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Tribaryons in a constituent quark model
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We calculate the matrix elements of the color-spin interaction for all possible multiquark states of
tribaryons in flavor SU(3) broken case. For that purpose, we construct the flavor ® color ® spin wave
functions of the tribaryons, which are taken to be antisymmetric to satisfy the Pauli exclusion principle.
Furthermore, we analyze the diquark structure of the tribaryon configurations using the symmetric and
antisymmetric basis set of flavor, color, and spin states.
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I. INTRODUCTION

While the interactions between quarks and gluons are
described by QCD, which is based on the color SU(3) gauge
group, the phenomenological interaction between constituent
quarks within a hadron can be taken to be mediated by gluons
[1] or mesons [2]. The constituent quark models can well
reproduce the mass of normal hadrons, which are composed
of three quarks for baryons and a quark-antiquark pair for
mesons. On the other hand, ever since Jaffe suggested the
possibility of a stable dibaryon [3] and tetraquark using the
bag model [4,5], exotic hadrons consisting of more than three
quarks or quark-antiquark have been a subject of experimen-
tal as well as theoretical studies (for a recent review, see
Ref. [6]). The quark interaction within a multiquark configu-
ration is the central theme in understanding exotic multiquark
configuration within the constituent quark model [7].

Multiquark configurations and their quark interactions can
also be used to understand the baryon-baryon interaction as
was first attempted successfully within the quark-cluster
model [8]. In fact, it was recently shown that the short-
distance part of the baryon-baryon interaction including those
with strangeness extracted from the recent lattice calculation
[9] can be well reproduced using the constituent quark model
[10]. The crucial input in understanding the flavor depend-
ence in these interactions is the color-spin interaction between
quarks and the antisymmetrized flavor ® color ® spin wave
functions that is required by the Pauli principle [8,10].

As for multiquark configuration involving three baryons,
only a limited number of works exist [11-15]. The tribaryon
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configuration is related to the three-nucleon interaction at
short distance [ 14—16], whose strength is important in relation
to providing the stability of nuclear matter at high density. For
example, the intrinsic three-body nuclear force including
hyperons has been shown to provide a solution to the hyperon
puzzle in a neutron star [17,18]. In a previous work, we have
shown that the intrinsic three-body forces vanish in the flavor
SU(3) symmetric case, undermining the solution for the
hyperon puzzle [15]. However, it is important to note that the
situation might change if the SU(3) symmetry breaking effect
is taken into account. The importance of the SU(3) breaking
effect cannot be overemphasized in the quark model. While
the color-spin interaction is large for the H-dibaryon in the
SU(3) symmetric limit, the strength drastically reduces when
the symmetry breaking is introduced [19].

In this paper, we will calculate the expectation values of
the color-spin interaction of a tribaryon using a constituent
quark model in the flavor SU(3) breaking case. In particular,
for each tribaryon configuration, we will explicitly calculate
the flavor ® color ® spin wave functions and analyze the
diquark configurations in them. This is accomplished by
identifying the possible diquark configuration for all quark
pairs within the tribaryon system and calculating the
probability of each diquark configuration within the total
wave function. Through our study, we will elucidate the
importance of the flavor SU(3) breaking effect for each
tribaryon configuration and highlight the important diquark
configuration for attractive tribaryon configurations.

This paper is organized as follows. In Sec. II, we introduce
the form of color-spin interaction and a parameter 6 which can
describe the flavor SU(3) breaking effect. In Sec. III, we
represent in detail the method for constructing the wave
function of a tribaryon. In Sec. IV, we show the color-spin
matrix elements of the tribaryons for all possible quantum
numbers in the flavor SU(3) broken case. In Sec. V, we
calculate the static binding energy of a tribaryon for the lowest
flavor channels for each spin. In Sec. VI, we analyze the
diquark structures of the tribaryons using symmetric and
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antisymmetric basis set of flavor, color, and spin wave
function. Finally, Sec. VII is devoted to a summary and
concluding remarks.

II. COLOR-SPIN INTERACTION

In this work, we present the matrix elements of
color-spin interaction for the tribaryons in the flavor
SU(3) broken case. The color-spin interaction is defined as

(1)

where A, m;, and m, are, respectively, the color SU(3)
Gell-Mann matrices, the constituent quark mass of the ith
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where n is the total number of quarks; C30 ) = 1 $AFAF and
Cc are the first kind of the Casimir operator of flavor
SU(N) and color SU(3), respectively; p; is the number of
columns containing i boxes in a column in a Young
diagram; and m is the total number of boxes minus
Npy, which is Zf(vz‘ll kpy. For the flavor SU(3) symmetric
case, Eq. (3) reduces to the form
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where Cr is the first kind of the Casimir operator of flavor
SU(3). Then, we can check that the matrix element of
|

quark, and the constituent quark mass of u, d quarks.
To analyze the flavor SU(3) breaking effect, it is useful to
introduce the following strange quark mass parameter:

s=1-"4

o )
When the mass of the strange quark becomes the same as
that of the u, d quarks, the flavor SU(3) breaking effect
vanishes. For a totally antisymmetric flavor @ color ®
spin wave function with a given flavor SU(N), we can
easily calculate the expectation value of the color-spin
interaction using the following formula without consider-
ing the explicit form of the wave function,

4
n2 4 (<2N —4)n+S(S+1) + 4c5'™ L ocy,

Eq. (3) becomes the same as the flavor SU(3) symmetric
case when N = 3.

ITII. WAVE FUNCTION OF A TRIBARYON

In this work, we limit our discussion to the case where
the orbital par of the quark wave function is totally
symmetric. This means that the remaining flavor ®
color @ spin part of the wave function should be antisym-
metric to satisfy the Pauli exclusion principle. In general, if
we consider the tribaryon as the sum of three baryon states,
the orbital part does not have to be totally symmetric. We
represent the possible orbital state of a tribaryon in
Appendix for future work.

For the totally symmetric orbital state, there are eight
possible flavor states for the tribaryons given as follows [14]:

| [ [ ]
1(5=3,33) 85=353.513) 10(5 = 2)
[ ] [ [ ]
qos=3%  20(S=385  85(S=3)
| [ | ]
35(5 = 1) 64(S = 32)
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The brackets below each flavor state show the possible
spin states. However, in the flavor SU(3) broken case, the

column because their flavor wave function is symmetric.
For example, the flavor 27 multiplet can accommodate the

number of possible flavor states is limited in relation to  state with I =2, S =3 and strangeness = =3,
isospin and strangeness. As an example, for / =2, § :%
and one strange quark, only one SU(3) flavor state
contributes, which is a flavor 64 multiplet, | |
S| S
[ [ ] 5] ;

F

Additionally, when there is more than one strange quark,

the strange quarks should not be located in the same|

Similarly, the corresponding color @ spin coupling state
can be constructed as follows:

s |

cs

Now, using the symmetric property of Young-Yamanouchi basis [20], we can represent the above flavor and color ® spin
coupling state as follows:

| |> 1 | |> g O ]
s|s == 718 + —= 719 >+— 819 >7
L5 ] F 31 F ’ 18] F \/gi F
1T 1171 5] [T To] ®)
s /3 8 /3 7 1 7
s > :ﬁ 9 > -3 9 > "rg 8 >

We can check that the above flavor and color @ spin coupling states are symmetric and antisymmetric under the
exchange among 7, 8, and 9, respectively. Now, we can construct the flavor @ color @ spin wave function as

u

— uti|usi| s |

u

] d[s,1) 5 [l juai | usi U4i|u5i| u2i| S

U n

1 = I (_1)F Uei| S | S @ usi| s ) (6)
u d? i=1

— (5,1] s P ||

u L5

“ [U5i ] cs
LY FCS

where d is the dimension of the irreducible representation f of S, n]; is the number of transpositions necessary to bring the
corresponding Young tableau of flavor state to a normal Young tableau [20], and (u,;, u,;...) is an array of numbers from 1
to 6 which can make the corresponding Young tableau.

Next, we need to decompose the color @ spin coupling state into color and spin states using the Clebsch-
Gordan coefficients of Sg. Then, the total wave function of a tribaryon with I =2, § = %, and strnageness = —3 can

be represented as
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Vrcs =
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where apcg are the coefficients which can be constructed
from nf, Clebsch-Gordan coefficients of Sy, and the coef-
ficients in Eq. (5). It should be noted that the blanks on the
above equation are actually filled with numbers to form a
Young tableau. After representing the wave function using
each Young-Yamanouchi basis, we can easily calculate the
matrix elements of color-spin interaction with the formula

2

a5 = 2(ij) = 31,

(8)

where (ij) is the transposition between ith and jth quarks
and / is the identity matrix in the corresponding irreducible
representation. In general, the generator A of SU(N) is as
follows:

Ui’Gj :2(1])—1,

N 2
11‘/1; = 2(’]) N )
IV. COLOR-SPIN INTERACTION MATRIX
ELEMENTS

Here, we represent the matrix elements of color-spin
interaction for all possible tribaryon states in the flavor
SU(3) broken case. To represent the symmetric property of
the wave function, we use the {ijk---} notation, which
means antisymmetry under the exchange of particles
among I, j, k, - - -. For example, in the case of a tribaryon
with three strange quarks, it should satisfy {123456}{789}
because we put the strange quarks on the last position of the
wave function. |
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Hes =56 -85
1=2,8S=1(F=35):

Hes =40+ %5
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u (56—%5 164105 )
cs = 161/10
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(i) 1=0,8=3(F =10):
HCS:20+23_05_
(vii) 1=0,5=1(F=35):
HCS:4O_%5
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() I=3,8S=3(F =64):
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(i) I=3.85=3(F=35):
Heg =40+ 265 +567
(i) 1=3.5=3(F=27):
Heg =19 1854 85
(iv) 1=3,8=3(F=10,27,64):
4/5 2
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80 20 2
21vi0 T 3y30
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56— 54 2085

2 2
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3(F =18.10,27,64):
8+254 1267

-2, /35-1,/3

14\/_5+ \/52
3\/—
(ix) I=4,8=1(F=28,2735):
443254+ 88
HCS: 3\/—5—762
_%52
(i) 1=3,S=3(F=064):

HCS == 56— 165+852
i) I1=2,8S= ( —27)
Hg _%— 166 + 857

(F =27, 8)'HCS:<

M_ﬂ5+§52 _% 1s

3 3
8 /1
N

L43s5+58

2\/5 \/52 ids | \/52
20— 1054+ 58 \/5——52
\/5——52 28 —%54 U5

"

_ 8 5_ 25 _nh5s
3\/'(S 3\/'5 50
U-%5+38 -3\ 5+1/37

—%\/§5+§\/§52 40-25+28

C. ¢°3: {123456}{789}

(i) 1=2,8=3(F=27,64)
<8 l765+l7852 %55+%§52 )
5+8f52 56— 205+ 005
(IV)I—ZS—% —273535)
5+2852 5 252 5 252
( —252 40 — 205+2852 252 )
-28 40 — 205+%8 &
) I=1,8=
Hes = 24 - 165 + 852
(i) 1=1,8=3(F =8,27):
HCS:(;‘*H;W )
8V14 5 4 4vV14 52 %_%54_%52

(vi) I=1,8S=3(F

24 392 2

2 25 252
\/; 9l \/;

2 2 1 252
\/;5 +_9 \/;(S

—28 /1
153

58 o
15v21

8 /55
9 216

=8,10,10,27,64):

—2\/§5 ! \@52

40 245 2
20-%95 4255

2[5 +5,/3

25
570

25 2
30

4/14 1 /252

_T5_§\/;5
8 1052
ﬁ\/;5

20-%6+388

4/14 1 /2¢2
T5+§\/;5
8 /109
ﬁ\/;s

(viii) 1 =1,8=1(F =8,27,35,35):
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V. STATIC BINDING ENERGY OF A TRIBARYON

Now, we can calculate the binding energy of a tribaryon using the above matrix elements. Here, we represent the static
binding energy of a tribaryon for the lowest flavor channels for each spin state using the color-spin matrix elements,

A
H = mom HCS? (10)
ulty
EB — g Tribaryon _ I{Threshold7 (1 1)

where A is fit to the proton-delta mass difference [21]. Additionally, we fix & :% from taking m, = 300 MeV and

m, = 500 MeV. Here, H™esh0ld j5 the sum of the color spin interaction in Eq. (10) for the threshold, for which we consider
only the three baryon states decaying into relative s-waves.
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TABLE L

The static binding energy of a tribaryon. The second row represents the most attractive flavor state of a tribaryon for the

corresponding spin state. The third and fourth rows are the color-spin matrix elements of a tribaryon and the corresponding threshold
both in the flavor SU(3) symmetric case. Ep is the static binding energy of a tribaryon in the flavor SU(3) broken case in the MeV unit.

§=1 §=1 S=3 §=3 S=3
Flavor state Fi:q°*(1=0) Fg:q's*(I=1) Fi:q%*(I=0) Fi:q%*(I=0) Fy:q's*(I=1)
Trib 8 _
H oo 24 24 s 4 4
H”(l;}greshold 24 24 8
Binding energy AE*Z* AAE* AE*Z ANCADY NAE*
Ep =17.07 Ep =8533 Ep = —100.98 Ep =—197.87 Ep =92.09
AAQ AXES AEX* AEX* N ZF
Ep=0 Ep =93.87 Ep = —100.98 Ep = —197.87 Ep =100.62
PID DNy NEZ* NE*ZF ANTF
Ep =256 Ep =27.02 Ep = —69.87 Ep =57.96
AZFEF AT AAE
Ep =-7.11 Ep =-104.0 Ep =-3591

For S = %, there is only one possible flavor state, which is
the flavor singlet. In this case, Hrg = 24 in the flavor
SU(3) symmetric case. This state has three strange quarks
and zero isospin, so that the possible lowest thresholds are
AE*Y* AAQ, and X*2*Y*. For § = % the flavor octet is the
only unique flavor state. For this case, the possible number
of strange quarks can be from 2 to 4. Here, we only
consider the tribaryon with two strange quarks for the
flavor octet because the interaction usually becomes
relatively repulsive as the number of quarks with the same
flavor increases. For the flavor octet with two strange
quarks and S = % Hcg =24. In this case, the lowest
threshold is two decuplet and one octet baryons.
However, the sum of Hg for the lowest threshold is
always lower than the corresponding tribaryon state, so we
only consider possible resonances involving three decuplet
baryons. Similarly, the lowest threshold is always more
attractive for tribaryon configurations with §=3.3 .1
Therefore, for these cases, we take the threshold to be
those close to or higher than the tribaryon attraction to
probe possible resonance states. We represent the static
binding energy of a tribaryon for the lowest cases for each
spin configurations in the flavor SU(3) broken case in
Table I. As we can see in the table, the static binding energy
is almost -200 MeV for some cases. However, it should be
noted that for the tribaryon state to form a compact state the
static binding energy has to be larger than the additional
kinetic energy to form the compact configuration, which is
a few hundred MeV for a typical hadron size state [21].

VI. DIQUARK CONFIGURATION
OF A TRIBARYON

In this section, we analyze the diquark structure of a
tribaryon in the flavor SU(3) broken case. By analyzing
the diquark structure of a multiparticle system, we can

reconstruct the diagonal elements of the color-spin or
flavor-spin interaction by adding the contribution of the
corresponding interaction strength of all diquark configu-
rations [10]. Additionally, the information of the detailed
diquark configurations would also be useful to analyze the
interaction originating from the meson exchange between
quarks [2].

The way to calculate the diquark configuration is as
follows. Let us examine a diquark component between u, d
quarks. Considering the symmetry, it is sufficient to
calculate the diquark component between 1 and 2. First,
for a corresponding flavor state, assemble the Young-
Yamanouchi basis into two sets that are symmetric and
antisymmetric under the exchange between 1 and 2,
respectively. Similarly, we can also collect the symmetric
and antisymmetric basis set for color and spin states. Then,
by taking the sum of the expectation value, we can calculate
the diquark configuration for u, d quarks as

P(F,1,.S) = Z<TFCS|7512|‘PFCS> (12)
F.CS

with a projection operator, P;; = |y%) (y| ® 1, where /¢,
is the wave function of the relevant diquark that satisfies a
certain symmetry property, 1 is a unit operator acting on the
particles other than i and j, and Wy is the wave function
of a tribaryon.

For the diquark structure involving s quarks, let us
consider the ¢%s> case again. In this case, because of the
symmetric property, we only need to consider Pg;(F, I, S)
and Pgy(F, 1, S) for the diquark structure involving u and s
quarks and s quarks only, respectively. However, unless the
particle label is 1 and 2, it is not easy to find the symmetric
or antisymmetric basis set by just looking at the Young-
Yamanouchi basis. Still, there is a useful way to find the
symmetric or antisymmetric basis set. The eigenvalues of
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TABLE IL
symmetric and antisymmetric basis are reversed.

The number of basis for symmetric and antisymmetric representation. For the conjugate Young diagram, the numbers of

[O1 [81] [72] [711] [63] [621] [6111]

[531] [522] [5211] [S51111] [441] [432] [4311] [333]

Symmetric 1 7 21 21 34 70 35
Antisymmetric 0 1 6 7 14 35 21

99 70 105 35 49 91 111 21
63 50 84 35 35 77 105 21

TABLE III. The classification of two quark interaction. The
two-quark state is determined to satisfy Pauli exclusion principle.
We denote the antisymmetric and symmetric states as A and S,
respectively. The symbols inside the parentheses represent the
multiplet state.

qi9;
Flavor A(3) 5(6) A(3) S(6)
Color A(3) A(3) S(6) 5(6)
Spin A1) S(3) S(3) A1)
—/1,'/1j0',~0'j -8 % -3 4

the elements (i, j) of the irreducible representation of the
corresponding Young diagram are 1 or -1. Then, the
eigenvectors with eigenvalue of 1 become the symmetric
basis set, and the opposite case becomes the antisymmetric
basis set. 1//?]» in Eq. (12) is an element of these basis sets.
Now, using Eq. (12), we can calculate the corresponding
diquark component with a certain symmetric property.
Additionally, the number of symmetric or antisymmetric
basis between any i and j in a specific Young diagram is the
same as the corresponding number between 1 and 2. The
numbers of symmetric and antisymmetric basis for Sy
Young diagrams are written in Table II.

Table III shows the basic building blocks composed of
two quarks, henceforth called diquarks, and their corre-
sponding strengths for the color-spin interaction. Treating
the quarks as identical particles, the diquarks can be in one
of the four possible configurations depending on the
symmetry property under the exchange of the flavor, color,
and spin states.

We represent the diquark configuration of a tribaryon for
all possible states in Tables IV—XI. Table IV shows the result
in the flavor SU(3) symmetric case. Additionally, it should
be noted that « and s are treated as different flavors and hence
do not have to satisfy the Pauli exclusion principle in the
flavor SU(3) broken case. So, there are in total eight cases as
shown in different columns to represent all possible diquark
structure involving u and s quarks. By comparing each table
with Table IV, we can analyze how the diquark components
change when the flavor symmetry is broken.

The most attractive tribaryon state is related to configu-
rations where there are large fraction of attractive diquark
configurations. As an example, the way to find the most
attractive channel is to identify configuration that has large
contributions from the A-color (antisymmetric) and A-spin

diquark state. For the flavor SU(3) symmetric case, as we
can see in Table IV, the flavor singlet with § = % and flavor
octet with § :% have the largest A-color and A-spin
diquark state contribution. We can check that the flavor
singlet state is the most attractive state, as can be seen by
letting 6 = 0 in the color-spin matrix elements given in
Sec. IV for the flavor symmetric case. For flavor singlet

TABLEIV. The probability P;; of a tribaryon for (i, j) diquark
pairs with S, A, and M representing symmetric (S), antisymmetric
(AS), and mixed (M) combinations in the flavor SU(3) symmetric
case.

q i.j=1-9

Flavor A S A S
Color A A S S
Spin A S N A
Py(F=1.5=3) 5 ® i e
Pj(F=1,5=3) 5 15 5 5
Py(F=1S=3 0 3 3 0
P (F=8.5=1}) 5 ® s 6
P (F=8.5=3) 8 3 3 s
Py (F=8,5=3) T4 i s 44
P (F=8.5=1) % u s 13
PF=05=) & B & &
PF=TiS=) & B & &
Pj(F=21,8=3) 5 s s 5
P;(F=27.5=3 141 7 ¥ o
P (F=27.8=3) 18 5 3 §
Py (F=35.5=3) s i i i
P;(F=358=} 1 = i i
P (F=64,5 =3) % 5 1 i

TABLE V. The probability P;; of ¢° for (i, j) diquark pairs with
S, A, and M representing symmetric (S), antisymmetric (AS), and
mixed (M) combinations in the flavor SU(3) broken case.

q i,j=1-9

Flavor A S A S
Color A A S S
Spin A S S A
Pj(F=351=3.8=3) B s i i
Ppr-eii=is=) & 4 4 1
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TABLE VI. Same as Table V for ¢®s.

s i,j=1-8 i=1-8,j=9

Flavor A S A S A S A S A S A S
Color A A S S A A S S S S A A
Spin A S S A A S S A A S S A
PiF-shi=2s=y & K & 1 &% & & & & & #
EAF:%J—2J:9 ¥ ® w7 @ » W % mw % 3
Py(F=211=1.5=3) % % 7 & %  x o 0 0 »oam %
Py(F=641=1.S=3) 1 1 & © % e s 4 @5 a® w6 w6
Py(F=271=1S=3) &5 & i % w6 6 28  Wei 61 26 %6 0l
Pij(Fzﬁﬁl—LSZ%) " i i i % % % % 1% lg_s ﬁ 138
Py(F=211=1.8S=3) % #m f To 1w W wm  Tm TR 1o
Py(F=101=0,S=3) % % s 5% 3% % % B W 3 % %
P;(F=351=0,8=1}) 3% % 5 5 & 4 o & & o & &
with S = % H s is -4, and for flavor octet with § = %, Hcg  looking at the largest diquark components for antisym-

is 4. This difference comes from the remaining diquark
components other than A-color and A-spin states. As can
be seen in Table III, there are two attractive diquarks. The
reason why flavor singlet state is more attractive is that,
compared to the flavor octet case, it has larger contributions
from the other remaining attractive diquark components,
which is the S-color(symmetric) and S-spin state.
Therefore, the flavor states which have large components
of A-color, A-spin, and S-color, S-spin states lead to
attractive configurations. For the flavor symmetry broken
case, it is still useful to search for the diquark components
between u and d quarks to find the most attractive channel.
The following are the most attractive diagonal channels for
all possible strangeness quantum numbers, up to six strange
quarks, in the flavor SU(3) broken case:

i) ¢* (F.1.S)=(353.3)

(i) ¢%s: (F.1,S) = (10,0,3), (35.0.3)
(iii) ¢’s* (F,1,S) = (27.1.))

() ¢°s% (F.1.8) = (27.0.1)

V) @s* (F.1,S) = (8,5.5)

vi) ¢*s’: (F,1.8) = (10,0,3), (35.0.})
(i) ¢’ (F.1.8) = (35.1.9)

To obtained the lowest eigenvalue for the present case,
we need to consider the mixing effects between different
SU(3) flavor channels and diagonalize the whole matrix
components in Sec. I'V.

VII. CONCLUSIONS

In this work, we calculate the matrix elements of color-
spin interaction of a tribaryon in the flavor SU(3) broken
case. To calculate this, we construct the flavor @ color ®
spin wave function of a tribaryon to satisfy the Pauli
principle. Additionally, we analyze the diquark structure of
a tribaryon by using the symmetric and antisymmetric basis
set of each Young tableau of Sy symmetric group. By

metric color and spin states, we can find the most attractive
channels of a tribaryon. Furthermore, The diquark structure
table can be useful in analyzing the flavor-spin interactions
as well as the color-spin interactions of a tribaryon.
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APPENDIX: ORBITAL STATE OF A TRIBARYON

In this section, we present the possible orbital state of a
tribaryon, considering it as a combined state of three
s-wave baryons. For a baryon, we can represent its orbital
state using the Young diagram [3] since the orbital part is
totally symmetric. It is also well known that there are in
total four possible orbital states in a two-baryon system as
follows:

[3] x [3] = [6] + [S1] + [42] + [33]. (A1)

By further applying the outer product of an orbital state
of a baryon, we can get the following possible orbital state

of a tribaryon,

3] x [3] x [3]
= [6] x [3] + [51] x [3] + [42] x [3] + [33] x [3]
= [9] + [81] (uz) + [72) sus) + [63] sy + [5H ()
+ [711] + [621](;11:2) + [531}(;11:3)
1 [522] + [432] s, + [333], (A2)

096024-10



TRIBARYONS IN A CONSTITUENT QUARK MODEL

PHYS. REV. D 102, 096024 (2020)

TABLE VII. Same as Table V for g’s%.
q’s? i,j=1-7 i,j=238,9 i=1-7,j=28,9
Flavor A S A S S S A S A S A S A S
Color A A S S S A A A S S S S A A
Spin A S S A A S A S S A A S S A
_5 ¢_3 1 1 1 1 3 17 9 2 3 6 4 1
Pij (F =064,1= 2 S= 2) 42 2 7 3 1 0 70 70 35 35 35 35 35 35
— —5 ¢_—1 1 1 1 1 489 1L 243 59 81 177 17 211
Pij (F =351= 2’5 - 2) 2 2 7 3 1 0 3920 112 980 980 980 30 112 3920
— -3 ¢_5 1 10 S S 11 10 2 1 11 3 25 1
Pij (F =27.1= 2’S - 2) 21 21 21 21 1 0 252 63 7 36 252 14 126 36
P.. (F 10.] =3.§ = §) 3 233 13 127 5 1 59 395 129 145 227 a5 673 25
ij A R R da) 56 504 56 504 6 6 448 4032 448 4032 4032 448 4032 448
P.. (F 2771 =3 §= g) 71 25 265 15 9 5 1121 305 3527 71 781 2539 2635 877
ij A ) 1176 56 1176 56 14 14 14112 2016 14112 2016 14112 14112 14112 14112
P.. (F —64.1=3 §= g) 2 29 12 16 11 10 67 1621 201 391 1283 39 4553 113
ij A ) 49 63 49 63 21 21 3920 5040 1960 2520 17640 1960 35280 3920
. — 3 g1 11 25 37 15 3 1 103 121 229 67 43 79 19 43
sz (F =27.1= 2’S - 2) 168 56 168 56 4 4 1008 1008 1008 1008 504 504 504 504
. — -3 ¢—1 3 227 13 9 7 S 43 53 69 167 61 6 145 2
Pz/ (F =35.1= 275 - 2) 56 504 56 72 2 12 560 252 560 1260 720 35 1008 35
_ 28 7 _3 ¢_1 1 55 3 5 2 1 1 71 3 37 L 3 1L 1
Pij (F =351 E’S - i) 4 126 14 18 3 3 14 252 14 252 18 28 126 28
_ 1 ¢_7 1 1 1 1 3 9 13 1 8 1
Pij(F*S’Ifz’sz) 42 2 3 7 1 0 70 70 35 0 0 5 35 35
_ _1 ¢_5 1 103 34 16 199 4651 11 691 569 79 3809 269
P ij (F =27.1= 275 - 2) 30 210 105 105 1 0 5040 25200 60 6300 6300 420 25200 5040
— —1 ¢_5 31 9 17 27 9 311 187 1 13 3 5499 23
P ij (F =8.1= 2 S= 2) 420 20 60 1 0 112 2800 560 400 400 16 2800 560
_ _1 ¢_3 3L 179 17 1 1 15 883 157 197 373 17 221 43
P ij (F =8.1= 2° S= 2) 420 420 60 2 2 11 8400 560 8400 8400 112 1200 560
_ 107 1 _3 5 31 15 11 1 5 611 15 361 275 75 625 25
P ij (F =10.1= 2 S= E) 56 72 56 12 12 64 4032 64 4032 4032 448 4032 448
P.. ( F=27.]=1 5— g) 421 883 1679 27 1 8507 122503 22937 85117 74903 24979 95477 9097
ij ’ 2° 2 5880 1960 5880 28 28 141120 705600 141120 705600 705600 141120 705600 141120
— —1 ¢_3 5 401 15 13 8 1 331 3 18 29 6 34 1
Pij (F =64.1= 275 - 2) 98 882 49 21 21 o8 882 49 441 441 49 441 49
— _1 ¢_1 3 101 1 2 1 79 481 153 167 313 87 839 Al
P ij (F =8.1= 2 S= 2) 28 252 4 3 3 560 5040 560 5040 5040 560 5040 560
P.. (F —27. 7=\ 9g— 1) 17 23 43 3 1 1409 3641 3083 2291 1849 511 3019 1291
ij — bl =32,9 =73 168 56 168 4 4 20160 20160 20160 20160 20160 2880 20160 20160
PA,(F__5 ]=1 S_l) 5 209 15 7 S 23 1367 69 901 191 39 277 13
ij — Ol 73,073 56 504 56 12 12 448 4032 448 4032 4032 448 4032 448
. ame as Table or g°s”.
TABLE VIII. S Table V for ¢°s?
q°s? i,j=1-6 i, j=7-9 i=1-6, j=7-9
Flavor A S A S S S A S A S A S A S
Color A A S S S A A A S S S S A A
Spin A S S A A S A S S A A S S A
— — 3 3 2 v S A 5 7 5 7 S
Pij (F =64.1=3,85= 2) 0 5 0 5 1 0 144 43 24 72 72 24 48 144
— _ _5 1 8 2 4 43 139 221 29 43 139 221 29
Pij (F =271=2§= 2) 15 15 15 15 1 0 1296 1296 648 648 648 648 1296 1296
_ _ _3 23 73 61 39 37 5 761 281 439 67 52 281 439 463
Pij (F =271=2§= 2) 420 140 420 140 42 42 9072 3024 1512 1134 567 1512 3024 9072
— — 3 1 52 6 32 13 8 29 29 29 55 37 31 143 31
Pij (F =64.1=2,8= 2) 53 105 35 105 21 21 1008 112 168 504 504 168 1008 1008
1 1 1 1 3 2 1 19 7 109 71 109 s 11 A7
P ij (F =21.1=2S8= 2) 30 2 6 10 3 3 648 72 432 1296 1296 432 72 648
— - -1 1 29 3 19 2 1 43 281 35 163 149 37 271 29
Pij (F =351=25= 2) 20 60 20 60 3 3 576 1728 192 1728 1728 192 1728 576
_ 2% 1 1 29 3 19 2 1 5 13 15 A 41 9 67 3
Pj(F=351=25=3 3 60 30 0 3 3 & o4 & o4 576 & 5768 30
., — -1 1 8 4 2 37 79 47 23 37 19 47 23
P,] (F =81=1S5= 2) 15 15 15 15 1 0 2160 720 120 1080 1080 360 240 2160
P.. (F —871=1S= g) 13 51 29 47 4 251 173 379 377 643 643 307 139
ij - D2 300 100 100 300 15 2700 1800 1200 10800 10800 3600 1800 2700
_ _ _5 1 38 22 4 4 421 1877 1147 419 421 1133 1843 419
P ij (F =27.1=1S= 2) 25 75 75 15 10800 10800 5400 5400 5400 5400 10800 10800
P.. (F —87=1.5= g) 19 197 31 8 251 121 379 149 773 643 107 139
ij =% L) 150 450 150 45 2700 1350 1200 3600 10800 3600 675 2700
_ _ 3 1 25 1 29 23 209 A 127 133 11 251 29
Pij (F =10I=15= 2) 12 54 4 108 270 1620 30 1620 1620 60 1620 540
10 7 — _3 1 25 1 29 35 173 35 103 35 25 65 25
Pij (F =10.1=18= z) 12 54 4 108 432 1296 144 1296 432 144 432 432
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TABLE VIIL (Continued)

q°s3 i,j=1-6 i, j=7-9 i=1-6, j=17-9
P.. (F =27 1=1.8§= 3) 53 949 541 451 67 38 4397 12829 913 386 773 1789 12611 4483
ij ’ ’ 2 700 2100 2100 2100 105 105 75600 75600 4725 4725 9450 9450 75600 75600
— — 3 1 442 2 188 109 80 47 935 A7 95 341 85 1103 85
P ij (F =641=15= 2) 21 945 7 945 189 189 3024 3024 504 504 4536 504 9072 3024
— - -1 1 241 1 119 35 19 31 67 191 313 547 109 59 17
Pij (F =81=1S5= 2) 12 540 4 540 54 54 216 810 720 6480 6480 720 405 216
— - -1 1 13 7 A 2 1 37 83 79 211 209 11 41 19
Pij (F =21.1=1S8= 2) 10 30 30 30 3 3 540 540 432 2160 2160 432 270 270
_ 1 1 47 1 25 16 11 433 2057 23 1331 2207 11 3469 407
P ij (F =351=18= 2) 12 108 4 108 27 27 8640 8640 192 8640 25920 64 25920 8640
_ 357 _ 1 1 47 1 25 16 11 107 1481 107 955 95 61 149 61
Pij (F =35I1=18= 2) 12 108 4 108 27 27 1728 5184 576 5184 1728 576 1728 1728
— — ) 3 2 1 4 2 2
Pij(F—LI—O’S_z) 0 5 5 0 ! 0 0 9 9 0 0 9 9 0
— 7 3 2 7 S 7 S 7 S 7 S
Pij (F =81=0,5= 2) 0 5 5 0 1 0 144 43 24 72 72 24 48 144
— — _3 4 7 14 2 7 2 8 A 28 2 4 14 14 4
Pij (F =11=05= 2) 45 15 45 15 9 9 81 81 81 81 81 81 81 81
_ _ _5 91 29 269 7 83 7 91 71 1841 83 581 263 497 13
P ij (F =81=0,8= 2) 900 60 900 60 90 90 1620 648 6480 1296 6480 1296 3240 324
— _5 2 8 28 1 4 1 16 14 64 11 44 16 56 4
Pij (F =27,1=0,§= 2) 75 15 75 15 5 5 05 81 405 81 405 81 405 81
— =3 7 17 17 7 17 7 7 17 17 7 7 17 17 7
Pij (F =11=08= 2) 60 40 60 40 24 24 54 216 54 216 108 108 108 108
_ _ 3 11 1 49 1 13 2 11 17 497 41 287 71 119 17
Pij (F =8,1=0,5= z) 150 2 150 10 15 15 1080 216 2160 432 2160 432 1080 216
— — ) 181 19 659 1 677 163 137 9 471 671 671 A7 9 137
P ij (F =21.1=0,8= 2) 2100 40 2100 8 840 840 2835 56 15 4536 5670 252 70 2268
— 3 2 A 12 2 13 8 1 107 3 41 41 9 107 3
Pij (F =64,1=0,§= 2) 35 15 35 15 21 21 112 336 56 168 504 56 1008 112
— 1 3 S 1 1 5 1 Z 5 35 35 49 25 7 5
Pij (F =81=0,5= 2) 20 12 4 60 6 6 72 54 144 432 432 144 54 72
— — 1 2 2 4 1 2 1 4 S 4 10 8 S 4 S
Pij (F =21,1=0,§= 2) 15 5 15 5 3 3 81 27 27 1 1 27 27 81
TABLE IX. Same as Table V for ¢°s*.
@’s* i,j=1-5 i,j =69 i=1-5j=6-9
Flavor A S A S S S A S A S A S A S
Color A A S S S A A A N N N S A A
Spin A S S A A S A S S A A S S A
— _5 ¢_3 3 2 2 1 63 247 189 57 63 171 273 57
P ij (F =64.1= 2° S 2) 0 5 0 5 3 3 1600 1600 800 800 800 800 1600 1600
_ 22 7 _5 ¢_1 3 2 2 1 9 1 27 3 9 9 3 3
Pij (F =351= E’S 5) 0 5 0 5 3 3 100 10 100 50 100 50 20 50
_ _3 ¢_5 1 11 1 1 2 1 211 659 23 53 67 17 901 149
P ij (F =21.1= 200 = 2) 20 20 5 5 3 3 4800 4800 80 1200 1200 80 4800 4800
— 107 =3 ¢—3 1 25 3 11 23 13 25 25 75 11 55 45 125 15
Pij (F =10.1= 2’S 2) 16 48 16 48 36 36 256 256 256 256 768 256 768 256
P.. (F —27.]=3§ 3) 43 39 97 21 17 11 9743 17807 6961 6581 1237 737 3439 991
ij I ) 560 80 560 80 28 28 134400 134400 26880 134400 19200 3840 19200 19200
— _3 3 1 31 3 A 37 26 19 533 571 143 11 9 41 3
Pij (F =641 = 2° S = 2) 28 60 14 30 63 63 700 2100 350 1050 150 50 300 100
P.. (F —27. =3 §— 1) 1 39 13 21 5 3 349 2189 4619 259 341 3421 2971 251
ij — bl =290 773 80 80 80 80 8 3 3840 19200 19200 3840 3840 19200 19200 3840
— _3 ¢_1 1 7 3 m 11 A pin 43 ST 499 421 63 37 9
P ij (F =351= 2° S= 2) 10 15 20 60 18 18 200 240 320 4800 4800 320 240 200
P.. (F _35 =3 §— l) 1 119 3 61 43 29 469 269 1407 851 1327 873 433 291
ij —ohl=2,0 =3 16 240 16 240 72 72 6400 1280 6400 6400 19200 6400 3840 6400
_ 1 ¢_7 3 2 2 1 3 39 1 3 1 33 13 9
Pij (F =8.1= 275 - z) 0 5 5 0 3 3 64 320 32 160 32 160 64 320
p..(pfglfl Sfi) 21 99 59 21 2 1 pin 87 103 51 17 309 29 33
ij — %L TP T 200 200 200 200 3 3 160 800 320 1600 320 1600 160 800
— —1 ¢_5 1 29 19 1 2 1 €1 389 7 59 a1 153 71 29
P ij (F =21.1= 20 S= 2) 50 50 50 50 3 3 24 2400 32 600 120 800 480 600
p,.(ng =1 573) 21 89 59 31 7 S 69 333 181 117 39 543 111 207
ij — %L TP T2 200 200 200 200 2 12 640 3200 640 3200 640 3200 640 3200
P.. (F —1071=L1 5= g) 11 109 21 i 47 25 89 169 309 101 313 243 121 63
ij A R ) 80 240 80 48 72 72 1280 1280 1280 1280 3840 1280 768 1280
P.. (F 27 7=19g— g) 281 1389 839 291 37 19 19 5191 137 3559 691 193 919 937
ij ’ 2° 2 2800 2800 2800 2800 56 56 336 33600 672 33600 6720 1050 6720 16800
P.. (F —64.] =1 §— g) 2 53 12 2 38 25 53 2039 159 713 239 153 593 51
ij R ) 35 105 35 21 63 63 2240 6720 1120 3360 3360 1120 6720 2240
— -1 ¢_1 7 A1 9 S 11 7 A 31 9 1 7 27 31 21
Pij (F =8.1= 2’5 - 2) 40 120 40 24 18 18 64 320 32 160 96 160 192 320
— -1 ¢g_1 13 33 19 3 5 3 49 611 151 389 71 709 13 211
P ij (F =21.1= 2° S = 2) 80 80 80 16 8 8 768 3840 768 3840 768 3840 768 3840
pA,(F_35 =1 9g=1 11 101 21 43 43 29 5 433 87 287 173 17 259 27
ij e 80 240 80 240 72 71 128 1920 640 1920 1920 640 1920 640
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TABLE X. Same as Table V for g*s°.

q's’ i,j=1-4 i,j=59 i=1-4,j=59
Flavor A S A S S S A S A S A S A S
Color A A S N S A A A S N S S A A
Spin A S S A A N A N S A A S S A
Py(F=641=25=3 0 5 0 5 3 5 oo fo00 8o o w00 80 100 Tow
by 2 1 3 2 9 1 27 3 9 9 3 3
Pj(F=351=28=3 0 5 0 3 3 5 10 0 % 10 0 30 30
— _ _ 2 1 3 2 3 3 3 1 3 1 9 1
Pj(F=211=18=3 0 % 3 0 3 500% 35 6 3 %5 50 35
_ _ _3 5 23 3 3 2 213 3 59 71 213 53 459 71
Py(F=27.1=1S=3 &% &% & & 3 S a6 0 S0 T0 30 3 w00 0
Py(F=641=1S5= %) % % % % % % 1?%0 121621090 % % IEI;;() % 11112%10 1%3(3)0
Py(F=2T1=15=3) % % § x 3 S @0 w0 w6 a0 a0 a0 20
_ 1 5 11 1 3 2 3 333 153 147 327 49 13
Py(F=351=1S=3 % 5% 5 & 3 5w T 600 To00 1606 G600 30 30
_ _ _3 3 2 3 9 39 9
Py(F=101=0,S=3 § & 1 1 3 S do a6 w5 mO a0 o w6 0
— — _ 1 1 5 1 1 3 2 27 143 27 99 81 33 117 33
Py(F=351=0S5=9) & & 1 1 3 5 %0 %0 Te0 B0 %0 T60 B0 500
where m is the multiplicity ojf the correspon@ng stat.e. 8.1] 1 2| 3| 4|5| 6|7|8|
We can also represent the orbital state of a tribaryon in Oy > =9 5
terms of baryon configuration. There are four possible — o
representations, 0[28,1]> L 2|3|4|5|6|7|9|>
)
8] o
Og8,1]> I 2|3|4|5|6|8|9|>
: - 9
00 - [BIBIE). 103~ 212, - °
Bs 0[8,1]> _ | 2|3|4|5|7|8|9|>
L 4 - )
— B (A3) | 0
03>=\Bl > 0 = BZ> opo) — (LGS
[22] Bs 5 5 ’
(23] - o
0[871]> _ 1L 2|3|5|6|7|8|9|>
6 - )
4
— o
where |B;| represents an orbital state of the ith baryon. Now, 0[78’1]> _ 12 |4| 5|6 | 7|8|9 |> ;
|0) and |O,) states are symmetric and antisymmetric gl o
under the exchange among three baryons, respectively. OB\ _ 1 3|4|5|6|7|8|9|
On the other hand, |O,) and |O3) states have mixed 8 > 2 :
= o

symmetric property. By constructing the orbital state using
the above representation, we can connect this representa-
tion to Eq. (A2). For [9], it is obvious that it corresponds to
|0,). For [8,1], let us consider the following orbital basis
set for [8,1]:

TABLE XI. Same as Table V for ¢°s°.

Then, we can construct |O,) and |O3) in Eq. (A3) using
the [8,1] basis as follows:

q°s° i,j=13 i,j=49 i=13,j=49

Flavor A S A S S S A S A S A S A S
Color A A S S S A A A S S S S A A
Spin A S S A A s A S S A A S S A
Pij(F=351=538=3) 5 5 0 0 ¢ 5 I S S B - S S
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TABLE XII. The relation between three baryons and nine
quarks configurations. O represents that there is a connection
between the two configurations.

0, 0, 0, 0,

(91
(81]
(72]
(63]
(54]
[711]
[621]
[531]
[522] @)
[432]

[333] @)

OO0 O

O OO 0000
O OO 0000

1 81 s V3 s
|02) =51077) + \/—|02> \/—|0 )
V3
03) = \/—| 4 \/—| My + \/—|0 . (a4)

We can check that |O,) is symmetric under (14)(25)(36)
and |O3) is antisymmetric under (14)(25)(36). Also,
the above states satisfy the other symmetric properties
which the [2,1] Young diagram has. Using similar method,
we can find the relation between the two representations
with other Young diagrams. The open circles in Table XII
show the nonvanishing overlap between the two
representations.
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