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Pion electro- and photoproduction off the nucleon close to threshold is studied in covariant baryon chiral
perturbation theory at Oðp3Þ in the extended-on-mass-shell scheme, with the explicit inclusion of the
Δð1232Þ resonance. The relevant low energy constants are fixed by fitting the available experimental data
with the theoretical model. The inclusion of the Δ resonance as an explicit degree of freedom substantially
improves the agreement with data and the convergence of the model.
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I. INTRODUCTION

Since the first experiments in the early 1950s [1], little
after pion discovery, electromagnetic pion production on
nucleons has been a very important source of information
about the nucleon-pion interaction, being also crucial in our
knowledge of several baryonic resonances. Here, we focus
on this process near the threshold region, where there is a
well founded theoretical framework to analyse it, namely,
chiral perturbation theory (ChPT), the low energy effective
field theory based on the approximate chiral symmetry of
quantum chromodynamics. Early theoretical efforts
described electromagnetic pion production by means of
some low-energy-theorems (LET) [2] that were later
extended using the partial conservation of the axial current
(PCAC) and current algebra techniques [3,4]. While the
LET results agreed well with the early charged pion
photoproduction data [5–7], they could not explain the
neutral pion photoproduction on protons close to threshold.
In particular, there was a clear disagreement for the s-wave
electric dipole amplitude E0þ [8–10]. These discrepancies
were first solved in the framework of ChPT [11]. At the
lowest order, ChPT simply reproduces the LET results.
However, higher order contributions from chiral pion loops
were found to lead to sizeable corrections and to an
improvement of the agreement with the available data.
Nevertheless, ChPT with baryons, such as it was used in

Ref. [11], was known to lack a systematic power-counting

[12]. This consistency problem was resolved by the
heavy-baryon ChPT (HBChPT) approach introduced in
Refs. [13,14] although at the expense of losing Lorentz
covariance. Later, a proper power-countingwas also obtained
in relativistic formulations of ChPTwith the development of
novel schemes, like the infrared regularization (IR) [15] and
the extended on-mass-shell (EOMS) formulation [16].
Subsequently, there has been extensive work using the

HBChPT framework. All the charge channels for pion
electro- and photoproduction have been studied [17–27]
obtaining an overall good agreement with data and sup-
porting the findings of Ref. [11]. However, the continuous
improvement of the quality and quantity of the experi-
mental data unveiled some new problems. For instance,
data for electroproduction at low Q2 [28–30] were difficult
to reproduce in HBChPT [30–32]. An Oðq4Þ EOMS
calculation [33] reached a good global agreement and
fared better describing these low Q2 data.
Other serious difficulties arose from the π0 photoproduc-

tion cross section and polarized photon beam-asymmetry
measurements of the MAMI A2/CB-TAPS experiment [34].
For this channel, both the covariant EOMS [35] aswell as the
HBChPT [36] approaches failed to reproduce the strong
energy dependence of data even at Oðq4Þ. They obtained a
reasonable agreement with experiment only up to a mere
20 MeV above threshold. However, the chiral convergence
and the concordance with data of covariant ChPT improved
significantly with the incorporation, as an explicit degree of
freedom, of the lowest lying resonance Δð1232Þ [37,38].1
Indeed, itwaswell knownphenomenologically thatΔð1232Þ*gusguena@ific.uv.es
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1The possible importance of the Δð1232Þ mechanisms was
before suggested by Hemmert et al. [39] and later in Refs. [34,36].
The Δ role in π0 photoproduction has been also investigated in
HBChPT showing a rather important contribution [40].
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mechanisms were dominant in the π0 photoproduction cross
section, (see, e.g., Ref. [41]). Actually, the explicit inclusion
ofΔð1232Þ leads to a better agreement, and for awider range
of energies, atOðq3Þ than other calculations, even atOðq4Þ,
with only nucleon and pion degrees of freedom.2

Later, the same approach ofRefs. [37,38], EOMSatOðq3Þ
and with explicit Δ, was applied to investigate charged pion
photoproduction in Ref. [42]. It achieved results consistent
with data up to Eγ ¼ 215 MeV, about 70 MeV above
threshold, for all observables. Furthermore, many other
processes have been investigated in this same framework.
For instance, this approach obtained a good overall repro-
duction of data and a fast convergence of the chiral series for
Compton [43–45] and πN scattering [46,47], weak pion
production [48,49], axial charges and form factors [50,51],
electromagnetic form factors [52,53] or baryon masses [54].
Our aim in this work is to make a comprehensive

analysis within the aforementioned framework of the
electromagnetic pion production off nucleons. This study
represents an extension of Ref. [42] that considered only
the photoproduction case. The inclusion of electroproduc-
tion allows for the exploration of the interaction of nucleons
with virtual photons, and therefore to investigate some
additional pieces of the chiral Lagrangian. This examina-
tion of the vector couplings of the nucleons might reduce
the large uncertainties that currently hinder our efforts to
provide a theoretically well founded prediction of the
neutrino induced pion production [48,49], a very important
process in many of the neutrino experiments.
Furthermore, we will incorporate some recent data for

photoproduction of neutral [55] and charged pions [56],
and will consider explicit isospin breaking in the loop
calculations. This latter point considerably improves the
agreement with data at low energies.

II. FORMALISM AND THEORETICAL MODEL

We present here the basic formalism, our conventions
and the studied observables for the pion electroproduction
process depicted in Fig. 1. Other definitions useful for the
analysis of the photoproduction channel can be found
in Ref. [42].

A. Kinematics

The scattering amplitude T for the electroproduction of
pions on nucleons, e−ðkiÞþNðpÞ→e−ðkfÞþN0ðp0ÞþπðqÞ,
can be written in the one-photon exchange approximation as

T ¼ e
k2

ūðsf; kfÞγμuðki; siÞMμ; ð1Þ

where

Mμ ¼ −iehN0; πjJμjNi ð2Þ
is the electromagnetic matrix element between the hadronic
states, which includes all the strong interaction dependence.
Here, ki;f ¼ ðEi;f; k⃗i;fÞ are the incoming and outgoing
electron momenta, si and sf are their spins, k ¼ ki − kf
and p are the incoming virtual-photon and nucleon
momenta, while q and p0 are the outgoing pion and nucleon
momenta, respectively.
We also use the Mandelstam variables, defined as the

invariants s ¼ ðpþ kÞ2 ¼ ðp0 þ qÞ2, u ¼ ðp − qÞ2 ¼
ðp0 − kÞ2, and t ¼ ðp − p0Þ2 ¼ ðq − kÞ2. They satisfy the
equation sþ tþ u ¼ 2m2

N þM2
π −Q2, where mN and Mπ

are the nucleon and pion physical masses respectively and
Q2 ¼ −k2. Moreover, we use the angle between the outgoing
pion and the incoming virtual-photon, θπ ¼ cos−1ðq̂ · k̂Þ, and
ϕπ defined as the angle between the scattering and the reaction
planes given by k̂i × k̂f and k̂ × q̂ respectively.
For practical purposes, it is convenient to work in the

final π − N center of mass frame. There, we have p⃗� ¼ −k⃗�

for the initial nucleon and the virtual photon and p⃗0� ¼ −q⃗�
for final nucleon and pion. Also,

E�
γ ¼

1

2
ffiffiffi
s

p ðs −m2
N −Q2Þ;

E�
π ¼

1

2
ffiffiffi
s

p ðsþM2
π −m2

NÞ;

E�
p ¼ 1

2
ffiffiffi
s

p ðsþm2
N þQ2Þ;

E�
p0 ¼ 1

2
ffiffiffi
s

p ðsþm2
N −M2

πÞ;

jk⃗�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�
γ
2 þQ2

q
;

jq⃗�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�
π
2 −M2

π

q
;

jp⃗�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�
p
2 −m2

N

q
;

jp⃗0�j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E�
p0
2 −m2

N

q
: ð3Þ

FIG. 1. Pion electroproduction on nucleons.

2The inclusion of Δ requires a modification of the power-
counting scheme, due to the emergence of a new small parameter,
δ ¼ mΔ −mN ≈ 300 MeV, in the Δ propagator for the scattering
amplitudes.
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From here on, except when explicitly otherwise indicated,
all the four-vector components appearing in the formulas
will correspond to the π − N center of mass frame, though
omitting the asterisk symbol.
The scattering amplitude, T , can be written in terms of

the Chew-Goldberger-Low-Nambu (CGLN) basis, F i
[57,58],

T ¼ ϵμMμ ¼ 4π
W
mN

χ†fFχi; ð4Þ

where ϵμ ¼ e=k2ūðpf; sfÞγμuðpi; siÞ is the virtual photon
polarization vector, χi and χf denote the initial and final
Pauli spinors, W ¼ ffiffiffi

s
p

is the invariant energy and the
matrix F is written as

F ¼ iτ⃗ · a⃗⊥F 1 þ
τ⃗ · q⃗ τ⃗ ·k⃗ × a⃗⊥

jq⃗jjk⃗j
F 2 þ

iτ⃗ · k⃗ q⃗ ·a⃗⊥
jq⃗jjk⃗j

F 3

þ iτ⃗ · q⃗ q⃗ ·a⃗⊥
jq⃗j2 F 4 þ

iτ⃗ · k⃗ k⃗ ·a⃗k
jk⃗j2

F 5 þ
iτ⃗ · q⃗ k⃗ ·a⃗k
jq⃗jjk⃗j

F 6:

ð5Þ

Here, τ⃗ ¼ ðτ1; τ2; τ3Þ are the Pauli matrices. The different
contributions, transverse or parallel to the transferred
momentum k⃗, are split with the help of the a⃗⊥ and a⃗k
vector components. The four-vector aμ is defined such that
its time component is zero, by [59]

aμ ¼ ϵμ − kμ
ϵ0
Eγ

¼ ϵμ − kμ
k⃗ · ϵ⃗
E2
γ
; ð6Þ

where the Lorentz condition, kμϵμ ¼ 0, has been used and

a⃗ ¼ a⃗k þ a⃗⊥; ð7Þ

a⃗k ¼ a⃗ · k̂ k̂ ¼ k2

E2
γ
ϵ⃗ · k̂ k̂; ð8Þ

a⃗⊥ ¼ a⃗ − a⃗k ¼ ϵ⃗ − ϵ⃗ · k̂ k̂ ¼ ϵ⃗⊥: ð9Þ

B. Observables

For an electroproduction experiment, the differential
cross section can be written as [10]

dσ
dΩfdEfdΩπ

¼ Γ
dσv
dΩπ

; ð10Þ

where the flux of the virtual photon field is

Γ ¼ α

2π2
Ef

Ei

klabγ

Q2

1

1 − ε
; ð11Þ

klabγ ¼ ðW2 −m2
NÞ=2mN is the equivalent photon energy in

the laboratory frame, α ¼ e2=4π ∼ 1=137,

ε ¼
�
1þ 2jk⃗j2

Q2
tan2

Θe

2

�−1

ð12Þ

is the transverse polarization of the virtual photon [60,61]
with Θe the electron scattering angle. The parameter ε is an
invariant under collinear transformations, i.e., k⃗ and Θe
may be both expressed in the lab. or in the c.m. frame. The
virtual photon differential cross section, dσv=dΩπ, for an
unpolarized target and without recoil polarization can be
cast in the form [10,33]3

dσv
dΩπ

¼ dσT
dΩπ

þ ε
dσL
dΩπ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1þ εÞ

p dσLT
dΩπ

cosϕπ

þ ε
dσTT
dΩπ

cos 2ϕπ þ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞ

p dσLT0

dΩπ
sinϕπ;

ð13Þ

where h indicates the electron helicity, the subscripts refer
to the transverse, T, and longitudinal, L, components. The
two first terms are independent of the azimuthal angle ϕπ .
The ϕπ dependence is explicit and is decomposed in the LT
and LT 0 pieces, related to the transverse-longitudinal
interference, and the transverse-transverse term, TT, which
is proportional to sin 2ϕπ . The different components of
Eq. (13), can be given in terms of the diverse longitudinal
and transverse response functions [33],

dσT
dΩπ

¼ ρ0RT;

dσL
dΩπ

¼ ρ0
Q2

E2
γ
RL;

dσLT
dΩπ

¼ ρ0
Q
jEγj

RLT;

dσTT
dΩπ

¼ ρ0RTT;

dσLT 0

dΩπ
¼ ρ0

Q
jEγj

RLT 0 : ð14Þ

Here, the phase space factor ρ0 ¼ jq⃗j=kcmγ with kcmγ ¼
klabγ mN=W. Finally, the response functions, in terms of the
CGLN basis, are given by [61]

3A slightly different notation in terms of the longitudinal
polarization, εL ¼ ðQ2=E2

γ Þε, is used in Ref. [10].
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RT ¼ jF 1j2 þ jF 2j2 þ
sin2θπ
2

ðjF 3j2 þ jF 4j2Þ
þRefsin2θπðF �

2F 3 þ F �
1F 4 þ cos θπF �

3F 4Þ
− 2 cos θπF �

1F 2g;
RL ¼ RefjF 5j5 þ jF 6j2 þ 2 cos θπF �

5F 6g;
RLT ¼ sin θπRef−F �

2F 5 − F �
3F 5 − F �

1F 6 − F �
4F 6

− cos θπðF �
4F 5 þ F �

3F 6Þg;

RTT ¼ 1

2
sin2θπfjF 3j2 þ jF 4j2g

þ sin2θπRefF �
2F 3 þ F �

1F 4 þ cos θπF �
3F 4g;

RLT 0 ¼ − sin θπImfF �
2F 5 þ F �

3F 5 þ F �
1F 6 þ F �

4F 6

þ cos θπðF �
4F 5 þ F �

3F 6Þg: ð15Þ

Most of the experimental data correspond to some of the
terms appearing in Eq. (13). Additionally, an observable
proportional to dσLT 0=dΩπ has been measured [32],

ALT0 ¼ σþ − σ−

σþ þ σ−
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2εð1 − εÞp

dσLT 0

dσT þ εdσL − εdσTT
; ð16Þ

where σþ and σ− are the differential cross sections for ϕπ ¼
90° with beam polarization parallel and antiparallel to the
beam direction, respectively.

C. Theoretical model for electroproduction

We analyze the electromagnetic pion production process
close to threshold using ChPT up through order Oðp3Þ.
Here, p is a small parameter controlling the chiral expan-
sion such as the pion mass, M, or qðkÞ the pion(photon)
momentum. In particular, we consider the low order chiral
Lagrangian terms for nucleon,Δð1232Þ, pions and photons.
For our calculation the following set of Lagrangian pieces
is required

Leff ¼
X2
i¼1

Lð2iÞ
ππ þ

X3
j¼1

LðjÞ
N þ Lð1Þ

ΔNπ þ Lð2Þ
ΔNγ: ð17Þ

The superscripts indicate the chiral order. In the evaluation
of the hadron electromagnetic current for the process
γ�N → πN0, Mμ, the chiral order for a Feynman diagram
with L loops, VðkÞ vertices of order k, nπ internal pions, nN
nucleon and nΔ Δð1232Þ propagators, is given by

D ¼ 4L
X∞
k¼1

kVk − 2nπ − nN −
1

2
nΔ: ð18Þ

Here, keeping consistency with our previous work on
photoproduction [42], we use the δ power counting rule

[62] for which a Δ-propagator contributes atOðp1=2Þ in the
chiral expansions.4

1. Nucleon and pion degrees of freedom

The relevant Lagrangian terms in the mesonic sector
are [12]

Lð2Þ
ππ ¼ F2

4
Tr½∇μUð∇μUÞ† þ χU† þ Uχ†�; ð19Þ

LGSSð4Þ
ππ ¼ l3 þ l4

16
Tr½χU† þ Uχ†�2

þ l4
8
Tr½∇μU½∇μU�†�Tr½χU† þ Uχ†�

þ i
l6
2
Tr½FRμν∇μUð∇νUÞ†

þ FLμνð∇μUÞ†∇νU� þ � � � ; ð20Þ
where the ellipsis indicates terms that are not needed in the
calculation. Pions are represented by the matrix function

U ¼ exp

�
i
τ⃗ · π⃗
F

�
; τ⃗ · π⃗ ¼

�
π0

ffiffiffi
2

p
πþffiffiffi

2
p

π− −π0

�
; ð21Þ

with πi the cartesian pion fields, F is the chiral limit of the
pion decay constant Fπ , Tr½…� indicates the trace of the
resulting matrix in the isospin space, ∇μU ¼ ∂μU −
irμU þ iUlμ is the covariant derivative for the pion, lμ
and rμ are left- and right-handed external fields. For the
electromagnetic case rμ ¼ lμ ¼ eQAμ with e the electron
charge, Q ¼ 1

2
ðτ3 þ 12×2Þ the charge matrix and Aμ the

photon field. Moreover, the matrix χ ¼ M212×2 accounts
for the explicit chiral symmetry breaking that leads to the
pion mass. Finally,

F�
μν ¼ u†FRμνu� uFLμνu†; ð22Þ
Fμν ¼ eQð∂μAν − ∂νAμÞ; ð23Þ

FRμν ¼ FLμν ¼ Fμν: ð24Þ
For the nucleonic sector, the contributing Lagrangian

terms are given by [63]

Lð1Þ
N ¼ N̄

�
i=D −mþ g

2
=uγ5

�
N; ð25Þ

Lð2Þ
N ¼ N̄

�
c1Tr½χþ� þ

c6
8mN

Fþ
μνσ

μν þ c7
8mN

Tr½Fþ
μν�σμν

�
N

þ � � � ; ð26Þ

4The δ counting is appropriate at low energies. There, we have
the energy ω ∼mπ ≪ δ ≪ 4πFπ, and to keep this hierarchy one
takes δ2 ∼mπ .
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Lð3Þ
N ¼ d6N̄

�
1

2mN
i½Dμ; F̃þ

μν�Dν þ H:c:

�
N þ d7N̄

�
1

2mN
i½Dμ;Tr½Fþ

μν��Dν þ H:c:

�
N

þ d8N̄

�
1

2mN
iϵμναβTr½F̃þ

μνuα�Dβ þ H:c:

�
N þ d9N̄

�
1

2mN
iϵμναβTr½Fþ

μν�uαDβ þ H:c:

�
N

þ d16N̄

�
1

2
γμγ5Tr½χþ�uμ

�
N þ d18N̄

�
1

2
iγμγ5½Dμ; χ−�

�
N þ d20N̄

�
−

1

8m2
N
iγμγ5½F̃þ

μν; uλ�Dλν þ H:c:

�
N

þ d21N̄
�
1

2
iγμγ5½F̃þ

μν; uν�
�
N þ d22N̄

�
1

2
γμγ5½Dν; F−

μν�
�
N þ � � � ; ð27Þ

whereN ¼ ðp; nÞT is the nucleon isospin doublet with mass
m and axial charge g, both in the chiral limit. The covariant
derivative operator for the nucleon field is given by Dμ ¼∂μ þ Γμ with Γμ ¼ 1

2
½u†; ∂μu� − i

2
u†rμu − i

2
ulμu†. More-

over,

uμ ¼ iu†∇μUu†; ð28Þ

u ¼ U1=2; ð29Þ

χ� ¼ M2ðU† �UÞ; ð30Þ

σμν ¼ i
2
½γμ; γν�; ð31Þ

F̃þ
μν ¼ Fþ

μν −
1

2
Tr½Fþ

μν�; ð32Þ

Dμν ¼ fDμ; Dνg: ð33Þ

Considering the hitherto presented terms, with only nucleon,
pion and photon degrees of freedom, we generate the tree
level contributions for the γ�N → πN0 reaction represented
by the Feynman diagrams in Fig. 2. The explicit expressions

for the associated amplitudes are given in the Appendix,
Sec. A 2.
There are many one-loop diagrams contributing at

Oðp3Þ. The generating topologies are depicted in Fig. 3.
The amplitudes have been computed with the help of
Mathematica and the FEYNCALC package [64,65]. The
explicit expressions can be obtained from the authors upon
request. The UV divergences from the one-loop ampli-
tudes, are subtracted in the modified minimal subtraction
scheme (MS − 1 or gMS).5 We take the renormalization
scale μ ¼ mN , the nucleon mass.
As mentioned before, loop diagrams with internal

nucleon propagators can give rise to analytical terms of
orders below the nominal one, Eq. (18). We follow the
EOMSprocedure to restore the power counting.Namely, the
power counting breaking terms (PCBT) are proportional to
lower order tree-level amplitudes and in consequence can be
subtracted by finite shifts of the appropriate LECs, in our
case those at Oðp1Þ and Oðp2Þ. Thus, after the UV
renormalization, we apply the following substitution

(a)

(f)(e)

(g)

(b) (c) (d)

FIG. 2. Tree level diagrams for the pion electroproduction process: (a) contact term, (b)–(d) including propagators in the chiral limit
and (e)–(g) including a mass correction in the propagator. Numbers inside the circles indicate the chiral order of the vertex and crossed
circles stand for vertices with an incoming photon.

5In this scheme, multiples of γE − 1=ϵUV − logð4πÞ − 1 are
subtracted, where ϵUV ¼ ð4 − dÞ=2, with d the space-time
dimension, and γE the Euler-Mascheroni constant.
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X ¼ X̃ þ mβ̃X
16π2F2

; ð34Þ

where X ∈ fm; g; c1; c6; c7g are the shifted LECs, X̃ the
corresponding EOMS parameters, and β̃X are the propor-
tionality constants needed to generate the terms that cancel
the PCBT.Their values are shown in theAppendix, Sec.A 3.
Additionally, there are diagrams with loop insertions in

the external legs that are not shown in Fig. 3. Their contri-
bution is considered systematically via the Lehmann-
Symanzik-Zimmermann reduction formula [66],

Mμ ¼
ffiffiffiffiffiffi
Zπ

p
ZNM̂

μ; ð35Þ
where M̂μ is the so-called amputated amplitude as obtained
from Figs. 2-3, and the missing pieces are encoded in the
wave function renormalization for the nucleons ZN and
pion Zπ . Their explicit expressions are given in the
Appendix, Sec. A 4.

2. Contribution of the Δð1232Þ resonance
The only mechanisms involving the Δ resonance and

contributing to γ�N → πN0 up to Oðp3Þ are shown in

Fig. 4. Loop diagrams with a Δ propagator start atOðp7=2Þ,
beyond our current scope. The relevant Lagrangian terms
are [38,67]

Lð1Þ
ΔNπ ¼

ihA
2FmΔ

N̄Taγμνλð∂μΔνÞ∂λπ
a þ H:c:; ð36Þ

Lð2Þ
ΔNγ ¼

3iegM
2mðmþmΔÞ

N̄T3ð∂μΔνÞf̃μν þ H:c:; ð37Þ

with hA that can be fixed from the strong Δ → πN decay,
and gM from the electromagnetic one, Δ → γN. Also,
γμνλ ¼ 1

4
f½γμ; γν�; γλg and f̃μν ¼ 1

2
ϵμναβð∂αAβ − ∂βAαÞ.

TheΔð1232Þ isospin multiplet is given byΔν ¼ ðΔþþ
ν ;Δþ

ν ;
Δ0

ν;Δ−
ν ÞT and the isospin transition matrices Ta can be

found in Ref. [68].

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 3. One loop topologies for pion electroproduction from which Feynman diagrams are generated. Solid lines are nucleons, dashed
lines are pions. Crossed circles indicate where a virtual photon can be inserted. The topologies that lead to loop corrections in the
external pion and nucleon legs are not shown because they are taken into account by the wave function renormalization.

(a) (b)

FIG. 4. Feynman diagrams including the contribution of the Δ
resonance to pion electroproduction. Numbers indicate the chiral
order of the vertex.

TABLE I. Values of the LECs determined from other processes.

LEC Value Source

Lð2Þ
N

c̃6 5.07� 0.15 μp and μn [48,71,78]
c̃7 −2.68� 0.08 μp and μn [49,71,78]

Lð3Þ
N

d6 −0.70 GeV−2 N EM Form factor [79]
d7 −0.49 GeV−2 N EM Form factor [79]
d18 −0.02� 0.08 GeV−2 πN scattering [46]

Lð4Þ
ππ

l6 ð−1.34� 0.12Þ × 10−2 hr2iπ [48]

Lð1Þ
ΔNπ

hA 2.87� 0.03 Γstrong
Δ [80]

Lð2Þ
ΔNγ

gM 3.16� 0.16 ΓEM
Δ [44]
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3. Isospin symmetry treatment

As it is obvious from our choice of the Lagrangian, the
vertices are calculated in the isospin symmetric limit
(mu ¼ md). However, the physical masses of pions and
nucleons are used in the evaluation of the loops. Formally,
in our Oðp3Þ calculation, this amounts to a higher order
correction. Nonetheless, it allows to properly reproduce the
cusp, due to the different thresholds for the two charge
channels, clearly visible in the E0þ multipole for the γp →
π0p reaction [20]. In general, it should lead to some visible
changes very close to threshold, where the isospin mass
splittings could be relevant, while producing only small
numerical changes at higher energies.

D. Low-energy-constants and fitting procedure

Many of the LECs appearing in the Lagrangian have
been obtained from the study of other processes or physical

quantities.6 In the lowest order Lagrangian, Lð1Þ
N , the chiral

quantities g̃, F, m̃ and M are expressed in terms of their
corresponding physical values, see Appendix, Sec. A 5. For
the leading order Lagrangian and the rest of physical
quantities we take Fπ ¼ 92.42 MeV, gA ¼ 1.27, mΔ ¼
1232 MeV and e2 ¼ 4π=137.
In this work, we compare our model with the exper-

imental database and minimize the χ2, taking as fitting
parameters the remaining free LECs. In particular, the
combination fd8 þ d9g that appears exclusively in the π0p
channel, and the set fd9; d20; d21; d22g contributing to the
charged pion channels, as shown in Appendix, Sec. A 2. In
Ref. [42], d22, related to the nucleon axial radius, was fixed
from a fit to lattice data at unphysical pion masses [51].
However, the quoted error bars might be underestimated7

and we prefer to fix it independently. Furthermore, in the
previous studies of pion photoproduction, its value could
not be well assessed because, at Q2 ¼ 0, its contribution is
fully correlated to that of d21. Thus, the inclusion of
electroproduction in the current analysis could lead to a
more reliable determination of this parameter.

E. Estimation of the observable uncertainties

We consider two error sources in our calculation of the
observables. One comes from the statistical error in the
LECs due to the error bars in the experimental data. We
propagate the error bars in the fitting LECs to an associated
error, δOLECs, for any observable O through the relation,

δOLECs ¼
�X

i;j

½Corrðxi; xjÞ�
∂Oðx̄iÞ
∂xi δxi

∂Oðx̄jÞ
∂xj δxj

�
1=2

;

ð38Þ

where Corrðxi; xjÞ indicates the ði; jÞth element of the
correlation matrix, giving the estimated correlation among
the xi and xj LECs. Moreover x̄i, δxi refers to the mean and
the error values obtained from the fit for any LEC xi.
In addition, another source of error is the systematical

error of the theory due to the truncation of the chiral series
expansion at a given OðpnÞ. We use the method of

Refs. [69,70], namely, for an order n calculation, OðnÞ
Th ,

we estimate this systematical error as

δOðnÞ
Th ¼ maxðjOðnLOÞjBn−nLOþ1; fjOðkÞ −OðlÞjBn−lgÞ;

nLO ≤ l ≤ k ≤ n: ð39Þ

We take B ¼ mπ=Λb and Λb the breakdown scale of the
chiral expansion, Λb ¼ 4πFπ ∼ 1 GeV as in Ref. [51]. In
the present work we have nLO ¼ 1 as the lowest order and
the upper order is n ¼ 3.

F. Experimental database

We compare our model to the available experimental data
with somekinematical limits to ensure small externalmomenta
while staying well below the Δð1232Þ resonance peak. Thus,
we have taken the invariant energy of the πN system ranging
from threshold up to 1130 MeV. Furthermore, from the study
of the nucleon electromagnetic form factors [71,72] it is known
that a good description beyond Q2 ∼ 0.2 GeV2 requires the
inclusion of vector mesons in the model. Therefore, we have
selected data with transfer momentum, Q2 < 0.15 GeV2. In
particular, the case for Q2 ¼ 0 corresponds to pion photo-
production. We expect the Oðp3Þ ChPT calculation with
explicit Δ’s to be well suited for the description of the
phenomenology in this kinematical region.

TABLE II. Fit results for the LECs. The coupling gM is dimensionless and di in units of GeV−2.

d8 þ d9 d8 − d9 d20 d21 d22 gM χ2=dof χ2γ=dof χ2e=dof

Full model 1.12� 0.01 0.63� 0.15 −0.29� 0.09 1.64� 0.06 0.95� 0.13 2.90� 0.01 2.7 1.7 5.1
Δ-less 3.44� 0.01 4.75� 0.18 −3.01� 0.09 4.50� 0.06 0.45� 0.12 - 13.2 16.8 4.4

6Note that the LECs in Table I were obtained within the same
framework used here, in a full Oðp3Þ calculation in the EOMS
scheme and, when appropriate, with explicit Δ using the δ-
counting.

7See Fig. 4 of Ref. [51], to fully appreciate the uncertainties of
that fit.
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1. Electroproduction

The largest amount of data corresponds to the γ�p →
π0p channel. Specifically, from the late nineties, we include
data for the virtual angular cross section dσv=dΩπ at
Q2 ¼ 0.1 GeV2, obtained by the Amsterdam Pulse
Stretcher facility [73], and data from MAMI [28] for the
observables dσTT=dΩπ , dσTL=dΩπ and the combination
ðdσT=dΩπ þ εdσL=dΩπÞ. Later, very precise energy
dependence data has been obtained at Q2 ¼ 0.05 GeV2

in Mainz [32] for the observables dσTT=dΩπ, dσTL=dΩπ ,
ðdσT=dΩπ þ εdσL=dΩπÞ and the asymmetry ATLP0. More
recently, data for dσTL=dΩπ and ðdσT=dΩπ þ εdσL=dΩπÞ
were published for additional Q2 values [30].
There are far less data for the pion charged channel

γ�p → πþn. Nonetheless, they are crucial to determine
LECs like d20 and d21. We consider data on dσT=dΩπ ,

dσL=dΩπ, dσTL=dΩπ and the total dσv=dΩπ at a fixed
Q2 ¼ 0.117 GeV2 measured at Mainz [74]. Later, the
experiment was extended to other Q2 values for
dσT=dΩπ , dσL=dΩπ and dσv=dΩπ [75,76], and more
recently to lower energies [77].

2. Photoproduction

We extend the database used in Ref. [42] with the
inclusion of some recent data. For the γp → π0p
channel, we have added the measurements on transverse
polarized protons from Ref. [55]. They correspond to
the observable Tdσ=dΩπ [55], where T is the target
asymmetry and dσ=dΩπ the differential cross section
[42]. We have also included the total cross section results
for the threshold photoproduction on the neutron
from Ref. [56].

FIG. 5. Angular distribution of the virtual cross section dσv=dΩπ at different angles and energies, transfer momentum Q2 ¼
0.10 GeV2 and virtual-photon polarization ε ¼ 0.670. Solid line shows the theoretical results, the inner band depicts the statistical error
from the LECs variation within 1 − σ as in Table II. The outer band represents the total error including the systematical error from chiral
truncation, Eq. (39), added to the statistical one in quadrature. Data from Ref. [73].
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III. RESULTS AND DISCUSSION

A. Low energy constants

The theoretical model has been compared with the full
photoproduction and electroproduction database previously
introduced, minimizing the χ-squared function by varying
the values of the free LECs. In the calculation, we have
fixed the LECs from Table I to their central values, except
for gM. We have let the γΔN coupling, gM, which proved of
paramount significance in the description of π0 photo-
production [37], to fluctuate around the central value
obtained from the electromagnetic Δ width.
We have chosen to fit the combinations fd8 þ d9g and

fd8 − d9g, instead of the individual constants, because of
the important correlation among d8 and d9. Actually, they
appear in the amplitudes for π0 production just in the
combination fd8 þ d9g, while the charged π� channels
depend only on d9. Given that the π0 processes represent,
so far, the most precise and largest amount of data, the
fd8 þ d9g combination can be determined with a higher
accuracy. Evidently, better data for the π� channels, would
be essential to obtain more precise results for d9 or,
similarly, for fd8 − d9g.
The parameters fd20; d21; d22g are only relevant for the

charged channels γð�Þp → πþn and γð�Þn → π−p. The
relatively low precision of the data and their scarcity limits
the precision of their determination. Furthermore, these
channels are already rather well described by the lower
order predictions and in consequence theOðp3Þ LECs play
a small role. It is worth mentioning that in photoproduction,
d21 and d22 appear only in the combination f2d21 − d22g
while for electroproduction that is not anymore the case
(see Appendix A 2). Therefore, the full correlation is
broken once electroproduction is considered in the fit.

Clearly, pion electroproduction reactions probe the Q2

dependence of the scattering amplitude. Thus, it allows for the
exploration of LECs like fd6; d7; l6g, which are relevant for
the description of the nucleon EM form factors and the pion
charge radius andwhich appear in the electroproduction case.
The LECs values obtained by the fit are presented in

Table II, together with the full χ2 per degree of freedom and
the partial contributions of photo-(χ2γ ) and electroproduc-
tion (χ2e). All the fitted di’s are of natural size and, thus, the
contribution of the associated mechanisms is relatively
small at low energies. While the global result is acceptable,
as it will be better shown in the detailed comparison with
various observables, it is clear that the model reproduces to
a greater degree the photoproduction data.
The results for gM and fd8 þ d9g agree well with those

obtained in the analysis of Ref. [42], which studied photo-
production within the same framework but imposed full
isospin symmetry on the loop calculation.Our change, using
physical masses in the loops, has led to a substantially lower
χ2γ value and to some small changes in fd8 − d9g and d20. A
larger variation can be observed in d21 and d22 but this could
be deceptive. The photoproduction amplitude only depends
on the combination f2d21 − d22g, which it has changed
little. The separation of the two constants made in Ref. [42]
was based on the use of d22 ¼ 5.20 GeV−2, taken from
Ref. [51]. This value, obtained from the lattice and already
discussed, is clearly disfavoured by the electroproduction
data. However, our result is close to an alternative fit of
Ref. [51] that restricted lattice data to low Q2 values.
Alternatively, we could have fitted fd8 þ d9g and d9,

which appear directly in the amplitudes. For the full model,
the resulting fit leads to the same value for fd8 þ d9g and
d9 ¼ 0.25� 0.08. For theΔ-less model, again fd8 þ d9g is
not affected and d9 ¼ −0.66� 0.09. In both cases the

FIG. 6. dσTT=dΩπ and dσTL=dΩπ as function of the c.m. pion angle θπ for the channel γ�p → π0p at Q2 ¼ 0.1 GeV2 and with
polarization ε ¼ 0.713. Data from Ref. [28]. Description as in Fig. 5.
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results are fully consistent with those of Table II and can
also be obtained from them using the correlation matrix
and Eq. (38).
All the fitted di’s appear in the evaluation of neutrino

induced pion production off nucleons and could be used to
improve the corresponding predictions. This is specially
important in the current precision era of neutrino physics,
where an adequate modeling of cross sections and back-
grounds is necessary for the investigation of neutrino
masses, mixing angles and other properties [81]. Our
results give support to the first ChPT calculations of these
weak production processes [48,49], which assumed a
natural size for these parameters to estimate the uncertain-
ties of the theoretical predictions.

B. Electroproduction observables

1. γ�p → π0p channel

In this section, we show our results for the π electro-
production process compared to the experimental data. We
start with the γ�p → π0p channel, that represents the
largest amount of data, in Figs. 5–8. We should remark
that, among the third order fitted LECs, this channel’s
amplitude depends only on the fd8 þ d9g combination, that
is much constrained by neutral pion photoproduction.
Actually, the current fit results for that LEC are fully
consistent with the previous determination based just on
photoproduction [42]. Overall, the agreement with data is
good for all the observables considered here.

FIG. 7. Angular distribution for dσT þ εdσL at different c.m. energy values, W. The transfer momenta at Q2 ¼ 0.05 GeV2

corresponds to polarization values of ε ¼ 0.932, Q2 ¼ 0.10 GeV2 to ε ¼ 0.882 and Q2 ¼ 0.15 GeV2 to ε ¼ 0.829. Data from [30] and
description as in Fig. 5.
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In Fig. 5, we show the virtual photon cross section,
dσv=dΩπ , at several energy bins close to threshold, Q2 ¼
0.10 GeV2 and for ε ¼ 0.67, compared to the NIKHEF
data from Ref. [73]. The angular dependence, on both θπ
and ϕπ , and the energy dependence are well reproduced.
The various pieces, related to the longitudinal and

transverse responses and their interference, which contrib-
ute to the total cross section of Eq. (13), are explored next.
In Fig. 6, we compare the model with the angular
dependence of σTT and σTL measured by MAMI [28] at
several energies very close to threshold. The two observ-
ables are very small. Both the size and the energy
dependence are well accounted for by our calculation.
Much larger is the observable dσT=dΩπ þ εdσL=dΩπ from
a much more recent MAMI experiment [30] and depicted in

Fig. 7. These latter results show the Q2 dependence, that at
the low energies involved and for the relatively small Q2

values is well described by the model.
The Q2 dependence is also explored for dσTL in

Fig. 8, which also shows a good agreement for the
angular distribution at several Q2 values. We should
remark that for neutral pions, apart from the fixed
LECs, this dependence is only sensitive to fd8 þ d9g
and gM, which are strongly constrained by the photo-
production (Q2 ¼ 0) data.
Finally, in Fig. 9, we compare our calculation with the

very copious and precise data of Ref. [32], where the
energy dependence of dσT , dσTT , dσTL and ALT 0 has been
investigated at Q2 ¼ 0.05 GeV2 and photon transverse
polarization ε ¼ 0.933. For dσT=dΩπ þ εdσL=dΩπ and

FIG. 8. Angular distribution for dσTL=dΩπ for different c.m. energy values, W. The transfer momenta atQ2 ¼ 0.05 GeV2 corresponds
to polarization values of ε ¼ 0.932, Q2 ¼ 0.10 GeV2 to ε ¼ 0.882 and Q2 ¼ 0.15 GeV2 to ε ¼ 0.829. Data from [30] and description
as in Fig. 5.
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dσTT=dΩπ , the calculation agrees well up to a few MeV
above threshold, what is consistent with the results shown
in Fig. 7. However, we overestimate the absolute value of
the observable at higher energies. In fact, our fit curve

behaves as the HBChPT result of Ref. [25] discussed in
[32]. The agreement with σTT is good and with σTL
excellent, in both cases improving the HBChPT prediction.
In these three cases, the quality of the agreement of our

FIG. 9. Energy dependence for dσT þ εdσL, dσTT , dσTL and ALT 0 at Q2 ¼ 0.05 GeV2, ε ¼ 0.933, θπ ¼ 90°. Data from [32].

FIG. 10. dσT , dσL and dσTL as functions of Q2 for the γ�p → πþn process. For dσT and dσL, the pion angle is θπ ¼ 0°. Magenta
circles: data from [77]. Red squares: data from [74,75]. Blue triangles: data from [76].
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Oðp3Þ model is very similar to that of the Oðp4Þ Δ-less
covariant ChPT calculation of Ref. [33].
Also well reproduced is the beam helicity asymmetry,

ALT 0 , a quite small effect, which shows the cusp related to
the nπþ threshold. The use of the physical masses in the
loops, and the corresponding isospin symmetry breaking is
essential for a proper reproduction of this shape.
Summarizing, the theoretical results for the π0 channel are

in accordance with data, describing properly the angular
dependence and theQ2 evolution. In regard to the energy,we
obtain the best results very close to threshold. Nonetheless,
the model starts to overestimate data for the observable
dσT þ εdσL at higher energies, see Fig. 9. Actually, this
observable contributes strongly to the total χ2. On the other
hand, it is very sensitive to c6 þ c7, 2d7 þ d6 and gM, which
were restricted to the values allowed by the study of other
processes. In our calculation, the only totally free parameter
relevant for this channel has been the combination
fd8 þ d9g, strongly constrained by the abundant photo-
production data.

2. γ�p → π + n channel

The channel γ�p → πþn depends on theOðp3Þ LECs d9,
d20, d21 and d22, as well as the Oðp4Þ one l6.8 Thus, there
are more fitting LECs than for the neutral pion channel.
Furthermore, the data are scarce. For these reasons, there
are less constraints on the relevant LECs and the statistical
error is considerably wider.
We find that the few and scattered virtual photon cross

section data [74,75] agree well, within errors, with the
theoretical model, and that the πþ channel is more sensitive
to the lower orders than to the Oðp3Þ contributions. In
Fig. 10, we present dσT , dσL and dσTL as a function of Q2

at various pion angles and from several experiments that are
also well reproduced.

C. Photoproduction

The use of physical masses in the loop propagators and,
therefore, the breaking of the isospin symmetry is the main
difference of this calculation with Refs. [38,42]. It leads to a
better description of the low energy region, where the
effects of the different masses and thresholds are more
relevant. Furthermore, in Refs. [38,42], there was a
systematic overestimation of the cross section at backward
angles for the π0p channel at all energies. The breaking
of the isospin symmetry in the loops has now much
improved the agreement with that cross section. As a
consequence, the partial χ2, considering only photoproduc-
tion, has been reduced from 3.2 to 1.5. Also, without isospin
breaking, the fit prefers values of d18 large and positive,
which are inconsistent with πN scattering. Now, the tension
is much reduced and the χ2 depends less strongly on that
parameter. In the following, we present our results putting
emphasis on the comparison with the new data, added to the
database after Ref. [42], and in the low energy region, that
had not been included in the previous fit.
The γp → π0p channel is the most richly represented in

the database, both in the amount and the precision of data.

FIG. 11. Angular cross section for the channel γp → π0p. Data from Ref. [34].

FIG. 12. Cross section close to threshold for γp → π0p. Red
circles: data from Ref. [82], blue triangles: data from Ref. [83],
not included in the fit.

8Other Oðp4Þ LECs appearing in the tree-level amplitudes for
the γ�p → πþn channel are l3 and l4. However, they are cancelled
in the amplitude expansion up to Oðp3Þ when, at the same time,
we introduce the pion wave function renormalization,Zπ , and the
pion chiral mass,M, as a function of the pion physical mass,Mπ .
See Appendix A 4 and Sec. A 5.
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Thus, the relevant LECs, in particular the d8 þ d9 combi-
nation, are strongly constrained and get a relatively small
uncertainty in the fit. In Fig. 11, we show the near threshold

region for the angular distribution and in Fig. 12 the
integrated total cross section σ as function of the energy.
Both are well reproduced. Our calculation still preserves

FIG. 13. Angular distribution of Tdσ=dΩπ for the γp → π0p channel. Data from [55].
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the excellent results for the energy dependence of the total
cross section and for the beam asymmetry as in the previous
work [42]. In addition, for the π0p channel, we have
analyzed the data from Ref. [55] studying the process
occurring on transversely polarized protons. The observ-
able Tdσ=dΩπ is sensitive to the cusp effects due to the nπþ
threshold. The results are shown in Fig. 13, with T and
present a good agreement for the full range of energies.
The quality of the agreement with the channels with

charged pions has also improved upon Ref. [42], as can be
seen comparing the partial χ2’s. We would like to empha-
size the recent results, shown in Fig. 14, for the γn → π−p
process [56] very close to threshold. They have consid-
erably enriched the database for this channel and therefore
lead to a better determination of the LECs relevant for this
channel, d9, d20 and the combination 2d21 − d22.

D. Δ contribution

To explore the importance of the inclusion of the explicit
Δð1232Þ in the model, we repeated the fit without the
corresponding mechanisms. The results for the LECs and
χ2 are shown in the second row of Table II. It is remarkable
that the Δ contribution, which depends only on well
constrained parameters, (hA and gM), improves substan-
tially the global agreement with data. It is also noteworthy
that most of the fitted di LECs are much larger in theΔ-less
case, indicating the need of a more important third order
and a slower chiral convergence. Comparing with the full
model, we see that, with the current data set, the χ2 for
photoproduction is considerably worsened, whereas for
electroproduction χ2 is little modified, even showing a little
improvement. In particular, we have found that Δ inclusion
worsens the overestimation for dσT=dΩπ þ εdσL=dΩπ in
Fig. 9. However, it improves the agreement with the other

observables of the same figure. This point is relevant,
because that observable has the largest, may be excessive,
weight in the χ2 calculation among the full electroproduc-
tion dataset, followed by dσTT=dΩπ from the same experi-
ment [32]. This is due to the large number of points and
their precision.
Within our model is not possible to reproduce well the

full set of data from Ref. [32], neither with nor without Δ.
We should remark that similar discrepancies have been
found in otherΔ-less chiral calculations, both covariant and
HBChPTas shown in Refs. [32,33], even atOðp4Þ. Barring
experimental problems or some underestimation of the
uncertainties, these difficulties may point out to the need of
a higher order calculation. In fact, this set of data is well
reproduced by the phenomenological DMT model [86,87]
which includes explicitly vector mesons, the Δ and several
heavier resonances.
In contrast, the Δ role in photoproduction is of the

utmost importance to reproduce the energy dependence of
data. The Δ-less model is unable to describe the energy
evolution of the cross sections, mostly in the π0 channel,
even with the inclusion of the Oðp3Þ one-loop amplitudes.
This failure can be appreciated in Fig. 15. There, we show
the χ2 per degree of freedom as a function of the maximum
invariant energy,W considered in the fitting procedure. The
quality of the agreement remains stable for the full model
whereas without explicit Δ the χ2 function grows fast as a
function of the energy and it is impossible to describe data
at this chiral order.

IV. SUMMARY

In this work, we have studied pion production off the
nucleon induced by virtual and real photons at low energies.

FIG. 14. Cross section for the γn → π−p process. Data from
[56] in magenta circles; red squares, data from [84] and blue dots,
data from [85] (not included in the fit).

FIG. 15. χ2=dof as function of the maximum W considered in
the fitting procedure. Full model at Oðp3Þ with Δ (green
diamonds) and without Δ (red circles).
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We havemade a fullOðp3Þ calculation, in the δ counting, in
covariant ChPT including explicitly the Δð1232Þ resonance
and employing the EOMS renormalization scheme. The free
LECs of the theoretical model have been fixed by fitting it to
the available pion electro- and photoproduction data. We
have considered a restricted kinematical region with

ffiffiffi
s

p
<

1.13 GeV and Q2 < 0.15 GeV2, where we expect our
model to be reliable and still well below the Δð1232Þ peak.
We have confirmed the importance of the loop terms. The

imaginary parts of the scattering amplitude and the cusp
effects, coming from the opening of the various charge
channels, are crucial in the description of some low energy
observables. To properly account for these effects we have
used the physical masses of mesons and baryons in the
evaluation of the loops, therefore breaking isospin symmetry.
The model describes well all data for total cross section,

angular distributions and numerous polarization observ-
ables. In particular, the agreement is excellent for photo-
production data. In fact, it is better than for other higher
order chiral calculations [33,36] that do not include the Δ
resonance. Without Δ, our model is only able to reproduce
data a few MeV above threshold. Neutral pion photo-
production is the most sensitive channel to this resonance
due to the smallness of the lower order contributions.
The comprehensive investigation of all electro- and

photoproduction channels, including all the available
observables, has allowed us to disentangle all the relevant
third order LECs involved, fd8; d9; d20; d21; d22g. The
values obtained for the fitted LECs are all of natural size,
what is satisfactory from the point of view of chiral
convergence. Furthermore, this gives support to the uncer-
tainty estimations of recent chiral calculations of neutrino
induced pion production. Our results will allow for more
precise predictions of the low energy neutrino nucleon
cross sections of relevance to achieve the precision goals of
modern neutrino experiments.
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APPENDIX: AMPLITUDES AND
RENORMALIZATIONS

1. Amplitude parametrizations

The electromagnetic matrix element between the had-
ronic states, Mμ, can be written in terms of the Ball
amplitudes [88],

Mμ ¼ ūðp0; s0Þ
�X8

i¼1

biV
μ
i

�
uðp; sÞ ðA1Þ

with the Ball vector basis, see e.g., [33],

Vμ
1 ¼ γμγ5; Vμ

2 ¼ Pμγ5;

Vμ
3 ¼ qμγ5; Vμ

4 ¼ kμγ5;

Vμ
5 ¼ γμ=kγ5; Vμ

6 ¼ Pμ=kγ5;

Vμ
7 ¼ qμ=kγ5; Vμ

8 ¼ kμ=kγ5; ðA2Þ

where Pμ ¼ ðpþ p0Þμ=2. As the current Jμ, from Eq. (2),
obeys the continuity equation, we also have kμMμ ¼ 0,
leading us to the following relations,

b1 ¼ −b6ðk · PÞ − b7ðk · qÞ þ b8Q2;

b2 ¼
1

k · P
ðQ2ðb4 þ b5Þ − b3ðk · qÞÞ: ðA3Þ

These relations are sufficient to impose the gauge invari-
ance in the scattering amplitude. They also reduce from
eight to six the independent elements of the basis fVig.
Another common parametrization, in terms of the covariant
basis elements Mμ

i , is [10]

X8
i¼3

biV
μ
i ¼

X6
j¼1

AjM
μ
j ; ðA4Þ

where

Mμ
1 ¼ −

i
2
γ5ðγμ=k − =kγμÞ;

Mμ
2 ¼ 2iγ5

�
Pμk ·

�
q −

1

2
k
�
−
�
q −

1

2
k
�

μ

k · P
�
;

Mμ
3 ¼ −iγ5ðγμðk · qÞ − qμ=kÞ;

Mμ
4 ¼ imNγ

5ðγμ=k − =kγμÞ − 2iγ5ðγμk · P − Pμ=kÞ;
Mμ

5 ¼ iγ5ðkμðk · qÞ þQ2qμÞ;
Mμ

6 ¼ −iγ5ðkμ=kþQ2γμÞ: ðA5Þ

In the case of photoproduction,Q2 ¼ 0, and then ϵμM
μ
j ¼ 0

for j ¼ 5, 6.
The relations among the above mentioned parametriza-

tions are given by
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A1 ¼ iðb5 þ b6mNÞ;

A2 ¼ −
ið−b3ðk · qÞ þ ðb4 þ b5ÞQ2Þ

ðk · PÞð2k · qþQ2Þ ;

A3 ¼ ib7;

A4 ¼
ib6
2

;

A5 ¼ −
iðb3 þ 2ðb4 þ b5ÞÞ

2k · qþQ2
;

A6 ¼ −ib8: ðA6Þ

Using the CGLN basis, as in [57,58], we can write

ϵμMμ ¼ ϵμūðpfÞ
�X6

i¼1

AiM
μ
i

�
uðpiÞ ¼ 4π

W
mN

χ†fFχi:

ðA7Þ

Then, we find, expressed in the CM frame, the relations
between the coefficients of both parametrizations as9

F 1 ¼
W −mN

8πW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep þmN

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep0 þmN

p �
A1 þ ðW −mNÞA4 −

2mNνB
W −mN

ðA3 − A4Þ þ
Q2

W −mN
A6

�
; ðA8Þ

F 2 ¼
W þmN

8πW
jq⃗j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep −mN

Ep0 þmN

s �
−A1 þ ðW þmNÞA4 −

2mNνB
W þmN

ðA3 − A4Þ þ
Q2

W þmN
A6

�
; ðA9Þ

F 3 ¼
W þmN

8πW
jq⃗j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ep −mN

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep0 þmN

p �
2W2 − 2m2

N þQ2

2ðW þmNÞ
A2 þ A3 − A4 −

Q2

W þmN
A5

�
; ðA10Þ

F 4 ¼
W −mN

8πW
jq⃗j2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep þmN

Ep0 þmN

s �
−
2W2 − 2m2

N þQ2

2ðW −mNÞ
A2 þ A3 − A4 þ

Q2

W −mN
A5

�
; ðA11Þ

F 5 ¼
Eγ

8πW

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep0 þmN

Ep þmN

s �
½Ep þmN �A1 þ

�
4mNνB

�
W −

3

4
Eγ

�
− jp⃗γj2W þ Eπ

�
W2 −m2

N þ 1

2
Q2

��
A2

þ ½EπðW þmNÞ þ 2mNνB�A3 þ ½ðEp þmNÞðW −mNÞ − EπðW þmNÞ − 2mNνB�A4

þ ½2mNνBEγ − EπQ2�A5 − ½ðEp þmNÞðW −mNÞ�A6

�
; ðA12Þ

F 6 ¼
Eγ

8πW
jq⃗jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEp0 þmNÞðEp −mNÞ

p �
−½Ep −mN �A1 þ

�
jp⃗γj2W − 4mNνB

�
W −

3

4
Eγ

�
− Eπ

�
W2 −m2

N þ 1

2
Q2

��
A2

þ ½EπðW −mNÞ þ 2mNνB�A3 þ ½ðEp −mNÞðW þmNÞ − EπðW −mNÞ − 2mNνB�A4

þ ½EπQ2 − 2mNνBEγ�A5 − ½ðEp −mNÞðW þmNÞ�A6

�
; ðA13Þ

where νB ¼ − k·q
2mN

¼ − sþu−2m2
N

4mN
. Some care is needed here because different conventions for these functions can be found in

the literature.10

2. Amplitude pieces

a. Oðq1Þ order

Mμð1Þ
ðaÞ ¼ Cð1Þ

I
eg
F
Vμ
1; ðA14Þ

9See Ref. [89] for some help in the derivation of these equations.
10For instance, in Ref. [58], the expressions for F 5 and F 6 are quite different from ours, i.e., F 5 ¼ F ½58�

5 þ F 1 þ cos θπF 3 and
F 6 ¼ F ½58�

6 þ cos θπF 4. For the rest of the amplitudes, F 1;…;F 4 there are only global factors in the comparison.
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Mμð1Þ
ðbÞ ¼ Cð1Þ

II
eg
F

�ðm2
N − sÞVμ

1

s −m2
2

−
ðmN þm2Þð2Vμ

2 þ Vμ
3 þ Vμ

4 − Vμ
5Þ

m2
2 − s

�
; ðA15Þ

Mμð1Þ
ðcÞ ¼ Cð1Þ

III
eg
F

�ðu −m2
NÞVμ

1

u −m2
2

−
ðmN þm2Þð2Vμ

2 − Vμ
3 þ Vμ

4 − Vμ
5Þ

m2
2 − u

�
; ðA16Þ

Mμð1Þ
ðdÞ ¼ Cð1Þ

IV

ffiffiffi
2

p
emNgð2Vμ

3 − Vμ
4Þ

Fð−2m2
N þQ2 þ sþ uÞ : ðA17Þ

The constants Cð1Þ
I ;…; Cð1Þ

IV are given in Table III for each reaction channel. The amplitudesMμð1Þ
ðbÞ andMμð1Þ

ðcÞ are actually a

combination of Oðq1Þ and Oðq2Þ orders due to the insertion of the nucleon mass at Oðq2Þ, m2, in the N-propagator. This
automatically generates the above diagrams atOðq1Þwith the chiral nucleon mass,m, in the propagator and the diagrams at
Oðq2Þwith the insertion of a vertex proportional to c1 in theN-propagator, plus higher order small terms. As always, for the
external legs we use physical masses.

b. Oðq2Þ order

Mμð2Þ
ðbÞ ¼ Cð2Þ

II
egA
Fπ

�
−
2Vμ

6 þ Vμ
7

m2
N − s

−
ð3m2

N þ sÞðVμ
4 − Vμ

5Þ
2mNðm2

N − sÞ − Vμ
1

�
; ðA18Þ

Mμð2Þ
ðcÞ ¼ Cð2Þ

III
egA
Fπ

�
Vμ
7 − 2Vμ

6

m2
N − u

−
ð3m2

N þ uÞðVμ
4 − Vμ

5Þ
2mNðm2

N − uÞ þ Vμ
1

�
: ðA19Þ

The constants Cð2Þ
II and Cð2Þ

III are given in Table IV.

c. Oðq5=2Þ order

Mμð5=2Þ
ðbÞ ¼ DII

ehAgM
24FπmNmΔðmΔ þmNÞðm2

Δ − s − iΓΔmΔÞ
× ½fmNðm4

N þm2
Nð−M2

π þQ2 þ 2sÞ þM2
πðs −Q2Þ þ sð−Q2 þ 3s − 6uÞÞ

−mΔð3m4
N þm2

NðM2
π −Q2 − 10sÞ þM2

πð5Q2 − sÞ þ sðQ2 þ sþ 6uÞÞgVμ
1

þ f2Q2ðm2
N − 4mNmΔ −M2

π − 5sÞ þ 6ðmNmΔ þ sÞð2m2
N − s − uÞgVμ

2

þ fQ2ðm2
N − 10mNmΔ −M2

π þ sÞ þ 3ðs − uÞðmNmΔ þ sÞgVμ
3

þ fQ2ðm2
N − 4mNmΔ −M2

π − 5sÞ þmNmΔð2m2
N þ 4M2

π − 3ð5sþ uÞÞ
− sð6m2

N − 4M2
π þ 7sþ 3uÞgVμ

4

þ f−m4
N þmΔð8m3

N − 4mNM2
π þ 8mNsÞ þQ2ð−m2

N þ 4mNmΔ þM2
π þ 5sÞ

þm2
NðM2

π þ 6sÞ þ sð−5M2
π þ 5sþ 6uÞgVμ

5

þ f2mNðm2
N −M2

π − 9sÞ − 2mΔð9m2
N þM2

π þ 2s − 3uÞgVμ
6

þ f−mΔð3m2
N þM2

π − 4s − 3uÞ þmNðm2
N −M2

π þ 3sÞ þ 6Q2mΔgVμ
7

þ fmΔð−5m2
N − 5M2

π þ 2sþ 3uÞ þmNðm2
N −M2

π − sÞgVμ
8�; ðA20Þ
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Mμð5=2Þ
ðcÞ ¼ DIII

ehAgM
24FπmNmΔðmΔ þmNÞðm2

Δ − uÞ
× ½fmNðuð2m2

N þM2
π −Q2 − 6sÞ þ ðmN −MπÞðmN þMπÞðm2

N þQ2Þ þ 3u2Þ
−mΔð3m4

N þm2
NðM2

π −Q2 − 10uÞ þM2
πð5Q2 − uÞ þ uðQ2 þ 6sþ uÞÞgVμ

1

þ f2Q2ð−m2
N þ 4mNmΔ þM2

π þ 5uÞ − 6ð2m2
N − s − uÞðmNmΔ þ uÞgVμ

2

þ fQ2ðm2
N − 10mNmΔ −M2

π þ uÞ − 3ðs − uÞðmNmΔ þ uÞgVμ
3

þ f−2m4
N þQ2ð−m2

N þ 4mNmΔ þM2
π þ 5uÞ

þmNmΔð18m2
N − 4M2

π − 3sþ uÞ þ 2m2
NðM2

π þ 3uÞ þ 3uð−2M2
π þ 3sþ uÞgVμ

4

þ fm4
N þQ2ðm2

N − 4mNmΔ −M2
π − 5uÞ þ 4mNmΔð−2m2

N þM2
π − 2uÞ

−m2
NðM2

π þ 6uÞ þ uð5M2
π − 6s − 5uÞgVμ

5

þ f2mΔð9m2
N þM2

π − 3sþ 2uÞ þ 2mNð−m2
N þM2

π þ 9uÞgVμ
6

þ f−mΔð3m2
N þM2

π − 3s − 4uÞ þmNðm2
N −M2

π þ 3uÞ þ 6Q2mΔgVμ
7

þ fmΔð−5m2
N − 5M2

π þ 3sþ 2uÞ þmNðm2
N −M2

π − uÞgVμ
8�; ðA21Þ

where ΓΔðsÞ is the energy-dependent width given by [90]

ΓΔðsÞ ¼
ðhA=2Þ2Λ3=2ðs;M2

π; m2
NÞ

192πFπs3
ððs −M2

π þm2
NÞmΔ þ 2smNÞθðs − ðmN þMπÞ2Þ; ðA22Þ

with Λðx; y; zÞ ¼ ðx − y − zÞ2 − 4yz the Källén function and θðxÞ the unit step function. The constants DII and DIII are
presented in Table V.

TABLE III. Tree level amplitude constants for each channel at Oðq1Þ.
Channel Cð1Þ

I Cð1Þ
II Cð1Þ

III Cð1Þ
IV

γ�p → pπ0 0 1
2

1
2

0
γ�p → nπþ 1ffiffi

2
p 1ffiffi

2
p 0 −1

γ�n → pπ− − 1ffiffi
2

p 0 1ffiffi
2

p 1

γ�n → nπ0 0 0 0 0

TABLE IV. Tree level amplitude constants for each channel at Oðq2Þ.
Channel Cð2Þ

I Cð2Þ
II Cð2Þ

III Cð2Þ
IV

γp → pπ0 0 1
2
ðc6 þ c7Þ 1

2
ðc6 þ c7Þ 0

γp → nπþ 0 1ffiffi
2

p ðc6 þ c7Þ 1ffiffi
2

p c7 0

γn → pπ− 0 1ffiffi
2

p c7 1ffiffi
2

p ðc6 þ c7Þ 0

γn → nπ0 0 − 1
2
c7 − 1

2
c7 0

TABLE V. Tree level amplitude constants for each channel at Oðq5=2Þ.
Channel DII DIII

γ�p → pπ0 1 −1
γ�p → nπþ − 1ffiffi

2
p − 1ffiffi

2
p

γ�n → pπ− 1ffiffi
2

p 1ffiffi
2

p

γ�n → nπ0 1 −1
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d. Oðq3Þ order

Mμð3Þ
ðaÞ ¼ Cð3Þ

Ia
e

FπmN
ðVμ

4ð−4m2
N þ 2M2

π − 2Q2 − 3s − uÞ þ 2Vμ
5ð2m2

N −M2
π þQ2 þ sþ uÞ

þ Vμ
2ð4m2

N − 2ð2Q2 þ sþ uÞÞ þ 2mNðs − uÞVμ
1 − 8mNV

μ
6 þ ðs − uÞVμ

3Þ

þ Cð3Þ
Ib

� ffiffiffi
2

p ðd18 − 2d16ÞeM2
π

Fπ
Vμ
1

þ d20effiffiffi
2

p
Fπm2

N

�
1

4
ðVμ

7 − Vμ
8Þð2m2

N þ 2M2
π − s − uÞ þ 1

2
ðs − uÞVμ

6

þ 1

4
Vμ
1ð2m4

N þQ2ð−2m2
N − 2M2

π þ sþ uÞ þ 2m2
NðM2

π − s − uÞ −M2
πðsþ uÞ þ 2suÞ

�
þ d21e

Fπ

�ð2m2
N − s − uÞffiffiffi

2
p Vμ

1 þ
ffiffiffi
2

p
Vμ
7

�
þ d22e

Fπ

�
Vμ
1ð−2m2

N þ 2Q2 þ sþ uÞ
2

ffiffiffi
2

p þ Vμ
8 − Vμ

7ffiffiffi
2

p
��

; ðA23Þ

Mμð3Þ
ðb:γ1π3Þ ¼ Cð3Þ

IIa
ðd18 − 2d16ÞeM2

π

Fπ

�
Vμ
1 þ

2mNð2Vμ
2 þ Vμ

3 þ Vμ
4 − Vμ

5Þ
m2

N − s

�
; ðA24Þ

Mμð3Þ
ðb:γ3π1Þ ¼ Cð3Þ

IIb
egA
4Fπ

�
Q2

�
2ð2Vμ

6 þ Vμ
7Þ

m2
N − s

−
ð3m2

N þ sÞð2Vμ
2 þ Vμ

3Þ
mNðm2

N − sÞ
�
þ
�

s
mN

þ 3mN

�
Vμ
4 − 2Vμ

8

�
; ðA25Þ

Mμð3Þ
ðc:γ1π3Þ ¼ Cð3Þ

IIIa
ðd18 − 2d16ÞeM2

π

Fπ

�
−Vμ

1 þ
2mNð2Vμ

2 − Vμ
3 þ Vμ

4 − Vμ
5Þ

m2
N − u

�
; ðA26Þ

Mμð3Þ
ðc:γ3π1Þ ¼ Cð3Þ

IIIb
egA
4Fπ

�
Q2

�
2ð2Vμ

6 − Vμ
7Þ

m2
N − u

−
ð3m2

N þ uÞð2Vμ
2 − Vμ

3Þ
mNðm2

N − uÞ
�
−
�

u
mN

þ 3mN

�
Vμ
4 þ 2Vμ

8

�
; ðA27Þ

Mμð3Þ
ðd∶N3π2Þ ¼ Cð3Þ

IV
2

ffiffiffi
2

p ðd18 − 2d16ÞemNM2
πð2Vμ

3 − Vμ
4Þ

Fπð−2m2
N þQ2 þ sþ uÞ ; ðA28Þ

Mμð3Þ
ðd∶N1π4Þ ¼ Cð3Þ

IV
egA
F3
π

�
−
2

ffiffiffi
2

p
l4mNM2

πð2Vμ
3 − Vμ

4Þ
−2m2

N þQ2 þ sþ u
−

ffiffiffi
2

p
l6mNðVμ

4ð−2m2
N þ sþ uÞ þ 2Q2Vμ

3Þ
−2m2

N þQ2 þ sþ u

�
; ðA29Þ

Mμð3Þ
ðgÞ ¼ Cð1Þ

IV

ffiffiffi
2

p
emNgAð2Vμ

3 − Vμ
4Þ

Fπð−2m2
N þQ2 þ sþ uÞ ξ; ðA30Þ

where

ξ ¼ 2M2
π

Fπ

�
M2

π

2m2
N −Q2 − s − u

l3 − l4

�
; ðA31Þ

and the corresponding constants Cð3Þ
Ia ;…; Cð3Þ

IV are defined in Table VI.

TABLE VI. Tree level amplitude constants for each channel at Oðq3Þ.
Channel Cð3Þ

Ia Cð3Þ
Ib Cð3Þ

IIa Cð3Þ
IIb Cð3Þ

IIIa Cð3Þ
IIIb Cð3Þ

IV

γ�p → pπ0 d8 þ d9 0 1 2d7 þ d6 1 2d7 þ d6 0
γ�p → nπþ

ffiffiffi
2

p
d9 −1

ffiffiffi
2

p ffiffiffi
2

p ð2d7 þ d6Þ 0
ffiffiffi
2

p ð2d7 − d6Þ 1
γ�n → pπ−

ffiffiffi
2

p
d9 1 0

ffiffiffi
2

p ð2d7 − d6Þ
ffiffiffi
2

p ffiffiffi
2

p ð2d7 þ d6Þ −1
γ�n → nπ0 d8 − d9 0 0 −ð2d7 − d6Þ 0 −ð2d7 − d6Þ 0
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3. EOMS β functions

For the parameters m and g, from Lð1Þ
πN , we get

β̃m ¼ −
3

2
g2Ā0½m2�; β̃g ¼ g3mþ ð2 − g2Þg

m
Ā0½m2�;

ðA32Þ
where

Ā0½m2� ¼ −m2 log
m2

μ2
; ðA33Þ

is the gMS-renormalized scalar 1-point Passarino-Veltman
function with μ the renormalization scale introduced in the
dimensional regularization. For the second order LECs in

Lð2Þ
N we have [79]

β̃c1 ¼
3

8
g2þ 3g2

8m2
Ā0½m2�; β̃c6 ¼−5g2m; β̃c7 ¼4g2m:

ðA34Þ

In this case, as we are using in practice the Oðp2Þ nucleon
mass, m2 ¼ m − 4c1M2

π , it’s easy to see that the corre-
sponding EOMS shift results in

m2 ¼ m̃2 þ
mðβ̃m − 4M2

πβ̃c1Þ
16π2F2

: ðA35Þ

4. Wave function renormalization

The wave function renormalization of the external legs,
in the EOMS scheme, is written as

ZN ¼ 1þ δð2ÞZN
þOðp3Þ; Zð2Þ

π ¼ 1þ δð2ÞZπ
þOðp3Þ;

ðA36Þ

where

δð2ÞZN
¼ −

3g2A
64π2F2

πðM2
π − 4m2

NÞ
f4M2

πðA0½m2
N �

þ ðM2
π − 3m2

NÞB0½m2
N;M

2
π; m2

N � −m2
NÞ

þ ð12m2
N − 5M2

πÞA0½M2
π�g; ðA37Þ

δð2ÞZπ
¼ −

2

3F2
π

�
3l4M2

π þ
A0½M2

π�
16π2

�
: ðA38Þ

5. Chiral expansions for physical quantities
in the EOMS scheme

For the nucleon mass, mN , we have

mN ¼ m̃ − 4c̃1M2
π þ δ̃ð3Þm þOðp4Þ; ðA39Þ

m̃2 ¼ m̃ − 4c̃1M2
π ¼ mN − δ̃ð3Þm þOðp4Þ; ðA40Þ

with

δ̃ð3Þm ¼ 3g2AmNM2
π

32π2F2
π

�
B̄0½m2

N;M
2
π; m2

N � −
�
1þ Ā0½m2

N �
m2

N

��
:

ðA41Þ

For the pion mass we have

M2
π ¼ M2ð1þ δð2ÞMπ

Þ þOðp6Þ; ðA42Þ
where

δð2ÞMπ
¼ 2lr3M

2
π

F2
π

−
Ā0½M2

π�
32π2F2

π
: ðA43Þ

For the axial coupling constant, we have

gA ¼ g̃

�
1þ 4dr16M

2
π

g̃
þ δ̃ð2ÞgA þOðp3Þ

�
ðA44Þ

where

δ̃ð2ÞgA ¼ 1

16π2F2
πð4m2

N −M2
πÞ
f4g2AM2

πĀ0½m2
N �

þ ðð8g2A þ 4Þm2
N − ð4g2A þ 1ÞM2

πÞĀ0½M2
π�

þM2
πððð3g2A þ 2ÞM2

π

− 8ðg2A þ 1Þm2
NÞB̄0½m2

N;M
2
π; m2

N � − 4g2Am
2
NÞg;

ðA45Þ
For the pion decay constant

Fπ ¼ Fð1þ δð2ÞFπ
þOðp3ÞÞ; ðA46Þ

where

δð2ÞFπ
¼ lr4M

2
π

F2
π

þ Ā0½M2
π�

16π2F2
π
: ðA47Þ

Note here that lr4 and dr16 are gMS-renormalized LECs.
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