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We investigate the appearance of straight infinite Wilson lines lying on the self-dual plane in the context
of the self-dual sector of the Yang-Mills theory and in a connection to the Lagrangian implementing the
maximally helicity violating (MHV) vertices (MHV Lagrangian) according to the Cachazo-Svrcek-Witten
method. It was already recognized in the past by two of the authors, that such Wilson line functional
provides the field transformation of positive helicity fields between the Yang-Mills theory on the light cone
and the MHV Lagrangian. Here we discuss in detail the connection to the self-dual sector and we provide a
new insight into the solution for the minus helicity field transformation, which can be expressed in terms of

a functional derivative of the straight infinite Wilson line on the self-dual plane.
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I. INTRODUCTION

Since the publication of the famous paper on maximally
helicity violating (MHV) amplitudes by Parke and Taylor
[1], there has been an enormous development in methods of
calculating scattering amplitudes in quantum chromody-
namics (QCD), without use of the Feynman diagrams.
Indeed, this direct technique, which is more than a half of
century old, is extremely inefficient when confronted with
today’s needs. Proliferation of diagrams is huge even for
small multiplicity processes. Moreover, individual dia-
grams do not respect gauge invariance leading to large
cancellations between distinct sets of diagrams. In addition,
other more subtle properties of the theory are not utilized.
In particular, the incredible simplicity of the Parke-Taylor
result for the tree-level MHV amplitudes has been recog-
nized as a result of a “geometry” of the theory. It turns out
that these amplitudes are supported on a line in the twistor
space (four-dimensional complex projective space) [2],
which in turn corresponds to a point in Minkowski space.
Therefore, the MHV amplitudes constitute “interaction
vertices” in the Minkowski space. Indeed, arbitrary tree
amplitude can be constructed by gluing together MHV
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amplitudes, what is now known as the Cachazo-Svrcek-
Witten (CSW) method [3]. This leads further to discovery
of on-shell recursion relations [4,5], the so-called Britto-
Cachazo-Feng-Witten (BCFW) method. It allows for con-
structing an on-shell amplitude with arbitrary number of
external legs, from the on-shell amplitudes with less
number of legs where the external momenta have been
deformed to the complex domain. Since the building blocks
are on shell, the recursion is fully gauge invariant. It was
also shown that the CSW method can be viewed as a
particular case of the BCFW recursion [6]. In parallel, the
on-shell conditions for internal lines were also intensively
used to progress in calculation of loop amplitudes and are
known as unitarity methods [7—11]. In recent years, the on-
shell methods have been also intensively studied from a
completely geometric point of view. In particular, it was
recognized that the external data describing scattering
amplitudes (i.e., the momenta in spinor representation
together with momentum conservation) constitute the so-
called positive Grassmannian (see [12] for a pedagogical
review and original references). This leads to the concept of
the so-called amplituhedron [13], whose volume gives
scattering amplitudes in maximally supersymmetric theory.
This concept has been recently extended also to non-
supersymmetric theories [14].

Let us point out that besides exploring on-shell methods
it is also important to study full off mass shell dynamics of
fields. Although for some theories the scattering matrix
(targeted in on-shell methods) can be considered as a
physical object, in QCD it is not the case due to the color
confinement. Therefore, one needs a bridge connecting
physical hadrons with partons. This is usually achieved by
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means of collinear factorization theorems, which utilize
the on-shell scattering amplitudes for the short distance
part of the process and parton distribution functions and
fragmentation functions for the nonperturbative part [15].
They depend however on the kinematics of a scattering
process and not all processes can be factorized into
nonperturbative hadronic wave function and on-shell
scattering amplitude. Notably, there is a large class of
processes occurring at high energies that are described in
terms of so-called kp-factorization [16—18], which utilizes
gauge invariant off-shell amplitudes (equivalent to
Reggeon scattering amplitudes in high-energy kinematics)
[19-23]. Therefore, it is also important to study off-mass
shell correlators and form factors, beyond purely on-shell
functions. Application of geometric methods has been less
intensively studied in that context, but some interesting
results do exist [24-26]. Due to the above, the study of
dynamics of fields in more traditional way, i.e., using
quantum field theory, is also important.

In the present work, we continue exploring the con-
nection of the MHV vertices used in the CSW method
and straight infinite Wilson lines on certain complex
plane, which has been started in [27]. These Wilson lines
emerge as the transformation of the positive helicity
Yang-Mills field appearing in the light-cone action to
a new action where the MHV vertices are explicit.
Such transformations have been studied for the first time
in [28] and further developed in [29-34]. As a first
objective, we explore the connection of this Wilson line
to the self-dual sector of the Yang-Mills theory. The
scattering amplitudes in that sector have been discussed
in detail in the literature [35-39], as well as the inte-
grability of the self-dual equations of motion [40-43].
Despite the fact that there exists rich and mathematically
sophisticated literature on the subject, there is no direct
discussion of the infinite Wilson line discovered in [27]
in that context. The second objective of the paper is to
extend the discussion beyond the self-dual sector. As
mentioned, the straight infinite Wilson line functional
considered in [27] transforms the positive helicity fields
to new fields that constitute the MHV action. Here, we
present an analogous solution for the minus helicity field,
which turns out to be transformed by certain functional
derivative of the Wilson line.

The structure of the paper is as follows. In Sec. II, we
discuss the self-dual sector. We recall the equations of
motion and structure of the tree level currents existing in the
theory. Next, we discuss how the straight infinite Wilson
line emerges as an inverse functional to the generating
function for the solutions. In Sec. III, we extend the
discussion of Wilson lines beyond the self-dual sector.
We find a direct relation of the Wilson line from the self-
dual sector to the transformation of the minus helicity fields
that leads to the MHV action. The last section is devoted to
a summary and description of future prospects.

II. THE SELF-DUAL YANG-MILLS THEORY

A. Classical EOM and scattering amplitudes

Our starting point is the full Yang-Mills action in the
light-cone gauge A" = 0, where the A~ fields (appearing
quadratically) were integrated out from the theory [44]
leaving only two complex fields A, A* that correspond
to plus-helicity and minus-helicity gluon fields. We use
here very convenient so-called “double-null” coordinates
defined as vt =v-p, v” =v -7, v':v-elr, v =v-€]
with the two lightlike basis four-vectors n = (1,0,0,—-1)/
V2, i7=1(1,0,0,1)/ V2, and two spacelike complex four-
vectors spanning the transverse plane ef = % (0,1,+£4,0).
With the above definitions, one can easily raise and lower
indices, taking care of the flip + <> — and * <> ¢, where
the latter causes also the sign change. The action can be
written as

SULIAT AY] = / dxt (LY + £Y9 4 219 4 9,

(1)
where the individual terms in the Lagrangian read
L1914, A% = - / PXTrA'OA*, (2)

L1504, 4%] = —2ig / PXTrO- DA 0 A AT, (3)

£ (4, 4% = ~2ig / PXTOC10,4% (04 A7, (4)
LY A A% = —2g / PXTr[0_A", A*)0-2[0_A*, 4],
(5)

where [0 =2(0,0_ —0.0,). Above, the bold position

vector is defined as x = (x7,x",x*). We denote A=
A,t* as the color algebra element and use the normalization

of color generators that fulfill [t, t*] = i/2f¢1¢. With
this normalization, our coupling constant is rescaled as g —

g//2 comparing to “standard” normalization of the action.
The fully covariant form of the self-dual equations is

P = s, (6)
where F* = QHAY — OA* — ig[A*, A¥] and the Hodge dual
is defined as *F w = —ieﬂwﬁﬁ % The corresponding self-

dual equation in light-cone gauge and upon eliminating the
A~ field reads

A" 4 2igd_[(0210.A%), A"] = 0, (7)
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which can be obtained from the following truncation of the
full action [36]:

C . * C C
SSpvlAT, A*] = / dxt e 4 219 (8)

We are interested in the classical solution to the self-dual
equations of motion (EOM) (7) that gives us information
about scattering amplitudes. The tree-level Green functions
can be extracted by coupling the classical action to an
external current

WA A% J] = SSS) 1A, A +/dx+TrjA* (9)

and postulating the power series solution

ALl =>" / d*yy.dty, B ()
n=l1

X Jo, (V1) d, Vn)- (10)

Above, the current J has been replaced by a current that
accommodates the on-shell pole

Ja(x) =07, (x). (11)

Assuming the currents j, are supported on the light cone,
the momentum space off-shell currents gab-b generated
by the solution (10) correspond to the off-shell currents
similar to the Berends-Giele currents [45], i.e., to an
amplitude of an off-shell gluon with momentum P and
plus helicity (momentum incoming) scattering into n on-
shell gluons with momenta kj, ..., k,. The solution can be
obtained iteratively, see Fig. 1, and reads [37,46]

gl (potp )

*

(1--n)1 1

<

Tr(tatbl ... l‘bn) — —— — , (12)
Ul(1eem) V210327 Uty

where we introduced spinorlike variables following [47]

_ P} p! . r;  p
w=rt(gpe) (gt
J L J i

We use a shorthand notation for the sum of momenta
p1+ ...p, = p1._ The curly braces denote the symmet-
rization with respect to color and momentum variables, i.e.,
pairs {b;, p;}. Here and in what follows we always skip
factors of 2z accompanying conservation delta functions.
The v;;, v;; symbols have the property that in addition to
being directly proportional to the spinor products (ij) and
[ij] (see, e.g., [47]), they can be defined in terms of the
polarization vectors

FIG. 1. The tree-level off-shell currents generated by the
classical solution to the self-dual theory satisfy the light-cone
variant of the Berends-Giele recursion. The plus signs indicate
the helicity of gluons. The vertical double-dashed line denotes the
energy denominator D, = 2(3_", E; — Ep), where the light-
cone energy for a momentum k is E, = kK'k* /k*.

==
e_izgi_un (14)
pi-n

1

as follows:

vy = —(& - k). (15)
This turns out to be important in the context of the inverse

functional to (10) as we discuss in the next subsection.

The off-shell currents ‘i’ﬁb“"b" can be turned into on-

shell —, +,---,+ scattering amplitude by putting the
incoming off-shell gluon on mass shell and amputating
the propagator, or equivalently, the energy denominator

D1...n = 2<Z E; - E(l...n))- (16)
i=1

Above, the light-cone energy

kik:

is equal to the “minus” momentum component obtained
from the on-shell condition kl2 = 0. Since the solution (12)
does not have the 1/D, , factor (it gets canceled—see
Fig. 1), we get zero upon amputation and imposing the on-
shell limit, i.e., when the minus component is conserved.
Thus, the on-shell —, +,---, 4 tree amplitude is zero in
agreement with well-known general analysis.

B. The straight infinite Wilson line

It is very interesting how the self-dual equation encodes
the infinite Wilson line spanning over the transverse
complex plane. Obviously, due to the integrability property
of the theory, the relation to Wilson lines should not be a
surprise [40], but the following exposition is new and quite
elementary.
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Let us consider an inverse functional to (10). First,
note that the kernels W, are functions exclusively of
the three momenta p = (p™*, p°, p*), up to the minus
component momentum conservation delta function
8(py + -+ p, — P7). Therefore, we define the three-

dimensional (3D) kernels gaih "'b”}(P; {P1»....Pn}) using

gy
= 5(p1— 4+ .-

2 DPn})

by P

Pn})-
(18)

P’{plv

We can get rid of the minus component delta function in
(10) by Fourier transforming it with respect to the minus
momentum component,

1(x*; P)

/d3p1 Bp, (P py,
i, (X

ipr).e ( "

AL

Pn})

I
m HMS

iPy)- (19)
We assume that the inverse functional has the expansion

JalAT)(x*:P)

=) [ @pd R p)
n=1

X A%y (x5 py). ATy (X5 py). (20)
Inserting (20) into (19), one finds'
" (P {py, . pa})
8P+ py = P)Tr(s4¢5r . P
— (g1 T JTr( )

”1(1...;1)7’62)(1...,1) U (Len=1)(1n)

Noticing that each of the factors in the denominator is
actually a scalar product of a sum of subsequent momenta
and the same polarization vector (14),

+ i) - €p

G —(p1+ - (22)

it is not difficult to prove [27] that (21) are the momentum
space expansion coefficients of the functional directly
related to the following straight infinite Wilson line along
€} (in the light-cone gauge):

lVit“tually identical calculation has been done in [27] in the
context of a transformation between Yang-Mill action and the
MHYV action. In this section, we repeat these steps referring solely
to the self-dual action.

. . e 1 a
JalAl(x) = /_oo daTr{z—ﬂgt
x O_P exp [ig /oo dsef - A(x + seﬁ)} } (23)

where

e =€t

=eér—on (24)
is a generic polarization vector. Thus, from the posi-
tion space point of view, the functional (23) is the
(derivative of) Wilson line integrated over all possible
directions. However, after passing to momentum space and
integrating over a, the generic polarization vector (24)
becomes &5 .

One may worry that the functional (23) is in contra-
diction with the EOM with the current [compare (7)],

A" +2igd_[(02'0.A°), A1 - ) =0,  (25)

as it contains terms at most quadratic in the fields, whereas
(23) contains all powers. However, the current j in (25) is
supported on the light cone and only the second term in the
expansion of (23), I, contains implicit pole 1/P%. We
discuss this point in Appendix A. In view of the above, the
functional (23) is a more general object than the external
current j, and therefore we rename it as follows:

(26)

The Wilson line (23) has been already recognized in [27]
as the relation between the positive helicity Yang-Mills
field and positive helicity field in the MHV action—we
shall come back to this point in the next section. It is also
worth mentioning that interestingly the kernels I", contain
the same diagrams as ¥, but different energy denomi-
nators; see [27] for details.

Let us now discuss the origin of the Wilson line (23) in
more geometrical terms.

Notice first that this Wilson line lies within the plane
spanned by 7 and e}. It is a null plane, i.e., any tangent
vector is lightlike. It is interesting that this plane is also a
self-dual plane, i.e., any bivector w** = u#v* — u*v# with
tangent vectors u,v is self-dual (such plane is also called
a-plane or f#-plane in the twistor space formulation [41]).
Therefore, any Wilson line lying within the plane is the
functional of the self-dual connection A and one can
attempt to reconstruct the connection from the Wilson line.

A generic Wilson line functional U[A](x, y) depends on
two end points and a path C, and thus cannot be used to
solve for the self-dual gauge field. The trick is now to
choose the simplest possible path crossing arbitrary point
and extending over the whole plane, i.e., the straight line
(see Fig. 2). Let us assume we pick up the line along the
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et-n plane
(self-dual plane)

00

Pexp {z’g dsel-A(z+ ssf;)}

FIG. 2. The inverse functional to the generating functional
for the self-dual solutions is given by the straight infinite Wilson
line lying on the plane spanned by e =eT —an (with
el =1(0,1, 1,0)/\/_, n= (1,0, 0,—1)/\/_) and integrated over
all a (the dashed lines represent tilted Wilson lines due to the
change of a).

vector ¢, defined in (24). In addition to being independent
on the end points, the resulting infinite Wilson line
U,[A](x) is gauge invariant with respect to the small gauge
transformations. Finally, integration over a reduces the
functional U,[A](x) to a functional independent on the path
details U[A](x). One can now find an inverse functional
A[U](x) which is the generating functional for the off-shell
amplitudes. Notice the functional U can be treated here as
the fundamental representation field as it depends only on
color and position. It is the origin of the B* field defined
in (26).

Although the procedure outlined above is quite intuitive,
the detailed mathematical treatment and connection to
integrability of the self-dual sector are beyond the scope
of the present paper.

III. THE MHV LAGRANGIAN

In the previous section, we recalled the self-dual Yang-
Mills theory and showed how straight infinite Wilson line
functional, integrated over all directions, emerges as an
inverse functional to the solution of the EOM. It can be
interpreted as a new field B; in the fundamental color
representation; see Eq. (26).

It turns out [27] that mapping A® — B°[A’] given by (23)
is one of the two Mansfield transformations taking the full
Yang-Mills action to the action with MHV vertices [28].
The second transformation relates the starred fields A* —
B*[A®, A*] and will be discussed in more details below.

A. Recap of the MHV action
The action involving MHV vertices reads [28]

LC) (B Tox
S§SulB. BY]

_ /dﬁ(ﬁ(f? T Ry SR A ¢

where the form of the kinetic term is analogous to the one in
(1) but with A fields replaced by the B fields, whereas the
n-point interaction terms are

™), —/d3p1 A&p, 5 (pr+ - +p,)

s Pa) B} (x*p1)
;P2) B}, (x"ips)... By, (x7ip,), (28)

x VP (py, .
x Bp (x*

with the MHV vertices

by..-by ot (PN s
Ve (P Pa) = ¢ — ) Tr(e...t7)
12
~*4
~k o~k *21 ~% ° (29)
vlnvn(n—l)v(n—l)(n—Z)"‘U21

The Wilson line functional (23) appears here naturally as
a consequence of mapping the — 4 + helicity vertex of the
Yang-Mills theory, which is not present in the CSW
method, to a new free theory of B fields, as proposed in
[28]. This vertex constitutes the self-dual theory as dis-
cussed in the previous section.

Because there are at most two B* fields for arbitrarily
large vertex, we see that the MHV action is almost entirely
occupied by the Wilson lines. Of course, it is the “impurity”
injected by the B* fields that gives the rich structure of the
full Yang-Mills theory.

B. Relation of B* field to infinite Wilson line

The structure of the B* field has not been discussed in the
literature in a more geometrical manner. Actually, only the
functional A*[B°, B*| and not its inverse has been so far
calculated [29], as this is what is needed to derive the MHV
action. Here we are interested in exploring the structure of
the new field B* as seen in the original theory.

In order to find an expression for B*[A*, A*] similar to
(23), we first derive the functional in momentum space as a
power series. This is done in a similar way as for the B*
field (see Appendix B for details). We obtain

B:(xt;P) = A%(x™:P) +Z/d3p1

x sz]{bzmb"}(P;Pl, {p2.- -~
X Aj, (xtipy) -+ A} (x

Pn})A; (x7:p1)
+§pn)v (30)
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¢1-n plane
(self-dual plane)

ds PWp{ig / ds'el-A(x + s/sg)}

x ey -Alz + sef)

FIG. 3. The solution to the B* field can be represented as the
straight infinite Wilson line similar to the one from Fig. 2, but
where one A° field has been replaced by the A* field. Alter-
natively, one can patch the semi-infinite Wilson line with the A*
field, as shown in the figure. The bar over exp function denotes
the functional incorporating the n factor in series expansion,
i.e., exp(x) = xexp(x).

where

T2 (Pipy {pa, -+ pa})

P+ s by-b
L T
1--n

Note that the kernels (31) are very similar to the Wilson
line kernels (21), modulo the prefactor. Indeed, it turns out
that the solution for the B* field has the following compact
functional form in the position space:

B (x) = /_ :" daTr{zitaa:I / Ay A% ()]

g

Pexp [ig /_+oo dsA*(x + ssa)} } (32)

o)
SAL(Y) o
The proof of this formula is given in Appendix C. Because
the infinite Wilson line in (32) is the same as in (23), we can
write the above formula in terms of the functional deriva-
tive of B® field as follows:

o [ [RGB L
By = [ @y N ey, )

where 0_(x) = 0/0x~. From the above formula, it is easy
to see that the momentum space expression (30) with the
kernels (31) indeed satisfies (32). The differential operator
9% (y) /0% (x) will give the momentum-dependent prefactor
in (31), whereas the functional derivative will replace one

A" by A* in the Wilson line B°. For nth term in the
expansion, there are n possibilities to do so; thus, the factor
of nin (31).

Geometrically, the functional (32) is just the infinite
Wilson line patched with one A* field—see Fig. 3. It is
interesting to note that it is natural to think about the A*
fields as belonging to Wilson lines living within the anti-
self-dual plane spanned by &, (recall that the B® lives on the
plane spanned by &). Therefore, the solution (32) looks a
bit like a cut through a bigger structure, spanning over both
planes. Such possible extension of the Wilson line appli-
cation in MHV formalism is beyond the scope of the
present paper and is left for future study.

In the end of this subsection, let us note that from
Eq. (33) one can derive another interesting formula for the
B field. Differentiating (33) over d_(x) and using the
Mansfield’s transformation rule for the A* field [28],

SB:.(x"; N
d_Aj(x) =/d3y5.(4+_?8_3c(x+;y), (34)

AL (x5 x)

we easily obtain the following equation:

/d3y [82'()6)%} {8_()})%} =8 (x—z).

(35)

Integrating by parts over y~, we see that merely the operator
0_(y)/0_(x) is responsible for inverting the functional
derivative of the Wilson line.

IV. SUMMARY

In this paper, we have explored structures in the Yang-
Mills theory that give rise to the MHV vertices in the CSW
formulation. These structures turn out to be functionals of
the gauge fields, directly related to the straight infinite
Wilson lines extending over a complex self-dual plane
spanned by ¢} defined in Eq. (24). Similar Wilson lines
appear in the literature in the context of the gauge invariant
amplitudes with some external partons being kept off shell.

The functionals that involve complexified, straight,
infinite Wilson lines transform the original fields appearing
in the light-cone Yang-Mills action to the fields which enter
the MHV action. The light-cone action involves just two
components of the gauge field that correspond to plus and
minus helicity gluons. The transformation of the plus
helicity field is given solely by the solution to the self-
dual equation of motion. Therefore, we explored in details
the connection between the Wilson line and the self-dual
sector of the Yang-Mills theory. To be precise, we showed
that the Wilson line expression satisfies the self-dual EOM,
when the currents are restricted to the support on the light
cone. Thus, the Wilson line itself represents a more general
object than the self-dual current. We have also found the

094026-6
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explicit compact form of the transformation for the minus
helicity field in position space. This turns out to be given by
the functional derivative of the Wilson line solution, which
effectively replaces one of the plus fields along the line by
the minus field.

There are further possible avenues to follow. One of
them is to investigate further the geometry of the solutions.
The Wilson lines corresponding to the positive helicity
fields live on the plane spanned by the ¢. On the other
hand, one could think of the minus helicity fields as
belonging to the gauge links which live in the plane
spanned by &,. Since the transformation for the minus
helicity field that takes the Yang-Mills theory to the MHV
action involves both plus and minus helicity fields, it
appears to be a certain cut through a bigger geometrical
object which is spanned over both planes. Investigation of

JalAl(x) = /oo daTr{zigtaa_[P’ exp {ig/oo dsef - A(x + sej)]}
_ n _

(Se]

satisfies the self-dual EOM,

DA" + 2igd_[(0-'0.4"), A" = Oj = 0.

To this end, we first Fourier transform (A2),2

e . rabe p ~ e T ~
= PEP) + iaf [ dpidpsd(pi+ - P){p—f . vu}Ab<p1>Ac<pz> - P2,(P),

such possible extensions of Yang-Mills field transforma-
tions is left for the future.
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APPENDIX A: VANISHING OF HIGHER ORDER
TERMS IN THE WILSON LINE EXPANSION IN
THE ON-SHELL LIMIT

In this appendix, we prove that

(A1)

o)

(A2)

: (A3)
1

where P2 = 2(P*P~ — P"P*). Recall that the self-dual solution is expressed in terms of j, currents having the support on

the light cone. Thus, we need to assume P2 0.
The Fourier transform of (Al) is

where

Ja(P) = Z/d4p1---d“pnfﬁ{b""b”}(P; {Prv e DA, (1) A%, (P2)
n=1

=a{by... _54]) +~'-+pn—PTrt“tbl---tbn
ratbrbd (podp L pad) = (—g)"! Py JTr( ).

(A4)

(AS)

~ %

”1(1~-~n)b>(k12)(1~-~n) "

~ %

“Ven=1)(1-n)

Above is the 4D version of the Wilson line kernel (21), cf. (18). In what follows, we skip the color indices for more compact

formulas. For further use, we can write

szn(pl’pb o pn) = _P+Dl»--nf‘n(pl7p2ﬂ ! "pn>?

where

“We follow the Fourier transform convention as in [27].

(A6)

n

(A7)
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where we have used an identity similar to the Schouten
identity for spinor products in the on-shell case. The above
expression holds because the momenta pq,...,p, are
on shell.

Let us now proceed term by term in (A3). Since the first
term in (A4) is A, (P), it cancels out the first term of (A3).
For the second term in (A4), we have

&(p1+pr—P)

— Tr(4tb11b2).
Y1(12)

l:2(1’?1, p2)=-9 (A8)

It is easy to show that the above expression can be
written as

5'(p1+pa -

1:2(171’172) o 0
12

(59
n=3

[/ d*py - d*p,PT,(p1, pa.-

From Eq. (A7), we have

Z

Above, we see that each term in the expansion of P? is
positive definite. Hence, under the limit P? - 0, each term
in (A13) must independently go to zero. Thus,

%
;.

=k

_ p/~
ll]l_E: T Vij

(A13)
i,j= lpl

P2 0= 0,7, >0 Vij (A14)

Pn)A'(Pl)A.(Pz) e

Using (A7), we get

PTy(py. pa) = —igf” bz{
(A10)

Comparing this with the second term of (A3), we see that
they cancel out. An important point to note is that Eq. (A10)
represents a three-gluon vertex where the incoming gluon is
off shell and the outgoing gluons are on shell. When we
impose the on-shell condition, P> — 0, the quantity on the
right side of (A10) represents three-gluon vertex with all
gluons on shell. This we know must be zero. Hence, we have
71, = 0. (A11)
Since we have canceled the two terms present in (A2)
(the ¢° and ¢' terms), we now need to show that

Ay =0 (A12)

P20

I
for splitting P — p;p;, with i, j on shell, is proportional to
v;; (cf. (A10), we must conclude that the on-shell limit is
approached by

v;; >0 V ij. (A15)
This follows from the fact that for n = 2 Eq. (A13) is just
~D1,75,. On the other hand, the fully on-shell three-gluon
vertex iS ~?;, and must be zero due to momentum
conservation. Thus, in the on-shell limit #;, — 0. This
holds for any three-gluon vertex with on-shell legs.

The implication of the expression above (which will be In [27], it was shown that f,,( D1, P2, Pn) can be
useful later) is the following. Since the three gluon vertex  written as
|
Lu(piopas - pa) = (=9)"7 '8 (p1 + ‘|‘Pn_P)D1
V(=1 V1) (1om) T V(n=1)(n— o) (Lo T 02107
« (n=1)%(1 1)(~1* ) ~*( 1)(n-2)0 (1* 2)(1---n) 21711 )7 (A16)
U11-n)P2)(1n) T V(1n=1)(1n)
where
Vi =— ! V= (p_;’_P_;) (A17)
T el b
Using this, we can write
szn(plvp27"'p11):( )n 154(p1+~~-—|—pn—P)2P+
Un Ci -n— —n +o n=1)n—= CH cn— N t+-v CH —n
« (n=1)V(1..n-1) ) ~*( D(n=2)Y(1...n=2)(1---n) 21%101 ). (A18)

(1
11*(

1(1-n) V(12

Y(1en) " 77?1...,,_1)(1...")

094026-8
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It can be rewritten as

szn(P17P27"'Pn) = (_g)n—154(p1 Rl _P)2P+

Un(n-1)

X

vT(l»--n)lN}EkIZ)(lmn " T’?] —2)(1-n)

) n
U(n-1)(n-2)

+= "

— . — + e (A19)
V11 P2)(1n) " V(1 n=3)(1n) Y (1oon=1) (1-n)

Using Eqs. (A11) and (A17), we see that each term in the above expression is zero under the limit P> — 0. Therefore, the
whole expression vanishes in that limit.

APPENDIX B: PROOF OF THE B* FIELD EXPANSION IN MOMENTUM SPACE

In this appendix, we derive the momentum space power series for B* (x*; P) which we postulate to have the following
expansion:

B(x*:P) :AZW?P)+Z/d3pl--'d3pnTZ}"{”2""’”}(P;p1,{pz,---pn})
n=2

x Ay (xFipy)A; (x7ipg) - A} (xFipy). (B1)

where, throughout the derivation, the curly braces represent that the enclosed momenta and color indices are symmetrized.
The goal is to find the coefficient functions Y, which we shall derive for a first few terms and generalize the result.
The A" and A* fields were shown in [27] to have the following power series expansions:

A (x*;P) = By (x";P) + Z/d3P1 e dp B (P {py - pa})
n=2

X B;n (x; pl)E;)z (x*sp2) -+ B, (x";pn)s (B2)
where
albi-b,} pt Uam(1)
W, (Pi{pr-pa}) = ~(=9)"" oo TR
21 Y3)@) m)(n=1) V(1) (1-n)
X 83 (py + -+ pn — P)Tr(t9% - - - 1bn) (B3)
and
AG(x*;P) :EZW?P)+Z/d3pl--’d3pnﬁﬁ"‘{”2""’”}(P;p1,{pz,---pn})
n=2
x By (x*;p1)B;,(x";p2) -+ B}, (xspa), (B4)
with
~abi{byb,} PT 2 sabib
Q, (P;pp{pzw--pn})zn(f )‘I’n‘ "(P;py- - Pn)- (BS)
1-n

The kernel ‘i‘;’h""b"(P;pl -+ Pp) can be written as

@Zblmhn(P;pl P = Z Tr(al---n)¥,(1---n), (B6)

permutations

094026-9
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where the sum is over all permutations of (1 ---n). Above, we have introduced the following notation for convenience:

Tr(al ---n) = Tr(¢4¢5 - - - 1), (B7)

¥ (1... __i _4\n—1 176"'”)“) 53 -P B8
a(l-on) = ——(=g)"" — - (P1+--+pa—P). (B8)

The same notations will be used for the coefficient functions of the power series for B° in the momentum
space, I3 (P;py -+ pu).

To obtain T, we substitute Eqs. (B4) and (B2) in (B1) and equate the terms of equal order. To differentiate the color
indices and momentum variables, we use ¢y, ¢,, - - - ¢, as the color indices and ¢y, g5, - - - ¢,, as momentum for (B1) and,
respectively, d,,d,, ---d, and sy, s,,---s, for (B2) and by, b,,---b, and py, p,,--- p, for (B4).

The first order term is trivial. For the second order, we get

0—/dSQ1d3Q2T;c'{CZ}(P§Q1,{(12})32, (x"5q0)B;, (x5 q0)
+ / Ppd®p 5" " (Pipy. {p2}) By, (x5 1) B, (xF: pa). (BY)

Substituting for Q, using expression (B5) for n = 2, we have

1) iy, (pe)) = =2( 21 ) W027Tr@12) 4 20 (a2 (B10)

Using the result ¥, = —I', from [27], we obtain

+\ 2

“a p a

T3 (Pipy. ) = 2 (,,_Q 0" (Ppy.pa). (B11)
12

For the third order term, we proceed analogously. We have
0= /d3(l1d3(I2d3(l3Tgcl{czc3}(P§ q1. {q2. (13})BZ| (x+§CI1)BZ-2 (x":qz)
x B, (x";q3) +/d3p1d3pzd3psﬁ§b‘{b2b3}(P;ph{pz,ps})le(ﬁ;pl)
x B}, (x*:p2)B), (x1p3) + / P ard a5 (Pray. {a})
x [ / dp1d P25 " " (qr: pi. {p2}) By, (x7: 1) B, (v p2) B, (v o)
+ B () / ds1 s, P51 (g3 {s1.52}) By, (xF181) By, (x332) |. (B12)

Integrating the third term with respect to ¢ and the fourth term with respect to (,, we see each term will have only three
momentum variables. All the terms can be combined into one integral by renaming the momentum variables to ty, t,, t,
and color indices to e, e,, e;. With this, we have

0= / Pyd td B, (x5 4) B, (v ) B (x ) [T (Pt {t, 1) + Q57199 (Pt {ty. t5))
T8N Pty 4 {6, {6 1)Q5 1 (aps ty, {61+ T3 (P, {6 + 60T (3 {ta. t3))]. (B13)

Substituting for 93, Qz, and Tz, we get

094026-10
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Titeoh Pty {th. ta)) = —[Q57 12 (Pyty, {5, ta 1)+ T3 1T (st + {6}, {6195 1 (qus ty, {t2})
FYsE (Pt {ty + )P (g {ty, 1)), (B14)

In order to proceed, we introduce the following notation:
YE(1---n) = (n)¥,(1---n) (B15)

and similar for I',,. This will be necessary to decouple the symmetry factors ! hidden in the kernels from the dynamical part.
Using the notation (B15), expression (B14) can be written, after a bit of algebra, as

T3 Bty o, 10) = () (90023) 4 TR0+ D23 TE ) Tla 23
H(=WB(132) + TB([13)2)T8(13) + TE(1[32))T8(32)) Tr(a132)
H(—WE(213) + TB([21]3)08(21) + B (2[13))B(13))Tr(a213)
H(—WB(231) + TB([23] 1) (23) + T8 (2[31])TE(31)) Tr(a231)
1+ (—WB(312) + TE(31)2)TE(31) + TE(3[12)T%(12))Tr(a312)
+(=W5(321) + TB([32]1)[E(32) + 5 (3[21])IE(21)) Tr(a321)], (B16)

where [ij] = t; 4 t;. From [27], we note that each term on the right-hand side is a permutation of I'§.
The expression (B16) can thus be compactly written as

rae|qeze l+ 2“‘ae ere
T ) it o 10) =3 ) T (), (B17)
123
This can be readily generalized for any n as
+\ 2
cabi{byby} . p =ab, by (1.
T { }(P’Pla{l)z,"'pn}) :”< +1 > F"bl b (P;p1- - Pa)- (B18)
l--n

APPENDIX C: PROOF OF THE EXPRESSION FOR B* IN TERMS
OF THE WILSON LINE DERIVATIVE

In this appendix, we prove Eq. (32), which we repeat below for convenience,

Bi(x) = /_ :° daTr{ziﬂgtaa:l / Y0241 0)] Af(y)lpexp {ig /_ e dsA'(x—l—ssa)]}. 1)

[Se]

For convenience, let us rewrite (C1) as follows:

B (x) = /_ :" daTr{ziﬂg 971G (x) } (2)
where
Glx) = / dy[02 AL ()] Wé(y) Pexp [ig /_ :" dsA"(x + sea)] . (C3)

The functional derivative of the path ordered integral will give a series containing in each term a Dirac delta
(8*(x + s;6, —y)) for the position space variables and a Kronecker delta (65 ) for the color indices. Integrating with
respect to y, we get
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+o0 ~
G(x) :ig/ ds 0> A* (x + s18,) + (ig) / ds1/ dsy{A"(x + s,€,)

x PA* (x + 558,) + OPA* (x 4 518,)A"(x + 5264)} + (ig)? / ds,

—o0

X /Sl ds, /S2 ds3{A"(x + 518,)A" (x + 5,€,) 02 A* (x + 538,)

+ AT(x + 518,) P A" (x + 528,)A"(x + 538,)
+ OPA* (X + 518,)AT(x + 528,)A"(x + 538,)} + . (C4)

The above expression can be rewritten as

+o0 +o00 . - .
G(x":x) = ig/ dsl/ dpy(=ipy e eePAL (xtipy)ihe P
iq)2 e * e 3 3 —is1€4'P1 p—i52€4°P2 p—iX:(P1+P2)
+ (ig) ds, ds, d’p1d°pae e e
—00 —00 —00
x {A} (xtip1)t? (—ip3 )* Ay (xTipa) i + (—ip] )*A} (x5 py)
A (xt: b, N a d o d o d teo B dBo,d>
x A, (xT5pp)t”} + (ig) S 52 53 P1d°p2d”Ps3
—00 —00 —00 -0
X @TiS1€aP1 p—i52€4P2 p—i53€4°P3 p—iX-(P1+P2+P3)
x {4, (xt;py) i Ay (xF;pa)iP2(—ip)*As (x+; pa)i

+ A}, (xFipy) it (=ip3 )2Ap (x5 pa) 12 A (x*:ps)ths
+ (—ip] A (xTip) Ay (x i) Ay (xFipa)iti} 4+ (C5)

where e, = (—a,0,—1) are the (x~,x", x*) coordinates of &,. For the ordered integrals, we have

+oo Sp—1 . . =1
/ dSl . / dsne—tslea'l)l e e Pn — 27[5(ea . pl~~~n) ( - ! - ( —, (C6)

0 © €, P2 T l€)<ea “P3.n T l€) co-(€q Pn + 16)

where Pj.m = Pi + Pit1 + - + Pm-1 + Pm. Substituting (C5) in (C2) and integrating with respect to a, B%(x*;P) in
momentum space reads

N _ oo 5 (P
Bi(x*3P) = A2 (x*;P) + (—g) / &p d3p2("‘2){A;, (x*:p1)
~co 1(12)
Py \+ P\~ .
(—+> A; (xT5py) + <—+> A; (x+;pl)A;,z(xﬂpz)}Tr(t“t”‘th)
P12 P12

oo FP-p T T
+ (=9)? / d’p1d°p,d°ps %{Abl(ﬁ;pl)f‘bz (x5 p2)
- V1123)V(12)(123)

ng 2~ p+ 2
(25) A5, (e%sm0) + A, ) (22) 25 (3p08, (3p)
P23 123
er 2~ - -
+ <p+1 ) A, (x+;pl)A}h(ﬁ;pz)%(ﬁzps)}Tf(t“tb‘t”ztb3) +ooe (€7)
123

An important point to note, which will be useful later, is that the kernels in (C7) (outside the curly braces) are exactly same
as the Wilson line (23) coefficient functions in momentum space (21) denoted by fn(P;pl, ...sPn)- Each term in (C7)
(except for the first term which is unity) can be compactly written in terms of f,,(P; Pi,---»P,). The second term of (C7),
following the notations (B7), (B8), reads
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~ —+o0
Byt Py =2 / PpydPpaT5(12)Tr(al2)

{2 ersmn) (1) s (0w + 2, (evsm) (20) 5, (v (cs)

12 12

Above, renaming (py, b,) <> (P2, b,) in the first term, we get

- +o0 -, ~. p+ 2
B iRy =2 [ dpidpaA () () (p—) [y (12)Tr(al2) + LD Te(@l)).  (C9)
—00 12
Compactly, we have
~ +oo ~ ~ P21\ zabb
B P = [ @pidpa, (o)A, (e ip) {2(p+> ot 2<P;p1,p2>]. (C10)
—00 12

We see that the expression in the square bracket is exactly T, of (31).
The third term of (C7) is

~ +oo ~
Bi( P = @) [ d3p1d3p2d3p3r3<123>Tr<a123>{A;l<x+;p1>

—0o0
+

P3
<Ay, <x+,p2>(

+
* p *
) Ap (r+ipa) + A (x ,pl>< ) Ap (v*:p2)
P123 P

123
+

2
P -~ ~. ~.
L ) Abl<x+;p1>Ab2<x+;pz>Ab3<x+;p3>}. i)

123

x Ay (xT;p3) + <

Above, renaming the variables such that we have ;\;l (xT;py) in all the terms, we get

~ +o0 - -
[Ba(x":P)]3,q = (3!)/ d3P1d3P2d3P3AZ, (x5 p1)A, (x5 p2)

X A.b3 (x*;p3) (%) 2[Iﬁ3(123)Tr(61123) +I'3(213)Tr(a213)+1'3(321)Tr(a321)]. (C12)

Exploring the symmetry with respect to the pairs (b,,p,) and (b3, p3), keeping (b, p;) fixed, we rewrite the above
expression as

- +oo - -
Bt Py = (31) / Ppydpydpat (x:py)A; (x*:pa)

+

<. p
x A}, (x5 p3) (Tl

2N 1
) [—F3(123)Tr(a123)+—F3(132)Tr(a132)
123 2 2

1 1 1 1
+5T3(213)Tr(a213) + 5 T5(312)Tr(a312) + 5 T3(321)Tr(a321) + Er3(231)Tr(az31)] . (C13)

Compactly,

Bty = [

—o0

+\ 2
' we 5o 14
d3P1d3P2d3P3Ab] (x+;pl)Ab2(x+;p2)Ab3(x+;p3) [3 <—p+1 > Fab b2b3(P P1. P2, P3)} (C14)
123

Comparing with (31), we see that the expression in the square bracket is T3.
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The nth term of (C7) is

~ —+00
(B2 (x+: P)] :n!/ &py - dpyL, (12 n)Tr(al2---n)

—00

- < Pn \5.
X {Ab, (x3p1) - A, (x5 Pac1) <pT> Ap (x5 Pn)

1-n

+ N2
~e Py . e
+ A, (x75py) - <p+ l> Ay (xipa-1)A;, (XTipa)

Ln

+ \2

p A * 1° A°

+-+ <p+] ) A} (xTip1)A}, (x 7 p2) - .A,,”(x’L;pn)}. (C15)
1-n

We introduce the following notation for convenience:

+\2
<pp+’ ) = A, (C16)
1n

Renaming each of the n terms in (C15) such that we have A;] (xT;py) and A in all of them, we get

Bl =t [Ty dpadis B
x [[,(12---n)Tr(al2---n) +T,(213---n)Tr(a213---n) + - -
+0,((n=1)2---(n=2)1n)Tr(a(n —1)2--- (n —2)1n)
+I,(n2---(n=1))Tr(an2--- (n—1)1)]. (C18)

The above expression has n terms in the integral. Each term has symmetry with respect to the pairs (b, py) - - (b2, P2)-
Thus, keeping (b, py) fixed, each term can be written as a sum of (n — 1)! terms (all permutation of 2 - - - n). With this, we
get

- +o0 - - 1
Bor P = ) [y i B
—o n—1)!
x> Tr(al---n)T,(1---n). (C19)
permutations
Compactly, we have
~ +0o0 ~ ~
Bile ) = [ @by g, (60 ()
~. n p-li_ 2~abl“'bn X
X A, (xTipa) (7| — n (PP pa) |- (C20)
l-n

The expression in square bracket is exactly (31). Thus, we have proven that the position space functional (C1) corresponds
to (30) with (31), upon transforming to momentum space.
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