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We revisit the scenario of having a new interaction between neutrinos and a Higgs-like scalar suggested
by short-baseline neutrino anomalies. We find that there are two possible attractive channels in the resulting
effective 4-Fermi theory which lead to a neutrino condensation in cosmic neutrinos and the creation of a
neutrino superfluid at low temperatures and finite chemical potential. We find that at the minimum of the
effective potential V the condensates are mostly made up of pairs of left-left 4- right-right composites, with
a tiny admixture of left-right + right-left composites which differs from the scenario of Kapusta which
focused on the energetically unfavored left-right + right-left scenario. We obtain an approximate equation

T[Z

for the gap A? = 4my; (u — m)Exp|— ﬁ‘z“z]’ where my is the mass of the Higgs scalar, and G is the
eff H\/ H™—m

effective (renormalized) 4- Fermi interaction. Recent constraints on cosmological neutrinos suggest the

possibility that log;o(Geg MeV?) = —1.72 which would lead to an exponentially small gap.
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I. INTRODUCTION

It is virtually certain that the cosmic neutrino background
(CNB) exists, even though it has yet to be detected, lurking
at a slightly lower temperature than its more renowned
cousin, the cosmic microwave background. If and when the
CNB is amenable to observation, it may well exhibit some
interesting dynamical properties.

One reason to suppose is the tantalizing numerical
coincidence expressed by AM2 = mj. Here A is the
measured cosmological constant, M, is the Planck length,
and, as a plausible assumption, we take the neutrino mass
m, to be of the same order of magnitude as the measured
neutrino mass differences. Another way of stating this
result is that the scale of dark energy density is given by the
neutrino mass.

This may be a pure coincidence, of no further signifi-
cance than, say, the Koide relation [1], or the fact that the
proton to electron mass ratio is 6z°. Nevertheless, late in
the past millennium, it prompted Caldi and one of the
present authors to conjecture [2] that the cosmological
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vacuum was home to a neutrino condensate, as a way of
seeing why the neutrino mass and the dark energy might be
connected. The rough argument was based on assuming an
effective 4-neutrino interaction at low energies. If a (wv)
condensate formed, then schematically a neutrino mass
would be generated by terms of the form (vv), and the pure
condensate term (vv)(vv) would contribute to the cosmo-
logical constant. Here we are being very generic: (vv) is
meant to stand for any type of neutrino-neutrino or
neutrino-antineutrino pairing, as dictated by whatever
attractive interactions exist that could induce a condensate
to form. Of course, even if this scenario is realized, one
still has to investigate whether it can lead to the simple
numerical relationship mentioned above.

As a first step, the authors of [2] examined the effective
4-neutrino interaction due to the exchange of the Z boson.
They looked for pairing of the superfluid neutrino-neutrino
type, in the presence of a chemical potential. If there is an
attractive channel, a solution to the relevant gap equation is
guaranteed, because, in the absence of a gap, the interaction
becomes infinite as one approaches the Fermi surface.
However, the authors found that no attractive channel exists,
perhaps not surprising in view of the observation that vector
exchange produces repulsion between like charges.

A few years later, the subject was advanced by the work
of Kapusta [3], who considered the exchange of the Higgs
boson, which indeed produces an attractive channel. As we
shall see below, there are in fact two such channels;
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Kapusta examined the one that couples left-handed to right-
handed neutrinos. Once again, if one adds a chemical
potential, one finds a solution to the gap equation, and
hence evidence for a condensate. However, the coupling g
of the Higgs boson to neutrinos (assuming that is how the
neutrinos get their mass) is exceedingly small, since the
vacuum expectation value of the Higgs is already deter-
mined by the Standard Model. From the gap equation,
one infers that the size of the condensate depends expo-

nentially on the coupling: () o e~/9" so the magnitude
of a condensate generated in this way is unfortunately
totally negligible.

Lately, there has been increased interest in various forms
of nonstandard neutrino interactions [4], invoked to address
a range of issues. One possibility is the existence of a new,
“neutrinophilic” Higgs-like boson [5]. It is hypothesized to
couple preferentially to neutrinos, in the same manner as
the ordinary Higgs would, but with a much lower value for
the vacuum expectation value, thus permitting the coupling
constant to be similar in magnitude to the coupling of the
ordinary Higgs to the charged leptons. As a result, it could
generate a condensate similar to the one found by Kapusta,
but with a considerably larger value.

In fact, recent work [6,7] considers a model of
neutrinos with a scalar interaction characterized by an

. . 2 . .
effective coupling G = % whose magnitude, given by
H

log;o(Get MeV?) = —1.72, is at least 31 orders of magni-
tude larger than the coupling in Ref. [3]. [This model has
certain advantages over the standard lambda cold dark
matter (LCDM), including a possible resolution of the
tension in measurements of the Hubble parameter.]
Furthermore, in [5], the mass of the neutrinophilic Higgs
consistent with the short baseline neutrino anomalies is
taken to be of order 3 x 10* eV.

In the following analysis we explore the possibility of a
new Higgs in the simplified situation where there is only
one flavor of neutrino. As in past work, we look for a
pairing of superfluid type. We note that the relevant Fierz
rearrangement allows for condensates with two different
sets of quantum numbers, the Lorentz-invariant matrix
structure, iy'y3, which does not flip the handedness of the
neutrino, and the structure y%y>, which does. It is the latter
that was considered in [3] for the case of the ordinary
Higgs. In our analysis, we shall find, for a range of the
parameters, that the former condensate in fact dominates
the dynamics.

As shown in Ref. [8], it is also possible to treat the
neutrino flavors as Majorana. The introduction of a sterile
neutrino allows for one of the neutrinos to obtain a mass via
the seesaw mechanism (in their case the seesaw operates
between 0.1 eV and 0.001 eV), and the further introduction
of a scalar particle induces condensation, which they take to
be of the form considered by Kapusta. They argue that even
though lepton number is not conserved in such a model, in

a cosmological setting one can still define a chemical
potential provided that the expansion rate of the universe
exceeds the interaction rate of the particles.

We shall not consider this possibility in what follows,
although one can contemplate extending our work in that
direction in the future. In this paper the Majorana nature of
the neutrino emerges as a result of the condensation (i.e.,
the lepton number is broken spontaneously) and is not
introduced a priori. But we do generalize previous work by
allowing for simultaneous condensates in two separate
attractive channels.

In Sec. II, we derive the effective action for the
condensate fields in mean-field approximation, using
the well-known Hubbard-Stratonovich procedure [9]. In
Sec. III, we determine the extrema of the effective potential
and discuss the effects of coupling constant renormaliza-
tion. We also determine the renormalized gap equation and
the renormalized effective potential. In Sec. IV we consider
the analytic approximation that the gap equation integral is
dominated by the peak of the integrand at the Fermi surface
and compare the result with the numerical calculation of the
gap equation. We summarize our results in Sec. V.

II. DYNAMICS OF NEUTRINOS WHEN THERE
IS INTERACTION WITH A NEW
HIGGS PARTICLE

As described in the Introduction, we assume, for
simplicity, one species of neutrino interacting with a
Higgs scalar described by the Lagrangian:

Es = %(8lt¢aﬂ¢) - V[Qb},
Vgl = —1*d?/2 + he* /4, (2.1)

with u? > 0. The Higgs potential gives the scalar particle a
vacuum expectation value

and a tree-level mass
d*v
my =—= = 2. (2.3)
d¢ Pp=v

We assume that the neutrino is a Dirac particle having
both right- and left-handed components. In the Dirac
representation

v :%(1 —75)1//—\%(_1/;), (2.4)
wRZ%(lﬂs)w:\%(Z), (2.5)
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where vp and v, are two component spinors so that

B 1 <1/ R +v L )
v \/E Up — Uy ’
The neutrino Lagrangian including interaction with the
Higgs particle is given by

(2.6)

Ly =yiy'dw — gpye. (2.7)
The leading effect of the Higgs particle is to give a
Dirac mass to the neutrinos: m = gv, where v = (¢), as
well as induce an effective 4-Fermi interaction between
the neutrinos. This leads to a low energy effective neutrino
Lagrangian:

L= E(w"@ w — 07" w) — mpy + =5 (pw)*. (2.8)
m
We can write this as
1
Ly =3 Ay —yATy") + Mepswiyswiws.  (2.9)
where choosing the metric diag {1,—-1,-1,—-1}
A =i0y + iy’r* 0, — y'm. (2.10)

We would like to know if the exchange of the Higgs-like
particle in the “#” channel of the neutrinos can lead to the
formation of bosonic condensates in the “s” channel. To see
whether this is true we first reorganize the 4-Fermi
interaction to be in the form of fermion pairs interacting.
This then leads to a Bardeen-Cooper-Schrieffer (BCS)-like
interaction [10]. In the Hamiltonian operator formalism one
would, in the mean field approximation, replace two of the
fields in the 4-Fermi interaction, y,y ;, with their expect-
ation value, so that schematically the field operators

vty = vyt uy) =yiyie,  (2.11)
where o is shorthand for a composite bosonic state of spin
zero or 1. This approach was taken by Kapusta [3]. In the
path integral formulation of the problem, one equivalently
introduces these states using a Hubbard-Stratonovich
formalism which converts the quartic fermionic interaction
into an equivalent trilinear interaction between two fer-
mions and a boson at the expense of introducing quadratic
bosonic terms into the Lagrangian. One then gets an
effective theory in terms of only the bosons by integrating
out the now quadratic fermionic degrees of freedom.
Keeping only the stationary phase contribution to the
resulting path integral over the bosonic degrees of freedom
is equivalent to making the BCS approximation or mean-
field approximation in the Hamiltonian approach.

However, in the path integral approach one has a well-
defined way of obtaining corrections to the mean-field
approximation [11]. We shall find that the condensate that
minimizes the effective potential V. is quite different from
the one found by Kapusta, and we also find, by evaluating
the gap equation numerically, that what we call the “drastic
approximation” of determining the gap equation from just
considering the contribution from the Fermi surface is not
always justified.

We are interested in rearranging the last term in Eq. (2.9)
in order to understand whether this low energy effective
interaction can lead to the usual “Cooper pairs”, " and
yy found in superfluidity. To do this one makes a Fierz
reordering of the 4-Fermi interaction, which means we
write

) ~x(A
Maﬂy§ = Z”/{Q((zy) Qﬂé ) (212)
7
so that
Mogswriawgiiws == nwhQuwiv; 05 ws.  (2.13)
7
In Appendix A we show that
18
ZZ (W' om)wory). (214

Here n, = +1. There are two attractive channels, with
n, = 1 and 4 repulsive ones with 7, = —1.

Since we are interested in neutrino condensation we
will focus on the attractive channels. For those cases

0™ = —0%, and (ignoring the repulsive channels)
_ 1
(pw)? = < [(wieBy") (woy) + W'y (wrry)).
(2.15)
so that
A) ~x(4
Maﬂy5 - ZQz(xy) Qﬁ((s ), (216)
7
with
oW =iy, QW =xy%t.  (2.17)
and k2 = £

g Note that Q is already proportional to k.

To make contact with the work of Kapusta, we can write
the y# in terms of the Pauli matrices. We find that

. 62, 0 .
=iy'y = _< >’ (Uz)ij = ~€j,

2.18
0. o (2.18)
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so that

(' ey (woy) - (vgowk + vyoory)

X (vgoovg +vpoovr).  (2.19)

On the other hand,

Oy, 0

2,5 _

r ( 01 —07, ) ’
so that in terms of right-handed and left-handed neutrinos,
the attractive channels are

(2.20)

WP wrrry) = (ko)) (vroavy).

(2.21)

Kapusta only studies the second possibility where the
condensate is a RL composite. We will find that in our more
general framework, this solution is only a relative minimum
at an end point of the generalized space of solutions.

We implement the Hubbard-Stratonovich procedure by
adding auxiliary fields to the action in such a way as to
cancel the terms that are quartic in the neutrino fields.
This does not change the action, since if we perform the
integration over these fields in the path integral, we recover
the original action. Thus we add to £ the terms

1

—— > (BT — QW yly ) (B + k0 wpws),  (2.22)
K 2 iz

which then cancel the quartic interaction in Eq. (2.8), to
yield

1, . 1 .
Ly =~ (yAy —wATy") _FZB(MBW
1

2
+y By +wBy, (2.23)
where
1 1
B==-Y BYOOW; Bt =—=Y BIWo*®),
280 2B
B = (B(l)l}/l}’3 + B(Z)y2y5),
Bf = (BWiy'y? + BOTy2pd), (2.24)

since 0*W = —QW,
Thinking of (y,w") as a column vector ¥, we can
represent L as

1
L= _FZB(A)TB(D + WIS, (2.25)
p

+

and letting y = y + 1 (B")"'ATy", one obtains

/ dB'dB exp|iT.(B', B)), (2.26)

where

1
Feff = — / d4x <p ;BTM)B(i)
+ %Tr log[1 + 4A—IB(AT)—IBT]> . (227)

and the neutrino inverse propagator at finite density, with
chemical potential y is

A(x = y) = (i0o + iy’ O = y’'m —w)d(x —y).  (2.28)
This action contains all the dynamics of the bosonic
degrees of freedom. The quadratic term is a bare mass
term for the bosons and the Tr log term contains all the
fermion loop corrections to the action. It also generates
the kinetic energy for the bosons so that they propagate.
The stationary phase approximation to the path integral
over the bosonic degrees of freedom is equivalent to the
usual BCS approximation used in superconductivity [12].
The stationary phase point of the action yields the gap
equation which determines the (nonzero) expectation value
of the condensate field. We will use the Dirac representa-
tion of the y matrices with

iy’ = o™ = id, (2.29)
where
0 of
ot = ( > 2.30
Uk 0 ( )
In Fourier space we have
d* .. o
Ax,y) = /(27’;4[(190 —p) —a- p—myPlem Py
d‘p .
= TP eAp). 231
/(2”)46 [p] ( )

Here p? = pj — p - p. To correctly incorporate the chemi-
cal potential 4 one needs to introduce an ie prescription,
so that

A (x.y) _/ d'p  [(po—p)+a-p+my’l
’ (27)* [po — p + iesgnpo]* = p - p —
x e~ P () 2.32)

m2

or
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Al (x,y) = d'p G5 011 y=ip-(x=y)
x,y) = W[(Po—ﬂ)—a'P—m?] e ,

2n
(2.33)
where
Po = po + iesgnpy. (2.34)
Now consider the quantity
X =4A7'B(AT)"1 BT, (2.35)

which contains two neutrino propagators and two vertices.
This is similar to the fermion loop diagram of the Nambu—
Jona-Lasinio model [13]. Here we are not so much
interested in the dynamics of the condensate field but what
are the degrees of freedom of the condensate and what is
the nature of the gap equation and the energy landscape of
the condensate space. For this we only need to study the
effective potential Vg for which BY) and the BT are
constants. The minima of V. determine the allowed
vacuum states of the theory. When the fields are constant,
X[p] is the integrand of the vacuum polarization graph at
zero momentum transfer. In momentum space we have

X[pl = . E -
[(p ) - (p) —my"]
x (BWiyly? 4 B@y2y5)
1
ot H) =@ p+mp]

x (BWTiyly3 4 BATy2y5) |, (2.36)

Using the (anti)commutation relations for the y matrices,
and performing the matrix algebra, we find that

1
X[p] = —4— —
[(Po—p) —a- p—my°]
! M
[(Po+u)—a p+my]
1
+ — —— M|, (2.37)
[(Po+u)+a-p+mP
where
M, = BOBT1 — ) PBB)T (2.38)
and
M, = BB — /BB, (2.39)

As we shall see below, X[p]| plays a crucial role in
determining the effective potential.

III. EFFECTIVE POTENTIAL

To obtain the effective potential we take the BY) to be
constant, and from

Lef = —Verr / d4X,

(3.1)

1 i at
Vegr = PZBW)B(’I) + / (2;)?4 Tr log [1 + X[p]].

(3.2)

This naive effective potential has both quadratic divergen-
ces and logarithmic divergences. However, since this is
only an effective theory, valid up to the mass of the Higgs
particle, we will instead think of this theory having an
effective cutoff A ~ my. It will, however be useful to define
a “renormalized” coupling constant k% so that the theory
only logarithmically depends on the cutoff. It is convenient
to parametrize the condensates as follows:

B =R cos fe'?r; B

= R sin 0?2, (3.3)

where we take 0 <6 < x/2. Then we obtain, letting

& =q¢— ¢,
7° :
M, = R? <005261 - fsin 296’¢> ,

0
M, = R? <s1n291 5 sin 2¢9e"¢> (3.4)

When 6 = 0, M, = R’1, M, = 0, whereas when § = /2,
M, =0, M, = R*1. We notice that when sin20 = 0, M,
and M, are independent of ¢. This occurs at the special
cases @ =0,M, = R?> and 0 = /2, M, = R

We can write

X[p] = A~ [p)Z[p] (3.5)
with
Alp] =po—p—a-p—-my°, (3.6)
hence
% —iR2+5/‘f1—pTr1 [1+A"'Z[p]l. (3.7)
eff — K2 2 (2”)4 0og Pll- :
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Taking the derivative with respect to 6, ¢» we obtain for A= (p+£2 W)l/ 2 (3.11)
the stationary points of V. the conditions:

d
OVer i [ d'p ,0Z an
— 2 [ El 1A+ 2
0 2/ (2m)* {( 2 80} 0
OVer 1 [ d'p ,0Z B =u* +wh +4R% w3 = p* 4+ m?;
O 5/ (2n)* o {(A tar 84)} O y = p*(u* + 4R?sin0) + (um — 2R* sin 20 cos ¢)?

OV 1 1 a* = (0% — m*)(u* + 2R*(1 — cos 20
= 2/ P Tija+2z'z=0. (38) (5 =)l ( )
OR k*  4miR* | (2z)° + (um — 2R?sin 26 cos ¢)?. (3.12)

One can write L )
This will enable us in what follows to perform the p,

N N integral by contour integration.

-1 _ 20, —

A+2)" = D_o ’ Z D (3.9) The equation which extremizes the potential with respect
to ¢ can be written as

The denominator of the integrand in all the first derivatives

in (3.8) is the quantity Wer s dpo Bp [ ey 0 (3.13)
. g . . op 27i (27)° |4DDy" | ‘
DDy = (po = A1)(Po = A-)(Po +4:)(Po +1-),  (3.10)
where where DDy is given by (3.10) and
|
Cop = 8R* sin 20 sin ¢ f [p. po. u. R*],
2 2 sin(20) cos(¢) (m*(p® — R?) + p* — p*(u + po)® + R*(u + po)*)
flp.po.u. R*] = —mp — > 5 : (3.14)
m? + p* = (u+ po)
Hence we can extremize the potential with respect to ¢ Ve 1 dpy &p Co
by choosing sin¢ = 0, cos¢ = £1. We will restrict our- ORZ &2 2mi (27)° 4R2DD0 (3.18)
selves to the case cos¢ = +1 in what follows. With that
assumption, we can rewrite y as with DD, given by (3.10) and now
20,2 2 qin2 2 o 2
y = p*(u* + 4R*sin* 0) + (um cos ¢ — 2R* sin 26)°. c o .
a5z = ~N(po.p) =N(p?) =}
(3.15)
= u> +m? +2pm sin 20
We notice that the potential depends on the product of sign + p? cos 26 — P+ 4R%cos?20.  (3.19)

u and cos ¢ which can be £1. Writing

Doing the p integral by contour integration and closing the

pcosp =lun=np (3.16)  contour in the upper half-plane we obtain
with 7 = 1, we have WVerr 1~ / &*p N(y, p) N@G_.p)
OR> K2 (27)% (22, (22 —22)  2A_(2% - 2%)
y = p*(u® + 4R?sin’0) + (mp — 2R*sin20)%.  (3.17) 1 2 Do N(p?) 1
N P/ [ [/1++/1_]+/1++/1_]
We consider the two separate cases 7 = 1. We will find 1 1 [P
when we study V. [R?, 6] that apart from the end points =2 2 / dpZ(p,R*.0,q;). (3.20)

0 =0, n/2, where V, = V_, the potential with 5 = —1
always has higher energy than the potential with n = +1. . ) )
We can treat both cases together by using the parameter ~ Where we have used N(Ay,p) =41 — N(p?). Note that

p = |uln. We have % is independent of & when R> = 0. We can define a
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renormalized coupling constant 1/x% as the value of %‘;55‘
when 4 = R> =0 and 6 = 0.

1 1 1 Prmax
_2:_2__2/ dpZ(p.R* = 0.1 = 0.m)
KR K T
1

Here H = p,,.,x = my. Explicitly we have

(H\/H2+m — m*tanh™! (

7[2

A=)

(3.22)

X[H,m] =

For large my/m we have that

Veff[R 0. m, ﬂ /

The gap equation is obtained from the place in R?> where the
potential is a minimum so that

1 1

- __2/”"““ dpI(p.R> = A*/4,0.m.u).  (3.27)
K = Jo

Renormalizing the coupling constant we obtain the renor-
malized gap equation,

1 1 [ Pmax
2 2/ desub(p’R2 = A2/4, 0,m,u), (3.28)
Kz T~ Jo

where we use the subtracted integrand. For fixed values of
6, m, u this equation gives the relation between the gap A
and the inverse renormalized coupling constant x%.

We want the value of 6 that gives the deepest potential.
When sin ¢ = 0, one finds

0=—

my
The relations between x and kp are given by
2 2
2 K : 2 KR
— : = . (3.24
RS (H, m) Tas@m O

From its definition, we know Vg (R? = 0) = 0. Integrating
with respect to R> we obtain

R 1 (R Pinax
V= L / dR” / dpT(p,R%.0.q)). (3.25)
k= 7 Jo 0

In terms of the renormalized coupling constant,

R /l’max dp|Z(p.R™.0. ) —I(p,R/Q =0,0=0,u=0,m)]. (3.26)
0
8chf de dzp Cos
—_g [ Z£0 , 3.29
o0 / 27i (27)? |4DD, ( )
where
cop = 4R* (4pm cos(260) — 2p? sin(26)
— 8R? sin(26) cos(26)), (3.30)
WVeir _ / & Cop Coo
g0~ *) Cap 2B B 2B -B)
1 Pmax C
- 2dp—— 09 3.31
272% Jo P p/1+/1— (A +4-) ( )
At the stationary points
—2p? sin(260) — 8R? sin(20) cos(29)) (3.32)

271'2 0

We observe from Egs. (3.20) and (3.31) that the
denominator of each of the integrands contains a factor
of A_. From the expressions for f and y we see that, when
R? = 0, A_ vanishes at the point @, = |u/ (this is the Fermi
surface), and therefore the integral has a logarithmic
singularity as R?> — 0. It is this fact that guarantees a
solution to the R? gap equation no matter how small k> may
be, provided |u| > m. One might also conjecture that the

1 Pmax 4R2 4pm cos(20
[ pap om0

Aa_(A +A)

[

integral in Eq. (3.32) is dominated by the region around
@, = |u|, in which case one would conclude that

2n|u|m

tan 20* ~ .
u? = m?|

(3.33)

However, the term in the numerator proportional to p?
produces a quadratic divergence in the integral as the cutoff
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dV/de[u,M=1/1000,m=30000,6]

0.010 -

0.005 -

A 1 1 L 9
7x107% 6.x10°% 8.x107% 1.x10”7
-0.005

FIG. 1. g—g as a function of @ for m =1, M = 1/1000,
my = 30000, and u = 1.1, 1.5, 2, n = +1.

tends to infinity; hence we might expect that the integrand
is dominated not by the region around @, = |u| but rather

by p? that is some fraction of the cutoff m?. In that case
we expect

tan 260* M (3.34)
my

This latter result is closer to the numerical findings. Thus
we will find for realistic values of my suggested by short

V.(6)

-0.01¢

-0.02 |

-0.03 |

-0.04

baseline experiments (i.e., my/m, ~3 x 10%) the value
of 0* is close to zero so we obtain a different condensate
than the one suggested by Kapusta. Keeping M fixed
(M = 1/1000) and increasing y the minimum in # occurs at
larger and large € and goes as Eq. (3.34), where the red
curve corresponds to u = 1.1 and the black curve to
u = 1.5. This is shown in Fig. 1. Note that the value of
0 that extremizes the potential does not depend on the
coupling parameter 1/x>.

When 5 = —1, the stationary point of the potential in 6
occurs a little below 6 = z/2. However, it is now a
maximum. There is a relative minimum at the end point
60 = n/2. This is the state that Kapusta studied. The
maximum and the relative minima at 0 = z/2 is shown
in the right-hand side of Fig. 2. There is also a relative end
point minimum for = —1 at = 0.

Both these end point minima are higher than the true
minimum for 7 = +1 at §*. We display an example of this
behavior in Fig. 3 where we plot potentials forn = £1 as a
function of @ for k> = 1,m = 1,y = 1.5, my = 20. Here
we keep R> = A?/4 fixed to be at the value R?> = 1/1000.
We see that the red curve for = —1 is above the blue curve
for n = +1 and that the blue curve displays the minimum
near 8 = 6" = 0.03.

V.(6)

-0.00004 |
-0.00005 |
-0.00006 |
-0.00007 |
-0.00008 |
-0.00009 }
-0.00010 |

e g
152 1.53 154 1.55 1.56 1.57

FIG.2. V_(6) asafunction of @ form = 1, u = 1.5, R> = 1/1000, m; = 20, for y = —1. The graph at the right shows details near the

maximum.

viel

-0.01+

-0.02

-0.03 -

-0.04

V(6]
-0.0411}
-0.0412 ¢

-0.0413}

001 002 003 004 005 006

FIG. 3. V(0,R*> =1/1000) as a function of @ for y = 1.5,m = 1,my = 20, 7 = 1 (blue line), and n = —1 (red line).
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I(p.6")
10} _
8 ////
6f /_//
at ~—
2} /

/

R

lr(p.6")
3_1
Il
1\
L RN
1 -%l_%——lxv p
5 10 15 20

FIG. 4. I(p,R?>=1/1000,0 = 0.02,m = 1,u = 1.1) as a function of p. The curve on the left is unrenormalized. The graph at the

right shows the effects of renormalization.

A. Renormalizing the coupling constant

If we use the unrenormalized coupling constant k>
to parametrize the theory, the integrand in V[R?,6)
has a small peak near the Fermi surface, @, = |u|, but
is larger near the cutoff. Thus one cannot approximate
the integrand by the pole contribution. However, if we
use the renormalized coupling, the integrand now gets a
large contribution from the peak at the Fermi surface,
as one would anticipate on physical grounds, but still
has a large tail. We will compare below the pole con-
tribution approximation in the latter case with the
numerical evaluation of the gap equation. The unrenor-
malized integrand Z (p, R?> = A%/4,6*, m, i) has a peak at
p>+m?*=p* For m=1,u=11,my =20 we have
that 8* =0.02 so that 7 has the behavior shown in
Fig. 4. This curve shows that if we are going to just
keep the pole approximation, we need to use the renor-
malized coupling constant. If we keep m = 1,R?> =
1/1000 and vary p the spike in the integrand gets higher
and higher. This is seen in Fig. 5.

The result that the potential with # = —1 is always above
the potential with # = +1, as shown in the example of

Ir(P,6",u)

40!
30
20,
10}

10 15 20P

FIG.5. Z(p,R? = 1/1000,6*) as a function of p for increasing
values of u. Blue, red, and green curves correspond to 1 = 1.1,
1.5, and 2.0.

Fig. 3 is general so we do not need to further consider the
solution with n = —1.

B. Renormalized gap equation and renormalized
effective potential

At 6* the renormalized gap equation becomes

1 1 [Poa
% 2/ dp Low(p. R* = A*/4,0"(m.p). m. p)
Kg 7 Jo

1
= —zg(m,/t,R2 = A?/4).
P s

(3.35)

This equation relates the gap A? to the renormalized
coupling constant and the parameters m, u. An analysis
of Zyy(p, R? = A?/4,0*(m, u), m, u) for small values of
R? and 0* shows that this integral is very weakly dependent
on 8*, and the value of the renormalized coupling constant as
a function of the gap A? and the parameters m, u is extremely
well approximated by setting 6* = 0. If we do that, we get
the simpler equation for the renormalized gap equation:

A? + (u+ w))?

1 2
+ -
A2+(ﬂ_wp>2 wp

(3.36)

This integral can be used to define a function of four
variables,

my
flu,mmpy, A?) = /0 pdp

A+ (u+w,)?

1 2
+ ——], (3.37)
A2 + (/‘ - wp)2 @p
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so that the value of the coupling that allows a solution
of the gap equation for a given value of u,m,my, M =
R?> = A?/4 is given by

ﬂ.2

S 3.38
flu.m,my, &%) (338)

2
Kp =

Note that this determines the effective 4-Fermi inter-
action G in terms of the gap A”. For what follows, for
illustrative purposes we will keep A> = 1/1000 so that A is
only slightly smaller than m, so that we can see the effect of
changing the other parameters visually. First, we want to
show that even when we choose the value my = 20, very
little error is made in letting * = 0. We show the slight
difference between the gap equation at " and 8 =0 in
Fig. 6 for my = 20. When my increases, 6* goes to zero as
1/m?y so this difference rapidly vanishes. At the nominal
value for mp that comes from the short baseline experi-
ments, the value of k% is lowered by a factor of 3 as shown
in Fig. 7.

The equations we have determine the effective potential
as a function of the renormalized coupling constant k%
which is the effective 4-Fermi interaction G as well as the
parameters y, m, my, and the gap A%. Keeping m = 1 we
are evaluating all masses in terms of the neutrino mass
which we assume is about 1/2 eV. Evaluating the effective
potential Vi [R?, m,u] given in Eq. (3.26) for A% =
1/1000 and allowing «% to change slightly with u to keep
the gap fixed, one finds that the renormalized effective
potential V[R?] for m = 1, u as a function of R?, is shown
in Fig. 8. We see increasing p deepens the potential at
the minimum. The minimum is at the R*> = A% which we
have chosen to be 1/1000 for illustrative purposes. What
we will find below is that when we obtain an approximate
analytical value of A2, experiments constrain A% to be

kA0l

1.2 1.4 1.6 1.8 2.0 3

FIG. 6. «% as a function of u for M = 1/1000, m = 1,my = 20
at @ = 0 (red line) and at @ = 6*(m, u) (black line).

2
Krlu,my]

FIG.7. «% as afunction of g for M = 1/1000,m = 1, my = 20
(red line) and at my = 30000 (black line).

V[p,R?]
0.0003 -
0.0002

0.0001 ¢

70003 0004
~0.0001

FIG. 8. Vg[R? for different u for A%/4 =1/1000,m = 1,
my =3 x 10*. The colors black and red correspond to
u=1.1and 1.5.

exponentially small. Nevertheless, V[R| always has a
nonzero minimum.

IV. APPROXIMATE ANALYTIC CALCULATION
OF THE GAP EQUATION

Going back to the approximate gap equation at € = 0,
we have

1

flu,mmpy, A?) = A pdp

A+ (utwp)?

1 21
- - =
A2+(/"_wp)2 wp

(4.1)

The integral gets a large contribution near the Fermi
surfaces w,, = +pu. Let us consider the case where u > 0 so
the large contribution to the integral will be from the second
term. So now change variables to { = @, — y, and then the
renormalized gap equation is
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2
1= [ age (e w2 -

min

1 1 2
X
L/AM;;Z VAT (2u + &)? <§+/J
K% [ Emax 2
:? dfhl(é:nuvm7M)E_

min

(/’l’m’ mH’M)‘

(4.2)

Here €0 = /Mm% +m*> —p~my and ey, = m — p.

Now at large &

—2u* + m? + 4M

hl(g’:u’m?M)_)_ 5

(4.3)

There is a logarithmic tail to f coming from this 1/&
behavior as well as a large contribution coming from
the sharp peak near the Fermi surface where w, =~ u or
E~0. This is seen in our plot of h[¢] for m =1,
u=15,M = 1073 shown in Fig. 9.

Now that we have a simple equation for the renormalized
gap equation at * = 0, we can get an approximate analytic
answer for the gap equation when A < m by approximat-
ing the p? term in the integrand at the Fermi surface

= +/p* + m? = 4u. We will be ignoring logarithmic
corrections to the integrand coming from the tail. If we
replace the prefactor by its value at £ =0, we get the
approximation

2
_ Kg Smax N N
1 =2 dépr/u”—m

gmin

1 1 2
X[\/A2+§2 VA2 (2u+&)? éﬂj

K Emax K2
=R deny(Epom M) ="R g, (u.m MLH).  (4.4)
T §min T
h[¢,1.5,1,M=10"%]
25+
20t
15¢
101
5 10 15 20 d
FIG. 9. Integrands as a function of & for y =15m=1,
m,M = 1073, h, is the blue line, and £, is the red line.

FIG. 10.

where we have used the shorthand H = my. We can

evaluate g, analytically to obtain

92 (p,m, M, H) —,u\/,uz—m2<log (\/4M—|—y2—|—y)
—|—10g<2,u—|— AM + (2u +y)? —|—y>

Y=Emax

—2log(u + y)) (4.5)

Y=Emin

The integrands i; and h, are quite similar except for the
1/¢& tail in hy. This can be seen in Fig. 9. This leads to the
result that g; > g,. In terms of the value of KIZQ, keeping only
the pole contribution and using the equation

2 n’

S 4.6
KRpole gz(,u, m,M, H) ( )

we get the result shown in Fig. 10. The result of not
including the logarithmic tail is that the approximate value
of Kiyoe Overestimates «i. This is seen by comparing
Fig. 10 with Fig. 6.

As we let A? go to zero, the pole contribution gets larger
and larger; the pole contribution becomes more important
than the logarithmic tail.

To get the usual type gap equation for A> we can make
some further approximations,

log (\/ A% + Ena” + émax> = log 2. (4.7)

In the second log one has that &;;, < 0, so when we expand
the log for small A we obtain

A? A?
mm+§mm> 0N ——.
< (é:min)2 ( ) 2 (gmin)2

(4.8)

K&y [,m=1,M=10"*,my; =20]
14
12}
10}

1.2 1.4 16 1.8 2.0 =

Kipole @5 a function of u for m = 1,m,M =107,
myg = 20.
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So we approximately get

AZ
1Og ( A2 + (fmin)2 + 5min> - ﬁ

min

(4.9)

Therefore we can rewrite the gap equation (4.4) in this
approximation as

2 4. /£2
1= ’;—I;m /> — m?log {gmazz émm] . (4.10)

This leads to the approximate equation

22

A? = 4my(u—m)e G- (4.11)
since &, & my and &y, = m — p < 0. If we now consider
the constraints on k% ~ G coming from the recent
review of [7], the maximum value of log;y(G.sMeV?) =
—1.72. If we now have a value of m =1/2 eV and
my =3 x 10* eV, this would lead to a negligible value
of A%,

V. CONCLUSIONS

We considered a simple model for the neutrino mass
based on having a separate Higgs particle of mass mpy
coupling to one species of Dirac neutrinos. By introducing
composite fields connected with the two attractive channels
we obtain the effective potential for the composite fields by
making a Hubbard-Stratonovich transformation and inte-
grating out the underlying fermion fields. We then keep the
leading order term in the loop expansion of the resulting
path integral expressed in terms of the composite fields
[11]. At finite density we find that there are two possible
condensates having different quantum numbers, coming
from this interaction when viewed in the ‘“s” channel,
having a mixing angle #. What we find is that the theory
favors a very small mixing angle. The second relative
minimum solution, which has the condensate at the end
point solution made only of the second condensate, is very
sensitive to the values of the coupling as well as p. This
solution always has higher energy than the true minimum.
The predominant condensate is of the form (in two
component notation) (vgo,vg) + (Vo).

In our calculation, all the renormalized parameters such
as the renormalized coupling constant and the renormalized
effective potential are functions of m, my, u, A? 50 in our
plots it was easiest to fix A? at the value 1073 to see how
these functions depended on p and mpy. For this choice

of A? the effective coupling G (eV)? had to be of order
unity, which amounts to saying that log;o(G.;MeV?) ~ 12.
However, as discussed in the Introduction, this is about 14
orders of magnitude larger than the value allowed by
cosmological constraints. The 31 orders of magnitude
enhancement compared to the conventional Higgs mecha-
nism was not enough. We conclude that for realistic values
of the parameters, the gap A” remains exponentially small.

Related work can be found in Refs. [14,15]. Constraints
on possible new four-neutrino interactions have also been
discussed in regard to laboratory experiments such as Z
decay: see for example Refs. [16-18].

APPENDIX: FIERZ TRANSFORMATIONS

The general Fierz transformation is based on the fact that
there are 16 independent 4 x 4 matrices O' which can be
written in terms of five types of terms: scalar 1 vector y*,
tensor ¢, pseudoscalar y°, and axial vector y>y*. So we can
write
ViaMapWopW3eNeaWaa = WraW3eWaaWosMapNea-  (Al)
We can think the term M, N, as the ac component of a
4 x 4 matrix:

Muthd = [de]ac = Cilb[ol] (AZ)

ac’

where O; = (O")~!. Then writing C;, = C}OQb and using

Trl0/0y] = 48], (A3)
we obtain
1 6
(Fy)* = =3 D _na(w Oy )(y0y).  (A4)
a=1

and we have used the fact that only the antisymmetric
matrices of the 16 O' can contribute since the y,
anticommute. Here 7, = +1. One finds for the six
nonvanishing O*

e = —1 for y', 73, 7%, 62,
Ny = +1 for y*y°, 6" (A5)
Here we have (u # v)
o = iyty". (A6)
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