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In general relativity without a cosmological constant, a classical theorem due to Hawking states that
stationary black holes must be topologically spherical. This result is one of the several ingredients that
collectively imply the uniqueness of the Kerr metric. If, however, general relativity describes gravity
inexactly at high energies or over cosmological scales, Hawking’s result may not apply, and black holes
with nontrivial topology may be, at least mathematically, permissible. While tests involving electromag-
netic and gravitational-wave data have been used to place tight constraints on various theoretical departures
from a Kerr description of astrophysical black holes, relatively little attention has been paid to topological
alternatives. In this paper, we derive a new exact solution in an fðRÞ theory of gravity which admits
topologically nontrivial black holes, and calculate observables like fluorescent Kα iron-line profiles and
black hole images from hypothetical astrophysical systems which house these objects, to provide a
theoretical basis for new tests of black hole nature. On the basis of qualitative comparisons, we show that
topologically nontrivial objects would leave a strong imprint on electromagnetic observables and can be
easily distinguished from general-relativistic black holes in nearly all cases.
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I. INTRODUCTION

In general relativity (GR), the Kerr solution uniquely
represents the geometry surrounding asymptotically flat,
stationary black holes (BHs) in vacuum [1,2]. However,
motivated by a number of observational and theoretical
issues (such as ultraviolet incompleteness [3]), there is
reason to believe that gravitational interaction may be
modified in the strong-field or cosmological regimes [4].
Strong-field extensions of GR especially are likely to
influence the particulars of gravitational collapse [5–7],
so that astrophysical BHs, whether they be stellar mass or
supermassive, may have a non-Kerr nature (though
cf. Refs. [8,9]). As such, experiments aimed at determining
the validity of the Kerr metric as a description for BHs
provide a means to test GR on a fundamental level.
One of the key underpinnings of the Kerr uniqueness

result is Hawking’s theorem, which states that the cross
section of the event horizon of an asymptotically flat and
astrophysically stable BH must have positive Euler char-
acteristic [10,11]. This implies that BH horizons must be
topologically spherical. Hawking’s result depends critically
on the structure of the Einstein equations and thus may no
longer hold when introducing “correction” terms. BHs with
horizons resembling arbitrary-genus Riemann surfaces are
therefore mathematically permitted within certain extended
theories, or even when relaxing asymptotic flatness or
energy conditions; many such topological black hole

solutions have been found in GR with negative cosmo-
logical constant [12–14] or with exotic matter [15–17], and
in modified theories of gravity [18–20]. Moreover, toroidal
horizons have been found to form in numerical [21,22] and
analytic [23,24] studies of gravitational collapse, though
their observational status is relatively unconstrained at
present [25].
Techniques for studying the nature of BHs can be broadly

categorized as gravitational-waves based [26,27] or electro-
magnetic-waves based [28,29]. The two techniques can be
comparable [30] and are often complimentary [31–33]. In
this work, we focus on electromagnetic-waves-based tech-
niques. In particular, we look at iron-line spectroscopy and
black hole imaging. Iron-line spectroscopy refers to relativ-
istic broadening of the Fe Kα emission lines from accretion
disks around stellar-mass BHs in X-ray binaries (e.g.,
[34,35]) and super-massive BHs in active galactic nuclei
(e.g., [36,37]). An analysis of the broadening effect and
associated ray-tracing of x-ray photons leaving the disk and
reaching the detector can thus be used to test the local
geometry surrounding the host BH [38–40]. BH imaging
refers to the technique of combining radio wave data using
very-long-baseline interferometry (VLBI), resulting in an
angular resolution of the size of the event horizon of a BH
[41]. The technique has the potential to probe the spacetime
close to the event horizon [42–44].
Each of these techniques probes the effect of gravity in

quite different settings. On one hand, x-ray spectroscopy is
used to analyze the soft spectral state in the case of x-ray
binaries and for broad-line Seyfert galaxies and radio*sourabh.nampalliwar@uni-tuebingen.de
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galaxies (see, for instance, Refs. [45,46]). In both cases, the
accretion disk is geometrically thin, optically thick, and
extends down to the innermost stable circular orbit. BH
imaging, on the other hand, is used for systems which
possess the following properties: the source should be
radiating at radio frequencies which are not absorbed by the
interstellar or intergalactic media, and the angular size,
as observed from Earth, of the BH should be large enough
so that VLBI can resolve it (see, for instance, Ref. [47]).
As of now, only two sources, M87� and Sgr A�, fit these
requirements [48]. Despite these differences, the funda-
mental aspects of the spacetime captured by the two
techniques are very similar. In both cases, the observables
are affected by the photons trajectory and the redshift
experienced by it as it travels to Earth, and the focusing/
defocusing of geodesics from regions close to the BH to
regions afar.
It is the purpose of this paper to, using an explicit exact

solution in a well-motivated fðRÞ theory, investigate
astrophysical signatures that the horizon topology may
imprint on the iron line and BH imaging observables. To
compute the iron line, we use the framework of
RELXILL_NK [39,49] and implement a new set of BH
solutions that allow for toroidal or spherical event horizons
(the standard Schwarzschild solution of GR being a special
case of the spherical topology solutions) in a system with a
geometrically thin optically thick accretion disk. We
compare the lines for the two different topologies and
for various values of a deformation parameter to compare
BHs within a specific topology. We find that the horizon
topology imprints a clear signature on the line profile and
conclude that the iron-line observable is able to distinguish
topologically nontrivial objects easily. We investigate the
effect of the horizon topology on the apparent boundary
[47], finding that it is unaffected by the horizon topology.
We also compute the black hole image [50] in geometri-
cally thick optically thin disks and find that it is especially
sensitive to the horizon topology and, except for fine-tuning
of the free parameters, this observable is also able to readily
distinguish between the topologically nontrivial objects.
This paper is organized as follows. In Sec. II, we

introduce the concept of a topological BH and describe
under what circumstances they may emerge within a given
theory of gravity. Section III introduces a new exact
solution describing a topological BH in a particular class
of fðRÞ theories of gravity, while Secs. IV and V are
dedicated to iron-line spectroscopy and direct imaging tests
of the aforementioned metric as a descriptor of astrophysi-
cal BHs, respectively. A discussion follows in Sec. VI.

II. TOPOLOGICAL BLACK HOLES

Hawking’s topology theorem, the validity of which
depends on the structure of the gravitational action and
the properties of any active nongravitational fields, states
that the cross section of the event horizon of a stationary

BH must be topologically spherical [10,11]. Although we
will not present the details (which can be found in
Chapter 9.3 of Ref. [11]), it is instructive to outline the
proof of the theorem to show how it might break down in an
extended theory of gravity.
Assuming that a suitable generalization of the rigidity

theorem holds [51,52], an event horizon in a stationary
spacetime ðM; gÞ is also a Killing horizon, the null
generator of which we denote by K. There is another
future-directed null vector orthogonal to the horizon, n,
which can be normalized as nμKμ ¼ −1 without loss of
generality. On the horizon cross section, which we call ∂ℬ
as in [11], a metric β is induced from the four-dimensional
parent with components βμν ¼ gμν þ Kμnν þ Kνnμ. The
Gauss-Bonnet theorem and Codazzi equations now allow
one to relate the topology of the BH boundary to geometric
quantities on M, viz.

χð∂ℬÞ ¼ 1

4π

Z
∂ℬ

d2x
ffiffiffi
β

p
Rμνσρβ

μσβνρ; ð1Þ

where Rμναβ is the Riemann tensor onM and χ is the Euler
characteristic, which is related to the genus1 (i.e., the
number of topological holes) G of the surface ∂ℬ through
χ ¼ 2ð1 −GÞ [1]. A positive Euler characteristic indicates
a spherical topology, since G ¼ 0 would be the only
permitted value. Making use of geometric properties of
the horizon (e.g., that it has vanishing shear and expansion),
manipulations of expression (1) eventually lead to [10,11]

χð∂ℬÞ > 1

2π

Z
∂ℬ

d2x
ffiffiffi
β

p
Kμnν

�
Rμν −

1

2
Rgμν

�
; ð2Þ

where Rμν ¼ Rα
μαν is the Ricci tensor. Inequality (2) is the

essence of Hawking’s result (see also Refs. [53,54] for
analogous results in higher dimensions). Note that we have
not yet used any particular set of field equations. In GR,
from the Einstein equations,

Rμν −
1

2
Rgμν ¼ 8πTμν; ð3Þ

we see that the term within the parentheses in Eq. (2) is
precisely the stress-energy tensor, which, if sufficiently
well behaved (i.e., abiding by the dominant energy con-
dition [1]), implies that the integral is non-negative and thus
that χð∂ℬÞ > 0, so that the horizon must be topologically
spherical; ∂ℬ ≅ S2.
In the simplest modification to GR where one includes a

cosmological constant, it is easy to see that the right-hand
side of Eq. (2) may be negative in asymptotically anti–
de Sitter universes, thereby not excluding the possibility of

1Not to be confused with Newton’s constant which, together
with the speed of light, we set to 1 throughout.
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topological BHs [12–14]. If there is any matter of negative
energy density within the spacetime M, the Euler charac-
teristic may also be nonpositive [15–17]. More generally,
the inclusion of modified gravity terms may also imply that
χð∂ℬÞ ≤ 0 is permitted under certain conditions [55,56].
As such, one may place constraints on the nature of strong-
field gravity by identifying what signatures the Euler
characteristic of a BH boundary might imprint on exper-
imental data.

A. f ðRÞ gravity
To provide a concrete example of a theory which permits

topological BH solutions, we consider the fðRÞ class of
theories. In these theories, the Ricci scalar, R, in the
Einstein-Hilbert action is replaced by some function of
this quantity, fðRÞ. The vacuum field equations read (see,
e.g., [57] for a review)

0 ¼ f0ðRÞRμν −
fðRÞ
2

gμν þ ðgμν□ −∇μ∇νÞf0ðRÞ; ð4Þ

where □ ¼ ∇μ∇μ denotes the d’Alembert operator. These
field equations reduce to those of GR [Eq. (3)] in vacuo
for fðRÞ ¼ R.
We consider the class of theories governed by

fðRÞ ¼ ðR − ΛÞ1þδ; ð5Þ

where δ ≥ 0 is a small parameter and Λ is an (effective)
cosmological constant. Theories of this form have a
number of appealing properties, such as being scale free
(aside from Λ), possessing the correct Newtonian and
weak-field limits [58], as well as having an obvious GR
limit. In particular, as δ → 0, we recover GR with a
cosmological constant. Moreover, the class of theories
governed by Eq. (5) are inaccessible to many perturbative
techniques used to test fðRÞ theories, because the function
f is not analytic for general δ; this means that a Taylor
expansion of the form f ¼ a0 þ a1Rþ a2R2 þ � � � cannot
encapsulate the physics of the theory even when high-order
terms are kept, and so various weak-field constraints are not
immediately applicable [57]. Strong-field tests are therefore
especially pertinent to theories of the form Eq. (5).
Theories defined by Eq. (5) for Λ ¼ 0 have been studied

in detail by Clifton and Barrow [59] (see also [60]), who
placed tight constraints on the parameter δ. Nevertheless, as
evidenced by expression (2), any value of δ ≥ 0 implies that
the theory may admit topological BHs for some Λ. We
present some exact solutions to the field equations (4) for
the theory (5) in Sec. III A below.

III. METRIC STRUCTURE

In this paper, our main interest is in testing whether or
not the topological nature of a hole introduces, at least
in principle, observable signatures in experimental data.

We thus examine nonrotating solutions here since, although
BHs are expected to rotate in reality, a consideration of
static spacetimes allows for cleaner phenomenology as
there are less “free” parameters to consider.
In Boyer-Lindquist ðt; r; θ;ϕÞ coordinates, a general

static, topological BH can be described by the line
element [23]

ds2 ¼ −Aðr; θÞdt2 þ dr2

Bðr; θÞ þ r2dθ2 þ r2HðθÞ2dϕ2; ð6Þ

where H controls the topology of the surface ∂ℬ, and the
event horizon location is defined by the vanishing of the
metric potential B [52]. In general, one has three possibil-
ities for the horizon structure depending on the genus G,
which is encoded within the function H, viz.

HðθÞ ¼
8<
:

sin θ spherical horizon; G ¼ 0;

θ toroidal horizon; G ¼ 1;

sinh θ higher-genus horizon; G > 1:

ð7Þ

As written, the metric in Eq. (6) does not contain a
compact horizon except for the spherical case. However,
compactification procedures can be used to remedy this.
The case HðθÞ ¼ θ prior to compactification resembles a
“black plane,” i.e., a naked singularity spacetime with
planar symmetry. However, it is well known that the (flat)
torus may be described as a quotient of the plane under
certain, periodic identifications of the coordinates ðθ;ϕÞ; a
square with its edges identified is topologically equivalent
to a torus (see Fig. 1), and the periodicity of θ divided by 2π
defines the Teichmüller parameter for a Riemmanian torus
[24]. The caseHðθÞ ¼ sinh θ, on the other hand, appears as
a hyperboloid. In general, under the transformation
θ̂ ¼ tanhðθ=2Þ, we can map a sheet of this hyperboloid
to the Poincaré disk. The Killing-Hopf theorem tells us that
we can identify points on this disk through some discrete
subgroup of the isomorphism group SO(2,1) to yield a
compact surface of negative curvature with genus G > 1
[61]; see also Refs. [13,23] for more details. We will not
perform these identifications explicitly throughout our

FIG. 1. Schematic diagram for the topological compactification
of a black plane (left) to a toroidal BH (right), i.e., a BH whose
horizon cross section is a genus G ¼ 1 surface. Similar though
more complicated identifications are possible in the G > 1 case
starting from the “black hyperboloid,” along the lines detailed in
Sec. III; see Refs. [13,23].
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analysis, though it is important to note that the objects
detailed herein do actually describe BHs.

A. An exact solution

Here we present an exact, topological BH solution to the
fðRÞ theory given byEq. (5). The simplemetric is defined by

A ¼ 1 −
2M
r

ð8Þ

and

B ¼ ðr − 2MÞ½ð3Σ − r3ΛÞHðθÞ − 6rH00ðθÞ�
3rð2r − 3MÞHðθÞ ; ð9Þ

whereΣ is a constant of integration andM is theBHmass, is a
solution to the field Eq. (4) for the function f given by Eq. (5)
with δ > 0 for all three cases defined in Eq. (7). To the best of
our knowledge, this solution is reported here for the first time.
The tt-component [Eq. (8)] of this new metric is identical

to that of the Schwarzschild metric, though the rr-compo-
nent [Eq. (9)] depends explicitly on the topology through
H. Setting H ¼ sin θ, Σ ¼ −3M, and Λ ¼ 0 returns the
Schwarzschild metric. The spacetime possesses an event
horizon at the Schwarzschild radius r ¼ 2M, though it also
contains a cosmological horizon at a value of r which
depends on H, the constant of integration Σ, and the
cosmological constant Λ (see Appendix A). In general,
the parameter Σ can be chosen to ensure that the metric is
regular everywhere between these two surfaces (see below),
demonstrating that topological BHs in modified theories of
gravity need not share the pathologies common to many
of the known solutions in the literature [12–14,18–20].
For example, the tt-component of the topological de
Sitter–Schwarzschild metric reads gTdSStt ¼−H00ðθÞ=HðθÞ−
2M=rþΛr2=3 (e.g., [23]), which, in the nonspherical
cases, is prone to suffer signature changes in the external
region and may not contain an event horizon at all for
positive mass, thereby rendering it an unsuitable candidate
to describe an astrophysical compact object.
The Kretschmann invariant K ¼ RμναβRμναβ diverges at

r ¼ 3M=2 (in addition to at r ¼ 0) forH ≠ sin θ, indicating
the presence of a shell-like singularity which delimits the
inner and outer sections of the topological BH; the horizon is
located at r ¼ 2M and shields the inner singularities at r ¼
3M=2 and r ¼ 0 from an external observer. More formally,
the outer horizon prevents null and timelike curves from
passing from one external region to another [16].

B. Some qualitative features of the new metric

Using the simple metric defined above, we can directly
test the impact of horizon topology on observable phenom-
ena while working within a well-motivated theory of
gravity. The observables we analyze are the relativistically
broadened iron line in Sec. IV and the BH “image” in

Sec. V. Although the metric derived in the previous section
is an exact solution for all three cases detailed in expression
(7), it will be most instructive to compare only the spherical
and toroidal horizon cases to reduce the number of
contingencies. In any case, noting that the inequality in
Eq. (2) is sufficient but perhaps not necessary to constrain
χð∂ℬÞ, it has been argued that spherical and toroidal
topologies may be the only possibilities for axisymmetric
horizon cross sections [16]. Before delving into the
specifics of the relationship between observables and the
spacetime geometry, we discuss some qualitative features
of the metric in Eq. (6).
As mentioned previously, requiring that the metric is

well behaved imposes bounds on Σ. Denoting relevant
variables in the spherical horizon case (G ¼ 0) with a
subscript S, we have

BS ¼
�
1 −

2M
r

�
2rþ Σ − r3Λ=3

2r − 3M
; ð10Þ

and the Schwarzschild metric is recovered exactly for
Σ ¼ −3M and Λ ¼ 0. For the rest of this work, whenever
we discuss the spherical horizon case, we take a vanishing
cosmological constant, i.e., ΛS ¼ 0, as we find that
the calculated observables are largely unaffected for
jΛj≲10−20. To ensure the sign of BS always remains
positive outside, the event horizon r ¼ 2M, we impose

ΣS > −4M: ð11Þ

In the toroidal horizon case (G ¼ 1), where instead a
subscript T is adopted on relevant quantities, the metric
component grr becomes

BT ¼
�
1 −

2M
r

�
Σ − r3Λ=3
2r − 3M

: ð12Þ

In this case, a nonzero value ofΛ indicates that χð∂ℬÞ from
expression (2) need not be positive even for δ → 0 [12–14].
In practice, we take a sufficiently small value of Λ
(Λ ∼ 10−50), which ensures that the cosmological horizon
is far away from both the hole and the observer, though the
results are not sensitive to the exact, numerical value of Λ
provided that this latter condition is met. Demanding that
BT always be positive within the region bounded by the
event horizon and the cosmological horizon amounts to
imposing

ΣT > r3Λ=3 ð13Þ

for all radii within the domain. The lowest value of ΣT in
our computations will be 0.01, a number small enough to
illustrate features of the spacetime at small ΣT , and large
enough to ensure that the inequality in Eq. (13) is satisfied.
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Note also that taking a negative value ofΛ and a positive ΣT
ensures this automatically for all radii.
A second point to note is that, because there is no smooth

transition from objects with spherical horizons to objects
with toroidal horizons—they are topologically distinct—it
is not straightforward to compare the observables in the two
cases. Deviations relative to the Schwarzschild case occur
in only the grr component for the spherical horizon case,
but in the toroidal horizon case both the grr and gϕϕ
components change. For negligible values of Λ, expres-
sions (10) and (12) show that

BS

BT
∼ 1þ 2r

Σ
: ð14Þ

Therefore, we expect that the observables will differ
significantly between the spherical and the toroidal horizon
cases for small Σ, when the ratio in Eq. (14) is large.
Moreover, within each case, the effect of Σ will be stronger
in the toroidal horizon case than in the spherical horizon
case. For large Σ, despite having similar grr components
close to the BH, the two cases still differ in their gϕϕ
component. It is unclear how to anticipate whether the
differences in this case would be significant or negligible,
but as we will see in the next sections, the differences are
indeed significant.
For the rest of this work, we pick units of mass such

that M ¼ 1.

IV. X-RAY SPECTROSCOPY

The x-ray reflection spectroscopy is an established
technique for probing BHs in our universe. There are
comprehensive reviews which describe the technique in
general [45] and its implementation in the program to test
alternative theories of gravity [28,62,63]. We briefly
describe some important concepts in x-ray spectroscopy
and the reflection component below.
The typical astrophysical system in the context of x-ray

spectroscopy is modeled as a BH-disk-corona system,
illustrated in Fig. 2. The basic components of the system
are a BH, an accretion disk, and a corona. The accretion
disk is formed out of matter that is falling onto the BH from
a companion star (in the case of stellar-mass BHs) or
surrounding gas (in the case of supermassive BHs). The hot
(∼100 keV) corona is a feature known primarily from
observations; its morphology and composition are not
clearly understood (some possibilities for what it might
be include the base of an astrophysical jet or a cloud of
highly energetic electrons, for instance [46]). In any case,
the central BH is our primary object of interest. In the
present work, its geometry is described by the metric
discussed in Sec. III.
The total spectrum from a system like the one shown in

Fig. 2 can be classified in three parts, as marked in the
figure. The blackbody radiation from the accretion disk

forms the thermal component. Some of this radiation gets
upscattered in the corona via inverse Compton scattering
and gives rise to a component with a characteristic power-
law profile (i.e., the flux ∝ E−α, for power-law index α
where E is the energy of the photon). Some of this power-
law component irradiates the disk, gets reprocessed inside
the disk and then reflected, forming the reflection compo-
nent of the spectrum. Each component carries information
about the spacetime as it traverses the gravitational well of
the BH and arrives at Earth. Among the three, the reflected
component is the most promising one for performing tests
of gravity [64]. A suite of data analysis tools that model the
reflection component in x-rays and estimate various BH
parameters can be found in Refs. [39,49].

A. Relativistically broadened iron line

Since our focus in this work is on the central BH, we will
handle the BH neighborhood in an idealized manner aiming
to capture the most prominent aspects of a realistic setup.
We draw qualitative inferences from these simplified
models, with the expectation that these qualitative results
remain valid in more general settings. In Sec. VI, we
discuss these simplifications and their influence on the
results.
We consider a geometrically thin and optically thick disk

model (popularly known as the Novikov-Thorne disk [65]),
where the disk thickness is taken to be infinitesimally
small.2 The disk is located on the equatorial plane, as
anticipated for realistic disks due to the Bardeen-Petterson
effect [74]. The inner edge of the disk is placed at the
innermost stable circular orbit (ISCO hereafter), which for

FIG. 2. An illustration of the typical astrophysical system in
x-ray spectroscopy. The central, filled black circle (noting again
that the event horizon occurs at r ¼ 2M) symbolizes the BH. The
geometrically thin disk is indicated in gray and the corona in
yellow. The arrows indicate photon trajectories and are colored
according to the classification shown on the figure. Adapted from
[46]. See the text for more details.

2The validity of this assumption has been verified both
theoretically [66–68] and observationally [69,70]. Models where
this assumption is relaxed have also been analyzed [71–73]; they
have qualitatively similar features as the current model.
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the metric under consideration is always located at r ¼ 6
for allH choices. The outer edge of the disk does not play a
big role in the calculation as long as it is at some large
radius, since we use a radially decaying intensity profile.
We focus our attention on Fe Kα emission from the disk
(colloquially referred to as the iron line), because the
fluorescent yield for iron is higher than for other elements.
This is a typical choice made in the literature for both
theoretical [75] and observational [76] analyses.
The corona is modeled in a phenomenological sense.

The only role it plays in our model is to irradiate the disk,
which culminates in a reflection spectrum. This latter
component can be modeled by specifying the intensity
profile of the disk [77]. We assume a simple power-law
function for the intensity profile,

Ie ∝
1

r3
; ð15Þ

which is again a typical choice [78] (it is also an accurate
choice far from the inner regions of the disk if the corona is
a point source close to the BH and radiates isotropically
[79]). A simple extension of this function to a broken power
law (i.e., Ie ∝ 1

rq where q takes different values below and
above some radius) covers many more coronal geometries
[77] and is trivial to implement in our model. But in the
spirit of a qualitative analysis, we contain our analysis to
the simple profile.
The total radiation received by an observer located at a

radial distance D can be written as [39]

FoðνoÞ ¼
Z

Ioðνo; X; YÞdΩ̃; ð16Þ

where Io is the specific intensity of the radiation at the point
of detection by a distant observer, X and Y are the Cartesian
coordinates of the image of the disk in the plane of the
telescope, and dΩ̃ ¼ dXdY=D2 is the solid angle element
subtended by the image of the disk on the telescope’s sky.
Using the Liouville’s theorem, Io can be related to Ie via the
redshift factor as Io ¼ g3Ie, where the redshift factor g
quantifies the change in a photon’s frequency as it traverses
through the spacetime from the point of emission to the
point of detection. The explicit definition of g and the form
it takes for the accretion disk and the metric under
consideration are provided in Appendix B. The flux can
now be written as

FoðνoÞ ¼
Z

g3Ieðνe; re; ϑeÞdΩ̃; ð17Þ

where νe, re, and ϑe are the photon’s frequency, radial
location, and emission angle relative to the normal to the
disk, respectively, at the point of emission.
For evaluating the flux, it is efficient to trace photons

from the image plane of the observer back to the disk, rather

than the physically correct way from the disk to the
observer. The initial conditions at the image plane are
described in Appendix A. Even with this efficient choice, in
general one needs to calculate the trajectories of ≳106

photons. For further efficiency, we use the transfer-function
formalism (first introduced in Ref. [80] and implemented in
the context of non-Kerr metrics in Ref. [39]). This enables
us to use the framework of RELXILL and RELXILL_NK,
which employ a computationally efficient scheme to
integrate the transfer function to calculate relativistic
reflection spectra. We use the RELXILL_NK model from
the framework and modify it to compute iron lines for the
spherical and toroidal metrics of this work. The details of
the transfer function and its implementation in the calcu-
lation of flux are presented in Appendix C.

B. Iron-line results

The iron lines calculated using the scheme described
above are presented in Fig. 3. The panels show lines
calculated at viewing angles of 15° (top row), 45° (middle
row), and 75° (bottom row), respectively. In each row, the
lines in the toroidal horizon cases are shown on the left, and
those in the spherical horizon cases are shown on the right. In
both cases, we plot the lines for several values of Σ. Several
interesting features present themselves in these plots.
Before discussing the role of the horizon topology and

the Σ parameter, we note some features of Schwarzschild
iron line, which serves as a benchmark. This case is
represented by the black solid line in the panels on the
right in Fig. 3. A combination of Doppler shift, special-
relativistic beaming, and gravitational redshift broadens a
monochromatic line at a specific energy into a curve. The
broadening depends, among other things, on the inclination
of the disk relative to the observer (see Ref. [46] for a
detailed discussion).
In the toroidal horizon case, for the smallest Σ (¼ 0.01),

the iron lines are noticeably blue-shifted relative to the
Schwarzschild line for fixed viewing angle. Among differ-
ent viewing angles though, the iron lines for this particular
toroidal case are nearly identical. Since typically the
viewing angle affects the lines very strongly (cf. the cases
in the right-hand panels), this is a novel feature of the
toroidal horizon case. As Σ increases, the lines acquire
features that distinguish them from the Σ ¼ 0.01 case, but,
depending on the viewing angle, even the Σ ¼ 50 case
can appear quite similar to the Σ ¼ 0.01 case. For all Σ
though, the lines in the toroidal horizon case are distinct
from those in the Schwarzschild case, most noticeably
through the aforementioned blue-shifting and a general
plateauing effect in the flux that is not observed in the
latter case.
In the spherical horizon case, the shape of the lines is

largely unaffected by Σ when it takes small values. For
larger values of Σ, its influence depends on the viewing
angle. For large viewing angles (when the observer’s line of
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sight is closer to the plane of the disk), the line shape does
not change significantly even for Σ≲ 100, whereas for a
15° viewing angle, the lines are potentially distinguishable
from the Schwarzschild case even at Σ ¼ 50 by the location
and relative magnitudes of the peak fluxes, and the
spectrum tail for E≲ 5.5 keV.

Thus, we can conclude that our first observable, the iron
line, should always be able to distinguish toroidal horizon
BHs from the Schwarzschild BH, and only sometimes be
able to distinguish general spherical horizon BHs from the
Schwarzschild BH. In the next section, we will see that this
is not the case with all observables.

FIG. 3. Relativistically broadened iron lines for several values of Σ (labeled in each plot) in the toroidal (marked with T in the labels)
and spherical (marked with S in the labels) horizon cases. The toroidal horizon cases are shown in the left column and the spherical
horizon cases in the right column, respectively. The viewing angles are 15° (top row), 45° (middle row), and 75° (bottom row). See the
text for more details.
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V. BLACK HOLE IMAGING

BH imaging is the latest of the experimental techniques
related to studies of compact objects that have become
possible in recent times. The now well-known image of the
center of the galaxy M87 [41], showing for the first time the
shadow of a BH, has heralded a new era in tests of strong-
field gravity. While the image itself was of low resolution,
making tests of gravity at the level of other, existing
techniques difficult [81], the approach in principle can
be used for this purpose [82]. In this section, we describe
how the horizon topology, modeled with the metric in
Eq. (6), affects the apparent boundary and the BH image.
The basic setup is shown in Fig. 4. As before, the

observer is located at a distance D, far away from the event
horizon (while at the same time much closer than the
cosmological horizon, see Appendix A). The photons are
traced backwardin time, from the point of detection to the
point of emission. The initial conditions for the photon
trajectory are the same as in Sec. IV and are given in
Appendix A. In this section, we introduce two new on-
screen parameters, rscr and ϕscr. These can be related to the
Cartesian coordinates on the image plane ðX; YÞ with the
following simple relations:

rscr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 þ Y2

p
; ð18Þ

ϕscr ¼ tan−1ðY=XÞ: ð19Þ

A. Apparent boundary

The central shadow of the supermassive BH in M87, and
indeed all BHs, is closely related to the intrinsic properties of
the BH. While the actual image is strongly dependent on the
BH neighborhood [83], which includes the accretion flow,
the magnetic fields, and so on, there is one quantity that is

independent of the neighborhood, and that is the so-called
apparent boundary [84]. This is defined as the boundary that
divides null geodesics that fall into the event horizon and
those that escape to null infinity. It can be thought of as the
image of a BH illuminated by light from a distant source
that is isotropically emitting and encloses the BH. For
Schwarzschild BHs, this apparent boundary can be calcu-
lated analytically and occurs at a radius r ¼ b, where [85]

b ¼ 3
ffiffiffi
3

p
M ≈ 5.2M: ð20Þ

For generic BH spacetimes, an analytical expression of
the apparent boundary is not possible. Rather, we must
calculate it numerically. To this end, we use the following
strategy. Starting with an initial guess for rscr, a photon is
back-traced until it satisfies one of the two conditions:

I∶ falls into the event horizon ðB ¼ 0Þ; or
II∶ Escapes to infinity ðr > DÞ; ð21Þ

where B is defined in Eq. (9), r is the radial coordinate
along the null geodesic, and D is some large distance
beyond which we expect the photon to continue to
asymptotic infinity (set, in practice, as the radial distance
of the observer from the BH). For a given ϕscr, rscr is varied
until rscr − δr satisfies Condition I and rscr þ δr satisfies
Condition II (we choose δr ¼ 10−6). This procedure is
performed for 360 uniformly spaced values of ϕscr between
0 and 2π, which is then interpolated to determine the
apparent boundary at the observer’s screen.
The apparent boundaries for three toroidal horizon cases

are presented in Fig. 5, where we take Σ ¼ 0.01 (black

FIG. 4. An illustration of the apparent boundary (colored in
blue) on the image plane of the observer. Photon trajectories are
shown in red, the BH by a filled, black circle and the unstable
photon orbit by a red circle. The image plane is parametrized by
rscr and ϕscr.

FIG. 5. Apparent boundary for toroidal horizon cases with Σ ¼
0.01 (black crosses), Σ ¼ 1 (green filled circles), and Σ ¼ 100
(magenta empty circles). See the text for more details on the
construction of this image.
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crosses), Σ ¼ 1 (green filled circles), and Σ ¼ 100
(magenta empty circles). We find that the apparent boun-
daries are all of the same size and shape within numerical
precision, and match the boundary of the standard
Schwarzschild case. The spherical horizon case with differ-
ent values of the Σ parameter follows the same pattern.
From this, we can infer that the apparent boundary cannot
distinguish either the horizon topology or the variation in
the Σ parameter from the Schwarzschild case. This is
surprising at first, especially since it is in stark contrast with
the iron-line results of Sec. IV which are strongly affected
by the horizon topology. This insensitivity can be under-
stood by realizing that the outermost horizon prevents
photons from illuminating the inner circle of the toroid
[16]; see Fig. 1. In particular, the parameter b from
expression (20) is defined as the ratio of the specific
energy E and angular momentum Lz for an orbit along
the photon sphere with vanishing radial momentum and
acceleration [86]. This quantity is thus essentially the ratio
of the t and ϕmomenta in the static case (see Appendix B),
and is independent of HðθÞ. Along with the fact that the tt-
component of the metric under consideration is indepen-
dent of Σ and identical for both spherical and toroidal
topologies, this implies a constant b and, in turn, a constant
apparent boundary. A more general case where gtt deviates
from its Schwarzschild form would break this degeneracy
and modify the apparent boundary.
When analyzing alternative theories of gravity, it is

typical to study only the apparent boundary [44,87–89].
The viability of black hole imaging for testing alternative
theories is usually assessed by analyzing the effect of the
parameters of the alternative theory on the apparent
boundary. In our case, although the apparent boundary is
completely insensitive to the horizon topology, we shall see
in the next section that a more realistic calculation of the
black hole image changes the story.

B. Black hole image

In reality, the actual BH image is not the same as the
apparent boundary. Rather, what is observed in BH imaging
is the synchrotron emission from the accretion disk around
the BH [41]. This feature depends strongly on the astro-
physics of the BH neighborhood [90]: the size (how far the
disk extends) and shape of the accreting matter (whether it
is optically thick/thin and whether it is geometrically thick/
thin), the composition and ionization of the accreting
matter, and the geometry of neighboring magnetic fields
all influence the character of this emission. Calculation of
realistic BH images is a broad field and beyond the scope of
this work, but we can get a qualitative idea by making some
simplifying assumptions and calculating the BH images
within these assumptions.
In contrast to the razor-thin disk of Sec. IV, here we

assume a geometrically thick and optically thin accretion

disk, as considered in Ref. [50].3 A schematic of the disk is
shown in Fig. 6. The disk extends from some inner radius
(which we fix at the ISCO) to some large outer radius
(effectively imposed by the emissivity, see below), and has
an opening angle θop. For simplicity, and since we are
interested in only a qualitative picture, we fix θop for the
rest of the analysis at 30°. The material in the disk flows in
circular orbits, and the velocities are independent of the
height relative to the equatorial plane. Thus, the orbital
velocity of particles at a given ðr; θÞ in the disk is set equal
to the velocity of a particle in a quasicircular geodesic on
the equatorial plane at a radial location r sin θ.
Following [47,94], we assume that the emissivity profile

j is monochromatic and radial, with

jðνeÞ ∝
ν⋆
r2

; ð22Þ

where ν⋆ is the rest-frame frequency. The total photon flux
on the screen is given by (see, e.g., Refs. [94,95])

FobsðX; YÞ ¼
Z
γ
Iobsðνobs; X; YÞdνobs ð23Þ

¼
Z
γ

Z
g4jðνeÞdlpropdνe; ð24Þ

where g is the redshift defined in Eq. (B12), and dlprop is the
infinitesimal proper length measured in the emitter’s rest
frame. Using dlprop ¼ pαuαedλ, where ue is the 4-velocity

FIG. 6. A schematic of the astrophysical system for modeling
the BH image. The central BH is indicated with a filled black
circle and the geometrically thick disk in gray. The inner edge rin
and the opening angle θop of the disk are labeled. The image plane
of the observer is nearly polar in inclination, and photon
trajectories are shown in red. For illustration, the part of the
accretion disk through which a specific photon passes is shaded
in red.

3This choice is driven by the fact that the disks of M87� and
Sgr A�, two of the most important candidates for BH imaging, are
neither thin (as considered in Ref. [91]) nor spherical (as
considered in [92]), but somewhere in between [83,93].
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according to the emitter and λ is the path arc length, and the
expression for g from Eq. (B12), we get

dlprop ¼
pt

gjprj
dr: ð25Þ

Using this and the expression for jðνeÞ from Eq. (22), the
photon flux received by the observer can be written as

FobsðX; YÞ ¼
Z
γ

g3pt

r2jprj
dr: ð26Þ

To compute the image, we discretize the observer screen
in terms of rscr (150 cells from 0 to 50M) and ϕscr (90 cells
from 0 to 2π). Photons are traced backward in time from the
observer screen, as described in Appendix A, until one of
the conditions in expression (21) is satisfied. While the
photon is inside the disk (the shaded region in Fig. 6
represents the part of the trajectory inside the disk in one
specific case), the integral in Eq. (26) is calculated. This
procedure is repeated for all values of rscr and ϕscr and the
final flux map interpolated to give a smooth image.

C. Image results

The results of the procedure described in the previous
section are shown in Fig. 7–9. In all cases, the viewing
angle is fixed at nearly 0° (i.e., the observer is nearly
perpendicular to the equatorial plane, see Fig. 6). This
choice is motivated by a similar orientation of the M87�
system relative to Earth [83]. To establish a benchmark
against which we will compare all the other cases, we first
discuss the image of a Schwarzschild BH in this setup. This
is shown in the middle panel of Fig. 9. In this case, we see
all the characteristic features associated with BH images. In
particular, there is a central dark region from where no
photons arrive. This is bounded by a bright ring, then a
region of lower brightness, followed by a bright band that
gradually fades as we go to larger radii. Although there is
no direct comparison possible, we can see it as a combi-
nation of the images presented in Refs. [50] (whose disk
structure we follow) and [47,94] (whose emissivity profile
we follow).
Toroidal horizon cases are presented in Fig. 7. In the

panels in the left column, the field of view is fixed and Σ
varies from 0.01 in the top panel to 200 in the bottom panel.
The most striking feature of these images is the very high
sensitivity of the image size to the value of Σ. From top to
bottom, the central dark region goes from being practically
invisible to very large, relative to the Schwarzschild case.
Such a large difference in the image size would easily be
detected with current observational techniques. It is impor-
tant to emphasize here that the image size is not always
known beforehand, so a benchmark may not be readily
available. The two most important parameters that deter-
mine the size of the image within GR are the mass of the

BH and its distance from us (see, e.g., [96]). Typically these
parameters are known from independent techniques (e.g.,
observing the motion of stars and gas in the disk around the
BH [97,98], radiation from the infalling gas [82,99]) but
with some uncertainty. Thus, the expected image size too
can be estimated, but with some uncertainty. In light of this,
we look at a separate feature of the images: the brightness
profile. To focus on this feature, we rescale the field of view
so that the volume of the central dark region in all cases is
roughly equal. This is shown in the panels in the right
column. With this normalization, we see that the Σ ¼ 0.01
and Σ ¼ 1 cases are actually rather similar. The Σ ¼ 200
case in the bottom right panel, on the other hand, is still
obviously distinct from the other two. All cases are clearly
distinguishable from our benchmark Schwarzschild case
(middle panel of Fig. 9) regardless.

FIG. 7. BH images for several values of Σ (indicated in the
subcaptions) for holes with toroidal horizons. The images in the
right column show the same image as those in left column but
with rescaled X and Y axes. See the text for further details.
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The spherical horizon cases are presented in Fig. 8. Here
we find that for small values of Σ (≲1), the image is nearly
identical to the Schwarzschild case. This is not so surpris-
ing since, as discussed in Sec III B, the metric in this case is
mathematically similar to the Schwarzschild case [see
Eq. (10)]. For larger Σ, some distinctive features emerge,
in particular for Σ ¼ 10 we see that the inner bright ring
gets thinner, and the two bright bands merge (see, for
instance, the right panel in Fig. 9). For Σ≳ 100, as shown
in the right panel in Fig. 8, the flux is completely confined
near the apparent boundary (see Fig. 5) and the image looks
significantly different from both the benchmark and other
cases.
Since the toroidal and the spherical horizon cases have

their own characteristics and vary quite a lot in their
appearance, a question arises as to whether they are always
significantly different from each other. To address this
question, we present Fig. 9. The left panel shows a toroidal-
horizon case, the right panel a spherical-horizon case, and
the middle panel shows the image in the Schwarzschild
case. We can see that the left and right images, while being
significantly different from the middle image, are compa-
rable to each other in terms of the local dispersion and flux
gradients. At least with current observational techniques, it
is not clear if the two could be distinguished in principle.

We therefore conclude that our third observable, the BH
image, may readily distinguish toroidal horizon BHs from
Schwarzschild BHs. More general spherical horizon BHs
are also distinguishable but only for large (i.e., non-
Schwarzschild) values of Σ. Finally, in special cases where
Σ is fine-tuned, the images in the toroidal and spherical
horizon case can look similar.

VI. DISCUSSION

A generic prediction of theories of gravity which extend
GR in the strong-field regime is the emergence of non-Kerr
features in BHs. These features can manifest in a number of
ways, though one interesting possibility which has received
relatively little attention is in the horizon topology [24,25]:
Hawking’s theorem stating that BH boundaries must be
topologically spherical [10,11] need not hold in an
extended theory of gravity [55,56], as can be seen from
the inequality in Eq. (2). In this paper, we provide the
theoretical basis for testing horizon topology using x-ray
reflection spectroscopy (Sec. IV) and imaging techniques
(Sec. V). Using a new exact solution in the fðRÞ class of
theories, we find that a toroidal horizon compact object
amplifies the low-energy part (“red region”) and suppresses
the high-energy part (“blue region”) of the spectrum of Kα

FIG. 8. BH images for several values of Σ (indicated in the subcaptions) for holes with spherical horizons.

FIG. 9. BH images for some special cases. The horizon topology and value of Σ are indicated in each subcaption. The middle panel
shows the Schwarzschild case. See the text for more details.
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iron-line emissions (see Fig. 3) and is, except for extreme
parameter choices (unlikely to be realized for an astro-
physical source), easily distinguishable from the typical
BHs of GR. BH images (i.e., synchrotron radiation fluxes)
also seem to display features that are unique to each
topology (see Fig. 9). On the other hand, the apparent
boundary of the hole (Fig. 5) cannot be used to distinguish
between regular and topological BHs. This occurs because,
at least for static spacetimes, only the tt-component of the
metric affects the apparent boundary [44]. The apparent
boundary for a more general topological BH solution may
be sensitive to the topology implicitly if gtt depends on the
genus G.
These results, though not conclusive, suggest that (static)

topological BHs are unlikely to exist in reality. We note
however that further tests (such as those coming from
ringdown analysis [100]) are needed to be more definitive,
since there may be topological BHs in other theories of
gravity which behave more subtly. Numerical simulations
of gravitational collapse [21,22] have found that toroidal
holes may even exist in GR for short times postcollapse.
The emergence of such transient features does not violate
Hawking’s theorem, which concerns stable objects, though
are difficult to test with electromagnetic techniques which
require long observation times. Gravitational-wave-based
tests would be especially helpful in this direction. Further
studies of the G > 1 case would also be worthwhile using
the methods presented here. More general metric solutions
where the function H is more interlaced in the metric
coefficients (so that b depends on H) may change some of
the effects described here, in particular the apparent
boundary may become sensitive to the horizon topology.
An extension of our analysis to rotating solutions, using, for
instance, the Newman-Janis algorithm [101], would also be
worthwhile in this direction. This is especially interesting
since the performance of different observables may change
with the introduction of spin. In particular, the iron line for
some toroidal horizon cases may become degenerate with
the line for the Kerr BHs, since spin amplifies the low-
energy part and suppresses the high-energy part of the line,
much like a toridal horizon does. This may reduce the
ability of the iron-line observable to differentiate horizon
topologies. The effect of the horizon topology on the black
hole image, especially the huge changes in the image size
(See Fig. 7), is however unlikely to be mimicked by Kerr
BHs [47]. The apparent boundary is also affected by the BH
spin [86], so it would be interesting to see if the degeneracy
we observed here among apparent boundaries is broken in
the presence of spin.
As this work is meant to be qualitative in nature, we have

intentionally refrained from going into the details of two
aspects. First, the actual observable in x-ray spectroscopy
consists of various components, as described in Sec. IV, and
the iron line is only one part of the full spectrum. Any
realistic analysis with x-ray spectroscopy will necessarily

involve calculating the full spectrum. Even the system
morphology, e.g., the assumptions of a geometrically thin
and optically thick accretion disk [65] or the universality of
the Bardeen-Petterson effect [74], may not be valid for
toroidal BHs. Similarly, in BH imaging, the actual disk
requires relativistic magnetohydrodynamic modeling, and
the radiation profile is more complex than a monochro-
matic power law. Second, both x-ray spectroscopy and BH
imaging models have several parameters apart from those
we analyzed above, and some of them could be strongly
degenerate with our parameters. In particular, the x-ray
spectrum and the BH image depend strongly on the
location of the disk inner edge, the BH spin, the emissivity
index, and so on. Additionally, the BH image depends very
strongly on the BH mass and distance. Thus, it is possible
that some cases that we inferred to be distinguishable may
become degenerate by varying these additional parameters.
The vastly different frequency bands of the x-ray-based and
imaging-based techniques may also affect the features of
each observables differently (for instance, the scattering/
dispersion experienced by the photons in each case).
Nevertheless, we are fairly confident that the generic
inferences made here, namely, that horizon topology
imprints a unique signature on the observables associated
with x-ray spectra and BH images, will remain true.
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APPENDIX A: INITIAL CONDITIONS FOR
PHOTON TRAJECTORIES

In our ray-tracing scheme, photons are fired backward in
time, from the image plane toward the BH. Since we are
dealing with a metric that is not necessarily asymptotically
flat [see Eq. (12)], writing the initial conditions for the
trajectory of the photon is not straightforward. The first step
is to specify the photon’s initial position. As described in
Sec. III A, our spacetime is endowed with both a standard
event horizon (at rH ¼ 2M) and a cosmological horizon.
The latter is located where, following Eq. (12), we have

3Σ − r3CHΛ ¼ 0; ðA1Þ

or

rCH ¼
ffiffiffiffiffiffi
3Σ
Λ

3

r
; ðA2Þ

where rCH is the radial coordinate at the cosmological
horizon. We place the observer at some distance D such
that
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rH ≪ D ≪ rCH: ðA3Þ

As D is also much larger than the size of the image plane,
we can safely set the initial positions of photons to be equal
to the observer’s coordinates. Thus, at t ¼ 0, the photon’s
position vector is simply ðD; ι;ϕÞ, where ι is the inclination
of the observer relative to the normal to the accretion disk,
and ϕ is the azimuthal angle which, using the freedom
provided by the axisymmetry of the spacetime, we set equal
to 0.
To specify the photon’s initial four-momentum, we use

the coordinates on the image plane ðrscr;ϕscrÞ, shown in
Fig. 4. By setting ϕscr ¼ 0 along the direction parallel to the
equatorial plane, we can relate the initial photon momen-
tum to these coordinates as

rscr cosϕscr ¼ lim
r→∞

−rpðϕÞ

pðtÞ ;

rscr sinϕscr ¼ lim
r→∞

−rpðθÞ

pðtÞ : ðA4Þ

Here, pðμÞ represents the photon’s four momentum in the
locally nonrotating frame of reference, which can be related
to the global coordinates (in which the metric is presented)
using orthonormal tetrads defined as [102]

eðtÞ ¼
1ffiffiffiffiffi
gtt

p ∂
∂t ;

eðrÞ ¼
1ffiffiffiffiffiffi
grr

p ∂
∂r ;

eðθÞ ¼
1ffiffiffiffiffiffi
gθθ

p ∂
∂θ ;

eðϕÞ ¼
1ffiffiffiffiffiffiffigϕϕ

p ∂
∂ϕ ðA5Þ

for a spherically symmetric metric. We use these relations
to get the ðpr; pθ; pϕÞ components of the initial four
momentum (we set pðrÞ ¼ 1). For pt, we use the fact that
along null geodesics, pμpμ ¼ 0. So,

pt
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
grrðpr

0Þ2 þ gθθðpθ
0Þ2 þ gϕϕðpϕ

0 Þ2
q

; ðA6Þ

where the subscript 0 implies t ¼ 0.

APPENDIX B: PHOTON TRAJECTORIES AND
THE ACCRETION DISK

To calculate the trajectory of the photons and the gas in
the disk, we use the standard geodesic equations of GR,

d2xμ

dλ2
¼ Γμ

αβ

dxα

dλ
dxβ

dλ
; ðB1Þ

where

Γμ
αβ ¼

1

2
gμν

�∂gαν
∂xβ þ ∂gνβ

∂xα −
∂gαβ
∂xν

�
ðB2Þ

is the metric connection and λ is an affine parameter. Using
the initial conditions at the image plane of the observer, as
defined in Appendix A, we trace photons backward in time
with this equation until it hits the disk (in the case of iron-
line spectroscopy, see Sec IV) or satisfies one of the
conditions in expression (21) (in the case of BH imaging,
see Sec V).
We now define some quantities related to the accretion

disk. For a particle falling freely in a static spacetime with
four-momentum,

pα ¼ dxα

dτ
; ðB3Þ

we have (at least) two conserved quantities: (i) the energy
E ¼ −pt and (ii) the axial angular momentum Lz ¼ pϕ

(e.g., [86]). If we specialize to motion in the equatorial
plane ðpθ ¼ 0Þ, appropriate for a thin, unwarped accretion
disk, the geodesic equations reduce to

1

2
grrðprÞ2 ¼ −

1

2
½gttðptÞ2 þ gϕϕðpϕÞ2 þ 1�: ðB4Þ

The right-hand side of Eq. (B4) defines the effective
potential, Veff . Circular orbits are characterized by the
vanishing of the radial momentum and its derivative, i.e.,
pr ¼ 0 and dpr

dr ¼ 0 [86]. Particularizing to this case, we
have from Eq. (B4),

Veff ¼ 0 ðB5Þ

and

d
dr

�
Veff

grr

�
¼ 0: ðB6Þ

Solving Eqs. (B5) and (B6) leads to expressions for the
energy E and angular momentum Lz, which in turn define
the Keplerian frequency Ωϕ,

Ωϕ ¼ −
gttLz

gϕϕE
; ðB7Þ

the radial epicyclic frequency κr,

κ2r ¼ −
∂2

∂r2
�

Veff

grrðptÞ2
�
; ðB8Þ

and the angular epicyclic frequency Ωθ,
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Ω2
θ ¼ −

∂2

∂θ2
�

Veff

gθθðptÞ2
�
; ðB9Þ

where quantities are evaluated in the equatorial plane
θ ¼ π=2. The expressions for these quantities as functions
of r, E, and Lz are long but can be easily evaluated using
the metric components in Eqs. (8) and (9).
Using these quantities, we can get the innermost stable

circular orbit and the redshift factor. The former is located
at the radial coordinate where

∂2Veff

∂r2 ¼ 0 or
∂2Veff

∂θ2 ¼ 0: ðB10Þ

The latter is defined as

g ¼ νo
νe

¼ −uαopα

−uβepβ

; ðB11Þ

where uo and ue are the four-velocities of the observer at
the point of detection and the gas at the point of emission,
respectively, and p is the four-momentum of the photon.
Taking the distant observer to be at rest, we get
uαo ¼ ð1; 0; 0; 0Þ, and for the gas moving on circular orbits
in the accretion disk, we get uβe ¼ gttptð1; 0; 0;ΩϕÞ.
Plugging these expressions in, the equation for g becomes

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gtt − gϕϕΩ2

ϕ

q
1þ pϕΩϕ=pt

: ðB12Þ

APPENDIX C: THE TRANSFER FUNCTION
FORMALISM

The transfer function serves as an integration kernel that
can convert the local spectrum at the point of emission (in
our case, the surface of the accretion disk) to the observed
spectrum at a detector. It is defined as

fðg�; re; ιÞ ¼
1

πre
g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g�ð1 − g�Þ

p ���� ∂ðX; YÞ∂ðg�; reÞ
����; ðC1Þ

where j ∂ðX;YÞ
∂ðg�;reÞ j is the Jacobian and ι is the inclination of the

distant observer relative to the normal to the disk (which
will differ in general from ϑe due to light bending in the
vicinity of the BH). Here, g� is the normalized redshift
factor, defined as

g� ¼ g − gmin

gmax − gmin
; ðC2Þ

where gmax ¼ gmaxðre; D; ιÞ and gmin ¼ gminðre;D; ιÞ are
the maximum and minimum values of g, respectively, and
g; re; X; Y, and ϑe have been defined in Sec. IVA. For each
value of g� except 0 and 1, there are two values of g at a
constant re, resulting in a splitting of a constant radius ring
in the accretion disk in two sections. So, the transfer
function too will have two values at each g�, along each
section.
The reformulated flux equation is given as

FoðνoÞ ¼
1

D2

Z
rout

rin

Z
1

0

πreg2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g�ð1 − g�Þp fð1Þðg�; re; ιÞIeðνe; re; ϑð1Þe Þdg�dre

þ 1

D2

Z
rout

rin

Z
1

0

πreg2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g�ð1 − g�Þp fð2Þðg�; re; ιÞIeðνe; re; ϑð2Þe Þdg�dre; ðC3Þ

where ðfð1Þ; ϑð1Þe Þ and ðfð2Þ; ϑð2Þe Þ are the transfer functions
and the emission angles along the two sections, respectively.
Following the RELXILL_NK framework [39], the transfer

function is calculated at 100 values of re and 20 values of g�
at a specific Σ and ι and stored in a FITS (flexible image

transport system) table [39]. To calculate the flux from the
transfer function tables, we interpolate the transfer function
in ðre; g�Þ [39] and then integrate along re from the inner
to the outer edge of the disk and along g� from 0
to 1 [103].
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