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We find a topologically nontrivial structure of the Nambu monopole in the two-Higgs-doublet model
(2HDM), which is a magnetic monopole attached by two topologically stable Z strings (Z flux tubes) from
two opposite sides. The structure is in sharp contrast to the topological triviality of the Nambu monopole in
the Standard Model (SM), which is attached by a single nontopological Z string. It is found that the Nambu
monopole in the 2HDM possesses the same fiber-bundle structure as those of the 't Hooft—Polyakov
monopole and the Wu-Yang description of the Dirac monopole, as a result of the fact that the
electromagnetic gauge field is well defined even inside the strings and is nontrivially fibered around
the monopole, while the Nambu monopole in the SM is topologically trivial because electroweak gauge
symmetry is restored at the core of the string. Consequently, the Nambu monopole in the 2HDM can be
regarded as an embedding of the ’t Hooft-Polyakov monopole into the SU(2),, gauge symmetry, and the
Dirac quantization condition always holds, which is absent for the Nambu monopole in the SM.

Furthermore, we construct a dyon configuration attached with the two strings.

DOI: 10.1103/PhysRevD.102.105018

I. INTRODUCTION

Magnetic monopoles have attracted great interest from
many physicists since the seminal work by Dirac [1], which
improved the asymmetry between electric and magnetic
charges in the Maxwell equations and provided an explan-
ation for the electric charge quantization. While the
monopole originally suggested by Dirac (Dirac monopole)
is a singular point-like object accompanied by an infinitely
thin unphysical solenoid string (Dirac string), it was
reformulated by Wu and Yang [2] from the viewpoint of
fiber bundles without any string singularities.

In field theories, magnetic monopoles often appear as
topological solitons resulting from a nontrivial second
homotopy group 7, of the vacuum manifold, which were
first discovered by 't Hooft and Polyakov [3,4] in the SO(3)
Georgi-Glashow model [5]. In such a model, the electric
charge quantization can be understood by the compactness
of the unbroken U(1) subgroup. In the same model, Julia
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and Zee [6] discovered a solution with both the electric and
magnetic charges, called a dyon. While the magnetic
monopoles and dyons theoretically play crucial roles in
understanding nonperturbative aspects of (non)supersym-
metric field theories [7-9], experimentally such monopoles
have never been found in reality, except for condensed-
matter analogues [10,11].

A magnetic monopole configuration in the Standard
Model (SM) was first considered by Nambu [12], which is
called the Nambu monopole. Since the Nambu monopole is
attached by a vortex string, which is a physical string with
finite thickness (unlike the Dirac string for the Dirac
monopole), it is pulled by the tension of the string and
cannot be stable. Nevertheless, the Nambu monopole may
be phenomenologically and cosmologically useful; for
instance, it has been suggested that it produces primordial
magnetic fields before their disappearance [13,14]. The
electric charge quantization and the dyon associated with
the Nambu monopole were also considered in Ref. [15].
The mathematical reason for the instability is its trivial
topology, that is, the vacuum manifold of the SM is S°
with a trivial second homotopy group 7,. Likewise, the
vacuum manifold S° has a trivial 7, for domain walls and a
trivial z; for cosmic strings. Nontopological electroweak Z
strings (or magnetic Z fluxes) [16-21] have been studied
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extensively, but they were shown to be unstable for the
observed values of the Higgs mass m;, ~ 125 GeV and the
Weinberg angle sin? 6y, ~0.23 [22,23]. The Nambu
monopoles are the end points of these electroweak
Z strings [12].

On the other hand, the two-Higgs-doublet model
(2HDM)—in which one more Higgs doublets is added
to the SM—is one of the most popular extensions of the SM
with the potential to resolve many unsolved problems of the
SM (for reviews, see, e.g., Refs. [24,25]). Two-Higgs-
doublet fields also appear in supersymmetric extensions of
the SM [26,27]. In addition to the 125 GeV Higgs boson it
has four additional Higgs bosons, which could be directly
produced at the LHC, though there has been no signal thus
far, therefore placing lower bounds on the masses of these
additional scalar bosons. These lower bounds highly
depend on the parameter choices of the 2HDM. For more
detailed phenomenological studies, see, e.g., Refs. [28-32]
and references therein. One of the most remarkable aspects
of the 2HDM that distinguishes it from the SM may be that
it has a much richer vacuum structure than the SM, thereby
allowing for a variety of topologically stable solitons, in
addition to nontopological solitons [33—41] analogous to
the SM: domain walls [42-47], membranes [48,49], and
cosmic strings such as topological Z strings [44,45,50,51]
(see also Ref. [52]). In particular, it was found [44,45] that
the topological Z strings in Refs. [50,51] are global strings
confining non-Abelian fluxes in the cores, and are accom-
panied by non-Abelian moduli, analogous to non-Abelian
strings in dense QCD [53-57].

In our previous papers [58,59] we studied the Nambu
monopole in the 2HDM, which is a magnetic monopole
attached with two topological Z strings from two opposite
sides. The monopole is a regular solution of the equation of
motion (EoM) and is topologically and dynamically stable
when the Higgs potential has two global symmetries: a
global U(1) symmetry that ensures the stability of the
topological Z strings, and a discrete symmetry Z, exchang-
ing the topological Z strings. The string tensions pulling the
monopole are balanced due to the Z, symmetry and the
monopole does not move (unlike the Nambu monopole in
the SM), and it can be regarded as a topologically stable Z,
kink on one string. Once the Z, symmetry is explicitly
broken it starts to move along the string [59], and if the
global U(1) symmetry is broken the string is attached by a
domain wall [44,45,50,51].

One might wonder if the Nambu monopole in the 2HDM
is not a true magnetic monopole from several viewpoints.
First, its topological features look different from those of
the ordinary magnetic monopole, such as the 't Hooft—
Polyakov monopole, because the monopole is not isolated
but rather is attached with the two Z string. In other words,
there is no nontrivial 7z, as in the SM. Second, the magnetic
charge of the monopole, 4zsinfy /e, is not an integer
multiple of 27/e (where e is the electromagnetic coupling

constant), and it seems inconsistent with the Dirac quan-
tization condition.

In this paper we resolve the above two mysteries. We
show that the Nambu monopole in the 2HDM has the same
topological structure as the ’t Hooft—Polyakov monopole in
a certain sense, while the Nambu monopole in the SM is
topologically trivial. We consider an infinitely large sphere
$? surrounding the monopole which the two Z strings pass
through, and investigate the fiber bundle of the electro-
magnetic gauge field on the base space S2. We find that the
electromagnetic field is well defined and regular every-
where on the sphere S? and is nontrivially fibered like the
Wu-Yang description of the Dirac monopole, despite the
trivial 7r2.1 This is a remarkable difference from the Nambu
monopole in the SM, in which the electromagnetic gauge
field cannot be defined at the center of the nontopological Z
string attached to the monopole since the electroweak
gauge symmetry is restored there. It has a topologically
trivial fiber bundle structure unlike the Wu-Yang fiber
bundle.’ Interestingly, the Nambu monopole in the 2HDM
can be regarded as an embedding of the "t Hooft—Polyakov
monopole into the SU(2), sector. Furthermore, we derive
the Dirac quantization condition from the single valuedness
of wave functions around the nontrivially fibered electro-
magnetic field. We find that the condition always holds if
the Z flux is taken into account as well, and thus there is no
inconsistency. This can be also understood from the fact
that the presence of the Z strings cannot be ignored because
they are observable even at the classical level, unlike the
Dirac string which is unobservable. We also consider a
dyon configuration in the 2HDM by describing a time-
dependent ansatz and give a general quantization condition
for the dyon charges, as in Ref. [15].

This paper is organized as follows. In Sec. II we give a
brief review of the ’t Hooft-Polyakov monopole and
consider the fiber bundle and the Dirac quantization
condition. In Sec. III we revisit the Nambu monopole in
the SM and contrast its topological properties with the
"t Hooft—Polyakov case. In Sec. 1V, for later use, we give a
general definition for the electromagnetic gauge field and
the field strengths in the 2HDM. Then we consider the
topological properties of the electromagnetic gauge in
Sec. V. The dyon configuration in the 2HDM is considered
in Sec. VI. Our conclusion and discussion are presented in
Sec. VIL In Appendix A we present some useful relations.

'Note that a nontrivial 7, is sufficient for a nontrivial fiber of
the electromagnetic gauge field because of the mathematical
relation 7,(G/H) = r;(H), where G is a simple gauge group
breaking into H. Nevertheless, it is not necessary.

*The author of Ref. [15] insisted that the magnetic charge of
the Nambu monopole in the SM is topologically protected, but we
show that this is not the case. The author of Ref. [15] probably did
not pay enough attention to the fact that the electromagnetic
gauge symmetry is not defined at the center of the Z string due to
the vanishing field value of the Higgs doublet.
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In Appendix B we consider the background gauge con-
dition (which is used in Sec. VI). In Appendix C we present
a description in the singular gauge for the Nambu monop-
ole in the 2HDM.

II. REVIEW OF THE T HOOFT-POLYAKOV
MONOPOLE

A. The ’t Hooft-Polyakov monopole

In this section we briefly review the 't Hooft—Polyakov
monopole, with a particular emphasis on its topological
properties. For more details, see, e.g., Ref. [60]. We start
with the Yang-Mills-Higgs model with the SU(2) gauge

group:

-1
L= TW,‘;W’”’“ + (D, ®)*(D'®)* - V(®), (2.1)
with the potential term
V(®) = —mg () + A((@9)*)*, (2.2)

where ®“ (a =1, 2, 3) is the Higgs field in the adjoint
representaltion3 and Wy, is the gauge field with field strength
we, =0,We —9,W4 — ge**W5W¢. The Higgs vacuum is

w =
given by
df = (0,0,0)", (2.3)
with v=mg/+/2A. The vacuum (2.3) spontaneously breaks
SU(2) into U(1).
Let us consider a "t Hooft—Polyakov monopole located at
the origin. In this paper, it is enough to consider an

asymptotic configuration describing the monopole at large
distances r — oo, given by

a b
»(0.9)) =0 gWi0.9)| =€ (24)
(<) r o r
where 6 and ¢ are the zenith and azimuth angles,
respectively. This is sometimes called the hedgehog gauge.
In this ansatz, an unbroken gauge group is determined by a
unit vector n¢ defined by

(Dd
s 2.5

na

with |®| = /®*®D“. The vector n* is regular everywhere
except for a region in which |®| = 0 (corresponding to the
center of the monopole). We denote the unbroken gauge
group by U(1)gy Indeed, the Higgs field in Eq. (2.4) is
invariant under the U(1)gy rotation:

*Note that the true gauge group is SU(2)/Z, in the presence of
the adjoint representation only. Nevertheless, for ease of notation
we will use SU(2), which is the universal covering of SO(3).

b b

e~ian'c" elan’c’ — @, (2.6)
with ® = ®?¢/2, and «a is an arbitrary constant. From
Eq. (2.4), n“ has a hedgehog structure at large distances,
n® ~ x%/r, and hence is a map from the two-dimensional
sphere S? spanned by (6, @) at spatial infinity onto a two-
dimensional internal sphere S~ {n|(n%)?> =1} with a
unit winding number:

1 .
— [ dSie*enign®o;nc =1, (2.7)

8 2

where the integration is performed on the two-dimensional
sphere surrounding the monopole at the spatial infinity.
In addition, at large distances it satisfies the following
identity:

(D,n)" = d,n" — ge>**Whn° = 0. (2.8)
The electromagnetic field strength is defined by a

projection of the SU(2) field strength onto the U(1)gy
subgroup,

EM — a ,a
1 xk
N;eijkﬁ (for r —» o), (2.10)
and the magnetic field is
1 1x!

Therefore, the ansatz (2.4) describes a magnetic monopole
with a magnetic charge gy = [ dS;B; = 4r/g. Note that,
if one defines the electromagnetic gauge field A, as

A, =Wint, (2.12)
then Eq. (2.9) can be rewritten as
1
FiM=0,A; - 9,A; + geabcn“(’)inbajnc, (2.13)

where we have used Eq. (2.8). Thus, the electromagnetic
field strength is composed of a contribution purely from the
electromagnetic gauge field A, and an additional contri-
bution from the Higgs field ®, which explains why there
can be a nonzero divergence of the magnetic flux.

We can consider a more general case where the magnetic
charge is larger than 47/ g. This is achieved by considering
an ansatz for ®“ or n“ with a general winding number, i.e.,

dSie* e n®dn®d;n" = m, (2.14)

8 2
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where m must be an integer since it is a topological number.
In other words, such a configuration is in a topological
sector labeled by m € Z of the second homotopy group
m[SU2)/U(1)] ~ 7,(S?) = Z. The magnetic charge is
obtained by integrating Eq. (2.13) on S?,

. 4
Gy = / dSyeFFEM = o, (2.15)
52 9

where we have used the fact that the integration for A;
vanishes as long as A; is regular. Thus, g,, is quantized with
the topological number m.

B. Singular gauge for the
’t Hooft—Polyakov monopole

It is instructive to see the 't Hooft—Polyakov monopole in
a singular gauge (also called the string gauge). First, let us
consider the single monopole configuration with m = 1 in
Eq. (2.4). To move from the hedgehog gauge to the string
gauge, we introduce a gauge transformation U such that

o a 03

a_ /ag_u: Tag_ — 2.1
n2—>(n)2 Un2U 5 (2.16)

or, equivalently, n% = (sinfcos g, sin@sin g, cosfd)’ —
(n")* = (0,0, 1)". Such a transformation U is given by

U(G, (p) _ e—i(i3(p/2e—irr29/26iﬂ3(p/2

%
([ cos§
sin e

2

—_qinf o—iv
sing e

) ) (2.17)

COs 5

where we should note that U is a singular functionon = 7
(the negative side of the z axis) but not on € = 0.

By applying the singular transformation U to Eq. (2.4)
we obtain, at large distances,

¢ — Pf = (0,0, v)", (2.18)

W, - wine = gt (w, _iai U= Ll__ﬂg@lm’
g 2gr sinf

(2.19)

with W; = W¢% and §; = (—sing, cos¢,0)". The trans-
formed gauge field W™ has a line singularity at 6 = ,
which comes from the derivative U'9,U, and hence this
gauge is dubbed the singular gauge. In this gauge, the
Higgs field is constant (at large distances), and thus the
electromagnetic gauge field is defined straightforwardly as
the ¢° direction of the SU(2) gauge field,

o 11=cos®
A = oW ] = L P
gr sin@
1
=—(1 —cos0)0;¢. (2.20)
g

Let us calculate the electromagnetic field strength (2.13),
which is a gauge-invariant quantity and should match with
the result (2.10). The third term in Eq. (2.13) would naively
seem to vanish in this gauge. However, this is not true
because we have to take into account the singularity from
the derivative 0;¢. Indeed, under the transformation U, the
third term transforms as

1 .
_ €abcnaal_nbajnc —- —

%eij(f(—z)ﬁ(x)a(yx (221)

which describes an infinitely thin solenoid on 6 ==z
(terminating at the origin), similarly to a Dirac string for
a Dirac monopole. This line singularity is completely
canceled by that from the gauge field (2.20), and thus
we obtain the field strength as

1 1
FEM = <_ sin 00,0019 + — (1 — cos (9)8[1-0,-](/))

g g
47
__el]e( Z)(S(X)é(y)
1 xk
;eijkﬁ’ (222)

which is regular, coinciding with Eq. (2.10). Therefore, this
configuration is an embedding of the Dirac monopole
(divergenceless Dirac potential 4+ Dirac string) into the
SU(2) gauge fields.

The singularity in A; is a gauge artifact in the sense that it
does not originally exist in the hedgehog gauge. Thus, it
should not be observed by a test particle with an electric
charge e = g/2 [spin-1/2 representation of SU(2)]. We
thus obtain the condition that the Aharonov-Bohm (AB)
effect from the singularity is not observed by the test
particle,

exXqy = ng = 2zn, nez, (2.23)

which is nothing but the Dirac quantization condition.
Recalling that ¢g,; = 47/g, this condition is automatically
satisfied with n = 1.

We consider a more general case with a multiple
topological number m > 1 in Eq. (2.14), which provides
a magnetic charge ¢;; = 4zm/g. In the singular gauge, the
electromagnetic gauge field producing the magnetic charge
is given by

m

A; 7 (1 —cos0)0;p, (2.24)
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which has also a singularity on @ = z. The condition (2.23)
leads to

2rm = 2nn, nez, (2.25)
which always holds with m = n. Therefore, the Dirac string
appears in the singular gauge of the ’t Hooft-Polyakov
monopole, but it is always unobserved because the Dirac
quantization condition is ensured by the topological quan-
tization for 7, (S?).

C. Wu-Yang monopole bundle

A fiber bundle is a topological space consisting of a base
space B and a fiber F. The fiber bundle is locally
homeomorphic to the direct product of the base space
and the fiber, B x F, but is not globally homeomorphic in
general. A famous example is the Mdbius strip, which is a
nontrivial fiber bundle consisting of a circle as a base space
and a segment as a fiber. Locally it seems like a cylinder,
but it has an overall twist, which is only visible globally. In
order to study global structures of fiber bundles it is often
useful to divide the base space into several patches such
that the fiber bundle is homeomorphic to the direct product
on each patch. A nontrivial structure appears after gluing
the patches in a nontrivial way. For the Mobius strip, we
introduce two segments [0, 2z] x [—1, 1] and glue the two
ends 0 and 27 in such a way that (0, x) € [0, 2x] x [-1, 1] is
identified with (27, —x) € [0,2x] x [-1, 1]. It has a non-
trivial global twist (or Z, action: x — —x) for the
segment [—1, 1].

Here we discuss the Dirac quantization condition from
the viewpoint of the fiber bundle. This provides us with a
clear connection with the Wu-Yang description of the Dirac
monopole [2], in which it is described in two patches and
there is no line singularity (Dirac string) like the one seen
above. Let us consider again the single monopole configu-
ration in Eq. (2.4). We introduce a two-dimensional sphere
$? surrounding the monopole at spatial infinity parame-
trized by the azimuthal angle ¢ € [0,27) and the zenith
angle 0 € [0, z]. Recall that |®|*> = »? and n® = x“/r on
the sphere. To define the electromagnetic gauge field
globally on the sphere without any singularities, we divide
it into two patches, the hemispheres Ry and Ry,

RV:0<0< RS :

<0<nm (226

SRR

T
2 ’

which have an overlap region on the equator 6 = /2, and
we introduce SU(2) gauge transformations defined on each
hemisphere:

RN : UN(H, (ﬂ> — e—i03(/;/2e—i(729/2ei03(p/2
0 —_qin @ o—ie
B ( cos3 sinse
\ qn @ i
sins e

, > (2.27)

CoS 2

RS: US(Q’ 4)) — e—ir73(p/26—io'2(ﬂ—9)/26i63(p/2(iGZ)
< e~ cosg - sing )
sing e cos?

2
Both transformations bring the hedgehog-like vector
n“ = x“/r into the uniform vector in each region as

(2.28)

|95}

a a

o O

N . ao-_ N\t a” N:;

UM e T (UM T UN =S (2.29)
a a 3

5. pa SyipaZ_ys = 2 2

U.n2—>(U)n2U 5 (2.30)

or, equivalently, ®* — ®§ = (0,0, v) in both Ry and Ryg.
Note that UV and U® are regular on each hemisphere RY
and RS. On the two hemispheres, the unbroken gauge group
U(1)gy is uniformly defined as the 6* subgroup of SU(2).
Since we have UN® = US® = (0,0, v)" in the overlap
region of the two patches, § = z/2, the transition function
(US)7'UN must leave @ invariant, ie., (US)7'UN €
U(1)gy. Indeed, we have
(US)"IUN = el (2.31)
and thus it does not change ®§ = (0,0, v)’. The transition
function is a map from the equator S':¢ € [0,2x) into
U(1)gy(=S!) with a winding number of unity, and hence
the two patches are glued in a topologically nontrivial way.
Let us define the electromagnetic gauge field after the
transformations in Eqgs. (2.29) and (2.30) on each patch RV
and RS as

11—cosé

AN=W}=——""0,, 2.32
i ' g rsiné i (232)
11 0
As=wi— LTl (2.33)
g rsinf

Importantly, they are regular on each patch, as desired.
On the equator 6 = /2 they differ by the U(1)gy gauge
transformation:

2
AN = AS +§¢i = A + AA,. (2.34)

The difference AA; originates from the transition function
(2.31) as
’;

AT = (U UM U UN. (239)
g
We introduce the first Chern number, which character-

izes the topology of the fiber bundle with the fiber U(1)gy

over the base space S? surrounding the monopole, as
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e
\/S2 (&1 EZ o FEM, (236)

where ¢ is called the first Chern class and S consists of
RY and R5. The magnetic charge of the monopole coincides
with the first Chern number up to an overall constant.
Substituting Eqgs. (2.32) and (2.33) into Eq. (2.36), we have

g N S g
== AV — A°) = = AA 2.37
AZ R §':0=r/2 ( ) 4r Al (2.37)

1 27rd |
_E O (0_ .

(2.38)
where FFM =1F FJ.dei A dxi, ANGS) = Aﬁvmdxi and we
have used the definition of the electric charge ¢ = ¢g/2 and
Stokes’ theorem. From Eq. (2.37), the first Chern number
counts the winding number of the transition function on the
equator, and the nonzero value means that the two patches
RN and RS are nontrivially glued. Thus, the transition
function is in a nontrivial topological sector classified by
the first homotopy group 7;(S') = Z. In the language of
fiber bundles, this means that the topological space con-
sisting of the base space S? and the fiber U(1)py is
nontrivial [not S? x U(1)gy] and is homeomorphic to S*
(the Hopf fibration). Therefore, the configuration in
Eqgs. (2.32) and (2.33) is regarded as an embedding of
the Wu-Yang description of the Dirac monopole into the
SU(2) gauge theory.

In this formulation, the Dirac quantization condition can
be expressed as the single valuedness of a wave function of
a test particle with an electric charge e. When the test
particle goes once around the equator 6 = /2, it receives
the AB phase

HAB =e % dxiA,-. (239)
In order for the wave function to be single valued, the two
effects calculated on the two patches R and RS must be
equivalent. Thus, we obtain the condition

67{ dx;AA; =2zn(n € Z) (2.40)
O=r/2

S 27 | ¢y =2nn,
SZ

which is automatically satisfied with n = 1 by Eq. (2.38).
This result can be extended to more general cases with
monopole charges larger than unity.

In this section we have looked at the ’t Hooft—Polyakov
monopole in two ways: in the singular gauge and in the
language of fiber bundles. While the former corresponds to
the Dirac monopole and the Dirac string, the latter is related
to the Wu-Yang description without the Dirac string. Both

(2.41)

provide the Dirac quantization condition, but it is auto-
matically satisfied due to the nontrivial second or first
homotopy groups, 7,(G/H) = Z or z;(S') = Z. In the
following sections, we study these for a Nambu monopole
in the SM and 2HDM.

III. NAMBU MONOPOLE IN THE
STANDARD MODEL

A. Hedgehog gauge

Here we discuss the Nambu monopole [12] in the SM in
the hedgehog gauge. The gauge-Higgs sector of the SM
Lagrangian is

1 1
L= WLW =¥, V" + |D,Ogy

— (| Dy |* = v)7, (3.1)

where ®g; is the SM Higgs doublet. The covariant
), — i2Wic" —ilY,)Dgy, where
W and Y are the SU(2)y, and U(l), gauge fields,
respectively.

The Nambu monopole, which is a magnetic monopole
attached by a Z string (Z-flux tube), was first formulated by
Nambu [12]. Since the electroweak symmetry breaking
SU(2)y x U(1)y = U(1)gy is topologically trivial, nei-
ther the Nambu monopole nor the Z string can be
topologically stable. We consider a situation where the
monopole lies on the origin and the Z string emanating
from it is put on the positive side of the z axis (8 = 0). At
large distances from the monopole, r — oo, the configu-
ration describing the monopole is given by

derivative is D, ®gy = (0,

e £(0) cos?

q)SM = 7)( f( )0 2>» (32)
sin§
gW¢ = —cos? ewx—h(e)(l + c0s 0)0;¢
r
b c

_ abcx_a,x_ 33
€ p I r ’ ( * )
gY; = —sin? 0y,j(0)(1 + cos 0)0,¢. (3.4)

where 0y, is the Weinberg angle. Here f(6), h(60), and j(0)
are profile functions that vanish on 8 = 0 (the positive side
of the z axis),
f(0) = h(0) = j(0) =0, (3.5)
and thus the electroweak symmetry is restored (|®@gy| = 0)
on @ = 0 corresponding to the Z string (string-like defect).
As we move away from 6 = 0 on the large sphere, the
profile functions approach unity, and then we obtain the
following asymptotic forms:
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e cosd
(I)SM =0 . 9 s (36)
Slni
gW? = —cos? Oyn®(1 + cos 0)0,¢p — Gabc (9 —. (3.7)
gY: = —sin? Oy (1 + cos 0)9;¢. (3.8)

These configurations seem to have a line singularity on
6 = 0 corresponding to the Z string and thus are valid only
outside of the string. Note that the Z string is a regular and
physical object, unlike the Dirac string.

We introduce a unit vector as

CDSMO' Dgyp

, (3.9)
|Dsu|*

ngy =
transforming as the adjoint representation of SU(2)y,,
which is analogous to that of the ’t Hooft—Polyakov
monopole (2.5). Substituting Egs. (3.6)—(3.8), we have*

1

X Y o 2
| =, f=, f?c?, =5
f2c1/2+s%/2 <f’" f’" / /2 1/2>

a
ngm =

= (sin Ogy; cos @, sin Ogy sin @, cos Oy ), (3.10)
where we have defined
. 0
51/255m5’ C1/25COS§, (311)
and
RN
sinOgy = —5— / ¥y . (3.12)
f7cin + 51 r
2, =5
COS@SMEf 12 "1/2 (3.13)

Note that ng,, is singular at @ = 0 because the electroweak
gauge symmetry is restored at 6 = 0 (|Dgy| = 0).

We can define a U(1) subgroup of SU(2),, that keeps
the vector ng,, invariant, which is denoted by U(1),,.” The

electromagnetic and Z field strengths are defined as super-
positions of U(1), and U(1), [12]:

FEM

= —sinOyngy Wi, + cos Oy Y;; (3.14)

ijs

F7 = —cos Oyngy W, —sin Oy Y ;. (3.15)

*For the Higgs field to be regular at the center of the string,
=0, the function f(#) must satisfy f(6)~sin@ for 6 — 0
[16 61,62].
Although U(1), keeps ng,, invariant, it does not keep @gy
invariant, and thus U(1), itself is not an unbroken subgroup.

From the fact that we cannot define the subgroup U(1), at
0 = 0 because ng,, is ill defined there, it follows that the
electromagnetic and Z field strengths (3.14) and (3.15) are
not defined at 8 = 0. This is an important difference from
the ’t Hooft—Polyakov case.

To see the electromagnetic and Z fluxes at large distances
from the string core, it is convenient to use the asymptotic
forms in Egs. (3.6)—(3.8) at @ > 0. From Eq. (3.6), we can
see that ng,, approaches a hedgehog structure,

a

ngy = (sin@cos ¢, sin@sin ¢, cos )" = ai (3.16)
r

Plugging this and the ansatz in Egs. (3.6)—(3.8) into
Eqgs. (3.14) and (3.15), we get the physical field strengths
at large distances as

47 cos Oy

FtZ/ = g 0(z)e3;0(x)d(y), (3.17)
FF.M :MG“U‘%. (3.18)

g r

Note that the d-function singularity at € = 0 in F 5 comes
from the asymptotic forms at @ >> 0 and the true form has a
finite width (the Z string is a regular solution), decaying
exponentially like ~exp(—mzp). From Eq. (3.18), it is
clear that there is a magnetic flux from the origin in a
spherical hedgehog form. The total amount of the magnetic
flux dJEM can be calculated by integrating the flux density

EM
B; = L€ Fh)

47 sin QW

; (3.19)

q)EM = /d3x8,»Bi =

In addition, from Eq. (3.17) the Z fluxes only exist on the
positive side of the z axis as

475 cos By

(I)Z|z>O:/d xFlj|Z>0—Ty (320)

which flows on the z axis from the origin. Therefore, the
former indeed yields a long-range force, while the latter is
massive and confined around the string on € = 0. See Fig. |
for a schematic picture of the Z and electromagnetic fluxes
for the Nambu monopole in the SM.

B. Fiber bundle

To clarify a (non)topological property of the Nambu
monopole in the SM, let us discuss the fiber bundle of the
electromagnetic gauge group U(1)gy. We consider a two-
dimensional sphere S? surrounding the monopole at spatial
infinity, where the single Z string passes through the sphere
(see Fig. 1). Here we make an important remark: the vector
ng,, indicating the subgroup U(1),, of SU(2)y, is ill defined
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Z string

g
Fz

FIG. 1. Schematic picture of S? surrounding the Nambu mo-
nopole in the SM. The Z string passes through the north pole on S2,
and makes the electromagnetic gauge field singular at the string
core @ = 0. As aresult, it is well defined only on $?\ {0 =0} ~R?.
Such a base space can be spanned by a single patch.

S

52\ {6 =0} ~ R?

Fem

at the string center 8 = 0. As a result, we cannot define
U(1), and hence U(1)gy at the north pole & =0 on S2.
Thus, we must consider the base space $?\{0 = 0} ~ R?
with the fiber U(1)gy,, instead of S%. Obviously, we can
span R? by a single patch and the fiber bundle is trivial:
R? x U(1)gy(=R? x S'). Therefore, this configuration is
topologically distinct from the previous case of the
’t Hooft—Polyakov monopole, and its topological structure
is trivial. As a result of the fact that the monopole has no
topological origin, i.e., the trivial fiber bundle R?x U(1)gy,
the monopole does not provide the Dirac quantization
condition, and thus the magnetic charge is not quantized.
Indeed, the monopole can be removed by a continuous
deformation; for instance, we can deform the Z string into
the vacuum since the Z string is not topologically protected
[7,(S%) = 0 for the vacuum manifold S* of the SM], and
hence the monopole disappears.

IV. DEFINITION OF THE ELECTROMAGNETIC
FIELD IN THE 2HDM

A. Two-Higgs-doublet model

Before turning to the Nambu monopole in the 2HDM,
here we clarify the definition of the electromagnetic gauge
group in the 2HDM. In a homogeneous vacuum in the
absence of any solitons, we can obviously define the
electromagnetic field and the field strength by a projection
of the gauge fields onto the unbroken direction. On the
other hand, it is nontrivial in the presence of solitons, in
which the Higgs fields, i.e., the unbroken direction of the
gauge symmetry, varies in the space. The definition without
solitons should be replaced by a more general definition for
the cases with varying vacuum expectation values (VEVs).
In the SM, the electromagnetic field strength is defined

by Eq. (3.14), which was given by Nambu in Ref. [12].
There are also other definitions (e.g., those in
Refs. [63,64]), although they are equivalent at large
distances from the solitons, in which D;®gy ~ 0 and
|@gyp| ~ v. In the 2HDM, on the other hand, general
definitions for the electromagnetic field that can be applied
to the varying VEVs have not been given in the literature.
For later use, we present such a general definition of the
electromagnetic field in the presence of solitons in the
2HDM for the first time.

We start with the Lagrangian of the electroweak sector in
the 2HDM, in which there are two Higgs doublets ®; and
®, with the same U(1), hypercharge +1. The Lagrangian
is given by

1

L=-3

1
Wi, W — 1 Y, " + Tr|DﬂH|2 -V(H), (4.1)

where W, and Y, are the SU(2)y, and U(1), gauge fields,
respectively. We have adopted the 2 x 2 matrix notation,
H = (io, @7, ®,) [65]. The matrix field H transforms under
the electroweak SU(2)y, x U(1), symmetry as

H = exp Baa (x)aa} Hexp [—éay(x)@] L 42

where the group element acting from the left belongs to
SU(2)y, and the other element acting from the right belongs
to U(1)y. Therefore, the covariant derivative on H can be
expressed as

g N4
D,H = 0,H — ziaaW,‘jH + 15H63Yﬂ.

(4.3)
The VEVs of H are expressed by a diagonal matrix
(H) = diag(vy, v,), and the Higgs potential can be written
by using H as follows:

V(H) = -miTr|H|> = m3Tr(|H|*63) — (m3 detH + H.c.)
+ oy Tr|H|* + oy (Tr|H|?)? + a3 Tr(|H > 03| H|63)
+ oy Tr(|H|o3|H?) + (asdet H> + Hee.),  (4.4)

where |H|> = H'H and we have imposed a (softly broken)
Z, symmetry, ®; - +®;,d, - —D, (or, equivalently,
H — Hos). The relations between the parameters in
Eq. (4.4) and the conventional parametrization were shown
in Ref. [59].

In the next section, we will consider the topologically
stable Nambu monopole in the 2HDM. The stability is
realized by setting m3 = ay = a5 =0 and a3 < 0 in the
potential [59], resulting in two global symmetries:
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H—>€iaH,
H — (iGz)TH(l.O'z),

{oo

As a result of the (Z,). symmetry, we have v; = v,
(tanf = v,/v, = 1).°
Using the two doublets, we define two unit vectors

it = oD, e = Do,
@ [ |2

(4.6)

which are analogous to Eq. (3.9) in the SM and are ill
defined when |®,| = 0 and |®,| = 0, respectively.

B. n{ =n5 case
We first assume that n¢ = n$ holds in regions where
1 2

®; #0 and P, #0, which we will encounter in the
|

Tr|D,H* = |D,®,|* + |D, @,

> ),

f=12

i
2

(e

W/l d (l.O'z)TWﬂ(l'Gz), Y

g/Yﬂ) @,

Ly (4.5)

H u

subsequent sections. Taking the unitary gauge, this sit-
uation is realized when the doublets have the following

forms:
0 0
(I)l - ) (DZ - )
D, ®,,

where @, , and @, , are complex functions. This configu-
ration is sometimes called the neutral configuration in the
literature. We will relax this condition later.

In the presence of solitons, the Higgs fields H acquire
x-dependent VEVs, and then the gauge fields obtain
x-dependent masses as follows:

(4.7)

2

1
=12 QT WiW o + g2, Y + 29g WiYHo")®;

f

1 1
— ZZ\q>f|2(g2W,zWW + JPY, 1) + 2gg’ZZ|<Df|2n;iW/‘jYﬂ.
f f

In order to rewrite Eq. (4.8), we introduce an adjoint unit
vector n¢ as

Z@f\%g = nﬂZ|<I>f|2
7 7

o nd = Dlo'®, + oD, Y s|P/’n§
D) > + |@, [ dopl®sP

which is well defined everywhere except for | @, |=|D,|=0.
We thus have

(4.9)

(4.8) = %Z|¢f.|2(gnﬂwg +47,)?

2
+ %Z|cbf|2(6ab — nnb)Wawb
7

g

ININS

2
g
D IO PZ, 20+ D | PTr (Wi W),
7 7

(4.10)

®The reader should not confuse the (Z,)c symmetry with the
softly broken Z, symmetry: ®; - +®;, ®, - —D,.

(4.8)
|
where we have defined
Z, = —cosOyn*Wy —sinfyY,, (4.11)
W =2 (5, = nany) W 4.12
u :7 ab nanb) "o ( : )

and g, = \/¢* + ¢”*. Equations (4.11) and (4.12) are the
neutral Z boson and the charged W boson, respectively.7

On the other hand, the massless electromagnetic gauge
field (photon) is defined by
A

= —sinOyn*Wj + cos Oy Y, (4.13)

H"

which is orthogonal to the Z field. We stress that the
electromagnetic and massive gauge bosons can be defined
everywhere unless ®; = ®, = 0.

Similarly, we can define the electromagnetic and Z field
strengths using n® as

Z . .
Fy, = —cosOyn‘Wy, —sinOyY,,,

(4.14)

"Note that Wi itself is not an eigenstate of U(1)gy.
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FEM = —sin OynWe, + cos Oy Y,,,.

(4.15)
respectively. Indeed, the latter satisfies the source-free
Maxwell equations

HFEM =0, 8”1775}}4 =0 (4.16)
at large distances, and yields the long-range force. Note that
these definitions are analogous to those in the SM, but ng,,
is replaced by n® [Eq. (4.9)].

C. n{ # nj case

We consider the case of n{ # nf
this is realized when, e.g.,

0
"= (o,.)
D

where @ ,, ®,;, and ®,, are complex functions. In the
literature, this is sometimes called the charged configura-
tion. In such a case, there is no unbroken subgroup in the
SU(2)y x U(1)y symmetry, and thus U(l)gy is also
broken. To see this, we start with the mass terms for the
gauge fields again:

Tr|D,HP? > )

f=12

. In the unitary gauge,

D, = (22*' ) (4.17)

2,2

2

i i
<—59WZG(1 —Eg/Yﬂ>q)f
1
= sz:|¢f|2(92W,‘1W“” + g7, Y")

1 2 ayya
+2ggzzf:|q>f| ngWayH. (4.18)

Let us rewrite the last term in Eq. (4.18). Note that the
vector n* defined in Eq. (4.9) is no longer normalized to
unity because of n{ # ng. Thus, we introduce an alternative
unit vector 714 as

> los Py = i
7

O 6D, + OloD,

St = , 4.19
i g (4.19)
where C is a normalization factor,

C? = (®]c" D, + D6 D,)?, (4.20)

and is taken as C > 0.
Using Eq. (4.19) and dividing (W%)? into two parts, we
can rewrite Eq. (4.18) as

(4.18) Z\cbf\z e Z|<bf|2g/2
+ 2gg’—Cﬁ“W"Y”
7 Z|q> [2(89 — fazibyWa Wb
AT
4\ v, Y,
+gz2;lq>f|2Tr<W,fWLﬂ>, (4.21)
with
92;|q)f|2 99 C
M= 99 C ga;@ﬂz 422
and
Wi = % (59 — i)W, (4.23)
where W/f is the orthogonal component to 72, similarly

to Eq. (4.12).

The mass matrix M in Eq. (4.22) provides masses for the
Z gauge boson and photon. Unlike the previous case, the
matrix have two nonzero eigenvalues, and thus there is no
massless field. However, we can still define a photon as the
lighter component among the two massive gauge bosons.
To achieve this, let us diagonalize the mass matrix M by the
following basis transformation:

"Wy, "Wy
- U , (4.24)
Y, Y,
with
cos sin
UE< 5 f), (4.25)
—siné cosé
where £ is an “effective Weinberg angle” satisfying
tan 2& = rtan 20y, (4.26)
with re =37, |2/ C.
The mass eigenvalues and mass eigenstates are
1 /A*WiNT  /a*we 2 2
o R 7] B I R Y R % 1))
4\ Y, Y, 2 2

with

105018-10



TOPOLOGICAL STRUCTURE OF A NAMBU MONOPOLE IN TWO- ...

PHYS. REV. D 102, 105018 (2020)

o _ oyl . ,
my == (1 + cos 20y cos 2& + resin 20y, sin 2&),
(4.28)
) 2
m’ = z:f|47f| (1 — cos 20y cos 2& — r¢ sin 20y, sin 2£),
(4.29)
and
Z, = —cos&i*Wi —sin €Y, (4.30)
A, = —sin&aWy + cos &Y. (4.31)

Note that A, is the electromagnetic gauge field (photon),
but it is no longer massless, m, # 0. For arbitrary 6y and
C # 0, m? < m} always holds.

To compare with the previous result in the last sub-
section, let us reproduce the case of n{ = ng. It leads to
n* = n“, and hence rc = 1 and & = 0y, The mass eigen-
states (4.30) and (4.31) reduce to the previous result,
Egs. (4.11) and (4.13). The mass eigenvalues (4.28) and
(4.29) reduce to

d 2
- AT

‘<§l\)

-0, (4.32)

which agree with the previous ones.

Note that we cannot use the above definition for C = 0,
in which the vector 7% is not well defined. Before
closing this section, let us see when such a case occurs.
Equation (4.20) can be rewritten as

C?=(D]@))*+ (D) D,)* +2(D] 0D ) (PLo?D,).  (4.33)

Using the Fierz identity (A3), we have

200D, ) (PLo“D,) = 4[D]Dy[2 - 2(®, 7|y 2,  (4.34)
and thus
C = (|0 = [0,P)2 + 4[0]d, 2 0. (4.35)
The equality holds when
D12 = |07, DD, =0, (4.36)

in which the second term in Eq. (4.18) vanishes, and thus
all U(1) subgroups in SU(2)y, are equivalent and not
mixed with the U(1), component.

V. TOPOLOGICAL PROPERTIES OF THE
NAMBU MONOPOLE IN THE 2HDM

Here we show that the Nambu monopole in the 2HDM
has a nontrivial topological structure as for the 't Hooft—
Polyakov monopole and the Wu-Yang monopole, unlike in
the SM. This is one of the main results of this paper. In the
first subsection, we first give a brief review of the electro-
weak strings and Nambu monopole in the 2HDM. The
Nambu monopole in the 2HDM is a magnetic monopole
attached with two topological Z strings on the opposite
sides [58,59]. After that we look at the topological structure,
especially the fiber bundle of the electromagnetic gauge
field of the monopole. As we stated above, we assume the
U(l), and (Z,)c symmetries (4.5), but they are not
essential for the topological structure of the fiber bundle.

A. Nambu monopole in the 2HDM

We first consider vortex solutions in the 2HDM. As
studied in Refs. [42,44,45,50,51], the 2HDM with the
U(1), symmetry [Eq. (4.5)] admits topological vortex
solutions. They can have (approximate) non-Abelian
moduli (it can be genuine non-Abelian moduli in the limit
of ¢ — 0) and confine the electroweak magnetic fluxes
inside them, and hence are called the electroweak strings.

One of them is called the (1,0) string, whose field
configuration is given by

(1.0) i 0
H(l,O) = f (p)e , (51)
0 h9 (p)
(1,0) cos By €3/ 1,0
7 = - (1= w19(p))

! g P

where p = \/x? + y? and ¢ is the rotation angle around the
z axis. The functions f(9) A(19) and w(19) satisfy the
boundary conditions

(5.2)

F19(00) = B9 (00) = 1, w0 (00) =0, (5.3)

F100) =9,n19(0) =0,  wl90)=1, (54)
so that the configurations are regular at p = 0. The precise
forms of the functions are determined by solving the EoMs,
but they are irrelevant in our following argument. In
Eq. (5.2) we have used the definition of the Z gauge field
[Eq. (4.11)], but it becomes trivial since the unit vector n? is
constant n* = (0,0, —1) in the vortex configuration (5.1).

Due to the (Z, ) symmetry in Eq. (4.5), we have another

stable vortex solution called the (0,1) string:

(0.1)

H<o,1>:v<h () o ) (5.5)
0 SO

(0.1) €08 Oy €3;x ol

zZ;7 = PR (1=w®D(p)), (5.6)
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0.1) 0.1)

where the profile functions OV, hOD and w®) also
satisfy the boundary conditions (5.3) and (5.4). The tension
of the (0,1) string is degenerate with that of the (1,0) string
as a result of the (Z,)c symmetry.® These configurations
are not in the vacuum around p = 0, i.e., the cores of the
two Z strings. Note that, in contrast to the case of the SM,
the electroweak symmetry is not restored even around the
string cores p ~ 0 because one doublet vanishes on p ~ 0
while the other does not [for instance, f(1%)(0) = 0 but
h1:9/(0) # 0]. Therefore, one can even define the electro-
magnetic field inside the strings. This fact plays a crucial
role for the topological structure of the Nambu monopole in
the 2HDM, as seen below.
By rewriting Eqgs. (5.1) and (5.5) as

o 0 f(l,O) 0
H1.0) — yei5pis 3( 0 (10) , (57)
0,1)
HOD — poite—ttos (1 0 (5.8)
0o fon)’

it is clear that both the (1,0) and (0, 1) strings have winding
number 1/2 for the global U(1), symmetry, and thus they
are topological vortex strings of the global type. Similarly
to standard global vortices, their tensions (masses per unit
length) logarithmically diverge.

On the other hand, they also have winding number £1/2
inside the gauge orbit U(1), € SU(2)y, x U(1),, which
leads to the Z fluxes flowing inside them. The magnitudes
of the fluxes of (1,0) and (0,1) strings are

q)g,g) _ 27 cos HW’ q)(zo’l) _ _2n'cos Ow

; ; (5.9)

along the z axis, respectively. They are half of that of a
nontopological Z string in the SM because of the half
winding number. The Z flux is squeezed into a flux tube. In
other words, contributions to the energy from the non-
Abelian parts do not diverge.

There are physically different string configurations
with a different (non-Abelian) magnetic flux, with a
common winding number 1/2 for the global U(1),.
Since they belong to the same topological sector classified
by the first homotopy group 7;(U(1),), one can contin-
uously deform one into the other (with some energy cost).”
Among them, the above two Z strings are the lightest
configurations as long as m, = @, = 0 and a3 < 0 in the
potential (4.4) [44,59], and thus they are energetically
stable.

¥0ne can check that they are related by the (Z, ). transformation
(4.5).

°In a certain limit of ¢ = 0 with the custodial symmetry, they
can be continuously deformed into each other without energy cost
by changing moduli.

A configuration describing the Nambu monopole is
obtained by continuously connecting the two Z strings
with the U(1),, topological winding number kept, in which
a junction point is a source for the Z and electromagnetic
fluxes, and hence is a magnetic monopole. We consider the
case that (1,0) and (0,1) strings are put on the positive and
negative side of the z axis (8 = 0, x), respectively, and the
monopole (junction point) is located at the origin. At large
distances from the origin, i.e., r — oo, the Higgs field H
and the gauge fields W, and Y, describing the monopole
(with the strings) are given as

hy(6) sin? h,(0) cos 2
:1}< .1( ) 2 , ‘ 2( ) '29 > (510)
() cos? ¢ f(6) sind.
gW¢ = —cos? Oynj(0) cos 00;p — e nO;n°,  (5.11)
gY; = —sin? Oy k() cos 00;¢. (5.12)

The profile functions f;, h; and f,, h, satisfy similar
boundary conditions as those of the (1,0) and (0,1)
strings at the north pole (¢ = 0) and south pole (0 = 7),
respectively,

f1(0) =0,

dgh1(0) =0, (5.13)

fZ(ﬂ'-) = O’ aﬂhZ(”) = 07 (514)
and they rapidly approach unity as we move from the north
and south pole, respectively. In addition, the profile

functions j and k satisfy the conditions,
(5.15)

and approach to unity far away from the poles.
Equation (5.10) indeed describes the (1,0) string [(0,1)
string] at 6 ~0 (@ ~x) up to the SU(2)y, gauge trans-
formation.'” Thanks to the boundary conditions, the con-
figuration does not have line singularities at @ = 0, z. Note
that one needs to introduce further r-dependent profile
functions in order to smear the point-like singularity at
r = 0 and obtain a true solution of the EoMs. Nevertheless,
we do not care about the singularity at » = 0 because we are
interested in topological properties of the monopole at large
distances from the monopole r — oo.

It is worthwhile to look at the asymptotic forms of
Egs. (5.10)—(5.12) far away from the north and south
poles. This is equivalent to considering an infinitely thin

""This is clear when one applies the SU(2),, gauge trans-
formation H — UH on U, which satisfies

U|9:7r = s, U‘():O = —i0;.
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monopole and strings. Using the asymptotic behaviors in
Egs. (5.13)—(5.15), we have

sin? cos?
H=o ) (5.16)
—e?cosd e sing
gW¢ = —cos? Oyn® cos 00, — €>nOin°,  (5.17)
JdY; = —sin® @y cos 60;¢. (5.18)

This asymptotic configuration seems to have line singu-
larities at @ = 0 and z, which correspond to the cores of the
two Z strings [(1,0) and (0,1) strings, respectively] as
artifacts of asymptotic forms, and is valid only at large
distances from the line singularities, p — co. [Indeed, the
singularities are avoided because f1(0) = 0 and f,(z) =0
in Eq. (5.10).]

Let us look at the Z and electromagnetic fluxes around
the monopole. To do so, we first consider the vectors n and
n§ defined by Eq. (4.6). From Eq. (5.10), we have

(I)T”aq)l = ”2( 17 fl i 1/2 — his %/2) (5.19)

t q X
D)6°D, = 1? (fz;fz h%cl/2 fZSl/Z) (5.20)

with ¢y = cos and s, = sm , and the unit vectors

defined by Eq. (4 6) are

nd — Sl <{ y f%C%/z - h%ﬁ/z) (5.21)
L it Hhisty \rtr fil '

ng = I <fx’@%2‘ﬁﬁﬂ> (5.22)
Pk, sty fahy

Note that n{ and nf are not well defined at =0 and
0 = &, respectively, because the denominators vanish.

Furthermore, we require that the U(1)g), is not broken
everywhere, which leads to n{ = nf everywhere except for
0=0,rz." We can explicitly confirm that this is true by
constructing a full solution of the EoMs, as in Refs. [58,59].
This leads to two conditions for the profile functions f; and
h;. The expressions are rather complicated so we do not
present them, although they are assumed implicitly in the
following.

We next consider the unit vector n¢ defined by Eq. (4.9).
Substituting Eqs. (5.21) and (5.22), we obtain

"Note that although n{ (nf) is not defined at @ = 0 (6 = n),
the U(1)gy is not broken even at @ = 0, z. It is broken only when
both n{ and nj§ are well defined and n{ # nj.

a fihy + fahy
(fT+h3)ct), + (f3+ hi)sip

ch(%+ﬁﬁﬂ%%+ﬁwﬂ

. s 5.23
rr Sih + fahy > ( )

which is regular and well defined everywhere, even at
9—0 7. Indeed, n* = n§ = (0,0,1) for 6 =0 and n“ =

= (0,0,—1) for @ = z. (Recall that f; - 0 and f, — 0
for 0 — 0 and 7, respectively.) As we move from the string
core, p — oo, n approaches the hedgehog one as in the 't
Hooft—Polyakov case,

n® = (sin @ cos @, sin@sin @, cos ) = i (5.24)
r

On the other hand, it becomes slightly deformes around
0 ~ 0, m, as depicted in Fig. 2.

6=0 0=0
N7 b2
LN AN

O0=rx O0=rx

(a) 't Hooft-Polyakov monopole (b) Nambu monopole in 2HDM
FIG. 2. Structure of the unit vectors n“. (a): for the 't Hooft—
Polyakov monopole, n? is defined by Eq. (2.5) and is the
hedgehog structure. (b): for the Nambu monopole in the
2HDM, n® is given by Eq. (5.25) and is not the hedgehog
structure. It becomes deformed around 6 ~ 0 and z.

(1,0) string

(0,1) string
Fz

FIG. 3. Schematic picture of the two patches RV and RS
surrounding the Nambu monopole. The (1,0) and (0,1) strings
pass through RY and RS, respectively. The electromagnetic flux
Dpy = 4zsin Oy /g spreads radially from the monopole (right
panel), while the Z flux, ®, = 27z cos 6y /g, is confined to each Z
string [(1,0) or (0,1) string] (left panel).

Fem
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For later use, we rewrite n? at finite p [Eq. (5.23)] as
n“ = (sin®cos @, sinOsin @, cos ®),  (5.25)

where ©(0) is a “deformed zenith angle,” defined by

(h3 ‘f‘f%)c%/z = (h7 +f%)s%/2
(fi+ h%)c%/z +(f3+ h%)s%/z ’

cos® = (5.26)

(f1hy+ f2hy) x2+y?

sin® =
(fi+m)et,+(f3+m)st, r

(5.27)

Note that cos’® +sin’@® =1 since |[n> =1, and
©(0) =0, ©(z) = z. In the matrix representation,

L0t 1 cos®
2

n=n =— . .
2 \ sin @¢'?

. @ —i(p
e ) (5.28)

—cos®

Because n{ = n§ holds everywhere except for 6 = 0, ,
we can define the field strengths of the electromagnetic and
the Z gauge bosons by using Eqs. (4.14) and (4.15) and the
vector n? [Eq. (5.25)]. However, the expressions are rather
complicated, and hence here we only consider the asymp-
totic forms far from the string cores p — oo by substituting
the asymptotic forms (5.16) [or Eq. (5.24)] into Egs. (4.14)
and (4.15). Then, we obtain [58]

7 2mcosby z

7 = EEROW S S(x0)8(y), 5.29

ij g |Z‘ 3ij ( ) (y) ( )
in 6 o x?

FEM = TV ai = (5.30)

g r

From Eq. (5.30), it is clear that there is a magnetic flux
emanating from the origin in a spherical hedgehog form.
The total amount of magnetic flux ®gy; can be calculated
by integrating the flux density B; =3 e;; F7" as

_ 4rmsin Oy

q)EM = /d3x3,~Bi = (531)
g

In addition, from Eq. (5.29) the Z fluxes only exist on the z
axis as

2mcosOy

1.0

@, >0 — /dsz%jlvo = g (I)(Z )7 (5-32)
27 cos Oy 0.1

O, = /dx2F,.Zj|Z<O = - TERM ol (5.3

flowing on the positive and negative sides of the z axis,
respectively, from the origin. These Z-flux magnitudes
agree with those of the Z strings in Eq. (5.9). The total
Z-flux magnitude flowing from the monopole at the origin
can be calculated as

475cos By

®, = / AR08 =By~ @], =0 (534
g

with B = %e,- ik ]Zk. Therefore, the total Z flux agrees with
that of the Nambu monopole in the SM [Eq. (3.20)]. See
Fig. 3 for a schematic picture of the Z and electromagnetic
fluxes from the monopole.

It is worth demonstrating the topological current of
U(1), in the configuration. The topological current, cor-
responding to the winding of the U(1), phase of the Higgs
field, is defined by

Ai = €ijkajjk, (535)

J:=—itwt[H'D;H — (D;H)"H]. (5.36)
Importantly, .4; is topologically conserved, 0;4; = 0, and
is independent of z, as can be seen by substituting
Eq. (5.16). This indicates that not only the string parts
but also the monopole itself at the origin have the
topological charge of U(1),.

B. Fiber bundle for the Nambu monopole

Here we discuss the topological structure of the electro-
magnetic field of the Nambu monopole. In particular, we
investigate a fiber bundle consisting of the base space S?
surrounding the monopole and the fiber U(1)gy.

Importantly, since the strings pass through the base space
S% at @ = 0, 7 (see Fig. 3), we cannot use the asymptotic
forms (5.16)—(5.18) on the sphere S, which are singular at
the north and south poles. Thus, we have to use the smeared
one [Eqgs. (5.10)—(5.18)] without the line singularities.

We should stress that the unit vector n [Eq. (5.25)] is
homotopically equivalent to the hedgehog one [Eq. (5.24)],
i.e., the map

n“(0,9):8?={0<0<7,0<p <2z}
$2 = {n = (nh 2 )11+ (2 + (P = 1)
(5.37)

has a winding number of unity. The target space S>
corresponds to the order parameter space SU(2)y,/U(1),.,
where U(1), is a subgroup of SU(2)y that leaves n“
invariant.'? Therefore, n® has the same topological structure
as the 't Hooft—Polyakov monopole [see Eq. (2.7) and
surrounding text], and the Nambu monopole in the 2HDM
can be regarded as an embedding of the 't Hooft—Polyakov
monopole into the SU(2)y sector accompanied by the
U(1)y flux.

"Although U(1), keeps n® invariant, it does not keep ®; or
®, invariant, and thus U(1), itself is not an unbroken subgroup.
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To see this more clearly, let us first consider the fiber
bundle of the U(1), subgroup. Thanks to the fact that the
unit vector n* in Eq. (5.23) or Eq. (5.25) is regular
everywhere, we can define the U(1), subgroup on the
whole sphere S? surrounding the monopole, unlike in the
case of the Nambu monopole in the SM. Thus, we should
divide S? into two hemispheres RV and RS as in the case of
the 't Hooft—Polyakov monopole (Sec. II),

RV:0<0< RS:

<@<m  (538)

NN

T
2 ’

which have an overlap region on the equator § = z/2. What
is different from the ’t Hooft—Polyakov monopole is that we
now have the Z strings at @ = 0 and 8 = 7z, and thus the
strings pass thro ugh RY and R’ (see Fig. 3). However, this
is irrelevant because n“ has no singularity even at the
centers of the Z strings.

Then, we introduce the SU(2),, gauge transformations
UM and US defined on each hemisphere,

RN UN<9, w) _ e—i63¢/26—i62®/26i63q)/2

cos% - Sin% e~iv
(2 o ) (539
sin3 e’ cos >

RS: US(Q, (ﬂ) — e—io’3(/)/2e—io'2(n—@)/26i63¢/2(_iGZ)

e cos9  —sin®
= 6 ) o |- (5.40)
sin> e'? cos 3

Note that we have used ® instead of 6. Both trans-
formations bring the unit vector n¢ into the uniform vector
in each region:

a 3

UV n“% - (UN)"'n“%UN - % (5.41)
a a 3
Us: n% > (US)W% US = % (5.42)

Note that U and US are regular on each hemisphere RY
and RS. In this gauge, the subgroup U(1), is uniformly
defined as the ¢ subgroup of SU(2)y on the two
hemispheres.

Similarly to Sec. 11, it follows from the single valuedness
of n® at @ = z/2 that the transition function (US)~'UV
must leave n® invariant, ie., (US)"'UN € U(1), [not
U(1)gy]- Indeed, noting that ® = z/2 for 0 = z/2, we
have

(US)~'UN = el (5.43)
which is the same as Eq. (2.31) and has a winding number
of unity.

Thus, the first Chern number associated with U(1), is

obtained as
(n) g
= — Fl’l = 1,
ﬁz “ 27 |5

with F7; = n*W¢, (not F7; or Fi;"). Therefore, the topo-
logical structure of U(1),(cC SU(2)y,) is completely the
same as the unbroken subgroup of the ’t Hooft—Polyakov
monopole.

Let us turn to the topological structure of U(1)gy, which
is defined by the linear combination of U(1), and U(1),
[Eq. (4.15)]. Since the divergence of the U(1), flux is
always zero, the global structure of the fiber U(1), is
trivial, i.e., the fiber bundle is a direct product: S? x U(1)y.
Therefore, we can concentrate on the U(1), part. We
consider the first Chern number associated with U(1)gy,
which is given by"

/C(IEM)E__ig/ FEMzi/ F":/CE”):L
5 2zsin Oy J 2r s 5
(

5.45)

(5.44)

This means that the magnetic charge is quantized because

cgn) is quantized as Eq. (5.44). Such a quantization

originates from the fact that the topological structure of
U(1),, of this monopole has the same topology as that of the
’t Hooft—Polyakov monopole (or the Wu-Yang monopole
bundle).

Finally, let us consider the Dirac quantization condition.
When a test particle with U(1), hypercharge Y and weak
isospin T3 = 1/2 goes around the equator 6 = /2, it
receives an AB phase, given by

QAB = €Q dxiAl- + ngzf dx,-Z,», (546)
O=n/2 O0=n/2
where we have used e = gsin 8y, and
Y
0=T;, +§’ (5.47)
TZ = T3 - Sin2 ng (548)

Note that in Eq. (5.46) there is also a contribution from the
Z flux confined inside the two Z strings (the second term),
in addition to that from the electromagnetic gauge field
(the first term). Using the definitions of the gauge fields in
Egs. (4.11) and (4.13) and noting that n* = (0,0,1) on
each patch, we obtain

13 .. EM
We choose a normalization factor for c(l )

an integer value under the integration.

such that it takes
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Y
eAB — \% dxi (—gT:;W? + g/_Yi> . (549)
O=n/2 2

The second term in Eq. (5.49) vanishes because the
U(1)y fiber is trivial. We can calculate the AB phases in the
two patches R" and RS. Noting that the difference of W3 on
the two patches is given by

AW? — _giTr(@[(Us)‘lUN]T&(US)‘IUN), (5.50)

the condition for the single valuedness of the wave function
of the particle requires that the difference between the two

patches,
AHAB = gT:;f dx,AW? = 47Z'T3, (551)
O=n/2
must be an integer multiple of 27z,
4Ty = 2mn(n € Z) & Ty = g (5.52)

which is the Dirac quantization condition derived from the
Nambu monopole in the 2HDM. Recalling that 75 = 1/2,
this is automatically satisfied with n = 1. Remarkably, the
Dirac quantization condition for the Nambu monopole in
the 2HDM does not ensure the quantization of the electric
charges because the fiber bundle of U(1), is trivial and the
U(1)y hypercharge cannot be quantized by the monopole.

Before closing this section, we give some remarks. In the
SM, in the presence of the Nambu monopole, the magnetic
charge is not quantized and the U(1)gy and Z gauge fields
cannot have any topologically nontrivial structures. This is
because the electroweak symmetry is restored and hence
U(1)gy cannot be defined at the center of the Z string. On
the other hand, in the 2HDM the magnetic charge is
quantized as in Eq. (5.45) because the topological charge

(first Chern number) c§"> is quantized. This originates from
the fact that the Nambu monopole in the 2HDM is an
embedding of the ’t Hooft—Polyakov monopole into the
SU(2),, sector. What makes the embedding possible is that
n® defined by Eq. (4.9) is regular and well defined every-
where on the infinitely large sphere S? surrounding the
monopole. The regularity means that the electroweak
symmetry is not restored on the whole sphere, even on
the cores of the Z strings. In this sense, the Nambu
monopole in the 2HDM is indeed a true magnetic monop-
ole although it is attached with the strings. This topological
argument is still valid even when the U(1), and (Z,)¢
symmetries are explicitly broken in the potential
because the breaking effects do not affect the topology
of the ’t Hooft—Polyakov embedding in SU(2),, — U(1),.
However, stability is no longer ensured in the presence
of such breaking terms because we have no nontrivial

second homotopy group 7, in the full symmetry breaking
SU2)y x U(1)y = U(1)gy. The reader should not con-
fuse the topological properties of this monopole with the
topological stability. To stabilize the monopole, we need
nontrivial 7, and 7; associated with the (Z,)c and U(1),
symmetries, as studied in Ref. [58]. See Ref. [59] for the
unstable case without (Z,).

VI. DYON IN THE 2HDM

Similarly to the electroweak dyon in the SM studied in
Ref. [15], we can consider a dyon configuration in the
2HDM. To do this, we consider the gauge moduli of
the Nambu monopole described by Egs. (5.16)—(5.18).
Hereafter, we denote the Nambu monopole configuration in
the 2HDM by H, W4, and Y. The SU(2)y, adjoint vector
n“ defined in Eq. (4.9) can be rewritten in terms of the 2 x 2
matrix H as

3
“_ tr(c’H'6“H)

tr(H'H) (6.1)

which satisfies

(D,n)* =0 (6.2)
at large distances from the strings, p — oo, where D , 1s the
covariant derivative consisting of W, and Y. In addition,
the following identity holds:

Ho® + n“6“H = 0. (6.3)

This means that H is invariant under the U(1)gy gauge
transformation'*:

e an ¢ i e a2 H
X —ion" — X —lo0— | = s
P 2 P 2

with a being an arbitrary function.
Due to the U(l)g, symmetry, the monopole has a
modulus (zero mode) under the following transformation:

(6.4)

H — exp [—ian“ %} H exp {—ia%] (=H), (6.5)

gW, —exp [—ian“ O-—za} (gW, —id,)exp [ian“ %} . (6.6)

qY, — ¢Y, —explialid, exp [-ia](=¢Y,). (6.7
for constant a € [0, 27).

Let us make a dyon configuration from the Nambu
monopole. In the following, we are only interested in the

“The U (1)py transformation is defined as a combination of
the U(1), and U(1), transformations.

n
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asymptotic forms at large distances from the string cores
p — oo. If one wants to obtain a true configuration, it is
necessary to solve the full EoMs. The asymptotic form of
the dyon configuration is obtained by giving the monopole
a time-dependent excitation using a function y(x) = y(¢,x),

H=A, (6.8)
gWi = gWi = 8,0(D,(ny(x)))* = gWyi = 5,07, (6.9)
dY” = gl}_jﬂ + 6M08ﬂy(x) = ‘dyﬂ -+ 5”0}.’, (610)

where y = 0,y and we have used Eq. (6.2) in Eq. (6.9).
This excitation is regarded as applying the U(1)gy, trans-
formation (6.5)—(6.7) only for the time components with
a — y(x). Due to this, the field strengths are changed from
those in the Nambu monopole. The difference is given as

- n“ai}'/
g g’
iy

;o

(6.11)

and 6W;; = 6Y;; = 0. For the electromagnetic and Z field
strengths,

2 12
g +yg .
sFEM = VI 19

Ot (6.13)
and the others do not change.

Let us obtain y by solving the EoMs at large distances
from the string core, p — oo. For the ansatz in Egs. (6.8)—
(6.10), the EoMs reduce to the ordinary Maxwell equations
for the electric field,

80F E)M - 0,

8;FEM = 0, (6.14)

which lead to

Note that the other components of the fields do not receive
backreactions from y because the massive gauge compo-
nents decay exponentially at large distances and the Higgs
field does not couple to y. Therefore, the other EoMs are
satisfied independently of y."

From Eq. (6.15), we have

. A
Yy = Co([) _4—]”’ (616)

Of course, they are nonlinearly coupled around the cores of
the dyon and the string.

where A is an arbitrary constant and c((#) is an arbitrary
function of ¢. By the gauge-fixing condition [see Eq. (B5)
in Appendix B], we impose = 0 and hence ¢(f) = 0. We
thus obtain a general solution of y as

A
= —— |t t. 6.17
Y <c0 47rr) + cons (6.17)
Substituting this into Eq. (6.13), we then get
2 2 .. Al x;
E=FM—p\YI 9N AN (6.18)

drgy 1 ednr’’
Therefore, the configuration in Egs. (6.8)—(6.10) with
Eq. (6.17) indeed describes a dyon configuration with
electric charge g = A/e.

So far, the electric charge ¢ is arbitrary and continuous.
We finally discuss the charge quantization condition
for the dyon. Let us consider a pair of dyons with magnetic
and electric charges (qu,q;) and (qu,q.), with gy =
47 sin® @y, / e. From the quantization condition for angular
momentum in quantum mechanics, we can derive the
condition (see Ref. [15]) as'®

q, — q» = ne, nez. (6.19)
If we use this condition for a dyon (¢; = ¢) and monopole
(go = 0) pair, we obtain
q = ne, neZz, (6.20)
and thus A in Eq. (6.17) must be quantized as A = ne’.
Therefore, the electric charge of the dyon must be a
multiple of the minimal charge e.

VII. CONCLUSION AND DISCUSSION

We have studied the topological properties of the Nambu
monopole in the 2HDM. In the SM, the Nambu monopole
has no topological structures because the U(1)gy, gauge
field cannot be defined on the center of the Z string, where
the electroweak symmetry is restored. Thus, a U(1)gy, fiber
bundle over a spatial surface S surrounding the monopole
is topologically trivial: U(1)gy x S?. This is different from
the ’t Hooft-Polyakov monopole which has the same
structure as the Wu-Yang description of the Dirac monop-
ole, for which U(1)g,, is Hopf fibered over S? with the total

"“Note that the analysis of the angular momentum around a
pair of dyons in Ref. [15] cannot be justified in the SM because
there is a singular point in the Z string where the electromagnetic
field cannot be defined, as stated in Sec. III. However, we can
apply the result to the case of the dyons in the 2HDM, in which
the electromagnetic field is well defined everywhere except for
the center of the monopole or dyon.
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space S3. As a result of the trivial topology, the magnetic
charge is not topologically quantized for the Nambu
monopole in the SM. On the other hand, the monopole
in the 2HDM has the same topological structure as the
’t Hooft—Polyakov monopole thanks to the fact that U(1),
and hence U(1)gy are well defined everywhere (except for
the center of the monopole), implying that the electroweak
gauge symmetry is broken everywhere including the string
cores. Concentrating on the SU(2),, — U(1), sector, the
Nambu monopole can be regarded as an embedding of the
’t Hooft—Polyakov monopole, and the fiber bundle of
U(1), on the base space S* surrounding the monopole is
nontrivial, $3, as in the ’t Hooft—Polyakov and Wu-Yang
cases. Consequently, the U(1)g,, gauge field also has a
nontrivial topology on S? and the electromagnetic flux is
fractionally quantized. We have shown that the Dirac
quantization condition (5.52) always holds for test particles
charged under the electroweak gauge symmetry.

We have also shown the dyon configuration in the 2HDM.
A stationary time-dependent excitation makes the Nambu
monopole a dyon, having both magnetic and electric
charges. Thus, the dyon behaves as a source for the electric
and magnetic fields and the Z magnetic flux. Considering
quantum effects, the electric charge of the dyon is quantized
by the minimal electric charge e = gsin yy.

Before closing this paper, some discussions are
addressed here. It is known that the CP-violating 6 term
¢?0FF /327 in the Lagrangian changes the 't Hooft—
Polyakov monopole into a dyon with a fractional electric
charge ¢ = (n — 0/2x)e, which is called the Witten effect
[66]. Let us discuss the Witten effect in the 2HDM. When
the couplings between the gauge fields and the SM
fermions are neglected, the 6 term of the SU(2),, gauge
sector provides the same effect on the Nambu monopole in
the 2HDM.'” The couplings to the SM fermions make the 6
term unphysical since it can be eliminated by a redefinition
of the fermions and Higgs doublets. However, if the theory
has any explicit CP-violating parameters, they provide
similar effects through higher-order loop corrections after
integrating out perturbations around the monopole con-
figuration [66,67], resulting in the Nambu monopole with a
fractional electric charge. In fact, the 2HDM with fermions
in general admits several CP-violating parameters includ-
ing the Cabibbo-Kobayashi-Maskawa phase, such as
parameters in the Higgs potential, CP-violating Higgs
VEVs, and additional Yukawa couplings with the fermions.
How the induced fractional charge depends on the param-
eters is nontrivial, but it is calculable in principle. The
effects could be useful to probe the CP violation in the
2HDM using the Nambu monopole or dyon.

In this paper, we have considered a single Nambu
monopole or dyon configuration with the two strings. In

""The Witten effect for the Nambu monopole in the SM was
argued in Ref. [15].

practice, there can also be an antimonopole or antidyon on
the string. Since the electric charges of the dyon and the
antidyon are arbitrary, we can assign electric charges of the
same sign for the pair, leading to an electrically repulsive
force between them. This can change the fate of the dyons
and monopoles in the early Universe as follows. In a
realistic 2HDM, the U(1), symmetry should be explicitly
broken to give a mass for the CP-odd Higgs boson, which
results in domain walls (or membranes) attached to the
strings [45]. The strings pulled by the walls’ tension collide
with each other and reconnect, forming small string loops
stretched by walls inside the loop. Such small loops
immediately shrink and annihilate. However, if a string
loop has a dyon pair with electric charges of the same sign,
the dyons experience an electrically repulsive force, pre-
venting the loop from shrinking at a certain loop size. Thus,
the string loop with the dyon pair behaves as a long-lived
particle and can be abundant in the present Universe.
A quantitative discussion requires further studies, which
we leave for future work.
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APPENDIX A: FIERZ IDENTITIES

In this Appendix we summarize the Fierz identities. For
SU(N) generators T“ such that

1
Tr(TeT?) = Eéab, (A1)
the following relations hold:
1 1
Tr(TX)Tr(TY) = iTr(XY) — ﬂTr(X)Tr(Y), (A2)
1 1
Tr(TXTY) = ETr(X)Tr(Y) - ﬁTr(XY), (A3)

with arbitrary N x N matrices X, Y.
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Using these relations, we have

(DT 6°D) (D6 D) = Tr[o" DD 6 DD]
= 2Tr(OD) Tr(DDT) — Tr(dD dDT)
= (D). (A4)

Other useful relations can also be derived (see Ref. [12]).

APPENDIX B: BACKGROUND
GAUGE CONDITION

Here we consider perturbations around a background
field configuration in the SU(2)y, x U(1), gauge theory.
Due to the gauge symmetry, perturbations in the direction
of the gauge orbit should be identified and any physical
perturbations should be orthonormal to the gauge orbit.
This is called the background gauge condition. Let 6W,,
oY, be the perturbations around the background fields w,,
Y - The orthonormality requires that the following con-
ditions hold:

(6W,|6,W,) =0, (B1)

(6Y,16,Y,) =0, (B2)
where 6,W, and §,Y, are the gauge transformations with
the gauge functions 7“(x) and y(x), respectively.

Using 6,W, = D,n and 6,Y, = 0,x, these conditions
can be rewritten as

/ d*xTr(6W,D"n) = 0, (B3)

/d“xéY,ﬁ"){ =0 (B4)

for any n(x) and y(x). By integrating them by parts, we
obtain

DHSW, = 0#8Y, = 0, (B5)
which are called the background gauge conditions.

APPENDIX C: SINGULAR GAUGE FOR THE
NAMBU MONOPOLE IN THE 2HDM

Here we derive the Dirac quantization condition for the
Nambu monopole in the 2HDM in a singular gauge. We
again start from Eqgs. (5.10)—(5.12). Recall that the vector
n® is Eq. (5.25).

By performing the gauge transformation

U = eia3(p/26i02®/2€—i63¢/2

© —qin @ o—iw
_( cos3 sins e >
— . . 9,
sin9 e’” cos 2

2

(C1)

which is singular only at 8 = z, n“ transforms as

3

neUTnU—i
=5

or, equivalently, n* — (0,0, 1). Under this transformation,
the two doublets transform as

(C2)

, e (f cipco8@ 4 hys;,,sin®
d>1—>UT<I>1:< (f1c1/2c085 451y 2))7 (©3)

e )
hysijpc085 = ficypsing

(h261/2 COS% + f2S1/2 Sil’l%)

®, > U'd, = ( ) (C4)

i €] SO
e"/’(f2s1/2 COSj - h2C1/2 S 7)

with sy, = sing and ¢/, = cos g. Equation (C3) is singular
only at § =z, while Eq. (C4) is regular everywhere.

This singular transformation also gives a singularity at
0 = z to the SU(2),, gauge field as

gW; - UT(QWi - iai>U

b
= —cos? ew% j(0) cos00,p + U <% giab = _ i&,-) U
r

1—cosé
— —cos2d 2'9 00: 031 7OV
€08 W2]< ) cos ,(p+2 rsiné ¢

+00-7), (C5)

where the last term denotes some regular terms that vanish
at @ — n. Equation (C5) has a singularity at 8 = z. In this
gauge, the electromagnetic gauge field is [note that Y; — 0
at @ - z due to k(x) = 0]

A; = —sinOyW? + cos Oy Y,

_ Si“g"w (1= cos0)dp + OO -x),  (C6)
and we have
oy =250 (1= Jawat. (e
On the other hand, the Z gauge field is
Z; = —cos Oy W3 —sin0y Y;
_ C"wa 1= cosd —o 00+ 001
_ SO (| o5 0)dp + OO - 1), (C8)

which also has a line singularity at € = x.

Let us consider a test particle moving around the line
singularity, i.e., with ¢ from 0 to 2z and 6 ~z, and
calculate the AB phase 8,p:

explif,p] = exp {lf dx;(eQA; + g;,T7Z;)|, (C9)
O~m

where Q and T, are defined in Egs. (5.47) and (5.48).
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Equation (C9) reads

Y
(C9) = eXp |:lf dx,- <—gT3 W? -+ g/z Yl>:|
O~r
= exp [—in% dx;(1 = cos 9)8,{/}}
O~m

= exp (—4xiT3). (C10)

Since the line singularity is a gauge artifact, it must not
be observed, and we thus obtain the condition

4Ty = 27n(n € Z) & T; zg, (C11)

which is the same condition as Eq. (5.52) derived from the
argument on the fiber bundle. Note that we have to take into
account the line singularities in not only A; but also Z;.
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