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We explore a novel process in the early Universe in which thermalized photons are converted into
gravitons in the presence of strong primordial magnetic fields. It is found that the frequency of generated
gravitational waves (GWs) is typically of the order of GHz, and their amplitude can be up to
ΩGWh2 ∼ 10−10. If detected with future developments of the technology to explore this frequency region,
the produced stochastic GW background enables us to know when and how strong the primordial magnetic
fields are generated. From the peak frequency of the GWs, we can also probe the number of relativistic
degrees of freedom at that time.
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I. INTRODUCTION

The detection of gravitational waves (GWs) from binary
compact star mergers such as those of black holes [1]
and neutron stars [2] by the LIGO/Virgo Collaboration
showed directly their very existence and opened the era
of gravitational-wave astrophysics. We have now prospects
for a wealth of quantitatively new astrophysical observa-
tions [3]. Indeed, not only the ground-based interferometers
LIGO and Virgo as well as the forthcoming KAGRA [4]
that have a sensitivity at f ≃ 101–3 Hz, there are several on-
going and proposed experiments at a broad range of
frequencies. The B-mode polarization of the cosmic micro-
wave background (CMB) probes GWs with frequencies at
f ≃ 10−18–16 Hz [5–7]. Pulsar timing arrays such as EPTA
[8] and NANOGrav [9] observe GWs at f ≃ 10−9–7 Hz.
The space-based interferometers such as LISA [10,11],
DECIGO [12], and BBO [13] are sensitive at f ≃ 10−3–
10 Hz. Moreover, recently new ideas to detect GWs with
much higher frequencies are also investigated [14–18].
From the theoretical point of view, it is thus essential to
extensively study various phenomena generating GWs with
such a wide range of frequencies.
The stochastic GW background provides us with invalu-

able opportunities to access various processes in the early
Universe, since the interaction of GWs with matter or
radiation is so tiny that they directly carry information on
their generation and global evolution history of the
Universe [19]. The stochastic GW background is produced
by the quantum fluctuation during inflation [20], particle
production associated with inflation [21], violent processes

at the end of inflation (i.e., preheating) [22], cosmic strings
[23], as well as the first order phase transitions [24].
In addition to detailed investigation on the impact of the
detection of GWs from these processes, it is important to
look for other novel processes that produce stochastic GW
backgrounds in the early Universe.
We here focus on the photon-graviton conversion proc-

ess through strong magnetic fields [25–28], which is
similar to the photon-axion conversion process [29–32].
(See Ref. [33] for the opposite process.) If electromag-
netic waves (EMWs) are propagating in static magnetic
fields, the energy momentum tensor has the quadrupole
moment and GWs are produced. From the perspective of
spins, a propagating electromagnetic wave (i.e., a spin 1
field ¼ photon) interacting with another spin 1 field,
namely a magnetic field, can generate a spin 2 particle,
graviton.
This conversion process has not yet been observed,

because we cannot produce sufficiently strong magnetic
fields and EMWs that emit detectable GWs in the labo-
ratory. However, in the primordial Universe when the high
energy photons exist, strong magnetic fields can also exist.1

In fact, we have a strong motivation to consider their
existence, since they can be the origin of the magnetic fields
in the galaxies and galaxy clusters [50]. Moreover, recent
observations (of the absence) of the inverse Compton
cascade photon from the TeV blazars at Fermi-LAT suggest

1Magnetogenesis scenarios from inflation [34–39], first order
phase transitions [40–45], or chiral plasma instability [46–49]
have been considered.
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the existence of the intergalactic void magnetic fields,
which might be the remnants of the primordial magnetic
fields [51–59]. They can also contribute to solving the
mysteries of the Universe such as the baryon asymmetry of
the Universe [60–65] or dark matter [66]. If the primordial
magnetic fields were generated in the early Universe at a
very high temperature, then we expect that a stochastic GW
background is produced through the photon-graviton con-
version and serves as a smoking-gun of these scenarios.
In this paper, we examine the photon-graviton conver-

sion process in the early Universe and evaluate the
stochastic GW background today. We find that the process
is most effective when the process onsets, i.e., at the
magnetic field generation or reheating, since its efficiency
at high energy scales is so strong that dilution due to the
cosmic expansion does not overwhelm it, and that the
stochastic GW background carries information of thermal
photons in its spectrum. As a result, the information of
the temperature or the time when the process starts is
embedded in the location of the peak frequency. For
example, if the process starts at the Hubble parameter H ≃
6 × 1013 GeV, the peak frequency comes to f ≃ 102 GHz.
It also has a weak but nonvanishing dependence on the
number of relativistic degrees of freedom. If we have a
huge number of degrees of relativistic freedom in a thermal
bath at the onset of the process, the peak shifts to lower
frequencies, and hence, it can also be a probe of the number
of relativistic degrees of freedom. The peak height is
determined by the strength of long-range magnetic fields,
and we can give its theoretical upper bound by requiring
the energy density of magnetic fields do not exceed that
of thermal plasma. Unfortunately, we find that the GW
amplitude cannot be large so that it can be detected by GW
experiments in the foreseeable future. But we believe our
study enhances the motivation to improve the sensitivity of
GW experiments.
The rest of the paper is organized as follows. In Sec. II, the

photon-graviton conversion process in the presence of long-
range magnetic fields is reviewed. Then, we estimate the
probability of this process in the thermal plasma in Sec. III
and calculate the stochastic GW spectrum in Sec. IV.
Section V is devoted to conclusions and discussions.

II. PHOTON-GRAVITON CONVERSION

In this section, we review the core of the mechanism, that
is, how gravitons are converted from photons by the
background magnetic fields (in the Minkowski spacetime)
[25–28]. To develop the intuitive understanding, we con-
sider a simplified setup. Namely, we ignore the effective
mass of the photon in thermal plasma and also neglect the
backreaction from the produced graviton to the photon,
while these effects are fully taken into account in the next
section.
We here examine the conversion of photons into grav-

itons as waves (or EMWs into GWs) in the presence of

static magnetic fields. The convenient choice to investigate
the evolution of the GWs is the transverse and traceless
(TT) gauge, where the metric fluctuation hμν ≡ gμν − ημν
satisfies h0μ ¼ 0, hii ¼ 0, and ∂ihij ¼ 0. We will use ημν ¼
ð1;−1;−1;−1Þ notation. Then the equation of motion for
the GWs, hTTij , is obtained by linearizing the Einstein
equation in the TT gauge as

ð∂2
t −∇2ÞhTTij ðt; xÞ ¼

2

M2
Pl

TTT
ij ; ð1Þ

where TTT
ij is the TT component of the energy momentum

tensor of matter fields (including gauge fields) and MPl ≈
2.43 × 1018 GeV is the reduced Planck mass. The energy
momentum tensor of the electromagnetic field is given by

Tem
μν ¼ 1

4
gμνFαβFαβ − Fμ

αFνα; ð2Þ

where Fμν ≡ ∂μAν − ∂νAμ is the field strength of the
photon field Aμ. Defining the electric and magnetic
fields as

Ei ≡ −F0i; Bi ≡ 1

2
ϵijkFjk; or Fij ¼ ϵijkBk; ð3Þ

with ϵijkðϵijkÞ being the Levi-Civita symbol, Tem
ij is

expressed as

Tem
ij ¼ 1

2
δijδ

klðEkEl þ BkBlÞ − EiEj − BiBj: ð4Þ

After going to the momentum space, the TT component of
Tem
ij can be obtained by applying the projection tensor

Λij;kl, defined as

Λij;klðkÞ≡
�
PikðkÞPjlðkÞ −

1

2
PijðkÞPklðkÞ

�
;

PijðkÞ≡ δij −
kikj
jkj2 ; ð5Þ

so that

Tem;TT
ij ðkÞ ¼

X
k;l

Λij;klðkÞTem
kl ðkÞ: ð6Þ

Now let us consider the photon-graviton conversion for
an EMW that propagates along the z axis in the static and
homogeneous background magnetic fields that run along
the x axis. The gauge field configuration is given by
Aμ ¼ Āμ þ As

μ, where Āμ ≡ ð0; 0; 0; B0yÞ is the background
gauge field (magnetic field) andAs

μ≡ð0;ðBy=kÞsinðkðt−zÞÞ;
−ðBx=kÞsinðkðt−zÞÞ;0Þ is the propagating gauge field
(EWM). We find
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Bi ¼ ðB0 − Bx cosðkðt − zÞÞ; −By cosðkðt − zÞÞ; 0Þ;
Ei ¼ ð−By cosðkðt − zÞÞ; Bx cosðkðt − zÞÞ; 0Þ; ð7Þ

with which we obtain the energy momentum tensor for the
electromagnetic field,

Tem
ij ðx; tÞ

¼ ðB2
0=2Þ

�−1 0

0 1

�

þ
�
B0Bx cosðkðt − zÞÞ B0By cosðkðt − zÞÞ
B0By cosðkðt − zÞÞ −B0Bx cosðkðt − zÞÞ

�
; ð8Þ

where i, j runs 1 and 2. We now perform the Fourier
transform and apply the projection operator defined in
Eq. (5). Noting that for p ¼ ð0; 0; pzÞ, the projection
operator reads PijðpÞ ¼ δij for i, j ¼ 1, 2, and 0 for others,
we find the TT component of the energy momentum tensor
in the momentum space as

Tem;TT
ij ðp; tÞ ¼ δðpxÞδðpyÞðδðpz − kÞeikt þ δðpz þ kÞe−iktÞ

× ðB0=2Þ
�
Bx By

By −Bx

�
: ð9Þ

Note that the nonpropagating part in Eq. (8) does not
contribute to the TT component. Going back to the real
space, we obtain

Tem;TT
ij ðx; tÞ ¼ B0 cosðkðt − zÞÞ

�
Bx By

By −Bx

�
; ð10Þ

for i, j ¼ 1, 2 while the others vanish. By writing the TT
component of the metric fluctuation in terms of hþðt; xÞ
and h×ðt; xÞ as

gμν ¼ ημν þ hμν ¼

0
BBB@

1 0 0 0

0 −1þ hþ h× 0

0 h× −1 − hþ 0

0 0 0 −1

1
CCCA;

ð11Þ

the linearized Einstein equation [Eq. (1)] reads

ð∂2
t − ∂2

zÞhþðt; xÞ ¼
2

M2
Pl

B0Bx cos½kðt − zÞ�; ð12Þ

ð∂2
t − ∂2

zÞh×ðt; xÞ ¼
2

M2
Pl

B0By cos½kðt − zÞ�: ð13Þ

Note that these equations are analogous to those of the driven
(forced) oscillator. The solution induced by the source term
from the background magnetic fields is given by

hþ ¼ ðzþ tÞ B0Bx

2kM2
Pl

sin½kðt − zÞ�: ð14Þ

The solution for h× can be obtained by replacing Bx by By.
For instance, looking at z ¼ tþ π=2k, one can see the
amplitude of the propagating GW grows in proportional
to t, as it is continuously produced by the source term.
It indicates that the GW is generated from the EMW in the
magnetic field.
It should be noted that since we ignore the backreaction

from the produced GWs to the EMW, formally the GWs
would eventually acquire infinite energy. In reality, how-
ever, once the amplitude of the GWs become large enough,
the backreaction becomes no longer negligible and the
inverse process, namely, the conversion from the GW into
the EMW, should be significant. Consequently, the oscil-
lation between the GWand the EMW takes place, as we see
in the next section.

III. THE CONVERSION IN THE UNIVERSE

We now study the process of conversion from photons
into gravitons in the thermal plasma of the early Universe.
As long as the coherence length of background magnetic
fields is sufficiently larger than the photon mean free path,
the photon can be treated as an EMW in the static and
homogeneous magnetic fields up to that length scale, and
hence, the basic idea in the previous section is applicable.
Since we will see that the time scale of the process is shorter
than the Hubble time, we ignore the cosmic expansion and
work with the Minkowski background. On the other hand,
here we take into account the non-negligible effects such as
effective photon mass and the inverse process, namely, the
conversion from gravitons into photons. As such, the
photon and the graviton oscillates each other in a manner
completely analogous to the neutrino oscillation or the
axion-photon conversion [29–32]. At the end of this
section, we shall obtain the probability of the conversion
from a photon into a graviton, which allows us to examine
the evolution of the graviton distribution function in the
next section.
Let us assume that stochastic magnetic fields with a

sufficiently large coherence length exist in the radiation
dominated Universe and electric fields are screened by the
thermal plasma. The linearized equations of motion for the
graviton and photon that propagate along the z direction
in the background large-scale magnetic fields are given
by [27]

ð∂2
t − ∂2

zÞhTTij ðt; zÞ ¼
2

M2
Pl

Tem;TT
ij ;

ð∂2
t − ∂2

z þm2
γÞAiðt; zÞ ¼ −δkjð∂zhTTij ÞFðbgÞ

kz ; ð15Þ

for i, j ¼ 1, 2, where FðbgÞ
kj ¼ ϵkjlBðbgÞl¼ −δlmϵkjlB

ðbgÞ
m is

the field strength of the background large-scale magnetic
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fields and the TT components of the energy momentum
tensor are given by

Tem;TT
11 ¼ −Tem;TT

22 ¼ BðbgÞ
x ∂zAy þ BðbgÞ

y ∂zAx;

Tem;TT
12 ¼ Tem;TT

21 ¼ −BðbgÞ
x ∂zAx þ BðbgÞ

y ∂zAy: ð16Þ

Here, we work in the radiation gauge, A0 ¼ 0, δij∂iAj ¼ 0,
and omit spatial derivatives on the background magnetic
fields. As mentioned in the above, we introduce the
effective photon mass mγ emerged from the interactions
between the photon and particles in the thermal plasma.
Later we will also discuss the other effect coming from the
photon interactions, namely, the photon mean free path. By
defining

Aþ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðbgÞ2
x þ BðbgÞ2

y

q ðBðbgÞ
y Ax þ BðbgÞ

x AyÞ;

A× ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

BðbgÞ2
x þ BðbgÞ2

y

q ðBðbgÞ
x Ax − BðbgÞ

y AyÞ; ð17Þ

the EOMs are rewritten as

ð∂2
t − ∂2

z þm2
γÞAλðt; zÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðbgÞ2
x þ BðbgÞ2

y

q
∂zhλðt; zÞ ¼ 0;

ð∂2
t − ∂2

zÞhλðt; zÞ − 2M−2
Pl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðbgÞ2
x þ BðbgÞ2

y

q
∂zAλðt; zÞ ¼ 0;

ð18Þ

where λ ¼ þ;×. It should be noted that the graviton and
the photon are coupled to the other only with the same
polarization, þ or ×.
Assuming the three components of the background

magnetic field have the same amplitude on average

BðbgÞ2
x ¼ BðbgÞ2

y ¼ BðbgÞ2
z ≡ B2

T=3, we make the replacementffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðbgÞ2
x þ BðbgÞ2

y

q
¼ ffiffiffiffiffiffiffiffi

2=3
p

BT . We also redefine the tensor

field as h̄λ ≡ ðMPl=
ffiffiffi
2

p Þhλ. Then, focusing on a mode with
a single frequency ω,

Aω
λ ðt; zÞ ¼ Ãω

λ ðzÞe−iωt; h̄ωλðt; zÞ ¼ h̃ωλ ðzÞe−iωt; ð19Þ

we obtain the set of EOMs as

ðω2 þ ∂2
z −m2

γÞÃω
λ ðzÞ − ð2=

ffiffiffi
3

p
ÞðBT=MPlÞ∂zh̃

ω
λ ðzÞ ¼ 0;

ðω2 þ ∂2
zÞh̃ωλ ðzÞ þ ð2=

ffiffiffi
3

p
ÞðBT=MPlÞ∂zÃ

ω
λ ðzÞ ¼ 0;

ð20Þ

which indicate the mixing or conversion of the photon
and the graviton. Note that we neglect the Hubble
expansion and the decay of the overall amplitudes,

j _̃A=Ãj; j _̃h=h̃j ∼H ≪ ω.

We now examine the photon-graviton conversion rate
with the EOMs of (20). Since we are interested in the
radiation dominated Universe with a high temperature
T > me, the effective photon mass is dominated by the
Debye mass, m2

γ ≃m2
D ∼ e2T2, where e ¼ ffiffiffiffiffiffiffiffiffiffi

4παe
p

≈ 0.3
with αe being the fine structure constant. We also consider
relatively large magnetic fields BT ≲ T2. We further sim-
plify the EOMs with the similar approximation taken in
Ref. [32]. By assuming ω ≫ mγ; BT=Mpl, we can approxi-
mate −i∂z ≃ ωwhile keeping ωþ i∂z. Then, the EOMs are
rewritten as

½ωþ i∂z þM�
�
Ãω
λ ðzÞ

h̃ωλ ðzÞ

�
¼ 0; ð21Þ

where

M≡
�−Δγ −iΔM

iΔM 0

�
≡
� −m2

γ=2ω −iBT=
ffiffiffi
3

p
MPl

iBT=
ffiffiffi
3

p
MPl 0

�
:

ð22Þ

These coupled equations can be solved in the same
way as the neutrino oscillation. Diagonalizing the mixing
mass matrix M by a unitary matrix U, satisfying
UU† ¼ U†U ¼ 1, as

UMU† ¼
�
m1 0

0 m2

�
;

m1;2 ¼ −
1

2

�
Δγ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

γ þ 4Δ2
M

q �
; ð23Þ

the EOMs for the rotated fields ψ ≡ ðψ1

ψ2
Þ≡UðÃω

λ ðzÞ
h̃ωλ ðzÞÞ are

given by ½ωþ i∂z þmj�ψ j ¼ 0. Note that with the param-
eters we are interested in, we have

Δγ ≃ T2=ω ≫ T2=MPl ≳ BT=
ffiffiffi
3

p
MPl ¼ ΔM; ð24Þ

as long as ω ≪ MPl. Their solutions are easily obtained as

ψ jðzÞ ¼ eiðωþmjÞzψ jðz ¼ 0Þ; ðj ¼ 1; 2Þ: ð25Þ

Rewriting the solutions in terms of the original fields, the
photon-graviton conversion process can be seen from the
solution for h̃ωλ ðzÞ by setting h̃ωλ ð0Þ ¼ 0 so that

h̃ωλ ðzÞ ¼
i
2
eiωz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Δ2

M

Δ2
γ þ 4Δ2

M

s
ðeim2z − eim1zÞÃω

λ ð0Þ: ð26Þ

The probability that a photon traveling a distanceΔz ¼ L is
converted into a graviton is then computed as
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Pγ→gðLÞ ¼ jhh̃ωλ ðLÞjÃω
λ ð0Þij2

¼ 4Δ2
M

Δ2
γ þ 4Δ2

M
sin2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

γ þ 4Δ2
M

q
2

L

!
: ð27Þ

Let us evaluate the typical length of the photon propa-
gation L. The ensemble average of the photon-graviton
conversion rate is given with that length. The collision of a
photon can be understood as the collapse of the photon
wave function and hence as a “measurement”. Therefore,
the photon-graviton conversion process can be regarded to
be fixed for a wave packet of the photon with the
propagation distance being the mean free path of the
photon. It is evaluated as L ≃ Γ−1

γ , where Γγ is the rate
of the photon scattering with charged particles in the
thermal bath through the gauge interaction,

Γγ ≃ α2eT: ð28Þ

Since we can approximate
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

γ þ 4Δ2
M

q
≃ Δγ , the argu-

ment of the sinusoidal function in Eq. (27) is evaluated as2

ΔγL ≃
Δγ

Γγ
¼ 2πT

αeω
: ð29Þ

Thus, as far as we are interested in ω≲ 10T, we have
ΔγL ≫ 1, and the ensemble average of Pγ→gðLÞ can be
obtained by replacing the sinusoidal function with 1=2,

hPγ→gðLÞi ≃ 2

�
ΔM

Δγ

�
2

≃
8ω2B2

T

3e4T4M2
Pl

≈ 4 × 10−5
�

ω

1014 GeV

�
2
�

g�
100

�
ΩB; ð30Þ

where ΩB is the energy fraction of the large scale magnetic
field,

ΩB ≡ ρB
ρtot

¼ 15B2
T

π2g�T4
; ð31Þ

where ρtot ¼ ðπ2g�=30ÞT4 is the total energy density of the
Universe and ρB ¼ B2

T=2 is that of magnetic fields.
Therefore, if the magnetic fields are produced at
T ¼ 1014 GeV, for instance, with the energy fraction
ΩB, ð0.004 × ΩBÞ% of photons at ω ∼ T are converted
into gravitons.
Note that our analytic estimate relies on the approxima-

tion ∂z ≃ iω but this is only valid for a sufficiently small
mγ . However, sincemγ ≃ 0.3T, it is not negligibly small for

ω≲ T. Thus, our formula of Eq. (30) does not have the
accuracy beyond the order estimate. Moreover, for a
smaller ω < mγ, scattering processes between photons
and other charged particles are no longer negligible and
the picture discussed in the above breaks down. We expect
that the photon-graviton conversion gets strongly sup-
pressed and do not consider such a small momentum.

IV. THE ENERGY SPECTRUM

Let us now evaluate the distribution function or the
energy spectrum of gravitons generated from the thermal-
ized photons in the hot early Universe through the
mechanism discussed in the previous sections. The gen-
eration of gravitons is described by the Boltzmann
equation,

ð∂t −Hω∂ωÞfgðt;ωÞ ¼ Γγ→gfγðt;ωÞ; ð32Þ

where H is the Hubble parameter, fgðt;ωÞ is the distribu-
tion function of the graviton and that of the thermalized
photon is given by the Bose-Einstein distribution,

fγ ¼
1

eω=T − 1
; ð33Þ

with the temperature of the thermal bath T. The conversion
rate from the photon into the graviton in a unit time Γγ→g

can be evaluated with the same procedure in the case of the
sterile neutrino production through oscillations [67–75].
That is, we evaluate it in terms of the probability averaged
over photons in the ensemble,

Γγ→g ¼
1

2
ΓγhPγ→gðLÞi ≃

ω2B2
T

12π2M2
PlT

3
; ð34Þ

where we have used Eq. (30) and Γγ is the scattering rate
(measurement rate) of the photon given in Eq. (28). This
expression represents our evaluation that a photon is
converted to a graviton with a rate hPγ→gðLÞi at a collision
or a “measurement” that happens in a time scale Γ−1

γ . See
Ref. [73] for the origin of the numerical factor 1=2. We here
also assume that the magnetic field coherence length is
much larger than the mean free path of the photon, which is
usually the case.
Now we are ready to solve Eq. (32). Assuming that the

magnetic fields decay adiabatically after its generation at
T ¼ Ti in the radiation dominated Universe,3

2Here, we have omitted the momentum dependence of the
mean free path of the photon, but it will not change the result of
Eq. (29) as far as we are interested in ω≲ T.

3This is the case when the magnetic field coherence length is
sufficiently large, which is consistent with our assumption. If it is
short, magnetic fields evolve according to the magnetohydrody-
namics and decay much faster.
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BT ¼ Bi
T2

T2
i
; ð35Þ

and changing the time variable from the cosmic time t to the
temperature T, one can rewrite Eq. (32) as

ðT∂T þ ω∂ωÞfgðT;ωÞ ¼ −A
ω2

TTi

1

eω=T − 1
; ð36Þ

with

A≡ B2
i

12π2HiTiM2
Pl

¼ Hi

2π2Ti
ΩBi; ð37Þ

where Hi is the Hubble parameter at T ¼ Ti and ΩBi ≡
B2
i =ð6M2

PlH
2
i Þ denotes the energy fraction of the mag-

netic fields at its generation. This equation is analytically
solved as

fgðT;ωÞ ¼ A
ω2

T2Ti

Ti − T

eω=T − 1
; ð38Þ

where we have set the boundary condition, fgðTi;ωÞ ¼ 0.
Therefore at later times, the graviton distribution function is
given by

fgðT ≪ Ti;ωÞ ¼ A
ω2=T2

eω=T − 1
: ð39Þ

This result indicates that the photon-graviton conversion is
most effective at T ≃ Ti, and for T ≪ Ti, the graviton
distribution function just redshifts.
The above equation holds as long as Eq. (35) is exact,

that is, the entropy production does not occur so that the
thermal bath temperature evolves as T ∝ a−1 and H ∝ T2.
This condition is violated when the number of relativistic
particles in the thermal equilibrium decreases. Due to
the entropy conservation in the matter sector, the temper-
ature of the photon Tγ depends not only the scale factor
but also the number of relativistic degrees of freedom as
Tγ ∝ g−1=3�s a−1, while the “effective” temperature of the
graviton in Eq. (39) is not affected, Tg ∝ a−1. The ratio
between these temperatures at present is then given by

Tgðt0Þ
Tγðt0Þ

¼
�
g�sðt0Þ
g�sðtiÞ

�
1=3

≈ 0.33

�
g�sðtiÞ
106.75

�
−1=3

: ð40Þ

Here, g�s is the effective number of relativistic degrees of
freedom for entropy, and t0 and ti denote the present time
and the generation time of the magnetic field, respectively.
We also used g�sðt0Þ ¼ 43=11. Since the evolution equa-
tion for the gravitons holds by ignoring the right-hand side
and replacing T with Tg in Eq. (36), we can replace T with
Tg to evaluate Eq. (39) at a late time, as

fgðTgðtÞ;ωÞ ¼ A
ω2=T2

gðtÞ
eω=TgðtÞ − 1

; ð41Þ

which is our main result of the present paper.
It is interesting to compare the peak frequencies of the

intensities of the photon and the graviton, I ∝ ω3fðωÞ,

Iγ ∝
ω3

eω=Tγ − 1
⇒ 2πfpeakγ ¼ ωpeak

γ ≈ 2.82Tγ; ð42Þ

Ig ∝
ω5

eω=Tg − 1
⇒ 2πfpeakg ¼ ωpeak

g ≈ 4.97Tg: ð43Þ

Therefore, by measuring the difference between the peak
frequencies of the photon and the graviton, one can probe
the relativistic degrees of freedom at the time of primordial
magnetogenesis through the following equation:

g�sðtiÞ ≃ 21.3

�
fpeakγ

fpeakg

�3

: ð44Þ

The gravitons investigated in the present study act as the
stochastic GW background, which is often characterized by
the differential energy fraction, ΩGW ≡ 1

ρtot

dρGW
d lnω, where

ρGW ≡ R lnωð2ω4ÞfgðωÞ=2π2. It is given by

ΩGWðω; tÞ ¼
ω4fgðTgðtÞ;ωÞ

π2ρtotðtÞ

¼ ΩBiHi

2π4TγðtiÞ
ω4

ρtotðtÞ
ω2=T2

gðtÞ
eω=TgðtÞ − 1

: ð45Þ

Evaluating this equation at the present time t0 with
Eqs. (40) and (43), we obtain

h2ΩGWðω; t0Þ ≃ 2.2 × 10−11 ×

�
gI

106.75

�
−13
12

ΩBi

×
ðω=Tgðt0ÞÞ6
eω=Tgðt0Þ − 1

�
Hi

6 × 1013 GeV

�
1=2

;

ð46Þ

with g−13=12I ≡ ðg�ðtiÞÞ1=4ðg�sðtiÞÞ−4=3 and the Hubble con-
stant H0 ¼ 100h km=s=Mpc. The peak angular frequency
at the present is

ωpeak
g ≃ 4.97Tgðt0Þ ≃ 1.64Tγðt0Þ

�
g�sðtiÞ
106.75

�
−1=3

⇒ fpeakg ≡ ωpeak
g

2π
¼ 93 GHz

�
g�sðtiÞ
106.75

�
−1=3

; ð47Þ

where we have used Tγðt0Þ ¼ 2.73 K ¼ 3.57 × 102 GHz.
Note that the peak frequency depend on the cosmic
temperature when the photon-graviton conversion occurred
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only through giðtiÞ. In Fig. 1, we plot h2ΩGWðω; t0Þ. As gI
increases, both the peak frequency and the amplitude
decrease. Here, we use the upper bound on the Hubble
parameter Hi ≲ 6 × 1013 GeV, which comes from the
nondetection of the CMB B mode, as a reference value.
We also adoptΩBi ¼ 10−2 to satisfy the constraint from big
bang nucleosynthesis ΩBi ≲ 0.1 [76] and assume the
comoving correlation scale of the magnetic field at the
last scattering is shorter than Mpc scale to evade the CMB
bound [77] (but is longer than the photon mean free path).
The constraint on the energy density of short-wavelength
gravitational waves from the present additional relativistic
degrees freedom h2

R
lnωΩGWðω; t0Þ < 1.2 × 10−6 [78] is

always satisfied.
Before concluding, let us comment on the comparison to

other sources of GW background at high frequencies. One of
the important and inevitable GW sources is the stochastic
GW background from quantum fluctuations during inflation
[20]. It exhibits a scale-invariant spectrum up to the scale that
corresponds to the Hubble scale at the end of inflation. In the
case of instant reheating, it is given as [19,79]

h2ΩðinfÞ
GW ≃ 1.7 × 10−16

�
gRH�

106.75

�−1=3� Hend

6 × 1013 GeV

�
2

ð48Þ

for

f ≤ fRH ≡ 0.17 GHz

�
gRH�

106.75

�−1=12� Hend

6 × 1013 GeV

�
;

ð49Þ

where Hend is the Hubble parameter at the end of inflation
and gRH� is the number of relativistic degrees of freedom at
reheating. Note that at the edge of the spectrum, f ≃ fRH,
another contribution from the gravitational particle produc-
tion at the end of inflation, in which particles that include
gravitons are generated due to the change of the cosmic
expansion rate [80–82], also exists,4 but the amplitude of this
contribution is as comparable as those from vacuum fluc-
tuation [Eq. (48)]. From these expressions [Eqs. (47) and
(49)], we see that the frequency of these GW backgrounds is
much smaller than that of the GWs from photon-graviton
conversion for not so large g�. However, for larger g�,

gRH� ≃ g�sðtiÞ > 9.6 × 1012
�

Hend

6 × 1013 GeV

�
−4
; ð50Þ

the frequency of the GW background from the photon-
graviton conversion overlaps with those from inflationary
fluctuations and the former can be hidden by the latter, as we
can see in Fig. 1. Note that this conclusion depends strongly
on the reheating mechanism. If the reheating is followed by
the long matterlike inflaton dominated era, the inflationary
GW background are much diluted so that it might not hide
the GWs from photon-graviton conversion. On the other
hand, the inflationary contributions get larger for the kination
scenario [84,85], so that it is more likely to hide the GWs
from photon-graviton conversion.

V. DISCUSSIONS

In this paper, we have explored the photon-graviton
conversion process in the presence of primordial magnetic
fields and estimated the stochastic GW background, which
might be observed today. If the primordial magnetic fields
survive until today, they can be the intergalactic magnetic
fields that are reported to be detected by the blazar
observations [51–59]. We found that the conversion process
is the most effective at the magnetic field generation or
reheating, and that the information of the temperature and
the number of relativistic degrees of freedom when the
process starts is embedded in the peak frequency of the GW
spectrum. We gave the upper bound on the peak height by
requiring the energy density of magnetic fields do not
exceed that of the thermal plasma. While the GWamplitude
cannot be large enough to be detected anytime soon, this
study increases the motivation to improve the sensitivity of
GW experiments. Indeed, the new proposals and attempts
to detect very high frequency GWs have been made
[14–18]. In analogy with classic (electromagnetic-wave)
astronomy, we expect that gravitational-wave astronomy
will also develop technologies to observe GWs with a wide
range of frequencies. In the future, therefore, the prediction

FIG. 1. h2ΩGW derived in Eq. (46) is shown forΩBi ¼ 10−2 and
Hi ¼ Hend ¼ 6 × 1013 GeV. The effective number of relativistic
degrees of freedom for entropy is taken as gI ¼ 102 (blue), 106

(orange), 1012 (green), and 1018 (red), respectively. ΩGW for
2πf < 0.3Tg are shown as dotted lines, because the approxima-
tion used in our analytic calculation is unreliable there. Dashed

line represents the GW spectrum from inflation h2ΩðinfÞ
GW , which

overwhelms the GWs from photon-graviton conversion
for gI ≫ 1012.

4The spectrum of this contribution depends on how the
inflation ends and connects to the stage of the power-law
expansion of the Universe [83].
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of our study may be relevant and provide a novel way to
explore the early universe.
It should be mentioned that a gauge field involved in the

current process generating gravitons does not have to be the
electromagnetic or hypercharge gauge field in the Standard
Model (SM) of particle physics. If high energy hidden
photons and their strong magnetic field counterpart exist in
the early Universe, they can also generate a stochastic GW
background. Hidden Uð1Þ gauge bosons have been
explored intensively as a well-motivated possibility of
physics beyond the SM [86], since they are the key to
unveil dark sectors and to understand the gauge structure of
the SM. Hidden photons can be also a good candidate of
dark matter or dark radiation. Moreover, recently, hidden
magnetic fields have been gotten interest in the cosmo-
logical and astrophysical context such as the relationship to
the indirect generation of intergalactic magnetic fields

[87,88] and the spectral modulation of high-energy
gamma-ray observations [89]. Therefore, it is worth study-
ing the possible hidden photon-graviton conversion in the
early Universe and its observational signatures to explore
dark sectors.
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