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Scalarization is a very interesting phenomenon allowing a compact object to be endowed with scalar hair
while leaving all the predictions in the weak field limit unaltered. In Gauss-Bonnet gravity, the source of the
scalar field can be the curvature of the spacetime. It was recently shown that for a particular type of
coupling function between the scalar field and the Gauss-Bonnet invariant, spin-induced black hole
scalarization is possible. In the present paper, we study this phenomenon by performing a 2þ 1 time
evolution of the relevant linearized scalar field perturbation equation and examine the region where the Kerr
black hole becomes unstable, giving rise to new scalarized rotating black holes. This is a direct numerical
approach to study the development of spin-induced scalarization, and it can serve as an independent check
of previously published results.
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I. INTRODUCTION

Alternative theories of gravity play a major role in the
research performed by relativists and cosmologists around
the globe, even while general relativity (GR) keeps thriving
with its predictions as new ways of probing it are
developed. Two main reasons support this practice. The
first is our current understanding of the large scale structure
of the Universe based on observations, which requires the
existence of a weakly interacting matter field known as
dark matter, yet not experimentally found, as well as a
negative pressure field which we call dark energy, capable
of producing the late time accelerated expansion, and also a
similar field named inflaton, which would have caused the
early inflationary period of our Universe. The second
reason is that GR is a classical nonrenormalizable theory
that is expected to break down at the Planck scale, and
therefore cannot tell the whole story. In exploring different
theories, one may not ignore the success achieved by GR so
far; hence, any deviations from it on classical scales are
assumed to take place at the strong regime, i.e., in the
vicinity of a compact object such as a black hole.
Understanding what features to look for in such deviations
and how they relate among different theories is key to better
categorizing the whole myriad of generalizations found
thus far in the literature.

In GR and several classes of scalar-tensor theories, the
usual no-hair theorems apply; see, e.g., [1–5]. The excep-
tions are given by dropping the theorem’s assumption that
the matter fields share the same isometries of the spacetime,
which allows for black holes with synchronized hair given
by some complex spin-0 or spin-1 field endowed with a
Noether charge that cannot be accessed asymptotically
through the metric components [6–15]. Accordingly, the
existence of hairy black holes greatly constrains the classes
of theories which are serious contenders to expand GR’s
predictions.
Extensively studied is a special subset of Hordenski

theories known as Einstein-dilaton-Gauss-Bonnet (EdGB)
theory, where the general relativistic action is extended to
include quadratic terms which are curvature invariant—the
Gauss-Bonnet termR2

GB. Such a term alone is a topological
one which does not contribute to the dynamics in four
spacetime dimensions, but in the EdGB theory, it is coupled
to a scalar field through an exponential function fðφÞ ¼
α expð−γφÞ [16–20]. The dynamics of the dilatonic field
is prescribed by a Klein-Gordon (KG) equation (plus
Maxwell’s equations when further coupled to an electro-
magnetic field) that does not allow for trivial (scalar hair
free) solutions, due to the special form of the coupling.
Therefore, dilatonic hair is featured in all solutions, and GR
black holes are not part of them.
Recently, it has been realized that by modifying the

coupling function it is possible to recover GR as a special
set of the theory; in particular, if dfðφÞ=dφ ¼ 0 for a
certain constant φ0, then φ ¼ φ0 everywhere is a possible
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solutions to the KG equations. The scalar field no longer
represents the dilaton, and this class is generally referred to
as Einstein-scalar-Gauss-Bonnet theory (EsGB). This con-
straint on the coupling function is interesting for it leads to
a curvature-induced spontaneous scalarization as noted for
the first time for static black holes [21–23]. In short, around
compact objects, the curvature becomes large enough to
trigger the dynamics of the scalar field. Different objects
have been studied in this class of theories—spherically
symmetric black holes with different couplings and their
stability properties [24–35]; scalarized neutron stars
[22,36]; wormholes with no exotic matter [31]; particlelike
solutions [37,38], which describe a scalar field divergent at
the origin, but whose energy-momentum tensor is regular
everywhere, and so is the spacetime. Rotating EsGB black
holes, which are the topic of investigation of this article,
have been reported in Refs. [39,40] for different coupling
functions.
In this paper, we probe the stability of Kerr EsGB black

holes by evolving in 2þ 1 dimensions the modified Klein-
Gordon equation describing the scalar perturbation of Kerr
black holes within the EsGB gravity and determine in
which regions of the parameter space that defines the theory
a tachyonic instability gives rise to hairy black holes. We
focus only on the case where the second order derivative of
the coupling function has a negative sign that cannot lead to
scalarization in the static case as in Refs. [21,22], but
instead spin-induced scalarization is observed above a
certain threshold of the black hole angular momentum.
We note that a similar work has recently appeared in
preprint versions [41], later supported by some analytical
calculations [42], but it uses a different methodology where
one decomposes the angular dependency of the scalar field
onto a basis set of spherical harmonics and evolves the
resulting system in 1þ 1 dimensions. The present paper is
meant to perform an independent check of the main results
in Ref. [41] from a different perspective.

II. SCALAR FIELD PERTURBATIONS WITHIN
GAUSS-BONNET GRAVITY

The action of Einstein-scalar-Gauss-Bonnet gravity in
vacuum is given by

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2∇μφ∇μφþ λ2fðφÞR2
GB�; ð1Þ

where, as usual, R is the Ricci scalar with respect to the
spacetime metric gμν, φ is the scalar field with coupling
function fðφÞ, λ is the Gauss-Bonnet coupling constant1

having dimension of length, and R2
GB is the Gauss-Bonnet

invariant, which is defined by R2
GB ≔ R2 − 4RμνRμν þ

RμναβRμναβ where Rμν is the Ricci tensor and Rμναβ is

the Riemann tensor. The action (1) yields the field
equations

Rμν −
1

2
Rgμν þ Γμν ¼ 2∇μφ∇νφ − gμν∇αφ∇αφ; ð2Þ

∇α∇αφ ¼ −
λ2

4

dfðφÞ
dφ

R2
GB; ð3Þ

where ∇μ is the covariant derivative with respect to the
spacetime metric gμν and Γμν is defined by

Γμν ≔ −Rð∇μΨν þ∇νΨμÞ − 4∇αΨα

�
Rμν −

1

2
Rgμν

�

þ 4Rμα∇αΨν þ 4Rνα∇αΨμ

− 4gμνRαβ∇αΨβ þ 4Rβ
μαν∇αΨβ ð4Þ

with

Ψμ ≔ λ2
dfðφÞ
dφ

∇μφ: ð5Þ

In what follows, we will consider asymptotically flat
spacetimes and the case for which the cosmological value
of the scalar field is zero, i.e., φ0 ¼ 0. Without loss of
generality, we can impose the following constraints on

the coupling function fðφÞ: fð0Þ ¼ 0 and d2f
dφ2 ð0Þ ¼ ϵ with

ϵ ¼ �1. Since the focus of the present paper is on
spontaneous scalarization, we impose one more condition
on fðφÞ, namely, df

dφ ð0Þ ¼ 0, which is crucial for the
spontaneous scalarization. Under this condition, it is not
difficult to see that the Kerr black hole solution is also a
solution to EsGB gravity with trivial scalar field φ ¼ 0. As
in the nonrotating case, the question that arises is whether
the Kerr solution is stable within the framework of the
bigger EsGB theory. Of course, the stability, in general,
depends on the parameters of the Kerr solution, i.e.,
its mass M and angular momentum a as well as on the
Gauss-Bonnet coupling parameter λ.
In order to study the stability of the Kerr black hole,

we shall consider the perturbation of the Kerr solution
within the framework of EsGB gravity. It is not difficult to
see that when the coupling function satisfies the condition
df
dφ ð0Þ ¼ 0, the equations governing the perturbations of the
metric δgμν are decoupled from the equation governing the
perturbation δφ of the scalar field. The equations for metric
perturbations are in fact the same as those in the pure
Einstein gravity, and therefore we shall focus only on the
scalar field perturbations. The equation governing the
scalar perturbation, assuming that df

dφ ð0Þ ¼ 0, clearly does
not depend on the exact form of the coupling function fðφÞ
but instead only on the sign of the second derivative d2f

dφ2 ð0Þ
and is given by

1Note that λ is connected to the parameter η used in Ref. [41] in
the following way: λ2 ¼ 4η.
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□ð0Þδφþ ϵ

4
λ2R2

GBð0Þδφ ¼ 0; ð6Þ

where□ð0Þ andR2
GBð0Þ are the d’Alembert operator and the

Gauss-Bonnet invariant for the background Kerr geometry.
As discussed in the Introduction, the Gauss-Bonnet

invariant can act as a source for the scalar field and lead
to black hole scalarization. For this to happen, the entire
coefficient of δφ (containing R2

GBð0Þ) in Eq. (6) needs to
take positive values in a certain region of the parameter
space. This is clearly possible for ϵ ¼ 1 that leads to
scalarization of both static and rotating black holes recently
discovered in Refs. [21,22]. If ϵ ¼ −1, though, the term can
remain positive if R2

GBð0Þ is greater than zero in a certain
region outside the black hole. This is possible only for the
rotating Kerr solution as we will demonstrate below. Thus,
in the present paper, we will focus only on the latter case,
i.e., ϵ ¼ −1.
In standard Boyer-Lindquist coordinates, the Kerr metric

is written as

ds2 ¼ −
Δ− a2 sin2 θ

Σ
dt2 − 2a sin2 θ

r2 þ a2 −Δ
Σ

dtdϕ

þ ðr2 þ a2Þ2 −Δa2 sin2 θ
Σ

sin2 θdϕ2 þ Σ
Δ
dr2 þΣdθ2;

ð7Þ

where Δ ≔ r2 − 2Mrþ a2 and Σ ≔ r2 þ a2 cos2 θ. The
Gauss-Bonnet invariant for the Kerr solution is explicitly
given by

R2
GBð0Þ ¼

48M2

Σ6
ðr2 − a2 cos2 θÞ

× ðr4 − 14a2r2 cos2 θ þ a4 cos4 θÞ: ð8Þ

Before writing down the explicit form of the perturbation
equation (6), we introduce a new azimuthal coordinate ϕ�
defined by

dϕ� ≔ dϕþ a
Δ
dr: ð9Þ

Working with ϕ� allows us to get rid of some unphysical
pathologies near the horizon. Furthermore, it is convenient
to replace the radial coordinate r by the tortoise coordinate
x, which is given by

dx ≔
r2 þ a2

Δ
dr: ð10Þ

In the coordinates ðt; x; θ;ϕ�Þ, the perturbation equa-
tion (6) takes the explicit form

− ½ðr2 þ a2Þ2 − Δa2sin2θ�∂2
t δφþ ðr2 þ a2Þ2∂2

xδφþ 2rΔ∂xδφ − 4Mar∂t∂ϕ�δφ

þ 2aðr2 þ a2Þ∂x∂ϕ�δφþ Δ
�

1

sin θ
∂θðsin θ∂θδφÞ þ

1

sin2θ
∂2
ϕ�δφ

�

¼ λ2
12M2Δ
Σ5

ðr2 − a2cos2θÞðr4 − 14a2r2cos2θ þ a4cos4θÞδφ: ð11Þ

For large enough a, there exists a region of the spacetime
outside the black hole in which the right-hand side takes
negative values, which can potentially lead to scalarization.
While the right-hand side is always exactly zero at the
horizon (as it contains a factor of Δ), several negative local
minima appear in its vicinity as one approaches the poles,
θ ¼ 0 and θ ¼ π. A necessary condition for the right-hand
side to assume negative values is a=M > 0.5, and the
negative minima get more pronounced as a is increased.
However, the existence of such negative minima close to
the poles is only a necessary but not a sufficient condition
for modes of the Kerr black hole to become unstable and
thus for scalarization. Based on the analysis of the
scalarization in the nonrotating case [21,22], though, one
can expect that scalarization will develop more quickly
with larger values of a and the subsequent increase of the
negative part of the term in the right-hand side. Indeed, the
numerical simulations confirm this expectation as we will
see in the following sections.

III. NUMERICAL METHOD

A. Numerical approach

Equation (11) is clearly an analog of the Klein-Gordon
equation with variable squared mass proportional to the
Gauss-Bonnet invariant. Even though this new term is
responsible for very important phenomenology, i.e., the des-
tabilization of the Kerr solution and the appearance of
scalarized hairy black holes, it does not pose additional
challenges from a numerical point of view. Therefore, we
can use the same approach as has been used for the numerical
solution of the standardwave andKlein-Gordon equation. As
mentioned in the Introduction, our approach is to directly
evolve the perturbation equation (11) in time, which, after
separating out the azimuthal dependence, has only two spatial
dimensions. We can perform this separation since the back-
ground is axisymmetric and we are considering only small
perturbations on this background. Thus, we decompose the
perturbation of the scalar field δφ according to
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δφðt; x; θ;ϕ�Þ ¼ δφ̃ðt; x; θÞeimϕ� ; ð12Þ

where m is an integer (the well-known azimuthal mode
number), and our code will solve for the variable δφ̃. After
substituting the above decomposition into Eq. (11), the
ϕ�-derivativewill be replaced by a simplemultiplication with
im, i.e., ∂ϕ� → im. This allows us to select a particular value
for m for any simulation.
A step further was taken in Ref. [41] (see also

Refs. [43,44]), in which the angular dependence of the
perturbation function δφ was expanded in series of the
spherical harmonics that makes it possible to separate
modes with different l number. Since we are dealing with
perturbations on a rotating background, it is not possible to
rigorously attribute a particular value of l to a specific mode
as modes of different l couple to each other. Nevertheless,
experience shows that even for rapid rotation, it is possible
to define with a good accuracy l-led modes, which in
the Schwarzschild limit, i.e., a ¼ 0, reduce to the corre-
sponding nonrotating modes2 with the same l (see, e.g.,
Refs. [45,46]). This approach has the advantage that it is
easier to separate the behavior for different l and even to
study the coupling between the different modes due to
rotation. When solving Eq. (11), though, one is inevitably
limited to a finite number of spherical harmonics in the
expansion of δφ. Modes of lower order l are normally those
that are more prone to instabilities; i.e., such a treatment of
the problem is physically justified and will generally yield
accurate results.
For this paper, we have opted for the time evolution

approach in order to investigate the threshold for destabi-
lization of the Kerr solutions. When evolving the 2þ 1
version of the modified Teukolsky equation, it is possible,
after properly choosing the initial data, to separate well the
different l modes only in the nonrotating case where they
decouple. As soon as rotating black holes are considered,
the mode coupling causes excitation of modes with differ-
ent l, and it is expected that the l ¼ jmj mode will have the
dominant contribution at late times if we limit ourselves to
stable modes (see, e.g., Ref. [47]). As far as unstable modes
are concerned, the mode that is “most unstable” (meaning
that it has the shortest growth time) for a fixedm and for all
l will eventually dominate the signal.

B. Code implementation

The direct solution of the 2þ 1 Teukolsky equation for
different spins was performed in Refs. [48–52]. In addition,
the modified Klein-Gordon equation in Chern-Simons
gravity was considered in Ref. [47], in which the destabi-
lization of the Kerr black hole was shown to appear for a
certain range of parameters. There are various sophisticated

numerical techniques and analytical transformations that
can be applied in order to cure different numerical issues
such as instabilities caused by the appearance of first order
derivative in time or the reflection at the outer boundary. It
turns out, though, that most of these problems are missing
in our case or can be easily avoided. For example, in the
modified Klein-Gordon equation (11), no instabilities due
to first order time derivatives are present, unlike the
Teukolsky equation with a spin different from zero [49].
We are evolving Eq. (11) in time, assuming the decom-

position of the scalar field given in Eq. (12). The numerical
scheme is similar to the one considered in Refs. [53,54] for
the evolution of spacetime perturbations around rotating
neutron stars: we use finite differences of second order to
approximate spatial derivatives, while we perform the time
integration using a third order Runge-Kutta method.
Further, we have to impose boundary conditions at the
edges of the numerical grid: both at the outer edge of the
grid, being preferably as “far away” as possible, and at
the inner edge, located very close to the event horizon, we
impose usual outgoing wave boundary conditions (also
known as the Sommerfeld boundary condition [55]) in
order to remove energy from the grid that reaches those
boundaries. Truncation errors will inevitably lead to unde-
sired reflections from the outer boundary. One possibility to
prevent the reflected wave from spoiling the extracted
signal is to push the outer boundary of the numerical grid
sufficiently far away, such that the spurious reflection
returns to the location at which the signal is extracted only
after a time such that the unspoiled signal has a long enough
duration for a satisfactorily precise analysis. At the rotation
axis, i.e., for θ ¼ 0 and θ ¼ π, the boundary conditions are
less involved. As we are dealing with scalar perturbations,
the scalar field has to be zero along the rotation axis when
m > 0; for m ¼ 0, we require its θ-derivative to vanish to
ensure smoothness of the solution.
Our simulations are performed on a grid that is uniform

in the tortoise coordinate x. The computational domain in
radial direction spans the interval ½rþ þ εr; r∞�, where εr is
a small shift away from the outer horizon radius rþ, where
the coordinate system would become singular, and r∞
denotes the radius of the grid at its outer edge; this interval
is mapped to the tortoise coordinate domain ½x−∞; xþ∞�.
The outgoing wave boundary conditions at the radial edges
of the computational grid are independent of the polar angle
θ; we impose ð∂t � ∂xÞδφ ¼ 0 at the boundaries, where the
sign is chosen depending on whether we consider the inner
or the outer boundary. The numerical implementation of
these boundary conditions is inspired by the derivation
given in Ref. [56].
For the majority of the simulations, we employ a grid

with 500 × 60 points in x and θ directions, while for the
coordinate x, our grid spans the interval ½−20; 50�. The
observer is located at x ¼ 30. Our results show that this
choice yields an error of usually less than 0.5% in the

2In the nonrotating case, modes with different value of l are
decoupled, and thus it is possible to rigorously attribute an l
number to each mode.
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determination of the growth time of the unstable models,
while the threshold values of the parameters where the
instability develops has an accuracy of over 99.9%. The
main reason why we have chosen such moderate accuracy
and value of x∞ is that some of the plots require running
several thousands of simulations and the chosen parameters
lead to a good balance between computational expense and
accuracy.
For initial data, we take a perturbation which has

the shape of a Gaussian in radial direction, located at
roughly xGauss ¼ 12 and with width σGauss ¼ 1. For the
θ-dependence of the initial data, we take that of a spherical
harmonic of order l. In the nonrotating case where no mode
coupling is present, such initial data excite to very good
accuracy predominantly modes with this specific m and l.
For rotating black holes, there will be mixing and thus
excitation of modes with different values of l. It turns out,
though, that, at least as far as stable solutions are consid-
ered, the corresponding l-led mode will normally have the
largest amplitude and thus dominate the signal.
The oscillation frequencies are extracted by performing a

Fourier transform of the time signal. The frequency
determination is inevitably spoiled by somewhat larger
errors due to the rather limited number of oscillations
before the asymptotic tail appears; the number of oscil-
lations we observe can be as low as 2–3 in the case of initial
data with l ¼ 0 (i.e., l ¼ 0-led modes) but increases rapidly
with larger values of l, thus leading to improved accuracy
of the extracted frequencies. The damping times are
extracted by matching the peaks of the oscillation modes
with an exponential function that is also prone to larger
errors when a smaller number of peaks is present in the
signal.
It is clear that Eq. (11) can be scaled with the black hole

mass M and thus the x-coordinate, the frequencies, and the
parameter λ are measured in units of M (in our numerical
implementation, we set M ¼ 1). Our calculations are
performed in such dimensionless units.

IV. RESULTS

A. Reliability of the numerical code

We have performed various tests in order to confirm the
correctness and to study the accuracy of the code we have
developed. The first and most natural one is to calculate the
quasinormal mode (QNM) frequencies of Schwarzschild
and Kerr black holes. QNMs with specific l and m can
be excited by simply adopting the θ-dependence of the
corresponding spherical harmonic in the initial data, while
m is a parameter of our evolution equation. Our results
show that the obtained oscillation frequencies and damping
times of Schwarzschild and Kerr black holes are in agree-
ment with the ones available in the literature (see, e.g.,
Refs. [57,58]) with an error typically up to a few percent
that decreases for higher l.

For a next step, we have tried to confirm the results for
the instabilities in Chern-Simons gravity [47]. We have
successfully reproduced the instability line to very good
accuracy, i.e., the threshold combination of a and the
Chern-Simons parameter ηCS where the modes start to grow
exponentially with time.
Last but not least, we have tested the behavior of the code

against different resolutions and dependence on the aux-
iliary parameters, such as the distance of the outer edge of
the grid from the black hole and the width and location of
the initial Gaussian pulse. We have verified numerically
that the relevant quantities, such as the frequencies and the
damping/growth time of the modes, indeed converge to
specific values when increasing the resolution. The distance
of the outer edge of the grid from the black hole has no
impact on the accuracy of the observed waveforms, but
instead it spoils the signal after a certain amount of time
when the spurious reflection from the grid’s outer edge
reaches the location of signal extraction. Therefore, low
values of xþ∞ will effectively lead to a significant reduction
of the number of clear oscillation cycles observed. This is
not the case, though, for unstable modes whose instability
typically develops rapidly; thus, the outer edge of the grid
can be safely chosen to be closer to the black hole than in
simulations in which we need a longer evolution time for
the extraction of proper waveforms of the stable modes.

B. Instabilities of the scalar field perturbations

Due to the scalar field’s harmonic dependence on the
azimuthal coordinate, only the azimuthal mode number m
enters the perturbation equation explicitly. Thus, for unsta-
ble models, the exponential growth will be dominated by
the fastest growing mode for a fixed m irrespective of the
initial perturbation. We have checked this explicitly, and
indeed the mode growth time is independent of the number
l of the initial perturbations.
In Fig. 1 (left panel), we show the behavior of the

axisymmetric (i.e., m ¼ 0) scalar field perturbation
observed at x ¼ 30 for a=M ¼ 0.8 and three different
values of λ starting from pure GR with λ ¼ 0. In order to
show the time evolution of the stable mode in the pure GR
case up until the appearance of the asymptotic tail (i.e., up
to t=M ≳ 250), we have performed these simulations on a
computational grid that extends much farther away from
the black hole than in most of the other simulations, while
keeping the radial resolution constant. More specifically,
we used 2500 × 60 points in x and θ directions, respec-
tively, and the outer edge of the grid was located at
xþ∞ ¼ 250. Across all our simulation, the initial data we
use for δφ have different values of l for the different m;
however, as previously stated, this has relevance only for
stable modes or for the few oscillations before the onset of
the exponential growth of the mode for higher λ. For these
simulations, we have set m ¼ 0; hence, the superradiant
instability is suppressed which implies that the exponential
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growth is solely due to the instabilities linked to the
scalarization. As one can see from the figure, increasing
the parameter λ leads to a shorter growth time τ of the mode
(which is defined to be the e-folding time of the growth of
the scalar perturbation); in other words, a larger coupling
constant λ results in a more rapid development of the
instability.
The qualitative change of the signal for different m is

depicted in the right panel of Fig. 1. As one can see, during
the exponential growth for m ¼ 0, no oscillations are
present after the onset of the instability. This is due to
the fact that m ¼ 0 is a special case for which the real and
the imaginary parts of Eq. (11) decouple.3 This is not the
case for m > 0 where the coupling between the real and
imaginary parts of δφ leads to oscillations even in the
exponentially growing part of the time signal (similar
considerations but within the Chern-Simons gravity can
be found in Ref. [47]). From this figure, it is also visible
that the growth time increases with increasingm. This gives
us the confidence to believe that them ¼ 0 case leads to the
shortest growth times and, subsequently, it is the most
relevant one for the instabilities.
A contour plot of the growth times for m ¼ 0, which is

supposed to be the subset of modes with the shortest growth
times, is shown in Fig. 2. We plot the thresholds for the
appearance of unstable Kerr solutions for m ¼ 0, 1, 2 (the
solid, dashed, and dotted lines, respectively); it is evident
that for fixed angular momentum a, the instabilities
develop only for larger values of λ as m is increased. In
addition, it is apparent that with increasing λ, the threshold
value of a above which scalarization may occur seems to
saturate for all three values of m. This is expected since, as
we have mentioned in Sec. II, the potential in the evolution

equation for the scalar field may take negative values only
for a=M > 0.5. An advantage of our code concerning the
instability studies is that only the azimuthal numberm is an
input parameter. Therefore, if a mode of large l is
susceptible to the instability, it will eventually develop
and cause the perturbation of the scalar field to grow
exponentially in our time evolution. However, we do
observe numerical instabilities in our code when evolving
the perturbations for very large λ2=M2 of the order of
104–105; we are able to overcome those instabilities by
increasing the grid resolution even though we are even-
tually limited by computational expense. Additionally,
when we pick a combination of angular momentum a
and coupling constant λ which is very close to the threshold
of instability, the growth or damping time of the modes

0 1 2 3 4 5

0.5

0.6

0.7

0.8

0.9

1

a
/M

log( �� 2)

-1.3

-0.71

-0.12

0.47

1.1

1.7

log (M/ )

FIG. 2. A contour plot of the growth time of the unstable modes
for m ¼ 0. In addition, the threshold lines, i.e., the contour lines
aðλÞ dividing the parameter space into stable and unstable
regions, are plotted with solid black line for m ¼ 0, with a
dashed red line form ¼ 1 and with a dotted purple line form ¼ 2.
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FIG. 1. The time evolution of δφ as observed at x ¼ 30 for m ¼ 0 and three different values of λ (left panel) and λ2=M2 ¼ 100 and
three different values of m (right panel). The dimensionless angular moment is chosen to be a=M ¼ 0.8.

3Real and imaginary δφ can be introduced because of the
substitution (12) that results in a double number of equations for
the real δφR and the imaginary δφI.
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becomes very large, and subsequently we need a very long
evolution in order to check for instabilities. This makes the
accurate determination of the threshold line for large values
of λ even more challenging.
In our simulations, we reached up to λ2=M2 ∼ 106,

and we discovered that the critical value of the angular
momentum for the onset of instability fell below acrit=M ∼
0.501. The dependence of acrit as a function of λ2 (for very
large λ) is shown in Fig. 3; it is evident that with the
increase of the coupling parameter, acrit decreases and
apparently saturates. For the computation of the points in
Fig. 3 corresponding to the largest values of λ, we had
to increase the grid resolution by a factor of 5 in both
the x and θ directions in order to avoid numerical
instabilities, resulting in a correspondingly larger computa-
tional expense. These results are in agreement within the
numerical accuracy with Ref. [41] and the analytical
considerations in Ref. [42], in which a threshold value
of acrit=M ¼ 0.5 in the l → ∞ limit was argued.
Apart from the value of acrit=M, we have performed a

comparison between the numerical values of τ inside the
instability region produced with our code and in Ref. [41].
Naturally, the results in Ref. [41] were presented only in the
form of a contour plot, and thus extracting exact numerical
values of τ is difficult. In addition, we used the coupling
parameter λ similar to that in Ref. [21] that is connected to
the parameter η used in Ref. [41] in the following way
λ2 ¼ 4η. After taking all this into account, it turned out that
our results for τ=M are in a very good agreement with those
in Ref. [41], within the numerical accuracy.
Summarizing, despite the severe numerical instabilities

that appear in our simulations for large values of λ, the
2þ 1 calculations seem to be in good agreement with the
acrit=M ¼ 0.5 limit derived in Ref. [42]. Another indepen-
dent check of acrit would be the construction of the actual

equilibrium rotating scalarized solutions, but stationary
solutions near critical points might be very challenging
to obtain numerically.

V. CONCLUSIONS

In the present paper, we have considered the 2þ 1 time
evolution of the linearized scalar field perturbation equation
in Gauss-Bonnet gravity. We are working with a subclass of
theories having a negative second order derivative of the
scalar field coupling function that can lead to spin-induced
black hole scalarization as shown in Refs. [41,42]. In this
case and when a=M > 0.5, there is a region in the vicinity
of the black hole horizon and the rotation axis where the
Gauss-Bonnet term, which appears in the perturbation
equation for the scalar field, changes sign and hence the
effective two-dimensional potential will have negative
values. In comparison to previous numerical studies, we
are performing a time evolution in two spatial dimensions
without assuming any particular θ dependence. This
approach is more direct and has the advantage that the
time signal is completely independent of the l number and
depends only on the azimuthal mode number m. Thus, it
serves as in independent check of the studies presented in
Refs. [41,42].
The developed numerical code is tested against different

particular cases, such as the QNMs of Kerr black holes and
the similar development of instabilities in Chern-Simons
gravity. The code showed a good behavior when studying
different resolutions, extents of the numerical grid, and
shapes of the initial Gaussian pulse. A general feature of the
signal for unstable modes of black holes with large spin
parameter a is that, after a few damped oscillations, the
amplitude of the scalar field perturbation starts to grow
exponentially. For marginally unstable modes, the evolu-
tion time needed to observe the development of this
instability might increase significantly, and in addition
those simulations require high resolution to overcome
numerical instabilities.
We have studied the instability region for m ¼ 0, 1, 2 on

a a − λ-diagram, where λ is the Gauss-Bonnet coupling
constant. Our results show that, as expected, the m ¼ 0
perturbations are the most relevant for the instability; i.e.,
they lead to the largest instability window. Naturally, the
growth time of the unstable modes is shorter for larger a,
and for every λ, above a certain threshold, there exists a
critical angular momentum acrit=M above which the Kerr
black hole is unstable within the Gauss-Bonnet theories.
With increasing λ, the critical angular momentum acrit=M
saturates. Despite the numerical difficulties encountered in
the simulations for very large values of λ, we have managed
to reach acrit=M ¼ 0.501 for λ2=M2 ¼ 4 × 106. This is in
agreement with the derived limit a > 0.5, where a negative
minimum of the effective potential appears, and coincides
within the numerical error with the results in Refs. [41,42].

104 105 106
0.5

0.502

0.504

0.506

0.508

0.51
a c
ri
t
/M

��/M 2

FIG. 3. The critical value of acrit (for m ¼ 0) as a function of
λ2=M2 above which the instability is present. Only the region for
very large λ2=M2 ≳ 104 is shown, which is corresponding to the
bottom-left corner of Fig. 2.
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