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We study solutions to the Dirac equation in Minkowski space R"*! that transform as d-dimensional
conformal primary spinors under the Lorentz group SO(1,d + 1). Such solutions are parametrized by a

point in R? and a conformal dimension A. The set of wave functions that belong to the principal continuous
series, A = ‘5’ + iv, with v > 0 and v € R in the massive and massless cases, respectively, form a complete
basis of delta-function normalizable solutions of the Dirac equation. In the massless case, the conformal
primary wave functions are related to the wave functions in momentum space by a Mellin transform.
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I. INTRODUCTION AND SUMMARY

The classification of fields according to the irreducible
representations of a symmetry group has been, since the
work of Wigner [1], an essential ingredient in quantum
mechanics and quantum field theory. In the case of fields in
Minkowski space-time, which enjoys symmetry under the
Poincaré group, Wigner’s 1939 paper [2] still provides the
foundation of our description of particles of any spin. This
description is based on wave functions in momentum
space, where translation symmetry is manifest. In four
space-time dimensions, an alternative approach is to work
in twistor space [3,4] which gives, for example, a handle on
maximal helicity violating amplitudes [5] and the Britto-
Cachazo-Feng-Witten recursion relations [6]. Recent years
have seen a surge of activity on flat space holography [7]
focusing on the imprint of two-dimensional conformal
symmetry in four-dimensional scattering amplitudes. In
this context, conformal primary wave functions have been
constructed [7-10], which has allowed one to formulate
scattering amplitudes as conformal correlators on the
celestial sphere and study their properties in the conformal
basis [11-18]. In particular, the construction of conformal
primary wave functions for massless and massive scalars,
photons and gravitons, in any dimension, and the proof of
their completeness was carried out by Pasterski and Shao
[10], with the subtle extension of the soft modes for
photons and gravitons added in [19].
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In this paper, we generalize the work of Pasterski and
Shao to Dirac spinors.1 This is motivated partly by possible
applications of flat space holography in quantum electro-
dynamics and for the explicit construction of the conformal
partial wave decomposition [20] in conformal field theories
(CFT). We construct solutions of the massive and massless
Dirac equation in Minkowski space-time R!“*! that trans-
form as conformal primary spinors in Euclidean R
calculate their inner product and their shadow transform
[21-24], and prove their completeness. As one may expect
from a possible supersymmetric extension, our results
retrace the case of scalar fields. For massive Dirac spinors,
the basis wave functions are parametrized by a vector
w € R? representing a boundary point in the momentum
space of the particle, and a conformal dimension A, which
belongs to one-half of the principal continuous series,

d
AEs+iRy

(m > 0). (1)
Alternatively, one may use their shadow transforms, which
lie on the other half. In the massless case, which will be
obtained by considering the m — O limit, the conformal
dimensions of the basis wave functions span the entire
principal continuous series,

d
Aei—i—iR (m =0). (2)
In both cases, the wave functions also carry a d-dimensional
Euclidean spinor index parameter (a = 1,2,...,n, with

'Massless spin—% fermions in four dimensions have been
considered in [17] in the context of the celestial CFT of super-
gravity/Yang-Mills theory.

Published by the American Physical Society


https://orcid.org/0000-0002-7515-9644
https://orcid.org/0000-0003-4527-4040
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.106025&domain=pdf&date_stamp=2020-11-24
https://doi.org/10.1103/PhysRevD.102.106025
https://doi.org/10.1103/PhysRevD.102.106025
https://doi.org/10.1103/PhysRevD.102.106025
https://doi.org/10.1103/PhysRevD.102.106025
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

LORENZO IACOBACCI and WOLFGANG MUCK

PHYS. REV. D 102, 106025 (2020)

n—= 2[5), which will, however, be left implicit throughout
the paper.

Our construction is based on the embedding space
formalism [25-28], which exploits the isomorphisms
between the Lorentz group in R!“*!, the symmetry group
of the hyperbolic space H,. ; (Euclidean anti—de Sitter space)
and the conformal group in d-dimensional Euclidean space
R<. Here, R%*! is to be considered as momentum space,
H,, , as the space of on-shell momenta for massive particles,
and R? parametrizes null momenta. The embedding space
formalism is a powerful tool in the conformal bootstrap
program [29,30]; for some recent applications see [31-36].
In particular, in [36] the uplift to embedding space has been
constructed for conformal primary fields of any spin.
However, our treatment of spinors will follow [35]. In
particular, we will consider Dirac spinors, which exist in
any dimension. The reduction to Weyl or Majorana spinors,
when they exist, is straightforward.

The rest of the paper is structured as follows. In Sec. 11,
we review the embedding space formalism. The massive
and massless conformal primary spinor wave functions are
discussed in Secs. III and IV, respectively. These sections
are kept reasonably concise, with all long calculations
included in the Appendixes.

II. EMBEDDING SPACE

Consider Minkowski space R'4*!, with coordinates PM,
M =0,1,...,d+ 1. In light-cone coordinates, which we
use throughout this paper, we represent PM by

PM = (Pt P~ P), (3)

with P* = PY 4 P9+! The nonzero components of the
Minkowski metric, #,sy, in light-cone coordinates are’

71+—:’7—+:_%’ nij = 0;j (i,j=12,....d). (4)
The (d + 1)-dimensional hyperbolic space H,,; can
be embedded in R'“4*! by restricting to timelike unit
vectors pM (p> = —1) with p* > 0. The components
prop=1,2,...,d+ 1, provide a good set of coordinates
on H,,, but it is more useful to represent p € H,,; by

. 1 -
y

290 (5)
In the coordinates (y,Z), the induced metric on H,, is

1

dsh,, = = (dy? + dZ?). (6)

*This corresponds to (— + + - - - 4) signature.

The invariant volume measure for integration over H,, | is
given by

R dd—Hﬁ dyddz
[dp] = ﬁ() = yd+1 . (7)

The d-dimensional Euclidean space R can be embedded
in R'¥*! as the projective null cone, defined by null
vectors QY (QMQ,, = 0), with QT > 0 and identifying
OM ~ )0 for any A > 0. Writing

oM =0%q"(w).  ¢"(W)=(1.w.W)" (8

gM(w) is a representative on the projective null cone, and
the w' (i = 1,2, ..., d) are the coordinates on R?, with the
standard Euclidean metric.

Lorentz transformations on R!“*!, which act linearly on
pM and QY,

pM = AM BN

NP> Q/M = AMNQNv (9)

act nonlinearly on the coordinates of Hy,; and R¢. The
transformed coordinates (y',7’) and w’ follow from (9) via
(5) and (8), respectively. For R¢, the projective property of

the embedding leads to

_1
d

O™ v iy, (10)

ow

AM g () = H

where the transformation w — w' is a conformal trans-
formation, and ||%% || is its Jacobian determinant. We
refrain from repeating the explicit expressions for the
coordinates (y’,Z') and w' in the two cases, as they can
be found elsewhere [10] and will not be needed.’

The construction of conformal primary wave functions
for massive fields rests upon the transformation laws (9)
and (10). Indeed, these two equations imply that the
Lorentz scalar

V47— w)?

y (11)

—2p-q(w) =

has weight —1 under the induced conformal transformation
of w.

Let us now introduce the Dirac gamma matrices that
we need for our treatment of (Dirac) spinors. Let y; be
d-dimensional Euclidean gamma matrices satisfying the
Clifford algebra

*In addition to the transformations listed in [10], one may
consider the discrete transformation that swaps Xt with X~
[reflection of the (d + 1)th direction]. This acts as an inversion
on w.
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Yivi T vivi = 26 (12)

These are n xn square matrices, where n = 20,
Throughout the paper, the standard slashed shorthand will
be used only for d-dimensional quantities, such as

W= YiWi- (13)

The Dirac gamma matrices I'), for the embedding space
R4+ will be taken as

vi 0 0 -1 00
= , .= , T, = . (14)
0 -, 00 10

where each entry denotes an n X n block.* They satisfy
Pyly +TyEy = 25y - (15)

We remark that I', +T'_ =T’y = —I'?, which is needed in
some calculations.

The embedding formalism for (Dirac) spinors in general
dimensions has been developed in [35]. With our con-
ventions for the gamma matrices, a Dirac spinor is written

in the block form
¥,
¥ = . 16
(o) (16)

Clearly, W, transform as Dirac spinors in R, If one
assumes further that, on the light cone, ¥, are homo-
geneous functions of Q of degree —(A +1), i.e.,

¥(20) = 2~ 41w(Q), (17)

and if one defines

wo (W) = Wi(q(h) = (QT)A ¥, (Q).  (18)
then the combination

w(w) =y (W) — (W) (19)

is also a Dirac spinor on R¢ and transforms as a conformal
primary of dimension A under the conformal transforma-
tions of w that are induced by the Lorentz transformations
of Q [35]. In order to construct a conformal primary
conjugate Dirac spinor on R? which we will need in
the next section, we manipulate (19) as follows’:

*For even d, these matrices give rise to a reducible represen-
tation of the Lorentz group. The embedding formalism of
irreducible (Weyl) representations in even dimensions has been
considered in [36], but uses a different convention for the gamma
matrices.

In R, conjugate simply means the Hermitean conjugate,
7 =y, whereas ¥ = T in R14+1,

— /> — — — —

(W) = (w) —p_(w)p

= (§..(%) v'/-<fv>>(_01 é)(’f)
_@(Q(Vv))(w)- .

We avoid introducing spinors on H, ;, because this
would imply an unnecessary distinction between even and
odd d.

III. CONFORMAL PRIMARY BASIS
FOR MASSIVE SPINOR FIELDS

A. Solutions of the massive Dirac equation

We are interested in solutions of the massive Dirac
equation in (d + 2)-dimensional Minkowski space,

(FMa;(iM"”>T(X) ~0, (21)

which transform as conformal primary (conjugate) spinors
under the conformal transformations induced on the
celestial sphere by space-time Lorentz transformations.
Using the embedding space formalism, such solutions
can be written down straightforwardly. Up to normaliza-
tion, they are given by6

oFimpX

I N
wioam = [iap [_zﬁ'q(wﬁrli(p)(l). (22)

Here, +, A and w are parameters. The =+ signs correspond
to the solutions with positive and negative energy, respec-
tively. The projectors

M1 (5) =5 (1 +ipMTy) 23)

make (22) a solution of (21). Furthermore, the column
matrix on the right and the denominator ensure that
W< (X;w) behaves as a conformal primary conjugate spinor
of dimension A under conformal transformations of w, as
reviewed in the previous section. Readers familiar with
AdS/CFT might recognize a harmonic function in Hy, |,
but the dimensionality of the spinor would not match for
even d.

To obtain explicit solutions, one might follow [10] and
consider the Dirac equation directly using the solution
ansatz

®As mentioned in the Introduction, we keep all spinor indices
implicit throughout the paper. In fact, £ (X, W) carries a space-
time spinor index (1,2, ..., 2n) on the left, and an R4 (conjugate)
spinor index (1,2, ...,n) on the right.
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oy 1)+ (X)X, (W
Falkiw) = [—2q(W) - X]A+2 (1) Y

Note that there cannot be a term with T'Mg,,(w) in the
numerator, because

maao (1) (1 )00 e

The Dirac equation translates into two coupled, first order
differential equations for f; and f,, which can be easily
solved. This procedure, however, has two disadvantages.
First, one needs to recover an overall multiplicative con-
stant in the end in order to match with (22). Second and
more importantly, the choice of the branch cut that
distinguishes between the positive and negative energy
solutions remains ambiguous. Therefore, it is better to
perform the integral in (22), which we will do in
Appendix B. The result is

AL 4 _d
P (X; ) = (i’)q *(27)im - <1+irMaM>
~2q(7) X F i\ m

(V) () (1), o

where K, is a modified Bessel function.

B. Dirac inner product

The Dirac inner product is defined as
(P, 9) = / dMYT, ¥ = / dHIXPT(X) P (X), (27)

where the second equality holds upon choosing an
X% = const. hypersurface for integration. The somewhat
lengthy calculation of (27) for two conformal primary
spinor wave functions (22) is deferred to Appendix C.
Integrability restricts the conformal dimension A to the
principal continuous series,

d
A=—+1iv

5 (v €R), (28)

and the result is

(wut092,7)
_ (2_;#) d+l [F(r(% —iv)L(+iv)

m )M (H + i)

8(u— 1)) (% — )

F(%—iu) S(v+) it i

l—— = |- 29
ﬂgr(%—il/) |W_w/|d+1—2w ( )

Note that this is an n X n matrix with implicit spinor
indices.

C. Shadow transform

The shadow transform [21,22] is a nonlocal, linear
transformation of conformal primary operators. In the
scalar case, the transform is defined with a single integral
on R4, but for fields with spin it involves also the uplift
from R to the null cone of the embedding space [10]. For
(conjugate) Dirac spinors on R, the calculation of the
shadow transform proceeds in three steps [35]. First, uplift
the field from w € R to the null cone of the embedding
space by writing

e - o)) 6o

and then dropping the dependence of ¢ on w. The uplifted

‘f‘;(X; q) is defined modulo terms of the form @I g,,,
where © is an arbitrary (possibly X-dependent) spinor,
because of (25). However, such terms will drop out in the
next step. Second, the shadow of the uplifted spinor is
defined by’

—~ ‘i’\(X, q/>q/Mr
¥, (X:q) = / [dg'] (_AZ . q/)d—A+1[72’ (31)

where [dg] denotes the invariant integral measure for
integration over the future light cone [32]. In the last step,
the shadow (31) is pulled back from the light-cone to R¢
using again (30).

Let us implement this procedure. From (22), we can
easily recognize a representative of the uplift as

eilmp‘X

‘I/‘}X; :/dA4H p). 32

2(X5q) = [ ldp] 2p g =(p). (32)
The calculation of the integral (31), which we defer to
Appendix D, results in

= r(a-4

Y1 (X:q) =F it Pl (Xiq) +OTYg,, (33)

where @’ is a spinor which is known but not relevant for
what follows. Indeed, applying (30) to pull back (33) from
the light cone to R?, the term containing ®' drops out
because of (25), and we obtain

r(a -5 P (X:w).  (34)

‘IEX;vT/ —Frir— 27
al ) =F F(A+%) d-A

"One may define the shadow with different normalization or
phase factors.
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D. Conformal primary basis

Let us put together the results of the past two sub-
sections. On the one hand, integrability of the Dirac inner
product implies that the conformal dimensions of the wave
functions (22) are restricted to the continuous principal
series, A :§+ iv, with v € R. On the other hand, the
shadow transform (34), which is a linear transformation,
implies that the wave functions with negative v are linear
combinations of wave functions with positive v. Therefore,
to get a basis of conformal primary, delta-function normal-
izable wave functions, we may restrict A to A = % + v
with v > 0.

Henceforth, let us consider the normalized wave
functions
S+ iy
P (Xo0) = ﬂz ’ y
v 2r IG+iv)

< [dm%nm(w) (35)

Their shadow transforms are given by

4 TG—iv)

‘I‘,iw( W) = Fin? - YL (X;w). (36)

W)

Restricting to v > 0, we have the following Dirac inner
productssz

(‘I‘(,i+ (w), ‘I‘;w,(w/)) =6 -v)s¢(w—-w), (37)

(H PV ) a0 =0) i 39)
<1P3:+w ”+ ) = _5(U l/ W w*l|dy-{§}-1+2w’ (39)
, TG+ i) ,
<LP‘:}:+W ) |1’* d+l + ”/)|2 5(1/ v )
x 84w —w). (40)

The third line can be obtained from the second one also
from the identity (¥, ¥') = (¥, ¥)".

E. Inverse transformation to the plane wave basis

We are interested in the inverse of (35), i.e., in expressing
the plane-wave spinor wave functions in terms of the
conformal primary basis. The main ingredient, which we
prove in Appendix E, is the completeness relation

%The case v = 0 is not included here.

s+ i)
TG+ )l

o ()] o (})]

X dyy —
/ [=2p - q(#)] T [=2p" - q(W)] T
= +illy ()5 (p, ), (41)

1 /°°
ﬂ.dJrl 0

where §*1(p, p') is the covariant delta function on H ;.
Combining (41) with (35), one immediately finds

II@)ﬁWx—x( yﬂ/ @/@%Wi (X: )

NN
T4 — i) [Hi(p)(1>]
CG=iv) [=2p-q(w)="

(42)

We remark that both formulas would also hold with
integrals over negative v.

IV. CONFORMAL PRIMARY BASIS
FOR MASSLESS SPINOR FIELDS

In this section, we will construct the conformal primary
basis for massless fermions. To do so, we start with the
normalized wave functions (35) in the explicit form

d+l
- m [(A+1) [ dy
YE(X;w) =
A( W) (27[2) F(A 2 )A yd+1
1
/ddzeil(mq( ,)+myN)~X< . i) _ 2> A+5
Y+ 2w
1 i w
— (1 £-gM(D)y £ iyl . 43
(eleanesar)(1). @
Here, N_ is the vector with components N¥ = § in light-
cone coordinates. To obtain the behavior for small m, we
follow the method of [10]. We replace the integration

variable y by y — m/y’ and, keeping y’ fixed while taking
m small, make use of the distribution behavior

s T(A-ds)
(i) e i)
v+ Z7-w| =07 T(A+3)

A+

Y

+W+"'. (44)

The ellipses indicate subleading terms in powers of y> with
respect to both terms that are shown. Making use also of
(25), this yields
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. R (A +1
BE (X, 7) > m AT (X, ) & ma-d LA D)
m<l1 (A %)
y-7
X /ddZT}t—A(X§ ) =—=mar o — Z]PA T - (45)

where we have introduced the wave functions

As in the case of scalar fields [10], there is no sensible
m — 0 limit of (45), but T%(X,w) are solutions of the
massless Dirac equation and transform as conformal
primaries under the conformal transformations induced
on w by the space-time Lorentz transformations.
Furthermore, the integral in the second term of (45) can
be recognized as a shadow transform

w— z’

. (47
|w — 7|2(d=8)+1 (47)

T5(X: ) = / 445 (X:3)

The Dirac inner product of two wave functions (46) is
straightforward. As in the massive case, integrability
restricts A to the principal continuous series, A€‘§1+iR.
The result is
S(v—1)84(w—w) (48)

(T4, (%), Y, (W) =

for any v, V.

It remains to express the plane wave solutions in terms of
the conformal primary fields. This is entirely equivalent to
the scalar case [10], because we recognize a Mellin trans-
form in (46),

(F )*Hr(A+))
—q(®) X F it

/Ooo dyyA—— +iyq(w)-X—ey _ (49)

Inverting it, one obtains

[T

/ dl/y‘T"”Tjiw( W),

(50)

otiva(i)X < yf) =2(27)

Therefore, in the massless case, the wave functions (46)
with A € ‘51 + iR form a complete basis of conformal
primary spinor wave functions.
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APPENDIX A: RECURRING FORMULAS

In this Appendix, we collect a few formulas, which will
recur in the detailed calculations in the Appendixes that
follow.

Schwinger parameterization

L = L/oo dss@le=sA,
A* T(a) Jo

Provided that Rea > 0 and Reb > 0, the following
two-factor numerator can be rewritten using Feynman
parameters,

(A1)

1 a= 1ﬂb 1
Yo / da/ dpé a+ﬁ—1)( A+ pB)

(A2)

For timelike X (X? < 0), we have the following integral
on the projective light cone [32]:
d
1 1 (4
i a= [t =T
(-2X-q) [-2X - q(W)]

=T X

(A3)

APPENDIX B: CALCULATION
OF THE EXPLICIT FORM

Here, we obtain the explicit form of the conformal
primary wave functions by performing a direct evaluation
of the momentum integral in (22). We start by rewriting it in
the form

1 1
W) = (1 + 1 FM8M> l(X;W)(T), (B1)
2
where the @ L1(X59) is a scalar primary wave function,
N eiimﬁ-X
® (X;v?):/[dﬁ]A _—
: (=25 - q(W)]*

Its explicit form can be found in [10], but we shall include
the full calculation here for comprehensiveness.

To evaluate (B2), we parametrize p in terms of y and 7
using (5),

. dyd?z y
q)X(XQW) :/ d+1 ( 2 . |2

y y: 42— wf?

(B2)

A . N
) eximPX | (B3)

Shifting 7 — Z + w results in

106025-6
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1 R 1 R I
ﬁ'X—);|:q(w)'X—§X+(y2+22)—Z'(X+W—X):|s

and we can evaluate the angular part of the Z-integral in (B3). This yields

- dyd A I b R + L o=
q)ﬂAE(X;W) :/ L]Z < . M 2) (zﬂz)% (m|X+w—X|> eiz;[ﬂ(w)'X—%X <z2+y2)]Jl_1_] <Zm|X+W_X|>’ (B4)
y Yy +z y : y
with J, denoting a Bessel function. Notice that | Xt — X|?> = X2 — 2X*¢(#) - X. Now, rescaling z — yz results in

o 4 [od o g P , -
©F (X:#) = (2m){(m|X 7% - X])! / Ty / dzﬁew>x%X*(zz+l>fug_1<zm|x+w—X|>. (BS)

We proceed by performing Schwinger parametrization of (1 + z%)~4, after which we can carry out the z-integral in (B5).

This results in
d d
/ y/ 0 (—> (25 & imyX*)™2

4
2

(I)i

m*(X? = 2X+q(w) - X)
+-imyXt | Li—qgw) X — B6
xexp[ (s 5 imy ) ly q(w) 225 £ imyX") (B6)
Other two rescalings, first s — sy and then y — y(s £ 1 imX*)™!.? result in
d
N 2 ody 4, _, w2 ds _m )X
(X W :—/ —y e / — g eTSleFia(R) X B7
A vy A o s "7

Here, we have inserted a regulator in the exponent of the integrand of the s-integral in order to make it convergent. The
result of the integration is

d

CDK(X; "_‘;) = [iim(— (_fl;_ X T ie)]A /wi}—yyA_%e_y—mifz
- [—22<92'(7i_f)1;(j;n2|12) ie]” (m\/?) A_gKA‘% (m Xz)' (B8)

Finally, substituting (B8) into (B1) yields (26) in the main text.

APPENDIX C: CALCULATION OF THE DIRAC INNER PRODUCT

In this Appendix, we will present the detailed calculation of the Dirac inner product of two wave functions of the form
(22). To simplify the calculation, observe that the inner product (27) is invariant under Lorentz transformations, and they act
as conformal transformations on w. Thus, it is straightforward to show that

(W3 (9), Wi (W) = (¥3(0), W (W —w)). (C1)

Therefore, without loss of generality, we will consider

] (0. DI, (AL () (. 1)T
\Pj: 1Pi / dd+1 etim(p '—p)-X i‘ ) 2
5005 = [t x [l 25 - (0] T2 - g(#)] ¥ (€2

Performing first the integrals over X and p’ yields

*This assumes that the order of the two integrations can be safely interchanged, which is justified after including the regulator in the
s-integral.
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corwt (- (N g (O DAL (A) (W, 1)
cesowz@ = ()" flon 25 - 425 - g(#)FF )

We proceed with some algebra in the numerator, for which we find

I ()M (p) = i p*ToI (p). (C4)
so that (C3) becomes
. 1 /27 d+! ~ P =W i
YE(0), Y5 (W) =< [ — - :
(1(0). %5 () 2<m) [ias R RPTO e TR (c3)

Note that # = p'y; involves only the d Euclidean components. Next, we write  in terms of the H ., ;-coordinates (5), with
the integral measure given in (7). Moreover, we introduce 7 = w' — Z, which is fixed using a delta function which, in turn, is
written as a plane wave expansion. This transforms (CS5) into

(‘Pf(()),‘{’i,(ﬂ)/)) :l <2_;7;> d+1 /ﬂe—il}'.w /00 QyAurA' /dd di7 e ik-(747) y2 + iy(1]+ Z”) -1 y (Cﬁ)
4 2\m (2x)? o O+ ZP)A 2+

Another rescaling, 7 — yZ and 7 — yZ, gives rise to

+ + 1 /27)\d+! d?k 2o, [eody s
Y5(0), ¥y, w')) == — —ik-w A —A'+d
( A( ) A(W)) 2<”l> /(23Z)de A yy

x ddzeiylzi 1+ lZ/ : ddz/eiyk’%’ 1+ lzﬂ . (C7)
(1 + [ (11 2P)~

Now, we need to deal with the two integrals on the second line of (C7), which are identical in form. Let us consider the
first one. We pull out the numerator, replacing Z by a derivative with respect to k, and use Schwinger parametrization (A1)
for the denominator. This yields

N - | re ]
/ qizenti_1EHL <1il i) / 7R / ds 2 pms(+ER), (C8)
(14 |Z)2)2 y' Ok o T(A"+3)

After exchanging the order of integration and completing the square in the exponent, the integral over 7 is Gaussian and
results in

R = 8 74 P i . _dil y 22
d?zek? — = /dssA _T<1 F k) e T, (C9)
J ¢ e o 2

Returning to (C7), we substitute (C9) and the analogous result for the other integral and proceed by rescaling y — 2y/k
with k = |k|. This yields

CRUR T 4 p—_—— LA JE R
A 2\m +hr@a'+4) ) () o v \k
X / dssA*—%<1 :F—k> —= / dnA’—ﬂ<1 T k) = (C10)
sk '
0 0

Another rescaling, s — ys and t — yt, renders the y-integral elementary and gives
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1 (27 d+ ! Ak o, (k\AHA—d
WE(0), W5 (W) =5 (= / S
(20 ¥ (%) 2<m) r@a +hra+hJ en (2)

A d+lA/ d+l 1 1
d 1 — 1 —¥K). Cl1
x/ s/ S ( :Fskk)( :Ftkk) 11

0

In order to deal with the double integral on the second line of (C11), we change variables by setting s = eV*V and t = eV~

0o 00 A -4 A/ d+l 1 1 © o VA ) V(A ) 1 %k

ds [ di——— (1 F = =y R dUu dVel(A™+4"~ A . (C12
/ s/ s + +t+1 < i skk) ( * tkk> /_oo /_oo ¢ ¢ (coshV * cosh U> (€12)
0 0

At this point, the integrals in U and V, in order to be defined, impose that the conformal dimensions must be

d
A:E—i—iv, veR. (C13)

Then, the result of integration in (C12) is

e 1 1N 1 :
/ds/ P (1 :liﬁl() <1 :':Ek) :27;F<§+w>r<5—w> [é(v—u)q:%kﬁ(v—}—v) . (C14)

After inserting (C14) into (C11) and performing the remaining integral over k, we obtain the final result

Sy 222\ [ T =)D+ iv) / ,
(0 ¥4 (7)) = <7) {F("%%—iu)r(f%‘wtiu)é(y_y)éd(w)
rid—; /
i iﬁ%y_}iv)‘s@*”ﬁmdy&m : (C15)

APPENDIX D: CALCULATION OF THE SHADOW TRANSFORM

In this Appendix, we calculate the shadow transform of the uplift

i Wi (X; ¢
¥ikg) = [lag)

eEMPXTL, ()M,
= [iaa) [ ian) P

—2p - q'|A2[-2q - q')4"A
:ttmp-XH (ﬁ) 0 1
— [1dp A ) dq’ . D1
[0 g i [0 o1)

Using Feynman parametrization (A2) for the two-term denominator renders the ¢’-integral in the form (A3). After
performing that integral, (D1) becomes

Wit = Y s Jiapemem ) [1 o (1 ) CELE e (o)

T(A+ 0T d—a+] a(l—a)\I—a) [=(z% p + q)?F"!
We remark that one must use p> = —1 only after performing the differentiation with respect to p™. Next, we change the
integration variable by setting %~ = (=2p - ¢)z, which gives
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—

o 2 e [
AT (A d A+2) [~2p - q]=2+

x/%[Fp T ZA_%I}
0z M(1+z)%’+ =2p-q] ™M1+

Finally, carrying out the z-integral results in

= ra-4t XTI (p d—A+3 M
Pi(X:q) =F inf D= T) 3)/[dA]—e TILP) )y 47 At s Ty }
I(A+3) [~2p - q*=5" A-4 [=2p - 4]

APPENDIX E: PROOF OF THE COMPLETENESS RELATION

Here, we shall calculate the integral

(W (W
1 /°°d |r(%+w)2/ddw[_ [Hi(m(lﬂ {Hi“’)(lﬂ

T
(- P) =t ), T+ i)

First, manipulate the numerator in the integral,

wo) ()| [men (7)) - ot

so that

25 - (0T [25 - g()]

I(ﬁ,ﬁ/) — 1 /°° dv |F(%+w)|2/ddw[ > 11 (ﬁ)FMQM(_))H:t(ﬁ/)

paan TG+ iv)?

Next, consider the integral in w

:/dd dFl qM( ) a1
(=25 - q(W)] 5 [=2p" - g(wW)] 7™
_ ™ 0 dyy 1
25 i) aﬁM/d (=25 - q(W)] '+ [=2p" - q ()] 5

_ I(d) - (1 = @)
T2rEE + )P 5ﬁM/ ¢ Aaa—a){—z[apm—a Pl q(m)}

+
—2p - q(W)]TH[=2p - q(W)]F

(D4)

(E2)

(E4)

where we have used Feynman parametrization (A2) for the denominator of the integrand. To be able to apply (A3), we need

to check that the vector in the square bracket in the denominator is timelike. We emphasize that we cannot set p?

because of the formal differentiation. Nevertheless,
[ap+ (1= a)p']? = =1 -a(l —a)(p = p')* +a(p* +1) <0,

because the last summand can be considered as infinitesimal. Therefore,
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;o ﬂ%l“(%’) w 0 /1 da aTH(] — @) T
w . A N A A a
e+ )P 0pM Jo all —a) 1 +a(l —a)(p = p')* - a(p? + 1)
_ w41 /1 da__a (1= a7 Y [p— (1= a)(p = Pl (E6)
D+ )l o a(l - a) [1+a(l —a)(p - p)! ’
where we have set p> = —1 after the differentiation.

Returning to (E3), where I; appears sandwiched between the two projectors I, () and 1. (p’), we observe that the term
with (p — p’) in the numerator of (E6) does not contribute. The remaining term, after changing the integration variable by

setting e" = 1%, gives rise to

irg+1) o o 2cosh4 e
Z(p.p') = +—2 T (p)I(p’ / dv cosh(zv / du - . E7
(p. P g +(P)L(P') | (nv) L 2eoshu (5= I (E7)
Exploiting the symmetries of the integrand, this can be rewritten as
ir(§+1) o 0 2 cosh 4 e
Z(p.p') =+—2 T (p)I(p’ / dv cosh(zv / du 2 . E8
(P.P') T +(P)L(P') n (nv) D 2eoshu - (5= ) (E8)

Now, in order to be able to exchange the order of integration, we need to regulate the v-integral by introducing a
convergence factor e~ With

0 . 1 u—in 2 Ui, 2
/ dve™ cosh(zv)e™ = 3 z [e_% + e'%} (E9)
—oo €
and using the symmetry of the integrand of the u-integral, we get
o iCE+1) R o [ 2cosh} it
2(p.p) =% S L) [ - (E10)
277 \/fe —o  [242coshu+ (p—p')*

Considering this integral in the complex u-plane, we may deform the integration contour such that it passes very close to the
point u = iz. Then, for ¢ — 0, the support of the integrand is restricted to the neighborhood of this point. For u = i(z — §),
|6| < 1, we have

d
2cosh% 5 il

~
~

— 5d+1 i ! ) Ell
2+ 2comut (p-FVF Pt (- pyrE g e’ 0P (EL)

where we have refrained from writing subleading terms in . Thus, after performing the remaining Gaussian integral, the
final result is

Z(p.p') = Hillu(p)5* ' (p. p). (E12)

[1] E. Wigner, Gruppentheorie und Ihre Anwendung auf die [3] R. Penrose, Twistor algebra, J. Math. Phys. (N.Y.) 8, 345

Quantenmechanik der Atomspektren, Die Wissenschaft: (1967).
Sammlung von Einzelderstellungen aus den Gebieten der [4] E. Witten, Perturbative gauge theory as a string
Naturwissenschaft und der Technik (Vieweg, Braunschweig, theory in twistor space, Commun. Math. Phys. 252, 189
1931). (2004).

[2] E.P. Wigner, On unitary representations of the inhomo- [5] S.J. Parke and T.R. Taylor, Amplitude for n Gluon
geneous Lorentz Group, Ann. Math. 40, 149 (1939). Scattering, Phys. Rev. Lett. 56, 2459 (1986).

106025-11


https://doi.org/10.2307/1968551
https://doi.org/10.1063/1.1705200
https://doi.org/10.1063/1.1705200
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1007/s00220-004-1187-3
https://doi.org/10.1103/PhysRevLett.56.2459

LORENZO IACOBACCI and WOLFGANG MUCK

PHYS. REV. D 102, 106025 (2020)

[6] R. Britto, F. Cachazo, B. Feng, and E. Witten, Direct Proof
of Tree-Level Recursion Relation in Yang-Mills Theory,
Phys. Rev. Lett. 94, 181602 (2005).

[7] J. de Boer and S. N. Solodukhin, A holographic reduction of
Minkowski space-time, Nucl. Phys. B665, 545 (2003).

[8] C. Cheung, A. de la Fuente, and R. Sundrum, 4D scattering
amplitudes and asymptotic symmetries from 2D CFT,
J. High Energy Phys. 01 (2017) 112.

[9] S. Pasterski, S.-H. Shao, and A. Strominger, Flat space
amplitudes and conformal symmetry of the celestial sphere,
Phys. Rev. D 96, 065026 (2017).

[10] S. Pasterski and S.-H. Shao, Conformal basis for flat space
amplitudes, Phys. Rev. D 96, 065022 (2017).

[11] S. Pasterski, S.-H. Shao, and A. Strominger, Gluon ampli-
tudes as 2d conformal correlators, Phys. Rev. D 96, 085006
(2017).

[12] A. Ball, E. Himwich, S. A. Narayanan, S. Pasterski, and A.
Strominger, Uplifting AdS;/CFT, to flat space holography,
J. High Energy Phys. 08 (2019) 168.

[13] M. Pate, A.-M. Raclariu, A. Strominger, and E. Y. Yuan,
Celestial operator products of gluons and gravitons, arXiv:
1910.07424.

[14] A. Fotopoulos and T.R. Taylor, Primary fields in celestial
CFT, J. High Energy Phys. 10 (2019) 167.

[15] Y. A. Law and M. Zlotnikov, Poincare constraints on
celestial amplitudes, J. High Energy Phys. 03 (2020)
085; Erratum, J. High Energy Phys. 04 (2020) 202.

[16] Y. A. Law and M. Zlotnikov, Massive spinning bosons on
the celestial sphere, J. High Energy Phys. 06 (2020) 079.

[17] A. Fotopoulos, S. Stieberger, T.R. Taylor, and B. Zhu,
Extended super BMS algebra of celestial CFT, J. High
Energy Phys. 09 (2020) 198.

[18] Y. A. Law and M. Zlotnikov, Relativistic partial waves for
celestial amplitudes, arXiv:2008.02331.

[19] L. Donnay, A. Puhm, and A. Strominger, Conformally soft
photons and gravitons, J. High Energy Phys. 01 (2019) 184.

[20] V. Dobrev, V. Petkova, S. Petrova, and I. Todorov, Dynami-
cal derivation of vacuum operator product expansion in
Euclidean conformal quantum field theory, Phys. Rev. D 13,
887 (1976).

[21] S. Ferrara, A. Grillo, G. Parisi, and R. Gatto, The
shadow operator formalism for conformal algebra. Vacuum

expectation values and operator products, Lett. Nuovo
Cimento 4, 115 (1972).

[22] S. Ferrara and G. Parisi, Conformal covariant correlation
functions, Nucl. Phys. B42, 281 (1972).

[23] S. Ferrara, A. Grillo, G. Parisi, and R. Gatto, Canonical
scaling and conformal invariance, Phys. Lett. 38B, 333
(1972).

[24] S. Ferrara, A. Grillo, G. Parisi, and R. Gatto, Covariant
expansion of the conformal four-point function, Nucl. Phys.
49B, 77 (1972); Erratum, Nucl. Phys. B53, 643 (1973).

[25] P. A. Dirac, Wave equations in conformal space, Ann. Math.
37, 429 (19306).

[26] G.Mack and A. Salam, Finite component field representations
of the conformal group, Ann. Phys. (N.Y.) 53, 174 (1969).

[27] S. Weinberg, Six-dimensional methods for four-dimensional
conformal field theories, Phys. Rev. D 82, 045031 (2010).

[28] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov,
Spinning conformal correlators, J. High Energy Phys. 11
(2011) 071.

[29] S. Ferrara, A. Grillo, and R. Gatto, Tensor representations of
conformal algebra and conformally covariant operator
product expansion, Ann. Phys. (N.Y.) 76, 161 (1973).

[30] A. Polyakov, Non-Hamiltonian approach to conformal
quantum field theory, Zh. Eksp. Teor. Fiz. 66, 23 (1974),
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf.

[31] M. S. Costa, J. Penedones, D. Poland, and S. Rychkov,
Spinning conformal blocks, J. High Energy Phys. 11 (2011)
154.

[32] D. Simmons-Duffin, Projectors, shadows, and conformal
blocks, J. High Energy Phys. 04 (2014) 146.

[33] L. Iliesiu, E. Kos, D. Poland, S.S. Pufu, D. Simmons-
Duffin, and R. Yacoby, Fermion-scalar conformal blocks,
J. High Energy Phys. 04 (2016) 074.

[34] L. Iliesiu, E. Kos, D. Poland, S.S. Pufu, D. Simmons-
Duffin, and R. Yacoby, Bootstrapping 3D fermions, J. High
Energy Phys. 03 (2016) 120.

[35] H. Isono, On conformal correlators and blocks with spinors
in general dimensions, Phys. Rev. D 96, 065011 (2017).

[36] J.-F. Fortin and W. Skiba, New methods for conformal
correlation functions, J. High Energy Phys. 06 (2020) 028.

[37] S. A. Narayanan, Massive celestial fermions, arXiv:
2009.03883.

106025-12


https://doi.org/10.1103/PhysRevLett.94.181602
https://doi.org/10.1016/S0550-3213(03)00494-2
https://doi.org/10.1007/JHEP01(2017)112
https://doi.org/10.1103/PhysRevD.96.065026
https://doi.org/10.1103/PhysRevD.96.065022
https://doi.org/10.1103/PhysRevD.96.085006
https://doi.org/10.1103/PhysRevD.96.085006
https://doi.org/10.1007/JHEP08(2019)168
https://arXiv.org/abs/1910.07424
https://arXiv.org/abs/1910.07424
https://doi.org/10.1007/JHEP10(2019)167
https://doi.org/10.1007/JHEP03(2020)085
https://doi.org/10.1007/JHEP03(2020)085
https://doi.org/10.1007/JHEP04(2020)202
https://doi.org/10.1007/JHEP06(2020)079
https://doi.org/10.1007/JHEP09(2020)198
https://doi.org/10.1007/JHEP09(2020)198
https://arXiv.org/abs/2008.02331
https://doi.org/10.1007/JHEP01(2019)184
https://doi.org/10.1103/PhysRevD.13.887
https://doi.org/10.1103/PhysRevD.13.887
https://doi.org/10.1007/BF02907130
https://doi.org/10.1007/BF02907130
https://doi.org/10.1016/0550-3213(72)90480-4
https://doi.org/10.1016/0370-2693(72)90259-6
https://doi.org/10.1016/0370-2693(72)90259-6
https://doi.org/10.1016/0550-3213(72)90587-1
https://doi.org/10.1016/0550-3213(72)90587-1
https://doi.org/10.1016/0550-3213(73)90467-7
https://doi.org/10.2307/1968455
https://doi.org/10.2307/1968455
https://doi.org/10.1016/0003-4916(69)90278-4
https://doi.org/10.1103/PhysRevD.82.045031
https://doi.org/10.1007/JHEP11(2011)071
https://doi.org/10.1007/JHEP11(2011)071
https://doi.org/10.1016/0003-4916(73)90446-6
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf
http://www.jetp.ac.ru/cgi-bin/dn/e_039_01_0010.pdf
https://doi.org/10.1007/JHEP11(2011)154
https://doi.org/10.1007/JHEP11(2011)154
https://doi.org/10.1007/JHEP04(2014)146
https://doi.org/10.1007/JHEP04(2016)074
https://doi.org/10.1007/JHEP03(2016)120
https://doi.org/10.1007/JHEP03(2016)120
https://doi.org/10.1103/PhysRevD.96.065011
https://doi.org/10.1007/JHEP06(2020)028
https://arXiv.org/abs/2009.03883
https://arXiv.org/abs/2009.03883

