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We demonstrate that spontaneous transverse polarization of lambda baryon (Λ) production in eþe−

annihilation can be described using the transverse momentum dependent polarizing fragmentation
functions (TMD PFFs). Using a simple Gaussian model, we perform an extraction of the TMD PFFs
by fitting the BELLE Collaboration’s recent measurement of the Λ transverse polarization in back-to-back
Λþ h production in eþe− collisions, e− þ eþ → Λ↑ þ hþ X. We find that this simple model accurately
describes the experimental data for Λ production associated with pions and kaons, and we are able to
determine TMD PFFs for different quark flavors. We use these newly extracted TMD PFFs to make
predictions for the transverse polarization of Λ produced in semi-inclusive deep inelastic scattering at a
future electron-ion collider and find that such a polarization is around 10% and should be measurable.
Furthermore, the extracted TMD PFFs have been made available open source.
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I. INTRODUCTION

The first observation of large transverse single-spin
asymmetries (SSAs) in lambda baryon (Λ) production
was made more than forty years ago [1]. As the consensus
of the time was that such QCD spin effects at colliders
should be small [2], this experimental discovery came as a
surprise to the scientific community. These discoveries
demonstrated that a detailed description of transverse spin
physics was essential for a high-precision understanding of
collider data.
Tremendous progress has been made in the past decades,

with the help of QCD factorization theorems [3–7]. For
example, a recent phenomenological analysis presented in
[8] demonstrates that single transverse-spin asymmetries
for light hadrons, such as pions in high-energy collisions,
have a common origin. Namely, they are due to the intrinsic
quantum-mechanical interference from multi-parton states
in the parent proton and/or in the fragmenting hadron.

One of these quantum-mechanical interferences is
encoded in the Sivers function [9], which describes the
distribution of unpolarized quarks inside a transversely
polarized proton, through a correlation between the par-
ton’s transverse momentum with respect to the proton
direction and the transverse spin vector of the proton. The
exact same interference can arise in the hadronization
process, giving rise to the so-called polarizing fragmenta-
tion functions (PFFs). The PFFs describe an unpolarized
quark that fragments into a transversely polarized spin-1=2
hadron, such as a Λ baryon. In this case, the PFFs encode
the correlation between the hadron’s transverse momentum
with respect to the fragmenting quark and the transverse
spin of the Λ particle.
While the origin of Λ polarization has been an active

field of study for the past forty years, data have been
available mainly from single inclusive Λ production in
proton-proton collisions, pp → Λþ X. For such a process
with a single hard scale—in this case the transverse
momentum of Λ—one can establish a QCD collinear
factorization formalism at high-twist [10,11]. For processes
with more than one hard scale, a transverse momentum
dependent (TMD) factorization is to be used [12]. This
would be the case for studying the polarization of Λ
production in semi-inclusive deep inelastic scattering
(SIDIS), as well as back-to-back Λþ h production in
eþe− collisions. In both processes, the transverse momen-
tum dependent polarizing fragmentation functions (TMD
PFFs) D⊥

1T could be studied. However experimental data
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have not been available for either of these processes until
recently.
The BELLE Collaboration has recently measured the

transverse polarization of the Λ in eþe− annihilation [13].
They have measured such a polarization of both Λ and Λ̄ in
single Λ production (with respect to the thrust axis),
e− þ eþ → Λ=Λ̄þ X, as well as the back-to-back Λþ h
production, e− þ eþ → Λ=Λ̄þ hþ X. While a well-
established TMD factorization formalism exists to treat
back-to-back Λþ h production [6,12], single Λ production
with respect to the thrust axis could involve a more
complicated factorization structure [14,15], if the thrust
variable is also measured. Nevertheless, there is an attempt
at factorization within the standard TMD formalism [16] for
single Λ production. In this paper, we will focus on back-to-
back Λþ h production because of this extra complication.1

These BELLE data allow for the extraction of the TMD
PFFs. This extraction is amajor goal of the TMDcommunity,
as it represents one of eight leading-twist TMDs for the
TMD FFs, and thus provides three-dimensional imaging of
hadrons in association with the fragmentation process.
Furthermore, a high-precision description of the TMD
PFFs is vital to our understanding of correlations between
final-state hadron spin and intrinsic transverse momenta of
the elementary constituents. The understandingof these spin-
transverse momentum correlations gives rise to interesting
phenomenological differences between TMD FFs and the
TMD parton distribution functions (PDFs).
For instance, the Sivers functions, the TMD PDFs which

are analogous to the TMD PFFs, exhibit so-called modified
universality—a sign change—between the SIDIS and
Drell-Yan processes [17–19]. This effect occurs because
the sign of the Sivers function is sensitive to the path of the
Wilson lines, which point in opposite directions for SIDIS
and Drell-Yan processes. The time-reversal in combination
with the parity transformation can be used to relate the
Sivers functions in these two processes, which leads to the
aforementioned sign change. The story for the universality
property of the TMD PFFs is more involved. TMD PFFs
have future-pointing Wilson lines in eþe− annihilation,
while in SIDIS they have, a priori, past-pointing Wilson
lines [20–22]. However, it was shown in [23–26] that due to
the specific kinematics in the fragmentation process, TMD
PFFs are insensitive to the direction of the Wilson line. A
more general analysis is presented in [20] that demonstrates
the universality of the TMD PFFs. So while the TMD PFFs
are T-odd just like the Sivers functions, the TMD PFFs do
not exhibit modified universality between SIDIS and
e− þ eþ → Λþ hþ X; rather, the TMD PFFs should be
universal with respect to these two processes. In fact,
Ref. [26] has precisely suggested studies of both back-to-
back Λþ h production and SIDIS to test the universality of
the TMD PFFs. In this paper, we provide a prediction for

the transverse polarization in SIDIS, which can be used for
the first experimental confirmation of the universality of the
TMD PFFs.
Within the TMD factorization formalism, we perform an

extraction of the TMD PFFs, from the recent Λ=Λ̄
polarization measurements recorded at BELLE [13]. We
study in detail the implications of the TMD PFFs for
different quark flavors and provide predictions for the Λ=Λ̄
polarization in SIDIS. We organize our work as follows. In
Sec. II we provide the relevant formalism and detail the
calculation of the Λ transverse polarization observable PΛ⊥.
In Sec. III we give the parametrization of our TMD PFFs
and discuss the fit procedure, fit results, and our predictions
for SIDIS. We conclude the paper in Sec. IV.

II. FORMALISM

In this section, we provide the QCD formalism for
describing Λ polarization. We consider back-to-back pro-
duction of a Λ baryon and a light hadron h in the final state,

e−ðlÞþeþðl0Þ→ γ�ðqÞ→hðPhÞþΛðPΛ;S⊥ÞþX; ð1Þ

where q ¼ lþ l0 is the momentum of the intermediate
virtual photon with q2 ≡Q2, and we denote the momentum
of the outgoing light hadron and the Λ by Ph and PΛ,
respectively. We further define

zΛ ¼ 2PΛ · q=Q2; zh ¼ 2Ph · q=Q2: ð2Þ

Following [27], we choose a leptonic center-of-mass frame
where the light hadron Ph has no transverse momentum.
The leptons and the light hadron form the so-called leptonic
plane. The angle between Ph and l is given by θ, as
illustrated in Fig. 1. On the other hand, Ph and PΛ span the
so-called hadronic plane. In this frame, the Λ particle has
transverse momentum PΛT , at an azimuthal angle ϕΛ with
respect to the leptonic plane. We have

PΛT ¼ −zΛq⊥; ð3Þ

where q⊥ is related to the “transverse” component of the
virtual photon momentum, defined as

FIG. 1. Kinematics of the leptonic center-of-mass frame for
back-to-back two-hadron production in e−eþ annihilation,
e− þ eþ → hðPhÞ þ ΛðPΛÞ þ X.1Please see [13,15] for detailed information on the thrust axis.
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qμt ¼ qμ −
Ph · q
Ph · PΛ

Pμ
Λ −

PΛ · q
PΛ · Ph

Pμ
h; ð4Þ

with q2⊥ ¼ −qμt qtμ.
We start with the QCD factorization formalism for the

unpolarized differential cross section [6,26],

dσ
dPSd2q⊥

¼ σ0HðQ; μÞz2Λz2h
X
q

e2q

Z
d2kh⊥d2kΛ⊥d2λ⊥

× δð2ÞðkΛ⊥ þ kh⊥ þ λ⊥ − q⊥ÞSðλ⊥; μ; ζÞ
×Dunsub

Λ=q ðzΛ; p2
Λ⊥; μ; ζÞDunsub

h=q̄ ðzh; p2
h⊥; μ; ζÞ;

ð5Þ

where dPS ¼ dzΛdzhdðcos θÞ and σ0 is given by

σ0 ¼
Ncπα

2
em

2Q2
ð1þ cos2 θÞ: ð6Þ

Here Dunsub
h=q ðzh; p2

h⊥; μ; ζÞ and Dunsub
Λ=q ðzΛ; p2

Λ⊥; μ; ζÞ are the
so-called unsubtracted unpolarized TMD FFs for h and Λ,
respectively. On the other hand, μ and ζ are the renorm-
alization and rapidity (Collins-Soper) scales [12], which are
used to regulate ultraviolet and rapidity divergences,
respectively. Meanwhile, Sðλ⊥; μ; ζÞ is the soft factor,
while HðQ; μÞ is the hard function with the leading order
expression Hð0ÞðQ; μÞ ¼ 1. The ki⊥ with i ¼ h;Λ are the
transverse momenta of the fragmenting quarks in the frame
where the hadron has zero transverse momentum.
Similarly, the pi⊥ are the transverse momenta of the
hadrons in the frame where the fragmenting quarks have
zero transverse momentum. These momenta are related to
one another by pi⊥ ¼ −ziki⊥.
It is important to realize that one could absorb part of the

soft function
ffiffiffi
S

p
into the definition of the TMD FFs [12]. In

this new formulation, the rapidity divergences cancel
between

ffiffiffi
S

p
and the unsubstracted TMD FFs, which leads

to the so-called properly defined TMD FFs. At the end of
the day, we may rewrite the above factorization formalism
in Eq. (5), so that it is of the form,

dσ
dPSd2q⊥

¼ σ0HðQÞz2Λz2h
X
q

e2q

Z
d2kh⊥d2kΛ⊥

× δð2ÞðkΛ⊥ þ kh⊥ − q⊥Þ
×DΛ=qðzΛ; p2

Λ⊥;QÞDh=q̄ðzh; p2
h⊥;QÞ; ð7Þ

where the explicit dependence of the soft function in Eq. (5)
disappears in this new formulation, and we have the
properly defined TMD FFs DΛ=qðzΛ; p2

Λ⊥;QÞ. Here we
have chosen the natural scales for the relevant functions
with μ ¼ ffiffiffi

ζ
p ¼ Q and have kept only the Q dependence in

the functions. Such a reformulation has become standard in

the TMD community; see, for example, [12,28–33] and
references therein. For later convenience, we define the
short-hand notation,

F ½DΛ=qDh=q̄�¼HðQÞz2Λz2h
X
q

e2q

Z
d2kh⊥d2kΛ⊥

×δð2ÞðkΛ⊥þkh⊥−q⊥Þ
×DΛ=qðzΛ;p2

Λ⊥;QÞDh=q̄ðzh;p2
h⊥;QÞ: ð8Þ

With Eq. (8) in hand, we can thus write the unpolarized
differential cross section in the form,

dσ
dPSd2q⊥

¼ σ0F ½DΛ=qDh=q̄�: ð9Þ

When one measures the transverse polarization of the
final-state Λ, one must also consider the transverse-spin
dependent differential cross section. With the short-hand
notation in Eq. (8), we have the expression for the trans-
verse-spin dependent differential cross section,

dσðS⊥Þ
dPSd2q⊥

¼ σ0

�
F ½DΛ=qDh=q̄� þ jS⊥j sinðϕS − ϕΛÞ

×
1

zΛMΛ
F ½P̂ΛT · pΛ⊥D⊥

1T;Λ=qDh=q̄� þ � � �
�
;

ð10Þ

where P̂ΛT ¼ PΛT=jPΛT j is the unit vector along the
transverse momentum of the Λ particle, as defined in
Fig. 1. Here the first term is the differential cross section for
the unpolarized Λ production, while the second term
depends on S⊥, the transverse Λ spin. In this expression,
D⊥

1T;Λ=q is the so-called polarizing fragmentation function
defined in the Trento convention [34] as

D̂Λ=qðzΛ; pΛ⊥; S⊥;QÞ

¼ 1

2

�
DΛ=qðzΛ; p2

Λ⊥;QÞ

þ 1

zΛMΛ
D⊥

1T;Λ=qðzΛ; p2
Λ⊥;QÞϵρσ⊥ pΛ⊥ρS⊥σ

�
; ð11Þ

where D̂Λ=q on the left-hand side can be interpreted as the
number density of a polarized spin-1=2 hadron Λ in an
unpolarized quark, and S⊥ is its transverse polarization
vector.
As can be seen in Eq. (10), the TMD PFFs lead to a

sinðϕS − ϕΛÞ azimuthal dependence in the transverse spin-
dependent cross section. It is important to keep in mind that
there are additional terms that contribute to the transverse
spin-dependent Λ production. They are denoted as “� � �” in
Eq. (10), and their complete expressions were written down
in [27]. In principle we should not worry about these terms
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since they contribute to the cross section via different
azimuthal angle dependence. For example, one such
term involves a convolution of transversity FFs
H1;Λ=qðzΛ; p2

Λ⊥;QÞ for the Λ hadron with the Collins FFs
H⊥

1;h=q̄ðz; p2
h⊥;QÞ for the light hadron h. Such a term has an

azimuthal dependence of sinðϕS þ ϕΛÞ, different from the
sinðϕS − ϕΛÞ dependence for the TMD PFFs we are
studying.
In principle, the optimal strategy to isolate, and thus

extract unambiguously, the PFFs D⊥
1T;Λ=q would be to

measure and disentangle all of these different azimuthal
dependencies, just like in the usual SIDIS spin measure-
ments [35]. This has not yet been done by the BELLE
Collaboration. Surprisingly, though, if one integrates over
q⊥ in the formalism, all the other terms vanish and we are
left with only the term involving the PFF D⊥

1T;Λ=q for the
spin-dependent cross section.2

Since the experimental data are expressed only as a
function of zΛ and zh, and are inclusive over q⊥, our
analysis of the experimental data to extract the PFFs is thus
justified. Eventually with the transverse momentum inte-
grated, the measured Λ polarization denoted as PΛ⊥ will be
given by

PΛ⊥ðzΛ; zhÞ ¼
dΔσðS⊥Þ
dPS

=
dσ
dPS

; ð12Þ

where ΔσðS⊥Þ ¼ ½σðS⊥Þ − σð−S⊥Þ�=2, and the denomina-
tor is the unpolarized cross section.
Let us make a final remark in trying to connect the

theoretical formalism above with the BELLE Col-
laboration’s experimental measurement of Λ polarization.
This is related to the direction with respect to which BELLE
measures Λ polarization. Defining m ¼ −P̂h, with P̂h (P̂Λ)
the unit vector along the momentum of the hadron h (theΛ),
we see that BELLE measures Λ polarization along the
direction n̂ ∝ m × P̂Λ, perpendicular to the hadronic plane
in Fig. 1. On the other hand, the polarization vector S⊥ in the
above formalism is transverse with respect to the leptonic
plane in Fig. 1. Because of this, we need to perform an
additional projection onto the n̂-direction.

III. FIT RESULTS AND PREDICTIONS

In this section, we first provide the parametrization used
for the extraction of polarizing fragmentation functions and
give an expression for the asymmetry PΛ⊥ðzΛ; zhÞwithin our
model. We then describe our fitting procedure and the fitted
results. Finally, we make a prediction for the Λ polarization
in semi-inclusive deep inelastic scattering.

A. Fitting scheme

A key point of our paper is that we neglect QCD
evolution of the TMDs. We give the following argument
for why this is justified. QCD evolution provides informa-
tion on how the TMDs evolve with respect to the hard scale
Q [28–31,36]. As the TMDs are probed at largerQ, a larger
amount of parton shower (gluon radiation) is developed
during the collision, making the observed transverse
momentum distribution broader. Such a change as a
function of the hard scale Q is precisely described by
the TMD evolution equations, or the so-called Collins-
Soper-Sterman (CSS) evolution at the cross section level.
This evolution is vital for the extraction of TMDs in global
analyses, where there is a large range of hard scales Q.
However, when considering experimental data at a single
hard scale Q, the transverse momenta of the TMDs for all
of the experimental data are identical. Thus, QCD evolution
has no impact when fitting data at a single hard scale. On
the other hand, it has been found in previous phenomenol-
ogy that the expression for the TMDs can be described very
well by a simple Gaussian model at a fixed hard scale Q.
These Gaussian models have been extremely effective at
extracting TMDs, so long as the experimental data at
similar hard scales. See for example Refs. [37–41].
Since all of the BELLE data are at the same hard scale
Q ¼ 10.58 GeV, a Gaussian model is very well justified
for the purposes of this paper.
We take the unpolarized TMD FFs to have the following

Gaussian form:

Dh=qðzh; p2
h⊥;QÞ ¼ Dh=qðzh; QÞ e

−p2
h⊥=hp2

h⊥i

πhp2
h⊥i

; ð13Þ

DΛ=qðzΛ; p2
Λ⊥;QÞ ¼ DΛ=qðzΛ; QÞ e

−p2
Λ⊥=hp2

Λ⊥i

πhp2
Λ⊥i

; ð14Þ

where we take hp2
h⊥i ¼ 0.19 GeV2 from [42] for the light

hadrons h. For Λ, we assume hp2
Λ⊥i ¼ hp2

h⊥i in this paper.
We model the polarizing fragmentation functions D⊥

1T;Λ=q
according to the equation,

D⊥
1T;Λ=qðzΛ; p2

Λ⊥;QÞ ¼ D⊥
1T;Λ=qðzΛ; QÞ e

−p2
Λ⊥=hM2

Di

πhM2
Di

: ð15Þ

Here D⊥
1T;Λ=qðzΛ; QÞ is a function which is to be para-

metrized while the Gaussian width hM2
Di differs from the

unpolarized width hp2
Λ⊥i by an auxiliary widthM1 obeying

the equality [38,43],

hM2
Di≡

�
1

hp2
Λ⊥i

þ 1

M2
1

�
−1

¼ M2
1hp2

Λ⊥i
M2

1 þ hp2
Λ⊥i

: ð16Þ

From this expression, it is clear that M1 characterizes the
scale of spin corrections to hp2

Λ⊥i. We choose to fit hM2
Di—

of course,M1 can be easily determined once hM2
Di is known.

2We thank D. Boer and H. Matevosyan for very insightful
communication concerning this point.
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In order to maintain the interpretation of the spin-
dependent fragmentation functions D̂Λ=qðz; pΛ⊥; S⊥;QÞ
as probability densities, the positivity bound

pΛ⊥
zΛMΛ

jD⊥
1T;Λ=qðzΛ; p2

Λ⊥;QÞj ≤ DΛ=qðzΛ; p2
Λ⊥;QÞ ð17Þ

given in [22,44], must be satisfied. To enforce this
positivity bound, it is convenient to write the polarized
collinear function D⊥

1T;Λ=qðzΛ; QÞ simply as a modulation
of the unpolarized collinear function DΛ=qðzΛ; QÞ by an
additional collinear function N qðzΛÞ,

D⊥
1T;Λ=qðzΛ; QÞ ¼ N qðzΛÞDΛ=qðzΛ; QÞ: ð18Þ

This parametrization has been used for the extraction of the
Sivers function in [31,45,46], as well as the transversity
distribution and Collins function in [32], where similar
positivity constraints enter. Following the work in these
references, we parametrize N qðzΛÞ by the formula,

N qðzΛÞ ¼ Nqz
αq
Λ ð1 − zΛÞβq

ðαq þ βq − 1Þαqþβq−1

ðαq − 1Þαq−1βqβq
: ð19Þ

The parameters αq and βq characterize the transverseΛ spin
modification to the collinear function at small and large zΛ,
respectively. One can also see from this expression that

max

�				 1zΛ N qðzΛÞ
				
�

¼ Nq; ð20Þ

such that the magnitude of the collinear modulation is
controlled by the parameter Nq. In order to satisfy the
positivity bound, we implement the fit constraints,

αq > 1; βq > 0; hM2
Di < hp2

Λ⊥i; ð21Þ

jNqj ≤
ffiffiffiffiffi
2e

p hM2
Di

hp2
Λ⊥i

MΛ

M1

; ð22Þ

which are sufficient conditions for the enforcement of the
positivity bound.
Moreover, it is useful to define the p2

Λ⊥-moment of the
TMD PFFs,

D⊥ð1Þ
1T;Λ=qðzΛ; QÞ≡

Z
d2pΛ⊥

p2
Λ⊥

2z2ΛM
2
Λ
D⊥

1T;Λ=qðzΛ; p2
Λ⊥;QÞ

¼ hM2
Di

2z2ΛM
2
Λ
D⊥

1T;Λ=qðzΛ; QÞ: ð23Þ

Using our parametrization, all momenta can be inte-
grated out analytically, so that the cross sections take on the
forms,

dσ
dPS

¼ σ0HðQÞ
X
q

e2qDΛ=qðzΛ; QÞDh=q̄ðzh; QÞ; ð24Þ

dΔσðS⊥Þ
dPS

¼ σ0HðQÞ zh
ffiffiffi
π

p
2zΛ

hM2
Di

MΛ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2hhM2

Di þ z2Λhp2
h⊥i

p
×
X
q

e2qD⊥
1T;Λ=qðzΛ; QÞDh=q̄ðzh; QÞ: ð25Þ

As such, we finally obtain the following expression for the
Λ polarization PΛ⊥ðzΛ; zhÞ from Eq. (12):

PΛ⊥ðzΛ; zhÞ ¼
zh

ffiffiffi
π

p
2zΛ

hM2
Di

MΛ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2hhM2

Di þ z2Λhp2
h⊥i

p

×

P
qe

2
qD⊥

1T;Λ=qðzΛ; QÞDh=q̄ðzh; QÞP
qe

2
qDΛ=qðzΛ; QÞDh=q̄ðzh; QÞ : ð26Þ

To compute PΛ⊥ðzΛ; zhÞ, we use the AKK08 parametri-
zation [47] of the collinear Λ fragmentation functions.
Currently, there are no available collinear fragmentation
functions which separate the Λ and Λ̄ contributions. While
the work in [16] took DΛ̄=q ¼ DΛ=q̄ ¼ 0 with q ¼ u, d, s,
this scheme does not adequately describe Λþ h produc-
tion. For example, in the e− þ eþ → Λþ πþ þ X process,
one of the dominant contributions to the cross section is
given by the DΛ=ūðzΛ; QÞ. Since the work in [16] neglected
all sea quark contributions, this would lead to a very small
asymmetry, which conflicts with the BELLE data. For this
paper, we assume DΛ=q ¼ DΛ̄=q ¼ 1

2
DΛ=Λ̄←q for all quark

flavors.
For the fragmentation functions of pions, we choose the

DSS14 parametrization given in [48], which is an update of
the previous DSS07 fragmentation functions [49]. As such
an update is not available for kaons, we choose the DSS07
parametrizations for the fragmentation functions of kaons.
In order to fit the nonperturbative TMD PFFs

D⊥
1T;Λ=qðzΛ; p2

Λ⊥;QÞ, we use the typical flavor-dependent
parametersNq,αq, andβq, similar to the parametrization used
in [31] for the Sivers functions. In this paper, for the
polarization of the Λ, we fit the 11 parameters Nu, Nd,
Ns,Nsea,αu,αd,αs,αsea, βval, βsea, and hM2

Di. The parameters
labeled sea apply to the remaining considered flavors, namely
ū, d̄, and s̄. Furthermore, in order to fit the Λ̄ polarization, we
take D⊥

1T;Λ̄=q̄ðzΛ;p2
Λ⊥;QÞ¼D⊥

1T;Λ=qðzΛ;p2
Λ⊥;QÞ, by invari-

ance under charge conjugation.
Following Ref. [50], we use a bootstrap method to

generate the uncertainty band for the PFF and polarization
alike. For this purpose, we generate 200 replicas; to
generate one replica, we shift the reported polarization
associated with each data point by Gaussian noise with
standard deviation equal to the experimental error. The fit is
performed on the noisy data, resulting in a set of param-
eters. We perform this 200 times to obtain 200 fits, from
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each of which we calculate PΛ⊥ (or the PFF). The middle
68% of these values are selected point-by-point. At each
point, the minimum and maximum of this middle 68% are
considered to be the upper and lower errors.

B. Fit results

We use the MINUIT package [51] from CERNLIB to
perform the fit. The parameters as well as the χ2=d:o:f. of
the fit are presented in Table I. The χ2=d:o:f. of 1.694
suggests that the fit is of reasonably good quality. One must
note that we have restricted ourselves to fit the experimental
data with zh < 0.5, for a total of 96 data points. It is also
important to note that when these parameters are used to
describe the data globally, without removing the zh > 0.5
data, we have χ2=d:o:f: ¼ 2.421. This could indicate a
sizable contribution of threshold logarithms [52] and target
mass corrections [53–55] in this region.

While the advertised χ2=d:o:f. is 1.694, a large contri-
bution of the χ2 comes from two “problematic” points, the
point at zh ¼ 0.243, zΛ ¼ 0.35 for the Λþ Kþ process and
the point at zh ¼ 0.245, zΛ ¼ 0.35 for the Λ̄þ K− process.
If the χ2 contributions from these points are removed, the
χ2=d:o:f. becomes 1.499. In fact removing these points
from the fitting procedure altogether leads to a χ2=d:o:f. of
1.180. In the future, it would be interesting to investigate
these two points in more detail.
Figure 2 contains histograms of the distributions of fit

parameters, which are determined by the fits to the
replicated data sets. We find that the modes of the histo-
grams agree well with the determined values of the central
fit. This agreement indicates that the values of the param-
eters are well-constrained and not appreciably sensitive to
variations of the central point within the experimental
uncertainties.
In Figs. 3 and 4 we plot the experimental data, as well as

the result of our fit for the Λ polarization PΛ⊥ in the back-to-
back production of ΛðΛ̄Þ þ π� and ΛðΛ̄Þ þ K�, respec-
tively. The gray uncertainty bands displayed are generated
by the replicas at 68% confidence. For Fig. 3, the left plots
correspond to Λþ π� production, while the right plots
correspond to Λ̄þ π� production. Likewise, the left (right)
plots are for the Λ (Λ̄) production associated with K�. One
should note that the data points with zh > 0.5 are not
included in our fit, and thus we see that the global
comparison with our theoretical results is of slightly lower
quality. We further observe that our model seems to
describe the ΛðΛ̄Þ þ π� data better than the ΛðΛ̄Þ þ K�

data; indeed, we find χ2=ndata ¼ 1.223 for pions, and
1.802 for kaons.

TABLE I. Listed are the parameter values with uncertainties.
The central values are taken from the fit with the actual BELLE
data [13] (no Gaussian noise), while the uncertainties are
calculated from the middle 68% of parameter values generated
from 200 replicas (see the discussion in Sec. III A).

χ2=d:o:f: ¼ 1.694

Nu ¼ 0.858þ0.108
−0.011 Nd ¼ −2.144þ0.156

−0.088
Ns ¼ −0.716þ0.070

−0.068 Nsea ¼ −0.861þ0.026
−0.086

αu ¼ 1.058þ0.050
−0.044 αd ¼ 2.004þ0.123

−0.196
αs ¼ 4.306þ0.326

−0.185 αsea ¼ 1.641þ0.053
−0.102

βval ¼ 0.866þ0.218
−0.046 βsea ¼ 6.325þ0.240

−0.522
hM2

Di ¼ 0.118þ0.007
−0.012 GeV2

FIG. 2. Distributions of MINUIT parameters from 200 replicas. The black lines represent the parameter values which are determined
from the best fit of the actual experimental data. Each histogram is normalized such that the heights of its bars sum to unity.
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In Fig. 5, we plot zΛD
⊥ð1Þ
1T;Λ=qðzΛ; QÞ, defined in Eq. (23), as

a function of zΛ for u, d, s and sea quarks, at 68% confidence.
We find that the PFF for the u quark is positive, while those
of the d and s quarks are negative. We also find a sizable
negative sea quark contribution. These signs are consistent
with the qualitative analysis in the BELLE experimental
paper [13]. In terms of the magnitude of the PFFs, we find
that the u and d quarks are comparable, while the PFF for the
s quark is smaller by almost an order of magnitude, and it
plays a more important role in the relatively large zΛ ≳ 0.4.
The PFFs for sea quarks are sizable mostly in the relatively
small zΛ ≲ 0.3 region.
One can understand these findings qualitatively. For

example, the Λþ π− processes are dominated by the
contribution of D⊥

1T;Λ=uDπ−=ū in Eq. (26). As this subset
of BELLE data has large positive Λ polarization (zΛ ≲ 0.4),
we find that the sign of the u-quark PFF is positive.
Likewise, the Λþ πþ processes are dominated by the
contribution of D⊥

1T;Λ=dDπþ=d̄. Due to the large negative

FIG. 3. The fit to the experimental data for π mesons is shown, with the gray uncertainty band displayed is generated by the replicas at
68% confidence. The left plots are for the production of Λþ π�, while the right plots are for the production of Λ̄þ π�.

FIG. 4. Same as Fig. 3 but for the production of Λþ K� (left) and Λ̄þ K� (right).

FIG. 5. The polarizing fragmentation functions

zΛD
⊥ð1Þ
1T;Λ=qðzΛ; QÞ, defined in Eq. (23), are plotted as functions

of zΛ for different quark flavors, at 68% confidence.
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polarization, we find that the sign of the d-quark PFF is
negative. Finally the Λþ Kþ process is dominated by the
contribution of D⊥

1T;Λ=sDKþ=s̄. We then determine the sign
of the s-quark PFF to be negative, although our best fit
gives a very small PFF for the s-quark. Finally the sea
quarks usually play more important roles in the relatively
small zΛ region. In this set of BELLE data, it starts to
become more important for zΛ ≲ 0.3. We find negative
PFFs for sea quarks, which are smaller in size compared
with those for u and d quarks.

C. Predictions for the SIDIS process

We now present a phenomenological prediction for
the polarization of the Λ particle, produced in the
SIDIS process, eðlÞþpðPÞ→eðl0ÞþΛðPΛ;S⊥ÞþX. As
emphasized in [26], the measurement of Λ polarization in
SIDIS furnishes an experimental verification of the uni-
versality of the TMD PFF D⊥

1TðzΛ; p2
Λ⊥;QÞ, which has

been predicted to be the same as those measured in eþe−
annihilation [20,23,25,26]. We define the standard SIDIS
variables,

xB ¼ Q2

2P · q
; y ¼ P · q

P · l
; zΛ ¼ P · PΛ

P · q
; ð27Þ

where Q2 ¼ −q2 ¼ −ðl0 − lÞ2. The differential cross sec-
tion is given by

dσðS⊥Þ
dPSd2PΛT

¼ σDIS0

�
F ½fq=pDΛ=q� þ jS⊥j sinðϕS − ϕΛÞ

×
1

zΛMΛ
F ½P̂ΛT · pΛ⊥fq=pD⊥

1T;Λ=q� þ � � �
�
;

ð28Þ

where for SIDIS we have the phase-space element
dPS ¼ dxBdydzΛ, the usual unpolarized TMD PDFs
fq=pðxB; k2⊥;QÞ, and the leading-order scattering cross
section,

σDIS0 ¼ 2πα2em
Q2

1þ ð1 − yÞ2
y

: ð29Þ

In Eq. (28), there are additional terms, denoted …,
contributing to the transverse spin-dependent cross section
[56], just like Eq. (10). However, these addition terms have
different azimuthal dependences. The SIDIS measurement
typically isolate these azimuthal dependences such that the
sinðϕS − ϕΛÞ term can be unambiguously measured.
Collecting the results above, we find that the convolution
for SIDIS is

F ½fq=pDΛ=q� ¼ HDISðQÞ
X
q

e2q

Z
d2k⊥d2pΛ⊥

× δð2ÞðzΛk⊥ þ pΛ⊥ − PΛTÞ
× fq=pðxB; k2⊥;QÞDΛ=qðzΛ; p2

Λ⊥;QÞ; ð30Þ

where HDISðQÞ is the hard function for SIDIS, with
HDISð0ÞðQÞ ¼ 1 at leading order. Meanwhile, PΛT is the
transverse momentum of the final-state Λ, k⊥ is the
transverse momentum of the quark relative to the initial-
state parent proton and pΛ⊥ is the transverse momentum of
the final-state Λ with respect to the fragmenting quark.
For our calculations, we use the parametrizations of Λ

fragmentation functions in Eqs. (14) and (15) from the
previous section. For the unpolarized TMD PDFs, we use
the parametrization,

fq=pðxB; k2⊥;QÞ ¼ fq=pðxB;QÞ e
−k2⊥=hk2⊥i

πhk2⊥i
; ð31Þ

with hk2⊥i ¼ 0.61 GeV2, as extracted in [42]. Using
Eq. (31) and integrating over PΛT, we find that the Λ
polarization has the analytic form,

PΛ⊥ðxB; zΛÞ ¼
ffiffiffi
π

p
2zΛ

hM2
Di

MΛ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hM2

Di þ z2Λhk2⊥i
p

×

P
qe

2
qfq=pðxB;QÞD⊥

1T;Λ=qðzΛ; QÞP
qe

2
qfq=pðxB;QÞDΛ=qðzΛ; QÞ : ð32Þ

In Fig. 6, we plot the transverse polarization as a function
of zΛ at Q ¼ 10 GeV and xB ¼ 0.1, which are consistent

FIG. 6. Our prediction of the transverse Λ polarization
PΛ⊥ðxB; zΛÞ in SIDIS is plotted as a function of zΛ for typical
values of the kinematic variables Q ¼ 10 GeV and xB ¼ 0.1 at
the EIC. The uncertainty band is generated at 68% confidence.
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with the typical kinematics at the future Electron Ion
Collider (EIC) [57–60]. We have used the CT14lo
collinear PDFs given in [61]. To generate the uncertainty
band, we use the 200 sets of fitted parameters and plot the
band generated from the middle 68%. We predict an
asymmetry of roughly 10% for Λ production in this
kinematic region. As the size of the asymmetry is on par
with that of other single-spin asymmetries, this measure-
ment should be feasible at the EIC. We note that the sign of
the polarization is due to the interplay between the
contributions of u and d quarks. At small zΛ ≲ 0.4 the
magnitudes of the u-quark and d-quark PFFs are similar.
However the contribution from the u quark is weighted by
the much larger fractional electric charge e2u ¼ 4=9 vs
e2d ¼ 1=9, resulting in a positive asymmetry. At large
zΛ ≳ 0.4 the magnitude of the d-quark PFF is much larger
and wins over the enhancement from the electric charges,
leading to a negative asymmetry. In Fig. 7, we plot our
prediction for Λ̄ production at xB ¼ 0.1. The magnitude
and sign of the polarization can be interpreted by noting
that at xB ¼ 0.1 the u and d-quark PDFs are the dominant
contributions. However, since u and d-quarks are sea
quarks of Λ̄ and the sea quark PFFs are negative, we thus
have a negative polarization. The magnitude of the asym-
metry is roughly −10% at small zΛ and gradually decreases
in size to be around −5% as zΛ increases. This is consistent
with the behavior of sea quark PFFs, which decreases in
size as zΛ increases. Our analysis indicates that the

polarizations of Λ and Λ̄ in SIDIS could serve as good
observables for the extraction of valence and sea
quark PFFs.

IV. CONCLUSIONS

In this paper, we have demonstrated that transverse
momentum dependent polarizing fragmentation functions
(TMD PFFs) can be extracted from the polarization
measurement for both Λ and Λ̄ at BELLE in [13]. In the
measurement, ΛðΛ̄Þ and a light hadron (pion or kaon) are
produced in the back-to-back configuration, and a TMD
factorization formalism can thus be applied to analyze the
experimental data. As all of the experimental data from this
single measurement were collected at the same scale, no
TMD evolution is needed. We thus perform an extraction of
the TMD PFFs using a simple Gaussian model. The
resulting PFFs are constrained by the BELLE data to be
positive for u quarks, and negative for d and s quarks.
These signs are consistent with the qualitative analysis in
the BELLE experimental paper and Ref. [62].
Earlier extractions of the TMD PFFs are mainly from the

Λ polarization in proton-proton collisions [63], where a
proper TMD factorization is not justified. It would be
interesting to look into the connections between the data in
these two different processes. We further make predictions
for the transverse polarization of the Λ and Λ̄ baryons
produced in semi-inclusive deep inelastic scattering. The
size of the polarization is around 10% and thus should be
measurable at the Electron Ion Collider.
As we have mentioned, we look forward to future

experimental data with higher statistics and subsequently
hope to disentangle the transverse-spin dependent pieces
with differing azimuthal dependencies. Furthermore, we
note that the extracted TMD FFs have been made available
open source for Fortan with an MIT license at https://github
.com/UCLA-TMD/TMD-GRIDS.
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