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We take into account two further physical models which play an utmost importance in the framework of
analog gravity. We first consider Bose-Einstein condensates (BEC) and then surface gravity waves in water.
Our approach is based on the use of the master equation we introduced in a previous work. A more
complete analysis of the singular perturbation problem involved, with particular reference to the behavior in
the neighborhood of the (real) turning point and its connection with the Wentzel-Kramers-Brillouin
approximation, allows us to verify the thermal character of the particle production process. Furthermore,
we can provide a simple scheme apt to calculate explicitly the gray-body factors in the case of BEC and
surface waves. This corroborates the improved approach we proposed for studying the analog Hawking

effect in the usual limit of small dispersive effects.
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I. INTRODUCTION

In [1] a possible unifying formalism was proposed for
dealing with the analogous Hawking effect, based on a fourth
order equation of the Orr-Sommerfeld type extensively
studied in a series of papers by Nishimoto (see [2-5]).

We take into consideration a further very interesting
case, involving Bose-Einstein condensates (BEC) and also
surface waves, and provide both a sensible approximation
scheme to the associated problems and also an analytical
calculation of the gray-body factor. We refer the reader to
the following sections for an extensive list of references for
theoretical studies of both the models. The utmost rel-
evance of both the models is self-evident, due to the fact
that BEC and water have been the most generally recog-
nized benchmarks for experimental verification of the
actual existence of Hawking radiation [6—13]. We do not
discuss herein the problem represented by the subcritical
case, which is left for future investigations.

In the following, we first take into account the Hawking
effect in BEC. We adopt the healing length as the expansion
parameter to be taken into account in order to deal with the
problem of small dispersive effects. The well-known super-
luminal nature of the dispersion relation requires a different
analysis with respect to the subluminal cases discussed in
[1], with particular reference to the near horizon approxi-
mation. We obtain analytical solutions both in the far region
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and in the one near the turning point (horizon). We propose a
different solution with respect to the ones existing in the
literature, and obtain a complete analytical formula for
inferring thermality and the gray-body factor.

In the second part of the paper we consider gravity waves
in water. As expansion parameter we consider the shallow-
ness parameter and, in this subluminal case, we again
perform, by following analogous theoretical paths as above,
the calculation of thermality and a scheme for the calcu-
lation of the gray-body factor. A further discussion follows.

II. BEC

There are several theoretical studies on analogous
Hawking effect in BEC, starting from the seminal paper
by Garay et al. [14]. We limit ourselves to some relevant
references concerning mainly semianalytical/analytical
approaches to the dispersive case [15-25].

We refer mainly to [16]. For completeness, we reproduce
some basic steps towards the equations we study in the
following subsections. The field ¥(z,x) of atoms of the
condensate satisfies the commutation relations

[W(r,x), ¥i(r,x)] = 8 (x — x'), (2.1)
and the Heisenberg equation of motion
[‘i’(t,x),ﬁl] = ih@,‘i‘(l,x), (2.2)

where the Hamiltonian operator is

© 2020 American Physical Society
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where m is the mass of the atoms, V is the external
potential, and g is an effective coupling [16]. At very low
temperatures, a condensed state forms, represented by a
(c-number) state ¥, and one may introduce also a relative
(quantum) fluctuation in such a way that
P =¥yl + ), (2.4)
and then, considering only a one-dimensional condensate
henceforth, from the linearized equation one obtains
in(0, + v(x)0) = T+ mc*(p+ §").  (2.5)
where v(x), ¢(x) are the local flow velocity and the speed
of sound, respectively, and for stationary condensates

1 1
T:=—-h>— — 0, . 2.6
oo (o). e
Focusing only on stationary condensates, one gets
Po(1.%) = 0™y (x) + i (e, (x))". (2.7)

Then from (2.5) and the commutation relations for a,,, &L
one obtains for the stationary modes ¢,,, ¢,,, which will be
indicated as ¢, ¢ henceforth, satisfy

(h(@+iv(x)0,) =T = mc?(x))p(x) = me* (x)g(x). (2.8)
(=h(o+iv(x)0,) =T =mc*(x))p(x) =mc*(x)¢p(x). (2.9)

It is straightforward to show that one may obtain separated
equations for ¢, ¢, as in [16]:

{(h(a)—i— iv(x)0,)+T) 200 (—h(ow+iv(x)0,)+T) —|—2mT}
X ¢(x)=0, (2.10)
and

1
{(—h(a)—i— iv(x)0,)+T) 20 (A(w+iv(x)0,)+T) —|—2mT}
x¢(x)=0. (2.11)
Both the above equations are fourth order ones, and
henceforth we first take into account (2.10) for modes ¢.
We notice that we can simplify a factor #> overall.
Furthermore, in order to eliminate the third order term,

we put

$(x) = c(x)V/v(x){(x). (2.12)
Then we obtain the equation
(a4 (%) 0% + ()05 + (%) 0, + ap(x)]¢(x) = 0, (2.13)
where

h2
a(x) () (2.14a)
() = -1+ 20 (2.14b)
> 20 )
2 .
a(x) = 20 (—iwv(x) — c(x)c'(x) + v(x)v'(x)) +
(2.14c)

L PEEE)
o) = 5 (o -2

LY | (@) 3 (x)* ()

—iwv'(x)

c(x) 4 40 (x
vE(x)c"(x) 0" (x)cE(x
_w)e(x) + (sz)( ) (ZU)(X)( )
+ ”(x);”(x)) + (2.14d)

In the above formulas, we did not write explicitly all the
terms. The complete expression of the coefficients appears
in Appendix.

A natural expansion parameter suitable for a weakly
dispersive regime is the so-called healing length

n
Eim———

Tl (2.15)

which depends on the local speed of sound. Let us define

_ n 1 n
&= s‘ip‘f(x) - V2m inf.c(x) - \/Emg’

(2.16)

where

¢ :=infc(x) > € > 0.

(2.17)

Of course we have 0 < &(x) < & and & — 0 has to be meant
as the limit of weak dispersive effects in which we are
interested." We obtain the following fourth order equation
of the Orr-Sommerfeld type [2]:

"It should be more correctly intended as the limit where the
healing length is much smaller than the wavelength of the
perturbation on the background condensate [15].
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[B20% — (B (x, E)? + By (x, E)D, + Bo(x.&)]C(x) = 0, ﬁosrilznor[llgo]; we can assume xtp = 0 and get a black hole
(2.18)
v(x) 4+ c(x) =0, (2.22)
where
with » < 0, and also in the linear region
2c%(x) v*(x)
- c(x X
= 1-
hlxd) =—% ( 2(x)) o(x) + c(x) ~ Kx, (2.23)
/ /
zfcv(x)c (x) n l\/_;” (x)>§ + 0(&), with k := v/(0) + ¢'(0) > 0. As to (2.11), we point out that
(x) c*(x) in the limit as £ — 0, we obtain the same leading order
(2.19a)  contributions for ¢ as for ¢. This is true for the results
displayed in the following two subsections, so we shall not
By (x, &) = —iz (iov(x) + c(x)¢' (x) = p(x)v'(x)) + O(&) repeat the calculation also for ¢.
¢
(2.19b) B. WKB approximation
We put

{(x) =exp <@) i Eny,(x). (2.24)

o) (x)c(x)  (V(x)* 30" (%)% ()
c(x) 4 402 (x :
2( ) o (x)02 ) To the lowest order, we obtain
v(x
+ ¢ _
R TTE) 02 -2 0) )P =0, (229
v(x)v” (x =
- | )2 | )) + 0(¢). (2.19c)  whose solutions are @ =0 (multiplicity two), and for
x<0
. 2
A. The reduced equation 0, = iii v2(x) = 2(x). (2.26)

The reduced equation is

As expected, due to the superluminal nature of the dispersion

(B2(x,0)0% + 1 (x.0)0; + fo(x. 0))¢(x) = 0, (2.20) relation in BEC, two big wave number modes are found in

the black hole region x < 0, where v?(x) > ¢?(x). We

mention, in passing, that for x > 0 the nonvanishing

solutions correspond to the decaying mode and the growing

=0. (2.21) mode respectively. As to the propagating solutions, we
associate with them the so-called transport equation:

which displays a turning point (TP) such that

o (x1p.0) = 0 & (1 Zzgg)

V2 c(x)
220" ()0 (x)) Yo(x) = 0. (2.27)

(1200 = 205) + 2020+ (=000 = ) a) + 0012 () + 172 ((3) = o0 S5 )

Vou (x) = Ba(02(x) — ¢ (x))3/4 (@ + ?8 - 1) " exp <—ia) / " ds %) . (2.28)
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In the near horizon region, it is easy to show that
[You ()] o x4, (2.29)

as usual and expected. The high momentum modes are then

$2(3) = (00D ()
— c(x)v/ ()0 (x) exp (QT“) (2.30)

and | (x)| & x~3/* near x = 0, as in (2.29). In particular,
we have

w_: 20 /4
€ (s) ~ ~(2aun) e (% 32,
C

(2.31)

where ¢ :=¢(0); this formula will be useful in the
following.

Two further solutions occur when @ = 0 can be obtained
from the reduced equation. First, we notice that near the
turning point one obtains

1

[aﬁ +;1? <1 - lg) 0.+ (...) ;] (x) =0,  (2.32)

where the coefficient (...) does not contribute to the
so-called indicial equation, whose roots are

=0 a=iZ (2.33)
K
In particular, we can define [2]
limlmay=1-i2. (2.34)
K

We obtain near the regular singular point x = 0 (our TP) the
following series expansions: for x > 0

¢, (x) =1+ f: cpx", (2.35)
n=1
du(x) = x% (1 + i d,,x”). (2.36)
n=1

The series expansion (2.35) holds true on both sides of the
turning points, with different coefficients. So we can obtain
also analogous expansions for the solutions ¢, (x) and ¢,;(x)
occurring for x < 0. We omit the straightforward details. By
comparing the behavior of the above four solutions in the so-
called linear region where (2.23) holds, with the solutions
one can obtain in the near turning point approximation (to
be discussed in the following subsection), one finds the

connection formulas providing the amplitudes for pair
creation in which we are interested. See the following.

In particular, it is useful to provide also approximate
solutions of the reduced equation as x is large (in the
external region with respect to the black hole). It is easy to
show that for large x in the above sense we have v(x),
c(x) ~const., and then v =0, ¢’ =0. The asymptotic
values of v(x), ¢(x) as x — oo are for simplicity indicated
with v,, ¢, respectively (analogously, one has v — v,
¢ — ¢; for x > —o0). As a consequence e.g., under the
conditions of theorem 1.9.1 of [26], we get asymptotically
for x - o0

b, (x) ~exp <—i x>, (2.37)

c,— v,

bu(x) ~ exp <i x). (2.38)

cr+ v,

Analogously, for x - —oco one obtains

a0~ exp (=i x).

(2.39)

di(x) ~ exp (i x) : (2.40)

C1+7Jl

We note that ¢,;(x) is a negative-norm mode.

C. Approximation near the turning point

Solutions near the TP have to satisfy the following
equation, as shown in [1]:

d*¢ ¢ d¢
—=|z—=+1—=) =0, 2.41
dz* (Z dz? * dZ) (2:41)
where
1)
A=1—i—, 2.42
i (242)
and
4cy \1/3
7= (C—ZOK> 23 (2.43)

where ¢ = ¢(0). There is a first solution which is constant,
and put equal to one (cf. [2]). This solution represents the
near horizon approximation for the counter-propagating
mode v discussed in the previous subsection and, albeit
nearly trivial, it is fundamental for getting a complete basis
for solutions near the turning point. Further solutions of
Eq. (2.41) can be found by means of Laplace integrals
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1 1
: = A=2 —_
i(2) > i/q- dtt"=* exp (zt 3t ), (2.44)

with a suitable choice for the paths C; in the complex ¢
plane. For the superluminal case at hand the aforemen-
tioned solutions of (2.44) are also known as generalized
Airy functions.

Paths extending to infinity in the complex ¢ plane must
be restricted to allowed regions. We have the same regions
as for the Airy functions, with 6 := arg(7):

0 Tm n Sz Tn 37
<(-55)0 ()0 (53)
The boundary conditions we introduce herein differ from
the ones of the seminal investigation for a superluminal
model contained in [27], and also from the ones in [28].
Some differences appear also with the analysis of [29,30]
for the Corley model, where the same diagram was
proposed, and where, furthermore Fourier transform was
used in place of Laplace transform.

Our choice is the following: in order to describe the
states in the external region x > 0, which correspond to the
decaying mode and to the cut mode related to the Hawking
particle, we choose to introduce the cut in the positive real
axis in the complex ¢ plane.

One may consider as boundary condition the presence of
the Hawking mode (cut mode) and of the decaying mode
(albeit it does not participate to fluxes at infinity, it may
play a role for local observables [29]). The corresponding
paths are homotopic to the ones for the two states inside,
which correspond to the big wave number k. states in the
black hole region traveling towards the horizon. See also
Fig. 1. We then obtain “Corley’s diagram” for the creation
process of Hawking particles. In our interpretation, at the
level of the particle creation process, the fourth mode v is
not directly involved. Still, it plays a role in depleting the
Hawking particle flux only in a further process of scattering
on the geometry associated with the reduced equation, in
analogy to our discussion for the cases of the subluminal
Corley model and of the dielectric model taken into account
in [1]. This is in agreement with the analysis in [29,30]
for the Corley model. Compare, for example, [1], Fig. 2
therein.

It is important to note that {;(z) can be rewritten as

follows: by putting 7 = \/|z|u, we get

(2.45)

1

£i(z) = == 1zl71;(2),

2.46
27l ( )

where

1(2) = [ duglu) exp(lzl ). (247

J

/

Ceut
Al aWaWalalia) cu
\VAAYAAVALVALV VA

FIG. 1. Paths for the superluminal case. C,;, C., are the
decaying mode and the Hawking mode respectively, and are
found in the external region x > (0. C, correspond to the
dispersive modes, and are found in the black hole region
x <0. Cy, Cgy can be deformed into C,, C_.

and

g(u) = u*2, (2.48)

hy(u) :=tu——.

3 (2.49)

For the decaying mode, which passes through the
saddle point at # = 1 (in the external region 4, is involved)
we get

w1 o 3 _21:13/2

K 2\/7r|Z

% 473

Cdecaying (Z) =e (250)

As to the cut mode, we stress that the branch cut lies along a
steepest descent. Indeed, we have that the imaginary part of
u—u/3is b(1 — a®> + b*/3), where a, b are the real part
and the imaginary part of u respectively. As a consequence,
b = 0 is a steepest descent line. This allows us to calculate
the cut contribution along the lines suggested in [31],
chapter 4, section 4.8, finding thus

ir <—i w> sinh (”w> .
K K

For x <0 we have the modes k, in correspondence of
the steepest descents passing through the saddle points
uy = *i. Then we get (cf. also [27,29,30] for the Corley
model), with a coincidence that is related to the universal
character of our near-horizon equation, which holds true
also for the Corley model [1]

Ceu(z) = (2.51)

_.i|Z
17/
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1

1.z b.10} iw_3 :21.13/2

Tl =52 | —52—31 pi512

ey e 2K|Z| %k 4@ 3‘ ‘ s
T

{_(2) ~ 5 (2.52)

;o aw

3
e e
2@

e,

{i(z) = - (2.53)

The black hole boundary condition near the horizon forces
the coefficients of the modes + and u to be equal; by
appealing to the Cauchy theorem, and to the fact that all the
functions in the near-horizon approximation are well
defined for z = 0, we have

K

e 4 _i_a‘;—;m ;
d(x, 1) = (e%’”zeTZI/“\/COKE (f—g) YEH G (x, 1) + e
7 ¢

(- (<) () )+ ) o),

Tl

where ¢, ¢,, ¢, are the WKB solutions for the modes at
hand. As to the modes d, [, one may proceed as in the
Corley model discussed in [1]. We do not delve into the
details.

D. Calculations for the @ stationary modes

In place of (2.10) one must consider (2.11), and again the
parameter for asymptotic expansion is £. We do not repeat
all the steps, and we limit ourselves to point out some
|

C-&— (O) +¢- (0) + (0) = Cdecaying(o)' (254)

As discussed in [1], this condition amounts to the Corley’s
ansatz, i.e., the black hole boundary condition. The fourth
mode does not appear in the diagram, and its contribution is
zero at the level of the pair-creation process. See [1] for a
further discussion. See also below. Then, by comparing
with the Wentzel-Kramers-Brillouin (WKB) solutions in
the matching region, we find for the propagating part of
the field

_iw
Ok =

4cox

%21/4\/%'@ (7) Eitip_(x, l)) 0(—x)

(2.55)

features. In order to eliminate the third order term, one puts
again

@(x) = c(x)\/v(x)n(x).

As to the WKB approximation, we note that equation for 6
remains the same as for ¢, and that for the long wave
number modes one obtains again (2.26). For the transport
equation only a change occurs,

(2.56)

(v*(x) = (x) +20"(x))yy + (—ia)v(x) —c(x)c'(x) + v(x)v'(x) —i— <v’(x) - v(x) Cl(x))@’(x)

H// (x)

(20 = 2(0) 35+ PO ) yolo) =0

We then find the solutions

You (x) = B(12(x) — ¢2(x))~3/4 (M n

() ) 1):&1
c(x) c?(x)
X exp(—ia) /X dsﬁ).

This does not substantially modify the expansion in the
linear region. As to the reduced equation, one has again

(2.58)

{aﬁ +§ (1 - i%)@x . (...)}n(x) —0, (259)

X
whose indicial equation is the same as in the previous
sections, and also the solutions remain the same in the
asymptotic region.

(2.57)

[

Solutions near the TP have to satisfy the same equation
as for the other mode (2.41), simply through the substi-
tution { — 7. As a consequence, also the near horizon
solutions remain the same, and also the matching formulas
in the linear region do not change.

E. Thermality
We recall that with the stationary modes ¢, ¢ one can
associate conserved currents (see [17,32] for an application
to the analogous Hawking radiation):

. h % E3 * *
el o= - 5 (@i0sba = baOstpis + @200 = PuOT),

(2.60)

where we have a = £, u, v. In the following, we indicate
simply with J, the above currents, and we mean to exploit
the following current flux conservation:

105004-6
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il = = R+ 5

, (2.61)

where the outgoing flux of Hawking particles (# modes,
directed towards oo) originates from the ingoing flux of
modes (v and k. modes, directed towards the horizon
x = 0), and the nature of the modes k_ to be negative norm
modes has been taken into account.

The normalization to the modes is as in [16,21], by
requiring that in the eikonal approximation the dispersion
relation (which holds with constant coefficients in the
asymptotic regions)

(w — vk)? = 2k? <1 + %2k2>, (2.62)

holds true. The WKB solutions, as |x| — oo, behave as
plane waves which we indicate as ¢,, ¢, for simplicity
(omitting for the moment any further mode label). We take
into account that the two components (¢,,, ¢,,) satisfy the
equations of motion (2.8) and (2.9), and then we get [21]
—iwt+ik(w)x

¢m = Du
¢

,€
=N, | w—vk+ c—=k?)e-iwrtikl@)x 2.63
( 7*) 263)

¢, =E e—irz}t+ik(u))x
@ T

w

N, (— (a) —vk—c \% kz) ) emiortik@)x (2 64)

where

1
V AN 2ahpeEl?| (o — vk) (2|

N . (2.65)

with p & 1/v. These normalization factors in the asymp-
totic region reduce to the ones of the homogeneous BEC, of
course.

For explicit calculations, we point out that for each mode
it holds

ol o< k(1D > + |Ey|*)

3 2
x w—vk2+<c—k2 : 2.66
(0= k2 + (e 5 (2.66)
As usual, for thermality “ﬂ = ¢77* holds, where = 2—: is

the inverse Hawking temperature.

F. Gray-body factor

As for the gray-body factor, in [1] it has also been shown
that, in principle, one might deduce the gray-body factor
from the direct calculation of

s 1]
|ﬁu)| |J1),é ’

(2.67)

which represents the number of created particles, as is well
known. Even if this route is viable, the drawback is that
there is the risk of a poor approximation (as in the standard
Hawking effect calculations).

The gray-body factor can be obtained as follows:

I'=1-R, (2.68)
where we also define the ratio
%]
= . 2.69
7] (2.69)

As discussed in [l], actually the mode v does not
participate directly to the Hawking pair-creation process.
Still, there can be a further contribution to R arising from
the backscattering on the geometry, leaving room forI" < 1.
Then, R represents the reflection coefficient for the scatter-
ing of Hawking particles in the background geometry
associated with the reduced equation obtained for & = 0.
This is in agreement with what happens in the Corley
model [29]. Given a # mode entering from the part of the
linear region, where the WKB approximation is valid, the
reduced equation provides the contribution

v
Jx

Rreduced = ;
reduee |J )L;| reduced

with the fluxes computed asymptotically, and with |JY|
measured near the horizon, but still in a region where the
WKB approximation works well. See [1] for a complete
discussion. As the aforementioned geometry amounts to
the classical geometry for BEC analogous black holes, we
refer to the expressions already present in the literature and
calculated in the so-called hydrodynamic limit, see in
particular [24]. Of course, also in this case there exists a
maximal frequency @, such that, for ® > @, only two
modes participate to the scattering process and the
Hawking effect is no more present [16], so that the
spectrum is truncated at @,,,, for nonzero values of &.

(2.70)

III. SHALLOW WATER WAVES

Shallow water waves are the other fundamental bench-
mark of analog gravity as, just for the case of BEC,
experimental measurements of the analogous Hawking
effect were carried out [7,9,10]. Theoretical studies start
with [33] and have been deepened further on. Also the
phenomenon of undulation has been studied in detail [34], as
well as the problem of the subcritical case [35-38]. We
discuss herein only the transcritical case, which is the one
properly associated with the analogous Hawking effect
(although the subcritical case may preserve some imprinting

105004-7
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of the Hawking phenomenon [37]). Furthermore, we refer to
the model discussed in [37].

As in [37] (cf. also [34]), we limit ourselves to the
weakly dispersive case where

1
tanh(ihd,) +— ihd, + i§h3a§. (3.1)
h is the local height (depth) of water. The corresponding
(approximate) action is [37]

s=5 [ @ [<<at +0(0)0,))° - () (D)

+90) (83%45)2] ,

(3.2)
where v(x) is the local velocity of the fluid, c(x) is the local
speed of sound, A (x) is the local height, and g is the gravity
acceleration. This is the case most similar to the original
model studied in [27,29], and is characterized by a
subluminal dispersion, as is well known. The equation
of motion for stationary modes ¢(z,x) = e~ ™®'y(x) is a
quartic equation of the following form:

(g RO} 4 2gh* W 9} + [(¢* = v*) + g(2h(K')* + h*R")]0%
+ 2(iwv + cc' — v0')0; + (@* + iv’w))y/ =0. (3.3)

It is also to be noted that the model is associated with a
peculiar conserved current for stationary modes

J,=1Im [iwvw*w + (¢ = o)y Oy + gw*ax(h38§w)

- )| (3.4)
as in [37,39].

A. Rescaled variables

It is useful to proceed as in [40], by defining rescaled
adimensional variables z, 7 in place of x, ¢ as follows:

X =As, (3.5)
A

t= T, 3.6

m (3.6)

where 1 stays for the wavelength and A, is to be considered
a reference height [we could assume, for example,
hy = inf .h(x) > 0; see also below]. We can also introduce

v(x) =

ghoo(x), (3.7)

c(x) = /ghot (). (3.8)
gho _
®=— %, (3.9)

as well as the so-called long wavelength or shallowness
parameter [40]

hy
Si=—. 3.10
7 (3.10)
As a consequence, from Eq. (3.3), we obtain
h/
(52 (a;‘ + 6_63)
h
h?) -2 =2 2 (h/)z h" 2
P By
+ 6ﬁ(1176)+55’ - o70')0, + Sﬁ(a) +iv'®) |y =0,
(3.11)

where, with some liberal attitude, a prime indicates the
derivative with respect to the dimensionless variable s. The
third-order term can be removed by means of the following
Liouville-like transformation:

w = h7/%¢, (3.12)
which allows us to obtain
6205 +72(5,6)95 +71(5,6)9, +70(s5,6)|¢(s) =0, (3.13)
where
3
r2(s.8) = 3 hf(os) @(5) - P() + 0@, (3.14a)
hy oo =/ =0\
r1(s,8) = 6/13(0s) (iv(s)@ + c(s)¢(s) — v(s)?'(s))
- hfif(/i;) (@(s) = 72(s)) + O(8%).  (3.14b)
h3
Yo(s,8) =3 i (Os) (@ + iv'(s)@)
=
+ 9h4(0s) [—zw o(s)H'(s)
— (€(s)c'(s) = v(s)V'(s))H'(s)

-5 @) =26 () + 300 )]

(3.14¢)
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B. The reduced equation

The reduced equation is

(r2(5.0)05 + 71(5.0)0, +70(5.0))¢(s) = 0. (3.15)
which displays a turning point (TP) such that
r2(s1p. 0) = 0 & (2%(s) = (5))l5,, = 0. (3.16)

As usual, by returning momentarily to dimensionfull vari-
ables, we can assume xtp = 0 and get a black hole horizon
for v(x) 4+ ¢(x) = 0, with v < 0, and also in the linear region
v(x) 4 ¢(x) ~ kx, with k = v'(0) + ¢/(0). Also in this case
near the TP one obtains

[a; +§ (1 - i%)@x —|—%(...)]C(x) =0,

where the coefficient (...) does not contribute to the so-called
indicial equation, whose roots are again

(3.17)

@ =0, a=i2, (3.18)
K
and, again
pi=loay=1-i2. (3.19)
K
C. WKB approximation
We put
£(s) = exp< ) Z(S" (3.20)
To the lowest order, we obtain
0 + 3( > (e -92)0% =0, (3.21)
whose solutions are ¢ = 0 (multiplicity two), and
B\ 3
0, = +iy[3 <7°) ¢ — 72, (3.22)

We first take into account the latter solutions, and associate
with them the so-called transport equation

3
<6 (@> (2 =) + 49’2>y6
<66V6” +3 (ﬁ) (211} @ +2(cc’ — vv')

G

We then find the solutions

o\ N
?) 3/4h9/4exp<za)/ 2‘2—172>' (3.24)

As to the degenerate solutions with @ = 0, as is known,
they must solve the reduced equation with 6 = 0 (3.15). We
obtain near the regular singular point s = 0 (our TP) the
series expansions for s > 0

(3.23)

=B(c* -

Yo ()

s)=1+ chs”, (3.25)
n=1
= 7 (1 +) d,,s">. (3.26)
n=1

In particular, it is useful to provide also approximate
solutions of the reduced equation as s is large (in the
external region with respect to the black hole). It is easy to
show that for large s — oo in the above sense, we have
v(x), ¢(x) ~ const., and then v/ = 0, ¢’ = 0. The asymp-
totic values of #(x), ¢(x) as x — oo are for simplicity
indicated with o, ¢ respectively. As a consequence e.g.,
under the conditions of theorem 1.9.1 of [26], we get
asymptotically for s — oo

D)
w,(s) ~exp <—l — s>,
c—7

§)~exp|t S .
Yy — )

As in the previous model, we can also study solutions for
s <0, and the only propagating ones asymptotically

behave as
wals) ~exp( =i s ).
=

(s) ( @ )
s) ~expl i s,
Vi Pz T3,

where 7;, ¢; are the limits of »(s),
respectively.

(3.27)

(3.28)

(3.29)

(3.30)

(s) for x - —o0

al
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D. Near-horizon approximation
Near the TP the following equation holds true (cf. [1]):

d*¢ &’ dl
=0, 3.31
dz* + < dz? TH dz> (3:31)
where u is given in (3.19), and
z= o (6iccy) /36723, (3.32)
h(0)

where i := k\/ghy/A and ¢, = ¢(0). We may also choose
ho = h(0), i.e., we can assume that A is the value of & at
the TP.

Apart for the constant solution, which is again put equal
to one (cf. [2]), further solutions of Eq. (3.31) can be found
by means of Laplace integrals as in [27,28]

{i(z) = L/ dtt*=2 exp <zt +1t3>, (3.33)
2ri C; 3

with a suitable choice for the paths C; in the complex ¢

plane. In this case, a subluminal character of the nonlinear

part is present. Paths extending to infinity in the complex ¢

plane must be restricted to allowed regions, displayed in

[1,27] and, with 0 := arg(t), we obtain:

Qeﬂﬂusjﬁuﬁlll
62 6’6 276 )

We start from (3.33) and follow the general method
explained in [1]. Paths can be chosen as in any subluminal
case, cf. Fig. 2 in [1]. It corresponds to the so-called black
hole boundary condition as discussed in [27]. See also
[29,30]. We limit ourselves to reproduce the results. We
have for x < 0 the decaying mode

(3.34)

1 | | iw_3
~ — % 4@
2w ¢

z‘Z|3/z

Wdecaying (Z) (335)

As usual [27], it provides the aforementioned black hole
boundary condition. For x > 0 we have the modes & in
correspondence of the steepest descents

1 ; T 10

W+(Z) >~ ﬁe_%ME? Z|_E_‘_31€ Z‘ZP/Z (336)
1 lpj —ze) |_io 3 _ \ZP/Z

w_(z) ’;’2\/7_1_64 e |z| % e (3.37)

The cut contribution, on the negative real axis, represents
the Hawking mode and can be also in this case calculated
along the lines suggested in [31], chapter 4, section 4. 8:

1w @\ . (70
Wcut(z) = _g |Z|ZTF <—l ;) sinh <7> .

We are interested in connecting the expansions of the near
horizon approximation with the ones of the WKB approxi-
mation displayed in the previous section. We get

(3.38)

l//(S, T) = C+l//+(S, T) + C_l//_(S, T) + Cu¢u(s’ T)

+ cohy(s.7), (3.39)

where the fourth mode gives no direct contribution to the
pair-creation associated with the Hawking effect; cf. [1].
We also have

w(s.7) = exp (=it + ik;()7), (3.40)
with j = +u, v and k;(w) is the corresponding rescaled

wave number. By comparing with the WKB solutions again
in the matching region

W

w(s,7) = e (h(0)) /43714 /260 R (66 k) Ho% (s, 7)

27

_1w

e (R(0))"/4371/4 /260 R o (6 R) 6%y _(s,7)

Tl

sinh(Z2 iw
—#1« lw) (60 R)¥6- 5y, (5.7) + c,w, (5. 7).
K

For w4, y; the matching is analogous. Only the scattering
on the geometry may contribute to c,. See below.

E. Thermality and gray-body factor

We note that the conserved current (3.4) can be rewritten
in terms of rescaled variables as follows:

2V
(3.41)

J,ocIm <ic?) vyt + (62 =0 )yt oy

el (E o) 2 o)

(3.42)
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“J‘J‘ = e7P”, where =22 The
gray-body factor can be obtained also in this case,
analogously to the cases previously discussed, and the
considerations we made for the BEC case and the cases
discussed in [1] hold true also for the present case, so we do
not discuss them again.

Again, the scattering involving also the mode v, in the
present framework, is of a different nature with respect to
the one occurring for the production process of the
Hawking mode u, and is associated with the scattering
of Hawking modes on the background geometry provided
by the reduced equation with § = 0. We expect that also in
this case the result is model dependent, i.e., it should
depend strongly on the particular profiles one chooses for
the different background fields involved. Furthermore, the
metric involved in the model studied in [37] and taken into

We can easily prove that

account herein corresponds to the case p(x) = ¢*(x) of
[34], and the corresponding metric (2D part) is
= c(x)(c(x)?df* = (dx — v(x)dt)?), (3.43)

so that the equation one obtains when dispersion is
neglected is just [34]

[(0, + 0,v) (0, + v0,) — 0,c?0y|p = (3.44)

which amounts to the reduced equation. We do not calculate
the backscattering contribution to the gray-body factor;
instead we limit ourselves to notice that for ¢(x) = const.,
as in the case of the subluminal Corley model [1], one would
obtainI" = 1 up to higher order corrections, and then R = 0.
A truncation of the spectrum is to be meant for @ > @, also
in this case, as is well known. w,,,,, has the same meaning as
e.g., in the BEC case.

We cannot claim that the present approach is the solution
to the problem at hand, as a more detailed analysis of the
experimental situations and of numerical simulations would
be needed. Furthermore, we stress that we have not tried to

take into account the so-called subcritical case [35-37],
which requires a further analysis to be dealt with.

IV. CONCLUSIONS

We have first taken into account the BEC case and, under
the assumption of small (but never vanishing) healing
length we have found a scheme allowing us to determine
in a fully analytical way both the thermality and the gray-
body factor of analogous Hawking radiation from BEC
analogous black holes. Our analysis confirms that the master
equation introduced in [1] is actually effective also in the
present case. We have also proposed an improvement in the
near horizon analysis of the superluminal case, which is
different from previous proposals like e.g., [27,28]. In the
second part of the paper, we have taken into account
the problem of surface gravity waves. Thermality is again
found in a simple way, and a scheme for the calculation of the
gray-body factor is provided. Albeit the present framework
provides a very interesting analytical picture of the Hawking
effect in analog gravity, it is by no means exhaustive and
further analysis is required to delve into e.g., the very low
frequency regime in the case of surface waves.
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APPENDIX: COEFFICIENTS FOR THE

BEC EQUATIONS
1. Equations for ¢

a. Coefficients of the simplified equation

The coefficients which appear in (2.13),

[ag (x)0% + @y (x)07 + a1 (x)0, + ap(x)]¢(x) = 0,

where ¢(x \/—C , are
hz
N a3 (x)
R (x) h*'(x)
BT (x) 2m2c(x)v(x)
0 — h*c"(x) 3hzc'(x)2 _ihv(x)c(x) n R (x) 3020/ (x)? thv’(x) n % (x) _q
m23(x)  2m*c(x) me3(x) dm?>c?(x)v(x)  8m?*c?(x)v?(x) Ax) Akx)
o — h?cB)(x) _ihw(x)c" (x) N 3n%c! (x)? _ihc!(x)v'(x) ihv(x)c'(x)? Za)hc( ) 2c'(x) 4n%c' (x)c" (x)
2c3(x) mc3(x) m?c(x)> mc3(x) mc*(x) mc(x)  c(x) m?c*(x)
7?00 (x) 3n%0' (x)? R (x)0"(x) im"(x)  20(x)v'(x)  2iwv(x)
dm?c?(x)v(x) +4m202(x)v3(x) m?c?(x)v*(x) + mc?(x) + Al Ax)
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Pc®(x) AP (x)? ihc" (x)0

ﬂz(x)c”(x) C”(x) h21)<3 (X)C/(x) h2c /(x>2 //(x>
(0" )

— B v'(x)  whc"(x) n B B
O T 4m23(x)  2miA(x) 2mc3(x) mc3(x) 3(x) c(x)  4m*(x)v(x)  4mPct(x)v(x
B 3n%c (x)v' (x)3 B 3n%c (x)%0' (x)? . A2 (x)v (x) 0" (x) N ihc'(x)v"(x)  3ihc! ()c)z/()c)2 3ihc’ (x)*0'(x)
dm?c3(x)v3(x)  8m2cH(x)v?(x) m?c3 (x)v?(x) 2mc3(x) 4mc? (x)v(x) 2mc*(x)
3ihv(x)c'(x)? whc’(x)2+v(x)c’(x)v’(x) 202 (x)c!(x)? _h2c(3)( x)c'(x) 3R (x)*c"(x)
me(x)? mc*(x) A(x) c*(x) m?c*(x) 2m?c(x)?
2ihw(x)c’ (x)c" (x) hzv(4) (x) 720" (x)? 637> (x)* 5a200) (x)0/ (x)
mc*(x) Ax)v(x)  16m>c(x)v*(x)  64m>c*(x)v*(x)  8m*c?(x)v?(x)

31720 (x)%0" (x) _3iny' (x)°
16m*c?(x)v(x)  4mc*(x)v?
o v'(x)  30'(x)?

S Ax) 2u(x) * 4v2(x)

3 ih'(x)v"(x) | w(x)v"(x) iwv'(x) v (x)?
(x)  mc*(x)v(x) + 2¢%(x) 2(x) +4c2(x)

b. Coefficients expanded in powers of the healing length
The coefficients which appear in (2.18),

(820 = (B2(x.£)0% + P1(x.£)0x + fo(x, €))]C (x) = 0.,

are

~2c%(x) vz(x)_ _i\/EEv(x)c’(x) iv2er (x)) - e2v" (x) B 320/ (x)? 2020”(x)_352c’(x)2 -
e+ (e G e e e )
_202(x) [_2iwv(x)+212( x)v' (x)  2c(x)
c?(x) ?(x) c(x)
( iv2ev(x)c” (x) z\/§cc’( Yo' (x )+i\/§Ev(x)c’(x)2 2\/_ca)c’(x 1\/_01/’ )
c*(x) c*(x) 04(x) c*(x)
c2vB) (x) 3e20'(x)3 2820 (x)w ”(x) c(3)(x)_80 ! (x)c"(x) 6c (x)*\ -,
(et 20 et o e H
_28(x) [o()"(x) _iewv'(x) | v'(x)? @’ 0"(x) | 30'(x)* w(x) '(x)v() v (x)c'(x)?
o= [ = ) i B R o0 )
+112(x)c”(x)_c”(x)+< " (x)v'(x) \/Eéwc”(x)+iﬁc’(x)v”(x)_3lcc (x)v'(x )2_3lCC( x)22' (x)
W\ Vaem | em VIR Ve | Ve
+3i\/§Ev(x)c’(x)3 V2ewc! (x)2_2l\/_cv(x)c’(x)c”(x)_ 3icv! (x)? _'_i\/—év’(x)v”(x))E

+

AW ) 22w k)
(5‘211(4)()() 782" (x)? 63221 (x)* _5621}(3)(x)1/(x) 31820 (x)*0" (x x) ¢ e2c"(x)?
4 (x)v(x)  8A2(x)v*(x) 322(x)v*(x)  4c(x)13(x) 8c2(x)v?(x) c*(x)
Ezc(4)(x)_5211(3>(x)c’(x) 2c'(x)*0" (x) 352c’(x)1/(x)3_3c2c’( x)20'(x)? 222! (x)v' (x)v" (x)
20%(x)  280(u(x) 2t (x)u(x)  20()0x)  4ct(x)v?(x) c?(x)v?(x)

3P0 (1) 22D ()¢ (x )> ;32}

c(x)? c*(x)
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2. Equations for ¢
a. Coefficients of the simplified equation

The coefficients which appear in the equation
[74(x)% + 72(x)% + 71 () + vo(x)]n(x) = 0,

where ¢(x )/ v(x)n(x), are

n2
"= e (x)’
2" (x)  3n2c(x)?  ihv(x)c(x h* " (x 3020 (x)? in'(x)  v*(x
2= ((x)) B Zmzci(i) * m(c3)(x§ ! * 4m2c2()f)12(x)  8m’c 2 <) >2()c) mczgxi + czgx; -1
- h2 A(x) ihw(x)c"(x) 32 (x)?  ihc(x)0(x) _ihv(x)c '(x)? thc’(x) _2c'(x)
m*c3(x) me3(x) m?c(x)? mc3(x) mc*(x) mcz(x c(x)
_4712 c(x)c" (x) 7?00 (x) 3h21j’(x)3 B R (x)v" (x) i (x )+21)(x)1/(x) 2iwv(x)
m*ct(x)  4m*c*(x)v(x) Ax)o’(x) m*cA(x)o*(x) mci(x) () c*(x)
2@ (x)  R*"(x)? ihd"(x)V'(x ) whc”(x) vz(x)c"(x) "(x) 2B (x)c(x) A% (x)%0"(x)
o= 423 (x)  2m2ct(x)  2mc3(x) + mc3(x) * A3(x) c(x)  4m2A(x)v(x) +4m204(x)v(x)
3RV (x)° 3R (%) (x )2+h2c’(x)v’(x)v”(x) ihc' (x)v"(x)  3ihd (x)v'(x)*  3ikc (x)?0'(x)
4mzc3(x)113(x) 8m?c*(x)v?(x) m?c3(x)v?(x) 2mc3(x) 4dmc3(x)v(x) 2mc*(x)
_3ih1j(x)c'(x)3_a)hc’( x)? +1J(x)c'( x)v'(x )_21}2(x)c'(x)2 hzc(3( ) (x )+ 3% (x)?c" (x)
me(x)> mc*(x) A(x) c*(x) m?c*(x) 2m?c(x)?
+2ihv(x)c’(x)c”(x)+ o™ (x) O TR"(x)? 63t ()t SAPw v (x)v' (x)
mc*(x) 8m2c?(x)v(x) 16m2c?(x)v*(x) 64m>c(x)v*(x)  8m*c?(x)v?(x)
31720 (x)%0" (x) 3in' (x 2 i (x)"(x) v

. ()" (x) iwv'(x) v’(x)z_ azz _v"(x) 3v'(x)?

3
16m*c?(x)v3(x) T ame 2(x)0*(x)  mc*(x)v(x) 2¢%(x) Ax)  4(x) Ax) 2v(x) * 4v*(x)

b. Coefficients of the simplified equation with healing length
The coefficients which appear in the equation

[E20} — (62(x, E)D% + 61 (x, £)Ds + 6o (x, &))]n(x) = 0,

oS (S (S
5 2c;§x) {_ 25(53) . 29(;)(3(@ B 2:;(2(;)

. <i\/§Ev((xx))c”(x) N 2@53'8@'(;6) N 25:58)@'(@2 . 2\/§C§Ez;c)'(x) B i\/ia(i';x))g

(st o o ow et e )
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~2¢2(x) [V (x)c" (x) _"(x) | v(x) ()" (x) 202 (x)c(x)? w(x)v"(x)
b = e? [ 3(x) c(x) * A3(x) c*(x) N 2¢%(x)
o' (x) | V(x)P @ v”(x) N 30/ (x)?
Hx) 4ct(x) Ax) 20(x)  40(x)
_iec"(x)v'(x) V2¢wc" (x) _ied'(x)v"(x) | 3iec!(x o' (x)? 3icc! (x)*0'(x)
+< V263 (x) - c(x) 2¢3(x) +2fc 3(x)v(x )+ V2c*(x)
B 3iv/2ev(x)c’ (x)? B V2ewc! (x)? N 2iv/2¢v(x)c (x)c" (x) N 3icv’(x)? ifév’(x)v”(x)) -
c(x)? c*(x) c*(x) 22322 (x) o)
( 2™ (x) 782" (x)? B 63220/ (x)* _5521)(3)(x)v’(x) 31220 (x)*0" (x )_Ezc”()c)2
4ct(x)v(x)  8c2(x)12(x)  32¢%(x)v*(x) 4cz(x)1)2(x) 8c2(x)v3(x) c*(x)
N c2e™(x) B v (x)c'(x) 2 (x)%0"(x) 38 () (x) 38 ()20 (x)* | 287 () (x) 0" (x)
2¢3(x) 263 (x)v(x) 2¢* (x)v(x) 263 (x)v3(x) dc*(x) 0% (x) A3(x)v?(x
32! (x)c"(x) 2e2e0) (x) ' (%) =,
o) )]
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