
 

Dirac oscillator in a spinning cosmic string spacetime in external
magnetic fields: Investigation of the energy spectrum
and the connection with condensed matter physics
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In this article, we study topological and noninertial effects on the motion of the two-dimensional Dirac
oscillator in the presence of a uniform magnetic field and the Aharonov-Bohm potential. We obtain the
Dirac equation that describes the model. Expressions for the wave functions and energy spectrum are
derived. The energy spectrum of the oscillator as a function of the various physical parameters involved in
the problem is rigorously studied. We estimate the phenomenological energy scale of the model based on
upper bounds for string tension, as well as values for the angular momentum J and the intergalactic
magnetic fields found in the literature. Finally, we present some analogies between our results and others of
the condensed matter physics.
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I. INTRODUCTION

The harmonic oscillator model plays a crucial role in
the comprehension of many phenomena in both classi-
cal mechanics and nonrelativistic quantum mechanics.
A relevant question involving this model consists of
thinking about how to make its appropriate description
in the scenario of relativistic quantum mechanics. Initially,
Itô et al., by using the minimal substitution, introduced a
linear dependence in the radial coordinate into the Dirac
equation [1]. They showed it leads to a harmonic oscillator
with strong spin-orbit coupling. Subsequently, Moshinsky
and Szczepaniak revived the interest on this issue. By
employing the same minimal substitution procedure, they
named this system the Dirac oscillator because in the
nonrelativistic limit it becomes the usual quantum har-
monic oscillator containing a spin-orbit term [2]. Following
this same idea, the full energy spectrum of the Dirac
oscillator was also obtained in connection with the super-
symmetry [3]. A similar strategy was adopted in the context
of the Klein-Gordon equation, originating the model
known as the Klein-Gordon oscillator [4].
After these initial steps, several fundamental features

of the Dirac oscillator were examined. For instance, the

covariance, CPT properties, and the Foldy-Wouthuysen
transformation were studied [5]. Other important con-
tributions such as aspects regarding the Lie algebra
involved in the model [6], shift operators [7], and algebraic
properties [8] were examined. The Dirac oscillator was
also resolved considering two spatial dimensions [9,10].
Years later, this same problem was reexamined, and it was
shown that the degeneracy of the energy spectrum can
occur for all possible values of the quantum numberm [11].
The construction of a coherent state for the Dirac oscillator
also was studied [12]. A physical interpretation was pro-
vided, and the Lorentz covariance of the interaction term of
the Dirac oscillator was examined [13]. The completeness
of its eigenfunctions is proved in Ref. [14], and the matrix
elements of physical quantities were obtained [15]. The
Dirac oscillator was also studied in a noncommutative
spacetime [16]. In the context of recent contributions,
the Dirac oscillator was analyzed, taking into account a
scenario with position-dependent mass [17] and the inclu-
sion of time-reversal symmetry [18].
The connection of the Dirac oscillator with accessible

experimental models also has attracted attention in the
literature. An example of this is a comparison between the
Jaynes-Cummings model and the dynamics of the Dirac
oscillator [19]. It was showed that the spin-orbit coupling
can produce entangled degrees of freedom in the Dirac
oscillator. Also, an ion-trap experimental proposal was
reported [20]. Reference [21] presents a classic wave optics
analog of a one-dimensional Dirac oscillator. A study
focused on the Zitterbewegung behavior of Dirac oscillator
is reported in Ref. [22]. An experimental realization of
the one-dimensional Dirac oscillator was implemented by
using a microwave system [23]. A connection between the
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Dirac oscillator and graphene physics also was established
by using the approach of effective mass [24].
In quantum mechanics, we often are interested in study-

ing the effect of electromagnetic potentials on the quantum
dynamics of a given system. It has been done in the con-
text of the Dirac oscillator. The two-dimensional Dirac
oscillator in the presence of a constant magnetic field [25]
and the Aharonov-Bohm potential were investigated [26].
A path-integral formulation for the problem of a Dirac
oscillator in the presence of a constant magnetic field is
presented in Ref. [27]. The construction of coherent states
for the (2þ 1)-dimensional Dirac oscillator coupled to an
external field also was considered [28]. Reference [29]
establishes a connection between the Dirac oscillator and
the anti-Jaynes-Cummings model, and Landau levels are
obtained explicitly. The problem of a three-dimensional
Dirac oscillator subjected to Aharonov-Bohm and magnetic
monopole potentials is addressed in Ref. [30]. The appear-
ance of a relativistic quantum phase transition was reported
to the Dirac oscillator interacting with a magnetic field in
the case of a usual oscillator [31] and the noncommutative
oscillator [32]. Thermal properties of the Dirac oscillator in
this context also were investigated [33,34]. In Ref. [35], the
Dirac oscillator is analyzed in the presence of a magnetic
field in an Aharonov-Bohm-Coulomb system.
Another pertinent aspect of studying quantum systems is

related to incorporate the influence of geometry in physical
properties of interest. In this context, we can be interested
in analyzing how the presence of curvature, for example,
can affect a given system [36]. Besides, we can explore the
quantum dynamics of a system when it is immersed in a
spacetime having a topological defect [37]. It is also a
relevant issue since topological defects can take place in
many physical systems, covering research areas such as
cosmology [38] and condensed matter physics [39]. The
Dirac oscillator in topological defects backgrounds has
been investigated in several scenarios. For instance, the
energy spectrum [40] and coherent states [41] for the case
of a cosmic string spacetime were investigated. The Dirac
oscillator interacting with an Aharonov-Casher system in
the presence of topological defects is studied in Ref. [42].
The cosmic string spacetime was considered to the for-
mulation of a generalized Dirac oscillator [43] and also in
the case of the Dirac oscillator in the context of spin and
pseudospin symmetries [44].
Besides the influence of electromagnetic interactions and

topological defects, noninertial effects are associated with
important contributions to the dynamics of a system. More
specifically, such effects can be related to Hall quantization
[45], geometric phases [46], spin currents [47], and mod-
ifications in the energy spectrum of a system [48]. Focusing
our attention on the Dirac oscillator again, it is analyzed in a
rotating frame of reference in Ref. [49]. Also, the combined
influence of topological defect and noninertial effects in the
Dirac oscillator has been investigated. Reference [50], for

instance, considers a spinning cosmic string spacetime, and
the eigenfunctions and energy levels were obtained.
Topological and noninertial contributions alsowere analyzed
in the case of the Aharonov-Casher effect [51].
Then, examining simultaneously electromagnetic, topo-

logical, and noninertial effects on the motion of the Dirac
oscillator, it is also a valid discussion and is a generalization
of other studies in this context in the literature. From this
motivation, the aim of the present manuscript consists of
describing the problem of a Dirac oscillator in the presence
of a topological defect, rotation, and external magnetic
fields. More precisely, we solve the problem of the Dirac
oscillator in the spinning cosmic string background, taking
into account the presence of the Aharonov-Bohm potential
and a uniform magnetic field.
The organization of the paper is as follows. In Sec. II, we

make a brief review of the elements necessary to write the
Dirac equation in curved time. We define the magnetic field
configuration and the substitution that allows the inclusion
of the Dirac oscillator in the model. Using an appropriate
ansatz, we obtain the motion equation describing the Dirac
oscillator in the spinning cosmic string background in the
presence of Aharonov-Bohm potential and uniform mag-
netic field. In Sec. III, we derive the corresponding radial
equation of motion. We solve this equation and obtain the
eigenfunctions and the energy spectrum of the oscillator.
We make a rigorous inspection to understand how the
physical parameters associated with the topological defect,
rotation, magnetic field, and Aharanov-Bohm potential
affect the energy spectrum of the Dirac oscillator. To make
our realization clearer, we make several energy sketches as
a function of the parameters involved. We finish Sec. III by
presenting some phenomenological estimates for the
energy scale of our model. In Sec. IV, we present some
similarities between our results and a model for topological
insulators in eondensed matter physics. The paper is
summarized and concluded in Sec. V. In this article, we
employ natural units, ℏ ¼ c ¼ G ¼ 1.

II. DIRAC EQUATION IN THE SPINNING
COSMIC STRING SPACETIME

The goal of this section is to obtain the equation that
describes the motion of the Dirac oscillator in the spinning
cosmic string spacetime in the presence of a uniform field
and the Aharonov-Bohm potential. Before this, we present
some elements necessary for the construction of such an
equation in curved spacetime. Let us begin with the Dirac
equation in a generic curved spacetime

½iγμðxÞð∂μ þ ΓμðxÞ þ ieAμðxÞÞ −M�ΨðxÞ ¼ 0; ð1Þ

where γμðxÞ are the Dirac matrices in the curved space and
M represents the particle mass. The Dirac matrices are
related to their counterparts in the Minkowski spacetime,
γa, by the relation
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γμðxÞ ¼ eμaðxÞγa; ð2Þ

with eμaðxÞ being the tetrad fields. Explicitly, the Dirac
matrices in the flat space are given by

γa ¼ ðγ0; γiÞ; ð3Þ

with

γ0 ¼
�
I 0

0 −I

�
; γi ¼

�
0 σi

−σi 0

�
; ð4Þ

where I is a 2 × 2 unit matrix and σi ¼ ðσx; σy; σzÞ are the
standard Pauli matrices. The matrices (2) obey the follow-
ing algebraic property:

fγμðxÞ; γνðxÞg ¼ 2gμνðxÞ: ð5Þ

The tetrad field satisfies the relations

eaμðxÞebνðxÞηab ¼ gμνðxÞ; ð6Þ

eaμðxÞeμbðxÞ ¼ δab; ð7Þ

eμaðxÞeaνðxÞ ¼ δμν ; ð8Þ

where ηab and gμν are the metric tensor for the Minkowski
space and the curved space, respectively. Here, the latin
letters refer to Minkowski indices, while the greek letters
are related to the curved coordinates. Finally, the quantity
ΓμðxÞ in Eq. (1) represents the spin affine connection,
which has the form

ΓμðxÞ ¼
1

4
γaγbeνaðxÞ½∂μebνðxÞ − Γσ

μνebσðxÞ�; ð9Þ

with Γσ
μν being the Christoffel symbols of the second kind.

We have all the elements we need to write the Dirac
equation in curved spacetime. Now, let us specialize to the
spinning cosmic string spacetime, whose line element
(written in cylindrical coordinates) is given by

ds2 ¼ ðdtþ adφÞ2 − dr2 − α2r2dφ2 − dz2; ð10Þ

where −∞ < z < ∞, r ≥ 0 and 0 ≤ φ ≤ 2π. Also, the
parameter α is associated with the linear mass density μ
following the relation α ¼ 1–4μ, and it is defined in the
range (0, 1]. The presence of rotation is characterized by
the parameter a ¼ 4J, and J is the angular momenta of the
cosmic string. This spacetime admits closed timelike curves
[52] if r < jaj=α. Then, here, we are interested only in
regions such that r > jaj=α. The next quantity we need to
define is the tetrad field. We use the tetrad basis and its
inverse given by [50]

eaμðxÞ ¼

0
BBB@

1 0 a 0

0 cosφ −rα sinφ 0

0 sinφ rα cosφ 0

0 0 0 1

1
CCCA; ð11Þ

eμaðxÞ ¼

0
BBB@

1 a sinφ
rα − a cosφ

rα 0

0 cosφ sinφ 0

0 − sinφ
rα

cosφ
rα 0

0 0 0 1

1
CCCA: ð12Þ

By using these tetrad fields, it can be demonstrated that the
unique nonvanishing contribution to the affine connection
is found to be

Γμ ¼ ð0; 0;Γφ; 0Þ; ð13Þ

with

Γφ ¼ i
2
ð1 − αÞΣz; ð14Þ

and

Σz ¼
�
σz 0

0 σz

�
; σz ¼

�
1 0

0 −1

�
: ð15Þ

Note that the spin connection Γμ is identically null if α ¼ 1.
The tetrad basis eμaðxÞ must be used to obtain the Dirac
matrices (2) in the spacetime of the spinning cosmic string.
Such matrices are found to be

γt ¼ et0γ
0 ¼ γ0 − aγφ

¼ γ0 −
a
αr

ð−γ1 sinφþ γ2 cosφÞ; ð16Þ

γr ¼ eraγa ¼ er0γ
0 þ er1γ

1 þ er2γ
2

¼ γ1 cosφþ γ2 sinφ; ð17Þ

γφ ¼ eφaγa ¼ eφ0 γ
0 þ eφ1 γ

1 þ eφ2 γ
2

¼ 1

αr
ð−γ1 sinφþ γ2 cosφÞ; ð18Þ

γz ¼ ez0γ
0 ¼ γ3: ð19Þ

We can also define the αiðxÞmatrices, which can be written
in terms of Pauli’s matrices as

αiðxÞ ¼ eiaðxÞ
�

0 σa

σa 0

�
¼

�
0 σiðxÞ

σiðxÞ 0

�
; ð20Þ

where σi ¼ ðσr; σφ; σzÞ are the Pauli matrices in cylindrical
coordinates written on the tetrad basis eaμðxÞ.
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In this representation, the γμðxÞ and σiðxÞ matrices are
explicitly written as

γt ¼
�

I −aσφ

aσφ −I

�
; γr ¼

�
0 σr

−σr 0

�
; ð21Þ

γφ ¼
�

0 σφ

−σφ 0

�
; γz ¼

�
0 σz

−σz 0

�
; ð22Þ

and

σr ¼
�

0 e−iφ

eþiφ 0

�
; σφ ¼ 1

rα

�
0 −ie−iφ

ieþiφ 0

�
:

ð23Þ

Now, we need to include the interactions in the model.
First, we introduce the Dirac oscillator [2]. The Dirac
oscillator is an important model in relativistic quantum
mechanics because it can be solved exactly [9,13]. The
coupling that describes the oscillator makes the Dirac
equation linear in both the momenta and the spatial
coordinates. The oscillator is included in Dirac’s equation
by replacing

p → p − iMωγ0r ¼ −i∇ − iMωγ0r: ð24Þ

Although this substitution is non-Hermitian, the
Hermiticity of the complete Hamiltonian is guaranteed
by the presence of the matrix αiðxÞ. To describe the
Dirac oscillator in the presence of a magnetic field and
Aharonov-Bohm potential, we consider the minimal sub-
stitution procedure. The particle is subject to the field
configuration

B ¼ Bz;1 þ Bz;2; ð25Þ

with

B1;z ¼ B; Bz;2 ¼
ϕ

e
δðrÞ
αr

ð26Þ

being the contributions due the uniform field and the
Aharonov-Bohm effect, respectively. The above field
configuration is the result of the superposition of vector
potentials (in the Coulomb gauge) given by

A ¼ ð0; Aφ; 0Þ; with ∇ ·A ¼ 0; ð27Þ

with

Aφ ¼ −ðAφ;1 þ Aφ;2Þ; ð28Þ

Aφ;1 ¼
1

2
αBr2; Aφ;2 ¼

ϕ

e
; ð29Þ

where B is the amplitude of the uniform magnetic field;
ϕ ¼ Φ=Φ0 is related to the Aharonov-Bohm flux, which Φ
represents the magnetic flux; and Φ0 ¼ 2π=e is the
quantum of magnetic flux. We are interested in studying
the quantum particle motion in the region r > 0. Then, in
this case, the particle does not interact directly with the field
Bz;2, despite the fact that it will suffer the influence of the
Aharonov-Bohm flux. As a consequence, we deal only with
regular solutions to the wave functions. Also, it is important
to note that the system has translational invariance in the
z direction, in such a way that we can exclude the z degree
of freedom by imposing pz ¼ z ¼ 0, resulting in a planar
dynamics [53–56]. Thus, using the stationary solution of
energy E,

Ψðr;φÞ ¼ e−iEt
�
ψ1ðr;φÞ
ψ2ðr;φÞ

�
; ð30Þ

the Dirac equation (1) assumes the following form:

ðE −MÞψ1 þ σrði∂r − iMωrÞψ2

þ σφ
�
i∂φ − eAφ − aE −

σz

2
ð1 − αÞ

�
ψ2 ¼ 0; ð31Þ

ðEþMÞψ2 þ σrði∂i þ iMωrÞψ1

þ σφ
�
i∂φ − eAφ − aE −

σz

2
ð1 − αÞ

�
ψ1 ¼ 0: ð32Þ

From these equations, we can derive both second-order
equations for the components ψ1 and ψ2 of the spinor.
Here, for reasons that will be clarified later, we consider
only the upper component ψ1. This is accomplished in the
next section.

III. SOLUTION OF THE EQUATION
OF MOTION

In this section, we shall solve the second-order equation
for ψ1 derived from Eqs. (31) and (32) to obtain the wave
functions and energy eigenvalues and then make a detailed
analysis of the energy spectrum as well as its physical
implications in connection with other physical systems. By
solving (32) for ψ2, we obtain

ψ2 ¼ −
i

EþM

×

�
σið∂i þ ieAiÞ þ iaEσφ þMωrσr −

ð1− αÞσr
2αr

�
ψ1:

ð33Þ

Replacing (33) in (31), we find
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�
σið∂i þ ieAiÞ þ iaEσφ −Mωrσr −

ð1 − αÞσr
2αr

�

×

�
σjð∂j þ ieAjÞ þ iaEσφ þMωrσr −

ð1 − αÞσr
2αr

�
ψ1

þ ðE2 −M2Þψ1 ¼ 0: ð34Þ

The first term of this equation can be developed using the commutation relations between the matrices σr; σφ, and σz. After
some algebraic manipulations, Eq. (34) results in

ðE2 −M2Þψ1 þ ∂2
rψ1 þ

1

r
∂rψ1 þ

1

α2r2
∂2
φψ1 −

1

α2r2
e2ðAφ;1 þ Aφ;2Þ2ψ1 −

1

4α2r2
ð1 − αÞ2ψ1

−
1

α2r2
a2E2ψ1 þ

1

α2r2
2ieðAφ;1 þ Aφ;2Þ∂φψ1 − 2

1

αr
ð1 − αÞ

2

1

αr
eðAφ;1 þ Aφ;2Þσzψ1 þ

2aE
α2r2

i∂φψ1

þ 2

α2r2
1

2
ð1 − αÞσzi∂φψ1 −

1

αr
σze½∂rðAφ;1 þ Aφ;2Þ�ψ1 −

2aE
α2r2

eðAφ;1 þ Aφ;2Þψ1 −
2aE
α2r2

1

2
ð1 − αÞσzψ1

þ 2Mωψ1 − 2Mω
1

α
σzi∂φψ1 þ 2Mω

1

α
σzeAφψ1 þMω

1

α
aEσzψ1 þ

1

α
aEMωσzψ1 −M2ω2r2ψ1

þ 2Mωσz
1

2α
ð1 − αÞσzψ1 ¼ 0: ð35Þ

Equation (35) describes the motion of the Dirac oscillator
in the presence of a uniform magnetic field and the
Aharonov-Bohm potential in metric spacetime (10), i.e.,
under topological and noninertial effects. Keeping in mind
that ψ1 is a bispinor and taking into account the structure of
the Pauli matrices in cylindrical coordinates, we adopt the
solutions with the form

ψ1ðr;φÞ ¼
�
ψaðr;φÞ
ψbðr;φÞ

�
¼

�
eimφfðrÞ

ieiðmþ1ÞφgðrÞ

�
; ð36Þ

where ψa refers to the spin up component, while ψb is
related to the down spin component. Since we are only
interested in regular solutions at the origin, we neglect the
quantity 1

αr σ
ze½∂rðAφ;2Þ�ψ1 in Eq. (35). Thus, substituting

(36) in Eq. (35) together with Eqs. (29) and (26) and
reorganizing the terms, we obtain the second-order differ-
ential equation for fðrÞ,�

d2

dr2
þ 1

r
d
dr

−
L2þ
α2r2

−M2Ω2þr2 þ εþ

�
fðrÞ ¼ 0; ð37Þ

where

Lþ ¼ lþ þ aE; with lþ ¼ m − ϕþ 1

2
ð1 − αÞ ð38Þ

is the effective angular momentum;

Ωþ ¼ ωþ ωc

2
ð39Þ

is the effective frequency, with ωc ¼ eB=M defining the
cyclotron frequency; and

εþ ¼ E2 −M2 þ 2MΩþ

�
1þ Lþ

α

�
: ð40Þ

It can be shown through a simple change of variables that
Eq. (37) can be written in the form of a confluent hyper-
geometric differential equation, whose solution is well
known. Thus, the non-normalized solution for ψaðr;φÞ is

ψaðr;φÞ
¼ CnmðMΩþÞ12þ

jLþj
2α r

jLþj
α e−1

2
MΩþr2eimφ

× 1F1

��
1

2
þ jLþj

2α

�
−

ε

4MΩþ
; 1þ jLþj

α
;MΩþr2

�
;

ð41Þ

where 1F1ða; b; zÞ denotes the confluent hypergeometric
function of the first kind or Kummer’s function Mða; b; zÞ
and Cnm is the normalization constant. The hypergeometric
function 1F1ða; b; zÞ has various important properties to
assist us in our description. One of them emerges from
studying the asymptotic behavior of the solution (41) when
we search for bound state solutions, which reveals a
divergent behavior for large values of its argument, namely,

1F1ða; b; zÞ ≈
ΓðbÞ
ΓðaÞ e

zza−b½1þOðjzj−1Þ�: ð42Þ

Because of this divergent behavior of the function

1F1ða; b; zÞ for large values of its argument, bound states
solutions can only be obtained by imposing that this
function becomes a polynomial of degree n, where
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n ∈ Z�, with Z� denoting the set of the nonnegative
integers. This is established by requiring that

1

2

�
1þ jLþj

α

�
−

εþ
4MΩþ

¼ −n; ð43Þ

which allows us to write the bound state solutions in the
form

ψaðr;φÞ ¼ CnmðMΩþÞ12þ
jLþj
2α r

jLþj
α e−

1
2
MΩþr2eimφ

× 1F1

�
−n; 1þ jLþj

α
;MΩþr2

�
: ð44Þ

Analyzing Eq. (43), we see it depends on energy through
the absolute value of the effective angular moment Lþ.
Then, to extract the expression for the energy eigenvalues
to the oscillator, we must solve the condition (43) for E
considering Lþ > 0 and Lþ < 0, respectively. We obtain

Eð>Þ
n;þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4nMΩþ þM2

q
for Lþ > 0; ð45Þ

Eð<Þ
nm;þ ¼ −

2MΩþa
α

� 1

α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2M2Ω2þ þ 4MΩþαðnα − lþÞ þ α2M2

q
ð46Þ

for Lþ < 0.
The equation for gðrÞ, corresponding to the down spin

component, is similar to Eq. (38). Now, we have�
d2

dr2
þ 1

r
d
dr

−
L2
−

α2r2
−M2Ω2

−r2 þ ε−

�
gðrÞ ¼ 0; ð47Þ

where

L− ¼ l− þ aE; with l− ¼ ðmþ 1Þ − ϕ −
1

2
ð1 − αÞ

ð48Þ

and

ε− ¼ E2 −M2 þ 2MΩ−

�
1 −

L−

α

�
; ð49Þ

Ω− ¼ ω −
ωc

2
: ð50Þ

The corresponding energies are

Eð>Þ
nm;− ¼ 2MaΩ−

α

� 1

α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4a2M2Ω2

− þ 4MΩ−αðnαþ l−Þ þ α2M2

q
;

ð51Þ

for L− > 0 and

Eð<Þ
n;− ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4nMΩ− þM2

q
ð52Þ

for L− < 0. Energies (45), (46), (51), and (52) constitute
the energy spectrum of the Dirac oscillator for the model
in question and are a generalization of that addressed in
Ref. [50] for the case where we have the presence of
external magnetic fields. We can study in detail both the
positive and negative energies of the particle. A first
analysis reveals that they depend on all the physical
parameters involved in the problem. Depending on the
choice we make for the parameters, these energies provide
exotic and interesting results. This is related to the fact that
even a small change in any of these parameters can imply
an abrupt change in the profile of the energy spectrum. To
understand how rotation, Aharonov-Bohm flow, uniform
field, and curvature affect the oscillator’s energy levels, we
opt to study some particular configurations, which are
defined from the choice for the set of parameters. In
principle, we can analyze these energies seeking to access
their most relevant properties, such as the profile for strong
and weak fields, high and low rotations, etc. In the dis-
cussions below, we use M ¼ 1. We can clearly see that the
energies (45) and (52) are symmetrical for any n, Ωþ and

Ω−. In the case of Eq. (45), jEð>Þ
nm;þj increases when n

increases (Fig. 1). If we make ωc ¼ 0 in Eqs. (45) and (52),
we recover the result (48) from Ref. [50]. Here, the most
interesting characteristics are manifested in the energies
(46) and (51). The analysis of these energies reveals they
have similar spectrums. This way, we prefer to examine
energy (51). It can be shown that this energy is conditioned
to 4a2M2Ω2

− þ 4MΩ−αðnαþ l−Þ þ α2M2 ≥ 0. This con-
dition, combined with the quantity ð2MΩ−aÞ=α, is the key
to understanding the results. One of the most fascinating
manifestations here is the existence of nonpermissible
energy states. For example, for a ¼ 0.1, α ¼ 0.4, ϕ ¼ 1,
ω ¼ 3, and ωc ¼ 2, the energies as a function of m and n
show that states withm < 0 are forbidden [Fig. 2(a)], while
for parameters a ¼ 0.1, α ¼ 0.2, ϕ ¼ 5, ω ¼ 3, and

n = 1

n = 2

n = 3

0 2 4 6 8 10

–10

–5

0

5

10

E nm,+
(>)

FIG. 1. Energy levels Eð>Þ
nm;þ [Eq. (45)] as a function of ω.
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ωc ¼ 9.9, the energies are allowed for any m [Fig. 2(b)].
When we examine the profile of (51) as a function of ω and
ωc, we note other impressive characteristics. The sketch as
a function of ω for m ¼ −2, a ¼ 0.4, α ¼ 0.5, and ϕ ¼ 0.7
reveals the existence of forbidden energy states for some
values of ω [Fig. 3(a)]. In the range 2.0 < ω < 4.8, no
energy state is permissible. One can show that for m ¼ −4
and m ¼ −5 (maintaining the other parameters) this inter-
val increases until the spectrum completely assumes the
profile of the region with ω < 2. In this region, there is an
inversion between the energy levels; i.e., the higher energy
states are those with n ¼ 0, n ¼ 1, n ¼ 2, respectively. In

other words, jEð>Þ
nm;−j decreases when n increases. This

effect, however, is being undone when ω approaches 2. For

ω > 4.8, the opposite effect occurs; i.e., jEð>Þ
nm;−j increases

when n increases. Note that the forbidden energy range
increases from the most energetic to the least energetic
states. When both ϕ and ωc are increased and m ¼ 5, the
interval of ω giving nonpermissible energies is increased

[Fig. 3(b)]. For weak magnetic field and ϕ ¼ 1, jEð>Þ
nm;−j

increases when n increases [Fig. 3(c)]. As we can see in
Fig. 3, the energy is not symmetrical like in Fig. 2. This
characteristic is a physical implication due to noninertial
effects on the electron motion. At least for the parameter

values that we consider, the energy profile as a function of
ωc (Fig. 4) also displays some effects equivalent to the
profile of Fig. 3. Form ¼ −2, a ¼ 0.5, α ¼ 0.5, ω ¼ 2, and

ϕ ¼ 2, jEð>Þ
nm;−j increases when n is increased [Fig. 4(a)].

For this configuration, the range of physically acceptable
energies starts from ω ¼ 3.8, corresponding to the energy
state with n ¼ 2. Next to this value, an inversion between
energy states occurs rapidly when ωc is increased, which
leads to a new energy configuration, where the states with
higher energy are those starting with n ¼ 0, etc. When we

FIG. 2. Profile of jEð>Þ
nm;−j [Eq. (51)] as a function of n andm. In

panel (a), a ¼ 0.1, α ¼ 0.4, ϕ ¼ 1, ω ¼ 3, and ωc ¼ 2, while in
panel (b), a ¼ 0.1, α ¼ 0.2, ϕ ¼ 5, ω ¼ 3, and ωc ¼ 9.9.
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FIG. 3. Sketch of the energy levels jEð>Þ
nm;−j [Eq. (51)] as a

function of ω. In panel (a), m ¼ −2, a ¼ 0.4, α ¼ 0.5, ϕ ¼ 0.7,
and ωc ¼ 4. In panel (b), m ¼ 5, a ¼ 0.5, α ¼ 0.5, ϕ ¼ 10, and
ωc ¼ 10. In panel (c), m ¼ 5, a ¼ 0.5, α ¼ 0.5, ϕ ¼ 1,
and ωc ¼ 0.1.

DIRAC OSCILLATOR IN A SPINNING COSMIC STRING … PHYS. REV. D 102, 105020 (2020)

105020-7



access the energy state with ω ¼ 0.1, a ¼ 0.1, and ϕ ¼ 1
and maintain the other parameters, the range of allowed
energies includes all values of ωc [Fig. 4(b)]. This allows us
to affirm that for smaller values of a both the particle and
antiparticle tend to access all energy states. On the other
hand, this configuration changes when we consider m ¼ 6,
a ¼ 0.5, α ¼ 0.5, ω ¼ 1.98, and ϕ ¼ 0.2, revealing the

profile of Fig. 4(c). In this case, jEð>Þ
nm;−j increases when n is

increased. However, it decreases when wc is increased.

When we investigate the behavior of the energy as a
function of a, forbidden energy intervals are also observed,
but with other curious features (Fig. 5). For example, for the
choice m ¼ 2, α ¼ 0.5, ω ¼ 2, ϕ ¼ 3, and ωc ¼ 3, except

the state with n ¼ 0, we see that jEð>Þ
nm;−j increases when n

increases [Fig. 5(a)]. This profile changes when we adopt
the parameters m ¼ −2, α ¼ 0.5, ω ¼ 2, ϕ ¼ 1, and
ωc ¼ 0.45, where energies are now allowed only for a >
0.55 [Fig. 5(b)]. The most significant impact on this profile
is the change of state with m ¼ 2 to m ¼ −1. The change
from ωc ¼ 3 to ωc ¼ 0.45 has only the effect of increasing
the nonpermissible energy range. A third configuration
(making m ¼ −1, ϕ ¼ 9, and ωc ¼ 9.9 and keeping the
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FIG. 4. Sketch of the energy levels jEð>Þ
nm;−j [Eq. (51)] as a

function of ωc. In panel (a), m ¼ −2, a ¼ 0.5, α ¼ 0.5, ϕ ¼ 2,
and ω ¼ 2. In panel (b), m ¼ −2, a ¼ 0.1, α ¼ 0.5, ϕ ¼ 1, and
ω ¼ 0.1. In panel (c), m ¼ 6, a ¼ 0.5, α ¼ 0.5, ϕ ¼ 0.2,
and ω ¼ 1.98.
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FIG. 5. Sketch of the energy levels jEð>Þ
nm;−j [Eq. (51)] as a

function of a. In panel (a), m ¼ 2, α ¼ 0.5, ϕ ¼ 3, ω ¼ 2, and
ωc ¼ 3. In panel (b), m ¼ −2, α ¼ 0.5, ϕ ¼ 1, ω ¼ 2, and
ωc ¼ 0.45. In panel (c), m ¼ −1, α ¼ 0.5, ϕ ¼ 9, ω ¼ 2,
and ωc ¼ 9.9.
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other parameters fixed) shows an indifference between the

energy states, but we still observe the increase of jEð>Þ
nm;−j

[Fig. 5(c)].
Now, we discuss the behavior of (51) as a function of α.

By controlling α, we can access localized energy states for
an appropriate choice of the other parameters (Fig. 6). In
Fig. 6(a), energy states withm ¼ 2, a ¼ 0.7, ϕ ¼ 6, ω ¼ 2,
and ωc ¼ 1 are depicted. For the state with n ¼ 2, which is
the largest energy state, a critical value of ω at 0.25 occurs.
Clearly, we see that significant values of α lead to localized
energy states. If we change the configuration to m ¼ 1,
a ¼ 0.1, ϕ ¼ 2, ω ¼ 2, and ωc ¼ 2, the insignificant
curvature range is now located to the left of the spectrum,
with a critical value occurring at α ¼ 0.15, which delimits

the state with n ¼ 2 [Fig. 6(b)]. For this configuration,

jEð>Þ
nm;−j increases when n and α are increased. We also

observe that a inversion between states occurs when we
keep the same m and a of Fig. 6(b) and use ϕ ¼ 6, ω ¼ 4,
and ωc ¼ 9.8 [Fig. 6(c)]. Similarly as in the others cases we

saw above, this configuration also shows that jEð>Þ
nm;−j

decreases when n and α are increased. In addition, we
also see a reduction of the spacing between the energy
levels.
In the particular case when the system is not under

rotation, the effective angular momentum L� in Eqs. (38)
and (48) no longer depends on energy. In this way, for
Eq. (37), the condition (43) becomes

1

2

�
1þ jlþj

α

�
−

ε0þ
4MΩþ

¼ −n; ð53Þ

with

ε0þ ¼ E02 −M2 þ 2MΩþ

�
1þ lþ

α

�
; ð54Þ

where lþ is given in Eq. (38). By resolving (53) to E0, we
obtain

E0
nm;þ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MΩþ

�
2nþ 1

α
ðjlþj − lþÞ

�
þM2

s
: ð55Þ

Similarly, when the system is not rotating, we can also
find the energy related to gðrÞ, from Eqs. (47) and (48):

E0
nm;− ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MΩ−

�
2nþ 1

α
ðjl−j − l−Þ

�
þM2

s
: ð56Þ

We see that the energies (55) and (56) depend on all the
physical parameters involved. In Fig. 7(a), we show the
profile of E0

nm;þ as a function of n and m. Clearly, we see
that the particle and antiparticle energies increase when n is
increased. Furthermore, we also observe that the largest
variations in energy occur in states with m < 0. However,
when we investigate the profile of E0

nm;−, this effect is
manifested in the states with m > 0 [Fig. 7(b)]. An
important question that should be mentioned is that when
we study the spectrum (56) as a function of n andmwe find
that for certain parameter values we obtain E0

nm;− ¼ �M,
which do not belong to the set of eigenvalues of Eq. (35)
and, consequently, in the present case. This can be checked
with the parameters α ¼ 0.2, ϕ ¼ 4, ω ¼ 1, and ωc ¼ 2.
By making α ¼ 0.7, ϕ ¼ 10, ω ¼ 1, and ωc ¼ 9 in
Eq. (55), the energy spectrum presents similar behavior
to the states withm > 3 shown in Fig. 7(a), for any value of
m. We also study the profiles of E0

nm;þ and E0
nm;− as a

function of ω (Fig. 8). The profile of E0
nm;þ in Fig. 8(a) is
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FIG. 6. Sketch of the energy levels jEð>Þ
nm;−j [Eq. (51)] as a

function of α. In panel (a), m ¼ 2, a ¼ 0.7, ϕ ¼ 6, ω ¼ 2, and
ωc ¼ 1. In panel (b),m ¼ 1, a ¼ 0.1, ϕ ¼ 2, ω ¼ 2, and ωc ¼ 2.
In panel (c), m ¼ 1, a ¼ 0.1, ϕ ¼ 6, ω ¼ 4, and ωc ¼ 9.8.
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similar to the one ofE>
nm;þ shown in Fig. 1. This similarity is

partially broken when we look at the profile of E0
nm;þ, where

we observe an interval of ω resulting in nonpermissible
energies as well as a frequency value ω ¼ 1.5 occurring an
inversion between the energy states [Fig. 8(b)].
From the above results, it is possible to estimate the

phenomenological energy scale of the model. For this to be
accomplished, we shall restore the constants c, G, and ℏ.
We can write the parameters α and a as α ¼ 1–4Gμ=c2

and a ¼ ð4GJ=c3Þ1=2. The parameter a has units of length.
According to the literature, we can look for bounds
involving the cosmic string tension, Gμ=c2 [57]. Several
works are dealing with this issue nowadays, having as the
main goal the search for cosmological signatures of cosmic
strings. Then, observational techniques related to cosmic
microwave background [58] and gravitational waves [59]
are employed. Following Ref. [60], current observations
limit Gμ=c2 < 7.36 × 10−7. It implies that, in the cosmo-
logical setting, α must be near to 1. We can also set up
the parameters concerning the rotation. For instance,
following Ref. [61], and adopting an angular momentum
J ≈ 1047 kg:m2:s−1, we obtain a ≈ 106 m. Besides, the
subject of quantifying the intergalactic and the interstellar

magnetic fields also has attracted attention. For example,
from Refs. [61,62], we find the magnetic field of the
intergalactic medium is B ≈ 10−10 T. After recovering c, ℏ,
and G, Eq. (46) can be written as

Eð<Þ
nm;þ ¼ −E1 � E2; ð57Þ

with

E1 ¼
2MΩþac

α
; ð58Þ

E2 ¼
1

α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2Ω2þa2c2 þ 4MΩþℏc2αðnα− lþÞþ α2M2c4

q
:

ð59Þ

In Table I, we show some numerical values for the energies
E1 and E2 of Eq. (57). Only for a ¼ 107 m and a ¼ 106 m
is it possible to obtain E1 with a numeric value comparable
with E2, with both terms having the same order of
magnitude. We can notice that E1 is highly sensitive to
changes in the parameter a, while E2 does not suffer
expressive modifications in several cases if we adopt five
significant digits. If we consider small values for a, like

n = 1
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n = 3
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FIG. 8. Sketch of E0
nm;þ [Eq. (55)] and E0

nm;− [Eq. (56)] as a
function of ω for the fixed parameters α ¼ 0.1, ϕ ¼ 3, and
ωc ¼ 3. In panel (a), m ¼ 3, and in panel (b), m ¼ 1.FIG. 7. Sketch of E0

nm;þ [Eq. (55)] in panel (a) and E0
nm;−

[Eq. (56)] in panel (b) as a function of n and m for the fixed
parameters a ¼ 0.1, α ¼ 0.5, ϕ ¼ 3, ω ¼ 6, and ωc ¼ 7.
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a ¼ 1 or 0.01 m, then E1 reaches the scale of condensed
matter physics [63].

IV. CONNECTION WITH CONDENSED
MATTER PHYSICS

A curious feature involving the energy spectrum we have
obtained in the previous section is related to some analogies
with condensed matter physics. Then, in this section, we
explore these similarities. It is known that graphene physics
has been working as a bridge between condensed matter
physics and relativistic quantum mechanics because, in the
low-energy approximation, it is possible to consider that the
charge carriers in such material obey an effective Dirac
equation for massless particles [64]. This subject has
inspired other developments, both in the search for the
fabrication of novel materials as well as new theoretical
predictions. Similarly to graphene, the materials known as
topological insulators also have some features involving
analogies with the Dirac theory. Topological insulators
have attracted expressive attention, due to their exotic
properties. A remarkable characteristic of such materials
is the fact they have an insulating gap in the bulk, while
the edge or surface states are gapless [65]. In this context,
we can take a look at the model introduced by Bernevig
et al. namely, the BHZ model, describing a type of two-
dimensional topological insulator [65,66]. In the BHZ
model, the bulk energy spectrum is given by

E� ¼ ϵðkÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2ðk2x þ k2yÞ þM2ðkÞ

q
; ð60Þ

with

ϵðkÞ ¼ C −Dðk2x þ k2yÞ; MðkÞ ¼ M − Bðk2x þ k2yÞ:
ð61Þ

The signs (�) in Eq. (60) refer to the energies of electron-
like and holelike bands. In these expressions, A, B, C, and

D are material parameters; kx and ky are the components of
the momentum k; and M is the mass parameter. The
dispersion relation of the BHZ model is similar to the
energies (46) and (51). The first term of these expressions,
which has a dependence on the rotation parameter, is the
analog of the term ϵðkÞ in Eq. (60).
In the BHZ model, the mass parameter is a function of kx

and ky. In the energies (46) and (51), for example, we have
a similar term inside the square root involving the square of
the mass, namely, M2½4a2Ω2

� þ α2�. Thus, in both models,
the effective mass parameter in the square root depends on
properties of the system; in the BHZ model, it is a function
of the momentum components kx and ky, while in our
model, the mass parameter shows up jointly with the
rotation and curvature parameters. In this way, the presence
of the rotation makes possible the comparison between the
energy spectrum of the BHZ model and the energy of the
Dirac oscillator derived here. The energy in the BHZ model
can either increase or decrease, with respect to the
“quantum numbers” kx and ky.
In the usual Dirac oscillator, i.e., without noninertial

effects and other interactions, the energy increases as a
function of the quantum number n. On the other hand, we
have shown here that the combination of noninertial and
topological effects as well as the magnetic interactions can
modify the hierarchy of the energy levels in some cases. For
instance, in the cases depicted in Figs. 3(a) and 3(b), we
observe the existence of a region where the energy
decreases in relation to n (an inversion of the energy
levels). Thus, in our model, the energy can either increase
or decrease, as a function of the quantum number n. Also,
while in the model described here we verify an inversion of
the energy levels, in the case of topological insulators, in
some situations, it is possible to observe an inversion of the
electronlike and holelike energy bands [65,67].
Another relevant point in this comparison refers to the

energy gap. While the gap between the energy bands of
electrons and holes in the context of condensed matter
systems depends on the materials parameters, in our case,
the gap between particle and antiparticle states depends on
parameters related to rotation, curvature, and magnetic field
and the Aharonov-Bohm potential.

V. CONCLUSIONS

In this article, we have investigated how the combination
of noninertial and topological effects modify the energy
levels of the two-dimensional Dirac oscillator in the
presence of a uniform magnetic field and the Aharonov-
Bohm effect. We have obtained the Dirac equation describ-
ing the Dirac oscillator spinning cosmic string spacetime in
the presence of such a configuration of magnetic fields. The
resulting motion equation revealed that the effective angu-
lar moment of the particle explicitly depends on its energy.
This fact is a physical implication due to the rotation of the

TABLE I. Some numerical values for the energies in Eq. (46),
for the setting n ¼ m ¼ 1, ϕ ¼ ω ¼ 0. The quantity E1 refers to
the first term of (46), while E2 refers to the second term of the
same expression; B indicates the magnetic field (in units of
Tesla).

a (m) B (T) α E1 (eV) E2 (eV) × 104

107 10−10 0.99 60.524 × 104 79.222
106 10−10 0.99 6.0523 × 104 51.475
105 10−10 0.99 6.0523 × 103 51.121
104 10−10 0.99 6.0523 × 102 51.118
102 10−10 0.99 6.0523 51.118
1 10−10 0.99 6.0523 × 10−2 51.118
0.01 10−10 0.99 6.0523 × 10−4 51.118
0.01 10−6 0.99 6.0523 51.118
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spacetime in which the particle lives. To avoid the singular
potential coming from ∇ ×A, we have solved the eigen-
value equation in the r ≠ 0 region. We have derived the
eigenfunctions and the corresponding energy spectrum for
the problem. The eigenfunctions are given in terms of
the confluent hypergeometric function. Concerning the
energy spectrum, because of its explicit dependence on
the effective angular moment of the particle, the eigenval-
ues problem provides two different situations, correspond-
ing to the cases L� > 0 and L� < 0. The presence of the
rotation produces the appearance of exotic characteristics in
the energy spectrum. The combined effect involving
rotation, curvature, and external fields reveals that the
energy spectrum can present different behaviors. An
immediate study showed that the projection element of
spin leads to the energies (45), (46), (51), and (52). This
particularity revealed that the energies (45) and (52) depend
only on the frequency of the oscillator ω, the magnetic field
B, and the quantum number n and therefore exhibit
symmetric shape (Fig. 1). Because of the similarity
between the energies (46) and (51), we prefer to investigate
only (51). The reason for this is that after several analyses
of (46) we have found profiles similar to (51), changing
only the intensity of the energies. Our investigation was
centered on the combined effects involving rotation,
curvature, magnetic field, and the Aharonov-Bohm flux.
We have studied the energy profile (51) in several aspects.
In some cases, the shape of the energy spectrum can be
drastically modified by changing the physical parameters of
the system. This occurred when we analyzed its profile as a
function of ω [Figs. 3(a) and (b)], where we have verified
an inversion between states and a range of ω with pro-
hibited energies. The parameters can be controlled in such a
way that no energy state is absent [Fig. 3(c)]. In all cases
analyzed, we identified the intervals of the parameters that
result in forbidden energies by the colored parts highlighted
in the figures that presented these characteristics. We have

also found inversion between states in the energy profile as
a function of the cyclonic frequency ωc [Figs. 4(a) and (b)],
as a function of rotation [Fig. 5(b)], and as a function of
curvature [Fig. 6(c)]. In all cases where the inversion effect
between states occurred, jEnm;−j decreases when n is
increased. In other cases, jEnm;−j increases as n increases.
In the particular case without the presence of rotation, we
recover the symmetrical form of the energy levels as it
occurs in the Landau relativistic quantization (Fig. 7).
However, even in the absence of rotation, we verified the
presence of prohibited energies when we investigated
their profile as a function of the frequency ω of the
oscillator. This effect occurs due the fact the effective
frequency Ωþ [Eq. (39)] and Ω− [Eq. (50)] depend on the
spin component.
The complexity inherent to the model addressed in this

article has allowed us (in some situations) to notice some
similarities between the energies found here and the energy
spectrum of a topological insulator. This similarity between
such models can serve as motivation to study models in
relativistic quantum mechanics in rotating frames with
applications in condensed matter physics.
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