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We revisit the scenario of having a new interaction between neutrinos and a Higgs-like scalar suggested
by short-baseline neutrino anomalies. We find that there are two possible attractive channels in the resulting
effective 4-Fermi theory which lead to a neutrino condensation in cosmic neutrinos and the creation of a
neutrino superfluid at low temperatures and finite chemical potential. We find that at the minimum of the
effective potential V the condensates are mostly made up of pairs of left-leftþ right-right composites, with
a tiny admixture of left-right þ right-left composites which differs from the scenario of Kapusta which
focused on the energetically unfavored left-right þ right-left scenario. We obtain an approximate equation

for the gap Δ2 ¼ 4mHðμ −mÞExp½− π2

Geffμ
ffiffiffiffiffiffiffiffiffiffi
μ2−m2

p �, where mH is the mass of the Higgs scalar, and Geff is the

effective (renormalized) 4- Fermi interaction. Recent constraints on cosmological neutrinos suggest the
possibility that log10ðGeff MeV2Þ ¼ −1.72 which would lead to an exponentially small gap.

DOI: 10.1103/PhysRevD.102.113003

I. INTRODUCTION

It is virtually certain that the cosmic neutrino background
(CNB) exists, even though it has yet to be detected, lurking
at a slightly lower temperature than its more renowned
cousin, the cosmic microwave background. If and when the
CNB is amenable to observation, it may well exhibit some
interesting dynamical properties.
One reason to suppose is the tantalizing numerical

coincidence expressed by ΛM2
p ¼ m4

ν. Here Λ is the
measured cosmological constant, Mp is the Planck length,
and, as a plausible assumption, we take the neutrino mass
mν to be of the same order of magnitude as the measured
neutrino mass differences. Another way of stating this
result is that the scale of dark energy density is given by the
neutrino mass.
This may be a pure coincidence, of no further signifi-

cance than, say, the Koide relation [1], or the fact that the
proton to electron mass ratio is 6π5. Nevertheless, late in
the past millennium, it prompted Caldi and one of the
present authors to conjecture [2] that the cosmological

vacuum was home to a neutrino condensate, as a way of
seeing why the neutrino mass and the dark energy might be
connected. The rough argument was based on assuming an
effective 4-neutrino interaction at low energies. If a hννi
condensate formed, then schematically a neutrino mass
would be generated by terms of the form hννi, and the pure
condensate term hννihννi would contribute to the cosmo-
logical constant. Here we are being very generic: hννi is
meant to stand for any type of neutrino-neutrino or
neutrino-antineutrino pairing, as dictated by whatever
attractive interactions exist that could induce a condensate
to form. Of course, even if this scenario is realized, one
still has to investigate whether it can lead to the simple
numerical relationship mentioned above.
As a first step, the authors of [2] examined the effective

4-neutrino interaction due to the exchange of the Z boson.
They looked for pairing of the superfluid neutrino-neutrino
type, in the presence of a chemical potential. If there is an
attractive channel, a solution to the relevant gap equation is
guaranteed, because, in the absence of a gap, the interaction
becomes infinite as one approaches the Fermi surface.
However, the authors found that no attractive channel exists,
perhaps not surprising in view of the observation that vector
exchange produces repulsion between like charges.
A few years later, the subject was advanced by the work

of Kapusta [3], who considered the exchange of the Higgs
boson, which indeed produces an attractive channel. As we
shall see below, there are in fact two such channels;
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Kapusta examined the one that couples left-handed to right-
handed neutrinos. Once again, if one adds a chemical
potential, one finds a solution to the gap equation, and
hence evidence for a condensate. However, the coupling g
of the Higgs boson to neutrinos (assuming that is how the
neutrinos get their mass) is exceedingly small, since the
vacuum expectation value of the Higgs is already deter-
mined by the Standard Model. From the gap equation,
one infers that the size of the condensate depends expo-
nentially on the coupling: hννi ∝ e−1=g

2

so the magnitude
of a condensate generated in this way is unfortunately
totally negligible.
Lately, there has been increased interest in various forms

of nonstandard neutrino interactions [4], invoked to address
a range of issues. One possibility is the existence of a new,
“neutrinophilic” Higgs-like boson [5]. It is hypothesized to
couple preferentially to neutrinos, in the same manner as
the ordinary Higgs would, but with a much lower value for
the vacuum expectation value, thus permitting the coupling
constant to be similar in magnitude to the coupling of the
ordinary Higgs to the charged leptons. As a result, it could
generate a condensate similar to the one found by Kapusta,
but with a considerably larger value.
In fact, recent work [6,7] considers a model of

neutrinos with a scalar interaction characterized by an

effective coupling Geff ¼ g2

m2
H
whose magnitude, given by

log10ðGeff MeV2Þ ¼ −1.72, is at least 31 orders of magni-
tude larger than the coupling in Ref. [3]. [This model has
certain advantages over the standard lambda cold dark
matter (LCDM), including a possible resolution of the
tension in measurements of the Hubble parameter.]
Furthermore, in [5], the mass of the neutrinophilic Higgs
consistent with the short baseline neutrino anomalies is
taken to be of order 3 × 104 eV.
In the following analysis we explore the possibility of a

new Higgs in the simplified situation where there is only
one flavor of neutrino. As in past work, we look for a
pairing of superfluid type. We note that the relevant Fierz
rearrangement allows for condensates with two different
sets of quantum numbers, the Lorentz-invariant matrix
structure, iγ1γ3, which does not flip the handedness of the
neutrino, and the structure γ2γ5, which does. It is the latter
that was considered in [3] for the case of the ordinary
Higgs. In our analysis, we shall find, for a range of the
parameters, that the former condensate in fact dominates
the dynamics.
As shown in Ref. [8], it is also possible to treat the

neutrino flavors as Majorana. The introduction of a sterile
neutrino allows for one of the neutrinos to obtain a mass via
the seesaw mechanism (in their case the seesaw operates
between 0.1 eVand 0.001 eV), and the further introduction
of a scalar particle induces condensation, which they take to
be of the form considered by Kapusta. They argue that even
though lepton number is not conserved in such a model, in

a cosmological setting one can still define a chemical
potential provided that the expansion rate of the universe
exceeds the interaction rate of the particles.
We shall not consider this possibility in what follows,

although one can contemplate extending our work in that
direction in the future. In this paper the Majorana nature of
the neutrino emerges as a result of the condensation (i.e.,
the lepton number is broken spontaneously) and is not
introduced a priori. But we do generalize previous work by
allowing for simultaneous condensates in two separate
attractive channels.
In Sec. II, we derive the effective action for the

condensate fields in mean-field approximation, using
the well-known Hubbard-Stratonovich procedure [9]. In
Sec. III, we determine the extrema of the effective potential
and discuss the effects of coupling constant renormaliza-
tion. We also determine the renormalized gap equation and
the renormalized effective potential. In Sec. IV we consider
the analytic approximation that the gap equation integral is
dominated by the peak of the integrand at the Fermi surface
and compare the result with the numerical calculation of the
gap equation. We summarize our results in Sec. V.

II. DYNAMICS OF NEUTRINOS WHEN THERE
IS INTERACTION WITH A NEW

HIGGS PARTICLE

As described in the Introduction, we assume, for
simplicity, one species of neutrino interacting with a
Higgs scalar described by the Lagrangian:

Ls ¼
1

2
ð∂uϕ∂μϕÞ − V½ϕ�;

V½ϕ� ¼ −μ2ϕ2=2þ hϕ4=4; ð2:1Þ

with μ2 > 0. The Higgs potential gives the scalar particle a
vacuum expectation value

ϕ0 ¼ v ¼
ffiffiffiffiffiffiffiffiffiffi
μ2=h

q
ð2:2Þ

and a tree-level mass

m2
H ¼ d2V

dϕ2

����
ϕ¼v

¼ 2hv2: ð2:3Þ

We assume that the neutrino is a Dirac particle having
both right- and left-handed components. In the Dirac
representation

ψL ¼ 1

2
ð1 − γ5Þψ ¼ 1ffiffiffi

2
p

�
νL

−νL

�
; ð2:4Þ

ψR ¼ 1

2
ð1þ γ5Þψ ¼ 1ffiffiffi

2
p

�
νR

νR

�
; ð2:5Þ
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where νR and νL are two component spinors so that

ψ ¼ 1ffiffiffi
2

p
�
νR þ νL

νR − νL

�
: ð2:6Þ

The neutrino Lagrangian including interaction with the
Higgs particle is given by

Lf ¼ ψ̄ iγμ∂μψ − gψ̄ψϕ: ð2:7Þ

The leading effect of the Higgs particle is to give a
Dirac mass to the neutrinos: m ¼ gv, where v ¼ hϕi, as
well as induce an effective 4-Fermi interaction between
the neutrinos. This leads to a low energy effective neutrino
Lagrangian:

Lf ¼ i
2
ðψ̄γμ∂μψ − ∂μψ̄γ

μψÞ −mψ̄ψ þ g2

m2
H
ðψ̄ψÞ2: ð2:8Þ

We can write this as

Lf ¼ 1

2
ðψ†Aψ − ψATψ†Þ þMαβγδψ

†
αψβψ

†
γψδ; ð2:9Þ

where choosing the metric diag f1;−1;−1;−1g

A ¼ i∂0 þ iγ0γk∂k − γ0m: ð2:10Þ

We would like to know if the exchange of the Higgs-like
particle in the “t” channel of the neutrinos can lead to the
formation of bosonic condensates in the “s” channel. To see
whether this is true we first reorganize the 4-Fermi
interaction to be in the form of fermion pairs interacting.
This then leads to a Bardeen-Cooper-Schrieffer (BCS)-like
interaction [10]. In the Hamiltonian operator formalism one
would, in the mean field approximation, replace two of the
fields in the 4-Fermi interaction, ψ iψ j, with their expect-
ation value, so that schematically the field operators

ψ†ψ†ψψ → ψ†ψ†hψψi ¼ ψ†ψ†σ; ð2:11Þ

where σ is shorthand for a composite bosonic state of spin
zero or 1. This approach was taken by Kapusta [3]. In the
path integral formulation of the problem, one equivalently
introduces these states using a Hubbard-Stratonovich
formalism which converts the quartic fermionic interaction
into an equivalent trilinear interaction between two fer-
mions and a boson at the expense of introducing quadratic
bosonic terms into the Lagrangian. One then gets an
effective theory in terms of only the bosons by integrating
out the now quadratic fermionic degrees of freedom.
Keeping only the stationary phase contribution to the
resulting path integral over the bosonic degrees of freedom
is equivalent to making the BCS approximation or mean-
field approximation in the Hamiltonian approach.

However, in the path integral approach one has a well-
defined way of obtaining corrections to the mean-field
approximation [11]. We shall find that the condensate that
minimizes the effective potential Veff is quite different from
the one found by Kapusta, and we also find, by evaluating
the gap equation numerically, that what we call the “drastic
approximation” of determining the gap equation from just
considering the contribution from the Fermi surface is not
always justified.
We are interested in rearranging the last term in Eq. (2.9)

in order to understand whether this low energy effective
interaction can lead to the usual “Cooper pairs”, ψ†ψ† and
ψψ found in superfluidity. To do this one makes a Fierz
reordering of the 4-Fermi interaction, which means we
write

Mαβγδ ¼
X
λ

ηλQ
ðλÞ
αγ Q

⋆ðλÞ
βδ ð2:12Þ

so that

Mαβγδψ
†
αψβψ

†
γψδ ¼ −

X
λ

ηλψ
†
αQ

ðλÞ
αγ ψ

†
γψβQ

⋆ðλÞ
βδ ψδ: ð2:13Þ

In Appendix A we show that

ðψ̄ψÞ2 ¼ −
1

4

X6
α¼1

ηαðψ†Oαψ†ÞðψOα⋆ψÞ: ð2:14Þ

Here ηα ¼ �1. There are two attractive channels, with
ηα ¼ 1 and 4 repulsive ones with ηα ¼ −1.
Since we are interested in neutrino condensation we

will focus on the attractive channels. For those cases
Oα⋆ ¼ −Oα, and (ignoring the repulsive channels)

ðψ̄ψÞ2 → 1

4
½ðψ†σ13ψ†Þðψσ13ψÞ þ ðψ†γ2γ5ψ†Þðψγ2γ5ψÞ�;

ð2:15Þ

so that

Mαβγδ →
X
λ

QðλÞ
αγ Q

⋆ðλÞ
βδ ; ð2:16Þ

with

Qð1Þ ¼ iκγ1γ3; ; Qð2Þ ¼ κγ2γ5; ð2:17Þ

and κ2 ¼ g2

4m2
H
. Note that Q is already proportional to κ.

To make contact with the work of Kapusta, we can write
the γμ in terms of the Pauli matrices. We find that

σ13 ¼ iγ1γ3 ¼ −
�
σ2; 0

0; σ2

�
; ðσ2Þij ¼ −iϵij; ð2:18Þ
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so that

½ðψ†σ13ψ†Þðψσ13ψÞ → ðν†Rσ2ψ†
R þ ν†Lσ2ν

†
LÞ

× ðνRσ2νR þ νLσ2νLÞ: ð2:19Þ

On the other hand,

γ2γ5 ¼
�
σ2; 0

0; −σ2;
�
; ð2:20Þ

so that in terms of right-handed and left-handed neutrinos,
the attractive channels are

ðψ†γ2γ5ψ†Þðψγ2γ5ψÞ → ðν†Rσ2ψ†
LÞðνRσ2νLÞ: ð2:21Þ

Kapusta only studies the second possibility where the
condensate is a RL composite. Wewill find that in our more
general framework, this solution is only a relative minimum
at an end point of the generalized space of solutions.
We implement the Hubbard-Stratonovich procedure by

adding auxiliary fields to the action in such a way as to
cancel the terms that are quartic in the neutrino fields.
This does not change the action, since if we perform the
integration over these fields in the path integral, we recover
the original action. Thus we add to L the terms

−
1

κ2
X
λ

ðBðλÞ† − κQðλÞ
αγ ψ

†
αψ

†
γÞðBðλÞ þ κQ⋆ðλÞ

βδ ψβψδÞ; ð2:22Þ

which then cancel the quartic interaction in Eq. (2.8), to
yield

Lf ¼
1

2
ðψ†Aψ − ψATψ†Þ − 1

κ2
X
λ

BðλÞ†BðλÞ

þ ψ†Bψ† þ ψB†ψ ; ð2:23Þ

where

B ¼ 1

κ

X
λ

BðλÞQðλÞ; B† ¼ −
1

κ

X
λ

B†ðλÞQ⋆ðλÞ;

B ¼ ðBð1Þiγ1γ3 þ Bð2Þγ2γ5Þ;
B† ¼ ðBð1Þ†iγ1γ3 þ Bð2Þ†γ2γ5Þ; ð2:24Þ

since Q⋆ðλÞ ¼ −QðλÞ.
Thinking of ðψ ;ψ†Þ as a column vector Ψ, we can

represent Lf as

Lf ¼ −
1

κ2
X
λ

BðλÞ†BðλÞ þ Ψ†S−1F Ψ; ð2:25Þ

and letting ψ ¼ χ þ 1
2
ðB†Þ−1ATψ†, one obtains

Z
dB†dB exp½iΓeffðB†; BÞ�; ð2:26Þ

where

Γeff ¼ −
Z

d4x

�
1

κ2
X
λ

B†ðλÞBðλÞ

þ i
2
Tr log½1þ 4A−1BðATÞ−1B†�

�
; ð2:27Þ

and the neutrino inverse propagator at finite density, with
chemical potential μ is

Aðx − yÞ ¼ ði∂0 þ iγ0γk∂k − γ0m − μÞδðx − yÞ: ð2:28Þ

This action contains all the dynamics of the bosonic
degrees of freedom. The quadratic term is a bare mass
term for the bosons and the Tr log term contains all the
fermion loop corrections to the action. It also generates
the kinetic energy for the bosons so that they propagate.
The stationary phase approximation to the path integral
over the bosonic degrees of freedom is equivalent to the
usual BCS approximation used in superconductivity [12].
The stationary phase point of the action yields the gap
equation which determines the (nonzero) expectation value
of the condensate field. We will use the Dirac representa-
tion of the γ matrices with

iγ0γk ¼ σ0k ¼ iαk; ð2:29Þ

where

αk ¼
�

0 σk

σk 0

�
: ð2:30Þ

In Fourier space we have

Aðx; yÞ ¼
Z

d4p
ð2πÞ4 ½ðp0 − μÞ − α⃗ · p⃗ −mγ0�e−ip·ðx−yÞ

¼
Z

d4p
ð2πÞ4 e

−ip·ðx−yÞA½p�: ð2:31Þ

Here p2 ¼ p2
0 − p⃗ · p⃗. To correctly incorporate the chemi-

cal potential μ one needs to introduce an iϵ prescription,
so that

A−1ðx; yÞ ¼
Z

d4p
ð2πÞ4

½ðp0 − μÞ þ α⃗ · p⃗þmγ0�
½p0 − μþ iϵsgnp0�2 − p⃗ · p⃗ −m2

× e−ip·ðx−yÞ ð2:32Þ

or
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A−1ðx; yÞ ¼
Z

d4p
ð2πÞ4 ½ðp̃0 − μÞ − α⃗ · p⃗ −mγ0�−1e−ip·ðx−yÞ;

ð2:33Þ

where

p̃0 ¼ p0 þ iϵsgnp0: ð2:34Þ

Now consider the quantity

X ¼ 4A−1BðATÞ−1B†; ð2:35Þ

which contains two neutrino propagators and two vertices.
This is similar to the fermion loop diagram of the Nambu–
Jona-Lasinio model [13]. Here we are not so much
interested in the dynamics of the condensate field but what
are the degrees of freedom of the condensate and what is
the nature of the gap equation and the energy landscape of
the condensate space. For this we only need to study the
effective potential Veff for which BðiÞ and the BðiÞ† are
constants. The minima of Veff determine the allowed
vacuum states of the theory. When the fields are constant,
X½p� is the integrand of the vacuum polarization graph at
zero momentum transfer. In momentum space we have

X½p� ¼ −4
�

1

½ðp̃0 − μÞ − α⃗ · ðp⃗Þ −mγ0�
× ðBð1Þiγ1γ3 þ Bð2Þγ2γ5Þ

×
1

½ðp̃0 þ μÞ − α⃗T · p⃗þmγ0�

× ðBð1Þ†iγ1γ3 þ Bð2Þ†γ2γ5Þ
�
: ð2:36Þ

Using the (anti)commutation relations for the γ matrices,
and performing the matrix algebra, we find that

X½p� ¼ −4
1

½ðp̃0 − μÞ − α⃗ · p⃗ −mγ0�

×

�
1

½ðp̃0 þ μÞ − α⃗ · p⃗þmγ0�M2

þ 1

½ðp̃0 þ μÞ þ α⃗ · p⃗þmγ0�M1

�
; ð2:37Þ

where

M1 ¼ Bð1ÞBð1Þ†1 − γ0Bð1ÞBð2Þ† ð2:38Þ

and

M2 ¼ Bð2ÞBð2Þ†1 − γ0Bð2ÞBð1Þ†: ð2:39Þ

As we shall see below, X½p� plays a crucial role in
determining the effective potential.

III. EFFECTIVE POTENTIAL

To obtain the effective potential we take the BðiÞ to be
constant, and from

Γeff ¼ −Veff

Z
d4x; ð3:1Þ

we have

Veff ¼
1

κ2
X
λ

B†ðλÞBðλÞ þ i
2

Z
d4p
ð2πÞ4 Tr log ½1þ X½p��:

ð3:2Þ

This naive effective potential has both quadratic divergen-
ces and logarithmic divergences. However, since this is
only an effective theory, valid up to the mass of the Higgs
particle, we will instead think of this theory having an
effective cutoffΛ ≈mH. It will, however be useful to define
a “renormalized” coupling constant κ2R so that the theory
only logarithmically depends on the cutoff. It is convenient
to parametrize the condensates as follows:

Bð1Þ ¼ R cos θeiϕ1 ; Bð2Þ ¼ R sin θeiϕ2 ; ð3:3Þ

where we take 0 ≤ θ ≤ π=2. Then we obtain, letting
ϕ ¼ ϕ1 − ϕ2,

M1 ¼ R2

�
cos2θ1 −

γ0

2
sin 2θeiϕ

�
;

M2 ¼ R2

�
sin2θ1 −

γ0

2
sin 2θe−iϕ

�
: ð3:4Þ

When θ ¼ 0,M1 ¼ R21, M2 ¼ 0, whereas when θ ¼ π=2,
M1 ¼ 0, M2 ¼ R21. We notice that when sin 2θ ¼ 0, M1

and M2 are independent of ϕ. This occurs at the special
cases θ ¼ 0;M1 ¼ R2 and θ ¼ π=2, M2 ¼ R2.
We can write

X½p� ¼ A−1½p�Z½p� ð3:5Þ

with

A½p� ¼ p̃0 − μ − α⃗ · p⃗ −mγ0; ð3:6Þ

hence

Veff ¼
1

κ2
R2 þ i

2

Z
d4p
ð2πÞ4 Tr log ½1þ A−1Z½p��: ð3:7Þ
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Taking the derivative with respect to θ;ϕ we obtain for
the stationary points of Veff the conditions:

∂Veff

∂θ ¼ i
2

Z
d4p
ð2πÞ4 Tr

�
ðAþ ZÞ−1 ∂Z∂θ

�
¼ 0;

∂Veff

∂ϕ ¼ i
2

Z
d4p
ð2πÞ4 Tr

�
ðAþ ZÞ−1 ∂Z∂ϕ

�
¼ 0;

∂Veff

∂R2
¼ 1

κ2
−

1

4πiR2

Z
d4p
ð2πÞ3 Tr½ðAþ ZÞ−1Z ¼ 0: ð3:8Þ

One can write

ðAþ ZÞ−1 ¼ N0

D0

; Z ¼ N
D
: ð3:9Þ

The denominator of the integrand in all the first derivatives
in (3.8) is the quantity

DD0 ¼ ðp̃0 − λþÞðp̃0 − λ−Þðp̃0 þ λþÞðp̃0 þ λ−Þ; ð3:10Þ

where

λ� ¼ ðβ � 2
ffiffiffi
γ

p Þ1=2 ð3:11Þ

and

β ¼ μ2 þ ω2
p þ 4R2; ω2

p ¼ p2 þm2;

γ ¼ p2ðμ2 þ 4R2sin2θÞ þ ðμm − 2R2 sin 2θ cosϕÞ2
¼ ðω2

p −m2Þðμ2 þ 2R2ð1 − cos 2θÞÞ
þ ðμm − 2R2 sin 2θ cosϕÞ2: ð3:12Þ

This will enable us in what follows to perform the p0

integral by contour integration.
The equation which extremizes the potential with respect

to ϕ can be written as

∂Veff

∂ϕ ¼ −8
Z

dp0

2πi
d3p
ð2πÞ3

�
c̃0ϕ

4DD0

;

�
¼ 0; ð3:13Þ

where DD0 is given by (3.10) and

c̃0ϕ ¼ 8R2 sin 2θ sinϕf½p; p0; μ; R2�;

f½p; p0; μ; R2� ¼ −m μ −
2 sinð2θÞ cosðϕÞ ðm2ðp2 − R2Þ þ p4 − p2ðμþ p0Þ2 þ R2ðμþ p0Þ2Þ

m2 þ p2 − ðμþ p0Þ2
: ð3:14Þ

Hence we can extremize the potential with respect to ϕ
by choosing sinϕ ¼ 0, cosϕ ¼ �1. We will restrict our-
selves to the case cosϕ ¼ �1 in what follows. With that
assumption, we can rewrite γ as

γ ¼ p2ðμ2 þ 4R2 sin2 θÞ þ ðμm cosϕ − 2R2 sin 2θÞ2:
ð3:15Þ

We notice that the potential depends on the product of sign
μ and cos ϕ which can be �1. Writing

μ cosϕ ¼ jμjη ¼ ρ ð3:16Þ

with η ¼ �1, we have

γ ¼ p2ðμ2 þ 4R2sin2θÞ þ ðmρ − 2R2 sin 2θÞ2: ð3:17Þ

We consider the two separate cases η ¼ �1. We will find
when we study V�½R2; θ� that apart from the end points
θ ¼ 0, π=2, where Vþ ¼ V−, the potential with η ¼ −1
always has higher energy than the potential with η ¼ þ1.
We can treat both cases together by using the parameter
ρ ¼ jμjη. We have

∂Veff

∂R2
¼ 1

κ2
− 8

Z
dp0

2πi
d3p
ð2πÞ3

�
c0

4R2DD0

�
; ð3:18Þ

with DD0 given by (3.10) and now

c0
4R2

¼ −Ñðp̃0; pÞ≡ Nðp2Þ − p̃2
0

¼ μ2 þm2 þ 2ρm sin 2θ

þ p2 cos 2θ − p̃2
0 þ 4R2cos22θ: ð3:19Þ

Doing the p0 integral by contour integration and closing the
contour in the upper half-plane we obtain

∂Veff

∂R2
¼ 1

κ2
− 8

Z
d3p
ð2πÞ3

�
Ñðλþ; pÞ

2λþðλ2þ − λ2−Þ
−

Ñðλ−; pÞ
2λ−ðλ2þ − λ2−Þ

�

¼ 1

κ2
−

2

π2

Z
pmax

0

p2dp

�
Nðp2Þ

λþλ−½λþ þ λ−�
þ 1

λþ þ λ−

�

≡ 1

κ2
−

1

π2

Z
pmax

0

dpIðp;R2; θ; qiÞ: ð3:20Þ

where we have used Ñðλ�; pÞ ¼ λ2� − Nðp2Þ. Note that
∂Veff∂R2 is independent of θ when R2 ¼ 0. We can define a
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renormalized coupling constant 1=κ2R as the value of ∂Veff∂R2

when μ ¼ R2 ¼ 0 and θ ¼ 0.

1

κ2R
¼ 1

κ2
−

1

π2

Z
pmax

0

dpIðp; R2 ¼ 0; μ ¼ 0; mÞ

¼ 1

κ2
− ΣðH;mÞ: ð3:21Þ

Here H ¼ pmax ¼ mH. Explicitly we have

Σ½H;m� ¼
2
�
1
2
H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 þm2

p
− 1

2
m2tanh−1

�
Hffiffiffiffiffiffiffiffiffiffiffi

H2þm2
p

		
π2

:

ð3:22Þ

For large mH=m we have that

Σ ¼ mH
2

π2
: ð3:23Þ

The relations between κ and κR are given by

κ2R ¼ κ2

1 − κ2ΣðH;mÞ ; κ2 ¼ κ2R
1þ κ2RΣðH;mÞ : ð3:24Þ

From its definition, we know VeffðR2 ¼ 0Þ ¼ 0. Integrating
with respect to R2 we obtain

Veff ¼
R2

κ2
−

1

π2

Z
R2

0

dR02
Z

pmax

0

dpIðp;R02; θ; qiÞ: ð3:25Þ

In terms of the renormalized coupling constant,

Veff ½R2; θ; m; μ�� ¼ R2

κ2R
−

1

π2

Z
R2

0

dR02
Z

pmax

0

dp½Iðp; R02; θ; qiÞ − Iðp;R02 ¼ 0; θ ¼ 0; μ ¼ 0; mÞ�: ð3:26Þ

The gap equation is obtained from the place in R2 where the
potential is a minimum so that

1

κ2
¼ 1

π2

Z
pmax

0

dpIðp; R2 ¼ Δ2=4; θ; m; μÞ: ð3:27Þ

Renormalizing the coupling constant we obtain the renor-
malized gap equation,

1

κ2R
¼ 1

π2

Z
pmax

0

dpI subðp; R2 ¼ Δ2=4; θ; m; μÞ; ð3:28Þ

where we use the subtracted integrand. For fixed values of
θ, m, μ this equation gives the relation between the gap Δ
and the inverse renormalized coupling constant κ2R.
We want the value of θ that gives the deepest potential.

When sinϕ ¼ 0, one finds

∂Veff

∂θ ¼ −8
Z

dp0

2πi
d3p
ð2πÞ3

�
c0θ

4DD0

�
; ð3:29Þ

where

c0θ ¼ 4R2 ð4ρm cosð2θÞ − 2p2 sinð2θÞ
− 8R2 sinð2θÞ cosð2θÞÞ; ð3:30Þ

∂Veff

∂θ ¼ 2

Z
d3p
ð2πÞ3

�
c0θ

2λþðλ2þ − λ2−Þ
−

c0θ
2λ−ðλ2þ − λ2−Þ

�

¼ −
1

2π2

Z
pmax

0

p2 dp
c0θ

λþλ−ðλþ þ λ−Þ
: ð3:31Þ

At the stationary points

0 ¼ −
1

2π2

Z
pmax

0

p2 dp
4R2ð4ρm cosð2θÞÞ − 2p2 sinð2θÞ − 8R2 sinð2θÞ cosð2θÞÞ

λþλ−ðλþ þ λ−Þ
: ð3:32Þ

We observe from Eqs. (3.20) and (3.31) that the
denominator of each of the integrands contains a factor
of λ−. From the expressions for β and γ we see that, when
R2 ¼ 0, λ− vanishes at the point ωp ¼ jμj (this is the Fermi
surface), and therefore the integral has a logarithmic
singularity as R2 → 0. It is this fact that guarantees a
solution to the R2 gap equation no matter how small κ2 may
be, provided jμj > m. One might also conjecture that the

integral in Eq. (3.32) is dominated by the region around
ωp ¼ jμj, in which case one would conclude that

tan 2θ⋆ ≈ 2ηjμjm
jμ2 −m2j : ð3:33Þ

However, the term in the numerator proportional to p2

produces a quadratic divergence in the integral as the cutoff
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tends to infinity; hence we might expect that the integrand
is dominated not by the region around ωp ¼ jμj but rather
by p2 that is some fraction of the cutoff m2

H. In that case
we expect

tan 2θ⋆ ∝
jμjm
m2

H
: ð3:34Þ

This latter result is closer to the numerical findings. Thus
we will find for realistic values of mH suggested by short

baseline experiments (i.e., mH=mν ≈ 3 × 105) the value
of θ⋆ is close to zero so we obtain a different condensate
than the one suggested by Kapusta. Keeping M fixed
(M ¼ 1=1000) and increasing μ the minimum in θ occurs at
larger and large θ and goes as Eq. (3.34), where the red
curve corresponds to μ ¼ 1.1 and the black curve to
μ ¼ 1.5. This is shown in Fig. 1. Note that the value of
θ that extremizes the potential does not depend on the
coupling parameter 1=κ2.
When η ¼ −1, the stationary point of the potential in θ

occurs a little below θ ¼ π=2. However, it is now a
maximum. There is a relative minimum at the end point
θ ¼ π=2. This is the state that Kapusta studied. The
maximum and the relative minima at θ ¼ π=2 is shown
in the right-hand side of Fig. 2. There is also a relative end
point minimum for η ¼ −1 at θ ¼ 0.
Both these end point minima are higher than the true

minimum for η ¼ þ1 at θ�. We display an example of this
behavior in Fig. 3 where we plot potentials for η ¼ �1 as a
function of θ for κ2 ¼ 1; m ¼ 1; μ ¼ 1.5; mH ¼ 20. Here
we keep R2 ¼ Δ2=4 fixed to be at the value R2 ¼ 1=1000.
We see that the red curve for η ¼ −1 is above the blue curve
for η ¼ þ1 and that the blue curve displays the minimum
near θ ¼ θ� ≈ 0.03.

FIG. 2. V−ðθÞ as a function of θ form ¼ 1, μ ¼ 1.5, R2 ¼ 1=1000,mH ¼ 20, for η ¼ −1. The graph at the right shows details near the
maximum.

FIG. 3. Vðθ; R2 ¼ 1=1000Þ as a function of θ for μ ¼ 1.5; m ¼ 1; mH ¼ 20, η ¼ 1 (blue line), and η ¼ −1 (red line).

FIG. 1. ∂V
∂θ as a function of θ for m ¼ 1, M ¼ 1=1000,

mH ¼ 30000, and μ ¼ 1.1, 1.5, 2, η ¼ þ1.
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A. Renormalizing the coupling constant

If we use the unrenormalized coupling constant κ2

to parametrize the theory, the integrand in V½R2; θ�
has a small peak near the Fermi surface, ωp ¼ jμj, but
is larger near the cutoff. Thus one cannot approximate
the integrand by the pole contribution. However, if we
use the renormalized coupling, the integrand now gets a
large contribution from the peak at the Fermi surface,
as one would anticipate on physical grounds, but still
has a large tail. We will compare below the pole con-
tribution approximation in the latter case with the
numerical evaluation of the gap equation. The unrenor-
malized integrand Iðp;R2 ¼ Δ2=4; θ⋆; m; μÞ has a peak at
p2 þm2 ¼ μ2. For m ¼ 1; μ ¼ 1.1; mH ¼ 20 we have
that θ⋆ ¼ 0.02 so that I has the behavior shown in
Fig. 4. This curve shows that if we are going to just
keep the pole approximation, we need to use the renor-
malized coupling constant. If we keep m ¼ 1; R2 ¼
1=1000 and vary μ the spike in the integrand gets higher
and higher. This is seen in Fig. 5.
The result that the potential with η ¼ −1 is always above

the potential with η ¼ þ1, as shown in the example of

Fig. 3 is general so we do not need to further consider the
solution with η ¼ −1.

B. Renormalized gap equation and renormalized
effective potential

At θ⋆ the renormalized gap equation becomes

1

κ2R
¼ 1

π2

Z
pmax

0

dpI subðp;R2 ¼ Δ2=4; θ⋆ðm; μÞ; m; μÞ

≡ 1

π2
gðm; μ; R2 ¼ Δ2=4Þ: ð3:35Þ

This equation relates the gap Δ2 to the renormalized
coupling constant and the parameters m, μ. An analysis
of I subðp; R2 ¼ Δ2=4; θ⋆ðm; μÞ; m; μÞ for small values of
R2 and θ⋆ shows that this integral is very weakly dependent
on θ⋆, and the value of the renormalized coupling constant as
a function of the gapΔ2 and the parametersm, μ is extremely
well approximated by setting θ⋆ ¼ 0. If we do that, we get
the simpler equation for the renormalized gap equation:

1

κ2R
¼

Z
mH

0

p2 dp

"
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ðμþ ωpÞ2
q

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ ðμ − ωpÞ2

q −
2

ωp

#
: ð3:36Þ

This integral can be used to define a function of four
variables,

fðμ; m:mH;Δ2Þ ¼
Z

mH

0

p2dp

"
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ðμþ ωpÞ2
q

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ ðμ − ωpÞ2

q −
2

ωp

#
; ð3:37Þ

FIG. 4. Iðp; R2 ¼ 1=1000; θ ¼ 0.02; m ¼ 1; μ ¼ 1.1Þ as a function of p. The curve on the left is unrenormalized. The graph at the
right shows the effects of renormalization.

FIG. 5. Iðp; R2 ¼ 1=1000; θ⋆Þ as a function of p for increasing
values of μ. Blue, red, and green curves correspond to μ ¼ 1.1,
1.5, and 2.0.
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so that the value of the coupling that allows a solution
of the gap equation for a given value of μ; m;mH;M ¼
R2 ¼ Δ2=4 is given by

κ2R ¼ π2

fðμ; m;mH;Δ2Þ : ð3:38Þ

Note that this determines the effective 4-Fermi inter-
action Geff in terms of the gap Δ2. For what follows, for
illustrative purposes we will keepΔ2 ¼ 1=1000 so thatΔ is
only slightly smaller thanm, so that we can see the effect of
changing the other parameters visually. First, we want to
show that even when we choose the value mH ¼ 20, very
little error is made in letting θ⋆ ¼ 0. We show the slight
difference between the gap equation at θ� and θ ¼ 0 in
Fig. 6 for mH ¼ 20. WhenmH increases, θ⋆ goes to zero as
1=m2

H so this difference rapidly vanishes. At the nominal
value for mH that comes from the short baseline experi-
ments, the value of κ2R is lowered by a factor of 3 as shown
in Fig. 7.
The equations we have determine the effective potential

as a function of the renormalized coupling constant κ2R
which is the effective 4-Fermi interactionGeff as well as the
parameters μ, m, mH, and the gap Δ2. Keeping m ¼ 1 we
are evaluating all masses in terms of the neutrino mass
which we assume is about 1=2 eV. Evaluating the effective
potential Veff ½R2; m; μ� given in Eq. (3.26) for Δ2 ¼
1=1000 and allowing κ2R to change slightly with μ to keep
the gap fixed, one finds that the renormalized effective
potential Veff ½R2� form ¼ 1; μ as a function of R2, is shown
in Fig. 8. We see increasing μ deepens the potential at
the minimum. The minimum is at the R2 ¼ Δ2 which we
have chosen to be 1=1000 for illustrative purposes. What
we will find below is that when we obtain an approximate
analytical value of Δ2, experiments constrain Δ2 to be

exponentially small. Nevertheless, V½R� always has a
nonzero minimum.

IV. APPROXIMATE ANALYTIC CALCULATION
OF THE GAP EQUATION

Going back to the approximate gap equation at θ ¼ 0,
we have

fðμ; m:mH;Δ2Þ ¼
Z

mH

0

p2dp

"
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ðμþ ωpÞ2
q

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ ðμ − ωpÞ2

q −
2

ωp

#
: ð4:1Þ

The integral gets a large contribution near the Fermi
surfaces ωp ¼ �μ. Let us consider the case where μ > 0 so
the large contribution to the integral will be from the second
term. So now change variables to ξ ¼ ωp − μ, and then the
renormalized gap equation is

FIG. 6. κ2R as a function of μ forM ¼ 1=1000; m ¼ 1; mH ¼ 20
at θ ¼ 0 (red line) and at θ ¼ θ�ðm; μÞ (black line).

FIG. 7. κ2R as a function of μ forM ¼ 1=1000; m ¼ 1; mH ¼ 20
(red line) and at mH ¼ 30000 (black line).

FIG. 8. VR½R2� for different μ for Δ2=4 ¼ 1=1000; m ¼ 1;
mH ¼ 3 × 104. The colors black and red correspond to
μ ¼ 1.1 and 1.5.
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1 ¼ κ2R
π2

Z
ξmax

ξmin

dξðξþ μÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðξþ μÞ2 −m2

q

×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ξ2
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ð2μþ ξÞ2
p −

2

ξþ μ

�

¼ κ2R
π2

Z
ξmax

ξmin

dξh1ðξ; μ; m;MÞ≡ κ2R
π2

fðμ; m;mH;MÞ:

ð4:2Þ

Here ϵmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

H þm2
p

− μ ≈mH and ϵmin ¼ m − μ.
Now at large ξ

h1ðξ; μ; m;MÞ → −
−2μ2 þm2 þ 4M

ξ
: ð4:3Þ

There is a logarithmic tail to f coming from this 1=ξ
behavior as well as a large contribution coming from
the sharp peak near the Fermi surface where ωp ≈ μ or
ξ ≈ 0. This is seen in our plot of h1½ξ� for m ¼ 1;
μ ¼ 1.5;M ¼ 10−3 shown in Fig. 9.
Now that we have a simple equation for the renormalized

gap equation at θ� ¼ 0, we can get an approximate analytic
answer for the gap equation when Δ ≪ m by approximat-
ing the p2 term in the integrand at the Fermi surface
ωp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
¼ �μ. We will be ignoring logarithmic

corrections to the integrand coming from the tail. If we
replace the prefactor by its value at ξ ¼ 0, we get the
approximation

1¼ κ2R
π2

Z
ξmax

ξmin

dξμ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 −m2

q

×

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ξ2
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2 þ ð2μþ ξÞ2
p −

2

ξþ μ

�

¼ κ2R
π2

Z
ξmax

ξmin

dξh2ðξ;μ;m;MÞ≡ κ2R
π2

g2ðμ;m;M;HÞ; ð4:4Þ

where we have used the shorthand H ¼ mH. We can
evaluate g2 analytically to obtain

g2ðμ; m;M;HÞ ¼ μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 −m2

q �
log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M þ y2

q
þ y

�

þ log

�
2μþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M þ ð2μþ yÞ2

q
þ y

�

− 2 logðμþ yÞ
�����y¼ξmax

y¼ξmin

: ð4:5Þ

The integrands h1 and h2 are quite similar except for the
1=ξ tail in h1. This can be seen in Fig. 9. This leads to the
result that g1 > g2. In terms of the value of κ2R, keeping only
the pole contribution and using the equation

κ2Rpole ¼
π2

g2ðμ; m;M;HÞ ; ð4:6Þ

we get the result shown in Fig. 10. The result of not
including the logarithmic tail is that the approximate value
of κ2Rpole overestimates κ2R. This is seen by comparing
Fig. 10 with Fig. 6.
As we let Δ2 go to zero, the pole contribution gets larger

and larger; the pole contribution becomes more important
than the logarithmic tail.
To get the usual type gap equation for Δ2 we can make

some further approximations,

log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ ξmax

2

q
þ ξmax

�
→ log 2ξmax: ð4:7Þ

In the second log one has that ξmin < 0, so when we expand
the log for small Δ we obtain

� ffiffiffiffiffiffiffiffi
ξ2min

q
þ ξmin

�
þ Δ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðξminÞ2

p þOðΔ3Þ ≈ Δ2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðξminÞ2

p :

ð4:8Þ

FIG. 10. κ2Rpole as a function of μ for m ¼ 1; m;M ¼ 10−3;
mH ¼ 20.

FIG. 9. Integrands as a function of ξ for μ ¼ 1.5; m ¼ 1;
m;M ¼ 10−3, h1 is the blue line, and h2 is the red line.
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So we approximately get

log

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ ðξminÞ2

q
þ ξmin

�
→

Δ2

2
ffiffiffiffiffiffiffiffiffiffi
ξmin

2
p . ð4:9Þ

Therefore we can rewrite the gap equation (4.4) in this
approximation as

1 ¼ κ2R
π2

μ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 −m2

q
log

�
4ξmax

ffiffiffiffiffiffiffiffi
ξ2min

p
Δ2

�
: ð4:10Þ

This leads to the approximate equation

Δ2 ¼ 4mHðμ −mÞe
− π2

κ2
R
μ
ffiffiffiffiffiffiffiffi
μ2−m2

p
; ð4:11Þ

since ξmax ≈mH and ξmin ¼ m − μ < 0. If we now consider
the constraints on κ2R ≈ Geff coming from the recent
review of [7], the maximum value of log10ðGeffMeV2Þ ¼
−1.72. If we now have a value of m ¼ 1=2 eV and
mH ¼ 3 × 104 eV, this would lead to a negligible value
of Δ2.

V. CONCLUSIONS

We considered a simple model for the neutrino mass
based on having a separate Higgs particle of mass mH
coupling to one species of Dirac neutrinos. By introducing
composite fields connected with the two attractive channels
we obtain the effective potential for the composite fields by
making a Hubbard-Stratonovich transformation and inte-
grating out the underlying fermion fields. We then keep the
leading order term in the loop expansion of the resulting
path integral expressed in terms of the composite fields
[11]. At finite density we find that there are two possible
condensates having different quantum numbers, coming
from this interaction when viewed in the “s” channel,
having a mixing angle θ. What we find is that the theory
favors a very small mixing angle. The second relative
minimum solution, which has the condensate at the end
point solution made only of the second condensate, is very
sensitive to the values of the coupling as well as μ. This
solution always has higher energy than the true minimum.
The predominant condensate is of the form (in two
component notation) ðνRσ2νRÞ þ ðνLσ2νLÞ.
In our calculation, all the renormalized parameters such

as the renormalized coupling constant and the renormalized
effective potential are functions of m;mH; μ;Δ2 so in our
plots it was easiest to fix Δ2 at the value 10−3 to see how
these functions depended on μ and mH. For this choice

of Δ2 the effective coupling GeffðeVÞ2 had to be of order
unity, which amounts to saying that log10ðGeffMeV2Þ ≈ 12.
However, as discussed in the Introduction, this is about 14
orders of magnitude larger than the value allowed by
cosmological constraints. The 31 orders of magnitude
enhancement compared to the conventional Higgs mecha-
nism was not enough. We conclude that for realistic values
of the parameters, the gap Δ2 remains exponentially small.
Related work can be found in Refs. [14,15]. Constraints

on possible new four-neutrino interactions have also been
discussed in regard to laboratory experiments such as Z
decay: see for example Refs. [16–18].

APPENDIX: FIERZ TRANSFORMATIONS

The general Fierz transformation is based on the fact that
there are 16 independent 4 × 4 matrices Oi which can be
written in terms of five types of terms: scalar 1 vector γμ,
tensor σμν, pseudoscalar γ5, and axial vector γ5γμ. So we can
write

ψ̄1aMabψ2bψ̄3cNcdψ4d ¼ ψ̄1aψ̄3cψ4dψ2bMabNcd: ðA1Þ

We can think the term MabNcd as the ac component of a
4 × 4 matrix:

MabNcd ¼ ½Kdb�ac ¼ Ci
db½Oi�ac; ðA2Þ

where Oi ¼ ðOiÞ−1. Then writing Ci
db ¼ Ci

jO
j
db and using

Tr½OjOk� ¼ 4δjk; ðA3Þ

we obtain

ðψ̄ψÞ2 ¼ −
1

4

X6
α¼1

ηαðψ†Oαψ†ÞðψOα⋆ψÞ; ðA4Þ

and we have used the fact that only the antisymmetric
matrices of the 16 Oi can contribute since the ψa
anticommute. Here ηα ¼ �1. One finds for the six
nonvanishing Oα

ηα ¼ −1 for γ1; γ3; γ0γ5; σ02;

ηα ¼ þ1 for γ2γ5; σ13: ðA5Þ

Here we have (μ ≠ ν)

σμν ¼ iγμγν: ðA6Þ
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