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We use galaxy-galaxy weak lensing data to perform a novel test on general relativity (GR) and fðTÞ
torsional gravity. In particular, we impose strong constraints using the torsional (teleparallel) formulation of
gravity in which the deviation from GR is quantified by a single parameter α, an approximation which is
always valid at low-redshift Universe and weak gravitational fields. We calculate the difference in the
deflection angle and eventually derive the modified excess surface density profile, which is mainly affected
at small scales. Confronting the predictions with weak lensing data from the Sloan Digital Sky Survey Data
Release 7, we obtain the upper bound on the deviation parameter, which, expressed via the dimensionless
percentage in the Universe energy content, reads as log10Ωα ≤ −18.52þ0.80

−0.42 ðstatÞþ1.50
−0.37 ðsysÞ½Rc=0.015R200�

with systematics mainly arising from the modeling that includes astrophysics effects, upon a reasonable
choice of cutoff radius for fðTÞ gravity in form of T þ αT2. To our knowledge, this is the first time that GR
is verified at such an accuracy at the corresponding scales.

DOI: 10.1103/PhysRevD.102.104044

I. INTRODUCTION

As was initiated by Einstein over a century ago, inves-
tigations on the relation between gravitation and geometry
provide insightful views on the nature of space-time.
Nevertheless, slight modifications from general relativity
(GR) have been proposed to explain cosmic acceleration at
late and early times [1]. Such deviations from GR can be
formulated either in the usual curvature formalism [2] or in
the equivalent torsional (teleparallel) one [3]. Recently, it
has become known that observations of the large scale
structure (LSS) of the Universe can be an effective probe to
examine cosmological paradigms [4,5]. Accordingly, it is
suggested that a mild tension exists between the cosmic
microwave background and LSS observations [6], hinting
toward the possibility of a new theoretical framework
beyond Λ cold dark matter (ΛCDM) cosmology or even

beyond GR. Hence, it is interesting to explore GR and its
alternatives in the context of LSS probes.
Measurements of gravitational lensing are very efficient

toward such a direction. For instance, Refs. [7,8] use
gravitational lensing to test emergent gravity, while
Ref. [9] studies the lensing potential around void regions
based on the assumption of cubic Galileon and nonlocal
gravity cosmologies. In particular, in this approach, one
typically considers a usual Schwarzschild geometry in the
framework of GR and modifies the excess gravitational
potential by introducing mass components that yield addi-
tional impacts on the excess surface density (ESD) profile.
Thus, it is natural to test theories of modified gravity using
weak lensing measurements in various experimental envi-
ronments, such as void lensing [10], cluster formation and
its density profile [11], cluster lensing [12,13], etc.
However, in most of pioneer studies, the effective lensing
potential has been treated as the average of two scalar
potentials from the metric perturbation following the
geodesic equation. This fails to consider the geometric
contribution to the local Euclidean definition of angle,
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which was first pointed out in Ref. [14], if one attempts to
deal with no asymptotic flatness of Schwarzschild–de Sitter
space-time.
In this paper, we use the new observational signatures on

light-bending geometry to present an innovative test on GR,
by using galaxy-galaxy weak lensing measurements. In
particular, possible deviations from GR, quantified by the
torsional formalism for convenience, alter the space-time
geometry and thus affect the light-bending trajectory [15].
Hence, with such an implication on light-bending geom-
etry, we show that the ESD profile at small scales can be
very sensitive to this effect and thus put tight constraints on
GR. To illustrate the capability of this novel method, we
make use of the galaxy group catalog and weak lensing
shear catalog from the Sloan Digital Sky Survey (SDSS)
Data Release (DR) 7 [16], to rule out a class of deviations
from GR.

II. FORMALISM

We begin with a brief discussion on torsional formu-
lation of gravity following Ref. [3]. First of all, in this
framework, the (equivalence of) GR Lagrangian reads as
LGR ¼ T − 2Λ, where Λ is the cosmological constant and
T is the torsion scalar that arises from contractions of the
torsion tensor, similar to obtain the Ricci scalar in GR.
Given a homogeneous and isotropic Universe described by
Friedmann-Lemaître-Robertson-Walker metric, the torsion
scalar becomes T ¼ −6H2, where H is the Hubble func-
tion. For a spherically symmetry space-time, we acquire
T ∝ r−2, where r is the radial coordinate. Hence, in the case
of low-redshift Universe and weak gravitational fields that
we focus on in this study, any deviation from GR can be
quantified as

fðTÞ ¼ −2Λþ T þ αT2 þOðT3Þ; ð1Þ

where the parameter α has the dimension of length squared.
It has been shown that for the theory (1) there exists a

general class of spherically symmetric solutions ds2 ¼
c2eAðrÞdt2 − eBðrÞdr2 − r2dΩ of the form [15,17]

AðrÞ ¼ −
2GM
c2r

−
Λ
3
r2 −

32α

r2

BðrÞ ¼ 2GM
c2r

þ Λ
3
r2 þ 96α

r2
; ð2Þ

where we have neglected terms Oðα=r2Þ2 due to the weak-
field limit. As expected, α quantifies the deviation of the
usual Schwarzschild–de Sitter solution of GR. With this
gravitational potential, the deflection angle at noncosmo-
logical scales reads [15,18]

β̂ ¼ 4GM=Rc2 þ 40πα=R2; ð3Þ

where R is the impact factor andM is the mass of the point
source.
It is worth mentioning that Eq. (2) can be also used to test

GR in the Solar System in terms of lensing, time delay, and
perihelion precession, where the Solar System generally
serves as an ideal point mass as in Refs. [17,19]. Such
constraints on α can be converted into the relative correc-
tion to the standard Newtonian potential. However, solar
system scales are too small to allow us to probe the
connection between α and cosmic expansion, structure
formation, etc., due to the fact the underlying theories are
possibly scale dependent. In contrast, weak lensing pro-
vides a novel window, complementary to the Solar System,
to test those theories at relatively large scales. As shown in
the following, weak lensing observables can be linked
directly to corrections beyond Lambda cold dark matter
(ΛCDM) under a fðTÞ gravity parametrization.

III. WEAK LENSING EFFECTS

The effective lensing potential ψðξ⃗Þ is defined as

ψðξ⃗Þ ¼ Dds

DdDs

2

c2

Z
Φðξ⃗; zÞdz; ð4Þ

where ξ⃗ is the position on the lens plane and z is the
comoving angular distance to lens plane, while Dds, Dd,
andDs are, respectively, the angular distances between lens
and source, lens and observer, and observer and source. In
GR, this potential can be directly read from A. However,
since in deviations from GR parametrized by (2) A and B
are asymmetric functions, the lensing potential should be

calculated via β⃗ ¼ Dd∇⃗ξψ (note that β⃗ ¼ Dds
Ds

⃗β̂). Although
this does not provide a unique solution, it is expected that
the physical solution should be Φð1=rÞ without a constant.
Hence, it leads to

Φðξ⃗; zÞ ¼ ΦNewton − 20
αc2

r2
; ð5Þ

with r ¼ ðξ2 þ z2Þ1=2. Using the weak lensing formalism
[20], we can calculate the convergence under the relation
κðξÞ ¼ D2

d∇2
ξψ=2 as

κ ¼ 4πG
c2

DdDds

Ds

�
ΣðRÞ − 10αc2

GR3

�
; ð6Þ

where Σ denotes the surface mass density. It is natural to
define an effective surface mass density Σeff :

Σeff ¼ Σ −
10αc2

GR3
: ð7Þ

To acquire a more explicit picture of the physical meaning
of this modification, we recall the relation between α and
the critical density of the additional (torsional) energy
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component Ω0
α introduced by αT2, namely, α ¼ c2Ω0

α=
ð18H2

0Þ [21–23].
As discussed previously, in order to apply this modifi-

cation, the scale of the projected radius far exceeds the scale
that encloses most of stellar mass component. As a
reasonable consequence, it is obvious that the deviation
term diverges when averaging from 0 to the projected
radius R, suggesting that a cutoff radius Rc should be
imposed. Here, we primarily consider Rc ¼ R1=2, where
R1=2 ≈ 0.015R200 is the radius that encloses half of stellar
mass (note that for a typical halo M200 ¼ 1012 M⊙ at
z ¼ 0.1, Rc ∼ 4 kpc), which has a universal linear relation
to the virial radius of the galaxy [24]. We emphasize that
this choice of Rc is meant to be a conservative estimate of
the scales where this effective description of fðTÞ holds and
does not affect our methodology of constraining α. As we
show below, when Rc is small, the effect of α is simply
approximately 1=Rc, and therefore α=Rc can be constrained
as one variable.
Defining ϵ≡ Rc=R, the modified ESD profile takes the

form

ΔΣeffðRÞ ¼ ΔΣðRÞ þ 5c4Ω0
αð2 − ϵ − ϵ2Þ

9GH2
0R

3ϵð1þ ϵÞ : ð8Þ

Hence, the effect of the induced modification due to the
deviation from GR is

ΔΣαðRÞ≈2.3
M⊙

pc2
Ω0

α

10−17

�
1Mpc
R

�
21kpc
Rc

�
2−ϵ−ϵ2

1þϵ

�
: ð9Þ

We consider this effect to be a modification to the regular
ΛCDM halo, which can be modeled as a halo with Navarro-
Frenk-White (NFW) density profile [25]. Accordingly, for
consistency, we require α, or equivalently Ω0

α, to be small so
that the halo formation is not affected [26–29].

IV. RESULTS

Now, we are ready to test GR and possible deviation with
galaxy-galaxy weak lensing data. We use data selected
from group catalog based on SDSS DR7 built in
Refs. [30,31]. The samples are then subdivided into differ-
ent stellar mass bins similar to Refs. [7,8]. We present
detailed descriptions of this selection in the Appendix. The
density profile can be modeled according to Ref. [32],
considering the off-center effect and stellar component.
Note that in principle there exist mechanisms that can

modify the NFW ESD profile within GR, such as subhalo
contributions [33], to have similar effects on small scales.
However, since we will demonstrate that Ωα is severely
constrained by weak lensing, we consider the following
three scenarios to extract the upper bound of the deviation
parameter α. First, we use a simple NFW with α and
treat halo mass and concentration as free parameters to

demonstrate how an extremely small energy fraction of α
can provide sizeable impact on small scales, as shown by
the “NFW-” fit in Fig. 1. Note that, due to the degeneracy
between concentration and other effects mentioned above,
the concentration parameters are suppressed. Second, we
adopt the concentration-mass relation (CM) proposed in
Ref. [34] as a Gaussian prior1 to suppress the contribution
from α, which tests the lower limit of desired upper bound
as shown by the “CM-” fit in Fig. 1. Third, in a very
conservative estimation, we allow α to vary in different
mass bins and adopt off-center effect to further suppress the
contribution from NFW halo on small scales, which tests
the upper limit of our desired upper bound as shown by the
“Off Center-” fit in Fig. 1.
For each stellar mass bin, we set α to be an independent

parameter for each fit, demonstrating the effect of ΔΣα.
Since the typical Rc is much smaller than the smallest scale
in the plot (approximately 50 kpc), the contribution coming
from ΔΣα is a power law of R. As the data indicate,
additional effects on small scales should lift the ESD
profile, suggesting a positive α. For these five datasets,
the fit for each scenario is roughly the same in terms of
reduced χ2 statistics. As excepted, the CM fit gives a low
amplitude of α, opposite to the off-center case. An
intermediate fit of “NFW-” estimates a contribution of
ΔΣα ∼ 10 M⊙pc−2 at scales smaller than 0.1 Mpc. This
confirms that ESD on small scales is very sensitive to
modified light bending beyond GR.
Then, we estimate the upper bound for α. Following the

argument above, we use the result of “NFW-” as our mean
and statistical error. Theoretical systematics are estimated
with “CM-” and “Off Center-”, with “CM-” providing a
lower limit and the fourth stellar mass bin of “Off Center-”
fit providing an upper limit. In summary, the upper bound
of α is given by

α ≤ 0.33þ1.76
−0.21 pc2

�
Rc

0.015R200

�
;

or equivalently

log10Ωα ≤ −18.52þ0.80
−0.42

�
Rc

0.015R200

�
; ð10Þ

at 68% confidence level with an estimation of systematic
uncertainty of þ1.50

−0.37 frommodeling. Here, we mention Rc to
remind the reader that the effective constraint is scale
dependent. As we can see, the galaxy-galaxy weak lensing
analysis implies that GR is verified to an order of
approximately 10−18, and any possible deviation beyond
GR on galaxy scales should satisfy this upper bound.

1For each chain, the Gaussian prior is dynamically changed so
that mean of the prior is calculated via the CM relation. We fix the
variance of the prior to be unity.
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Our result suggests that such modification to GR is
extremely well constrained, as the energy density contribu-
tion could become very small. Therefore, such modification
would yield a limited effect on structure formation. An
intuitiveway is to examine themodified Poisson equation for
gravitational potential and matter overdensity at subhorizon
in the quasistatic approximation, k2ϕ ¼ 4πGeffa2δρ, in
which the modification brought by the beyond GR effect
isGeff=G ¼ 1=ð1þ 2αT=c2Þ [35,36].With the above bound
on α, one gets j1 −Geff=Gj ∼ 10−19. Thus, our analysis
should be consistent with the observed structure formation.
Recall that “CM-Fit” uses the known concentration-mass
relation as a prior. In Fig. 2, we show the two-dimensional
posteriors obtained by this fit. All the concentration param-
eters tend to have lower values if the model only applies a
simple NFW density profile, as the weak lensing signal is a
stacked measurement from halos with different off-center
effects, triaxiality, satellite galaxies, and so on.

Because of the selection of the single galaxy system, the
satellite galaxies are of least effects in our case. The off-center
effect only suppresses signals at smaller scales, which are
often tangled with the stellar contribution. It was shown in
Ref. [37] that this effect is roughly about 40 kpc=h for our
sample, and thus the off-center effect does not yield a
significant impact on our results either. The main concern
may come from the fact that the SDSS DR7 spectroscopic
sample has a detection limit of r band 17.77, whereas the
photometric catalog can reach up to 22.0 magnitude. As a
result, there may exist contaminations of stellar components
of unidentified satellites for our galaxy sample. Recently,
a study performed in Ref. [8], which is based on the
illustrisTNG300-3 simulation [38], shows that the fraction
of undetected satellite galaxies would contribute 10% to the
maximumwhile including all the clusters in themostmassive
halomass bin. However, a joint analysis in the future study is
expected to quantify all these astrophysical effects accurately.

FIG. 1. Best fits to ESD profile. The horizontal axis is the projected distance away from the lens galaxy, while the vertical axis
corresponds to lensing signals from the component and total ESD profiles. The data points are galaxy-galaxy weak lensing measurements
around spectroscopic galaxies within different stellar mass bins. The errors are estimated based on bootstrap sampling. The overall fitted
ESD is denoted with “-Fit,” and the contribution from beyond GR extension is denoted with “-Ωα.” Three different models, simple NFW
with free concentration parameters (“NFW-”), simple NFW with Gaussian prior for concentration parameter calculated according to the
concentration-mass relation reported in Ref. [34], and NFW with off-center effect (“Off Center-”) are shown in the legends.
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Note that the stacked profile somehow marginalizes
the difference but smears the inner profile due to the
aforementioned effects. Yet, the degeneracy between con-
centration and α value pushes concentration to an even
smaller value with larger α. This suppression of concen-
tration from α is significant enough that it would lead to
detectable observables, which is contradicted by galaxy-
galaxy lensing results in Ref. [37].

V. VIABILITY

For a self-consistent check, we estimate the quantity
α=r2. In particular, at length scales probed by weak lensing,
it becomes α=r2 ∼ 10−8. This observation shows that we
can indeed safely neglect the higher-order terms from the
solution (2) and the subsequent analyses.

As we made several assumptions and approximations, it
is important to discuss the viability of our results by
examining these impacts. For one thing, the aforemen-
tioned choice of the cutoff radius Rc is conservative and
guarantees the robustness of our results. Note that the light-
bending geometry is based on two assumptions, i.e.,
spherical symmetry and weak field. We also study the
case when Rc breaks either the symmetry or the weak-field
limit. Currently, we provide α at pc2 level, and the value of
α=R2

c is very small. If we take α=R2
c ∼ 1, then the character-

istic scale of Rc will be much smaller, and the upper bound
of log10Ωα dramatically reduces to about −20, 2 orders of
magnitude tighter than our claim of an upper bound on
log10Ωα ∼ −18. It is reasonable and responsible to take
latter value as the upper bound.

FIG. 2. 1σ and 2σ confidence regions from “CM-Fit.”
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Moreover, we further comment on the halo modeling
effects. Here, we consider a simple model to demonstrate
the effect. However, our results still hold in a robust way, in
which, even if all the ESD signals at low R are produced by
α, such as the middle row of graphs of Fig. 1, then the upper
bound of log10Ωα can be uplifted by one order, which still
remains stringent. Additionally, uncertainties arising from
the ESD signal reconstruction at small separations can yield
a significant impact [39,40]. Nevertheless, unless the
contribution from α is ten times higher or lower than the
present case, our results remain viable.

VI. CONCLUSIONS

In this paper, we used galaxy-galaxy weak lensing data to
testGR and the possible departure. To demonstrate the strong
constraints upon deviations from GR, we considered in
particular the torsional formulation of gravity by introducing
a new deviation parameter α. By calculating the deflection
angle in this modified gravity, we can derive the modified
ESD profile, which is mainly affected at small scales.
Therefore, confronting the theoretical predictions with weak
lensingdata fromgroup catalogbasedonSDSSDR7 [30,31],
we are able to extract an upper bound on α, which, expressed
via the dimensionless percentage in the Universe energy
content, reads as log10Ω0

α ≤ −18.52þ0.80
−0.42 ½Rc=0.015R200�. To

our knowledge, this is the first time that GR has been verified
at such an accuracy at the aforementioned scales.Moreover, a
systematic error of þ1.50

−0.37 is roughly estimated upon the
modeling of several astrophysical effects. It is noted that a
joint analysis including all possible astrophysical effects
should further improve this error, which deserves to be
performed in the future study. Our method provides a direct
application for future surveys including the Vera Rubin
telescope [41], Euclid [42], and WFIRST [43]. Especially,
the Vera Rubin telescope with a 20;000 deg2 (half of the
sky) survey region and a depth of r band 26 magnitude
enables subpercent-level statistical errors in weak lensing
measurements.
We conclude by highlighting the implications of the

reported probe that can initiate several follow-up studies.
We performed a novel weak galaxy-galaxy weak lensing
test on GR. It is interesting to perform similar analyses to
constrain cosmological scenarios beyond ΛCDM [44] or
modifications such as fðRÞ gravity [45]. As shown in this
paper, however, for extensions beyond GR which are
generically valid at low redshifts and in the weak-field
limit, quantified by a single parameter, we extracted very
strict constraints. Phenomenologically, a crucial outcome is
that, even for infrared modifications of GR having cos-
mological implications at large scales, their Taylor expan-
sions naturally generate high curvature/torsion terms that
can be strongly bounded by the results reported in this
paper. Thus, our analyses shed light on the motivation of
theoretical investigations on possible modifications to GR

from fundamental theories yielding small deviations from
GR. Moreover, in the era of precision astronomy, a combi-
nation of various observational windows can impose tighter
and tighter probes to GR and alternative theories [46–48].
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APPENDIX PROPERTIES OF SELECTED
LENSES, SOURCES AND HALOS

1. Lenses

The lenses are from group catalog based on SDSS DR7
[30], namely, 472,419 groups, out of which 368,020 are
with halo mass estimation based on abundance matching.
To minimize the effects of nearby structures, we only select
single galaxy systems which further reduce the number to
326,172. All the sizes of those single galaxy systems are
quantified by virial radius, which is the radius containing
180 overdensity compared to the mean density of the
Universe. There are 36,759 galaxies which have no
spectroscopic redshift due to fiber collision, yet assigned
to the redshift of their nearby galaxies. Those galaxies are
included in the group-finding procedure, and thus the single
systems are not affected by the fiber collision effect.
The samples are subdivided into different stellar mass

bins, similarly as in Ref. [7], while increasing the number
of samples and including a higher stellar mass bin. The
stellar mass of this sample is estimated based on Ref. [49].
The basic statistical properties of the binning of the sample
are given in Table I.

2. Sources

The source catalog based on SDSS DR7 is from
Ref. [31]. The ESD is related to the stacked shape by
the geometry factor Σcr through γTðRÞΣcr ¼ ΔΣðRÞ.
Instead of measuring γT , it is more convenient to directly
measure ΔΣðRÞ as a whole by applying both photometric
and spectroscopic redshift so that

ΔΣðRÞ ¼ 1

2R

P
l;swl;set;ls½Σ−1

cr;ls�−1P
l;swl;s

: ðA1Þ
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R is the responsivity of shear given a shape estimator, andwe
use a universal shear responsivity by using the shape
distribution of the source sample thatR¼ 1−

P
l;s e

2
rmswl;s=P

l;s wl;s. The weight contains not only shape noise and
measurement error but additionally the geometry factor Σcr,
namely, wl;s ¼ ðΣ−1

cr;lsÞ2=ðσ2e þ e2rmsÞ, where σe is the shape
noise and erms is the error caused by the sky background
noise and Poisson noise of each galaxy. Finally, l, s denotes
each lens-source pair system.
The major systematics arise from photometric redshift

error [50,51], which can lead to up to 3% systematic errors in
lensing measurements. Moreover, we apply the boost factor
to account for the other contamination caused byphotometric
error, which leads to misidentification of low-z galaxies as
high-z galaxies. The boost factor is actually the ratio between
the number of galaxies within radius for the lens sample
and random points of a survey BðrÞ ¼ nðRÞ=nrandðRÞ, and
therefore the final measured ESD is multiplied by this factor.

3. NFW halo

The ESD of a dark matter halo is typically modeled as an
NFW halo [32] with an off-center effect. The NFW halo
profile consists of two parameters, the characteristic mass
scaleM200 and the concentration c. We adopt the following
concentration-mass relation to reduce the degree of free-
dom [34]: c ¼ 4.67ðM200=1014h−1 M⊙Þ−0.11. The total
ESD is a sum of several components,

ΔΣðRÞ ¼ ΔΣhost þ ΔΣsub þ ΔΣ� þ ΔΣ2h; ðA2Þ

where the host halo, satellite halo, stars, and two-halo
component are included. For a single off-center radius Roff ,
the ESD profile changes to [52]

ΣðRjRoffÞ¼
1

2π

Z
2π

0

ΣNFW

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2þR2

off þ2RoffRcosθ
q �

dθ;

ðA3Þ

while the actual ESD profile of the host halo is the
convolution between the off-center radius and ΣðRjRoffÞ,
i.e., Σhost ¼

R
dRoffPðRoffÞΣðRjRoffÞ, where PðRoffÞ ¼

exp½−ðRoff=RsigÞ2=2�Roff=R2
sig. For ΔΣ�, the stellar mass

component can be simply treated as a point mass [53],
namely,ΔΣ�ðRÞ ¼ M�=ð2πR2Þ,whereM� is the stellarmass
of the candidate central galaxy.
The two-halo term can be calculated through the halo-

matter correlation function [54]. As shown in Ref. [37], the
two-halo term remains trivially small below the scale of
1 Mpc and becomes significant at larger scales. Thus, for
the first two stellar mass bins used in our data, we have
neglected the largest R when fitting the ESD since at that
scale the measured ΔΣ is below 1 M⊙=pc2.
There is some possibility that the candidate lens galaxy is

not the true central galaxy and may contain the subhalo
component. In addition, in the group finder, there are some
possibilities that the central galaxy is an interloper and may
contain its original host halo component. Hence, usually a
subhalo component ΔΣsub will be included. However, as
this component also affects mainly the small scales,
introducing it leads to degeneracy between ΔΣα and
ΔΣsub. Thus, we neglect this term for our modeling, and
we deduce that this estimation is the upper bound of α.
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