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In spacetimes of any dimensionality, the massless particle states that can be created and destroyed by a
field in a given representation of the Lorentz group are severely constrained by the condition that the
invariant Abelian subgroup of the little group must leave these states invariant. A number of examples are
given of the massless one-particle states that can be described by various tensor and spinor-tensor fields,
and a speculation is offered for the general case.
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I. INTRODUCTION

For a century physicists have speculated that our familiar
four-dimensional spacetime may really be embedded in a
higher dimensional continuum [1]. It is simplest and most
usual to suppose that this continuum is a d-dimensional
spacetime in which in locally inertial frames the laws of
nature are invariant under the Lorentz group SOðd − 1; 1Þ.
If a general SOðd − 1; 1Þ Lorentz transformation Λμ

ν acts
on physical states as a unitary representation UðΛÞ of
SOðd − 1; 1Þ, then fields are characterized by their trans-
formation

UðΛÞψnðxÞU−1ðΛÞ ¼
X
m

DnmðΛ−1ÞψmðΛxÞ; ð1Þ

where DnmðΛÞ is a finite-dimensional generally nonunitary
matrix representation of SOðd − 1; 1Þ. As Wigner [2] first
pointed out for the case d ¼ 4, one-particle states must be
characterized as representations of the little group, the
subgroup of SOðd − 1; 1Þ that leaves some standard spatial
momentum k invariant. That is, for any Lorentz trans-
formationWμ

ν for whichWμ
νkν ¼ kμ the states jk; σi with

standard momentum satisfy

UðWÞjk; σi ¼
X
σ̄

dσ̄;σðWÞjk; σ̄i; ð2Þ

where dσ̄;σðWÞ is a unitary matrix representation of the little
group. The question then arises, what sort of representa-
tions of the little group can arise for particles described by a

field that transforms according to some given representa-
tion of SOðd − 1; 1Þ?
For massive particles the answer is easy. The standard kμ

can be taken to have spatial components k ¼ 0, and
the little group is then the semisimple rotation group
SOðd − 1Þ. Particles described by a given field can furnish
any representation of this SOðd − 1Þ subgroup that is
contained in the representation of SOðd − 1; 1Þ furnished
by the field.
The case of massless particles presents some complica-

tions. This case is of special interest, since from the
perspective of the very high energies where higher dimen-
sional theories might be relevant, all of the particles we
observe are massless. Finding what sort of massless particle
can be described by various types of fields in higher
dimensions is complicated by the fact that their states
must be classified as representations of the little group that
leaves invariant some standard nonzero d − 1 momentum
and, unlike the massive case, this little group contains an
invariant Abelian subgroup. To avoid the introduction of
new continuous conserved quantities, particle states must
be invariant under this subgroup. For any spacetime
dimensionality d the massless particle states must furnish
a representation of the remaining semi-simple subgroup
SOðd − 2Þ of the little group. But not all representations of
SOðd − 2Þ that are contained within the representation
of SOðd − 1; 1Þ that is furnished by the field are consistent
with the requirement that the invariant Abelian subgroup is
represented trivially. So it is not immediately obvious
how massless particles described by a given field can
transform under SOðd − 2Þ. This is the problem addressed
in this paper.
To put this problem in greater detail, we consider the

matrix element

unσ ≡ hvacuumjψnð0Þjk; σi: ð3Þ

Inserting Eqs. (1) and (2) gives the requirement
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X
σ̄

dσ;σ̄ðWÞunσ̄ ¼
X
m

DnmðWÞumσ ; ð4Þ

for any element W of the little group. [We have used
d�̄σ;σðW−1Þ ¼ dσ;σ̄ðWÞ.] Our question is, for a given repre-
sentation DðΛÞ of the Lorentz group, what representations
of SOðd − 2Þ allow a nonzero matrix element unσ for which
dσ̄;σðWÞ ¼ δσ̄;σ for any W in the invariant Abelian sub-
algebra of the little group? As a by-product of answering
this question, we will find field equations that are satisfied
by the matrix elements

hvacuumjψnðxÞjk; σi ¼ eik·xunσ : ð5Þ

So far we have been implicitly taking the states jk; σi to
be eigenstates of the full Hamiltonian and the field ψnðxÞ to
be an interacting field. But the mathematical requirement
on unσ is the same if we take jk; σi to be eigenstates of the
free-particle Hamiltonian and ψnðxÞ to be a free field. In
this case, the unσ can be used to construct the free field:

ψnðxÞ ¼
Z

dd−1p
X
σ

½unðp; σÞaðp; σÞeip·x

þ vnðp; σÞb†ðp; σÞe−ip·x�; ð6Þ

where aðp; σÞ are the annihilation operators for the mass-
less one-particle state; bðp; σÞ are the annihilation operators
for the corresponding antiparticle; the coefficient function
un is given by

unðp; σÞ ¼
ffiffiffiffiffi
k0

p0

s X
m

DnmðLðpÞÞumσ ; ð7Þ

where LðpÞ is the SOðd − 1; 1Þ transformation that takes
the standard momentum k to p; and likewise for anti-
particles [3]. In this context our question is, what kind of
massless particles characterized by their transformation
under SOðd − 2Þ can be used to construct a free field
characterized by its transformation under SOðd − 1; 1Þ?
The free fields constructed in this way satisfy the same field
equations as will turn out to be satisfied by the matrix
element (5) of interacting fields.
The answer to our question is well known for d ¼ 4 [4].

The finite-dimensional (and in general nonunitary) irre-
ducible representations of SOð3; 1Þ are characterized by a
pair A and B of integers and/or half-integers. These are
defined by A2 ¼ AðAþ 1Þ and B2 ¼ BðBþ 1Þ, where

Aa ≡ 1

4

X
bc

ϵabcJbc þ
i
2
Ja0; Ba ≡ 1

4

X
bc

ϵabcJbc −
i
2
Ja0;

where here a, b, c run over the values 1,2,3 and Jab ¼ −Jba
and Ja0 ¼ −J0a are the generators of SOð3; 1Þ. For d ¼ 4
the representations of the semisimple part SOð2Þ of the

little group are one-dimensional and characterized by a
number, the helicity. The massless particle described by a
field of type ðA; BÞ can only have helicity

λ ¼ B − A: ð8Þ

For A ≥ B (or B ≥ A) the free field and the matrix element
(5) of the interacting field are spacetime derivatives of order
2B (or 2A) of a free field (or field matrix element) of type
ðA − B; 0Þ [or ð0; B − AÞ].
Here are results for spacetimes of general dimensionality

d, derived in the following sections:
(i) A symmetric traceless tensor field of any rank can

have nonvanishing matrix elements (3) only for a
massless particle that transforms trivially under
SOðd − 2Þ. Further, the matrix element (5) of a
symmetric traceless tensor field of rank N is nec-
essarily the Nth spacetime partial derivative of a
scalar, as is the free field. This is the generalization
of the result for d ¼ 4, that a symmetric traceless
tensor field of rank N has a Lorentz transformation
of type ðA;BÞwith A ¼ B ¼ N=2, and therefore can
only describe particles of helicity B − A ¼ 0.

(ii) A completely antisymmetric tensor field of rank
N < d can only have nonvanishing matrix elements
(3) for a massless particle that transforms under
SOðd − 2Þ as an antisymmetric tensor of rankN − 1.
The matrix element (5) (and the free field) is
necessarily the exterior derivative of an antisym-
metric potential of rank N − 1, and therefore has a
vanishing exterior derivative. This is the generali-
zation of the familiar result for d ¼ 4, that an
antisymmetric tensor field of rank 2 has a Lorentz
transformation of type ð1; 0Þ ⊕ ð0; 1Þ, therefore can
only describe particles of helicity �1, and is the curl
of a vector potential.

(iii) A rank 4 traceless tensor field with the symmetry
property of the Weyl tensor (the traceless part of the
Riemann-Christoffel curvature tensor) can have
nonvanishing matrix elements (3) for a massless
particle that transforms under SOðd − 2Þ only as a
second-rank symmetric traceless tensor. The matrix
element (5) (and the free field) is necessarily the
antisymmetrized second derivative of a symmetric
second rank potential. This is the generalization
of the result for d ¼ 4 that the Weyl field has
Lorentz transformation of type ð2; 0Þ ⊕ ð0; 2Þ and
therefore can only describe massless particles with
helicity �2.

(iv) A field with the Lorentz transformation of the
fundamental spinor representation of SOðd − 1; 1Þ
can only have nonvanishing matrix elements (3) for a
massless particle with the Lorentz transformation of
the fundamental spinor representation of SOðd − 2Þ.
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Thematrix element (5) (and the free field) necessarily
satisfies the zero mass Dirac equation.

(v) A field with the Lorentz transformation of the direct
product of the fundamental spinor representation of
SOðd − 1; 1Þ and a d vector, satisfying an irreduc-
ibility condition, can only have nonvanishing matrix
elements (3) for a massless particle with the Lorentz
transformation of the fundamental spinor represen-
tation of SOðd − 2Þ. The matrix element (5) (and the
free field) is necessarily the spacetime derivative of a
spinor field satisfying the zero mass Dirac equation.

Unfortunately a general statement such as that for d ¼ 4 of
the allowed massless particle types for fields that furnish
arbitrary representations of the d-dimensional Lorentz
group is still lacking. A conjecture will be offered for
tensor fields furnishing general irreducible representations
of SOðd − 1; 1Þ, which they can only describe as massless
particles that transform under representations of SOðd − 2Þ
characterized by a Young tableau obtained by decapitating
the Young tableau characterizing the field.
These results appear quite different from those given by

Labastida for several types of tensor and tensor-spinor
fields [5]. The difference arises from different assumptions.
In the present work, a tensor field is understood to trans-
form strictly as a tensor, while for Labastida it may instead
transform as a tensor only up to a gauge transformation.
Labastida therefore sought fields that satisfy gauge-
invariant field equations, while here the field equations
if any follow directly from the field transformation property
and Wigner’s requirement that the generators of the
invariant Abelian subalgebra of the little group algebra
must be represented on physical states of a single massless
particle by zero.
Where gauge transformations do enter here, it is not for

the tensor fields, but for their potentials. For instance, as
noted above, an antisymmetric tensor free field of rank N
constructed from massless particle creation and annihila-
tion operators must be the exterior derivative of a potential
that is antisymmetric in N − 1 spacetime indices, but that
rank N − 1 potential does not transform as a tensor, but
rather as a tensor up to a gauge transformation that leaves
the rank N tensor field invariant.
This is familiar from the examples of electrodynamics

and general relativity in d ¼ 4 spacetime dimensions. From
the creation and annihilation operators of a photon of
helicity �1 we can construct a true antisymmetric tensor
field Fμν, which satisfies homogeneous Maxwell equations
that amount to the statement that its exterior derivative
vanishes. The tensor field Fμν is itself the exterior derivative
of a potential Aμ, but since this potential is constructed only
from the creation and annihilation operators of photons of
helicity �1, it cannot transform as a four-vector under
Lorentz transformations, but rather as a four-vector only up
to a gauge transformation, such as the electromagnetic four-
vector potential in Coulomb gauge. Similarly, from the

creation and annihilation operators of a graviton of helicity
�2 we can construct a linearized Weyl curvature tensor
Cμνρσ that has the Lorentz transformation of a true tensor,
which satisfies linearized Bianchi identities. The tensor
field Cμνρσ is the second spacetime derivative of a sym-
metric potential hμν, but since this potential is constructed
only from the creation and annihilation operators of
gravitons of helicity �2, it cannot transform as a true
tensor under Lorentz transformations, but rather as a tensor
only up to a gauge transformation, such as the metric
perturbation in transverse-traceless gauge.
From this point of view, gauge invariance is not a

fundamental assumption, as it is in Labastida’s work, but
is rather a consequence of the Lorentz transformation
properties of fields and massless particle states.

II. THE LITTLE ALGEBRA

To derive the results cited above, we will use the
fundamental requirement (4) in the limit where

Wμ
ν → δμν þ Ωμ

ν; ð9Þ

with Ωμ
ν infinitesimal and constrained by the conditions

that Wμ
ν should belong to the little group:

Ωμν ¼ −Ωνμ; Ωμ
νkν ¼ 0: ð10Þ

For such transformations, we write

dσ̄;σð1þ ΩÞ → δσ̄;σ þ
i
2
Jμνσ̄;σΩμν; ð11Þ

with Hermitian matrices Jμνσ̄;σ ¼ −Jνμσ̄;σ, satisfying the
SOðd − 1; 1Þ commutation relations

i½Jμν; Jρσ� ¼ ηνρJμσ − ημρJνσ − ησμJρν þ ησνJρμ: ð12Þ

The matrices representing the little group generators are Jij,
with i, j, etc., here and below running over the values
1; 2; 3;…; d − 2, together with

Ki ≡ Jid−1 − Ji0: ð13Þ

The little group generators have the commutators

i½Jij; Jkl� ¼ δjkJil − δikJjl − δliJkj þ δljJki; ð14Þ

i½Jij; Kk� ¼ δjkKi − δikKj; ð15Þ

½Ki; Kj� ¼ 0: ð16Þ

Because the Kj span an invariant Abelian subalgebra, they
have to annihilate u,
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X
σ̄

½Kj�σ;σ̄unσ̄ ¼ 0: ð17Þ

For a general tensor field ψμν���, we have

½Dð1þΩÞuσ�μν��� ¼ ðδμκ þΩμ
κÞðδνλ þ Ων

λÞ � � � uκλ���σ :

It is very convenient to use light-cone coordinates in which
for a general vector Vμ,

V� ≡ 1

2
½V0 � Vd−1�; ð18Þ

and likewise for the spacetime indices on tensors and spinor
tensors. By comparing coefficients of Ωμ

ν on both sides of
Eq. (4) we can work out the action on u of the generatorsKj

in the representation dσ̄;σ, so that Eq. (17) gives

0 ¼
X
σ̄

½Kj�σ;σ̄uþ���
σ̄ ¼ iuj���σ þ � � � ; ð19Þ

0 ¼
X
σ̄

½Kj�σ;σ̄ui���σ̄ ¼ 2iδiju−���σ þ � � � ; ð20Þ

0 ¼
X
σ̄

½Kj�σ;σ̄u−…σ̄ ¼ 0þ � � � ; ð21Þ

again with i and j taking the values 1; 2;…; d − 2. (The
final “þ � � �” in each formula refers to the action of Ki on
the undisplayed indices on u, indicated in the superscript
by � � �.)
For spinors and spinor tensors we also need to know

that for χn in the fundamental spinor representation of
Oðd − 1; 1Þ,

X
s

Jμνrsχs ¼ −
i
4

X
s

½Γμ;Γν�rsχs; ð22Þ

where the Γμ
rs are 2d=2-dimensional matrices forming a

Clifford algebra with (suppressing indices r, s)

ΓμΓν þ ΓνΓμ ¼ 2ημν; ð23Þ

and therefore for a general spinor-tensor

Kiu��� ¼ iΓiΓ−u��� þ � � � ; ð24Þ
where the final “þ � � �” denotes the action of Ki on the
tensor indices, which are indicated as the superscript “� � �”
on u. From Eqs. (19)–(21) and (24) we can work out the
action of Ki on tensors and spinor tensors.
We are now equipped to derive the consequences of the

requirement thatKiu ¼ 0 for fields of various special types.

III. TENSORS

We now derive the results listed in Sec. I for tensor
fields.

A. Symmetric traceless tensors

Consider a symmetric traceless tensor field ψμ1μ2���μN of
arbitrary rank N. A general component of the matrix
element (3) with Nþ + indices, N−− indices, and M ¼
N − Nþ − N− indices in the range of 1 to d − 2 will be
denoted ui1i2���iMðNþ;N−Þ. By using Eqs. (19)–(21), we see
that the condition Kju ¼ 0 applied to such a component
gives

0 ¼ ui1i2���iMjðNþ−1;N−Þ þ 2
XM
r¼1

δjiru
i1i2���ir−1irþ1���iMðNþ;N−þ1Þ:

ð25Þ

Setting iM ¼ j, summing over j, and using the symmetry of
u gives

0 ¼
X
j

ui1i2���iM−1jjðNþ−1;N−Þ þ 2Mui1i2���iM−1ðNþ;N−þ1Þ: ð26Þ

In light-cone coordinates the metric tensor has nonvanish-
ing components

ηij ¼ δij; ηþ− ¼ η−þ ¼ −2 ð27Þ

so the condition that u is traceless gives

X
j

ui1i2���iM−1jjðNþ−1;N−Þ ¼ 4ui1i2���iM−1ðNþ;N−þ1Þ

and Eq. (26) therefore reads

0 ¼ ð4þ 2MÞui1i2���iM−1ðNþ;N−þ1Þ:

We see that all components uμν��� vanish for which any of
the indices μ, ν, etc., is a −. The second term in Eq. (25) is
therefore absent, and Eq. (25) becomes

0 ¼ ui1i2���iMjðN−M−1;0Þ; ð28Þ

for any M ≤ N − 1. The only remaining nonzero compo-
nent of uμν��� is uþþ���, with all indices equal to þ.
Because uiþþþ��� ¼ 0 this u satisfies the condition

Kiu ¼ 0. It is also invariant under the semisimple part
SOðd − 2Þ of the little group, so the only massless particle
that can be destroyed by a symmetric traceless tensor must
transform trivially under SOðd − 2Þ.
With uμν���ðkÞ having only nonzero components with all

indicesþ, it is simply proportional to kμkν � � �, and the field
matrix element then is just the Nth partial derivative of a
scalar:

hvacjψμ1μ2���μN ðxÞjki ∝ ∂Neik·x

∂xμ1∂xμ2 � � � ∂xμN
: ð29Þ
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Equivalently, the free field has the form

ψμ1μ2���μN ðxÞ ¼ ∂NφðxÞ
∂xμ1∂xμ2 � � � ∂xμN

ð30Þ

where

φðxÞ ¼
Z

dd−1p½uaðpÞeip·x þ vb†ðpÞe−ip·x�; ð31Þ

with u and v some complex numbers.

B. Antisymmetric tensors

Next consider a completely antisymmetric tensor field
ψμ1μ2���μN of any rank N ≤ d. The components of the
coefficient function uμ1μ2���μN ðk; σÞ are of four types: those
with no þ and no − indices and N indices between 1 and
d − 2; those with oneþ and no − indices andN − 1 indices
between 1 and d − 2; those with one − and no þ indices
and N − 1 indices between 1 and d − 2; and those with one
þ and one − indices and N − 2 indices between 1 and
d − 2. Using Eqs. (19)–(21), we see that the condition
Kju ¼ 0 applied to each component type then gives

0 ¼ Kjui1i2���iN ¼ 2i
XN
r¼1

δjiru
i1i2���ir−1−irþ1���iN ; ð32Þ

0 ¼ Kjui1i2���iN−1þ

¼ 2i
XN−1

r¼1

δjiru
i1i2���ir−1−irþ1���iN−1þ þ iui1���iN−1j; ð33Þ

0 ¼ Kjui1���iN−2þ− ¼ iui1���iN−1j−: ð34Þ

(As a consequence of antisymmetry, Kjui1i2���iN−1− vanishes
automatically.) Setting iN−1 ¼ j in Eq. (33) and summing
over j gives

0 ¼ ui1i2���iN−2þ−; ð35Þ

which with Eq. (34) shows that any component uμν��� in
which one of the spacetime indices is a − vanishes, whether
or not another of the indices is a þ. Hence Eq. (32) is
satisfied, and Eq. (33) shows that any component uμν��� in
which none of the spacetime indices is a þ vanishes. This
leaves the only nonvanishing component of the form
ui1i2���iN−1þ.
Because ui1i2���iN ¼ 0 and ui1i2���iN−2−þ ¼ 0, this u satisfies

the condition Kiu ¼ 0. Also, it has the transformation
property under SOðd − 2Þ of a completely antisymmetric
tensor of rank N − 1, and this is the transformation of the
one-particle states under SOðd − 2Þ.
Since ui1i2���iN−1μ vanishes except for μ ¼ þ, it is

proportional to kμ, and uμ1μ2���μN therefore takes the form

u½μ1μ2���μN−1kμN �, with the square brackets indicating anti-
symmetrization in the indices μ1μ2 � � � μN . The matrix
element (5) [and the free field ψμ1μ2���μN ðxÞ] is therefore
the exterior derivative of an antisymmetric potential of
rank N − 1.

C. Weyl tensor

We now consider a fourth-rank traceless tensor ψμν;ρσ

with the symmetry properties of the Weyl tensor:

ψμν;ρσ ¼ −ψνμ;ρσ ¼ −ψμν;σρ ¼ þψρσ;μν; ð36Þ

ψμν;ρσ þ ψμρ;σν þ ψμσ;νρ ¼ 0: ð37Þ

[Equation (37) has as a consequence the vanishing of any
completely antisymmetric part of ψ , which otherwise by
itself would satisfy Eq. (36).]
Our first task will be to show that uμν;ρσðk; σÞ vanishes if

any of the indices μ, ν, ρ, σ is a minus. First, note that
Kjuþ−;þ− ¼ 2iuj−;þ− so uj−;þ− ¼ 0. Also, Kjui−;þ− ¼
iui−;j− (because antisymmetry makes u−−;þ− vanish) so
ui−;j− ¼ 0. Further,

0 ¼ −iKjuþ−;þi ¼ uj−;þi þ uþ−;ji þ 2δijuþ−;þ−:

The assumed tracelessness of u gives
P

j u
j−;þj ¼ 2uþ−;þ−

and of course uþ−;jj ¼ 0, so setting i ¼ j and summing
over j gives

0 ¼ 2uþ−;þ− þ 2ðd − 2Þuþ−;þ−;

and so uþ−;þ− ¼ 0. We have thus shown that uμν;ρσðk; σÞ
vanishes if any two of the indices μ, ν, ρ, σ are minus.
To consider the case where just one of the indices μ, ν, ρ,

σ is a minus, first note that because uμν;ρσðk; σÞ vanishes
if any two of its indices is a minus, we have Kiujk;þ− ¼
iujk;i− so

ujk;i− ¼ 0:

On the other hand,

0 ¼ −iKiujþ;þ− ¼ uji;þ− þ ujþ;i−: ð38Þ

We can also show that a different linear combination of the
two terms in Eq. (38) vanishes. For this purpose, we use

0 ¼ −iKiujk;lþ

¼ 2δiju−k;lþ þ 2δikuj−;lþ þ 2δilujk;−þ þ ujk;li:

Setting i ¼ j and summing over j gives

0¼ 2ðd−2Þu−k;lþþ2uk−;lþþ2ulk;−þþ2uþk;l−þ2u−k;lþ:

MASSLESS PARTICLES IN HIGHER DIMENSIONS PHYS. REV. D 102, 095022 (2020)

095022-5



If we add to this the same equation with l and k
interchanged, we find

u−k;lþ þ u−l;kþ ¼ 0

so

2ðd − 3Þu−k;lþ þ 2ulk;−þ ¼ 0:

Comparing this with Eq. (38) (with i and j replaced with k
and l) we see that for d ≠ 2 both terms vanish:

u−k;lþ ¼ 0; ulk;−þ ¼ 0:

Further, we use

0¼−iKiujþ;kþ ¼ 2δiju−þ;kþþuji;kþþ2δikujþ;−þþujþ;ki:

Setting i ¼ j and summing over j this gives

0 ¼ 2ðd − 2Þu−þ;kþ þ 2ukþ;−þ þ 2u−þ;kþ ¼ 2du−þ;kþ;

so also u−þ;kþ ¼ 0. Thus as promised, we have shown that
uμν;ρσðk; σÞ vanishes if any of the indices μ, ν, ρ, σ is
a minus.
It follows that Kiujk;lþ ¼ iujk;li so ujk;li ¼ 0. This leaves

uij;kþ and uiþ;jþ as the only independent components of u
that have not been shown to vanish. Furthermore, with all
other components vanishing we have Kiujk;lþ ¼ 0 and

0 ¼ −iKiujþ;kþ ¼ uji;kþ þ ujþ;ki ¼ uji;kþ þ uki;jþ

so uji;kþ is antisymmetric in i, j, and k, and therefore
vanishes as a consequence of Eq. (37). The only remaining
nonzero component uiþ;jþ transforms under SOðd − 2Þ
as a symmetric traceless second-rank tensor, as was to be
shown.
Taking account of the symmetry assumption (36), this

takes the form

uμν;ρσ ¼ kμkρaνσ − kνkρaμσ − kμkσaνρ þ kνkσaμρ;

where aμν is symmetric and, because all components with a
minus index vanish, also traceless:

kμaμν ¼ 0:

The free field thus takes the form

ψμν;ρσðxÞ ¼ ∂μ∂ρhνσðxÞ − ∂ν∂ρhμσðxÞ − ∂μ∂σhνρðxÞ
þ ∂ν∂σhμρðxÞ; ð39Þ

where hμν is a symmetric potential.

IV. SPINORS AND SPINOR VECTORS

We now derive the results listed in Sec. I for spinor and
spinor-vector fields.

A. Spinors

We first consider a field ψn that transforms according to
the fundamental spinor representation of SOðd − 1; 1Þ.
From Eq. (24) we see that the requirement that Kiu ¼ 0

gives ΓiΓ−u ¼ 0, and since ðΓiÞ2 ¼ 1, this requires that
Γ−u ¼ 0, or, in other words,

Γμkμu ¼ 0: ð40Þ

So, since the generators −i½Γi;Γj� of the SOðd − 2Þ
subgroup of the little group commute with Γμkμ, and there
are no other conditions on u, the massless particle states
described by this field transform according to the funda-
mental spinor representation of SOðd − 2Þ. Also, it follows
from Eq. (40) that the free field must satisfy the massless
Dirac equation

Γμ ∂
∂xμ ψðxÞ ¼ 0: ð41Þ

B. Spinor vectors

We next consider a field ψμ that transforms according to
the direct product of the vector and fundamental spinor
representations of SOðd − 1; 1Þ, and is irreducible, in the
sense that

ημνΓμψν ¼ 0 ð42Þ

so that it is not possible to separate out a part of ψμ

that transforms simply according to the fundamental
spinor representation of SOðd − 1; 1Þ. By combining
Eqs. (19)–(21) and (24) we see that the coefficient
functions uμðk; σÞ must satisfy

0 ¼ Kjui ¼ 2iδiju− − iΓjΓ−ui; ð43Þ

0 ¼ Kjuþ ¼ iuj − iΓjΓ−uþ; ð44Þ

0 ¼ Kju− ¼ −iΓjΓ−u−: ð45Þ

From Eqs. (44) and (45) it follows that

2δiju− ¼ ΓjΓ−ΓiΓ−uþ ¼ −ΓjΓiðΓ−Þ2uþ:

This vanishes because ðΓ−Þ2 ¼ 0, so

u− ¼ 0; ð46Þ

and Eq. (46) is then automatically satisfied. Since
ðΓiÞ2 ¼ 1, Eq. (44) then gives
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Γ−ui ¼ 0: ð47Þ

We next invoke the irreducibility condition (43). Using
Eqs. (27) and (47), this gives

0 ¼
X
i

Γiui − 2Γ−uþ:

Multiplying Eq. (45) with Γj and summing over j we then
have

ðd − 2ÞΓ−uþ ¼
X
j

Γjuj ¼ 2Γ−uþ;

so, for any d ≠ 4,

Γ−uþ ¼ 0;

and Eq. (45) then gives

uj ¼ 0: ð48Þ

Since the only nonvanishing component of uμ is uþ, the
particle states transform according to the fundamental
spinor representation of SOðd − 2Þ. Further, because uμ

is proportional to kμ, the vector-spinor free field ψμ is the
spacetime derivative ∂ψ=∂xμ of a spinor field ψ .

V. DECAPITATION CONJECTURE

General tensor fields are characterized by their symmetry
properties, symbolized by Young tableaux, along with
conditions of tracelessness and in some cases prescriptions
on contraction with the d-dimensional Levi-Civita symbol.
Briefly, a tensor whose symmetry properties are described
by a given Young tableau will be antisymmetric in the
spacetime indices associated with the boxes in any column
and will vanish when antisymmetrized in all the indices in
any pair of columns. It follows from these conditions that
the tensor is symmetric under the interchange of any two
columns of the same height.
In all the cases of tensor fields we have considered, it

turned out that the only nonvanishing components of uμν���σ

have no − indices. Further, it turned out that the non-
vanishing components had just oneþ index in each column
of the Young tableau that characterizes the symmetries
among these indices. Because a tensor is antisymmetric in
the indices in each column, this þ index can always be
taken to be at the top of the column. The nonvanishing
components of uμν���σ thus have a top row with all þ indices,
and all other indices below the top row running over the
values 1; 2;…; d − 2. Since SOðd − 2Þ rotations only act
on these lower indices, we are led to the conjecture that
if a field furnishes an irreducible tensor representation of
SOðd − 1; 1Þ with symmetry dictated by some Young
tableau, then the massless particle states form a tensor

representation of the semisimple part SOðd − 2Þ of the little
group with symmetry dictated by the same Young tableau,
but decapitated by deleting the top row.
For instance, in the case of a symmetric traceless tensor

of rank N the Young tableau has just a single row of width
N, which when deleted according to this conjecture leaves
massless particle states invariant under SOðd − 2Þ, as we
found here. In the case of an antisymmetric tensor of rankN
the Young tableau has just a single column of height N,
which when the top box is deleted according to this
conjecture leaves massless particle states that transform
under SOðd − 2Þ as an antisymmetric tensor of rank N − 1,
also as we found here. In the case of a Weyl tensor,
a traceless tensor of rank 4 with a 2 × 2 Young tableau,
when the top row is deleted we are left with a single row
of width 2, which according to this conjecture indicates
that the field describes massless particles that transform
as a traceless symmetric tensor of rank 2, again as we
found here.
Furthermore, it is easy to see that this conjecture works in

the case d ¼ 4 for traceless tensor fields with symmetry
described by arbitrary Young tableaux. With d ¼ 4 it is not
possible to have Young tableaux with columns of height
greater than 4, while by using the Levi-Civita symbol
columns of height 3 or 4 can be replaced with columns of
height 1 or 0, so the general Young tableaux have columns
only of height 0, 1, and 2. A traceless tensor with a Young
tableau having n1 columns of height 1 and n2 columns of
height 2 has Lorentz transformation type

ðn2 þ n1=2; n1=2Þ ⊕ ðn1=2; n2 þ n1=2Þ;

so it can only describe massless particles of helicity
(8) equal to �n2. On the other hand, removing the top
row of a Young tableau having n1 columns of height 1 and
n2 columns of height 2 yields a Young tableau with just one
row of width n2, so the massless particles described by such
a field transform under SOð2Þ as a symmetric tensor of rank
n2, and therefore indeed have helicity �n2.
Unfortunately the methods used in this paper are

too inefficient to lead easily to a general proof of this
conjecture.
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Note added.—A general proof of the conjecture made in
Sec. V, extended also to spinor-tensor fields, has been given
by Distler [6]. After submission of this paper for publica-
tion, I learned that a corresponding statement regarding
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Young tableaux was made by Bekaert and Boulanger [7] in
an analysis of the inequivalent covariant differential equa-
tions satisfied by free particle tensor fields. This result for
free fields, including spinor-tensor fields, may also be
implied by results in an earlier online book of Siegel [8].

In contrast, the present work makes no initial assumptions
about free field equations, deriving them as an incidental
consequence of the condition that the invariant Abelian
subgroup of the little group is represented trivially on states
of a single massless particle.
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