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Threshold pion electro- and photoproduction off nucleons in covariant
chiral perturbation theory
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Pion electro- and photoproduction off the nucleon close to threshold is studied in covariant baryon chiral
perturbation theory at O(p?) in the extended-on-mass-shell scheme, with the explicit inclusion of the
A(1232) resonance. The relevant low energy constants are fixed by fitting the available experimental data
with the theoretical model. The inclusion of the A resonance as an explicit degree of freedom substantially
improves the agreement with data and the convergence of the model.
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I. INTRODUCTION

Since the first experiments in the early 1950s [1], little
after pion discovery, electromagnetic pion production on
nucleons has been a very important source of information
about the nucleon-pion interaction, being also crucial in our
knowledge of several baryonic resonances. Here, we focus
on this process near the threshold region, where there is a
well founded theoretical framework to analyse it, namely,
chiral perturbation theory (ChPT), the low energy effective
field theory based on the approximate chiral symmetry of
quantum chromodynamics. Early theoretical efforts
described electromagnetic pion production by means of
some low-energy-theorems (LET) [2] that were later
extended using the partial conservation of the axial current
(PCAC) and current algebra techniques [3,4]. While the
LET results agreed well with the early charged pion
photoproduction data [5-7], they could not explain the
neutral pion photoproduction on protons close to threshold.
In particular, there was a clear disagreement for the s-wave
electric dipole amplitude E,, [8-10]. These discrepancies
were first solved in the framework of ChPT [11]. At the
lowest order, ChPT simply reproduces the LET results.
However, higher order contributions from chiral pion loops
were found to lead to sizeable corrections and to an
improvement of the agreement with the available data.

Nevertheless, ChPT with baryons, such as it was used in
Ref. [11], was known to lack a systematic power-counting
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[12]. This consistency problem was resolved by the
heavy-baryon ChPT (HBChPT) approach introduced in
Refs. [13,14] although at the expense of losing Lorentz
covariance. Later, a proper power-counting was also obtained
in relativistic formulations of ChPT with the development of
novel schemes, like the infrared regularization (IR) [15] and
the extended on-mass-shell (EOMS) formulation [16].

Subsequently, there has been extensive work using the
HBChPT framework. All the charge channels for pion
electro- and photoproduction have been studied [17-27]
obtaining an overall good agreement with data and sup-
porting the findings of Ref. [11]. However, the continuous
improvement of the quality and quantity of the experi-
mental data unveiled some new problems. For instance,
data for electroproduction at low Q2 [28-30] were difficult
to reproduce in HBChPT [30-32]. An O(g*) EOMS
calculation [33] reached a good global agreement and
fared better describing these low Q2 data.

Other serious difficulties arose from the z° photoproduc-
tion cross section and polarized photon beam-asymmetry
measurements of the MAMI A2/CB-TAPS experiment [34].
For this channel, both the covariant EOMS [35] as well as the
HBChHPT [36] approaches failed to reproduce the strong
energy dependence of data even at O(g*). They obtained a
reasonable agreement with experiment only up to a mere
20 MeV above threshold. However, the chiral convergence
and the concordance with data of covariant ChPT improved
significantly with the incorporation, as an explicit degree of
freedom, of the lowest lying resonance A(1232) [37,38].!
Indeed, it was well known phenomenologically that A (1232)

'"The possible importance of the A(1232) mechanisms was
before suggested by Hemmert ez al. [39] and later in Refs. [34,36].
The A role in z° photoproduction has been also investigated in
HBChPT showing a rather important contribution [40].
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mechanisms were dominant in the 7° photoproduction cross
section, (see, e.g., Ref. [41]). Actually, the explicit inclusion
of A(1232) leads to a better agreement, and for a wider range
of energies, at O(q?) than other calculations, even at O(g*),
with only nucleon and pion degrees of freedom.”

Later, the same approach of Refs. [37,38], EOMS at O(g°)
and with explicit A, was applied to investigate charged pion
photoproduction in Ref. [42]. It achieved results consistent
with data up to E, =215 MeV, about 70 MeV above
threshold, for all observables. Furthermore, many other
processes have been investigated in this same framework.
For instance, this approach obtained a good overall repro-
duction of data and a fast convergence of the chiral series for
Compton [43-45] and zN scattering [46,47], weak pion
production [48,49], axial charges and form factors [50,51],
electromagnetic form factors [52,53] or baryon masses [54].

Our aim in this work is to make a comprehensive
analysis within the aforementioned framework of the
electromagnetic pion production off nucleons. This study
represents an extension of Ref. [42] that considered only
the photoproduction case. The inclusion of electroproduc-
tion allows for the exploration of the interaction of nucleons
with virtual photons, and therefore to investigate some
additional pieces of the chiral Lagrangian. This examina-
tion of the vector couplings of the nucleons might reduce
the large uncertainties that currently hinder our efforts to
provide a theoretically well founded prediction of the
neutrino induced pion production [48,49], a very important
process in many of the neutrino experiments.

Furthermore, we will incorporate some recent data for
photoproduction of neutral [55] and charged pions [56],
and will consider explicit isospin breaking in the loop
calculations. This latter point considerably improves the
agreement with data at low energies.

II. FORMALISM AND THEORETICAL MODEL

We present here the basic formalism, our conventions
and the studied observables for the pion electroproduction
process depicted in Fig. 1. Other definitions useful for the
analysis of the photoproduction channel can be found
in Ref. [42].

A. Kinematics

The scattering amplitude 7 for the electroproduction of
pions on nucleons, e~ (k;)+N(p) = e~ (k;)+N'(p') +x(q),
can be written in the one-photon exchange approximation as

€ _
T = Pu(sf, kp)y'u(ks, s;) M, (1)

where

The inclusion of A requires a modification of the power-
counting scheme, due to the emergence of a new small parameter,
0 = my —my =~ 300 MeV, in the A propagator for the scattering
amplitudes.

FIG. 1. Pion electroproduction on nucleons.

M, = —ie(N', z|J,|N) 2)

is the electromagnetic matrix element between the hadronic
states, which includes all the strong interaction dependence.
Here, k;; = (&, l_g, ¢) are the incoming and outgoing
electron momenta, s; and s, are their spins, k = k; — k¢
and p are the incoming virtual-photon and nucleon
momenta, while ¢ and p’ are the outgoing pion and nucleon
momenta, respectively.

We also use the Mandelstam variables, defined as the
invariants s= (p+k)?>=(p'+q)? u=(p-q?*=
(p'—k)?, and t = (p — p')? = (¢ — k)>. They satisfy the
equation s + 7 + u = 2m3%, + M2 — Q?, where my and M,
are the nucleon and pion physical masses respectively and
0? = —k?>. Moreover, we use the angle between the outgoing
pion and the incoming virtual-photon, 8, = cos™'(§ - k), and
¢, defined as the angle between the scattering and the reaction
planes given by IA<,~ X IAcf and k x g respectively.

For practical purposes, it is convenient to work in the
final 7 — N center of mass frame. There, we have p* = —1?*
for the initial nucleon and the virtual photon and 5’ -
for final nucleon and pion. Also,

E;:z—s(s_mlzv_QZ),
* 1 2 2
E”:2—s(s+M,,—mN s
* 1 2 2
Ep:m(s+mN+Q),

1
E*/:z\/E(S-Fm]ZV—M%),
|k*|: /E;2+Q21
G| =\ Ex* — M3,
5| =\ E;7 = my,
1P| =\ Ey? = my. (3)
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From here on, except when explicitly otherwise indicated,
all the four-vector components appearing in the formulas
will correspond to the 7 — N center of mass frame, though
omitting the asterisk symbol.

The scattering amplitude, 7, can be written in terms of
the Chew-Goldberger-Low-Nambu (CGLN) basis, F;
[57,58],

w .
T =e'M, = 47rm—)(}-.7:)(l-, (4)
N

where e = e/k*i(py, s;)r*u(p;,s;) is the virtual photon
polarization vector, y; and y, denote the initial and final
Pauli spinors, W = /s is the invariant energy and the
matrix F is written as

F=itoaF+ 4 Uy (R
|q]|k] ] k]
i7-0a-a it kk-a it Gk-a
lelz Lr, 4 — [ b Il .
4] k] |l k|

Here, 7 = (7', 7%, 7%) are the Pauli matrices. The different

contributions, transverse or parallel to the transferred
momentum , are split with the help of the @, and q
vector components. The four-vector a* is defined such that
its time component is zero, by [59]

k&
a":e"—k"ﬁ:d‘—k"—;, (6)
v v

where the Lorentz condition, k,e* = 0, has been used and

d=dj+ad,, (7)
n K2 s
dj=a kk=—_¢ kk (8)
/4
EiL:Ei—Ei”:E—E-l%l}:*l 9)

B. Observables

For an electroproduction experiment, the differential
cross section can be written as [10]

d do,
. _pfu, (10)
dQsdE;dQ, dQ,
where the flux of the virtual photon field is
a gj klab 1
r=—-2x=t , 11
27[2 (c/‘i Q2 1-¢ ( )

klab = (W? — m3,)/2my is the equivalent photon energy in
the laboratory frame, a = e*/4x ~ 1/137,

2k L0\
€= (1 +|taan226) (12)

is the transverse polarization of the virtual photon [60,61]
with ®, the electron scattering angle. The parameter ¢ is an

invariant under collinear transformations, i.e., k and 0,
may be both expressed in the lab. or in the c.m. frame. The
virtual photon differential cross section, do,/dQ,, for an
unpolarized target and without recoil polarization can be
cast in the form [10,33]3

dGu dGT dUL dGLT
=— 2¢e(1
aQ, dQ,,+8dQ,,+ e(l+e) a0, cos ¢,
d do;
Te dgT 0826, + h\/2¢(1 — ) d"éT sin g,

(13)

where & indicates the electron helicity, the subscripts refer
to the transverse, 7, and longitudinal, L, components. The
two first terms are independent of the azimuthal angle ¢,.
The ¢, dependence is explicit and is decomposed in the LT
and LT’ pieces, related to the transverse-longitudinal
interference, and the transverse-transverse term, 77, which
is proportional to sin2¢,. The different components of
Eq. (13), can be given in terms of the diverse longitudinal
and transverse response functions [33],

dUT o R

dQﬂ - ,00 T»

dGL Q2

= =Ry,

dQﬂ Po E}% L

dO'LT _ QR

dQﬂ Po |E},| LT»

do

dQT: = poRrr,
dop 0
SOLT =Ry 14
o, 20 |E7| LT (14)

Here, the phase space factor p, = [g|/k;" with k" =
k!**my /W. Finally, the response functions, in terms of the
CGLN basis, are given by [61]

A slightly different notation in terms of the longitudinal
polarization, &; = (QZ/E}%)E, is used in Ref. [10].
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sin’0,
2
+ Re{sin?0, (F3F 3 + FiFy + cos 0, F3F,)

—2c0s0,FiF>},
R, = Re{|Fs® + | Fe|* +2c0s 0, F:iFs},
Ryr = sin0,Re{~F3Fs — FiFs — FiFg— FiFs
—cos 0, (FiFs+ F5Fs)},

Ry = |F\* + | + (IF317 + [Fal?)

1.
Rrr = 551n29,,{|.7:3|2 + [ Fal?}
+ sin0,Re{F3F3 + Fi{F4 +cos 0, F;F 4},
RLT’ = —sinHﬂSm{f§f5+f§.7:5 +fo6+fo6
+cos O, (F3Fs+ F3Fe)} (15)
Most of the experimental data correspond to some of the

terms appearing in Eq. (13). Additionally, an observable
proportional to do;;/dQ, has been measured [32],

_ot—0"  \2e(l —ée)dorp (16)

- dGT + £dGL - SdGTT ’

where 6 and o™ are the differential cross sections for ¢, =
90° with beam polarization parallel and antiparallel to the
beam direction, respectively.

C. Theoretical model for electroproduction

We analyze the electromagnetic pion production process
close to threshold using ChPT up through order O(p?).
Here, p is a small parameter controlling the chiral expan-
sion such as the pion mass, M, or g(k) the pion(photon)
momentum. In particular, we consider the low order chiral
Lagrangian terms for nucleon, A(1232), pions and photons.
For our calculation the following set of Lagrangian pieces
is required

2 _ 3 ,
Lar=> LH+3 L+ L0+ L5, (17)
i=1 =1

The superscripts indicate the chiral order. In the evaluation
of the hadron electromagnetic current for the process
Y*N — zN', M*, the chiral order for a Feynman diagram
with L loops, V¥ vertices of order k, n, internal pions, ny
nucleon and n, A(1232) propagators, is given by

0 1
D:4LZka—2n,,—nN—§nA. (18)
k=1

Here, keeping consistency with our previous work on
photoproduction [42], we use the § power counting rule

[62] for which a A-propagator contributes at O(p'/?) in the
chiral expansions.

1. Nucleon and pion degrees of freedom

The relevant Lagrangian terms in the mesonic sector
are [12]

F2
£ — ZTr[V”U(VﬂU)T + U+ Uy, (19)

I3 +1 N .
,C;(r;;zSS(At) = %TI’&((]I + U)({]z

+ %Tr[VﬂU[V" U Te[ U + Uy

+ i%%r[FRWVﬂU(V”U)T
+ Fr, (VFO)'VPUL + - (20)

where the ellipsis indicates terms that are not needed in the
calculation. Pions are represented by the matrix function

pr g 0 2 +
U = exp [,T”} ;.7,:< n V2r ) (21)
F \/571' -0

with z; the cartesian pion fields, F is the chiral limit of the
pion decay constant F,, Tr[...] indicates the trace of the
resulting matrix in the isospin space, V,U=09,U —
ir,U +iUl, is the covariant derivative for the pion, /,
and r, are left- and right-handed external fields. For the

"
electromagnetic case r, = [, = eQA, with e the electron

charge, O :%(13 + 154,) the charge matrix and A, the
photon field. Moreover, the matrix y = M?*1,,, accounts
for the explicit chiral symmetry breaking that leads to the
pion mass. Finally,

Fi, = u'Fryu+ uFp,u', (22)
F, = eQ(aﬂAD — HDA,,), (23)
FR;w = FL;w = F;w' (24)

For the nucleonic sector, the contributing Lagrangian
terms are given by [63]

) = N(i}o —m +gﬂy5>N, (25)
2 - Co v C7 v
‘CN) —N(CITI'D(JJ +%F;20” +MTT[F;F,,]G” >N
R (26)

*The & counting is appropriate at low energies. There, we have
the energy  ~ m, < 0 < 4nF,, and to keep this hierarchy one
takes &% ~ m,,.
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(a) (b)

(e)

FIG. 2. Tree level diagrams for the pion electroproduction process: (a) contact term, (b)—(d) including propagators in the chiral limit
and (e)—(g) including a mass correction in the propagator. Numbers inside the circles indicate the chiral order of the vertex and crossed

circles stand for vertices with an incoming photon.

3 N T (1
LY =dN <2mN i[D, F4 D" + H.c.)N +d;N <2

my

_ 1 - _
+ dSN <2— ieﬂ”"ﬂTr[F;Dua]Dﬂ + HC)N + d9N<

my

/1 /1. /1
+disN <§J’”75be(+]”u>N +digN (E ir'ys [D,“)(—]>N + dyN (— am

(D" Te[F LD + H.c.)N

1
T i PTr[F,f Ju Dy + H.c.) N

5 iytys[Fpy, u] DY + H.c.) N
N

el _ /1
+ d21N<§ irtys[F . ”y])N + d22N<§7”}’5[D”, F;»]>N e (27)

where N = (p, n)" is the nucleon isospin doublet with mass
m and axial charge g, both in the chiral limit. The covariant
derivative operator for the nucleon field is given by D, =
9, +T, with T, =2[u’, d,u] —Lur,u—%ul,u’. More-
over,

u, = iu'V,Uu, (28)

u=U'’?, (29)

ye =M (U £ V), (30)
i

o =), (31)

Fl =F} 1T F, 32

p ;w_i I’[ Mv]’ ( )

D,, ={D,,D,}. (33)

Considering the hitherto presented terms, with only nucleon,
pion and photon degrees of freedom, we generate the tree
level contributions for the y* N — zN’ reaction represented
by the Feynman diagrams in Fig. 2. The explicit expressions

[
for the associated amplitudes are given in the Appendix,
Sec. A2.

There are many one-loop diagrams contributing at
O(p?). The generating topologies are depicted in Fig. 3.
The amplitudes have been computed with the help of
Mathematica and the FEYNCALC package [64,65]. The
explicit expressions can be obtained from the authors upon
request. The UV divergences from the one-loop ampli-
tudes, are subtracted in the modified minimal subtraction

scheme (MS —1 or M§).5 We take the renormalization
scale ¢ = my, the nucleon mass.

As mentioned before, loop diagrams with internal
nucleon propagators can give rise to analytical terms of
orders below the nominal one, Eq. (18). We follow the
EOMS procedure to restore the power counting. Namely, the
power counting breaking terms (PCBT) are proportional to
lower order tree-level amplitudes and in consequence can be
subtracted by finite shifts of the appropriate LECs, in our
case those at O(p') and O(p?). Thus, after the UV
renormalization, we apply the following substitution

’In this scheme, multiples of yz — 1/eyy — log(4x) — 1 are
subtracted, where eyy = (4 —d)/2, with d the space-time
dimension, and yy the Euler-Mascheroni constant.
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/ N ) N Sl N ) e
(a) (b) (o)
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(d) (e) 63)
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I/ \\ //®/ ,/ “ / (E? i@/
4>—%H
(2) (h) (1)

FIG. 3.

One loop topologies for pion electroproduction from which Feynman diagrams are generated. Solid lines are nucleons, dashed

lines are pions. Crossed circles indicate where a virtual photon can be inserted. The topologies that lead to loop corrections in the
external pion and nucleon legs are not shown because they are taken into account by the wave function renormalization.

mBX
1622F2°

X=X+

(34)

where X € {m, g,c;, cq,c7} are the shifted LECs, X the
corresponding EOMS parameters, and fy are the propor-
tionality constants needed to generate the terms that cancel
the PCBT. Their values are shown in the Appendix, Sec. A 3.
Additionally, there are diagrams with loop insertions in
the external legs that are not shown in Fig. 3. Their contri-
bution is considered systematically via the Lehmann-
Symanzik-Zimmermann reduction formula [66],
Mt = \JZ, Z M, (35)

where M is the so-called amputated amplitude as obtained
from Figs. 2-3, and the missing pieces are encoded in the
wave function renormalization for the nucleons Zy and

pion Z,. Their explicit expressions are given in the
Appendix, Sec. A 4.

2. Contribution of the A(1232) resonance

The only mechanisms involving the A resonance and
contributing to y*N — zN’ up to O(p?) are shown in

() (b)

FIG. 4. Feynman diagrams including the contribution of the A
resonance to pion electroproduction. Numbers indicate the chiral
order of the vertex.

Fig. 4. Loop diagrams with a A propagator start at O(p’/?),
beyond our current scope. The relevant Lagrangian terms
are [38,67]

ih, -

) = ZF}:;A NTm4(9,A,)0,7° + He.,  (36)
2) Biegy <3 -

= "I NT39,A)F* +He., (37

‘CAN;/ 2m(m_|_mA) (8/4 u)f + c., ( )

with &, that can be fixed from the strong A — zN decay,
and g, from the electromagnetic one, A — yN. Also,
yh ="yt and P =1 (0,A5 - DpA,).
The A(1232) isospin multiplet is given by A, = (Af*, A,
A, A7)T and the isospin transition matrices 7¢ can be
found in Ref. [68].

TABLE L. Values of the LECs determined from other processes.
LEC Value Source
E;?) Ce 5.07 £0.15 up and p, [48,71,78]
¢y —2.68 £0.08 up, and p, [49,71,78]
LS) ds —0.70 GeV~2 N EM Form factor [79]
d; —0.49 GeV~2 N EM Form factor [79]
dig —0.02+0.08 GeV~2 zN scattering [46]
£ le (=1.34+0.12) x 1072 (r?), [48]
‘C<Al]>\’7[ hy 2.87 +£0.03 rj“’“g [80]
E(;])vy Ju 3.16 £0.16 EM [44]
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TABLE II.  Fit results for the LECs. The coupling g,, is dimensionless and d; in units of GeV~2.

dg + dy dg — dy dy dy Im y*/dof )(;%/dOf x%/dof
Full model 1.12+0.01 0.63+0.15 -029+£0.09 1.644+0.06 095+£0.13 2.9040.01 2.7 1.7 5.1
A-less 344+0.01 475+£0.18 -3.01+£0.09 450£0.06 0.45+0.12 - 13.2 16.8 4.4

3. Isospin symmetry treatment

As it is obvious from our choice of the Lagrangian, the
vertices are calculated in the isospin symmetric limit
(m, = my). However, the physical masses of pions and
nucleons are used in the evaluation of the loops. Formally,
in our O(p?) calculation, this amounts to a higher order
correction. Nonetheless, it allows to properly reproduce the
cusp, due to the different thresholds for the two charge
channels, clearly visible in the £, multipole for the yp —
7°p reaction [20]. In general, it should lead to some visible
changes very close to threshold, where the isospin mass
splittings could be relevant, while producing only small
numerical changes at higher energies.

D. Low-energy-constants and fitting procedure

Many of the LECs appearing in the Lagrangian have
been obtained from the study of other processes or physical

quantities.® In the lowest order Lagrangian, EE\}) , the chiral
quantities g, F, /i and M are expressed in terms of their
corresponding physical values, see Appendix, Sec. A 5. For
the leading order Lagrangian and the rest of physical
quantities we take F, =92.42 MeV, g4 = 1.27, my =
1232 MeV and e* = 4x/137.

In this work, we compare our model with the exper-
imental database and minimize the y?, taking as fitting
parameters the remaining free LECs. In particular, the
combination {dg + dy} that appears exclusively in the z°p
channel, and the set {dy, d»g, d5, d», } contributing to the
charged pion channels, as shown in Appendix, Sec. A 2. In
Ref. [42], d,,, related to the nucleon axial radius, was fixed
from a fit to lattice data at unphysical pion masses [51].
However, the quoted error bars might be underestimated’
and we prefer to fix it independently. Furthermore, in the
previous studies of pion photoproduction, its value could
not be well assessed because, at Q%> = 0, its contribution is
fully correlated to that of d,;. Thus, the inclusion of
electroproduction in the current analysis could lead to a
more reliable determination of this parameter.

®Note that the LECs in Table I were obtained within the same
framework used here, in a full O(p?) calculation in the EOMS
scheme and, when appropriate, with explicit A using the 6-
counting.

"See Fig. 4 of Ref. [51], to fully appreciate the uncertainties of
that fit.

E. Estimation of the observable uncertainties

We consider two error sources in our calculation of the
observables. One comes from the statistical error in the
LECs due to the error bars in the experimental data. We
propagate the error bars in the fitting LECs to an associated
error, 6O ge, for any observable O through the relation,

1/2
6)(]) s

(38)

00(x; 00(x;
8O, pos = <Z [Corr(x;, x;)] 8)(c- )5x,» 5‘;((4])

ij J

where Corr(x;, x;) indicates the (i, j)th element of the
correlation matrix, giving the estimated correlation among
the x; and x; LECs. Moreover X;, 5x; refers to the mean and
the error values obtained from the fit for any LEC x;.

In addition, another source of error is the systematical
error of the theory due to the truncation of the chiral series
expansion at a given O(p"). We use the method of

Refs. [69,70], namely, for an order n calculation, O(T'L),
we estimate this systematical error as

50_(;;) _ maX(|(9(”L0)|B”_”L0+1, {\O(k) _ O(l)an—l})’
no<Il<k<n. (39)

We take B = m, /A, and A, the breakdown scale of the
chiral expansion, A, = 4zF, ~ 1 GeV as in Ref. [51]. In
the present work we have n; , = 1 as the lowest order and
the upper order is n = 3.

F. Experimental database

We compare our model to the available experimental data
with some kinematical limits to ensure small external momenta
while staying well below the A(1232) resonance peak. Thus,
we have taken the invariant energy of the zN system ranging
from threshold up to 1130 MeV. Furthermore, from the study
of the nucleon electromagnetic form factors [71,72] it is known
that a good description beyond Q% ~ 0.2 GeV? requires the
inclusion of vector mesons in the model. Therefore, we have
selected data with transfer momentum, Q% < 0.15 GeV?2. In
particular, the case for Q> = 0 corresponds to pion photo-
production. We expect the O(p?) ChPT calculation with
explicit A’s to be well suited for the description of the
phenomenology in this kinematical region.
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FIG. 5. Angular distribution of the virtual cross section do,/dQ, at different angles and energies, transfer momentum Q2 =

0.10 GeV? and virtual-photon polarization & = 0.670. Solid line shows the theoretical results, the inner band depicts the statistical error
from the LECs variation within 1 — ¢ as in Table II. The outer band represents the total error including the systematical error from chiral
truncation, Eq. (39), added to the statistical one in quadrature. Data from Ref. [73].

1. Electroproduction

The largest amount of data corresponds to the y*p —
7°p channel. Specifically, from the late nineties, we include
data for the virtual angular cross section do,/dQ, at
0% =0.1 GeV?, obtained by the Amsterdam Pulse
Stretcher facility [73], and data from MAMI [28] for the
observables doyr/dQ,, doy;/dQ, and the combination
(dor/dQ, + edo; /dQ,). Later, very precise energy
dependence data has been obtained at Q% = 0.05 GeV?
in Mainz [32] for the observables doyy/dQ,, dory/dQ,,
(doy/dQ, + edo; /dQ,) and the asymmetry A7, p. More
recently, data for doy; /dQ, and (doy/dQ, + edo; /dQ,)
were published for additional Q? values [30].

There are far less data for the pion charged channel

y*p — m"n. Nonetheless, they are crucial to determine
LECs like d»y and d,;. We consider data on do;/dQ,,

do; /dQ,, dop/dQ, and the total do,/dQ, at a fixed
0% =0.117 GeV? measured at Mainz [74]. Later, the
experiment was extended to other Q® values for
dor/dQ,, do;/dQ, and do,/dQ, [75,76], and more
recently to lower energies [77].

2. Photoproduction

We extend the database used in Ref. [42] with the
inclusion of some recent data. For the yp — 7°p
channel, we have added the measurements on transverse
polarized protons from Ref. [55]. They correspond to
the observable Tdo/dQ, [55], where T is the target
asymmetry and do/dQ, the differential cross section
[42]. We have also included the total cross section results
for the threshold photoproduction on the neutron
from Ref. [56].
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III. RESULTS AND DISCUSSION

A. Low energy constants

The theoretical model has been compared with the full
photoproduction and electroproduction database previously
introduced, minimizing the y-squared function by varying
the values of the free LECs. In the calculation, we have
fixed the LECs from Table I to their central values, except
for g;,. We have let the yAN coupling, g,,, which proved of
paramount significance in the description of z° photo-
production [37], to fluctuate around the central value
obtained from the electromagnetic A width.

We have chosen to fit the combinations {dg + dy} and
{dg — dy}, instead of the individual constants, because of
the important correlation among dg and dy. Actually, they
appear in the amplitudes for z° production just in the
combination {dg + dy}, while the charged z* channels
depend only on dy. Given that the 7° processes represent,
so far, the most precise and largest amount of data, the
{dg + dy} combination can be determined with a higher
accuracy. Evidently, better data for the z* channels, would
be essential to obtain more precise results for dqy or,
similarly, for {dg — dy}.

The parameters {d, day,d» } are only relevant for the
charged channels y(*)p - ztn and y(*)n —» n~p. The
relatively low precision of the data and their scarcity limits
the precision of their determination. Furthermore, these
channels are already rather well described by the lower
order predictions and in consequence the O(p?) LECs play
a small role. It is worth mentioning that in photoproduction,
d»; and d,, appear only in the combination {2d,; — d»,}
while for electroproduction that is not anymore the case
(see Appendix A 2). Therefore, the full correlation is
broken once electroproduction is considered in the fit.

5.

Clearly, pion electroproduction reactions probe the Q2
dependence of the scattering amplitude. Thus, it allows for the
exploration of LECs like {dj, d7, l¢ }, which are relevant for
the description of the nucleon EM form factors and the pion
charge radius and which appear in the electroproduction case.

The LECs values obtained by the fit are presented in
Table II, together with the full ? per degree of freedom and
the partial contributions of photo—(;(}%) and electroproduc-
tion (y2). All the fitted d,’s are of natural size and, thus, the
contribution of the associated mechanisms is relatively
small at low energies. While the global result is acceptable,
as it will be better shown in the detailed comparison with
various observables, it is clear that the model reproduces to
a greater degree the photoproduction data.

The results for gy, and {dg + do} agree well with those
obtained in the analysis of Ref. [42], which studied photo-
production within the same framework but imposed full
isospin symmetry on the loop calculation. Our change, using
physical masses in the loops, has led to a substantially lower
2 value and to some small changes in {dg — do} and dy. A
larger variation can be observed in d,; and d5, but this could
be deceptive. The photoproduction amplitude only depends
on the combination {2d,; — d»,}, which it has changed
little. The separation of the two constants made in Ref. [42]
was based on the use of d,, = 5.20 GeV~2, taken from
Ref. [51]. This value, obtained from the lattice and already
discussed, is clearly disfavoured by the electroproduction
data. However, our result is close to an alternative fit of
Ref. [51] that restricted lattice data to low Q2 values.

Alternatively, we could have fitted {dg + dy} and do,
which appear directly in the amplitudes. For the full model,
the resulting fit leads to the same value for {dg + dy} and
dg = 0.25 £ 0.08. For the A-less model, again {dg + do} is
not affected and dy = —0.66 £ 0.09. In both cases the
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corresponds to polarization values of € = 0.932, 0> = 0.10 GeV? to & = 0.882 and Q> = 0.15 GeV? to & = 0.829. Data from [30] and

description as in Fig. 5.

results are fully consistent with those of Table II and can
also be obtained from them using the correlation matrix
and Eq. (38).

All the fitted d;’s appear in the evaluation of neutrino
induced pion production off nucleons and could be used to
improve the corresponding predictions. This is specially
important in the current precision era of neutrino physics,
where an adequate modeling of cross sections and back-
grounds is necessary for the investigation of neutrino
masses, mixing angles and other properties [81]. Our
results give support to the first ChPT calculations of these
weak production processes [48,49], which assumed a
natural size for these parameters to estimate the uncertain-
ties of the theoretical predictions.

B. Electroproduction observables

1. y'p - 7' channel

In this section, we show our results for the x electro-
production process compared to the experimental data. We
start with the y*p — 7%p channel, that represents the
largest amount of data, in Figs. 5-8. We should remark
that, among the third order fitted LECs, this channel’s
amplitude depends only on the {dg + dy} combination, that
is much constrained by neutral pion photoproduction.
Actually, the current fit results for that LEC are fully
consistent with the previous determination based just on
photoproduction [42]. Overall, the agreement with data is
good for all the observables considered here.
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In Fig. 5, we show the virtual photon cross section,
do,/dSQ,, at several energy bins close to threshold, Q% =
0.10 GeV? and for & = 0.67, compared to the NIKHEF
data from Ref. [73]. The angular dependence, on both 6,
and ¢, and the energy dependence are well reproduced.

The various pieces, related to the longitudinal and
transverse responses and their interference, which contrib-
ute to the total cross section of Eq. (13), are explored next.
In Fig. 6, we compare the model with the angular
dependence of o7y and oy, measured by MAMI [28] at
several energies very close to threshold. The two observ-
ables are very small. Both the size and the energy
dependence are well accounted for by our calculation.
Much larger is the observable do/dQ, + edo; /dQ, from
amuch more recent MAMI experiment [30] and depicted in

Fig. 7. These latter results show the Q* dependence, that at
the low energies involved and for the relatively small Q2
values is well described by the model.

The Q? dependence is also explored for doy; in
Fig. 8, which also shows a good agreement for the
angular distribution at several Q> values. We should
remark that for neutral pions, apart from the fixed
LECs, this dependence is only sensitive to {dg+ do}
and gy, which are strongly constrained by the photo-
production (Q? = 0) data.

Finally, in Fig. 9, we compare our calculation with the
very copious and precise data of Ref. [32], where the
energy dependence of doy, dorr, dor; and A has been
investigated at Q2 = 0.05 GeV? and photon transverse
polarization & = 0.933. For do;/dQ, + edo; /dQ, and
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FIG. 9. Energy dependence for doy + edo,, doyy, doy;, and A, at Q> = 0.05 GeV?, ¢ = 0.933, 0, = 90°. Data from [32].

dorr/dQ,, the calculation agrees well up to a few MeV ~ behaves as the HBChPT result of Ref. [25] discussed in
above threshold, what is consistent with the results shown [32]. The agreement with o7y is good and with o7
in Fig. 7. However, we overestimate the absolute value of  excellent, in both cases improving the HBChPT prediction.
the observable at higher energies. In fact, our fit curve  In these three cases, the quality of the agreement of our
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FIG. 10. doy, do; and doy; as functions of Q2 for the y*p — z7n process. For do; and do;, the pion angle is 8, = 0°. Magenta
circles: data from [77]. Red squares: data from [74,75]. Blue triangles: data from [76].
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E, =156.38 MeV

FIG. 11.

O(p?®) model is very similar to that of the O(p*) A-less
covariant ChPT calculation of Ref. [33].

Also well reproduced is the beam helicity asymmetry,
A; 7, a quite small effect, which shows the cusp related to
the nz™ threshold. The use of the physical masses in the
loops, and the corresponding isospin symmetry breaking is
essential for a proper reproduction of this shape.

Summarizing, the theoretical results for the z° channel are
in accordance with data, describing properly the angular
dependence and the Q? evolution. In regard to the energy, we
obtain the best results very close to threshold. Nonetheless,
the model starts to overestimate data for the observable
dor + edo; at higher energies, see Fig. 9. Actually, this
observable contributes strongly to the total 2. On the other
hand, it is very sensitive to ¢4 + ¢7, 2d; + dg and g;,, which
were restricted to the values allowed by the study of other
processes. In our calculation, the only totally free parameter
relevant for this channel has been the combination
{dg + do}, strongly constrained by the abundant photo-
production data.

2. y*'p - n*n channel

The channel y*p — 7" n depends on the O(p*) LECs do,
dyy, d», and d,,, as well as the O(p*) one ls.® Thus, there
are more fitting LECs than for the neutral pion channel.
Furthermore, the data are scarce. For these reasons, there
are less constraints on the relevant LECs and the statistical
error is considerably wider.

We find that the few and scattered virtual photon cross
section data [74,75] agree well, within errors, with the
theoretical model, and that the #* channel is more sensitive
to the lower orders than to the O(p?) contributions. In
Fig. 10, we present doy, do; and doy; as a function of Q2
at various pion angles and from several experiments that are
also well reproduced.

$Other O(p*) LECs appearing in the tree-level amplitudes for
the y* p — 7" n channel are /5 and /,. However, they are cancelled
in the amplitude expansion up to O(p?) when, at the same time,
we introduce the pion wave function renormalization, Z,, and the
pion chiral mass, M, as a function of the pion physical mass, M.
See Appendix A 4 and Sec. A 5.

0 05 05 0 05 05 0 05

Angular cross section for the channel yp — z°p. Data from Ref. [34].

C. Photoproduction

The use of physical masses in the loop propagators and,
therefore, the breaking of the isospin symmetry is the main
difference of this calculation with Refs. [38,42]. It leads to a
better description of the low energy region, where the
effects of the different masses and thresholds are more
relevant. Furthermore, in Refs. [38,42], there was a
systematic overestimation of the cross section at backward
angles for the z°p channel at all energies. The breaking
of the isospin symmetry in the loops has now much
improved the agreement with that cross section. As a
consequence, the partial y2, considering only photoproduc-
tion, has been reduced from 3.2 to 1.5. Also, without isospin
breaking, the fit prefers values of d;3 large and positive,
which are inconsistent with 7N scattering. Now, the tension
is much reduced and the y? depends less strongly on that
parameter. In the following, we present our results putting
emphasis on the comparison with the new data, added to the
database after Ref. [42], and in the low energy region, that
had not been included in the previous fit.

The yp — #°p channel is the most richly represented in
the database, both in the amount and the precision of data.

6 T
4 [
=
=
¢
2 [
0 I
145 155 165
E, (MeV)

FIG. 12. Cross section close to threshold for yp — 7°p. Red
circles: data from Ref. [82], blue triangles: data from Ref. [83],
not included in the fit.
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FIG. 13. Angular distribution of Tds/dQ, for the yp — z°p channel. Data from [55].

Thus, the relevant LECs, in particular the dg + dy combi-
nation, are strongly constrained and get a relatively small
uncertainty in the fit. In Fig. 11, we show the near threshold

region for the angular distribution and in Fig. 12 the
integrated total cross section ¢ as function of the energy.
Both are well reproduced. Our calculation still preserves
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the excellent results for the energy dependence of the total
cross section and for the beam asymmetry as in the previous
work [42]. In addition, for the z°p channel, we have
analyzed the data from Ref. [55] studying the process
occurring on transversely polarized protons. The observ-
able Tdo/dQ,, is sensitive to the cusp effects due to the na™
threshold. The results are shown in Fig. 13, with 7" and
present a good agreement for the full range of energies.
The quality of the agreement with the channels with
charged pions has also improved upon Ref. [42], as can be
seen comparing the partial y?’s. We would like to empha-
size the recent results, shown in Fig. 14, for the yn - 77 p
process [56] very close to threshold. They have consid-
erably enriched the database for this channel and therefore
lead to a better determination of the LECs relevant for this
channel, dy, d,y and the combination 2d,; — d»,.

D. A contribution

To explore the importance of the inclusion of the explicit
A(1232) in the model, we repeated the fit without the
corresponding mechanisms. The results for the LECs and
x* are shown in the second row of Table II. It is remarkable
that the A contribution, which depends only on well
constrained parameters, (b, and g,;), improves substan-
tially the global agreement with data. It is also noteworthy
that most of the fitted d; LECs are much larger in the A-less
case, indicating the need of a more important third order
and a slower chiral convergence. Comparing with the full
model, we see that, with the current data set, the > for
photoproduction is considerably worsened, whereas for
electroproduction y? is little modified, even showing a little
improvement. In particular, we have found that A inclusion
worsens the overestimation for doy/dQ, + edo; /dQ, in
Fig. 9. However, it improves the agreement with the other
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FIG. 14. Cross section for the yn — 7~ p process. Data from
[56] in magenta circles; red squares, data from [84] and blue dots,
data from [85] (not included in the fit).
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FIG. 15. y?/dof as function of the maximum W considered in
the fitting procedure. Full model at O(p?) with A (green
diamonds) and without A (red circles).

observables of the same figure. This point is relevant,
because that observable has the largest, may be excessive,
weight in the y? calculation among the full electroproduc-
tion dataset, followed by dory/dQ, from the same experi-
ment [32]. This is due to the large number of points and
their precision.

Within our model is not possible to reproduce well the
full set of data from Ref. [32], neither with nor without A.
We should remark that similar discrepancies have been
found in other A-less chiral calculations, both covariant and
HBChPT as shown in Refs. [32,33], even at O(p*). Barring
experimental problems or some underestimation of the
uncertainties, these difficulties may point out to the need of
a higher order calculation. In fact, this set of data is well
reproduced by the phenomenological DMT model [86,87]
which includes explicitly vector mesons, the A and several
heavier resonances.

In contrast, the A role in photoproduction is of the
utmost importance to reproduce the energy dependence of
data. The A-less model is unable to describe the energy
evolution of the cross sections, mostly in the 0 channel,
even with the inclusion of the O(p?) one-loop amplitudes.
This failure can be appreciated in Fig. 15. There, we show
the y? per degree of freedom as a function of the maximum
invariant energy, W considered in the fitting procedure. The
quality of the agreement remains stable for the full model
whereas without explicit A the y? function grows fast as a
function of the energy and it is impossible to describe data
at this chiral order.

IV. SUMMARY

In this work, we have studied pion production off the
nucleon induced by virtual and real photons at low energies.
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We have made a full O(p?) calculation, in the § counting, in
covariant ChPT including explicitly the A(1232) resonance
and employing the EOMS renormalization scheme. The free
LEC: of the theoretical model have been fixed by fitting it to
the available pion electro- and photoproduction data. We
have considered a restricted kinematical region with /s <
1.13 GeV and Q? < 0.15 GeV?, where we expect our
model to be reliable and still well below the A(1232) peak.

We have confirmed the importance of the loop terms. The
imaginary parts of the scattering amplitude and the cusp
effects, coming from the opening of the various charge
channels, are crucial in the description of some low energy
observables. To properly account for these effects we have
used the physical masses of mesons and baryons in the
evaluation of the loops, therefore breaking isospin symmetry.

The model describes well all data for total cross section,
angular distributions and numerous polarization observ-
ables. In particular, the agreement is excellent for photo-
production data. In fact, it is better than for other higher
order chiral calculations [33,36] that do not include the A
resonance. Without A, our model is only able to reproduce
data a few MeV above threshold. Neutral pion photo-
production is the most sensitive channel to this resonance
due to the smallness of the lower order contributions.

The comprehensive investigation of all electro- and
photoproduction channels, including all the available
observables, has allowed us to disentangle all the relevant
third order LECs involved, {dg,dy,dsq,d>,d>}. The
values obtained for the fitted LECs are all of natural size,
what is satisfactory from the point of view of chiral
convergence. Furthermore, this gives support to the uncer-
tainty estimations of recent chiral calculations of neutrino
induced pion production. Our results will allow for more
precise predictions of the low energy neutrino nucleon
cross sections of relevance to achieve the precision goals of
modern neutrino experiments.
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APPENDIX: AMPLITUDES AND
RENORMALIZATIONS

1. Amplitude parametrizations

The electromagnetic matrix element between the had-
ronic states, M#, can be written in terms of the Ball
amplitudes [88],

=a(p',s <Zb V") (A1)
with the Ball vector basis, see e.g., [33],
V’]‘ = y”}/s’ V’zl = P”]/S,
vg = q/‘}/s7 VZ = kﬂys’
VE=r'Hr. Vg =Py,
Vi =gy, Vi =Ky, (A2)

where P* = (p + p')#/2. As the current J*, from Eq. (2),
obeys the continuity equation, we also have k,M" =0,
leading us to the following relations,

by = —bg(k - P) — by(k - q) + bg O*,

b, = (Q*(by + bs) = by (k- q)). (A3)

k-P

These relations are sufficient to impose the gauge invari-
ance in the scattering amplitude. They also reduce from
eight to six the independent elements of the basis {V;}.
Another common parametrization, in terms of the covariant
basis elements M%, is [10]

Z ZA M, (A4)
where
My = —%75(1/”%— k)
M = 2iy> [ PPk - q—lk - q—lk Mk-P
2 2 2 ’
MY = =iy’ (v (k- q) — ¢"}),
MY = imyy’ (P K — Kr*) = 2ir° (y#k - P — PP)),
My = iy’ (K (k- q) + Q%¢").
My = iy’ (k*} + O*y"). (A5)

In the case of photoproduction, Q° =
for j =5, 6.

The relations among the above mentioned parametriza-
tions are given by

0, and then eMM’; =0
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Ay = i(bs + bgmy), Using the CGLN basis, as in [57,58], we can write
A — _(=bs(k-q) + (bs + bs)Q?)
’ (k-P)(2k-q+0Q*) ~ W
Ay = ibs, e i(py (ZAM ) u(p;) —47r—;(f]-';(,
ibg
Ay =, (A7)
A i(bs +2(by + bs))
5 - 2% - q + Q2 s
) Then, we find, expressed in the CM frame, the relations
Ag = —ibg. (A6)  petween the coefficients of both parametrizations as’
|
W — mpy 2le/B Q2
Fi = E E, A W — Ay — A; —A Ag |, A8
1 2l \/p+mN\/p+mN< 1+ (W=my)A, W—mN(3 4)+W—mN 6 (A8)
W+ my 2myvg 0°
Fr = —A w Ay ———— (A3 —A —Ag |, A9
= T [ (<t O e = = 4 (49)
F W+mN|*|¢E VE, T PWEdmy + O —a- LA (A10)
= —m / m - - s
3T T gaw IV ER TNV ES TN Ty iy TR T T
Fo= W=y ae Byt my AW+ Qa4 L (A1)
YT 8aw T\ E, +my 2W —my) 2T )

E E =+ my 3 N 1
= o i e -35) -0 1
+ [Ex(W + my) + 2myvg|As + [(E, + my)(W —my) — E,(W + my) = 2myvp|A,
+ 2myvgE, — E,Q%As — [(E, + my)(W — mN)]AG}’ (A12)
E 4]

6 - Ep—m A, + 2”/ 4 1
W E E P], myv W —— — E W2 2 2 A
8z \/( P + mN)( p— I’I’lN) { [ N] ! |:| | N B< y) < my + 2 Q )

+ [Ex(W —my) + 2myvglAs + [(E, — my)(W +my) — E,(W — my) = 2myvg|Ay

3

T [E,Q2 = 2myusE,JAs — [(E, — my)(W + mN>]A6}, (A13)

k- sHu—2m?
where vg = —5 L = R Some care is needed here because different conventions for these functions can be found in

2m N
the literature. '

2. Amplitude pieces
a. O(q') order

1 1)¢ég
M’(JCE)) — Cg )Fvll" (A14)

See Ref. [89] for some help in the derivation of these equations. -
"For instance, in Ref. [58], the expressions for F5 and Fg are quite different from ours, i.e., Fs = fg | 4 Fi+cosb,F5 and

Fe=F [658 + cos 0, F,. For the rest of the amplitudes, F1, ..., F,4 there are only global factors in the comparison.
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I neg [((m3 —s)Vi  (my 4+ my)(2V5 + V5 + V), — VE)
) =y (Pt - ER T ), w13
2 2
| neg ((u—m3)V{  (my+my)(2V5 — V4 + Vi — V&)
M’(ﬁ))=cﬁz37< — - o). (A16)
2 2
2 2VE -V
MY _ oty V2emng(2V5 = VE) (A17)

@ =~V E(2md + QP 4 s +u)
The constants C SU, ey Cg,) are given in Table III for each reaction channel. The amplitudes M? 15; ) and M’ZC()I ) are actually a
combination of O(g') and O(g?) orders due to the insertion of the nucleon mass at O(g?), m,, in the N-propagator. This
automatically generates the above diagrams at O(g') with the chiral nucleon mass, m, in the propagator and the diagrams at

O(q?) with the insertion of a vertex proportional to ¢; in the N-propagator, plus higher order small terms. As always, for the
external legs we use physical masses.

b. O(q¢?*) order

€9a ] (A18)

M) _ €9 (_2Ve+Vh  Bmi+s)(Vi=V5)
(%) T F, m% —s 2my(m% — ) by

M) o2) €9 (V’é —2Vs _ Bmy + ) (Vi = V5) V/;)_ (A19)

) ME - \"mi-u 2my(m% — u)

The constants Cﬁ) and Cg} are given in Table IV.

c. O(¢%*) order

MH?) ehagu
(&) "24F ;mymy(ma + my)(mi — s — iCamy)

x [{my(my + my(=M3 + Q% +25) + M3 (s — Q%) + 5(=Q + 35 — 6u))
—mp(3my + m3 (M2 — Q* — 10s) + M2(50% —5) + s(Q* + 5 + 6u)) } V|
+{20%*(m} — 4mymy — M2 = 55) + 6(mymp + s)(2m% — s —u) }V4
+{Q*(m} — 10mymp — M2 + 5) + 3(s — u) (mymy + s)} V4

+{Q*(m% —dmymy — M2 — 55) + mymp (2m% + 4M2 — 3(5s + u))

— s(6m} —4M32 + s + 3u) } V)

+ {=m} + mp(8m3y — 4myM2 + 8mys) + Q*(—m3, + dmymy + M2 + 55)
+ m3, (M2 + 65) + s(=5M2 + 55 + 6u) } V4

+ {2my(m% — M2 = 9s) — 2mx(9m3, + M2 + 25 — 3u) } V¥

+ {=mp(3m% + M2 — 4s — 3u) + my(m% — M2 + 3s) + 60%m, } V4

+ {mp(=5m% — 5M2 + 25 + 3u) + my(m% — M2 — )} V4], (A20)
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TABLE III.  Tree level amplitude constants for each channel at O(g").

Channel Cgl) CS}) CE}I) CS%/)
v'p — pr’ 0 1 : 0
Y'p— nat % \/Li 0 -1
y'n— prn~ —% 0 % 1
y'n — na® 0 0 0 0
TABLE IV. Tree level amplitude constants for each channel at O(g?).
Channel C§2) Cﬁ) C%; Cﬁ)
yp — pr’ 0 3(cs+¢7) 3(cs+¢7) 0
yp—nat 0 5 (cs+¢7) J5C7 0
yn — pn- 0 \lsz7 %fz(cs +¢7) 0
yn — na° 0 —1c; —-1¢; 0
Mﬂ(S/z) -D ehsgy
© M 2AF ,mymy (my + my)(m3 — u)

x [{my(u(2my + M7 — Q% = 65) + (my — M) (my + M) (my, + Q) + 3u?)

—mp(3my + m% (M2 = Q* — 10u) + M2(50% — u) + u(Q* + 6s + u))} V4

+ {20%(=mj, + dmymy + M3 + 5u) — 6(2my, — s — u)(myma + u)}V4

+{Q?*(m3, — 10mymy — M2 + u) — 3(s — u)(mymp + u) }V4

+{=2m}, + Q*(—m% + dmymy + M2 + 5u)

+ mymp(18m% — 4M2 — 3s + u) + 2m% (M2 + 3u) + 3u(-2M2 + 3s + u) } V4,

+ {m}, + Q*(m% — 4mymp — M2 — 5u) + dmymy (=2m3, + M2 — 2u)

— m% (M2 + 6u) + u(5M% — 65 — 5u)} V%

+ {2mp(9m3, + M% =35 + 2u) + 2my(—m3, + M2 + 9u) } V

+ {=mp(3m% + M2 = 3s — 4u) + my(m% — M2 + 3u) + 60°m } V4

+ {ma(=5m% — SM2 + 35 + 2u) + my(m3, — M2 — u)} V%], (A21)
where I',(s) is the energy-dependent width given by [90]

o) = LA ME ) (g2 4 i s + 25y )0 = Gy + M, ), (a22)

1927F s

with A(x,y,z) = (x —y — z)? — 4yz the Kéllén function and 6(x) the unit step function. The constants D;; and D,;; are
presented in Table V.

TABLE V. Tree level amplitude constants for each channel at O(g*/?).

Channel Dy, Dy
r'p = pr° 1 )
r'p— nzt - !
- 1\/2 1\/E
yn—pr 7 NG
y'n — nn® 1 -1
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d. O(¢®) order

M = cﬁj)F (VA(—4m3, 4+ 2M2 = 20% = 35 — u) + 2VE(2m% — M2+ Q* + 5 + u)
=My

+ VE(dm% —2(20% + s+ u)) + 2my(s — u) Vi = 8my Ve + (s — u) V%)

C(3) [\/E(dlii - 2d16)€M725
Ib F

H
Vl

d20€

+
\/_FmN

+ZV’f(2mj‘\, + Q*(—=2m3, — 2M2 + s + u) + 2m3, (M2 — s —u) — M2(s + u) + 25u)>

1 1
< (VE=VE)(2m% +2M2 — 5 — u) +5(s— u)Vk

d 2m% — s — d Vi(=2m% +20? Ve —V4
L due (( my — s u)V’f—i—\/EV’;)—l- 226( [ (=2m3 + 20 +s+u)+ 5 7)]’ (A23)
F” \/z Fﬂ 2\/5 \/i
() _ A0 (dig —2dg)eM; 2my(2Vh + V5 + Vi = V5)
M/(lb.yllr?a) = Cliq F Vi + " —s ; (A24)
3) (3) €9a 202VE+VE)  (3mj, + 5)(2V5 + VE) s
My = Chp e (Q2( et T ) (s Jvi-2vg). a2
3y (dig —2dg)eM? 2my(2V5 = VE + Vi = VL)
Mﬂc (c.ylx3) = C§134 ! F l _Vlf =+ 2 m2 3_ U 4 5 , (A26)
b N
202VE—VE)Y  (B3m3, + u)(2Vh = V4)
u( C<3 €9a 2 6 7 _ N 2 3 (=43 Vll zvﬂ A27
Mc}/3n1 IIIb4F 0 mizv_“ mN(m%v_u) mN+ my + ( )
M,, _ 0 (3)2V2(djg — 2d,6)emyM2(2V5 = V) (A28)
(s = Clv Fo(=2my + Q% +s+u)
(d:Nlzd) — ~IV 3\~ _» 2 2 - ) 2 ’ ( )
F; 2my +Q°+s+u 2my +Q°+s+u
V2emyga(2Vh = VH)
Mﬂ(3> — C(1> NIA 3 4 s A30
L s e S (A30)
where
2M?2 Mz
=2 (zm,zv-Q2—s—ul3_l“>’ (A31)
and the corresponding constants Cg), Cg,) are defined in Table VL
TABLE VI. Tree level amplitude constants for each channel at O(g?).
Channe i i i il o
y'p = pa° dg + dy 0 1 2d7 + dg 1 2d7 + dg 0
y'p—nat V2dy -1 V2 V2(2d; + dg) 0 V2(2d; — dg) 1
y'n— pr~ V2d, 1 0 V2(2d; — dg) V2 V2(2d; + dg) -1
}/*n d n]to dg - dg 0 0 —(2d7 - d6) O —(2d7 - dG) 0
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3. EOMS g functions
For the parameters m and g, from Eg\), we get
- 2 — gz g -
Bo=gm+ 29
(A32)

- 3 .-
Pm=— 592A0 [mz]’

where

2

Aglm?) = —m?log ™, (A33)
u

is the MS-renormalized scalar I-point Passarino-Veltman
function with u the renormalization scale introduced in the
dimensional regularization. For the second order LECs in

[,1(3) we have [79]

ﬁcﬁ :_ngmv [N}c7 :492m'
(A34)

. 3 347 -
B, :ggz‘f’WAo [m?],

In this case, as we are using in practice the O(p?) nucleon
mass, m, = m —4c; M2, it’s easy to see that the corre-
sponding EOMS shift results in

~ m(:Bm_4M72nBC]>

= . A35

my =my + 16222 (A35)

4. Wave function renormalization

The wave function renormalization of the external legs,
in the EOMS scheme, is written as

Zy=1+62 +0(p%). 2P =1+62 +00p).

(A36)
where
2
@ _ 394
5ZN = _64 ZFZ(MZ —4m 2){4M72r(A0[m12V]
+ (M7 = 3m3;) Bo[my, M7, my] — my,)
(1203 — SM2) Aol M2} (A37)
@) 5 Ag[M7]
6y = — 3L,M . A38
= 3F,2,{ ST (A38)

5. Chiral expansions for physical quantities
in the EOMS scheme

For the nucleon mass, my, we have
my = i — 46, M2 + 8% + O(p*),  (A39)
iy = i — 46, M2 = my — 85 + O(p*),  (A40)

with

" 327%F2
(A41)
For the pion mass we have
M2 = M>(1 453 )+ O(p°), (A42)
where
s _ 21Mz  Ag[M7] (A43)
Me ™ F2 3p2F%

For the axial coupling constant, we have

dr
gA—g(l M 5040 >) (Add)

(2) _ 1 42 M2 A2
6P Gm — 3g2) CaMaA ]

+ (893 + 4)myy — (493 + 1)MZ)Ag[M7]
+ MZ(((3g5 +2)M3
— 8(ga + 1)my)Bo[my, Mz, my] — 4gzmy)},
(A45)
For the pion decay constant
F,=F(1+87 +0(p)), (A46)
where

5(2):l£M% Ao[M7]
B F2 U 1622F2

(A47)

Note here that [} and d, are MS-renormalized LECs.
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