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The second law of thermodynamics is discussed and reformulated from a quantum information theoretic

perspective for open quantum systems using relative entropy. Specifically, the relative entropy of a quantum

state with respect to equilibrium states is considered and its monotonicity property with respect to an open

quantum system evolution is used to obtain second lawlike inequalities. We discuss this first for generic

quantum systems in contact with a thermal bath and subsequently turn to a formulation suitable for the

description of local dynamics in a relativistic quantum field theory. A local version of the second law

similar to the one used in relativistic fluid dynamics can be formulated with relative entropy or even relative

entanglement entropy in a space-time region bounded by two light cones. We also give an outlook toward

isolated quantum field theories and discuss the role of entanglement for relativistic fluid dynamics.
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I. INTRODUCTION

In recent years, entanglement entropy has developed into
a key concept in areas of quantum field theory (QFT) such
as black hole physics [1-5], holography [6-8], and high
energy physics [9-15] (for general aspects and methods,
see Refs. [16—18]). It could play a role to better understand
nonequilibrium dynamics of quantum fields and the emer-
gence of relativistic fluid dynamics. An interesting hypoth-
esis is that local dissipation in such fluids might be
understood as the generation of entanglement.

Let us start with the density operator p of a quantum
system that can be split into two parts, A and B. With the
reduced density operator p, = Trg{p} for the subsystem A,
the global von Neumann entropy and entanglement entropy
are defined to be, respectively [19,20],

S(p) = =Tr{plnp},  Sa(p) = -Tr{palnps}. (1)

Entanglement entropy of a spatial region is ultraviolet
(UV) divergent in a relativistic QFT according to an area
law [16]. The leading divergence is proportional to e~(4=2),
where d is the number of space-time dimensions and € is a
small length with 1/e acting as a UV momentum cutoff.
These divergences depend on the geometry of the region
but not on the state. This poses a fundamental problem in
understanding the role entanglement plays within dynami-
cal evolution in nonequilibrium QFT. In particular, one
cannot easily formulate a local variant of the second law of
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thermodynamics, as it is phenomenologically used, e.g., in
relativistic fluid dynamics, based on the entanglement
entropy S, of a subregion.

A possible solution to this problem could be to work
instead with quantum relative entropy (the quantum version
of the Kullback-Leibler divergence [21,22]) which, given
two density operators p and o, is defined as [23]

S(plle) = Tr{p(inp ~no)}. 2)

In many cases, the first argument p can be thought of as the
actual system of interest, whereas the second argument ¢ is
some model system to compare with. Then the relative
entropy quantifies the uncertainty deficit about p based on
the false guess o. It gives a non-negative value, vanishes if
and only if the density operators are equal and is finite
given the support condition supp(p) C supp(c). If this
condition is violated, the value can be set to 4o
[20,24,25]. These properties qualify relative entropy to
be a so-called divergence, but it is not a distance measure
(metric) as it is not symmetric and does not satisfy the
triangle inequality.

Even for classical systems there are interesting and
valid reasons for the use of relative entropy in some areas
where entropy is currently being used. In contrast to
Shannon entropy, there is a well-defined continuous limit
for relative entropy and a change of coordinates does not
change its value as it does for differential entropy. For
a relativistic quantum field theory, the relative entropy of
two reduced density matrices for spatial subregions can
be defined rigorously in terms of modular theory [26].
A reformulation of the maximum entropy principle in the
context of statistical physics in thermal equilibrium based
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on relative entropy is given in Ref. [27]. Furthermore,
the use of relative entropy in QFT is discussed in
Refs. [5,18,26,28-31].

In the current work, relative entropy will be most useful
to us in investigating stochastic evolution for open quantum
systems. When investigating the second law for some
arbitrary quantum state p, we need to choose some model
o to compare it to. A suitable choice for us will be thermal
equilibrium states. For example, when p describes an open
system in contact with a heat bath, it is convenient to
choose o to be the density matrix of the canonical ensemble
with inverse temperature = 1/7T. This is not only the
model with the highest entropy for the given physical
situation, but as a density matrix also has a broad support so
that the relative entropy S(p||o) is well defined. It is straight
forward to rewrite this relative entropy with respect to the
canonical state as

S(pllo) = =S(p) + S(o) + BlE(p) — E(0)].  (3)

where E(p) = Tr{pH} is the energy expectation value of
the state described by p.

The relative entropy of two reduced density matrices
pa = Trp{p} and o5 = Trg{c} is also known as relative
entanglement entropy, S,(p|l6) = S(palloa). In contrast to
entanglement entropy, relative entanglement entropy does
not show UV divergences and is expected to be generically
finite. Intuitively speaking, the divergent terms, which are
independent of the specific state of the quantum field
theory, cancel out. For this reason, we believe that relative
entanglement entropy is well suited for investigating the
dynamics of entanglement and nonequilibrium evolution in
a quantum field theory.

Entanglement generation is assumed to be a driving
mechanism behind thermalization and second lawlike
behavior of macroscopic quantum systems [32]. In terms
of total entropy, the thermalization of an isolated system is
difficult to describe: the time evolution of an isolated
system is a unitary map according to the von Neumann
equation. Thus, the total entropy remains constant over
time since the von Neumann entropy of any state is
invariant under a unitary transformation,

S(UpU") = S(p). (4)

This implies that a perfectly isolated quantum system in
this sense actually does not thermalize. However, one may
investigate instead a subsystem of an isolated system and
this may evolve nonunitarily due to the exchange of
quantum information with its surroundings. The “surround-
ings” could here either by another sector of the theory, or it
could be a neighboring spatial region. Such a subsystem is
then referred to as an open quantum system.
Mathematically, the evolution of an open quantum system
is described by some completely positive trace-preserving

map (CPTP map) NV (or quantum channel). In full general-
ity, a CPTP map describes communication of quantum
information between quantum states, encompassing any
map of a density matrix to some other. Specifically, the
Kraus theorem [33,34] allows one to decompose these
maps as

N:ip—=N(p)=> ApAL, (5)

where A, are Kraus operators fulfilling the condition
Z(ZAZ,A(, = 1. CPTP maps account for many possible
quantum transformations, including, e.g., unitary time
evolution and partial tracing over a subsystem.

If a CPTP map is applied to a quantum state, its von
Neumann entropy may increase as well as decrease. An
example of an entropy decreasing process would be the loss
of heat of a system due to cooling.1 CPTP maps are thus
more general than the stochastic processes that imply the
second law of thermodynamics. There is nonetheless a
useful subclass of maps; a unital CPTP map N/, for which
N (1) = 1 holds, never decreases entropy,

SWN1(p)) = S(p). (6)

CPTP maps are central to the monotonicity of relative
entropy, the quantum information theorem we will utilize
to formulate a second law. It states that no quantum
channel can increase distinguishability between states
[20,24,25,35],”

SN ()N (e)) = S(plle) < 0. (7)

Below we will employ this property to make statements
about (local) thermalization or second lawlike behavior by
investigating a state p approaching an equilibrium state ¢
measured in terms of quantum relative entropy or relative
entanglement entropy. In the present work, we will use a
subclass of CPTP maps which keep the reference state o as
a steady state invariant, \'(¢) = ¢. This may be seen as an
alternate definition describing stochastic evolution. For
ordinary thermodynamics, second lawlike inequalities from
relative entropy are discussed in [38].

We will further develop a local formulation of a second
law in the context of a quantum field theory in open

'A more explicit example can be seen in a generalized
measurement as follows. Consider a maximally mixed two-state
quantum system p under the action of the nonorthogonal
measurement operators M; = [0)(0] and M, = |0)(1]. Then
the state after measurement without recording the result,
Py = MlpMI +M2pM;, has a smaller entropy S(py) < S(p)
[20].

2Recently, this inequality was proven for the more general case
of positive trace-preserving maps [36]. Furthermore, a strength-
ened version, which exhibits a remainder term from a rotated Petz
recovery map, was established in Ref. [37].
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exchange of quantum information with a bath fluid. This
is also motivated by the aim to understand the relation
between quantum field theory and relativistic fluid dynam-
ics. While phenomenologically relativistic fluid dyna-
mics seems to be a good approximation to quantum field
dynamics, e.g., for the quark-gluon plasma created in heavy
ion collisions [39-41], the detailed relation is yet to be
properly understood. Usually, in the context of fluid
dynamics, a local second law is postulated and stated in
terms of an entropy four-current density (e.g., see
Refs. [42-44]),

V,s#(x) > 0. (8)

One problem here is that an entropy current s*(x) is
difficult to define outside of global thermal equilibrium
and if one aims to work with entanglement entropy one
faces the same problems of UV divergence we described
previously. As an alternative, we here propose a formu-
lation in terms of relative entropy of a true state p with
respect to some form of equilibrium reference state o, with
a second law-type inequality that essentially follows from
the monotonicity property (see Sec. IV). This makes a step
toward understanding quantum field theory in the fluid
dynamic regime from a quantum information theoretic
perspective.

The paper is structured as follows: first in Sec. II we
recall some elements of relativistic fluid dynamics. In
Sec. III, we will outline the connection between the general
thermodynamic second law and relative entropy, and then
in Sec. IV, we will develop the local form of the second law
in the relativistic fluid dynamic regime for a causally
complete space-time region. Finally, we will draw some
conclusions in Sec. V.

A. Notation

In this paper, we adopt natural units, with 4 = ¢ = kg =
1 and work with the Minkowski space metric signature
(=, +, 4+, +). Hats on operators are dropped. Expectation
values are expressed with the relevant density operator as a
parameter so that O(p) = (O), = Tr{pO}.

II. RELATIVISTIC FLUID DYNAMICS

Relativistic fluid dynamics can be seen as an effective
description of (quantum) field theoretic degrees of freedom
in out-of-equilibrium situations. It uses the concept of a
local thermal equilibrium and an expansion around this,
however. In the following, we shall recall the construction
with a perspective from quantum information theory.

Usually one starts from covariant conservation laws,
such as for energy and momentum [42-44]. This is a
consequence of diffeomorphism symmetry if the theory is
formulated in general coordinates with Riemannian metric

G (X),

V, 7% (x) = 0, 9)

In addition, the theory may exhibit a U(l) symmetry
leading to a covariantly conserved particle number current,

V, Nt (x) = 0. (10)

Furthermore, one also introduces an entropy current
s#(x). In a phenomenological approach, it is postulated to
be governed by a local form of the second law

V,s#(x) >0, (11)

where equality is reached in thermal equilibrium. Unlike
the two former equations, the local second law does not
follow from symmetry considerations and needs a more
careful justification. Moreover, it is not clear whether a
local entropy current is well defined in out-of-equilibrium
situations or how precisely it can be defined from a
microscopic quantum field theory [45]. In the following,
we investigate for what states an entropy current can be
defined and also formulate an alternative to (11) using
relative entropy.

One should note that the above equations could be
supplemented by additional conservation laws or equations
for additional order parameters.

With the conservation relations (9) and (10) as well as
Eq. (11), one can discuss relativistic thermodynamics. In
thermal equilibrium, one can assume the entropy current to
be a function of the conserved energy-momentum tensor
and particle current s# (7%, N?), and write

os* , , Os*
vﬂsﬂ = aTﬁy vﬂTl + ON°

VN, (12)

Because (11) should reduce to an equality in thermal
equilibrium as a consequence of the two covariant con-
servation laws (9) and (10), one should have

as*
87‘%1/

OsH
L R E)

Here p¥ is a vector field and « is a scalar field, which
together serve as parametrization for the covariantly con-
served fields in thermal equilibrium. These two fields
correspond to the ratio of fluid velocity u* and temperature
T as well as chemical potential y and temperature,
respectively,

g a=E. (14)

Because Vs must not only vanish in equilibrium but
also be stationary, one finds for its differential

V,dst = =V, p,dT" — 0,adN* = 0, (15)
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which leads to the condition that #* must be a Killing vector
field and a a constant,

V., +V,p,=0 d,a = 0. (16)

While f* and a are well defined in thermal equilibrium,
there is some freedom in their definition outside of
equilibrium. For example, the fluid velocity u* could be
related to energy flow (the Landau frame definition) to the
particle number flow N* (the Eckart frame definition) or be
defined otherwise.

One of our main goals in the following will be to
understand better how the local form of the second law of
thermodynamics, Eq. (11), or a variant of it, can arise from
quantum field theory. We will argue that a formulation
based on relative entropy has advantages in this context.

As a preparation, we discuss now first a global formu-
lation of the second law based on relative entropy for a
generic (open) quantum system.

III. THERMODYNAMICS: A GENERAL SECOND
LAW FROM RELATIVE ENTROPY

In this section, we will consider a generic quantum
system coupled to an external bath with which it may
exchange quantum information. In addition, there may also
be an exchange of energy and/or particle number, but that
does not have to be the case. We want to discuss how one
can obtain a second law Clausius inequality from the
monotonicity of relative entropy, and thus show the
equivalence of the former with a relation written solely
in terms of relative entropy. Many elements of this have
already been investigated in Ref. [38], but we recall them
here in order to prepare for a subsequent extension to
quantum field theory.

The second law will be derived through a comparison
of an arbitrary state p with a suitable statistical ensemble
or model state o given the physical situation (with or with-
out exchange of energy or particle number with the bath;
for an overview, see Fig. 1). The corresponding equilibrium
density operators ¢ follow from maximizing von Neumann
entropy S(o) under the appropriate constraints [46-50].

1 [
i i AE <>
AE*'E" O¢ i AN = )Ugc
o A ) R N SOV
EN TN Ty
thermal bath thermal/particle bath
(a) microcanonical (b) canonical (c) grand canonical

FIG. 1. The three different statistical ensembles: (a) a system
closed to heat and particle exchange, (b) a system coupled to a
heat bath allowing for energy exchange, and (c) a system coupled
to a heat and particle bath permitting energy and particle
exchange.

Alternatively, this can be done from minimizing an
expected relative entropy, as shown recently in Ref. [27].
The intensive thermodynamic quantities like temperature 7'
and chemical potential 4 are chosen such that they agree
with those induced by the surroundings.

An open quantum system in a fixed volume V evolves
generically according to some CPTP map N . Furthermore,
we will take N\ to be within a subclass of CPTP maps that
admits the relevant equilibrium state ¢ as a steady state,
N (o) = 0. This is a general description of stochastic
quantum evolution and will allow us to utilize the monot-
onicity of relative entropy to obtain a second lawlike
inequality.

A. Microcanonical ensemble model

Consider first an open quantum system but without any
net exchange of energy or particle number with the
surroundings in some quantum state p. A natural reference
state is the microcanonical ensemble density operator o,,,.
For this, it is not enough if p has expectation values E(p) =
Tr{pH} and N(p) = Tr{pN} that agree with E(c,,) and
N(oy), but E and N must be strictly fixed so that the
variances vanish. We denote these two conditions by
E(p) = E(c,,) and N(p) = N(ay,).

Then o,, is a maximally mixed state corresponding to a
uniform distribution, o,,, = diag(1/D, 1/D, ...) where D is
the dimension of the Hilbert space of accessible states. The
relative entropy of p with respect to o is then

S(pllowm) = =S(p) + S(owm) = =S(p) +InD. (17)

Applying the CPTP map N and using the monotonicity
property (7) directly give (using N (o) = o)

AS(pllow) = SN (P)llow) = S(pllow)
— —SW(p)) + S(p) = -AS(p) <0, (18)

equivalent to the second law of thermodynamics in the
microcanonical ensemble. Note that the CPTP map A that
keeps o, as a steady state defines a unital map. Thus,
Eq. (18) is in fact equivalent to Eq. (6).

The formulation in terms of relative entropy can be
illustrated geometrically, as seen in Fig. 2. We consider a
three-state system and evaluate the states in the energy
eigenbasis, where we assume no degeneracy of states for
simplicity. The black contours indicate states of constant
relative entropy with respect to a microcanonical model
represented by the black dot in the middle. Clearly, Eq. (17)
implies that these contours also represent constant entropy
of the state p. The monotonicity now tells us that any initial
state p;, which is a point on, e.g., the blue contour, can only
evolve along this contour or toward an inner contour (e.g.,
the red contour). It should be emphasized that the monot-
onicity may not necessarily tell us what exact state is taken
by the system after the evolution, but rather on which
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FIG.2. Curves of constant relative entropy S(p|| 4 1) or entropy
S(p) in the energy eigenbasis for a true distribution (py, p,, p3)
relative to a model uniform distribution ¢, = ¢, = g3 = 1/3
(black dot). The dashed lines indicate permutation symmetry of
the coordinates. Some initial state p; may evolve along the blue
curve (reversible process), but can also evolve irreversibly to a
final state p; on the red curve.

contour the state may lie. Moreover, we can distinguish
between reversible and irreversible processes, with a
reversible process being characterized by a constant
entropy during the evolution which translates to an evo-
lution along one contour. In contrast, an irreversible process
is then an evolution toward the center.

B. Canonical ensemble model

If the open quantum system p may exchange in addition to
quantum information also energy with a heat bath, then a
canonical thermal state is a suitable reference state, defined as

1
aczze_ﬁH, (19)

where Z = Tr{e ™"} is the canonical partition function. The
temperature 7 = 1/ is that of the heat bath and the condition
E(p) = E(o.) is released, since energies are now allowed to
fluctuate. Otherwise, N(p) = N(o.) still holds. Using the
expression for the free energy F(o.) =—(1/5)InZ =
E(o.) — TS(o.) allows one to write the relative entropy as

S(p”dc) = —S(p) + S(Gc) +ﬂ[E(p) - E(Uc)}' (20)
After applying the CPTP map, we find
AS(plloc) = SN (p)lloc) = S(plloc)

= —S(N(p)) + S(p) + BIEN (p)) — E(p)]
= —AS(p) + PAE(p) < 0. (21)

This means that the actual state p may not diverge from the
invariant equilibrium state o, under stochastic evolution in the
sense of relative entropy, which is equivalent to the Clausius
second law inequality. Stochastic evolution here is a quantum
channel A/ which admits o, as a steady state. After the system
has thermalized with the heat bath, its entropy and energy
expectation value coincide with those of the canonical model.

C. Grand canonical ensemble model

One may also consider an open quantum system, where
in addition to quantum information also energy and
particles may be exchanged with the environment or heat
bath. The equilibrium state for this situation is described by
the grand canonical ensemble oy,

G,. = — e PH=uN) (22)

where u = a/p is the chemical potential and Z is the grand
canonical partition function. The condition N(p) = N (o)
is now also released. Using an expression for the
grand canonical potential, Q = —(1/8)InZ = E(06,)—
TS(04) — uN(0g), one finds for relative entropy

S(P”Ugc) = —S(p) + S(ch) +ﬂ[E(p) - E(ch)]
—a[N(p) = N(og)]- (23)

If we calculate the difference in relative entropies after
applying the CPTP map N/, we get an additional term in the
Clausius relation due to particle exchange AN,

AS(/)”Ugc) = S(N(p)Hggc) - S(p”GgC)
= —AS(p) + PAE(p) —aAN(p) <0. (24)

In summary, the present section shows that the monot-
onicity of relative entropy for an open quantum system
evolution implies a general form of the second law of
thermodynamics, given an appropriate choice of an invari-
ant thermal reference state. The advantage of this approach
is that it is general; we can apply it to a wide range of
thermodynamic situations and the density matrix p
describes an arbitrary nonequilibrium state. Unlike stan-
dard thermodynamics, one does need to assume here
quasistationary evolution from one equilibrium state to
another.

Moreover, the presented arguments can be generalized to
situations in which the model state ¢ is a nonquilibrium
steady state. In these cases, the condition N'(¢) = o still
holds, such that a change in entropy is constrained from
below. The main difference is that the remainder term is not
of simple form and its meaning is not always clear. For
further discussion, see e.g., Refs. [51,52].
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IV. A LOCAL SECOND LAW FROM RELATIVE
ENTROPY

In this section, we shall be concerned with generalizing
the results of Sec. III to a relativistic quantum field theory.
This can be done in several ways. The first and most direct
application of the relations derived in Sec. III is for a global
description of the field theory. This could be an infinitely
large space, but also a finite spatial volume with appropriate
boundary conditions (such as periodic boundary condi-
tions). More interesting for applications to understand
relativistic fluids are local descriptions, to which we turn
afterward. In particular, for a relativistic quantum field
theory, one may consider not only global time evolution,
but one may also define evolution operators that propagate
a state locally from one Cauchy surface to the next.

A. Global time evolution

Let us first consider the overall time evolution of a
quantum field theory. To generalize the results of Sec. III,
we need to assume a coupling to some bath with exchange
of quantum information and possibly also exchange of
energy and particle number. A global evolution with time
can be considered for all of space. Oftentimes, this is then
an infinite volume, but one may also make the spatial
volume finite by considering e.g., a generalized torus with
periodic boundary conditions. The time evolution of the
“open quantum field theory” is then given by a CPTP map
N, precisely as it has been discussed in the previous
section. Accordingly, one also obtains second law-type
relations formulated with relative entropy as in Eq. (18)
when only quantum information is being exchanged or in
Eq. (21) with energy exchange or in Eq. (24) with energy
and particle number exchange, respectively.

B. Local thermal equilibrium approximation

Before we generalize the results discussed in Sec. III to
local relations, let us digress for a moment and consider
more broadly the relation and interplay between local
thermal equilibrium, fluid dynamics, and locality in the
context of a relativistic quantum field theory.

Relativistic fluid dynamics uses the concepts of thermal
equilibrium not only in a global sense, i.e., for the entire set
of quantum fields at some instance in time, but also locally,
at a given point x in space and time and a neighborhood
around it. This brings new elements and features into the
discussion.

Let us first emphasize that local thermal equilibrium
is typically used as an approximate concept. It holds to
lowest order in an expansion in gradients of fluid velocity,
temperature, etc., such that it becomes exact and equal to
global thermal equilibrium when these gradients are absent.
The lowest order of this derivative approximation leads
to ideal fluid dynamics, with a corresponding form of the
energy-momentum tensor and conserved particle current.

On the other side, corrections to this ideal fluid limit are
often sizable and need to be taken into account.

Dissipative, relativistic fluid dynamics exists in different
forms. The dynamical variables may be the fields describ-
ing thermal equilibrium (fluid velocity, temperature, chemi-
cal potentials) [43] or there might be additional fields that
vanish in global equilibrium such as the shear stress z**,
bulk viscous pressure mp,, and diffusion current t# in
Israel-Stewart theory [42]. Often the fields correspond to
the degrees of freedom of the conserved energy-momentum
tensor and conserved particle current, but in principle also
other fields could appear.3

An interesting new feature of a local approximation is
that it can neglect some nonlocal information of the
quantum state such as entanglement between different
spatial regions. It is conceivable that local observables in
some region are well described by several quantum field
theoretic states or density matrices, but that these differ
in their global properties. As a simple example, degrees
of freedom at two points or in two subsystems A and B
are in general described by a density matrix p,p, while
local observables on either A or B are equally well
described by the product of reduced density matrices
pa ® pp = Trp{p} ® Try{p}, which neglects the entan-
glement between A and B. It might be possible to under-
stand a local equilibrium approximation, or more generally
a local fluid approximation, as an approximation of this
kind: it works well for local observables but neglects
nonlocal entanglement (and the associated correlations)
to some extent.

Let us now formulate the above idea more concretely. We
consider a quantum field theoretic state described by some
density matrix p on a Cauchy hypersurface X (e.g., the
d — 1 dimensional hypersurface of constant time t). We take
this state p to be out—of—global—equilibrium.4

Now, let us concentrate on some subregion A of X, say a
ball of radius R around some point X4 at time x3. Local
observables in this region can be described by the reduced
density matrix

pa = Trz {/’} (25)

where the partial trace goes over the complement region A
such that X=AUA and AnNA=@. We may now

A common element of all such fluid approximation is that
they have much less degrees of freedom than a general out-of-
equilibrium quantum state, highlighting again the approximation
character of the description.

“The following somewhat informal discussion will use the
reduced density matrix for a spatial region in a quantum field
theory. We note that this may not be well defined from a
mathematical point of view. For example, as discussed in Sec. I,
the corresponding von Neumann (entanglement) entropy is
divergent. Ultimately, we want to use relative entropies which
can alternatively, and rigorously, be defined in terms of modular
theory [26].
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consider a global equilibrium state o, specified by # and a,
as defined in Eq. (14). We may also similarly consider the
reduced density matrix of this state to the region A,

o, = Trz{c}. (26)

One may now say that the (nonequilibrium) state p is in
local thermal equilibrium in the region A around X, (with
local p# and a) when the two reduced density matrices
agree, p, = o04. Note that these two statements may depend
somewhat on the size of the region A around x,, i.e., the
radius R. In practice, this size is taken to be small enough
from a macroscopic point of view such that its precise value
is not relevant, while from a microscopic point of view it
has to be large enough, e.g., compared with possible UV
regulator scales of the (effective) quantum field theory. The
concept of such an intermediate scale, which defines a fluid
cell, also appears in other formulations of fluid dynamics,
e.g., in the context of kinetic theory [43].

One may actually quantify how well a local thermal
equilibrium description (as introduced above) works in
terms of the relative entanglement entropy S(p4l|o4). In
particular, o is locally a good model for the state p in the
region A when they become locally indistinguishable, i.e.,

S(palloa) = 0. (27)

This is a purely information theoretic criterion for a state to
be locally of thermal equilibrium form (in the region A). Of
course, when p is globally out-of-equilibrium, one has
necessarily S(pallo4) > 0 once the region A is large
enough. This shows again the necessity for an intermediate
scale (a fluid cell size) where a local equilibrium descrip-
tion can work.

It may also be possible that a local equilibrium descrip-
tion works everywhere on the hypersurface X in the sense
that one can assign to each point x local values f#(x) and
a(x) in the sense described above and such that (27) is
fulfilled for a convenient neighborhood of the point x. This
does not imply that p is itself a (global) equilibrium state,
and in fact it cannot be if ##(x) is not a Killing field and
a(x) is not constant, respectively. This situation corre-
sponds to an ideal fluid approximation being approximately
valid. In this case, one can also find a globally defined state
o given by

ool [ AT ) + el Sl ey
where

Z= Tr{exp {— A ; dz, {p, T + aN”}] } (29)

is a generalized partition function, such that for any fluid
cell A, Eq. (27) is fulfilled. This does not imply that p = ¢

on a global level, however. It is even conceivable that p is a
pure state, while o is obviously mixed. The states differ in
their global properties while agreeing locally.

So far, we have concentrated on situations where the
local description used only the thermodynamic parameters
p# and a. Beyond this it may sometimes be necessary to use
a more complex local approximation, e.g., to represent
locally the entire energy momentum tensor, beyond its ideal
fluid components, faithfully. In a spirit similar to the above
discussion, one may say that a local fluid approximation
state o is a good description when the corresponding
reduced density matrices p, and o, agree such that
Eq. (27) is fulfilled. We will discuss a class of such states
o, for which local equilibrium states as in Eq. (28) and
global equilibrium states are a subclass, in Sec. IV E.

An interesting and important question is how the local
approximate states evolve in time. For the true state p, and
an isolated situation, the time evolution is unitary. In
contrast, a class of states ¢ that approximates p locally
but differs from it globally, does not have to evolve in a
unitary way. It is conceivable that after unitary time
evolution of some local equilibrium state as in Eq. (28)
it is not part of these class of states any more [i.e., it cannot
itself be written as in Eq. (28)]. At the same time, it may be
possible to represent the full state p also after some time
evolution, again locally by states of the form (28). It is
intuitively clear that the states ¢ used for a local approxi-
mation have a sort of coarse-grained evolution. For this
time evolution, the quantum information does not have to
be conserved, because nonlocal entanglement is at least
partly dropped. As the trace is preserved and the density
matrix must remain positive, the coarse-grained evolution
should be a (C)PTP map.

In the present work, we do not attempt to develop such a
coarse-grained description of dynamical evolution in more
detail. Instead we consider a different but closely related
situation where quantum information can also get lost, but
now through the coupling to an external local “bath fluid.”
Formally, we deal then with an open quantum system for
which the time evolution is again not unitary. When the
bath fluid is not described explicitly, but is instead
effectively “integrated out,” the quantum fields we consider
evolve themselves by CPTP maps. In the following, we will
develop these descriptions in more detail, with different
scenarios for the bath fluid and its coupling to the quantum
fields under consideration.

C. Local evolution and double light cone

Besides global time evolution, one may in a relativistic
quantum field theory also consider more general evolution
operators that evolve the state from one Cauchy hypersur-
face to the next. These Cauchy surfaces must have normal
vectors that point into a timelike (or, as a limit, lightlike)
direction and they should be ordered such that the evolution
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does nowhere go backward in time. Otherwise, they can be
chosen quite freely.

For our purpose, this is intriguing, because we are
interested in a local form of the second law. The strategy
is therefore to consider a series of hypersurfaces that differ
only in a well-localized region in space, so that the
evolution is essentially local.

In the following, we will investigate how Eq. (11) can be
understood from a quantum field and quantum information
theoretic point of view. After integration, Eq. (11) states
that in a certain region of space-time Q entropy can only
increase, but not decrease,

/ddx\/ﬁvﬂs”(x) —7{ dz,s"(x) > 0. (30)
Q 0
We use here the (hyper-)surface element

dz, = dd_ly\/ﬁnﬂ, (31)

where n,, is a local unit vector normal to the surface and
h = |deth,,| is the determinant of the induced metric on
the hypersurface. Alternatively, in terms of differential
forms, one may write

1
P —
ax (d=1)!

V€, vy AX N - Adxtir, (32)
where g = —detg,, is the determinant of the metric.

Let us remark here on some subtleties in the orientation
of the normal vector in Eq. (31) in a space with metric
signature (—,+,+,+). For a part of the closed surface
where the normal vector is spacelike, the orientation is
unambiguously taken as pointing to the outside. For parts
where the normal vector is timelike, it must then be taken
such that the normal vector is orientated inward (see
Refs. [53] Sec. B.2, [54] Sec. 16, and also [55] for
mathematical details). For a closed surface that consists
of two Cauchy surfaces, this means that n® <0 on the
future lying Cauchy surface and n° > 0 for the past. This
will have to be taken into account below. Specifically, when
we integrate over a Cauchy hypersurface as in Eq. (28), we
usually assume n* to be future oriented such that n° > 0,
similar to a fluid velocity.

As a direct consequence of the divergence theorem,
Eq. (11) implies (30) for any region Q with boundary 9.
On the other side, Eq. (30) also implies Eq. (11) if we can
prove it for some spacelike region around the point x that
can be made arbitrarily small. In the following, we shall
choose a particular geometry for such a space-time region,
namely, the double light cone as illustrated in Fig. 3. This
geometry, that is bounded by two light cones, one origi-
nating at a point p in the past of x and one ending at a point
¢q in its future, has the advantage that the spatial boundary is
just the two-dimensional intersection of the cones. The past

FIG. 3. Double light cone region bounded by one light cone
starting at the point p and one ending at the point g. We consider
a series of Cauchy surfaces that evolve within the light cone
region but remain fixed in the region where the two cones
intersect, as well as in the outside region. Different such Cauchy
surfaces are labeled by the parameter z. Then the restriction of a
surface X(7) to the double line cone is denoted A(z), and the
complement region A(z). The operator A/ evolving the density
matrix from one Cauchy surface to the next is unitary for an
isolated system but a more general CPTP map for quantum fields
coupled locally to some external bath fluid. Two consecutive
hypersurfaces enclose a space-time volume €2, where the small
black arrows indicate the normal vectors n#(x) of Z(7).

light cone originating from p forms a (d — 1)-dimensional
lightlike part of the boundary that can also be understood as
an initial hyper surface, while the future light cone ending
at g can also be understood as a final hyper surface for the
evolution inside the double light cone region itself. As we
will see, this has great advantages for the quantum field
theoretic discussion; see also e.g., Ref. [56].

For a situation where the quantum fields are in isolation,
i.e., without any interaction with an external bath fluid, one
would have unitary time evolution in the entire system but
also locally within the double light cone. Instead, if the
system is not isolated, one can still define density matrices
for the different hyper surfaces and evolution operators
between them, even though they are not unitary any more.
This is the situation we want to address here.

More formally, the coupling to the bath fluid is supposed
to be via a convenient local interaction term, even though
we do not specify the latter explicitly.

Within the double light-cone region as well as outside
of it, we choose a one parameter family of (d—1)-
dimensional spacelike hypersurfaces X(z) with timelike
unit normal n,(x), defined as a foliation of space-time
where 7 can be thought of as a generalized time coordinate.
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The manifold where the two light cones intersect corre-
spond to a set of fixed points, i.e., it is part of all (7). For
d =1+ 1 dimensions (as shown in Fig. 3), the intersection
of the two light cones has just two points while it is a two-
sphere for d = 1 + 3 dimensions. Outside of the double
light cone region, the Cauchy surfaces do not change with =
so that all evolution happens actually within this region.
The restriction of the spacelike hypersurfaces X(z) to the
double light cone region itself will be called A(z) C X(7).
Similarly, we denote the corresponding complement region
on X(7) by A.

We define the actual states of our system on these
surfaces by the family of density operators p(z), and also
define reference states as o(z) which we will later specify to
be some form of equilibrium state in analogy to Sec. III.
One should note that the actual state of the system p is
arbitrary in the following and may be of nonequilibrium
form. For hypersurfaces that are chosen such that the
intersection of the two light cones corresponds to fixed
points, the dynamics inside are isolated from the outside in
the sense that there is no transfer of quantum information
through the boundaries during the evolution. The only
quantum information from outside being able to affect
physics within the double light cone is encoded on the past
boundary as initial conditions. This ensures that any
entropy production will be solely within this region and
will not be affected by the exterior.

As mentioned before, we will consider here an open
quantum system evolution, where the sector of the theory
we consider is coupled to some bath fluid. This bath fluid
can either be in a global equilibrium state, a situation we
will discuss next in subsection IV D, or it could be in a
more general local equilibrium state, which we constructed
in subsection IV B and which will be discussed in
subsection IV E. In subsection IV F, we will then consider
an even more general situation. In any case, the evolution of
the quantum field theoretic state in contact with the bath
fluid from a density operator p(z,) to some other state p(z;)
is described by a CPTP map,

N p(t0) = N(p(10)) = p(21), (33)

where the particular map A depends on the initial and final
hypersurfaces. The same map is being applied to the
reference state o; however, the latter will typically be
chosen such that it is invariant or covariant under N.

D. Coupling to a bath fluid in global equilibrium

We now specify the bath fluid to be a fluid in global
thermal equilibrium governed by p* = u”/T, the ratio of
fluid velocity, and temperature, and similarly a = u/T,
the ratio of chemical potential and temperature. We may
quantify the coupling between the fluid we are actually
interested in and the bath fluid by some interaction para-
meter 4. An example could be a field theory of electrons and

positrons coupled to a bath of electromagnetic radiation
through the usual coupling strength e. (In that case, the
chemical potential would vanish.) Another example would
be the field for up quarks coupled to a bath of down quarks,
strange quarks, gluons, etc. We expect dissipative effects
to be strong for large A, whereas 4 — 0 leads to unitary
time evolution for the sector of the theory we describe
explicitly.’

In the following, we will not describe the bath fluid
explicitly but keep its presence in mind. For the sector of
the theory, we describe explicitly, we compare two states or
density matrices, p(7) and (7). While p(7) is generically
out-of-equilibrium, we shall assume in the following that
o(7) is a reference state in global thermal equilibrium with
the bath fluid. We can then directly specify the density
operator of the latter on some hypersurface X(7),

1
6 = —exp [—/ dx,{p,T" + aN”}} , (34)
Z 2(z)

where

Z- Tr{exp {— /Z AT aN”}} } (35)

is the thermal partition function. This definition together
with the conditions (16) corresponds to the covariant
generalization of a (time independent) equilibrium state.
It also provides a unique fluid frame with timelike fluid
velocity u* in the direction of the Killing field $*, such that
in an equilibrium without rotation or acceleration one may
write

s = sut, T = eutu” + pA*™,

and N* = nu, (36)

where s is defined as the entropy density, ¢ is the energy
density, and n is the particle density of the fluid. Note that
T# and N* are expectation values here, as opposed to being
operators in Eq. (34).

We now wish to formulate a second law in local form. A
problem to overcome here is that the total von Neumann
entropy S(p) of an arbitrary state cannot easily be written as
an integral over some local entropy current. This is because
outside of equilibrium entropy is not necessarily extensive,
i.e., for a fluid proportional to the volume. However, the
entropy of the equilibrium state ¢ may be expressed in such
a way and one can write using Eq. (34),

>We note that in Ref. [57] a similar open quantum system setup
as well as monotonicity of relative entropy is considered in the
context of quarkonium formed in heavy ion collisions and
assumed to be weakly coupled to a locally equilibrated hot
quark-gluon plasma.
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S(6) = -Tr{clnc}

—in(2)+ [ 45, (A7 (0) + aN' (o))
= —/dZﬂs”(G). (37)

(The minus sign in the last line arises because we take d>*
and s* to be future oriented with positive time components
dx and s°, and work with metric signature (—, +, +, +).)
We have used here the expectation values

T (o) = Tr{cT"}, N#(o) = Tr{oN*}, (38)
which we take to be renormalized, such that they vanish in
vacuum where 7 = u = 0. We are also using here that the
logarithm of the partition function (the Schwinger func-
tional for vanishing source) can be written as

W=in(2) = - [ a5, {pp). (39)

where p is the pressure and we are again assuming a
renormalization such that p = 0, and accordingly Z = 1, in
vacuum where T = p = 0. The thermal entropy current can
be written as

s# = —p,TH — aN* + pp*, (40)

and using the relation € 4+ p = sT + pn one can see that for
an ideal fluid where T* = (e + p)uw'u” + pg" and
N' = nu*, Eq. (40) agrees indeed with the usual definition
sH = sut.

The relative entropy between an arbitrary state p and the
global equilibrium state ¢ at some time parameter z reads

S(plle) =Tr{p(in(p) ~In(0))}

=-S(p)+In(Z) +Tr{p/d2,,(ﬂyT””+aN”)}

—_S(p)+ / 4z, {~s"(0)
+B,[T"(p) =T (0)] +a[N*(p) —=N*(o)]}. (41)

Note that the right-hand side of (41) contains the part —S(p)
that is defined in a nonlocal way and a local part written as
an integral over the Cauchy hypersurface. The integral is
here over all of ¥ = A U A. However, the time evolution we
consider is such that it takes place only in A, while the part
of the Cauchy surface denoted A remains stationary.

In a next step, we may consider the difference of relative
entropies between two Cauchy surfaces,

AS(plle) = S(p(z1)llo(z1)) = S(p(w)llo(z)).  (42)

We assume here that the time evolution is such that the
global thermal equilibrium state ¢ is stationary, i.e., it

remains to be of the form (34), even though o(z;) and o(z)
are defined on different Cauchy surfaces. In contrast, the
state p is not stationary, so that p(z;) = N (p(z)) and p(zy)
are different states. As a consequence of the coupling to the
external bath fluid, the evolution operator A is in general
not unitary but a CPTP map.

From the monotonicity property of relative entropy
under CPTP maps, it follows that

AS(plle) <0, (43)

where the equality is for vanishing coupling to the bath
fluid, 2 = 0, corresponding to unitary time evolution.

Using (41), we can rewrite the difference of relative
entropies as

AS(plle) =-85()~ §  dz{-s"(0)
A(7)UA(7o)

+ B, (p) = T"(0)] + alN*(p) — N*(o)]}.
(44)

The integral in (44) is now along a closed surface, and for
such surface integrals we adopt the convention explained
below Eq. (30) (this explains the additional minus sign in
front of the integral). We note in particular that in the
difference, AS(p||c), contributions to the integral in (41)
from the region A outside of the double light cone have
dropped out.

We also use in (44) the difference of entropies
AS(p) = S(p(z1)) — S(p(z9)). While the entropy S(p) is
not generically local, any change in entropy is due to
interactions with the bath fluid. Assuming that these
processes are local in space and time allows to write

AS(p) = S(p(r)) = S(p(x0)) = [) e /G3(p)(x).  (45)

where the integral goes over the space-time region €
between the two Cauchy surfaces. The local form in
(45) is also further supported by the fact that the
Cauchy surfaces X can evolve quite arbitrarily and may
only change within some region.

The remaining terms in (44) can be rewritten by using the
divergence theorem such that we obtain

AS(p]lo) = A dxy/G{~3(0) — B,9,T%(p)
—aV,N(p)} < 0. (46)

We have used here that ¢ is a global thermal equilibrium
state such that its entropy current is conserved,
V,s#(6) =0, and similarly also its energy momentum
tensor and particle number current. Moreover, f* and a
obey (16).
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Because (46) must be obeyed for any choice of the
Cauchy surfaces 2, we can conclude that the local relation

$(0) + BV, T (p) +aV,Ni(p) 20 (47)

must hold, as well. This can be seen as a local version of the
second law of thermodynamics in the present situation.
Specifically, it is the local and differential version of
Eq. (24). In particular, we find that a local version of
the second law can be formulated in terms of relative
entropy.

Let us emphasize again that the change in relative
entropy in the present context is due to interactions with
the bath fluid. Similar to Eq. (45), one can for local
interactions also write the change in relative entropy
between two Cauchy surfaces in a local way,

aS(plle) = [ dxvasiolo) <0, (48)

Because this should hold for arbitrary Cauchy surfaces, we
find for the local “production of relative entropy”

3(pllo)(x) < 0. (49)

Relative entropy can in some space-time volume only
decrease, so that the states become less distinguishable,
and not increase.

While we have now found a local formulation of the
second law based on relative entropy, it would actually be
interesting to go one step further and formulate this with
relative entanglement entropy instead. The analog of (42) is
then

AS(palloa) =S(pa(zi)lloa(z1)) = S(palzo)lloa(zo)). (50)

We use here the reduced density matrices for the double
light cone region

pa=Tralp).  ox=Tri{o). (51)
The partial traces are over the complement region A outside
of the double light cone where the Cauchy surfaces remain
stationary.

The reduced density matrices evolve according to
modified evolution operators N, such that p,(7;) =
Na(pa(ro)) = Na(Tra{p(r0)}) = Tra{N(p(z0))} =
Tr;{p(z;)}. Because the double light cone region has fixed
spatial boundaries, a nonvanishing difference in Eq. (50)
can only be a result of interactions with the bath fluid.
It follows from monotonicity of relative entropy that
AS(p4allos) <0, with equality for vanishing interaction
A= 0. If these interactions with the bath fluid are again
local, it should be possible to write in analogy to (48)

AS(palon) = [ dxy/G8(oallon) <0. (52)

Moreover, even though we will not formally prove this, it is
highly plausible that the local changes in relative entropy
and relative entanglement entropies agree,

3(palloa) = 3(pllo), (53)
and as a consequence also
AS(palloa) = AS(plle). (54)

This is quite an interesting possibility, because it allows to
formulate the local version of the second law of thermo-
dynamics not only in terms of relative entropy, but also in
terms of relative entanglement entropy.

E. Coupling to a bath fluid in local equilibrium

We now aim to generalize somewhat the physics setting
and allow for the bath fluid to deviate from global thermal
equilibrium but assume it to be in local thermal equilibrium,
instead. First of all, from the discussion in the previous
subsection, one expects that for the evolution within the
double light cone region, only the local state therein is
actually relevant. If the reduced density matrix o4 is actually
the same as for a globally thermal state, the analysis of
Sec. IV D goes through without essential modifications.

Here we generalize this discussion to a situation where
also within the double light cone region itself the bath fluid
is not in equilibrium, but in a more general state. More
specifically, we assume now that the bath fluid is such that
an evolution map N is induced for the quantum fields we
study that leaves a local equilibrium state ¢ invariant. The
latter is written as in Eq. (34), but now #(x) is not assumed
to be a Killing vector field and a(x) is not taken to be
constant. Instead, we assume that ##(x) and a(x) are just
some given fields, or functions of space and time. We
assume that the map N that propagates the state from one
hypersurface to the next is such that ¢ remains to be of the
particular form in Eq. (34).6

Interestingly, for a so-defined local equilibrium state, the
first two lines of Eq. (37) remain valid, i.e., one can write
the von Neumann entropy of such a state in terms of the
partition function and the expectation values of energy-
momentum tensor and particle current. Also, if the loga-
rithm of the partition function, the Schwinger functional, is
local or extensive,

®As a side remark, we note that a similar class of states appears
also in the Zubarev approach where a nonequilibrium state is
constructed by maximizing entropy on a given (and fixed)
Cauchy surface given certain constraints involving expectation
values of energy and momentum [58,59].
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W=In(z) = - / dE, w4 (o). (55)
one can introduce through Eq. (37) and the identification
s#(0) = =p,T"(0) — aN"(c) + wi(c).  (56)

an entropy current, as in the third line of Eq. (37).
Arguments for the applicability of Eq. (55) and the
resulting entropy current (56) were recently given in
Ref. [60]. Because the class of states introduced by this
prescription is not in equilibrium when (16) is not fulfilled,
Eq. (56) is to be understood here as the definition of a
nonequilibrium entropy current. The relation AS(s) >0
can be written locally as V,s#(¢) > 0.

As a check, for w* = pp*, Eq. (56) gives indeed the
right entropy current within first order relativistic fluid
dynamics in the Landau frame [43]. More generally, it
would be good to check from the quantum field theory side
whether the class of local equilibrium states in Eq. (34) is a
good approximation for certain out-of-global equilibrium
situations.

In a next step, one can consider the relative entropy of
some generic state p relative to the so-defined local
equilibrium state o. It is then not difficult to see that this
relative entropy S(p||¢) can still be written as in Eq. (41), of
course with the difference that /g, is not Killing and a is not
constant any more.

In a subsequent step, one may consider a difference of
relative entropies on two Cauchy hypersurfaces as in
Eq. (42). By monotonicity of relative entropy, this differ-
ence is non-negative, as expressed in Eq. (43). Via Eqgs. (44)
and (45), one is again led to a relation that generalizes
Eq. (46), namely,

AS(pllo)

— [ d'xya(-30) + V,5'(0)
— BV, [T7(p) = T ()] = @V, [NV (p) ~ N¥(o)]
— (VBT () = T*(0)] — (0,0)N*(p) ~ N¥(a)]}
<0. (57)

One may use the definition of the entropy current (56)
which allows us to simplify Eq. (57) to

AS(plle) = [ dx/3l-8(p) + Typ¥(o)
= BV, T(p) — a¥,N¥(p)
— (V)T () - (B, 00N (p)} <0. (58)

In a situation where the bath fluid exchanges, no energy,
momentum, or particle number with the fields of interest,
the second lines in (57) as well as (58) drop out, and we are
left with

8(pllo) = —8(p) + Vus(0)

~ SV + VBT (p) ~ ()]

— (9,a)[N*(p) = N*(0)]
= —Q(p) + VMW”(G)
— (V.8,)T"(p) — (0, 0)N*(p)} < 0. (59)

Here we wrote the change in relative entropy in a local way
as was done already in Eq. (48).

F. General exponential density matrices

It is interesting to study a class of density matrices which
one may call general exponential density matrices. This
class generalizes global and local thermal equilibrium
density matrices further and is of the form

1
0 = Zexp [/ dZﬂ{—hﬁ/jT“ﬁ - lﬁN“}} ; (60)

with the (nonequilibrium) partition function

Z= Tr{exp U dE,{=H,, T - l’f,N”}] } (61)

The energy-momentum tensor 7% (x) and particle number
current N*(x) should here be considered as operators, while
the coefficients /;(x) and 4 (x) are parameter fields.

Note that for a given hypersurface X, with local normal
vector n,(x), only some components of the parameter
fields, namely, the contractions n,, (x)h;(x) and n,,(x)l6(x)
actually enter Eq. (60). In contrast, the components
orthogonal to the surface normal vector field n#(x) could
be changed without changing the density matrix o. In this
sense, there are precisely as many independent components
of the parameter fields as there are components of the
energy-momentum tensor and particle number current. One
can understand the parameter fields as Lagrange multiplier
fields that can realize unrestricted local expectation values
(T*(x)) and (N*(x)). In particular, these expectation
values are not bounded to be of the thermal equilibrium
or ideal fluid form.

A nice feature of Eq. (60) is that one can again express
the von Neumann entropy S(o) in terms of expectation
values and the partition function,

S(o) = -Tr{cIno}

~In(2) + / a5, (W, T(0) + EN“(0)}.  (62)

If now the logarithm of the partition function (the
Schwinger functional) is itself local and can be written
as in Eq. (55) (this must be tested), one may define for the
class of density matrices in (60) the local entropy current
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s#(0) = =Hy, T (0) — lLN*(0) + w(a),  (63)

such that

S(o) = — / ds, s (). (64)

The relation AS(s) >0 implies again the local relation
V,s#(6) > 0 for the class of states (60), provided their form
is preserved by the corresponding CPTP time evolu-
tion map.

Another advantage of the exponential form (60) is that
one can determine the relative entropy of some state p
relative to such a state o,

S(plle) =Tr{p(Inp —Ino)}

—=S(p)+n(2,) + [ A%, {H, T () + EN(p))

—=S(p) 4 5(0) + [ %, {1y T9(p) = (o)
+ BV () - N(o)]}

—=S(p)+ [ dz,{-s"(0) + 1y T(p) = (o)
+ BV () ~N*(0)]). (69)

In the last equation, we have used the definition of the
entropy current s (o) associated with the density matrix o
in Eq. (63).

Let us stress that (60) for some given form of the
parameter fields /2,,(x) and l5(x) is in general not the
result of a unitary time evolution. Instead, the evolution
operators from one hypersurface to another is a CPTP map
N . In this sense, the class of density matrices in (60) should
be seen as describing open quantum systems. Applying the
same evolution map to p leads as before to an inequality as
in Eq. (43). This can again be made local, in generalization
of but analogous to Eq. (59).

V. CONCLUSIONS AND OUTLOOK

We have investigated here how the second law of
thermodynamics can be formulated with quantum relative
entropy. For open quantum systems, which can exchange
quantum information with an environment or heat bath, the
time evolution is not unitary but given by a more general
CPTP map. For classes of CPTP maps that leave equilib-
rium states invariant, the second law is a consequence of the
monotonicity property of relative entropy. We have recalled
this construction for generic quantum states in Sec. III.

Our main focus here was, however, to investigate local
versions of the second law from this perspective, as they are
being used e.g., in relativistic fluid dynamics. In a relativ-
istic quantum field theory, it is useful to consider besides

global time evolution also evolution maps between more
general Cauchy (hyper) surfaces, and this is particularly
convenient to investigate local dynamics. We have specifi-
cally concentrated on situations where the Cauchy surfaces
change only in a localized space-time region bounded by
two light cones. For quantum field theories coupled to an
external bath fluid, we have formulated local versions of the
second law in terms of relative entropy. We have also
discussed how the same relation could be formulated with
relative entanglement entropy. The construction works with
an external bath fluid in global equilibrium such that a
reference state that is itself in equilibrium is left invariant,
but it can also be extended to more general situations where
this reference state is a local generalization of the equilib-
rium state or an even more general density matrix of
exponential form in the energy-momentum tensor and
conserved particle current operators.

In future work, it would be important and interesting to
check the scenarios we have laid out here for concrete and
realistic quantum field theories. This implies also that
appropriate (functional) methods need to be developed.

We have concentrated here on open quantum systems
where the second law is in fact easier to understand than for
closed quantum systems. For the latter, the evolution with
time or between Cauchy surfaces is actually unitary, so that
the global von Neumann entropy for the entire system is
conserved. Also the relative entropy between two density
matrices is then conserved.

Interestingly, a local version of the second law and local
thermalization may nevertheless arise, as long as one
considers only local observables. As we have discussed
in Sec. IV B, it is possible (and in fact likely) that the
quantum information spreads with time over space in the
sense that further quantum entanglement between different
spatial regions is generated. Even for a state that is far from
global equilibrium, the reduced density matrix for some
region may be equivalent to the reduced density matrix of a
global thermal equilibrium state, e.g., such that their
relative entanglement entropy vanishes. Thermalization
could occur locally but not globally. For a finite and
isolated quantum system, a similar scenario would be in
conflict with the possibility of quantum recurrences, but for
a relativistic quantum field theory in an infinite space it is
likely that these cannot occur.

In such a scenario, relativistic fluid dynamics would arise
as an approximation to the full quantum field dynamics that
describes local observables, but neglects some amount of
nonlocal entanglement. It may be possible to approximate
the originally unitary time evolution with a suitable coarse-
grained variant constructed along these lines and this would
then be a (C)PTP map similar to the one that arises for open
quantum systems. In the future, it would be interesting to
investigate this scenario in more detail for concrete quan-
tum field theories, both theoretically and—within model
systems—experimentally.
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