brief introduction to DSE-BSE approach. In Sec. III, we
introduce our new perturbative method. The formula of
quark propagator and the meson mass correction at the first
order is derived in detail. In Sec. IV, we employ a simple
model, the Munczek-Nemirovsky (MN) model, and revisit
the pion and p meson study with our new method. In Sec. V,
we summarize this work.

II. DYSON-SCHWINGER EQUATION AND BETHE-
SALPETER EQUATION

The elementary degrees of freedom in QCD are quarks
and gluons. The quark DSE describes the equation of
motion of the quark propagator, revealing how quark
propagator is determined by its interaction with gluons.
For a given flavor of quark, the quark DSE is

S (p) = Zo(iy - p + Zwm) + Z(p), (1)

a

Xp) =2 [ #Dubr, 5 S0 @)

where S(p) is the dressed quark propagator. The | p is the
4

)
mass, and X(p) is the quark self-energy. D, (k) is the
dressed gluon propagator with k = p — ¢, 1%, (a = 1...8)
are Gell-Mann matrices, and I'?(p, ¢) is the dressed quark-
gluon vertex. The Z;, Z,, and Z,, are the renormalization
constants of the quark-gluon vertex, quark wave function,
and quark mass respectively. The dressed gluon propagator
and the dressed quark-gluon vertex satisfy their own DSEs,
which are related to higher-point Green functions.
Therefore the quark DSE is not closed. In practical study,
truncations and ansatz for effective interaction must be
employed so that the quark DSE gets closed and solvable.

The dressed quark propagator has the general structure

abbreviation of [ Here the m is the current quark

S(p) = —iy - poy(p*) + o5(p?). (3)

and the structure of the inverse of the dressed quark
propagator is

§7'(p) = iy - pA(p?) + B(p?). (4)
The scalar functions are related by

_ A(p?)
p*A*(p*) + B*(p?)’

GV(PZ)

_ B(p?)
p*A*(p?) + B*(p?)’

os(p?) (6)

On the other hand, the quark-antiquark two-body bound
state is governed by the Bethe-Salpeter equation,

Ty(p,P) = / K(p.q.P)xu(q,P), (7)

xu(q, P) = S(q.)Tu(q, P)S(q-), (8)

where I'y,(p, P) is the Bethe-Salpeter amplitude (BSA) of
meson. The y,, is the meson wave function, g, = g =3, P
with, +#n_ =1, and K(p, g, P) is the interaction kernel.

The general structure of Bethe-Salpeter amplitude for
different J¥ meson is different. Take pseudoscalar meson as
an example, i.e., J* = 07, the most general amplitude reads

4
To-(p.P) =Y _Ti-(p.P)Fi-(p>.p-P),  (9)

i=1

with
Ti-(p.P)={ys.vsy-P.ysy-p.vsly-p.y-P]}.  (10)

and Fi_(p* p-P) are scalar functions. Inserting the
general BSA into the BSE, which is a homogeneous
equation. The determination of meson mass can further
be transformed into an eigenvalue problem, e.g.,

Mﬁwmpm=/Km%HMWf» (11)

The calculated meson mass is located at my, with
M=m3,) = 1.

The BSE contains on one hand the dressed quark
propagator, which is the solution to quark DSE Eq. (1),
and on the other hand the kernel should be constructed
together with the dressed quark-gluon vertex, i.e., they are
constrained by vector and axial-vector WTTIs,

iP, I (k,P) =S (k) — S7'(ko). (12)

P#F5ﬂ<k, P) + 2lmF5(k, P) = S_l (k_,_)l]/s - i}/sS_l(k_).
(13)

Here I',(k, P) is the photon-quark vertex. The vector WTI
guarantees the gauge symmetry U(1), and the axial-vector
WTI guarantees the chiral symmetry of the QCD.
Combined with the inhomogeneous BSEs of the vector
and axial-vector vertex and the quark gap equation, one can
relate the kernel to the dressed quark-gluon vertex as [50]
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/ Ko pp1S(a2) = S(a.)luy

- / Dy (k= @)7,[8(¢: )T, (g5 k)

- 8(q-)T,(q-. k)], (14)
/q Koo pplS(a)rs +758(a-) |y

- / D, (k = )7, [S(q2 )T, (g5 ko )rs
—758(q_)T,(q_. k_)]. (15)

The above equations must be satisfied in constructing the
kernel for a specified dressed quark-gluon vertex and
vice versa.

ITII. GO BEYOND THE DOMINANT INTERACTION
PERTURBATIVELY IN DSE AND BSE

Without loss of generality, one can write the dressed
quark-gluon vertex and quark-anti-quark interaction
kernel as

9D ()T, (p.q) = G(kK*) Dy (k) (I + €l (p. q)).  (16)

and

G(h)Dyie (k) (K% 5 + €K™y 50),
(17)

Kaa’,ﬂ'ﬁ(p’ q, )

where Dfise(k) = 5, — (1 — &) "
gator. The £ is the gauge parameter and we use Landau
gauge & = 0 in this work. G(k) is the effective interaction in
both Egs. (16) and (17), which absorbs the coupling ¢°, the
dressing function of gluon propagator and some momen-
tum dependence of the dressed quark-gluon vertex. We then
assume the I')(p, ¢) and K%, »p are the dominant part of

quark-gluon vertex and the quark-antiquark kernel, the
I)(p.q) and K}/, ,, can be regarded as perturbation,

denoted by the small expansion parameter €.

A. Quark DSE

Denoting So(p) as the solution to quark DSE within
dominant truncation, the quark propagator with the full
quark-gluon vertex S(p) can be written as

S(p) = So(p) + €S (p) + O(e?), (18)

or equivalently,

S (p) = S51(p) +eST'(p) + O(?).  (19)

The scalar functions take the expansion analogously

ov(p?) = ovo(p?) +eoyi(p?) + O(?),  (20)

o5(p?) = o50(p?) + €051 (p?) + O(e?). (1)
s\p so\p si\p )

A(p?) = Ao(p?

B(p?)

) + €A (p?) + O(). (22)

= By(p?) + €Bi(p?) + O(€). (23)

Based on their relations, i.e., Egs. (5) and (6), one obtains

B%Al - ZAOBOBI - pZA(Z)Al
CET

0v1(1?2) = (24)

PZA(%B 1~ 21’9214030141
(p*Aj + Bj)?

— B3B,

0s] (P2> = (25)

Analogously, the quark DSE can also be expanded in e,

which reads at the first order,

S5'(p) +€ST'(p) = iZay - p + Zym + Zo(p) + €Z(p),
(26)

the Xy(p) is the quark self-energy Eq. (2) in dominant
truncation, and X,(p) is

5/ (p) = / Gk DI (k) (So(@)T (P @) + S (@)7,).

(27)
The renormalization constants Z,, Z, are
Zy, = Zry + €Z; + O(€2), (28)
Zy = Zyy + €Zy + O(e?), (29)
with
Z = =35 [ S0Py Si (@)L 0
+21S1(@T(P. )] oy (30)
Zy = ——/ g k2 Dfree Tr[VﬂSO(Q)FzI/(PvQ)
+ 7,51 (@)T(P. )] oy (31)
As the first order expansion in €, one has,
S (p) = iZyy - p+Zym +Z(p). (32)

The above equation can be converted into coupled equa-
tions of A, (p?) and B, (p?), a unique solution can be found
because of its linearity.
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B. The meson BSE

We now turn to the BSE, Eq. (11). The BS amplitude
Iy (p, P) and the eigenvalue A(P?) of Eq. (11) depend on
the small parameter ¢, so they be expanded in the same way
as the quark propagator,

Ly (p.P) =Tyo(p, P) + €Dy (p. P) + O(e?),  (33)
A(P?) = A(P?) + €A (P?) + O(e?). (34)

Here the T'y0(p, P) and Ay(P?) are the results within the
dominant truncation. Inserting Egs. (18), (33), and (34) into
Eq. (11), one obtains

(Ao + €41)(Tago + €'apy)

- / (Ko + eK')(S{ + eS)(Tho + €Dyt ) (S5 + €57).
q

(35)

where S3, = So1(q £ P/2).
With the help of the zeroth order of BSE, the first ordered
BSE reads

AoTa1 — / KoSiTynS;
q

— / (K'S§Th0Sy + KoSTTaoSy + KoSgTaroST)
q
— 4 Tuo- (36)

Multiply S;T 0S¢ on the left and take trace for both sides
of Eq. (36), the left-hand side vanishes with the help of
conjugated BSE. The first order perturbation of eigenvalue is

1 _
N :A—/Tr{ / SyTh0Sg / (K'S§T 0S5
0 3 q

+ KoSiTaoSy + KOSgFMOS;)] ) (37)

No="Tr / S5 TaoSi Toro- (38)
4

All these elements are known from zeroth quark DSE,
meson BSE and the first order quark DSE. One can search
the meson mass my, so that A(P> = —m3,) = A9 + €, = 1.

However, a critical remedy of Eq. (37) is needed, if we
consider the case of the pion. As we know, the pion is the
Goldstone boson of chiral symmetry. It is massless in
the exact chiral limit m = 0. But the expansion Egs. (33)
and (34) cannot automatically preserve this property.
Additional constraints should be taken into consideration.
In the chiral limit, the eigenvalue of pion BSE satisfies the
same expansion as Eq. (34), and A*¢L(P? =0) =
JECL(P? =0) = 1 because of the dominant truncation

and full interaction both preserve chiral symmetry, the
superscript “CL” refers to “chiral limit.” Hence

0= Zl: e ArCL(P2 = (). (39)

Subtracting Eq. (39) from Eq. (34), the eigenvalue of
meson BSE can be expanded as

MP?) = 2g(P?) + eAR(P?) + O(€?), (40)
with
AF(P?) = L (P?) = 471 (0). (41)

This is our modified (and final) result concerning A. It is
obvious that the pion is massless at every order of € in the
chiral limit. Both of the A;(P?) and A¥°L(0) can be
calculated by Egs. (37) and (38).

IV. GO BEYOND THE RL TRUNCATION
PERTURBATIVELY IN DSE AND BSE

In this section we exemplify our perturbative approach
with a specific calculation of the pion and p meson by
going beyond the RL truncation. We consider the quark-
gluon vertex

Fu(p,q)=n+é/fgzD,m(f)ypS(p—zf’)nS(q—f)ym (42)

which is also diagrammatic represented as in Fig. 1. The

corresponding quark-antiquark interaction kernel is shown
in Fig. 2.

~- ==

FIG. 1. The quark gluon-vertex on the next leading order.
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FIG. 2. The quark-antiquark interaction kernel on the next
leading order.
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Apparently, the first terms on the right-hand side of
Figs. 1 and 2 constitute the RL truncation. It is known that
the RL truncation dominates in the case of pion and p, so
we take it as the leading term, with the rest terms as
perturbations.

In this section, we employ the Munczek-Nemirovsky
(MN) model [51] to illustrate how to use the perturbative
method, and analysis the numerical results. The MN model
for the effective interaction is

G(k) = G(2r)*5*(k), (43)
where G = 0.281 GeV? in this work, and we use current
quark mass m = 0.012 GeV [35]. It has the dynamical
mass generation effect built in by imposing a strong
interaction strength. In terms of ground 7 and p masses,
the availability of MN model has been tested [35].
However, it is worth to stress that the MN model is a
much simplified model. The delta function implies zero
momentum exchange between quarks, which precludes
explicit gauge sector interactions, such as the three-gluon
vertex effects. In mesons where non-Abelian interactions
are important, finding the appropriate dominant contribu-
tion becomes an important task.

Given Eq. (43), the zeroth ordered quark DSE then reads

561(17) = iY'p+m+G}'uS0(p)7w (44)
Note the renormalization constants Z, =1 and Z,, =1
because of the effective interaction is strongly suppressed
in the ultraviolet. One can derive the coupled equations for
Ay(p*) and By(p?) as

Ao(P?)
Ao(p?) =1+2G , (45)
’ P*Aj(p?) + Bj(p?)
By(p?)
By(p?) =m +4G (46)
’ p*A3(p*) + B3(p?)
They have several unphysical solutions, e.g., the mass

function of some solutions are negative. The physical
solution is displayed as Aj, By in Fig. 3, for which we
constrain the mass function to be positive definite and
Agp(o0) =1, By(o0) = m. The B, function has an evident
rapid enhancement in the infrared region, as well as for the
mass function M (p?) = By(p?)/Ao(p?), which is a clear
sign of the dynamical chiral symmetry breaking.

The quark-antiquark interaction kernel is illustrated in
Fig. 2: the first term is the ladder approximation, and
the second line is regarded as the first order in e. The
homogeneous BSE of meson in the ladder approximation
with MN model is

Cyo(p, P) = =Gr,So(p)Tmo(p: P)So(p-)r,-  (47)

The 6 function in the effective interaction entails that the
bound state have zero relative momentum, so the BSA is
relative momentum independent.

For numerical convenience, we introduce projector of
Dirac-Lorentz structures, ij (P), so that

Tt[T', (P)T),(P)] = 6;;. (48)
For J¥ = 0~ meson,
Ty = irs, TG = Prs. (49)
=T Ty =-gmPrs (50
4 4p
and for J® = 1~ meson,
T}’_‘_yﬂ—%, T =0,P, (51)
=t (yﬂ J%), L TN C)
The general structure of z and p meson are
2
P) =) Ti Fy(P?), (53)
i1
for pion, and
2
TolP) = 2 THEFof (54)

for p meson.

Inserting Eq. (53) into Eq. (47), multiply 7% and take
trace on both sides, one can write the pion BSE as an
eigenvalue equation,

p? (GeV) p? (GeV)

FIG. 3. The scalar functions of quark propagator as function of
p? in three cases: rainbow truncation Ay (B,), perturbative results
up to the first order, Ay + A,(By+ B;) and nonperturbative
results A(B).
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F! K&y Kg F!
FITO ICOQI ICOZZ FIZO

with
K11 = G(4og050 — P20yo070). (56)
K§12 = =2GP* (6,05, + 07005 (57)
621 = —G(oy050 + 0y4050)- (58)
Ky, = G(Pay0v — 26300%)- (59)

where a7 5 = ovo.s0(P?/4)-

The eigenvalue and eigenvector of Kfj can be calculated
straightforwardly. The eigenvalues of 7 and p BSEs varying
with M = v/—P? are displayed as 1, and Ay0 in Fig. 4. We
obtain M, = 0.140 GeV and M, = 0.767 GeV.

Using the solutions of leading order, we calculate the
first order of quark propagator S; with Eq. (32), and display
the numerical results in Fig. 3. We can see from Fig. 3 that
the first order correction for quark propagator is small as
compared to A, and B,. We remind this justifies our
assumption on the beyond RL truncation term as a
perturbation. To check our calculation further, we also
calculated the full result, which is denoted by unlabeled A
and B functions. These full results are obtained by aligning
the DS Eq. (1) and BS Eq. (7) with full vertex Eq. (42) and
kernel K displayed in Fig. 2. This is usually computational
expensive but much simplified with MN model. From
Fig. 3, we see our perturbative technique gives results close
to the full results, i.e., A +A; ~# A and By + B; = B.

We further calculate the first order correction of eigen-
value for both 7 and p mesons using Eq. (37), which consist
of two terms. Given the Sj, S;, and I';;0 we have, the
calculation is straightforward. In Fig. 4, we display

77 ! 77
1.005 F < E—Y .
= Ao Y 12 00 1R G
Ano+Ay /f/ j\\p0+Ap1 s
- A - 4 /e
— AZ 7 = A=t S
1.000 Vi 1.0 o
/; o
e
,"/l S
Z a
4 08 // 4
0.995 & 1 i
,’ ’/ “
& S
7 0.6 e
P -
0.990 P L===" 7
S -
e s
. . . 04 . . . . .
0.05 0.10 0.15 02 04 06 08 10
M (GeV) M (GeV)

(a)The eigenvalues of m meson in (b)The eigenvalues of p meson
three cases. in three cases.

FIG. 4. The eigenvalues in three cases: 4, , is the zeroth order
case, A0 + A5, 1 is the correction up to the first order case, and
Az 1s the nonperturbative results beyond RL truncation.

eigenvalues for three cases, i.e., the RL results
Amos (M = =, p), the perturbative results up to the first
order Ay + AR |, and the full results 4,,. Again, the 4, is
obtained by fully solving the DSE and BSE with the full
interaction. In the Fig. 4(a), we can see that the pion obtains
a positive mass correction, the perturbative result is highly
quantitatively coincidence with the full result. The results
of the p meson can be seen in Fig. 4(b). The first order
correction is positive, which agrees with the full result
semiquantitatively. To conclude, we find that our pertur-
bative method gives a semiqualitatively consistent correc-
tion for the meson mass beyond RL truncation. It is
convenient to use. For interaction kernels that are
too complicated to compute, this may provide a first
possible estimate over the mass shift beyond dominant
truncation.

V. SUMMARY

We propose a novel method to calculate the mass
correction beyond dominant truncation in the framework
of meson Bethe-Salpeter equation together with quark
Dyson-Schwinger equation. Based on the zeroth approxi-
mation, all the elements, such as dressed quark propagator,
dressed quark-gluon vertex, meson BSA and quark-
antiquark interaction kernel, are expanded up to the first
order of e. Thereafter, the equation of the first order
perturbative quark propagator is derived, a unique solution
can be found due to its linearity. According to the
perturbative theory of matrix, the first order correction
of the eigenvalue of the BSE is derived. For the special case
of pion, we rearrange the expansion of the A(e) so that the
pion is massless at every order in the chiral limit, respecting
the pion’s Goldstone boson nature.

Employing Munczek-Nemirovsky model, we calculate
the dressed propagator, 7 and p meson mass beyond RL
truncation with our method. Our perturbatively obtained
results are all in semiquantitative agreement with the full
solutions. Our method can therefore be used to give a quick
estimate of meson mass beyond RL truncation. Meanwhile,
itis a general method, which potentially allows the analysis
of meson BSE with complicated interaction kernels if the
dominant part are specified. We remind that although the
RL truncation is dominant in ground state pseudoscalar and
vector mesons, even the ground state baryon, in other cases
it is not and the RL is not representative of QCD-like
truncations. In that case treating the rival interaction terms
perturbatively would allow a qualitative and preliminary
estimate of the mass shift.

Finally, our method can be generalized to the baryon
study, since the three-body bound state equation, i.e., the
Faddeev equation, can also be converted into an eigenvalue
problem of matrix. We note that beyond-RL truncation
studies on baryon within a genuine three-body approach
has been pioneered by Refs. [52-54].
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