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We study the modular symmetry in T2 and orbifold comfactifications with magnetic fluxes. There are
jMj zero modes on T2 with the magnetic fluxM. Their wave functions as well as massive modes behave as

modular forms of weight 1=2 and represent the double covering group of Γ≡ SLð2;ZÞ, Γ̃≡ fSLð2;ZÞ.
Each wave function on T2 with the magnetic flux M transforms under Γ̃ð2jMjÞ, which is the normal

subgroup of fSLð2;ZÞ. Then, jMj zero modes are representations of the quotient group Γ̃0
2jMj ≡ Γ̃=Γ̃ð2jMjÞ.

We also study the modular symmetry on twisted and shifted orbifolds T2=ZN . Wave functions are
decomposed into smaller representations by eigenvalues of twist and shift. They provide us with reduction
of reducible representations on T2.

DOI: 10.1103/PhysRevD.102.105010

I. INTRODUCTION

The standard model (SM) is now well established.
However, the origin of the flavor structure of quarks and
leptons is still one of the mysteries of the SM. Various
studies have been carried out to understand the flavor
structure. One of the interesting approaches is to impose
some non-Abelian discrete flavor symmetries [1–9] on the
flavors of quarks and leptons. Various discrete symmetries
such as SN , AN , Δð3N2Þ, Δð6N2Þ are used. Then, these
flavor symmetries are broken by vacuum expectation
values (VEVs) of gauge singlet scalars, the so-called
flavons in order to realize the masses and the mixing
angles of quarks and leptons. However, a complicated
vacuum alignment is required.
Superstring theory predicts six-dimensional (6D) com-

pact space in addition to our four-dimensional (4D) space-
time. Such a compact space may provide us with origins
of non-Abelian discrete flavor symmetries. (See, e.g.,
[10,11].) In particular, the torus as well as orbifolds has
the modular symmetry as geometrical symmetry. Zero
modes transform under the modular symmetry. That is,
the modular symmetry is a flavor symmetry in a sense. This
transformation behavior has been studied in magnetized
D-brane models [12–15] and heterotic orbifold models
[16–20]. (See also [21–23].) However, the modular flavor
symmetry is different from the conventional flavor

symmetries. Yukawa couplings as well as higher order
couplings are not singlets, but transform under the modular
symmetry.
Interestingly, the modular symmetry includes the finite

modular groups ΓN for N ¼ 2, 3, 4, 5, which are isomorphic
to S3, A4, S4, A5 [24], respectively. Recently inspired by
these aspects, a new bottom-up approach of flavor models
has been studied extensively [25–41]. In those models, some
finite modular groups are applied as the flavor symmetries.
Furthermore, it is notable that the Yukawa couplings are
functions of the modulus τ, which describes the shape of the
compact space, and are assigned to modular forms, which
transform nontrivially under the modular transformations.
The flavor modular symmetry can be broken by the VEVof
the modulus τ without flavons.
As mentioned above, the modular symmetry is quite

important from both top-down and bottom-up approaches.
That could become a bridge to connect high and low energy
scales. Our purpose of this paper is to study the modular
symmetry in more detail. We study how wave functions
on T2 with magnetic flux transform under the modular
symmetry. Furthermore, we also study twisted and shifted
orbifolds. Orbifold twist and shift decompose wave func-
tions by their eigenvalues. That provides us with reduction
of reducible representations. Also, it provides us with a new
approach to construct three-generation models from the
phenomenological viewpoint.
This paper is organized as follows. In Sec. II, we briefly

review the modular symmetry on T2 and modular forms.
After reviewing T2 with magnetic flux in Sec. III A, we
study the modular symmetry on the magnetized T2 in
Sec. III B.We find that thewave functions on the magnetized
T2 are transformed under the modular transformations like
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modular forms of weight 1=2 for Γ̃ð2jMjÞ. We also study the
modular symmetry on various magnetized T2=ZN orbifolds
in Secs. IV–VI. In Sec. IV, we study that on the T2=ZN

twisted orbifolds. In Sec. V, we study that on the T2=ZN
shifted orbifolds. Furthermore, in Sec. VI, we study that on
the T2=ZN twisted and shifted orbifolds. In those sec-
tions, we find that the modular symmetry remains on the
T2=Z2 twisted orbifold and the “full” shifted T2=ZN

orbifolds. In particular, the full T2=Z2 shifted orbifold is
consistent with the T2=Z2 twisted orbifold. Section VII is
the conclusion. Appendix A shows the extension for the
generalized CP symmetry with the modular symmetry on
the magnetized T2. Appendix B shows the detail calcu-
lation of discussion in Sec. III B. Appendix C shows
examples of the magnetized T2=Z2 twisted and shifted
orbifold models.

II. MODULAR SYMMETRY AND
MODULAR FORMS

In this section, we briefly review the modular symmetry
on T2 and the modular forms. (See e.g., [42–45]. See also
[34].) First, we review the modular symmetry on T2. The
torus T2 can be constructed as division of the complex
plane C by a two-dimensional (2D) lattice Λ, i.e.,
T2 ≃ C=Λ. The lattice Λ is spanned by two lattice vectors
ek (k ¼ 1, 2). We denote the complex coordinate of C as u
and that of the T2 as z≡ u=e1. We also introduce
the complex modulus parameter τ≡e2=e1 ðImτ>0Þ.
However, there is some ambiguity in choice of the lattice
vectors. The lattice spanned by the following lattice vectors
e0k (k ¼ 1, 2),�

e02
e01

�
¼
�
a0 b0

c0 d0

��
e2
e1

�
;

γ ¼
�
a0 b0

c0 d0

�
∈ SLð2;ZÞ≡ Γ; ð1Þ

is the same lattice spanned by the lattice vectors ek (k ¼ 1, 2).
Under the above SLð2;ZÞ transformation, the coordinate of
T2 and the modulus are transformed as

γ∶ z≡ u
e1

→ z0 ≡ u
e01

¼ z
c0τ þ d0

; ð2Þ

γ∶ τ≡ e2
e1

→ τ0 ≡ e02
e01

¼ a0τ þ b0

c0τ þ d0
: ð3Þ

This is the modular transformation. The group Γ≡ SLð2;ZÞ
is generated by two generators,

S ¼
�

0 1

−1 0

�
; T ¼

�
1 1

0 1

�
: ð4Þ

They satisfy the following algebraic relations1:

S2 ¼ −I; S4 ¼ ðSTÞ3 ¼ I: ð5Þ

Under S and T, the coordinate of T2 and the modulus, ðz; τÞ,
are transformed as

S∶ ðz; τÞ →
�
−
z
τ
;−

1

τ

�
; T∶ ðz; τÞ → ðz; τ þ 1Þ: ð6Þ

Note that −I∶ ðz; τÞ → ð−z; τÞ.
Next, we review the modular forms. The principal

congruence subgroup of level N, ΓðNÞ is the normal
subgroup of Γ defined by

ΓðNÞ≡
�
h ¼

�
a00 b00

c00 d00

�
∈ Γ
����� a00 b00

c00 d00

�
≡
�
1 0

0 1

�
ðmod NÞ

�
; ð7Þ

where we have Γð1Þ ≃ Γ. The modular forms fðτÞ of
weight k for ΓðNÞ are holomorphic functions of τ which
transform as

fðhðτÞÞ ¼ ðc00τ þ d00ÞkfðτÞ; h ¼
�
a00 b00

c00 d00

�
∈ ΓðNÞ:

ð8Þ

Here, k is an integer while k is even for N ¼ 1, 2 because of
−I ∈ ΓðNÞ. The above modular forms of weight k for ΓðNÞ
transform as

fðγðτÞÞ ¼ ðc0τ þ d0ÞkρðγÞfðτÞ; γ ¼
�
a0 b0

c0 d0

�
∈ Γ;

ð9Þ

under Γ transformation, where ρ is a unitary representation
of the quotient group Γ0

N ≡ Γ=ΓðNÞ. Thus, the representa-
tion of Γ0

N , ρ, satisfies the following relations:

ρðSÞ4 ¼ ½ρðSÞρðTÞ�3 ¼ ρðTÞN ¼ I;

ρðSÞ2ρðTÞ ¼ ρðTÞρðSÞ2: ð10Þ

Note that since the relation ð−1Þkρð−IÞ ¼ I should be
satisfied, it is required that ρð−IÞ ¼ I [ρð−IÞ ¼ −I] when k
is even [odd]. Consequently, when k is even, ρ becomes
a representation of ΓN ≡ Γ̄=Γ̄ðNÞ, where we define
Γ̄≡ Γ=f�Ig and Γ̄ðNÞ≡ ΓðNÞ=f�IgðN ¼ 1; 2Þ while
Γ̄≡ ΓðNÞðN > 2Þ. As mentioned in Sec. I, ΓN are

1They satisfy ðST−1Þ3 ¼ −I, ðST−1Þ6 ¼ I.
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isomorphic to Γ2 ≃ S3, Γ3 ≃ A4, Γ4 ≃ S4, and Γ5 ≃ A5.
Furthermore, we define the automorphy factor as

Jkðγ; τÞ≡ ðc0τ þ d0Þk; γ ¼
�
a0 b0

c0 d0

�
∈ Γ; ð11Þ

which satisfies

Jkðγ1γ2; τÞ ¼ Jkðγ1; γ2ðτÞÞJkðγ2; τÞ; γ1; γ2 ∈ Γ: ð12Þ

In the next section, we study the modular symmetry for
wave functions on the magnetized T2. In the following
analysis, we extend the above discussion on modular
forms.

III. MODULAR SYMMETRY IN THE
MAGNETIZED T2 MODEL

We consider ten-dimensional N ¼ 1 supersymmetric
Yang-Mills theory, as an effective field theory of magnet-
ized D-brane models of superstring theory, compactified on
T2×T2×T2 with nonvanishing magnetic fluxes. Magnetic
fluxes induce degenerate zero modes corresponding to
flavors of quarks and leptons as well as massive modes.
In particular, we focus on one T2 with a magnetic flux, and
start with 6D theory. In this case, the wave function of the
fermion on 6D space-time, λðXÞ, is decomposed into the
wave function on 4D space-time, ψ j

nðxÞ, and the wave
function on T2, ψ j

nðzÞ as follows:

λðXÞ ¼
X
n

X
j

ψ j
nðxÞ ⊗ ψ j

nðzÞ; ð13Þ

where we chose ψ j
nðzÞ as the eigenstate of the 2D Dirac

operator i=D2 as

i=D2ψ
j
nðzÞ ¼ mnψ

j
nðzÞ: ð14Þ

Here, we denote the nth excited and jth degenerate wave
function as ψ j

n, and also we denote the coordinates of 6D
space-time, 4D space-time, and T2 as X, x, and z,
respectively. Then, the 6D action for massless fermion
λðXÞ is reduced to 4D action as

S ¼
Z

d6XλðXÞi=D6λðXÞ

¼
Z

d4x
X
m;n

X
j;k

�Z
d2zψ j

mðzÞψk
nðzÞ

�
× ψ j

mðxÞði=D4 þmnÞψk
nðxÞ: ð15Þ

In this section, we study the modular symmetry for the
wave functions on the magnetized T2.

A. Wave functions on magnetized T2

First, we briefly review the wave functions on T2 ≃ C=Λ
withUð1Þmagnetic flux2 [46]. The metric on T2 is given by

ds2 ¼ 2hμνdzμdz̄ν; h ¼ je1j2
�
0 1

2

1
2

0

�
: ð16Þ

The Uð1Þ magnetic flux on T2,

F ¼ iπM
Imτ

dz ∧ dz̄; ð17Þ

should satisfy the quantization condition,Z
T2

F ¼ 2πM; M ∈ Z: ð18Þ

It is induced from the following vector potential:

A ¼ Azdzþ Az̄dz̄

¼ −
iπM
2Imτ

ðz̄þ ζ̄Þdzþ iπM
2Imτ

ðzþ ζÞdz̄

¼ πM
Imτ

Imððz̄þ ζ̄ÞdzÞ; ð19Þ

where ζ is a Wilson line. The above vector potential
satisfies the following boundary conditions:

Aðzþ 1Þ ¼ AðzÞ þ d
�
πM
Imτ

Imz
�

¼ AðzÞ þ dχ1ðzÞ; ð20Þ

Aðzþ τÞ ¼ AðzÞ þ d

�
πM
Imτ

Imτ̄z

�
¼ AðzÞ þ dχ2ðzÞ; ð21Þ

which correspond to Uð1Þ gauge transformation.
Then, the wave functions on the T2 with the above gauge

background satisfy the following boundary conditions:

ψðzþ 1Þ ¼ eiχ1ðzÞψðzÞ ¼ eiπM
ImðzþζÞ

Imτ ψðzÞ; ð22Þ

ψðzþ τÞ ¼ eiχ2ðzÞψðzÞ ¼ eiπM
Imτ̄ðzþζÞ

Imτ ψðzÞ; ð23Þ

where we consider the unit Uð1Þ charge, q ¼ 1. Note that
the quantization condition M ∈ Z originates from the
above boundary conditions. The zero-mode wave function
of the two-dimensional spinor with charge q ¼ 1,

ψMðzÞ ¼
�
ψMþ ðzÞ
ψM
− ðzÞ

�
; ψM

− ðzÞ ¼ ψ−Mþ ðzÞ; ð24Þ

is obtained by solving the zero-mode Dirac equation,

2The following analysis in this paper can be applied for UðNÞ
magnetic fluxes.
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iðγzDz þ γz̄Dz̄ÞψMðzÞ ¼ 0; ð25Þ

where γz, γz̄ are written by

γz ¼ 1

e1

�
0 2

0 0

�
; γz̄ ¼ 1

ē1

�
0 0

2 0

�
; ð26Þ

satisfying fγz; γz̄g ¼ 2hzz̄, and we denote the covariant
derivative as Dz¼∂z− iAzðDz̄¼∂ z̄− iAz̄Þ. From Eq. (26),
each component of Eq. (25) is described by

iDψMþ ðzÞ≡ 2i
ē1

D̄z̄ψ
Mþ ðzÞ ¼ 0; ð27Þ

−iD̄ψM
− ðzÞ≡ 2i

e1
Dzψ

M
− ðzÞ ¼ 0: ð28Þ

When the magnetic flux M is positive, ψMþ ðzÞ and

ψ−M
− ðzÞ ¼ ψMþ ðzÞ have jMj number of degenerate zero

modes described by

ψ j;jMj
0 ðz; τÞ ¼

�jMj
A2

�
1=4

eiπjMjðzþζÞImðzþζÞ
Imτ

X
l∈Z

eiπjMjτð j
jMjþlÞ2

× e2πijMjðzþζÞð j
jMjþlÞ

¼
�jMj
A2

�
1=4

eiπjMjðzþζÞImðzþζÞ
Imτ ϑ

� j
jMj
0

�
ðjMjz; jMjτÞ;

ð29Þ

with ∀j∈ZjMj ¼f0;1;2;…; jMj−1g, whereA ¼ je1j2Imτ

is the area of T2 and ϑ denotes the Jacobi theta function
defined as

ϑ

�
a

b

�
ðν; τÞ ¼

X
l∈Z

eπiðaþlÞ2τe2πiðaþlÞðνþbÞ: ð30Þ

Similarly, when M is negative, ψM
− ðzÞ has jMj degenerate

zero modes, whose wave functions are the same as the
above. Thus, we can realize a chiral theory.
Furthermore, the wave functions of the nth excited

modes [47], whose squared masses are m2
n ¼ 4πM

A n, can
be described by

ψ j;jMj
n ðz;τÞ ¼ 1ffiffiffiffiffi

n!
p ða†Þnψ j;jMj

0 ðz;τÞ

¼ 1ffiffiffiffiffi
n!

p
�

1ffiffiffi
2

p
�

n
�jMj
A2

�
1=4

eiπjMjðzþζÞImðzþζÞ
Imτ

×
X
l∈Z

eiπjMjτð j
jMjþlÞ2e2πijMjðzþζÞð j

jMjþlÞ

×Hn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πjMjImτ

p �
Imðzþ ζÞ

Imτ
þ j
jMj þ l

��
;

ð31Þ

where we use the creation and annihilation operators,

a† ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
A

4πjMj

s
D̄; a ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
A

4πjMj

s
D; ð32Þ

which satisfy ½a; a†� ¼ 1, and HnðxÞ is the Hermite
function. We note that the wave functions in Eqs. (29)
and (31) are normalized byZ
T2

dzdz̄ψ j;jMj
m ðzÞψk;jMj

n ðzÞ ¼ ð2ImτÞ−1=2δj;kδm;n: ð33Þ

From Eqs. (33) and (15), we can obtain the following 4D
kinetic terms:

SK ¼
Z

d4x
X∞
n¼0

XjMj−1

j¼0

ψ j;jMj
n ðxÞi=D4ψ

j;jMj
n ðxÞ

ð−iτ þ iτ̄Þ1=2 ; ð34Þ

which means that the wave functions on the 4D space-time,

ψ j;jMj
n ðxÞ, have modular weight −k ¼ −1=2. Thus, the

modular symmetry in the 4D low-energy effective field
theory is determined by behaviors of wave functions on
the magnetized T2. In the next section, we study the
modular symmetry on the magnetized T2. Before ending
this section, we also note that the wave functions in
Eqs. (29) and (31) satisfy the following relation:

ψ j;jMj
n ð−z; τÞ ¼ ψ jMj−j;jMj

n ðz; τÞ: ð35Þ

B. Modular symmetry in the magnetized T2 model

Here, we study how the fields on the magnetized T2 are
transformed under the modular transformation, Eq. (6).
The transformation of the Wilson line ζ is the same as the

coordinate z, i.e., Γ ∋ γ∶ ζ → ζ=ðc0τ þ d0Þ. The fields F in
Eq. (17) and A in Eq. (19) are modular invariant. The
equations of motions for ψMðzÞ with any excited modes,
including zero modes, are also modular invariant. On the
other hand, while the boundary conditions for ψMðzÞ in
Eqs. (22) and (23) are consistent with the S transformation,
they are consistent with the T transformation only if M is
even. In general, the boundary conditions are consistent
with the modular transformation in Eqs. (2) and (3) only if
M is even or both a0b0 and c0d0 are even, where a0; b0; c0; d0
are elements of γ ∈ Γ1;2 ⊂ Γ. (See Ref. [15].) Here, we
focus on the models with M ¼ even.
The wave functions of the nth excited modes in Eq. (31),

including the zero modes in Eq. (29), are transformed as

S∶ ψ j;jMj
n ðz; τÞ → ψ j;jMj

n

�
−
z
τ
;−

1

τ

�

¼ ð−τÞ1=2
XjMj−1

k¼0

eiπ=4
1ffiffiffiffiffiffiffijMjp e2πi

jk
jMjψk;jMj

n ðz; τÞ; ð36Þ
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T∶ ψ j;jMj
n ðz; τÞ → ψ j;jMj

n ðz; τ þ 1Þ ¼ eiπ
j2

jMjψ j;jMj
n ðz; τÞ; ð37Þ

under the modular transformation, Eq. (6). Note that the
creation operator is modular invariant and commutative
with the above coefficients. Thus, the wave functions
transform like modular forms of weight 1=2. It is consistent
with Eq. (34). Modular forms of weight 1=2 are relevant to
the double covering group of Γ ¼ SLð2;ZÞ, Γ̃≡ fSLð2;ZÞ.
(See e.g., [44,48–51].) The double covering group Γ̃≡fSLð2;ZÞ is defined by

Γ̃≡ f½γ; ϵ�jγ ∈ Γ; ϵ ∈ f�1gg: ð38Þ

The multiplication of arbitrary two elements, ½γ1; ϵ1�;
½γ2; ϵ2� ∈ Γ̃, is defined by

½γ1; ϵ1�½γ2; ϵ2� ¼ ½γ1γ2; Aðγ1; γ2Þϵ1ϵ2�; ð39Þ

where Aðγ1; γ2Þ is called Kubota’s twisted 2-cocycle [50]
for Γ, defined as follows. We first introduce Kubota’s
function χ∶ Γ → Z, defined by

χðγÞ ¼
�
c0; ðc0 ≠ 0Þ
d0; ðc0 ¼ 0Þ: ð40Þ

We also introduce the Hirbert symbol, defined by

ða; bÞH ¼
�−1; ða < 0 and b < 0Þ
1; ðotherwiseÞ: ð41Þ

Then, Aðγ1; γ2Þ is defined by

Aðγ1; γ2Þ ¼
�
χðγ1γ2Þ
χðγ1Þ

;
χðγ1γ2Þ
χðγ2Þ

�
H
: ð42Þ

Actually, it satisfies the following cocycle relation:

Aðγ1; γ2ÞAðγ1γ2; γ3Þ ¼ Aðγ1; γ2γ3ÞAðγ2; γ3Þ: ð43Þ

Here, we set

I≡ ½I; 1�; S̃≡ ½S; 1�; T̃ ≡ ½T; 1�: ð44Þ

They satisfy the following algebraic relations:

S̃2 ¼ ½−I; 1�≡ Z̃; S̃4 ¼ ðS̃ T̃Þ3 ¼ ½I;−1� ¼ Z̃2;

S̃8 ¼ ðS̃ T̃Þ6 ¼ ½I; 1� ¼ I ¼ Z̃4: ð45Þ

Note that inverses of S̃, T̃, Z̃ are written by

S̃−1 ¼ ½S−1; 1�; T̃−1 ¼ ½T−1; 1�; Z̃ ¼ ½−I;−1�:
ð46Þ

Hereafter, we often denote an element of Γ̃, ½γ; ϵ�, as γ̃,
where γ̃ is, in general, independent of γ.
Due to the above extension by ϵ ∈ f�1g, the definition

of the automorphy factor in Eq. (11) is also extended by
ϵ ∈ f�1g as follows:

J̃k=2ðγ̃; τÞ≡ ϵkJk=2ðγ; τÞ ¼ ϵkðc0τ þ d0Þk=2; k ∈ Z;

γ̃ ¼
�
γ ¼

�
a0 b0

c0 d0

�
; ϵ

�
∈ Γ̃; ð47Þ

where we take ð−1Þk=2 ¼ e−iπk=2. From Eqs. (12) and (39),
Eq. (47) satisfies the following relation:

J̃k=2ðγ̃1γ̃2; τÞ ¼ ðAðγ1; γ2ÞÞkJ̃k=2ðγ̃1; γ̃2ðτÞÞJ̃k=2ðγ̃2; τÞ;
γ̃1 ¼ ½γ1; ϵ1�; γ̃2 ¼ ½γ2; ϵ2� ∈ Γ̃; ð48Þ

where the extension by ϵ ∈ f�1g does not affect the
modular transformation, i.e., γ̃ðz; τÞ ¼ γðz; τÞ. It allows
us to study modular forms of weight k=2, where k is
integer. Considering the above extension, the wave func-
tions on the magnetized T2 transform as

ψ j;jMj
n ðγ̃ðz;τÞÞ¼ J̃1=2ðγ̃;τÞ

XjMj−1

k¼0

ρðγ̃Þjkψk;jMj
n ðz;τÞ; γ̃ ∈ Γ̃;

ð49Þ

ρðS̃Þjk ¼ eiπ=4
1ffiffiffiffiffiffiffijMjp e2πi

jk
jMj; ρðT̃Þjk ¼ eiπ

j2

jMjδj;k; ð50Þ

under the modular transformation. Note that Z̃ðz; τÞ ¼
ð−z; τÞ and Z̃2ðz; τÞ ¼ ðz; τÞ require J̃1=2ðZ̃; τÞρðZ̃Þ ¼
δjMj−j;k and J̃1=2ðZ̃2;τÞρðZ̃Þ2¼ δj;k, respectively. Actually,
we can check that the following relations,

J̃1=2ðZ̃; τÞ ¼ J̃1=2ðS̃2; τÞ ¼ −i;

ρðZ̃Þjk ¼ ρðS̃Þ2jk ¼ iδjMj−j;k; ð51Þ

J̃1=2ðZ̃2; τÞ ¼ J̃1=2ðS̃4; τÞ ¼ J̃1=2ððS̃ T̃Þ3; τÞ ¼ −1;

ρðZ̃Þ2jk ¼ ρðS̃Þ4jk ¼ ½ρðS̃ÞρðT̃Þ�3jk ¼ −δj;k; ð52Þ

J̃1=2ðZ̃4; τÞ ¼ J̃1=2ðS̃8; τÞ ¼ J̃1=2ððS̃ T̃Þ6; τÞ ¼ 1;

ρðZ̃Þ4jk ¼ ρðS̃Þ8jk ¼ ½ρðS̃ÞρðT̃Þ�6jk ¼ δj;k; ð53Þ

J̃1=2ðT̃n; τÞ ¼ 1; ∀n ∈ Z; ρðT̃Þ2jMj
jk ¼ δj;k; ð54Þ

ρðZ̃ÞnρðT̃Þ ¼ ρðT̃ÞρðZ̃Þn; n ¼ 1; 2; 3; ð55Þ
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are satisfied.3 Therefore, the wave functions on the mag-
netized T2 transform under the modular transformation like
modular forms of weight 1=2 for Γ̃ð2jMjÞ,4 which is the
normal subgroup of Γ̃, defined as

Γ̃ð2jMjÞ≡ f½h; ϵ� ∈ Γ̃jh ∈ Γð2jMjÞ; ϵ ¼ 1g: ð57Þ

Then ρ is a unitary representation of the quotient group
Γ̃0
2jMj ≡ Γ̃=Γ̃ð2jMjÞ. That is, the group generated by ρ is

homomorphic with Γ̃0
2jMj.

For example, when M ¼ 2, the S and T transformations
are represented as

ρðS̃Þ ¼ eiπ=4ffiffiffi
2

p
�
1 1

1 −1

�
; ρðT̃Þ ¼

�
1 0

0 i

�
: ð58Þ

They generate the group G2 whose order is 96, and it is
isomorphic to

G2 ≃ T 0⋊Z4: ð59Þ

When M ¼ 4, the S and T transformations are re-
presented as

ρðS̃Þ ¼ eiπ=4

2

0BBB@
1 1 1 1

1 i −1 −i
1 −1 1 −1
1 −i −1 i

1CCCA;

ρðT̃Þ ¼

0BBB@
1 0 0 0

0 eiπ=4 0 0

0 0 −1 0

0 0 0 eiπ=4

1CCCA: ð60Þ

They generate the group G4, whose order is 384, and it is
isomorphic to

G4 ≃ Δð48Þ⋊Z8: ð61Þ

In Appendix A, we study the extension for the general-
ized CP symmetry with the modular symmetry on the
magnetized T2.
So far, we have considered the Wilson line ζ, which

transforms as ζ → ζ=ðc0τ þ d0Þ. In that case, the modular
transformation is restrictive due to the consistency with the

boundary conditions for ψMðzÞ. Before ending this section,
we comment about another possibility. In particular, if a
Wilson line ζ is also changed to ζ þ 1, which is the gauge
transformation, simultaneously with the T transformation,
the boundary conditions for ψMðzÞ are consistent with the
modular transformation even if M is odd, although the
equations of motions for ψMðzÞ are modified. In this case,
the zero-mode wave function for j after the T trans-
formation can be expanded by the all excited-mode wave
functions for j before the T transformation as follows:

T∶ ψ j;jMj
0 ðzþ ζ; τÞ → ψ j;jMj

0 ðzþ ζ þ 1; τ þ 1Þ

¼ ð−1Þjeiπ j2

jMje−
πjMj
8Imτ

X∞
n¼0

1ffiffiffiffiffi
n!

p
 
i

ffiffiffiffiffiffiffiffiffiffi
πjMj
4Imτ

r !
n

× ψ j;jMj
n ðzþ ζ; τÞ; ð62Þ

where we use the following the generating function of the
Hermite function:

e−y
2þ2xy ¼

X
n¼0

HnðxÞ
yn

n!
: ð63Þ

The detail calculation is shown in Appendix B. Similarly,
the nth excited-mode wave function for j after the T
transformation can be also expanded by the all excited-
mode wave functions for j before the T transformation.
In this section, we have discussed the modular symmetry

on magnetized T2. In the following sections, we study
the modular symmetry on various magnetized T2=ZN
orbifolds.

IV. MODULAR SYMMETRY IN MAGNETIZED
T2=ZN TWISTED ORBIFOLD MODELS

In this section, we study the modular symmetry of the
wave functions on the magnetized T2=ZN twisted orbifolds
[12,52–54]. Here and hereafter, we often omit the KK index
n, because each KK level satisfies the same relations in
what follows. For simplicity, we do not introduce non-
vanishing discrete Wilson lines, although we can discuss
models with nonvanishing Wilson lines similarly. The
T2=ZN twisted orbifold can be obtained by further iden-
tifying the points on T2 ≃ C=Λ which are rotated by
αkN ≡ e2πik=N; ∀k ∈ ZN ¼ f0; 1; 2;…; N − 1g. That is the
ZN twist, i.e., ðαkNÞN ¼ 1. Hence, a lattice point, except for
the origin, should move to another lattice point after anyZN
twist. It allows only if N ¼ 2, 3, 4, 6. Moreover, the
modulus τ ¼ e2=e1 should be fixed to be τ ¼ αN ¼ e2πi=N

for N ¼ 3, 4, 6, although any τ is allowed for N ¼ 2. It
means that only ST, S, ST−1 transformations of the modular
transformations are consistent for N ¼ 3, 4, 6, respectively,
while there remains the full modular symmetry for N ¼ 2.

3The following relations are also satisfied:

½ρðS̃ÞρðT̃Þ−1�3jk ¼ iδjMj−j;k; ½ρðS̃ÞρðT̃Þ−1�6jk ¼ −δj;k;

½ρðS̃ÞρðT̃Þ−1�12jk ¼ δj;k: ð56Þ
4According to Ref. [48], fSLð2;ZÞ → SLð2;ZÞ can be split on

Γð2jMjÞ since 2jMj ∈ 4Z.
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The wave function on the magnetized T2=ZN twisted

orbifold, ψ j;jMj
T2=Zm

N
ðzÞ, must satisfy the following boundary

condition:

ψ j;jMj
T2=Zm

N
ðαNzÞ ¼ αmNψ

j;jMj
T2=Zm

N
ðzÞ; m ∈ ZN: ð64Þ

Hence, such wave functions can be written by linear
combinations of wave functions on the magnetized T2 as

ψ j;jMj
T2=Zm

N
ðzÞ ¼ N t

N

XN−1

k¼0

ðαmNÞ−kψ j;jMj
T2 ðαkNzÞ; ð65Þ

where N t
N is the normalization factor determined by

remaining Eq. (33). Furthermore, ψ j;jMj
T2 ðαkNzÞ satisfies

the same equation of motion as ψ j;jMj
T2 ðzÞ. In addition, if

ψ j;jMj
T2 ðαkNzÞ also satisfies the same boundary condition as

ψ j;jMj
T2 ðzÞ, ψ j;jMj

T2 ðαkNzÞ can be expanded by the same excited

mode of ψ j;jMj
T2 ðzÞ.

First, we consider the magnetized T2=Z2 twisted orbi-

fold. In this case, since the wave function ψ j;jMj
n ðα2z; τÞ

satisfies the same boundary conditions, Eqs. (22) and (23),

ψ j;jMj
n ðα2z; τÞ can be expressed by ψ j;jMj

n ðz; τÞ, i.e., Eq. (35).
Therefore, the wave function on the magnetized T2=Z2

twisted orbifold basis, ψ j;jMj
T2=Zm

2

ðzÞ, can be written by linear

combinations of wave functions on the magnetized T2

basis, ψ j;jMj
T2 ðzÞ, as

ψ j;jMj
T2=Zm

2

ðz; τÞ ¼ N t
2

XjMj−1

k¼0

ðδj;k þ ð−1ÞmδjMj−j;kÞψk;jMj
T2 ðz; τÞ;

ð66Þ

where the normalization factor N t
2 is determined by

N t
2 ¼ 1; 1=2, and 1=

ffiffiffi
2

p
for j ¼ 0; jMj=2, and the others,

respectively. Note that there are no Z2-odd modes,

ψ j;jMj
T2=Z1

2

ðz; τÞ, for j ¼ 0; jMj=2. When M is even, the

numbers of Z2-even (m ¼ 0) and -odd (m ¼ 1) modes
are ðjMj=2þ 1Þ and ðjMj=2 − 1Þ, respectively.5 On the
T2=Z2 twisted orbifold basis, Eq. (50) is deformed by

ρT2=Z0
2
ðS̃Þjk ¼ eiπ=4

2ffiffiffiffiffiffiffijMjp cosð2πjk=jMjÞ;

ρT2=Z0
2
ðT̃Þjk ¼ eiπ

j2

jMjδj;k; ð67Þ

ρT2=Z1
2
ðS̃Þjk ¼ eiπ=4

2iffiffiffiffiffiffiffijMjp sinð2πjk=jMjÞ;

ρT2=Z1
2
ðT̃Þjk ¼ eiπ

j2

jMjδj;k; ð68Þ

where we need to multiply ρT2=Z0
2
ðS̃Þ further by 1= ffiffiffi

2
p

when
j or k is 0 or jMj=2. The above deformations induce
deformation of the relation in Eq. (51) as

ρT2=Zm
2
ðZ̃Þjk ¼ ρT2=Zm

2
ðS̃Þ2jk ¼ ð−1Þmiδj;k; ð69Þ

while the other relations are the same as the T2 basis. Thus,
the representations on the T2=Z2 twisted orbifold basis
satisfy the same algebraic relations as that on the T2 basis,
although the dimensions of the representations are differ-
ent. For example, when M ¼ 4, the wave functions on the
T2=Z2 twisted orbifold basis are expressed as0BBB@

ψ0;4
T2=Z0

2

ðz; τÞ
ψ1;4
T2=Z0

2

ðz; τÞ
ψ2;4
T2=Z0

2

ðz; τÞ

1CCCA ¼

0BBB@
ψ0;4
T2 ðz; τÞ

1ffiffi
2

p ðψ1;4
T2 ðz; τÞ þ ψ3;4

T2 ðz; τÞÞ
ψ2;4
T2 ðz; τÞ

1CCCA; ð70Þ

ψ1;4
T2=Z1

2

ðz; τÞ ¼ 1ffiffiffi
2

p ðψ1;4
T2 ðz; τÞ − ψ3;4

T2 ðz; τÞÞ: ð71Þ

The representations of the S and T transformations for
Z2-even modes are expressed as

ρT2=Z0
2
ðS̃Þ ¼ eiπ=4

2

0B@ 1
ffiffiffi
2

p
1ffiffiffi

2
p

0 −
ffiffiffi
2

p

1 −
ffiffiffi
2

p
1

1CA;

ρT2=Z0
2
ðT̃Þ ¼

0B@ 1 0 0

0 eiπ=4 0

0 0 −1

1CA; ð72Þ

which are the generators of the groupG4
0. The groupG

4
0 has

the order 384 and is isomorphic to

G4
0 ≃ Δð48Þ⋊Z8; ð73Þ

which is the same as the group on T2 in Eq. (61). The above
wave functions in Eq. (70) correspond to a triplet under
G4

0 ≃ Δð48Þ⋊Z8. The representations of the S and T
transformations for the Z2-odd mode, on the other hand,
are expressed as

ρT2=Z1
2
ðS̃Þ ¼ e3πi=4; ρT2=Z1

2
ðT̃Þ ¼ eiπ=4; ð74Þ

which are the generators of the group G4
1. The group G4

1 is
nothing but

5When M is odd, the numbers of Z2-even and Z2-odd modes
are ððjMj − 1Þ=2þ 1Þ and ððjMj − 1Þ=2Þ, respectively.
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G4
1 ≃ Z8; ð75Þ

which is a subgroup of G4
0 ≃ Δð48Þ⋊Z8. The above

representation in Eq. (71) is a representation of this Z8

symmetry and it also corresponds to a singlet under
G4

0 ≃ Δð48Þ⋊Z8.
Thus, the T2=Z2 twisted orbifold is consistent with the

modular symmetry. Furthermore, the wave functions on T2

are decomposed into smaller representations by Z2 eigen-
values, even and odd, that is, the T2=Z2 twisted orbifold
basis. For smaller jMj, this basis of wave functions provide
us with irreducible representations of Γ̃0

2jMj ≡ Γ̃=Γ̃ð2jMjÞ.
For larger jMj, wave functions on the T2=Z2 twisted
orbifold basis could be decomposed further. We will study
it in Sec. VI.
Next, we comment about the other magnetized T2=ZN

twisted orbifolds. In the case of T2=Z4, since the wave

function ψ j;jMj
n ðαk4z;α4Þ satisfies the same boundary con-

dition as ψ j;jMj
n ðz; α4Þ, ψ j;jMj

n ðαk4z; α4Þ can be expanded by

ψ j;jMj
n ðz; α4Þ. Actually, it can be done by considering the S

transformation for ψ j;jMj
n ðz;α4Þ [12]. Therefore, the wave

function on the magnetized T2=Z4 twisted orbifold basis,

ψ j;jMj
T2=Zm

4

ðzÞ, can be expanded by linear combinations of

wave functions on the magnetized T2 basis, ψ j;jMj
T2 ðzÞ, as

ψ j;jMj
T2=Zm

4

ðz; α4Þ ¼ N t
4

XjMj−1

k¼0

�

δj;k þ ð−1ÞmδjMj−j;k

�
þ e−iπm=2ffiffiffiffiffiffiffijMjp 


e2πi
jk
jMj þ ð−1Þme−2πi jkjMj

��
× ψk;jMj

T2 ðz; α4Þ: ð76Þ

On the T2=Z4 twisted orbifold basis, the representation of S
transformation is diagonalized as

ρT2=Zm
4
ðS̃Þjk ¼ eiπ=4ðeiπ=2Þmδj;k: ð77Þ

That is the Z8 symmetry.
In the case of T2=ZN for N ¼ 3, 6, however, the wave

function ψ j;jMj
n ðαkNz; αNÞ satisfies the same boundary con-

dition as ψ j;M
n ðz; αNÞ only if M is even. Thus, when M is

even, ψ j;jMj
n ðαkNz; αNÞ can be expanded by ψ j;jMj

n ðz; αNÞ.
Actually, it can be done by considering ST, ST−1 trans-

formations for ψ j;jMj
n ðz; αNÞ; N ¼ 3, 6, respectively [12].

Therefore, the wave function on the magnetized T2=ZN ;

N ¼ 3, 6 twisted orbifold base, ψ j;jMj
T2=Zm

N
ðzÞ, can be expanded

by linear combinations of wave functions on the magnet-

ized T2 basis, ψ j;jMj
T2 ðzÞ, as

ψ j;jMj
T2=Zm

3

ðz;α3Þ ¼ N t
3

XjMj−1

k¼0

�
δj;k −

e2πim=3ffiffiffiffiffiffiffijMjp ðe−iπ=12e2πi jkjMjeiπ
k2
jMj þ e−2πim=3eiπ=12e−iπ

j2

jMje−2πi
jk
jMjÞ
�
ψk;jMj
T2 ðz; α3Þ; ð78Þ

ψ j;jMj
T2=Zm

6

ðz; α6Þ ¼ N t
6

XjMj−1

k¼0

�
ðδj;k þ ð−1ÞmδjMj−j;kÞ þ

e−iπm=3ffiffiffiffiffiffiffijMjp ððeiπ=12e2πi jkjMje−iπ
k2
jMj þ e−iπm=3e−iπ=12eiπ

j2

jMje2πi
jk
jMjÞ

− ð−1Þmðeiπ=12e−2πi jkjMje−iπ
k2
jMj þ e−iπm=3e−iπ=12eiπ

j2

jMje−2πi
jk
jMjÞÞ
�
ψk;jMj
T2 ðz; α6Þ: ð79Þ

On the T2=Z3 twisted orbifold base, the representation of
ST transformation is diagonalized as

ρT2=Zm
3
ðS̃ T̃Þjk ¼ eiπ=3ðe2πi=3Þmδj;k: ð80Þ

That is the Z6 symmetry. On the T2=Z6 twisted orbifold
base, the representation of ST−1 transformation is diagon-
alized as

ρT2=Zm
3
ðS̃T̃−1Þjk ¼ eiπ=6ðeiπ=3Þmδj;k: ð81Þ

That is the Z12 symmetry. Thus, there remain Z2N sym-
metries in ρðγÞ on the magnetized ZN twisted orbifolds

for N ¼ 3, 4, 6. Remaining ρðγÞ represent a spinor
representation under ZN twist. Obviously, ρðγÞ on the
T2 and Z2 bases also correspond to spinor representations
under the 2D (discrete) rotation.

V. MODULAR SYMMETRY IN MAGNETIZED
T2=ZN SHIFTED ORBIFOLD MODELS

In this section, we study the modular symmetry for the
wave functions on the magnetized T2=ZN shifted orbifolds
[55]. The T2=ZN shifted orbifold can be obtained by further
identifying the points on T2 ≃ C=Λ which are shifted by

keðm;nÞ
N ≡kðmþnτÞ=N;∀k; ∃m; ∃n∈ZN¼f0;1;2;…;N−1g.

Then, the wave functions on the T2=ZN shifted orbifold
have to also satisfy the following boundary condition:
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ψ j;jMj
T2=Zl

N
ðzþ eðm;nÞ

N Þ ¼ αlNe
iχðm;nÞ

N ðzÞψ j;jMj
T2=Zl

N
ðzÞ

¼ e2πil=Ne
iπjMj



Imē

ðm;nÞ
N

ðzþζÞ
Imτ þmn

N

�
ψ j;jMj
T2=Zl

N
ðzÞ;
ð82Þ

with l ∈ ZN , which is consistent with the boundary
condition for z → zþmþ nτ, in addition to Eqs. (22)
and (23). Furthermore, these boundary conditions constrain
the magnetic fluxM to beM ¼ Nt, t ∈ Z. The above wave
function can be written by linear combinations of wave
functions on the magnetized T2 as

ψ j;jMj
T2=Zl

N
ðzÞ ¼ N s

N

XN−1

k¼0

ðαlNÞ−ke−ikχ
ðm;nÞ
N ðzÞψ j;jMj

T2 ðzþ keðm;nÞ
N Þ;

ð83Þ

where N s
N is the normalization factor determined by

remaining Eq. (33). Furthermore, since e−ikχ
ðm;nÞ
N ðz;τÞ

ψ j;jMj
T2 ðzþ keðm;nÞ

N Þ satisfies the same equation of motion

as ψ j;jMj
T2 ðzÞ and also satisfies the same boundary condition

as ψ j;jMj
T2 ðzÞ, one can expand e−ikχ

ðm;nÞ
N ðz;τÞψ j;jMj

T2 ðzþ keðm;nÞ
N Þ

by the same excited mode of ψ j;jMj
T2 ðzÞ. Then, the wave

function on the magnetized T2=ZN shifted orbifold,

ψ j;jMj
T2=Zl

N
ðzÞ, can be expanded by linear combinations of

wave functions on the magnetized T2, ψ j;jMj
T2 ðzÞ, as

ψ j;jMj
T2=Zl

N
ðz; τÞ ¼ N s

N

XN−1

k¼0

e−2πikðl−mjÞ=Ne−iπkðN−kÞmnjtj=N

× ψ jþknjtj;jMj
T2 ðz; τÞ; ð84Þ

which can be obtained from Eqs. (29) and (31) directly. The
normalization factorN s

N is determined asN s
N ¼ 1=

ffiffiffiffi
N

p
for

n ≠ 0 or N s
N ¼ 1=N for n ¼ 0.

We discuss the modular symmetry on the magnetized
T2=ZN shifted orbifolds. There is the modular symmetry on
the T2=ZN shifted orbifold only if the points on T2 ≃ C=Λ
which are shifted by eðm;nÞ

N ¼ ðmþ nτÞ=N; ∀m; ∀n ∈ ZN

are further identified. Hereafter, we call this T2=ZN shifted
orbifold the full T2=ZN shifted orbifold. The full T2=ZN

shifted orbifold with magnetic fluxM corresponds to T20 ≃
C=Λ0;Λ0 ≡ Λ=N with magnetic flux M=N2. The boundary
conditions for the wave functions on the magnetized full
T2=ZN shifted orbifold are written by

ψ j;jMj
T2=Z

ðl1 ;l2Þ
N

ðzþ eð1;0ÞN Þ ¼ αl1N eiχ
ð1;0Þ
N ðzÞψ j;jMj

T2=Z
ðl1 ;l2Þ
N

ðzÞ; ð85Þ

ψ j;jMj
T2=Z

ðl1 ;l2Þ
N

ðzþ eð0;1ÞN Þ ¼ αl2N eiχ
ð0;1Þ
N ðzÞψ j;jMj

T2=Z
ðl1 ;l2Þ
N

ðzÞ: ð86Þ

The above boundary conditions are consistent with
Eqs. (22), (23), and (82) for ∀m; ∀n ∈ ZN, where we
denote l in Eq. (82) as lðm;nÞ, determined by lðm;nÞ ≡
ml1 þ nl2ðmod NÞ. From the above boundary conditions,

we obtain s≡M=N2 ∈ Z. The eigenfunctions for ∀eðm;nÞ
N

shifts which satisfy the above boundary conditions are
expressed as

Ψr;jsj
T2=Z

ðl1 ;l2Þ
N

ðz; τÞ≡ ψ j;jMj
T2=Z

ðl1 ;l2Þ
N

ðz; τÞ

¼ 1ffiffiffiffi
N

p
XN−1

k¼0

e−2πikl2=Nψ jþkNjsj;jMj
T2 ðz; τÞ;

M ¼ N2s; s ∈ Z;

j ¼ Nrþ l1 ∈ ZNjsj;

r ∈ Zjsj;l1;l2 ∈ ZN; ð87Þ

where we note that l1 ≡ jðmod NÞ. Furthermore, when
we consider s ¼ even, the boundary conditions, Eqs. (85)
and (86), are consistent with the modular transformation.
On this full T2=ZN shifted orbifold basis, Eq. (50) is
deformed as

Ψr;jsj
T2=Z

ðl1 ;l2Þ
N

ðγ̃ðz; τÞÞ

¼ J̃1=2ðγ̃; τÞ
Xjsj−1
r0¼0

XN−1

l0
1
;l0

2
¼0

ρ
T2=Z

ðl1 ;l2Þ
N

ðγ̃Þrr0;ðl1;l2Þðl01;l02Þ

× Ψr0;jsj
T2=Z

ðl0
1
;l0
2
Þ

N

ðz; τÞ; ð88Þ

for γ̃ ∈ Γ̃, where

ρ
T2=Z

ðl1 ;l2Þ
N

ðS̃Þrr0;ðl1;l2Þðl01;l02Þ

¼ eiπ=4
1ffiffiffiffiffijsjp e2πið

l1
NþrÞðl

0
1
Nþr0Þ=jsjδl2;l01δN−l1;l02 ; ð89Þ

ρ
T2=Z

ðl1 ;l2Þ
N

ðT̃Þrr0;ðl1;l2Þðl0
1
;l0

2
Þ ¼ eiπð

l1
NþrÞ2=jsjδr;r0δl1;l01δl2−l1;l02 :

ð90Þ

The above deformations induce the deformation of the
relation in Eq. (51) as

ρ
T2=Z

ðl1 ;l2Þ
N

ðZ̃Þrr0;ðl1;l2Þðl01;l0
2
Þ

¼ ρ
T2=Z

ðl1 ;l2Þ
N

ðS̃Þ2rr0;ðl1;l2Þðl01;l02Þ
¼ e2πil2=Niδjsj−r−1;r0δN−l1;l01δN−l2;l02 : ð91Þ
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We should modify several terms in the following particular
case. Since N − l1 ≡ l1ðmod NÞ is satisfied when l1 ¼ 0
or N ¼ 2, δjsj−r−1;r0 should be modified into δjsj−r;r0 when
l1 ¼ 0 or δjsj−r−l1;r0 when N ¼ 2. Furthermore, when
r ¼ 0 in addition to l1 ¼ 0 or N ¼ 2, e2πil2=N does not
appear even if l2 ≠ 0. Note that Eq. (91) leads to the
following relation6:

Ψr;jsj
T2=Z

ðl1 ;l2Þ
N

ð−z; τÞ ¼ e2πil2=NΨjsj−r−1;jsj
T2=Z

ðN−l1 ;N−l2Þ
N

ðz; τÞ: ð92Þ

The other relations except for Eq. (91) are the same as the
T2 basis, where we note that the representation of TN

transformation is diagonalized. However, the ZN-shift
invariant modes on the full T2=ZN shifted orbifold, i.e.,
ðl1;l2Þ ¼ ð0; 0Þ, in particular, correspond to the modes on
the T2=N ≃ T20 with magnetic flux s ¼ M=N2 ∈ 2Z. In
other words, the ZN-shift invariant modes behave like

modular forms for Γ̃ð2jMj=N2Þ, while the other modes
correspond to modular forms for Γ̃ð2jMjÞ.
VI. MODULAR SYMMETRY IN MAGNETIZED

T2=ZN TWISTED AND SHIFTED
ORBIFOLD MODELS

In this section, we study the modular symmetry for the
wave functions on the magnetized T2=ZN twisted and
shifted orbifolds. The modular symmetry remains on the
T2=Z2 twisted orbifold. In order for the T2=Z2 twisted
orbifold to be consistent with the full T2=ZN shifted
orbifold, the following condition should be also satisfied:

N − l1;2 ≡ l1;2 ðmod NÞ; ð93Þ

for ∀l1;2 ∈ ZN. Therefore, the only full T2=Z2 shifted
orbifold is consistent with the T2=Z2 twisted orbifold.

7 The
wave functions on the magnetized T2=Z2 twisted and
shifted orbifold are expressed as

Ψr;jsj
T2=Z

ðm;l1 ;l2Þ
2

¼ N st
2 ðΨr;jsj

T2=Z
ðl1 ;l2Þ
2

þ ð−1Þmþl2Ψjsj−r−l1;jsj
T2=Z

ðl1 ;l2Þ
2

Þ ¼ N st
2 ðψ2rþl1;4jsj

T2=Zm
2

þ ð−1Þl2ψ2rþl1þ2jsj;4jsj
T2=Zm

2

Þ

¼ N st
2 ðψ2rþl1;4jsj

T2 þ ð−1Þl2þmψ2ðjsj−r−l1Þþl1;4jsj
T2 þ ð−1Þl2ψ2ðjsjþrÞþl1;4jsj

T2 þ ð−1Þmψ2ð2jsj−r−l1Þþl1;4jsj
T2 Þ;

s ∈ 2Z; r ∈ Zjsj
2
þ1−l1

; m;l1;l2 ∈ Z2; ð94Þ

whereN st
2 is the normalization factor determined by remaining Eq. (33). Note that lð1;1Þ ≡ l1 þ l2ðmod 2Þ. The numbers

of the degenerate modes for ðm;l1;l2Þ ¼ ð0; 0; 0Þ; ð1; 0; 0Þ are ðjMj=8þ 1Þ; ðjMj=8 − 1Þ, respectively, while the numbers
of the degenerate modes for the other ðm;l1;l2Þ are jMj=8, where M ∈ 8Z. On this T2=Z2 twisted and shifted orbifold
basis, Eqs. (89) and (90) as well as Eq. (50) are deformed as

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðS̃Þrr0;ðl1;l2Þðl01;l02Þ ¼ eiπ=4
2ffiffiffiffiffijsjp cos ð2πðl1=2þ rÞðl0

1=2þ r0Þ=jsjÞδl2;l0
1
δl1;l02 ; ð95Þ

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðT̃Þrr0;ðl1;l2Þðl01;l0
2
Þ ¼ eiπð

l1
NþrÞ2=jsjδr;r0δl1;l01δl2−l1;l02 ; ð96Þ

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðS̃Þrr0;ðl1;l2Þðl01;l02Þ ¼ eiπ=4
2iffiffiffiffiffijsjp sin ð2πðl1=2þ rÞðl0

1=2þ r0Þ=jsjÞδl2;l01δl1;l02 ; ð97Þ

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðT̃Þrr0;ðl1;l2Þðl01;l0
2
Þ ¼ eiπð

l1
NþrÞ2=jsjδr;r0δl1;l01δl2−l1;l02 : ð98Þ

6The following calculation is useful to confirm Eq. (92):

e−2πikl2=Nψ ðNrþl1ÞþkNjsj;N2jsj
T2 ð−zÞ ¼ e−2πikl2=NψN2jsj−ððNrþl1ÞþkNjsjÞ;N2jsj

T2 ðzÞ
¼ e2πil2=Ne−2πiðN−k−1ÞðN−l2Þ=Nψ ðNðjsj−r−1ÞþN−l1ÞþðN−k−1ÞNjsjÞ;N2s

T2 ðzÞ
¼ e2πil2=Ne−2πik

0l0
2
=Nψ

ðNr0þl0
1
Þþk0NjsjÞ;N2jsj

T2 ðzÞ:
7The other T2=ZN twisted orbifolds withN ¼ 3, 4, 6, on the other hand, are not consistent with any full T2=ZN shifted orbifolds since

they require l1 ¼ l2.
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They satisfy the same relations as the T2=Z2 twisted
orbifold basis. In particular, the Z2-shift invariant modes,
i.e., ðm;l1;l2Þ ¼ ðm; 0; 0Þ, correspond to the modes on
the ðT2=NÞ=Z2 ≃ T20=Z2 twisted orbifold with magnetic
flux s ¼ M=4 ∈ 2Z. For example, when M ¼ 8 ðs ¼ 2Þ,
the Z2-shift invariant wave functions on the T2=Z2 twisted
and shifted orbifold basis are expressed as

0B@Ψ0;2

T2=Zð0;0;0Þ
2

Ψ1;2

T2=Zð0;0;0Þ
2

1CA ¼
 1ffiffi

2
p ðψ0;8

T2 þ ψ4;8
T2 Þ

1ffiffi
2

p ðψ2;8
T2 þ ψ6;8

T2 Þ

!
; ð99Þ

and the S and T transformations for Eq. (99) are the same as
Eq. (58). When M ¼ 16 ðs ¼ 4Þ, the Z2-shift invariant
wave functions on the T2=Z2 twisted and shifted orbifold
basis are expressed as

0BBBBB@
Ψ0;4

T2=Zð0;0;0Þ
2

Ψ1;4

T2=Zð0;0;0Þ
2

Ψ2;4

T2=Zð0;0;0Þ
2

1CCCCCA ¼

0BBB@
1ffiffi
2

p ðψ0;16
T2 þ ψ8;16

T2 Þ
1
2
ðψ2;16

T2 þ ψ6;16
T2 þ ψ10;16

T2 þ ψ14;16
T2 Þ

1ffiffi
2

p ðψ4;16
T2 þ ψ12;16

T2 Þ

1CCCA;

ð100Þ

Ψ1;4

T2=Zð0;0;0Þ
2

¼ 1

2



ψ2;16
T2 − ψ6;16

T2 þ ψ10;16
T2 − ψ14;16

T2

�
; ð101Þ

and the representations of the S and T transformations
are the same as Eqs. (72) and (74). We express all wave
functions on the T2=Z2 twisted and shifted orbifold base
for M ¼ 8, 16 and the representations of the S and T
transformations for them in Appendix C.
As a result, when M ¼ 0 (mod 8), both the Z2 twist and

the full Z2 shift are consistent with the modular symmetry.
The wave functions can be decomposed into smaller
representations by their eigenvalues. Thus, a combination
between theZ2 twist and the fullZ2 shift provides us with a
reduction of reducible representations towards irreducible
representations Γ̃0

2jMj ≡ Γ̃=Γ̃ð2jMjÞ.

VII. CONCLUSION

We have studied the modular symmetry of wave func-
tions on the magnetized T2 ≃ C=Λ. When the magnetic
flux M is even, the wave functions behave as modular
forms of weight 1=2 and represent the double covering
group of Γ≡ SLð2;ZÞ, Γ̃≡ fSLð2;ZÞ. Each wave function
on T2 with the magnetic fluxM transforms under Γ̃ð2jMjÞ.
Then, jMj zero modes as well as massive modes are
representations of the quotient group Γ̃0

2jMj ≡ Γ̃=Γ̃ð2jMjÞ.

If we change the Wilson line ζ → ζ þ 1 simultaneously
with the T transformation of the modular transformations,
T2 with any magnetic fluxM is consistent with the modular
transformations. However, the zero-mode wave functions
after the T transformation are expanded by the all excited-
mode wave functions before the T transformation.
We have also studied the modular symmetry for the

wave functions on various magnetized T2=ZN orbifolds.
The T2=ZN twisted orbifold can be constructed for
N ¼ 2, 3, 4, 6. However, the modulus τ≡ e2=e1 is fixed
as τ ¼ e2πi=N for N ¼ 3, 4, 6 while any τ is allowed for
N ¼ 2. It means that the only ST, S, ST−1 transformations
of the modular transformations remain for N ¼ 3, 4, 6,
respectively. They correspond to Z2N symmetries. On the
other hand, there remains the full modular symmetry for
N ¼ 2. The representations of the modular transforma-
tions on the T2=Z2 twisted orbifold basis satisfy the same
algebraic relations as the representations on the T2 basis.
However, the representations on the T2 basis are decom-
posed into smaller representations on the T2=Z2 twisted
orbifold basis.
In order for the T2=ZN shifted orbifold to be consistent

with the modular transformations, all ZN-shifted points
should be identified, where we call it the full T2=ZN shifted
orbifold. The full T2=ZN shifted orbifold with the magnetic
flux M corresponds to T20 ≃ C=Λ0, Λ0 ≡ Λ=N with the
magnetic flux s≡M=N2 ∈ 2Z. In particular, the ZN-shift
invariant modes correspond to the modes on T2=N ≃ T20 .
Therefore, the ZN-shift invariant modes behave like modu-
lar forms for Γ̃ð2jMj=N2Þ, while the other modes behave as
modular forms for Γ̃ð2jMjÞ.
Furthermore, the only full T2=Z2 shifted orbifold is

consistent with the T2=Z2 twisted orbifold. On that T2=Z2

twisted and shifted orbifold, the Z2-shift invariant modes
correspond to the modes on the ðT2=NÞ=Z2 twisted
orbifold with the magnetic flux s≡M=4 ∈ 2Z.
The wave functions on T2 are decomposed into smaller

representations by the Z2 twist and shift. They provide us
with a reduction of representations towards irreducible
representations. Also, the combination of the Z2 twist and
shift provides us with a new approach to realize three
generations from the phenomenological viewpoints.8 It is
interesting to study three-generation models by a combi-
nation of Z2 twist and shift. We would study elsewhere.

ACKNOWLEDGMENTS

The authors would like to thank Y. Ogawa for useful
comments. T. K. was supported in part by MEXT
KAKENHI Grant No. JP19H04605. H. U. was supported
by Grant-in-Aid for JSPS Research Fellows No. 20J20388.

8See [56,57] for classifications of three-generation models by
T2=ZN twisted orbifolds.

REVISITING MODULAR SYMMETRY IN MAGNETIZED TORUS … PHYS. REV. D 102, 105010 (2020)

105010-11



APPENDIX A: EXTENSION FOR GENERALIZED
CP SYMMETRY WITH THE MODULAR
SYMMETRY ON THE MAGNETIZED T2

Here, we study the extension for generalized CP
symmetry with the modular transformations on the mag-
netized T2.9 The CP transformation for the modulus τ is
defined as CP∶ τ → −τ̄, where it remains Imð−τ̄Þ > 0. It is
derived from

CP∶
�
e2
e1

�
→

�
eCP2
eCP1

�
¼
�
1 0

0 −1

��
ē2
ē1

�
;

CP ¼
�
1 0

0 −1

�
; ðA1Þ

CP∶ z≡ u
e1

→ zCP ≡ uCP

eCP1
¼ ū

−ē1
¼ −z̄; ðA2Þ

CP∶ τ≡ e2
e1

→ τCP ≡ eCP2
eCP1

¼ ē2
−ē1

¼ −τ̄: ðA3Þ

The CPmatrix in Eq. (A1) satisfies the following relations:

CP2¼ I; ðCPÞSðCPÞ−1¼S−1; ðCPÞTðCPÞ−1¼T−1:

ðA4Þ

When we also consider the above CP transformation
in addition to the modular transformations, the modular
group Γ ¼ SLð2;ZÞ is extended to Γ� ≡ SLð2;ZÞ⋊ZCP

2 ≃
GLð2;ZÞ. Under the extended modular transformation by
γ� ¼ ða0c0 b

0
d0Þ ∈ Γ�, ðz; τÞ transforms as

γ�∶ ðz; τÞ →

8>><>>:



z
c0τþd0 ;

a0τþb0
c0τþd0

�
; ðdet γ� ¼ 1Þ


z̄
c0 τ̄þd0 ;

a0 τ̄þb0
c0 τ̄þd0

�
; ðdet γ� ¼ −1Þ;

ðA5Þ

where the above in Eq. (A5) is just modular transfor-
mation and the below in Eq. (A5) contains odd numbers of
CP transformation. It leads to redefine the automorphy
factor as

Jkðγ�; τÞ≡
� ðc0τ þ d0Þk; ðdet γ� ¼ 1Þ
ðc0τ̄ þ d0Þk; ðdet γ� ¼ −1Þ;

γ� ¼
�
a0 b0

c0 d0

�
∈ Γ�; ðA6Þ

where it satisfies Eq. (12). Note that γ� does not mean the
complex conjugate of γ but an element of Γ�.

In order to see how the wave functions on the magnetized
T2 transform under the extended modular transformation
by γ� ∈ Γ�, furthermore, we consider the double covering
group of Γ�≃GLð2;ZÞ, Γ̃� ≃ fGLð2;ZÞ, similar to Eq. (38).
Note that only Eq. (42) is redefined as

Aðγ�1; γ�2Þ ¼ ðdet γ�1; det γ�2ÞH
�
χðγ�1γ�2Þ
χðγ�1Þ

;
χðγ�1γ�2Þ

χðγ�2Þ det γ�1

�
H
:

ðA7Þ

(See Ref. [49].) In particular, we set

fCP≡ ½CP; 1�: ðA8Þ

Then, Eqs. (A8), (44), and (46) lead to the following
relations:

ðfCPÞ2 ¼ ½I;−1� ¼ Z̃2;

ðfCPÞ4 ¼ ½I; 1� ¼ I ¼ Z̃4;

ðfCPÞ−1 ¼ ½ðCPÞ−1;−1�;
ðfCPÞS̃ðfCPÞ−1 ¼ ½S−1; 1� ¼ S̃−1;

ðfCPÞT̃ðfCPÞ−1 ¼ ½T−1; 1� ¼ T̃−1; ðA9Þ

in addition to Eq. (45). The automorphy factor is the same
as Eq. (47) and satisfies Eq. (48), where we should apply
Eqs. (A6) and (A7).
Here, we study the CP transformation of the fields on the

magnetized T2. In addition to Eqs. (A2) and (A3), it is also
needed that the magnetic flux M is flipped as

CP∶ M → −M: ðA10Þ

In this case, any field in Sec. III A after the CP trans-
formation corresponds to the complex conjugate of the
field. In particular, the wave functions of the nth excited
modes in Eq. (31), including the zero modes in Eq. (29),
transform as

CP∶ ψ j;M
n ðz; τÞ → ψ j;jMj

n ð−z̄;−τ̄Þ ¼ ψ j;jMj
n ðz; τÞ; ðA11Þ

under the CP transformation. Considering Eqs. (49) and
(A11), we can obtain the following form:

ψ j;jMj
n ðfCPðz; τÞÞ ¼ J̃1=2ðfCP; τÞ XjMj−1

k¼0

ρðfCPÞjkψk;jMj
n ðz; τÞ;

ðA12Þ

J̃1=2ðfCP; τÞ ¼ð−1Þ1=2 ¼ e−iπ=2 ¼ −i; ρðfCPÞjk ¼ iδj;k:

ðA13Þ
9See [19,33] for the relation between the modular symmetry

and CP symmetry. See also Ref. [58], and references therein, for
CP in superstring theory.
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We can also check the following relations:

J̃1=2ððfCPÞ−1; τÞ ¼ −ð−1Þ1=2 ¼ −e−iπ=2 ¼ i; ρðfCPÞ−1jk ¼ −iδj;k: ðA14Þ

From Eqs. (A13), (A14), and (50), we can obtain the following relations:

J̃1=2ðZ̃2; τÞ ¼ J̃1=2ððfCPÞ2; τÞ ¼ −1; ρðZ̃Þ2 ¼ ρðCPÞ2 ¼ −δj;k; ðA15Þ

J̃1=2ðZ̃4; τÞ ¼ J̃1=2ððfCPÞ4; τÞ ¼ −1; ρðZ̃Þ4 ¼ ρðCPÞ4 ¼ δj;k; ðA16Þ

J̃1=2ððfCPÞS̃ðfCPÞ−1; τÞ ¼ J̃1=2ðS̃−1; τÞ; ½ρðfCPÞρðS̃ÞρðfCPÞ−1�jk ¼ ρðS̃Þ−1jk ; ðA17Þ

J̃1=2ððfCPÞT̃ðfCPÞ−1; τÞ ¼ J̃1=2ðT̃−1; τÞ; ½ρðfCPÞρðT̃ÞρðfCPÞ−1�jk ¼ ρðT̃Þ−1jk ; ðA18Þ

which are the representations of Eq. (A9). Then, ρ becomes the representation of Γ̃�0
2jMj ≡ Γ̃�=Γ̃ð2jMjÞ.

APPENDIX B: MODULAR TRANSFORMATION WITH GAUGE TRANSFORMATION

Here, we derive Eq. (62),

T∶ ψ j;jMj
0 ðzþ ζ; τÞ → ψ j;jMj

0 ðzþ ζ þ 1; τ þ 1Þ

¼
�jMj
A2

�
1=4

eiπjMjðzþζþ1ÞImðzþζÞ
Imτ

X
l∈Z

eiπjMjðτþ1Þð j
jMjþlÞ2e2πijMjðzþζÞð j

jMjþlÞ

¼ ð−1Þ2eiπ j2

jMj

�jMj
A2

�
1=4

eiπjMjðzþζÞImðzþζÞ
Imτ

X
l∈Z

eiπjMjðImðzþζÞ
Imτ þ j

jMjþlÞeiπjMjτð j
jMjþlÞ2e2πijMjðzþζÞð j

jMjþlÞ

¼ ð−1Þ2eiπ j2

jMje−
πjMj
8Imτ

X∞
n¼0

1

n!

�
i

ffiffiffiffiffiffiffiffiffiffi
πjMj
8Imτ

r �n�jMj
A2

�
1=4

× eiπjMjðzþζÞImðzþζÞ
Imτ

X
l∈Z

eiπjMjτð j
jMjþlÞ2e2πijMjðzþζÞð j

jMjþlÞHn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πjMjImτ

p �
Imz
Imτ

þ j
jMj þ l

��

¼ ð−1Þjeiπ j2

jMje−
πjMj
8Imτ

X∞
n¼0

1ffiffiffiffiffi
n!

p
�
i

ffiffiffiffiffiffiffiffiffiffi
πjMj
4Imτ

r �n

ψ j;jMj
n ðzþ ζ; τÞ; ðB1Þ

where we use the following the generating function of the Hermite function:

e−y
2þ2xy ¼

X
n¼0

HnðxÞ
yn

n!
: ðB2Þ

APPENDIX C: EXAMPLES OF THE T2=Z2 TWISTED AND SHIFTED ORBIFOLD BASE

Here, we express examples of the wave functions on the T2=Z2 twisted and shifted orbifold basis and the representations
of the S and T transformations for them. In particular, we show them for M ¼ 8 and 16.
When M ¼ 8 ðs ¼ 2Þ, the wave functions on the T2=Z2 twisted and shifted orbifold basis are expressed as0B@Ψ0;2

T2=Zð0;0;0Þ
2

Ψ1;2

T2=Zð0;0;0Þ
2

1CA ¼

0B@ 1ffiffi
2

p ðψ0;8
T2 þ ψ4;8

T2 Þ
1ffiffi
2

p ðψ2;8
T2 þ ψ6;8

T2 Þ

1CA; ðC1Þ
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0BBBBB@
Ψ0;2

T2=Zð0;0;1Þ
2

Ψ0;2

T2=Zð0;1;0Þ
2

Ψ0;2

T2=Zð0;1;1Þ
2

1CCCCCA ¼

0BBB@
1ffiffi
2

p ðψ0;8
T2 − ψ4;8

T2 Þ
1
2
ðψ1;8

T2 þ ψ3;8
T2 þ ψ5;8

T2 þ ψ7;8
T2 Þ

1
2
ðψ1;8

T2 − ψ3;8
T2 − ψ5;8

T2 þ ψ7;8
T2 Þ

1CCCA;

ðC2Þ

0BBBBB@
Ψ0;2

T2=Zð1;0;1Þ
2

Ψ0;2

T2=Zð0;1;0Þ
2

Ψ0;2

T2=Zð0;1;1Þ
2

1CCCCCA ¼

0BBB@
1ffiffi
2

p ðψ2;8
T2 − ψ6;8

T2 Þ
1
2
ðψ1;8

T2 − ψ3;8
T2 þ ψ5;8

T2 − ψ7;8
T2 Þ

1
2
ðψ1;8

T2 þ ψ3;8
T2 − ψ5;8

T2 − ψ7;8
T2 Þ

1CCCA: ðC3Þ

The representations of the S and T transformations for
Eq. (C1) are expressed as

ρ
T2=Zð0;0;0Þ

2

ðS̃Þ ¼ eiπ=4ffiffiffi
2

p
�
1 1

1 −1

�
;

ρ
T2=Zð0;0;0Þ

2

ðT̃Þ ¼
�
1 0

0 i

�
; ðC4Þ

which are the same as Eq. (58). The representations of the S
and T transformations for Eqs. (C2) and (C3) are expressed
as

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðS̃Þ ¼ eiπ=4

0B@ 0 1 0

1 0 0

0 0 1

1CA;

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðT̃Þ ¼

0B@ 1 0 0

0 0 eiπ=8

0 eiπ=8 0

1CA; ðC5Þ

and

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðS̃Þ ¼ eiπ=4i

0B@ 0 1 0

1 0 0

0 0 1

1CA;

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðT̃Þ ¼

0B@ i 0 0

0 0 eiπ=8

0 eiπ=8 0

1CA; ðC6Þ

respectively.
WhenM ¼ 16 ðs ¼ 4Þ, the wave functions on the T2=Z2

twisted and shifted orbifold basis are expressed as

0BBBBB@
Ψ0;4

T2=Zð0;0;0Þ
2

Ψ1;4

T2=Zð0;0;0Þ
2

Ψ2;4

T2=Zð0;0;0Þ
2

1CCCCCA ¼

0BBB@
1ffiffi
2

p ðψ0;16
T2 þ ψ8;16

T2 Þ
1
2
ðψ2;16

T2 þ ψ6;16
T2 þ ψ10;16

T2 þ ψ14;16
T2 Þ

1ffiffi
2

p ðψ4;16
T2 þ ψ12;16

T2 Þ

1CCCA;

ðC7Þ
0BBBBBBBBBBBBBBB@

Ψ0;4

T2=Zð0;0;1Þ
2

Ψ1;4

T2=Zð0;0;1Þ
2

Ψ0;4

T2=Zð0;1;0Þ
2

Ψ1;4

T2=Zð0;1;0Þ
2

Ψ0;4

T2=Zð0;1;1Þ
2

Ψ1;4

T2=Zð0;1;1Þ
2

1CCCCCCCCCCCCCCCA
¼

0BBBBBBBBBBBBB@

1ffiffi
2

p ðψ0;16
T2 − ψ8;16

T2 Þ
1
2
ðψ2;16

T2 − ψ6;16
T2 − ψ10;16

T2 þ ψ14;16
T2 Þ

1
2
ðψ1;16

T2 þ ψ7;16
T2 þ ψ9;16

T2 þ ψ15;16
T2 Þ

1
2
ðψ3;16

T2 þ ψ5;16
T2 þ ψ11;16

T2 þ ψ13;16
T2 Þ

1
2
ðψ1;16

T2 − ψ7;16
T2 − ψ9;16

T2 þ ψ15;16
T2 Þ

1
2
ðψ3;16

T2 − ψ5;16
T2 − ψ11;16

T2 þ ψ13;16
T2 Þ

1CCCCCCCCCCCCCA
;

ðC8Þ

Ψ1;4

T2=Zð0;0;0Þ
2

¼ 1

2



ψ2;16
T2 − ψ6;16

T2 þ ψ10;16
T2 − ψ14;16

T2

�
; ðC9Þ

0BBBBBBBBBBBBBBBB@

Ψ0;4

T2=Zð1;0;1Þ
2

Ψ1;4

T2=Zð1;0;1Þ
2

Ψ0;4

T2=Zð1;1;0Þ
2

Ψ1;4

T2=Zð1;1;0Þ
2

Ψ0;4

T2=Zð1;1;1Þ
2

Ψ1;4

T2=Zð1;1;1Þ
2

1CCCCCCCCCCCCCCCCA
¼

0BBBBBBBBBBBBB@

1
2
ðψ2;16

T2 þ ψ6;16
T2 − ψ10;16

T2 − ψ14;16
T2 Þ

1ffiffi
2

p ðψ4;16
T2 − ψ12;16

T2 Þ
1
2
ðψ1;16

T2 − ψ7;16
T2 þ ψ9;16

T2 − ψ15;16
T2 Þ

1
2
ðψ3;16

T2 − ψ5;16
T2 þ ψ11;16

T2 − ψ13;16
T2 Þ

1
2
ðψ1;16

T2 þ ψ7;16
T2 − ψ9;16

T2 − ψ15;16
T2 Þ

1
2
ðψ3;16

T2 þ ψ5;16
T2 − ψ11;16

T2 − ψ13;16
T2 Þ

1CCCCCCCCCCCCCA
:

ðC10Þ

The representations of the S and T transformations for
Eqs. (C8) and (C10) are expressed as

ρ
T2=Zð0;0;0Þ

2

ðS̃Þ ¼ eiπ=4

2

0B@ 1
ffiffiffi
2

p
1ffiffiffi

2
p

0 −
ffiffiffi
2

p

1 −
ffiffiffi
2

p
1

1CA;

ρ
T2=Zð0;0;0Þ

2

ðT̃Þ ¼

0B@ 1 0 0

0 eiπ=4 0

0 0 −1

1CA; ðC11Þ

which are the same as Eq. (72), and

ρ
T2=Zð0;0;0Þ

2

ðS̃Þ ¼ e3πi=4; ρ
T2=Zð0;0;0Þ

2

ðT̃Þ ¼ eiπ=4; ðC12Þ
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which are the same as Eq. (74), respectively. The representations of the S and T transformations for Eqs. (C8) and (C10) are
expressed as

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðS̃Þ ¼ eiπ=4

0BBBBBBBBB@

0 0 1=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0

0 0 1=
ffiffiffi
2

p
−1=

ffiffiffi
2

p
0 0

1=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0 0 0

1=
ffiffiffi
2

p
−1=

ffiffiffi
2

p
0 0 0 0

0 0 0 0 cosðπ=8Þ sinðπ=8Þ
0 0 0 0 sinðπ=8Þ − cosðπ=8Þ

1CCCCCCCCCA
;

ρ
T2=Z

ð0;l1 ;l2Þ
2

ðT̃Þ ¼

0BBBBBBBBB@

1 0 0 0 0 0

0 eiπ=4 0 0 0 0

0 0 0 0 eiπ=16 0

0 0 0 0 0 eiπ=16i

0 0 eiπ=16 0 0 0

0 0 0 eiπ=16i 0 0

1CCCCCCCCCA
; ðC13Þ

and

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðS̃Þ ¼ eiπ=4i

0BBBBBBBBB@

0 0 1=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0

0 0 1=
ffiffiffi
2

p
−1=

ffiffiffi
2

p
0 0

1=
ffiffiffi
2

p
1=

ffiffiffi
2

p
0 0 0 0

1=
ffiffiffi
2

p
−1=

ffiffiffi
2

p
0 0 0 0

0 0 0 0 sinðπ=8Þ cosðπ=8Þ
0 0 0 0 cosðπ=8Þ − sinðπ=8Þ

1CCCCCCCCCA
;

ρ
T2=Z

ð1;l1 ;l2Þ
2

ðT̃Þ ¼

0BBBBBBBBB@

eiπ=4 0 0 0 0 0

0 −1 0 0 0 0

0 0 0 0 eiπ=16 0

0 0 0 0 0 eiπ=16i

0 0 eiπ=16 0 0 0

0 0 0 eiπ=16i 0 0

1CCCCCCCCCA
; ðC14Þ

respectively.
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