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As a modified gravity theory that introduces new gravitational degrees of freedom, the generalized
SU(2) Proca theory (GSU2P for short) is the non-Abelian version of the well-known generalized Proca
theory where the action is invariant under global transformations of the SU(2) group. This theory was
formulated for the first time in Phys. Rev. D 94, 084041 (2016), having implemented the required
primary constraint-enforcing relation to make the Lagrangian degenerate and remove one degree of
freedom from the vector field in accordance with the irreducible representations of the Poincaré group. It
was later shown in Phys. Rev. D 101, 045008 (2020) and 101, 045009 (2020) that a secondary constraint-
enforcing relation, which trivializes for the generalized Proca theory but not for the SU(2) version, was
needed to close the constraint algebra. It is the purpose of this paper to implement this secondary constraint-
enforcing relation in GSU2P and to make the construction of the theory more transparent. Since several
terms in the Lagrangian were dismissed in Phys. Rev. D 94, 084041 (2016) via their equivalence to other
terms through total derivatives, not all of the latter satisfying the secondary constraint-enforcing relation,
the work was not so simple as directly applying this relation to the resultant Lagrangian pieces of the old
theory. Thus, we were motivated to reconstruct the theory from scratch. In the process, we found the

beyond GSU2P.

DOI: 10.1103/PhysRevD.102.104066

I. INTRODUCTION

Whether a classical description of the gravitational
interaction is fundamental or effective remains a mystery.
What is certain is that, no matter whether the fundamental
theory of gravity is classical or quantum, and despite its
enormous experimental success [1-13], Einstein’s theory
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of gravity is an effective theory [14—16]. The inevitable
presence of singularities in general relativity (GR) [17,18],
even assuming the validity of the cosmic censorship
conjecture [19-21], points to a breakdown of the theory.
Should the breakdown take place in the infrared, the new
theory that encompasses GR might give us some insight
about the true nature of the current accelerated expansion
of the Universe. The breakdown might take place in the
ultraviolet, helping solve the renormalizability problems of
GR and illuminating the way to a quantum description of
gravity. Of course, the breakdown might take place in both
the infrared and the ultraviolet. Another option is at an
intermediate scale, in the strong gravity regime, which is
particularly interesting because the very young multi-
messenger astronomy is giving us, and will continue
doing it, valuable information about the behavior of

Published by the American Physical Society


https://orcid.org/0000-0002-9126-9130
https://orcid.org/0000-0002-9830-7128
https://orcid.org/0000-0002-3618-9824
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.104066&domain=pdf&date_stamp=2020-11-30
https://doi.org/10.1103/PhysRevD.94.084041
https://doi.org/10.1103/PhysRevD.101.045008
https://doi.org/10.1103/PhysRevD.94.084041
https://doi.org/10.1103/PhysRevD.102.104066
https://doi.org/10.1103/PhysRevD.102.104066
https://doi.org/10.1103/PhysRevD.102.104066
https://doi.org/10.1103/PhysRevD.102.104066
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

GALLEGO, RODRIGUEZ, and GOMEZ

PHYS. REV. D 102, 104066 (2020)

gravity at the scales associated to compact objects such as
black holes and neutron stars.' We might, therefore, be on
the verge of a scientific crisis and a new revolution in
physics, in the sense of Kuhn [23].

Over the years, several approaches have been proposed
to classically extend FEinstein’s theory of gravity (see
Ref. [24] for a review). Perhaps the simplest one, at least
in its conception, is giving mass to the gravitational carrier
[25]; nevertheless, starting from the Fierz-Pauli action [26]
and arriving to the de Rham-Gabadadze-Tolley (dRGT)
ghost-free massive gravity [27], the introduction of a
massive graviton has shown to be a difficult challenge.
Another possibility is adding space dimensions while
preserving the second-order differential structure of the
field equations and keeping untouched the gravitational
degrees of freedom; this is the proposal derived from the
Lovelock program [28,29], as the only curvature invariant
that satisfies these requirements in four spacetime dimen-
sions is the Einstein-Hilbert term. A third alternative is
invoking new gravitational degrees of freedom, the simplest
of them being a scalar field; the first proposal in this regard
was the well-known Brans-Dicke theory [30], but this has
turned out to be just a particular case of a whole family of
Lagrangians that comprise the, nowadays very famous,
Horndeski theory [31-38]. The purpose of preserving the
second-order differential structure of the field equations is
to remove the Ostrogradski ghost [39—42] that makes the
ground state unstable in the presence of interactions.
Notwithstanding, this is not the only way to remove the
Ostrogradski ghost, although it is the most transparent; the
degeneracy of the kinetic matrix associated to the degrees
of freedom of the theory can be invoked so that primary
constraints among the phase space variables are generated
[43]—in this way, the unwanted degrees of freedom can be
removed [44] even when the differential structure of the
field equations is higher order. This idea was put in action
with the introduction of the beyond Horndeski theory
[45,46] and later generalized to what is now known as
the degenerate higher-order scalar-tensor theory (DHOST)
[47-49], where a plethora of Lagrangians rose up to the
surface. The application of this idea to the Lovelock
program has, nonetheless, not been fruitful [50], which
is, paradoxically, very suggestive. A fourth alternative is
considering other geometric formulations of gravity, i.e.,
considering not only the curvature but also the torsion and
the nonmetricity as the protagonist geometric objects in the
description of the gravitational interaction [24,51-53]. This
has a long history starting from the Einstein-Cartan theory
[54,55], which involves curvature and torsion but leaving
aside the nonmetricity, to the coincident gravity proposal

At these scales, however, there might be some contributions
from the ultraviolet-complete theory. This means that the regime
of validity of the modified gravity theory must also be ensured
before applying constraints that belong to other scales or
frequencies [22].

[56], where the nonmetricity is the sole protagonist. Of
course, there are more possibilities, some of them with
remanent harmless ghosts, they being, therefore, effective
theories.

The introduction of new gravitational degrees of freedom
has not been kept only in the realm of a scalar field.
Multiple scalar fields have been considered in what are
called the multi-Galileon theories [57-60]. More tensor
fields can be considered as well, as in the bimetric theory
[61] which introduces an extra spin-two metric. The intro-
duction of vector fields [62-66] and p-forms [67-69] has
also been investigated. Even the mixture of a scalar and a
vector field, together with gravity, has been explored [70].
Each one of these proposals has its own motivations, which
we will not describe here except for those related to the
introduction of vector fields.

The most frequent question when we speak about vector
fields in gravity and/or cosmology is, why introduce them?
We think the right question is, why not? At the end of the
day, and being pragmatical, we have observed many more
vector fields in nature than fundamental scalar fields. We
have to be careful with the problems they can generate:
ghosts, anisotropies in cosmology, etc., but this does not
preclude their study. In fact, the role of vector fields in
gravitation, astrophysics, and cosmology has attracted a lot
of interest in recent years (see Refs. [24,71-73] for some
reviews), culminating in the construction and study of what
is called the generalized Proca theory [62—66]. This is the
Proca theory [74,75], in curved spacetime, devoid of
internal gauge symmetries and can be seen as the vector-
field version of the Horndeski theory.2 By construction, it is
plainly degenerate in order to avoid the propagation of a
fourth degree of freedom which clearly disagrees with the
structure of the irreducible representations of the Poincaré
group. Its decoupling limit, in contrast, reduces to the
Horndeski theory.

The generalized Proca theory has been well studied in
astrophysics and cosmology [62,78-87]. In the latter,
however, special attention has been paid because of the
anisotropies that a vector field produces, inherent to its
nature, both in the expansion of the Universe and in the
cosmological perturbations. Such anisotropies can easily
go beyond the observational constraints, so it is necessary
to take some measures such as the rapid oscillations of the
vector field [88], the dilution of the vector field by a
companion scalar field [89], the suppression of the spatial
components of the vector field against its temporal com-
ponent (what is called the temporal gauge setup) [79], or
the implementation of a cosmic triad of vector fields’ that
restores the isotropy [90-94]. The latter proposal has been

*For the U(1) gauge-invariant version of the generalized Proca
theory in flat spacetime see Ref. [76] and in curved spacetime see
Ref. [77].

The cosmic triad is a set of three vector fields mutually
orthogonal and of the same norm.
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investigated in different contexts and finds a natural home
in the presence of an internal SU(2) symmetry [95-99].
Indeed, the temporal gauge setup and the cosmic triad are
two of the four possible setups that are compatible with a
spatial spherical symmetry and that are realized under an
internal SU(2) symmetry [100-102]. This was the main
motivation behind the formulation of what was baptized as
the generalized SU(2) Proca theory (GSU2P for short)
[103] (see also Ref. [104]). The possible setups mentioned
above spontaneously break the internal (global) SU(2)
symmetry along with the Lorentz rotational symmetry
and Lorentz boosts, leaving, however, a diagonal spatial
rotation subgroup unbroken. The isotropic expansion of the
Universe can then be naturally modeled with any of the four
setups or linear combinations of them without resorting to
fast oscillations or other (scalar) fields. The price to pay,
however, which is the spontaneous breaking of the Lorentz
invariance, is, anyway, extraordinarily reasonable, since
this seems to be nature’s strategy to produce all the patterns
we see in condensed matter systems (fluids, superfluids,
solids, and supersolids; see Ref. [105]). Indeed, according
to the pattern classification in Ref. [105], what would be the
condensed matter analogs of the temporal gauge setup and
the cosmic triad in the GSU2P are the, yet unobserved,
type-I and type-II framids, respectively. The application of
the GSU2P to dark energy and inflation has been explored
in Refs. [106,107] and its stability properties in Ref. [108].

The GSU2P was built in Ref. [103] (see also Ref. [104])
having in mind the primary constraints required to remove
the fourth degree of freedom.* To that end, a primary
constraint-enforcing relation related to the primary Hessian
of the system was employed. This was done in flat
spacetime following the standard procedure of later cova-
riantizing not before having removed redundant terms in
the obtained action via total derivatives. Later on, two
caveats were recognized. First, the constraint algebra was
not closed only with the primary constraints, at least for
theories involving more than one vector field® [109,110]; a
secondary constraint was identified that closed the con-
straint algebra and that, therefore, pointed out to the
existence of ghosts in the GSU2P. Second, the redundant
terms in flat spacetime turned out to be not necessarily
redundant in curved spacetime, which would lead, for sure,
to new terms not uncovered in Ref. [103]; indeed, such a
remark led two of us to rediscover the beyond Proca terms
in Ref. [111], they being the vector analogous of the
beyond Horndeski terms, already obtained in Ref. [112].
Reformulating the GSU2P in order to implement the
secondary constraint-enforcing relation seemed at first
sight very easy, because it was a matter of applying this

4Concretely, the temporal component of the vector field.

The constraint algebra of the generalized Proca theory, the
latter being a theory that involves just one vector field, turned out
to be trivially closed.

relation to the “old” GSU2P and seeing what the result
would be. However, this turned out to be impractical, since
many terms had disappeared when employing the total
derivatives. Moreover, the total derivatives employed sat-
isfied the primary constraint-enforcing relation but not
necessarily the secondary one, so repairing the old theory
quickly became quite a big deal and, therefore, unworthy.
The purpose of this paper is to build from scratch the
GSU2P, paying attention to the two caveats already
mentioned and following a style of construction based
on the decomposition of a first-order derivative 9, A7 of the
vector field Ay into its symmetric,

Sy, = 0,A7 + 0,A7, (1)
and antiSymmetric part,
Af, = 0,A7 — 0,Aj. (2)

Employing this decomposition will simplify things and
allow us to deal with a lower number of Lagrangian
building blocks as compared with Ref. [103]. In the
process, we will find the beyond GSU2P.

The layout of the paper is the following. In Sec. II, we
will enumerate the requirements for the construction of the
GSU?2P. In Sec. III, we will show how an arbitrary function
of Ay, and Aj satisfies both the primary and secondary
constraint-enforcing relations, leaving only the work of
finding the right terms in the action involving at least one
Sy In Sec. IV, we build the Lagrangian involving one
derivative and two vector fields. Similar procedures are
followed in Secs. V-VIII, where we obtain the Lagrangians
involving one derivative and four vector fields, two
derivatives only, two derivatives and two vector fields,
and three derivatives only, respectively. In all these cases,
the number of spacetime indices in the Lagrangian building
blocks before contractions with the primitive invariants
of the Poincaré group is less than or equal to six. We
prefer to keep the construction of the theory up to this level
since, as shown in Ref. [103], the number of Lagrangian
building blocks we have to consider scales very fast
when more spacetime indices are considered. Finally, in
Secs. IX and X, we compare the “new” or “reconstructed”
GSU2P with the old GSU2P and with the generalized Proca
theory, respectively. Section XI is devoted to the conclu-
sions. Throughout the text, Greek indices are spacetime
indices and run from O to 3, while Latin indices are internal
SU(2) group indices and run from 1 to 3. The sign
convention is the (+ + +) according to Misner, Thorne,
and Wheeler [113].

II. REQUIREMENTS FOR THE
CONSTRUCTION OF THE THEORY

The GSU2P must be built having in mind the following
criteria:
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(1) The action must be, locally, Lorentz invariant
(although the symmetry may be nonlinearly
realized).

(2) The vector field must transform as the adjoint
representation of the global transformations belong-
ing to the SU(2) group [114-116]. Accordingly, the
action must be invariant under these transformations.

(3) The primary constraint-enforcing relation H% = 0,
where

L
OALOAL’

wo_
Hab =

(3)

is the “primary” Hessian and a dot means a time
derivative, must be satisfied in flat spacetime in
order to make the Lagrangian degenerate. This is a
necessary condition to remove the unwanted degree
of freedom [62,63].
(4) The secondary

HY = 0, where

constraint-enforcing  relation

oL
DAL oAY”

P _
ab —

4)

is the “secondary Hessian” and the brackets mean
unnormalized antisymmetrization, must be satisfied
in flat spacetime so that the primary constraint holds
at all times.” This condition together with the
preceding one are necessary and sufficient to remove
the unwanted degree of freedom in flat spacetime
[109,110].

(5) The decoupling limit of the theory must be free of
the Ostrogradski ghost as must happen since the full
theory is free of it. This implies that the scalar limit
of GSU2P must belong to the non-Abelian extension
of the multi-Galileon theory [57-60,103] or any of
its beyond or DHOST versions.

1. 2Z,

All the Lagrangian pieces £4 built exclusively from
contractions of Ay, and Ay with the primitive invariants of
the Lorentz group7 [114-116], collected in a generic
Lagrangian piece called £,(A{,. A¢), satisfy automatically
both the primary and secondary constraint-enforcing rela-
tions thanks to the antisymmetry of Aj,. To see it, let us
calculate the primary and secondary Hessians. First of all,

®This condition bears a great resemblance to that obtained in
Refs. [117,118] for mechanical systems with multiple degrees of
freedom.

"They may, of course, either preserve or violate parity.

aLs  aLs 0As, oL

e — = &0 858
DAL OAS, DAL DA5, v
A A A
_ aﬁé B 8£6f _ s 8.6(;- . (5)
aA/J;t p=0 aA/m' c=0 8A/’ﬂ p=0

Any possible ambiguity in the second line of the previous
equation is clarified having in mind that £2 is always
written as Ag, contracted with an antisymmetric tensor.®
Thus,

oA

el
DALOAL

orca 0AG,
3Aﬁu3A§ﬂ p=0 8145
el
OAS,0A%,| o 1@
oL
=2 a I b
0A5,0A,,
o*Lh
— 4a71b .
aApyaAm/ p=0,a=0

=2 &5
o2 LA

b
9AROA 51050

p=0,a=0

(6)

The primary constraint-enforcing relation is, therefore,
satisfied:

oL

M =45 o
DA4,0AL,

~0 (7)

p=0.,4=0,a=0

because of the antisymmetry of Ay, .
Regarding the secondary constraint-enforcing relation,
we obtain from Eq. (5)

022
DALOAS

2L
A4 DAL

; (8)

p=0
which leads to the secondary Hessian

o*Lh
0Al AL

/00 __
ab —

p=0,4=0,0=0

in view, again, of the antisymmetry of Ay, .

Hence, we can conclude that the £, (A, , A%) Lagrangian
piece satisfies automatically the first and secondary con-
straint-enforcing relations necessary to propagate only
three degrees of freedom. This is the reason why such a
Lagrangian piece is so particular, differing in its structure
and arbitrariness from the other Lagrangian pieces we are
going to describe in the following. On the other hand, the
generalization of £, to curved spacetime is straightforward.

8Except for the case where no Aj, tensors are involved.

. LA .
However, in such a case, = 0 automatically.
"
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IV. ONE DERIVATIVE AND
TWO VECTOR FIELDS

Lagrangian building blocks constructed from one deriva-
tive and two vector fields, linearly independent from £,, are
terms of the form S, A A, which, as can be seen, involve
four spacetime indices. Group theory tells us that four
building blocks can be constructed upon contractions of
S,,A,A, with the following tensors [114-116]:

9v9°,
97q”,
9gr,
e, (10)

where ¢"* is the contravariant Minkowski metric and e**/°
is the Levi-Civita tensor. Thus, the only building blocks
either different than zero or with the potential of becoming
different than zero after adding the internal group indices
are the following:

Su(A-A),
S, AFA. (11)

The addition of the internal group indices leads to terms of
the form S“A”A°¢ that involve three internal group indices
and which, from group theory [114—116], can be contracted
only with the totally antisymmetric tensor eabcz9

Sllja (Ab ' Ac)eabc’
S, AR AVCe .. (12)

Such terms vanish because of the antisymmetry of €., so
we conclude that there do not exist terms in GSU2P,
linearly independent of £,, that involve one derivative and
two vector fields.

V. ONE DERIVATIVE AND FOUR
VECTOR FIELDS

A. The Lagrangian building blocks

Lagrangian building blocks built from one derivative and
four vector fields, linearly independent of £,, are terms of
the form S,,A,A,A,A; that involve six spacetime indices.
Group theory [114-116] tells us that, in this case, the
building blocks are constructed upon contractions of
S,,A,AzAAp with the following 15 permutations of the
product of three spacetime metrics:

This tensor represents the structure constants of the SU(2)
group. See, in particular, the Misner, Thorne, and Wheeler
treatise on gravitation [113] for a description of the SU(2) group
as a manifold endowed with a metric g,;, and an orientability form
described by €,

Al ais

el

A

9°g° 9",

7997,

77 g7,

797 g?,

799",

77979,

7g7 g,

7g°q”,

7979,

97979,

97979,

9799, (13)
as well as with the following ten products of a spacetime
metric and a Levi-Civita tensor:

GPenob

gl

gaenob,

gvﬁeuﬂm,

e,

el

gPervon,

el

gPervra,

gPervre, (14)
Another five contractions of the form ge are possible, but
they are not linearly independent because of the property

gﬂvepaaﬂ — gvpelwaﬂ — gweﬂpaﬂ
+ gvaeuﬂaﬂ — gvﬁ'eﬂpoa. (1 5)
Thus, only three building blocks either are nonvanishing or

have the potential of becoming different than zero once the
internal group indices are added':

'%From now on, the starred Lagrangian building blocks and
total derivatives will be those that vanish according to the
Poincaré group but that otherwise survive when considering also
the SU(2) group.

104066-5



GALLEGO, RODRIGUEZ, and GOMEZ

PHYS. REV. D 102, 104066 (2020)

Si(A-A)(A-A),

S, AFAY(A - A),

S, AYAAA ﬂef“’“/’. (%) (16)
When adding the internal group indices, these terms
acquire the form S?A?A°A?A¢ which can be contracted,
according to group theory [114-116], only with the

following six products of an internal group metric and
the respective structure constants:

YGab€cde>
YGac€bde-
Gad€bee>
Gbc€ades
9pd€ace>
Yed€abe- (17)

Another four contractions of the form ge are possible, but
they are not linearly independent because of the property

ac€pcd = Gab€cde — Yac€pde T Jad€pce- (18)

Therefore, there exist only four linearly independent
building blocks in GSU2P that involve one derivative
and four vector fields:

L4 = SAM A (A Ay,
L3 = SuALATAGAGE Ve e,

L3 = S5, A A" ALASe ey,

L3 = Sj AP ABAGAGE " Pe .. (19)

B. The Hessian constraints

The Lagrangian is, hence, written as a linear combination
of the Lagrangian building blocks of Eq. (19):

4
L= xLi, (20)
i=1

where the x; are arbitrary constants. Because only one
derivative has been considered, the primary constraint-
enforcing relation is satisfied automatically. Regarding the
secondary constraint-enforcing relation, the secondary
Hessian gives the following result:

/Flg(l)r = 2{_AOC(A[IJ : Ae)ea]ce — A% (Ac : Ae)e[ab]e
+ A?bAOCAoeea]ce + AoeAOCA(e)e[aMbﬂxl
— 24,1 AGAGEY P € by e (X3 = X4), (21)

which can vanish only if

X1 = 0,
X3 — Xy = 0. (22)

Thus, the Lagrangian that satisfies the constraint algebra is
given by

C. Total derivatives

Although the Lagrangian in Eq. (23) satisfies require-
ments 1-4 in Sec. II, some of its Lagrangian pieces might
be redundant, compared to £,, via total derivatives. To
find it out, we must proceed to build all the possible total
derivatives of currents involving five vector fields. To this
end, we must follow a path similar to the ones in
previous sections, i.e., employing group theory. In this
way, a term of the form 9, (A,A,A,A,Az), which involves
six spacetime indices, must be contracted with all the
terms in Egs. (13) and (14). However, the Lagrangian
pieces we are interested in, £3 and L3 + L3, explicitly
violate parity. Therefore, only the terms in Eq. (14) are
actually needed. This leads to just one term that satisfies
the requirement of either being nonvanishing or having
the potential of being nonvanishing once the internal
group indices are added:

d,[(A - A)AaAaAﬂ]el‘"“ﬂ.(*) (24)

The addition of the internal group indices leads to terms
of the form O(A“A’A°A9A°) that involve five internal
group indices. Therefore, they must be contracted with
all the terms in Eq. (17), which results in

all‘]lll = aﬂ[(Aa 'Aa)AgAgA;]eﬂgaﬁecdei
O = 0,[(A” - AV)A AL b by, (25)

These total derivatives can be expressed in terms
of Lagrangian building blocks involving one derivative
and four vector fields, which is the key to observe
whether some of the two Lagrangian pieces in
Eq. (23) are redundant:

104066-6
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1 .
3 245, ALASAGAS,
+ 3A5,AGA5(AY - AP e,

+ L3,

0,1 =

1
5 AL A" AL AGAS

+ AaA ”bA(mAdAe
+ (A AP)A,, AGAS
+2(A“ AP)A L AL AS e P ey,

o

0, =

P03+ L), (26)

We can see that, even after covariantization, the two
Lagrangian pieces in Eq. (23) can be removed, via total
derivatives, in favor of terms already contained in £,.
Now, from the previous two expressions and the results
of Secs. IIl and V B, we can see that it is legitimate to
employ 0,Jf and 0,J%, since they satisfy the Hessian
constraints. Therefore, the conclusion is that there do not
exist terms in GSU2P, linearly independent of £,, that
involve one derivative and four vector fields.

VI. TWO DERIVATIVES
A. The Lagrangian building blocks

When dealing with two derivatives only, the Lagrangian
building blocks, linearly independent of L,, acquire two
possible structures: either A,,S,, or §,,S,,. In both cases,
the number of spacetime indices is four, so we have to

contract with all the terms in Eq. (10). This results in

SSh,

S, S*, (27)
these terms being the only ones that either do not vanish or
have the potential of being nonvanishing once the internal
group indices are added. Indeed, when this is done, these
terms acquire the form $¢S? which can be contracted only
with the group metric g,;, [114-116]. Thus, the Lagrangian
building blocks are

Ly = Si"Sha,
L3 =848 (28)

B. The Hessian constraints

The Lagrangian is therefore written as a linear combi-
nation of the Lagrangian building blocks of Eq. (28):

2
L= xLi (29)
i=1

where the x; are arbitrary constants. Since this Lagrangian
involves only vector fields through spacetime derivatives,
the secondary constraint-enforcing relation is satisfied
automatically. Regarding the primary constraint-enforcing
relation, the primary Hessian gives the following result:

Hop = =89apg™ (x1 + x2), (30)
which vanishes only if
X1 + Xy = 0. (31)

Thus, the Lagrangian that satisfies the constraint algebra is
given by

£ =x(C}~£3). (32)

C. Total derivatives

Again, it is absolutely necessary to test if the Lagrangian
in Eq. (32) is not already included in £,. To this end, it is
necessary to build the total derivatives of currents built with
one derivative and one vector field. These terms, being of
the form 0,[A,(0,A,)], involve four spacetime indices, so
that they are constructed by means of contractions with the
terms in Eq. (10) except for the last one in that equation as
the Lagrangian piece we are interested in, L} — L3,
explicitly preserves parity. In this case, none of the terms
vanishes, so we end up with three possible total derivatives:

0

"

0
0

u"

S

(9~ A)l,

A (0"A%)],
[A, (07 A")]. (33)

=

Since these terms are of the form A[A%(DA?)], once the
internal group indices have been added, they can be
contracted only with a group metric. Thus, the total
derivatives we have been looking for are

8ﬂj’f = a,,[Aﬂa(a Al
8,,]’2‘ = Gﬂ [A9(O+AY)],
all‘]g = aﬂ [AS (aDA’al)}- (34)

It is easy to see that these total derivatives, in their actual
form, are anyway useless, because they lead to terms
involving second-order derivatives in addition to the ones
we are interested in which involve just two first-order
derivatives. The only way to circumvent this situation, at
least partially but enough, is to construct the linear
combination
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9,4 = 9,04 —0,J4
1 1

— - LARAY (- L)+ 400, 005 69

that removes the second-order derivatives, since the com-
mutator in the last line trivially vanishes in flat spacetime.
Indeed, from this result and the findings in Secs. III and VI
B, we can see that employing 8ﬂ7’1’ is allowed, since it
satisfies the Hessian constraints. The Lagrangian in
Eq. (32) is, in consequence, already contained in £, in
flat spacetime up to a total derivative. Things, however, are
different in curved spacetime.

D. Covariantization

As is usual the case, the covariantization of Eq. (35)
implies the replacement of partial derivatives with space-
time covariant derivatives and of the Minkowski metric
with an arbitrary spacetime metric. Thus, the curved
spacetime version of Eq. (35) reads

S T . ,
VIl = = ALY + (L) = L3) + AV, VA

1 v 1 a v
— G ARAT 4 (L) L) AR, AL (36)

where R, is the Ricci tensor. Then, we can conclude that
the Lagrangian in Eq. (32) is actually independent of £, in
a nonredundant way in curved spacetime, whereas it is
already included in £, in flat spacetime. To remind the
reader of this fact, we will in the following deal with
A*R, AY instead of L) — L3.

E. The decoupling limit

The Helmholtz theorem tells us that any vector field A,
can be decomposed into its transverse part, a divergence-
free vector field A, and its longitudinal part, the gradient
of scalar field V

Ay=A, +V,x (37)

The decoupling limit of GSU2P, understood as an effective
field theory, which corresponds in this case to the replace-
ment Aj; — V”n'“, must also be a healthy theory; i.e., it
must be free of the Ostrogradski instability. Examining the
term A*“R,, A7, we can observe that its decoupling limit
VEr“R,, V¥ 1, is not healthy, as the field equation resultant
of the variation of the action with respect to z¢ leads to a
term proportional to V¥R, i.e., a higher-order term. To
avoid such a pathological behavior (see Ref. [34]), it is
necessary to add —R(A“ - A,)/2 as a counterterm, R being
the Ricci scalar:

1
Ly4o = AR, AL — ER(A” “A,) =G, AMAL (38)

where G, is the Einstein tensor. Indeed, this Lagrangian is
healthy in the decoupling limit because of the divergence-
less character of G,,,. Our conclusion, different than the one
encountered in Ref. [103], where no term with just two
derivatives was found while G, A#*?A} was just postulated,
finds its origin in the fact that the total derivative in Eq. (35)
was first covariantized and later employed (not) to dismiss
some terms in favor of others. This way of proceeding was
identified in Ref. [111], and it is the mechanism to uncover
the beyond SU(2) Proca terms as we will later see. To
finish, the notation L4 is introduced in Eq. (38) to label
this Lagrangian as one that involves (or comes from) two
derivatives (this is the reason for the 4) and no vector fields
(this is the reason for the 0).

VII. TWO DERIVATIVES AND TWO
VECTOR FIELDS

A. Lagrangian building blocks

Lagrangian building blocks built from two derivatives
and two vector fields are terms of the form A,,S,,A,Ay or
S8 psAqAp that involve six spacetime indices. In order to
uncover them, we must contract with all the terms in
Egs. (13) and (14). As a result, the Lagrangian building
blocks that either do not vanish or have the potential of
becoming different than zero once the internal group
indices are added are the following:

A SEAYAC,

A, SHARAY,

A SLA LAz ()
AMDSﬁAaAﬂe”Wﬁ, (*)
A S,y AP A g,
SuSp(A - A).

SLS,, APAT,
S, (A - A),

S SLAYAC,

SﬂvSI(JrAaA/ieﬂmlﬁ'(*) (39)

When the internal indices are added, these terms are of the
form A?}SbACAd or S?SPACAY; ie., they involve four
internal group indices. So, in order to obtain the
Lagrangian building blocks, and according to group theory
[114-116], we must contract with the following products of
two group metrics:
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YabYcd>
Yac9bd>
Y9ad9bc-

HY = —2A2A4% g, (x) + 2x15 + 2x16)

(40)

This results in the following 19 Lagrangian building blocks

linearly independent of £,:

L} = Al S5.A*A?,
L} = A, S5 ALAS,
L = A, Se AL,
L4 =A% S ALAY,
L5 = AL, S A Appe ™,
Ei = AZuSZbAaaAﬁhG” vap,
L] = AL,S 0, AP Ag e P,

uvpoa
5481 = AZI,SZO.A/:;A/}I,E”DO—/},
9 _ b AP
Ly = AZDS,,UAbAﬂae"””/},

L) = Si'Sha(A - A,),
L' = Su"Sp Ay - Ay),
L = Si*S,0aAT AL,
L = S sh,ALAY,
Lyt = 85,84 (A A,),
Ly =SSP (Ay - Ap),
L1° = S5, S5aA* AL,
LY = 59,88 Ax Ae

L1 = S,S6 ALAT,

LY = 82,8 A A g .

B. The Hessian constraints

a
= 2A0A% g% gap (%) = 2x12 = 2xy6)
—2A%AY (x5 — x4 + x13 + 2x7)
— 2A0AD 6™ (xy + x3 = 2x13 = 2x17 — 2x1g)
= 2ADAY (x5 + x4 + X33 + 2x15)
— 26" A, Ap, (x5 + 2x5 — 2x19)
—8(A - A) g% gap (x10 + X14)
—8(A, - Ap)g™ (x11 + x15), (43)

whereas for the secondary Hessian

HIY = —2A%,A° (X1 = x3 — x4)

— 2A‘§7‘Sg|a](2x12 — X3 + 2x16 - leg)

- 2€ﬁaOGAa[a|A/3a\b] (x() —x7 + XS)

+ 2A?H\Sg|b] (4)610 - 2)6“ + 2X12 - X13)

—4A?a5(b)?(2x14 — X5 +X16 —X17). (44)

Both expressions vanish, therefore, only when the follow-
ing 11 constraints are satisfied:

(41)

The Lagrangian is written as a linear combination of the
Lagrangian building blocks found in the previous section.

Thus,

19
L= xLi
i=1

x; =0,

X3 = —X3,

X4 = Xo,

Xg = —Xg + X7,

X3 = 4x19 — 2x11 + 2xq3,

X14 = —X105

X15 = —X11»

X16 = —X12,

X17 = =2x19 + X1 — Xq2,

X1y = —2x19 + X1 — Xq2,

X10 :%+x6. (45)

Thus, the Lagrangian that satisfies the constraint algebra is
given by

CII

where the x; are arbitrary constants. Since the Lagrangian
involves two derivatives and two vector fields, none of the
Hessian constraints is trivially satisfied in this case.
Performing the calculations, we find for the primary

Hessian
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C. Total derivatives

With the purpose of establishing which of the
Lagrangian pieces in Eq. (46) are redundant, the total
derivatives of terms involving one derivative and three
vector fields must be constructed. These derivatives are
terms of the form 0,[A,(0,4,)A,Ay] that involve six
spacetime indices, so contractions with the terms in
Egs. (13) and (14) must be done. As a result, the only
terms that either are different than zero or have the potential
of becoming so after introducing the internal group indices
are the following:

0,140 A)(A - A)],

0,1A%(0,4,)APA°),

9,[A,(0"A")(A - A)],

9u[A(0"A")(A - A)],

DAL (0"A)AlAgle ™, (%)
9u[AL(,A)AAgle P (%)
9,[(8,A5)Ap(A - A)]er?P,

,1(0 - A)A, A Azl () (47)

These total derivatives become terms of the form
O[A“(DAP)A°A9] once the internal group indices are added.
Since they involve four internal group indices, contractions
with the terms in Eq. (40) are needed, which results in

DI = 0,[A"(D-A,)(AC- AL
9,05 = 0,[A*(0 - AP)(A, - Ay,
0,05 = 0,[A"(D,A,4)AP°AY),
9,4 = 0,[A"(0, Ab)ALAS),
9,05 = 0,[A"(0, Ab)ATAZ),
9,5 = 0,[A5(0"AZ) (A - A, )],
0ty = 0,[A5 (A ) (A, - Ap)],
0,Js = 0,[AL(¥AL) (A - A,)],

Oty = 0,[A5 (A ) (A, - Ap)].
DIty = 0,|AL(PAD)A A gy)e" ™™
DIy = 0,1AL(0,A)A A gy )€™,

0,y = 0,[(0,A%)Ap,(AC - A,)]e"P7P
[(

I3 =0, 8A”)Ab(A - Ay))error. (48)

All these total derivatives are useless as long as they
produce terms with second-order derivatives. Fortunately,
this circumstance can be redeemed, although not in all the
cases, by building the following linear combinations:

0,4 = 0,0 - 0,J4

1 ‘ .
= — S [ALAT(A - A,) + 28047 A5 AL

(L0 — £l 428 — 20y - 26))
+ A*00,,0,]AL(A° - A,),

9,05 =0,J5 - 0,7,

S IALA (A, 4,) + ASASAL Ay

+ ASAWA, AL

P (CY P L -

+ A*[0,,0,]A

O, — 0, 1"

o+ )
Ub<Aa ! Ab)’
9,4 =

1
:_ZMWA‘A”A”+AWA%AﬂAﬂ

PO
+7 (E}E +2L18

— LY =203 - L} +2L2)
+ A0, 0,)A AP AT, (49)

13 16
Ly =Ly

while in the following cases the problem is automatically
solved thanks to the symmetries of the Levi-Civita tensor:

(ZJZ = 8#./’14 ,
1
- Z [ ZuAprAaaAﬂb + AprA/maAgAﬂb
+ AP A5 ALA 4 €40

1
+Z(£‘1‘9 +203 - L8+ L))

1
+ 5 A0, 0,4 Ay Ay

814‘7’; = 8/4]’{2

= % [Agl,A”ﬁa (A°-A,) + 2A26A;aAﬂaA?]€"p”ﬂ
+ %L:?1
+ %A/;a [aﬂ, 8/,]14“ (Ac - AL.)GM)”/},
0,0t = 0,04,
=1 [Aa AZ/;(Aa “Ap) + AaaAM('aAzAab

+ A Ay AL AZ] 0P
1
+7 (L5 + L35)

+ 1A”[8 3,JA%(A, - Ay)e P (50)

u “p
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However, even like this, these total derivatives continue to a}l (-7 ’3’ +3J lzl)’

be useless unless they satisfy the Hessian constraints. 9,(27" = 37"

Comparison of these expressions with Egs. (43) and (44) - . v

and with the findings in Sec. III reveals that the following Ot 5

linear combinations are the only ones that pass the test: 5‘”]2. (51)

We have now the four total derivatives that will help us remove some redundant terms from Eq. (46). However,
covariantization must be performed first.

D. Covariantization

The minimal covariantization scheme described in Sec. VI D and applied to the total derivatives of Eq. (51) produces the
curved spacetime versions

s 1
V,(J5+375) = (... € Ly) +§(£§ - L3+ L3) +§(£}J —2LB - LP+ LT+ L)+ (L +2LP =Ll — L7 —-L£13)

+AMIRE A APCAT —3AMIR, A(A,-Ap).

opu por

o 1 3
V(235 =370) = (oo € Lo) + (L3 = L34 L) 45 (LR + 2L = L0 = £37 = £1F) =3 (L1 + 4L - L1 - 20 2L })

F2AMIRY, A APCAT +3AMR, AY(A-A,).

opp Ha

~ 1 1
VJs=(...eLly) +5£2 + EAﬁaR“gpﬂAZ(AC A, el
~ 1 1
vﬂ"z = ( - € ‘CZ) +Z (ﬁzl + Eégl) =+ EAZRaﬁpﬂAfl(Aa . Ab>€”p6ﬂv (52)

where (... € £,) means terms belonging to £, and R?,,, is the Riemann tensor. We see, therefore, that some terms in
Eq. (46) can be dismissed in flat spacetime but not in curved spacetime. Indeed, to remind the reader of this difference, these
terms will be traded by their respective curvature-dependent companions that appear in the total derivatives in Eq. (52):

X
L= (xy42x1, —2x10) (L3 = L3+ L3 + 55 (2L5 + L) + x6(L§ — L§ + L)) — 2x7A5R%,, AG(A, - Ay )€t

3 4
— X9Ap, R, AS(AC - A, )e"?P + <x10 —2xy; + §x12> (L0 +4L — Ll =207 —2L18) - 3 [A#9R? A uAPC AT

8
—3AMR A (A, - A,)] + <§x11 - 2x12) 2AMR®,,, A APCAT + 3AMR ,AL(AC - A,)]. (53)

E. Change of basis

There are eight linear independent Lagrangian pieces in Eq. (53) which form a basis set for the construction of the
Lagrangian involving two derivatives and two vector fields. For purposes that will be clear in the following section, we will
perform a change of basis that will affect the third and sixth to eighth Lagrangian basis elements in Eq. (53):

s s
LS - L5+ LY —>£z—74+74

1
(L3 + L) = 5 (£5 - L5+ L),

| =

1
L0 +4LP = L1 =201 =201 - 2 (L - L4 + 244" - 2F)

3
= (o € Lo) + (L] = L34 £4) = (L1 + 4L - £} —2L) - 2L1F)
2 ~ ~
+ 3 {Vﬂ (J’{ + 3J’2') - [A”“R"(,WAMA/’CA‘C’ - 3A”“RﬂaAab (A, -Ap)]}

4 ~ ~
- § {vu(z‘]g - 3‘”1[) - [ZAﬂaRaapﬂAaaApCAg + 3AlmRyaAg(Ac : Ac)]}7
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AFARE A gq AP AT —3ARR A (A, - A,) — AR

opp opH

2AMRY A AP AT 4-3AFR, ,AG(AC-A ) = 2AFRY

where @ and b are arbitrary constants. Thus, the Lagrangian
involving two derivatives and two vector fields is written as
follows:

L= &L, (55)
=1

with

S
Ll = I (L0 = Li* + 2Lt —2L0),
L3=102— 03+ L2,

zi = AFIR® A, APCAT — 3A/mRWAab (A, -Ap)

1
salp (el - o ac) 2L,

L§ = 2AM R, A (AP AT + 3AMR, A%(AC - A,)

M1
+bi7 (L0 = Li* 2Lt —2£3) |,

Ly =205+ LY,

" £s e
Ly=r5-=+ 2,
L S T
Z:Zl = AzRa(rpuAg (Aa : Ab)eﬂpaﬁ7
LY = AR, AL(AC - A, )e"P, (56)

where the ¢; are arbitrary constants. We have deliberately
ordered the Lagrangian pieces this way so that the first four
are the ones that preserve parity while the last four, in
contrast, are the ones that do not preserve it.

F. The decoupling limit

Following the general description of Sec. VIE, the
decoupling limit of the theory described by Egs. (55)
and (56), obtained by making the replacement Aj; — Vﬂn‘l,
must be free of the Ostrogradski instability. This is easy to
verify for ZZZ and ZZZ whose decoupling limits vanish thanks
to the antisymmetry of Ay, . It is also easy to verify for L
and L3 having in mind their relation to V,J% and V,J%,
respectively, as shown in Eq. (52), and, again, the anti-
symmetry of Ay, . Now, regarding L} its decoupling limit
leads to higher-order field equations, because, contrary to
partial derivatives, covariant derivatives do not commute.

1
AgqAP° AT —3AF R, A (A, - Ay) +a [Z(ﬁ‘l‘o —Lit 2L - 2555)] ,

|
Ao AP AT+ 3AMR, A% (AC-A) +b {Z(ﬁ‘l‘o —Li*42Lk - 2£}3)] ,

(54)

|
This can be redeemed by adding a specific counterterm so
that the healthy version of 24'1 becomes

Ly" =~ (Ay - AY)[S) S, — SL°Sh, — R(A“ - A,)]

I
4
+ = (Ay - Ap)[Su“SEP — SUASHP — R(A® - AP)]. (57)

In contrast, although the decoupling limit of ﬁi, specifi-
cally the term C}lg, leads as well to higher-order field
equations, it turned out impossible to find out the required
counterterm.'’ This leaves us with two possibilities: Either

we must discard 2451, as it is pathological in the decoupling
limit, or we must keep it, because its decoupling limit is
degenerate and this property might, in principle, remove the
ghostly degree of freedom [42,43]. We will not know which
possibility is the right one until a proper and dedicated
analysis of the degeneracy conditions in the decoupling

limit is performed.12 Finally, ﬁi and ﬁi are the non-Abelian
versions of a term in the generalized Proca theory identified
unequivocally in Ref. [111] as the beyond Proca term

[112]. We conjecture then that ﬁi and ﬁi are the beyond
generalized SU(2) Proca terms whose decoupling limits
must satisfy all the conditions required to remove the
Ostrogradski ghosts. This fixes the & and b constants, but,
since the non-Abelian extension of the beyond multi-
Galileon theory has not been constructed yet, the actual
values of @ and b are unknown to us. To circumvent this
lack of knowledge, we can take advantage of the fact that,
although the Abelian and non-Abelian vector-tensor theo-
ries are different’” despite sharing many aspects in their
construction, the non-Abelian theory stripped of the inter-
nal group indices must be contained in the Abelian theory.

Thus, once £ is stripped of the internal group indices, it
becomes

. 3
L3~ —3AFR,AA? + 27 A*(S}Sy — SLS}). (58)

""The isolation of L£}° in just one Lagrangian piece is
motivated by the impossibility of finding out a counterterm,
and it is the reason of the first change in basis elements shown in
the })revious section.

This seems quite nontrivial, so we rather leave it for future
work.

BAbelian theories display some terms whose non-Abelian
versions do not exist and vice versa.
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which must be compared with Eq. (42) in Ref. [111]14:
L8P = Gy(X)R, AFAY

— [2XGyx(X) + Gy(X)] 5 (SpSy = SuSp). (59)

ENJI

where X = —A?/2, Gy(X) is an arbitrary function of X,
and Gy x(X) is the derivative of Gy (X) with respect to X.
We see that these two Lagrangian pieces are equivalent for
Gy(X) = 6X and @ = 3. Similarly, once £ is stripped of
the internal group indices, it becomes

. -3
Li = 3A"R,AA® + b AX(SiSY = SUS}), - (60)

which is equivalent to the Lagrangian piece in Eq. (59) for
Gy(X) = —6X and b = 3.

G. A new change of basis

Having found the actual values for & and b in the
previous section, £3 and £ acquire the form
L3 = A*R®

oppAadAPC AL — 3A””RWA“I’ (A - Ay)

1 a a oy
433 (A A)(SE'SE, = 753

1 a oy a oy
3 (Ao A (SESE - 57530

L4 =2ArRY A APAT +3AMR, A%(AC - A,)

opu o

1 aw aw
-3 4y A0)(SS7, = 52753

1 a a oy
+§(Aa -A,)(ShAS — St S,,b)], (61)

which can be replaced by

£ - A,

3
A(mAﬂCA(Z' + Z (Ah : Ab) (Aa : Au)R
= L3 -3Ly" + 3G, A"AP (A, - Ay),

L3 — 2AMRY ) A 1y APCAS

3
+7[(Ay - A)(A - A) = 2(A, - A,) (A7 - AP)IR
= Li+3Ly" 3G, Ar Ay (AP - A, (62)

where we have added and subtracted, respectively, the
Lagrangian pieces G, A**A** (A, - A},) and G, A** A4 (A -
A,) that exist only in curved spacetime and whose
decoupling limit is healthy, since G,, is divergenceless.

"“This is the reason of the third and fourth changes in basis
elements shown in the previous section.

Furthermore, we can replace the second Lagrangian piece
in the previous expression as follows:

L4+ 3L —3G,,AMAL (AP - A,)

3
= =7 [(Ay - A")(A" - A) +2(A, - Ay) (A" - A")IR
= L4+ 3L - 3G, A" AL (AP - A)

= 2[L5 = 3Ly" + 3G, A AP (A, - Ay)). (63)

which is indeed very interesting, because now Z',}"h can be
replaced by
. 1 a a
Ly = {4y - AN)[SUSt, = SUS]
+2(A, - Ap)[Si°SeP — SUUSPT}
N 3
=32} +2((4, - AT) (A0 A,)

+2(A, - Ap)(A7- AP)]R, (64)

this just being the original L} ie., without its respective
counterterm.

All together, we can formulate the reconstructed GSU2P
Lagrangian composed of two derivatives and two vector
fields as follows:

a; i A =
£4.2 - Z W £4’2 + Z W £4’2, (65)

where

Lo=(Ay-AV)[SH S, — SU St

+2(AyAp) S SLP - S SEP),
L3, =A%, S5 ALAT — AL, Si AL AT+ AL, S ALAY,
L35 = AR 5 Agg AP AG 5 (A - AP) (A AR, | (66)
L3, =[(A,-AP)(A7-A,) +2(A,-Ap) (AC-AV)R,
L5, =G, AMAL (A - Ap),
LS, =G, AMAP(A,-Ap).

L} =—2A0, S5 A Ay e ™ + 54, S A oAy ?,
L3, = A, SE A A gyeoeP — AP SE APIA,

+AL S, AGAD, (67)
Z‘3‘-2 :AzRaﬂl’ﬂAg(Aa -Ap)etPob
L} =AgR,, AL(AL-A) e

opH

the a; and @; being arbitrary dimensionless constants, mp
being the reduced Planck mass, Af” = 1e#7°A ,,, being the
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Hodge dual of Aj,, and the Lagrangian pieces having been
deliberately split into those that preserve parity (the ones
without a tilde) and those that do not preserve it (the ones
with a tilde). It is worthwhile mentioning that the subscripts
4,2 have been introduced to remind the reader that two
derivatives and two vector fields have been employed to
build the different Lagrangian pieces.

VIII. THREE DERIVATIVES

A. Lagrangian building blocks
Terms of the form A, A ,;Sep, AuSpeSaps and S8, S e

that involve six spacetime indices, are the ones that become
the Lagrangian building blocks of a Lagrangian built with
just three derivatives once they are contracted with the
terms in Egs. (13) and (14). Upon the contractions, the only
blocks that either do not vanish or have the potential of
becoming nonvanishing once the internal group indices are
introduced are the following:

A, A S,

A, A¥ S,

AA S ;e"/"’/’,

A A, Saetr?,

A 8657, (%)

AﬂvszrS/geﬂwﬂ’ (*)

S1.S,S2,

SS 6577,

SHr SESve. (68)

The introduction of the internal group indices makes

these terms become of the form A‘{‘}A’{’}SC, A?}S"SC, or

§SPS¢, involving three internal group indices, which lead
to group-invariant Lagrangian building blocks upon con-
tractions with ¢,;,.. Most of these blocks, however, vanish
because of the antisymmetric nature of €., the only
survivals being

‘C; = A/gvA/I;GS;Ceﬂpgﬂeabc’

L2 = A% SE "€ e

L3= Aﬁ,,Sl,Zl,Sgcef‘”"ﬂeabc. (69)

B. The Hessian constraints

The linear combination

3
L= xLi (70)
i=1

where the x; are arbitrary constants and the ££ are the ones
in Eq. (69), makes the GSU2P Lagrangian built with just
three derivatives. Because no single vector field appears in
this Lagrangian, the secondary constraint-enforcing rela-
tion is trivially satisfied. Regarding the primary constraint-
enforcing relation, the primary Hessian gives the following
result:

HY = 245,67y, (x) + 2x3)

+ 4(SOI/C + QOvSoOC _ AOvc)eabez’ (71)
which vanishes only if

X1 + 2X3 = 0,
Xy = 0. (72)

The Lagrangian that satisfies the constraint algebra is,
therefore,

L= xy(-2L + L3). (73)

C. Total derivatives

As with the other Lagrangians involving a different
number of derivatives and/or vector fields, we must be sure
that the Lagrangian in Eq. (73) is not redundant compared
with terms in £,. To this end, we must construct total
derivatives of terms involving two derivatives and one
vector field, 1.e., total derivatives of the form
0,[A,(0,A,)(0,A4)]. These terms involve six spacetime
indices, so that they must be contracted with those terms in
Eq. (13) and (14). However, since the Lagrangian in
Eq. (73) does not preserve parity, it will be enough to
contract with the terms in Eq. (14). Thus, the only terms
that either are nonvanishing or can become nonvanishing
once the internal group indices are added are the following:

o) (0up)le"
etrap ,

ghal

erPr () (74)

which, in turn, can be contracted only with €, after adding
the internal group indices, since the total derivatives acquire
the form 9[A%(DA?)(DAC)]:
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Ol = 0,[A5(0"A5) (DuAp) '™ e
0,05 = 0,[AL(0,A"") (D,A)]e e 4.
Ol = 0,[AL(0 - A*)(D,AR) € Ve e,
Ouly = 0,[A5(0,A5) (D Af)|e" Ve e,
Ol = 0,[A5(0,A45) (A" )| "€ .
DTt = ,[AL(9,AL) (9,4 )| e pe.  (T5)

As the reader has already learned, these total derivatives are
completely useless unless the second derivatives they
produce may be canceled out. After a careful observation
of these terms, only two are able by themselves to get rid of
the second derivatives in flat spacetime thanks to the
antisymmetry of the Levi-Civita tensor:

0,04 = 0,15
1
SAHDA ubAc eypa/}e be
1
+g (—2L1 + L3)

1
+ {420, D, JAP AL + ALAL[0,,, Da]Af

+A,‘}S}jb[8 0 ]AL}e P b
9,05 =0,J%

1
a Ab oc pupa
gA,uyA/)o’Aa err €abe

1
+§(—2£; + L3)

1
+5{AL10,. 0,12,
+ A0, O, ALST Y ey (76)

Indeed, from this result and the findings in Secs. III and
VIII B, we can see that employing either 9,J% or 9,J5 is
allowed, since they satisfy the Hessian constraints. The
conclusion is that the Lagrangian in Eq. (73) is already
contained in £, in flat spacetime, up to a total derivative, so
that, in this framework, the GSU2P does not contain terms
built exclusively with three derivatives that are linearly
independent of £,. The conclusion is, nonetheless, com-
pletely different in curved spacetime.

D. Covariantization

The minimal covariantization scheme applied to the
suitable combination 9, (2J% + J5) of terms in Eq. (76)
leads to

V.2 + T5)
=(...€Ly)

(=21 + £3)

NI'—‘OOIU-)

+ A”"R"UpﬂAgA;ﬂe"/’“ﬂeabc. (77)
The Lagrangian in Eq. (73) is, therefore, not redundant
against £, in curved spacetime. As a remainder of
this fact, we will dismiss —2£! + L2 in favor of
SAYRC,, ALAS e e .. We conclude then that the recon-
structed GSU2P exhibits the following Lagrangian built
from just three derivatives:

'CS,O - AmRovpﬂAz};AﬂﬂceabC'

(78)

E. The decoupling limit
Since the Lagrangian given in the previous expression
vanishes in the decoupling limit A — Vﬂn“, because of the
antisymmetry of A¢
instability.

w» it is free of the Ostrogradski

IX. COMPARISON WITH THE “OLD” GSU2P

The old GSU2P, formulated in Ref. [103], is described
by the following Lagrangian:

Lo = £9d 4 Z a; L5 + Zﬁzﬁlcilr‘i’ (79)

where the a; and f; are dimensionful arbitrary constants,
L9 = £39(A4,. A%) is an arbitrary function of A%, and A%,

pv>
and
L3 = (Ay - A")[S)"Sta — S Sha — R(A - A,)]
F2(A, - Ap)[SLISE — SLASEE — R(AC - AD)),
52 old = (4, Ab)[sﬂasvb Sﬁ‘“SZb — R(A ,Ab)]
+ ASAL[SE Sy, — SL Sk,
+ 2A4%SY, — 2ARYSY, + 24 ,,A 5, R,
L399 = Al Ab_Sovap,,
LK = G,
ﬁ%&’is = LypoA AL,
LEN = Lupo A" AP A% € g,
Lo = LupeA" AP AGAT, (80)
where L., = 1 €u05€)05,5R*"° is the double dual of the

Riemann tensor. This old theory was built following the
same steps that we followed here except for three aspects:
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(1) All the Lagrangian building blocks were constructed
employing the full ,A7 instead of splitting it into its
symmetric Sy, and antisymmetric Ay, parts. This, of
course, produced a lot more blocks (and a lot more
work) than needed, many linear combinations of
them already included in £,.

(2) Only the primary constraint-enforcing relation was
considered. As was shown in Refs. [109,110], this is
not enough to remove the Ostrogradski ghost.

(3) Many terms were dismissed by employing total
derivatives already at the flat spacetime level, which
led to a loss of several terms that exist only in curved
spacetime, including the beyond SU(2) Proca ones.
Moreover, most of the total derivatives employed do
not satisfy the secondary Hessian constraint.

The application of this theory to inflation and dark energy
was investigated in Refs. [106,107], and the stability
analysis of the same was performed in Ref. [108], so we
wonder how the results of these works could change in the
light of the new theory presented in this paper.

As can be seen, our ﬁ}"h in Eq. (57) is identical to £,
this being one of the reasons of the second change in basis
elements in Sec. VII E. Examined from the viewpoint of the
reconstructed GSU2P [see Egs. (65) and (66)], .C}l"’ld can
also be written as

Ly =Ly, - L, (81)

Thus, we conclude that Ei’(’ld is free of the Ostrogradski
ghost (at least in flat spacetime).

Now, Ei"’ld was shown in Ref. [110] not to satisfy the
secondary Hessian constraint and, so, as an example of the
ghost instabilities that plagued the old GSU2P. Never-
theless, a bit of algebra shows us that

L3 =20,05 = (... € Ly)
1 1
t35 Ly,— 3 L3,

5. ~ ~ 1 ~ ~
— 20T+ 318 +50,034 =37, (82

at the flat spacetime level, where the quantities in this
expression, except for Li'om, are those of Sec. VII. Thus,
although neither £3° is healthy, nor 9,J% is, the combi-
nation £ﬁ'°ld —28”]’; satisfies the secondary constraint-
enforcing relation, and, therefore, all the physics extracted
from the unhealthy curved spacetime version of Ei’(’ld, for
instance, in Ref. [108], is equivalent to that extracted from

the healthy £3° -2V, J5.

Something similar occurs for Ci’(’ld:
L3420, = (... € Ly)
1, - -
+3(Lix +49,05),  (83)

at the flat spacetime level, so although neither L’i"o'd nor

a,,ig‘ are healthy, the combination Ci"’]d + 2(9”7’1 is, and,
therefore, all the physics extracted from the unhealthy

curved spacetime version of Ei’om is equivalent to that

extracted from the healthy £;° + 2V, J%.

Now, as can be seen in Eq. (67), there exist only two
parity-violating terms in flat spacetime in the reconstructed
GSU2P. Then, why is it that in the old GSU2P there exists
only one? Leaving aside the fact that E}Lz might be
unhealthy in its decoupling limit, the reason lies in a small
mistake in the conditions of Eq. (37) in Ref. [103] to make
the primary constraint-enforcing relation vanish that pre-
vented the authors of that work from finding a second
parity-violating Lagrangian piece.

Finally, among the £¢ of Eq. (80), the only one that

Curv

appears in the reconstructed theory is Elcl‘ﬁs which is
exactly the same as our L4, of Eq. (38). The other £J4
were just postulated, as they are obviously healthy because
of the divergenceless nature of L,,,,. We could have
postulated them as well in the reconstructed GSU2P, but
we would rather not do it. This is because we expect them
to naturally appear in the theory when more than six
spacetime indices are considered in the Lagrangian build-
ing blocks without contractions.

X. COMPARISON WITH THE GENERALIZED
PROCA THEORY

Finding the beyond GSU2P in Sec. VII required deter-
mining the values of the constants @ and b in Eq. (56). We
could have followed the standard procedure of finding out
the kinetic matrix of its decoupling limit and making it
degenerate [42,43]. However, we followed an alternative
route based on the fact that the GSU2P stripped of the
internal group indices must be contained in the generalized
Proca theory. Indeed, the other reason why we performed
the second change in basis elements in Sec. VIIE is that

2}1”' stripped of the internal group indices is nothing else
than £, of the generalized Proca theory (see Ref. [65]):

X
Ly = G4(X)R + G“%() (SuSy —SuSp).  (84)

for G4(X) = —3X2. Then, what about the other Lagrangian
pieces that make £, and £, ,? First of all, L, stripped of
the internal group indices is just L4, up to a total derivative,
with G4(X) = X. In contrast, £3, and £} , reduce to zero
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when stripped of the internal group indices. Regarding £3 ,
and LS , without internal group indices, they are just healthy
extensions of G,,A"A” that were not recognized in
Ref. [103]. Finally, ﬁiz, Eiz, and Ei,z, stripped of their
internal group indices, reduce, up to total derivatives, to
AﬂA/}“SapAP , which was shown in Refs. [106,119] to be part
of £, up to a total derivative. To end up, the only parity-
violating terms in the generalized Proca theory belong to £,
[66], so Zs.o stripped of its internal group indices should be
either zero, a total derivative, or contained in £,; in fact,
observing Eq. (78), the first alternative is the correct one.

XI. CONCLUSIONS

GSU2P and beyond GSU2P are described by the
Lagrangians in Egs. (38), (65)-(67), and (78). The theory
has been written so as to make it explicit which Lagrangian
pieces exist only in curved spacetime and which ones exist
even in flat spacetime; indeed, from the 12 Lagrangian
pieces that compose the theory, only four, £} ,, L3, E}x,z,

and Eﬁﬁz, survive in flat spacetime. The nature of some of
the Lagrangian pieces is purely non-Abelian—i.e., they
vanish when stripped of their internal group indices—
specifically, Eiz, Z}u, and ZZS,O belong to this subset. It is
worthwhile mentioning that ziz is the parity-violating
version of L3, as can be easily observed. On the other
hand, the theory is diffeomorphism invariant, so that the
energy and momentum are locally conserved [113].
Much remains to be done in the exploration of this theory
as a candidate of an effective theory for the gravitational
interaction. First of all, it is not clear yet whether the
decoupling limits of the beyond GSU2P terms as well as
that of Z}u are actually healthy.” Other self-consistency
issues must be addressed, such as the possible existence of
ghosts (other than the Ostrogradski one) and Laplacian
instabilities, as a follow-up of the work in Ref. [108], the
generalization of the constraint algebra to curved spacetime
[121,122], the analysis of the causal structure [123], and the
calculation of the cutoff scale of the theory and its

It is unlikely that the decoupling limits of the beyond GSU2P
terms are unhealthy: There is actually no reason to believe that
healthy beyond extensions do exist for the Horndeski theory and
the generalized Proca theory but do not for the GSU2P. In
contrast, there is no clue regarding the healthiness of E}u, this
term being of a purely non-Abelian nature.

comparison with the GW170817 event frequency [22]
(to see whether the bound on the gravitational waves speed
applies to GSU2P'%). We might as well construct an
extended version of this theory, considering all the pos-
sibilities to degenerate the kinetic matrix in curved space-
time, as was done for the generalized Proca theory in
Ref. [119,120]. The theory must, of course, be put under
test against observations; in this regard, determining
whether there exists a screening mechanism at Solar
System scales, as was studied in Ref. [78] for the
generalized Proca theory, is a crucial aspect. Of course,
the cosmological and astrophysical implications must be
properly studied both at the background (see, for instance,
Ref. [107]) and at the perturbative level (see, for instance,
Refs. [125-127]). We finish this paper by reminding the
readers and ourselves of one important message given to us
by Misner, Thorne, and Wheeler in their marvelous treatise
on gravitation [113]: “To be complete, a theory of gravity
must be capable of analyzing from ‘first principles’ the
outcome of every experiment of interest. It must therefore
mesh with and incorporate a consistent set of laws for
electromagnetism, quantum mechanics, and all other phys-
ics.” There is a long road in this direction ahead of us that we
hope we will travel.
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