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The present study is a response to the raising comments on Brans-Dicke scalar field cosmological
models in Lyra’s geometry [A. K. Yadav, Phys. Rev. D 10, 108301 (2020)] by Dr. Anil Kumar Yadav. We
have corrected the manuscripts and remove the contradictions observed by the comment author. Now, the
present cosmological model is a transit phase model with Brans-Dicke coupling constant @ < —1.33 while
the equation of state parameter (EoS) lies in the range 0 <y < 0.33. The Brans-Dicke scalar field is
responsible candidate for the acceleration in expansion of the universe.
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I. INTRODUCTION

Recently we have investigated Brans-Dicke scalar field
cosmological models in Lyra’s geometry in a spatially
homogeneous and anisotropic Bianchi Type-I space-time
and published an research article in the form of Ref. [1]. We
have found that the cosmological model [1] is an accel-
erating universe model with Brans-Dicke coupling constant
@ > 40000. But in Ref. [2] Yadav has found some sign
errors in Egs. (17)—(20) in his investigation and on the
behalf of this he claimed that the model is not accelerated
for @ > 40000 while it is accelerated for small and negative
value of w. He has also commented on equation of energy
conservation [Eq. (22)] for missing the gauge function f
term from it. He has also, commented on the role of gauge
function S because we have claimed that both scalar-field ¢
is responsible for signature-flipping deceleration parameter
and the constant displacement vector behaves just like
cosmological constant A-term.

In response to these comments, we have agreed with
some comments on Ref. [1] by Yadav and this is a formal
reply to those comments. We have corrected the sign errors
and reinvestigated all the corresponding scenarios of the
cosmological models and found that it is accelerating only
for small negative values of Brans-Dicke coupling constant
o =~ —1.8. We have also corrected the energy conservation
equation and solved it for p with constant  and constant
equation of state y and have found an interesting equation
of energy density p which clearly presents the direct
contribution of gauge function £ in the total energy density.
In this reinvestigation we have skipped those part of
Ref. [1] that is either not changed or necessary in this study.
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After the revision the outline of the paper is as follows:
Sec. I is introductory in nature. In Sec. II the field equations
in Lyra geometry with Brans-Dicke modifications are
described. Section III deals with the cosmological solutions
that have established relations among energy parameters
Q,,, Q, and Qg. In Sec. IV, we obtained expressions for
Hubble’s constant, luminosity distance, and apparent mag-
nitude in terms of redshift and scale factor. We have also
estimated the present values of energy parameters and
Hubble’s constant. The deceleration parameter (DP), age of
the universe, and certain physical properties of the universe
are presented in Sec. V. Finally, conclusions are summa-
rized in Sec. VL.

II. EINSTEIN’S BRANS-DICKE FIELD
EQUATIONS IN LYRA’S GEOMETRY

Now, the Eqs. (17)—-(20) in Ref. [1] are corrected as
AB BC AC 3 8 N> (A B C
7+7+7_,ﬂzzi'§+y ? _? R
AB BC AC 4 ¢t 2\ p\A B C

(1)
B ¢ BC 3, 8ap w(d\® ¢(B C\ ¢
et =gl (3) ~5are)
2)
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A B AB 3 8zp w(P\> H[(A B\ ¢
a5 () 56,
(4)

Here the overdot denotes derivative with respect to time t.

III. COSMOLOGICAL SOLUTIONS OF
THE FIELD EQUATIONS

The equation of energy conservation Eq. (22) in Ref. [1]
is corrected as

8mp + %ﬂﬂ +3H [8ﬂ(p +p)+ %ﬁz] =0. (5)

Here, we have considered f as a constant and hence,
Eq. (22) read as

8zp + 3H [87:(/) +p) + %/32] =0. (6)

The equation of state for the model is defined as

p=7p. (7)

where y is EoS parameter of the fluid filled in the universe
and the Hubble parameter H is given by H = %, where a is
the average scale factor.

There are two cases for the value of the EoS parameter y
in Eq. (7), first one is y = constant and second is y time-
dependent. Because of our study in commented paper, we
have considered constant equation of state y. Integrating
(6), we get Eq. (8) in place of Eq. (24) in Ref. [1]:

B 3ﬁ2 Ao 3(1+4y) 3,52
P= {p0+16ﬂ(1 —I—y)} <X> T 167(1+y) ®)

Now, from the corrected field Egs. (1)-(4), we have
obtained the following equations in place of Egs. (27)—

(29) in Ref. [1]:
= ¢, exp </—¢dt> 9)

— ciexp (/—¢dt> (10)
— coexp (/c;—5¢dt>. (11)

And hence, Eq. (30) in Ref. [1] becomes

D = exp ( / (ABkC) p dt). (12)

WA A >w

We get the following relations,

A
B=AD & C=7 (13)

where D = D(r) measures the anisotropy of the universe.
The average scale factor a is defined as a = (ABC )3 and
using Eq. (13), we obtain

a = (ABC)i = (14)

Therefore, Egs. (33), (34) in Ref. [1], read as respectively
A\? (D\? - 87rp w (¢ 2 qﬁ A

(3) -(6) =g (3) () 09
A A\? D232_8n’pw¢2
2(3) < (5) + (5) +37 =525 (5)

where

=~

D
D~ A% (17)

and k is an arbitrary constant and Eq. (17) replaces the
Eq. (38) in Ref. [1].

Also, Eq. (37) is read as Eq. (6) and its solution obtained
as (8).

Now, we define the matter energy density parameter
(Q,,), curvature anisotropy parameter (£2;) and f parameter
€ as [in place of Eq. (39) in Ref. [1]]:

87p K2 B

=5, 6:7’ Q == . 18
"3 HA 3H?ASQ? = (18

Now, Egs. (41), (42), and (44) in Ref. [1] becomes
respectively as follows:
@D
Qm—FQ,,—l-Qﬂ:l—gé: +¢ (19)
2 1l o 2 1
Q, +Q,+Q=2qg—7—-&-2¢E+3 20
and
3[(1=y)o + 1]
=2 — Q 21
q=2+¢ P - (21)
where & = 4%1
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Egs. (45), (46), and (47) in Ref. [1] revised as:

IV. EXPRESSIONS FOR HUBBLE’S CONSTANT,
LUMINOSITY DISTANCE, APPARENT

A\ MAGNITUDE, ETC.
= — 22
= o <A0) (22) A. Hubble’s constant
The energy conservation Eq. (6) is integrable for con-
£= -3y (23) stant EoS parameter (y = constant), giving rise to the
Cw—wy+1° following expression among matter density p, average
scale factor a(¢) = A(z) and the redshift z of the universe
and [in place of Eq. (53) in Ref. [1]]:
(1=3y)(50 — 3wy + 6) 3p° 352
Q, +Q,+Q;=1 24 = L | (4y) o7 (25§
e e = T o~y £ 1) @H =t gy Y T
|
Now, Egs. (54) and (55) in Ref. [1], revised as respectively:
H ’ AO '5“{::?‘1;’43?4 AO ulnjfrl AO wl(ji)l)z
\/1 (- 2y (1-37) (5w—3wy16) \/Q’"O (K) ~ Qo A + Q00 A + (26)
6(w—wy+1)?
and
o \/9’ Lt 5 0 (4B (140 T s 27
\/1 = 3}, =) o (14 2) 7T = Quo(1 + 2)7rT + Qp(1 + 2) + 8 (27)
6(w—wy+1)?
. N p 32
respectively. Where Q,,0 = Q) , — Qy0, @, = 32 HZ s (po + T6m(1 +y)) Qyo = T Q0 H2 Af’ (/)2 and Q) = i
B. Luminosity distance
Therefore, the Eq. (58) in Ref. [1] is revised as
(1- 3;/ (1=3y)(5w=3wy+6)
I+z \/1 6(w—wy+1)? z dz (28)
H, 0 30— 3(,7 +4 1-3y 6+ “*37)22
Qo (1 +2) 551 = Qo1+ 255 + Q01 +2)° Ter i 4 Qe
C. Apparent magnitude
The expression for apparent magnitude as Eq. (60) in Ref. [1] is revised as
L2y + S
m = 16.08 + 5log;, 0.026
dz
+ 510g10 (29)

'ﬁz) 3wy +4

b o

(1-3)?

+ Z w—wy+l  — leo(l + Z)#ﬁil + QO’O(] + Z)6+(m—my+l)2 + Q/))O
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TABLEL Outcomes of the R? — test for the best fit curve of apparent magnitude m(z) in Eq. (29). The values of coefficients Q,,, Q,,
€24, and w are at 95% confidence of bounds.

Function y ® Qo Q0 Q0 Qo R? RMSE
m(z) 0 -1.777 0.4885 0.09992 2.159 x 1012 0.001204 0.9944 0.2359
m(z) 0.1 -1.717 0.3899 0.10000 2.221 x 10714 4.888 x 1077 0.9944 0.2358
m(z) 0.2 —1.656 0.3100 0.01000 2.221 x 1071 2.161 x 107 0.9944 0.2358
m(z) 0.3 —1.524 0.2994 0.01000 2.256 x 10714 2.948 x 1073 0.9944 0.2364

D. Energy parameters at present

We consider 580 high red shift (0.015 < z < 1.414) SN
Ia supernova data of observed apparent magnitudes along
with their possible error from union 2.1 compilation [3]. In
our present study, we have used a technique to estimate the
present values of energy parameters €2,,9, Q, and €24, by
comparing the theoretical and observed results with the
help of R? formula.

2 _q1_ ?E(?[(mi)ob - (mi>1h]2
RSN - 152(} [(mi)ob - (mi)mean]2 . (30)

The ideal case R?> = 1 occurs when the observed data and
theoretical function m(z) agree exactly. On the basis of
maximum value of R?, we get the best fit present values of
Q,,, Q,, and Q; for the apparent magnitude m(z) function
as shown in Eq. (29) which is given in Table I. For this,
coupling constant @ is taken as > —2 and the theoretical
values are calculated from Eq. (29). We have found the best
fit present values of Q,,, Q,, and Q; are (Q,,), = 0.3885,
(Q,)p = 2.159 x 107'2, and (£;), = 0.001204 for maxi-
mum R? = 0.9944 with root mean square error (RMSE)
0.2359, i.e., m(z) £ 0.2359 and their R? values only 0.56%
far from the best one.

E. Estimation of present values of Hubble’s constant H,,

We consider a data set of the observed values of the
Hubble parameter H(z) versus the red shift z with possible
error [4-7]. These data points were obtained by various
researchers from time to time, by using different age
approach.

In our model, Hubble’s constant H(z) versus redshift “z”
relation Eq. (27) is reduced to

TABLE II.
€y, and w are at 95% confidence of bounds.

H? = (5.7640)H2[0.3006(1 + z)'5714
—0.01052(1 + z)~ 14286 4 2.371 x 107(1 + z)°
+0.0003737] 61)

Where we have taken (Q,),=0.2901, (Q,),=
2.371 x 1073, (Qﬁ)o = 0.0003737, and the coupling con-
stant @ = —1.7. The Hubble Space Telescope (HST)
observations of Cepheid variables [8] provides present
value of Hubble constant H, in the range H, =
73.8 +2.4 km/s/Mpc. A large number of data sets of
theoretical values of Hubble constant H(z) versus z,
corresponding to H, in the range (60.45 < H, < 74.21)
are obtained by using Eq. (31). It should be noted that the
redshift z are taken from [4—7] and each data set will consist
of 19 data points.

In order to get the best fit theoretical data set of Hubble’s
constant H(z) versus z, we calculate R?> — test by using
following statistical formula:

R%N - 1= 112] [(Hi)ob - (Hi)th]z (32)

1!21 [(Hi)ob - (I—Ii)mi:',an]2

Here the sums are taken over datasets of observed and
theoretical values of Hubble’s constants. The observed
values are taken from [4—7] and theoretical values are
calculated from Eq. (27). Using the above R>-test, we have
found the best fit function of H(z) for the Eq. (27) which is
mentioned in Table II.

From the Table II, one can see that the best fit value of
Hubble constant H,, is 50.02 for maximum R?> = 0.8875
with root mean square error RMSE = 16.7907, i.e., Hy =
50.02 4 16.7907 and their R? values only 11.25% far from
the best one.

Outcomes of the R? — test for the best fit curve of Hubble parameter H(z) in Eq. (27). The values of coefficients ©,,, Q,,

Function Y () Q:n() Q(/,o QO’O Qﬁo HO R2 RMSE
H(z) 0 —1.800 0.3555 0.09829 7.894 x 1073 3.671 x 1077 56.94 0.8849 16.3662
H(z) 0.1 —1.700 0.3006 0.01052 2.371 x 1073 0.0003737 50.02 0.8875 16.7907
H(z) 0.2 —1.613 0.2773 2337 x 10714 4.357 x 10714 0.06744 40.77 0.8891 15.5200
H(z) 0.3 —1.550 0.2700 2.220 x 10~ 2.220 x 10714 0.1821 40.00 0.8625 15.7799
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V. ESTIMATION OF CERTAIN OTHER PHYSICAL PARAMETERS OF THE UNIVERSE

A. Age of the universe

A dA
t—to—/ dt = /
A

we obtain the values of 7 in terms of scale factor and redshift respectively (Eqs. (33) and (34) replaced Eqs (74) and (75) in
Ref. [1] respectively):

By using the standard formula

(1— 3;/ ) (Sw—3wy+6)
A \/1 (1) Q@ dA
fo—1= / rtly (33)
Ay

2
3o-3wy>+4 (1-3y)

141‘10\/9210(%)W - Qo )T+ Qg (4 80)" Tomur 7 4 Qp

\/1 (1- 3;/ ) (50— 3my+6)dz
Hy(ty—t) = /Z e (34)

(1-3p)?

0 , 3w-3wy2+4 13y 6+ 7
(1+ 2\ o1+ 2T = Qo1+ 2757 + Qo1 +2) o7 + Oy
|

For o =-1.7, (Q,),=0.2901, (Q,), =2.371 x 107>, B. Deceleration parameter
and (Q;4), = 0.0003737, Eq. (34) gives 1, — 0.8729H" From Eq. (21), we obtain the expressions for DP as
for high redshift. This means that the present age of the [Egs. (76), (77), and (78) in Ref. [1] is replaced by two

universe is #y = 17.0773%9 Gyrs as per our model. From  Egs. (35) and (36)]

WMAP data, the empirical value of present age of universe
is 13.73 £ 0.13 Gyrs which is closed to present age of
universe, estimated by us in this paper. 1-3 3[(1 =)o + 1
Figure 1 shows the variation of time over redshift. At 9= 2+ W — w}/:— 1 I 20)}3_ 3 ] (Qn—Qy)  (35)
7z — oo the value of Hyt, = 2.51. This provides present age
of the universe. This also indicated the consistency with
recent observations.

or

30(1— 1 3(1}—3(uy2+4 13 1-3 Sw—3 6
gy el (r (1 o (1 4 ) (1 + L)

1= 2 + w — wy + 1 B , 3w-3wy?+4 13y 6+<1;V)2, (36)
Qo1 +2) 5 — Qo1+ )7 + Qo (1 +2) T 4 Qg
At the present phase (z = 0) of the universe is accelerating g <0, i.e., % > 0, so we must have
6(w— 12+ (1-3y)(50 -3 6)][3(1 - 3
62w +3)(w — wy + 1) 2w — 2wy — 3y + 3)

For = —1.7 and Q,, = 0.2901, Q, = 2371 x 1075, 0<y < % the maximum value of Qg is given by Qg < 0.0044.
Putting z = 0 in Eq. (36), the present value of deceleration parameter is obtained as

go = —0.1248. (38)

The Eq. (36) also provides
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FIG. 1. Plot of Hy(t — t) versus redshift z.
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FIG. 2. Variation of deceleration parameter versus red shift.

Z.~2.119 at ¢g=0. (39)
Therefore, the universe attains to the accelerating phase
when z < z,.

Converting redshift into time from Eq. (39), the value of
Z. 18 reduced to

zo = 2.119 ~0.8508H;" Gyrs ~14.61 Gyrs.  (40)

TABLE III. Cosmological parameters at present for 0 <y < %

Cosmological parameters Values at present

BD coupling constant @ -1.7
Matter energy parameter Q,,, 0.2901
Gauge function  parameter €2y 0.0003737
Anisotropic energy parameter £ 2.371 x 107
Hubble’s constant H, 50.02
Deceleration parameter g, —0.1248

Matter energy density p,,o
Energy density pg
Anisotropic energy density p,o
Age of the Universe f,

0.5621h% x 107%° gm/cm?
7.0256h2 x 1073 gm/em®
4.4575h% x 1073* gm/cm?

17.0713%Y Gyrs

So, the acceleration must have begun in the past at
14.61 Gyrs. Figure 2 shows how deceleration parameter
increases from negative to positive over redshift which
means that in the past the universe was decelerating and at a
instant z, = 2.119, it became stationary there after it goes
on accelerating.

VI. CONCLUSION

We summarize our results by presenting Table III which
displays the values of cosmological parameters at present
obtained by us.

In our reinvestigation we have found that our derived
model is an accelerated universe model for the small
negative values of =~ —1.7. We have also found that
the constant displacement vector behaves important con-
tribution in early time of the universe and the scalar-field ¢
is the responsible candidate for present acceleration in the
expansion of the universe. The behavior of f and ¢ in the
history of the universe may be interesting and it requires
more investigations for its viable characteristics. Thus, the
model creates more interest in researchers to study the
behavior of gauge function f and scalar field ¢ and their
coupling in the formulation of the universe model.

ACKNOWLEDGMENTS

The authors are thankful to Dr. Anil Kumar Yadav for
their invaluable comments and interests in our manuscripts.
Also, we are thankful to the editors and reviewers for their
invaluable suggestions and motivation to correcting the
manuscript.

108302-6



REPLY TO “COMMENT ON ‘BRANS-DICKE SCALAR FIELD ...

PHYS. REV. D 102, 108302 (2020)

[1] D.C. Maurya and R. Zia, Brans-Dicke scalar field cosmo-
logical model in Lyra’s geometry, Phys. Rev. D 100, 023503
(2019).

[2] A.K. Yadav, preceding Comment, Comment on “Brans-
Dicke scalar field cosmological model in Lyra’s geometry”,
Phys. Rev. D 102, 108301 (2020).

[3] Suzuki et al., The Hubble Space Telescope cluster supernova
survey. V. Improving the dark-energy constraints above z > 1
and building an early-type-hosted supernova sample,
Astrophys. J. 746, 85 (2012).

[4] C. Zhang, H. Zhang, S. Yuan, S. Liu, T.-J. Zhang, and Y.-C.
Sun, Four new observational H(z) data from luminous red
galaxies in the Sloan Digital Sky Survey data release seven,
Res. Astron. Astrophys. 14, 1221 (2014).

[5] M. Moresco, Raising the bar: New constraints on the Hubble
parameter with cosmic chronometers at z ~ 2, Mon. Not. R.
Astron. Soc. 450, L16 (2015).

[6] D. Stern, R. Jimenez, L. Verde, M. Kamionkowski, and
S. A. Stanford, Cosmic chronometers: constraining the equa-
tion of state of dark energy. I: H(z) measurements, J. Cosmol.
Astropart. Phys. 02 (2010) 008.

[7] V. Sahani, A. Shafieloo, and A.A. Starobinsky, Model-
independent evidence for dark energy evolution from baryon
acoustic oscillation, Astrophys. J. Lett. 793, L40 (2014).

[8] M. Moresco et al., Improved constraints on the expansion
rate of the Universe up to z ~ 1:1 from the spectroscopic
evolution of cosmic chronometers, J. Cosmol. Astropart.
Phys. 08 (2012) 006.

108302-7


https://doi.org/10.1103/PhysRevD.100.023503
https://doi.org/10.1103/PhysRevD.100.023503
https://doi.org/10.1103/PhysRevD.102.108301
https://doi.org/10.1088/0004-637X/746/1/85
https://doi.org/10.1088/1674-4527/14/10/002
https://doi.org/10.1093/mnrasl/slv037
https://doi.org/10.1093/mnrasl/slv037
https://doi.org/10.1088/1475-7516/2010/02/008
https://doi.org/10.1088/1475-7516/2010/02/008
https://doi.org/10.1088/2041-8205/793/2/L40
https://doi.org/10.1088/1475-7516/2012/08/006
https://doi.org/10.1088/1475-7516/2012/08/006

