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Magnetic field dependence of nucleon parameters from QCD sum rules
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Finite energy QCD sum rules involving nucleon current correlators are used to determine several QCD
and hadronic parameters in the presence of an external, uniform, large magnetic field. The continuum
hadronic threshold s(, nucleon mass my, current-nucleon coupling 1y, transverse velocity v, the spin
polarization condensate (go1,¢), and the magnetic susceptibility of the quark condensate y,,, are obtained
for the case of protons and neutrons. Due to the magnetic field, and charge asymmetry of light quarks up
and down, all the obtained quantities evolve differently with the magnetic field, for each nucleon or quark
flavor. With this approach it is possible to obtain the evolution of the above parameters up to a magnetic

field strength eB < 1.4 GeV>.
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I. INTRODUCTION

The influence of external, strong magnetic fields on
hadronic and quantum chromodynamics (QCD) properties
is an active research field. There are two important physical
scenarios involving these extreme magnetic fields, i.e.,
peripheral heavy ion collisions and compact stars such as
magnetars. Several methods have been employed in order
to extract the magnetic evolution of various quantities, e.g.,
masses, coupling constants and QCD vacuum condensates.
These are, among others, lattice QCD, linear sigma model,
Walecka model, Nambu—Jona-Lasinio model, functional
renormalization group and QCD sum rules.

Lack of experimental data makes it imperative to explore
different perspectives for a better understanding of such
systems. There are a few open questions in this field, e.g.,
the magnetic behavior of vacuum condensates. However,
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there is a consensus with respect to the existence of
magnetic catalysis of the chiral condensate at zero temper-
ature [1]. For this reason, the chiral condensate at finite
magnetic field can be considered as a reliable input in
several analyses. The magnetic behavior of other conden-
sates, e.g., the gluon condensate, is still not well estab-
lished. However, there seems to be a reasonable consensus
within a certain region of the magnetic field strength [2,3].
In the case of new condensates appearing in the presence of
an external magnetic field, the main object is the polari-
zation tensor condensate (go,,q). All approaches agree on
the linear behavior of this object for weak magnetic
fields [1,4].

The baryon sector, in particular the nucleon case, in
magnetic fields has been less explored. As aresult, there are
several pending issues. For instance, the magnetic behavior
of the nucleon mass is unclear. In fact, different approaches
lead to different behavior. Some models lead to an
increasing mass with increasing field, others lead to the
opposite behavior, and still others suggest no significant
magnetic field dependence [5-9].

QCD sum rules have been used to study magnetic field
effects in baryonic systems. Early work was focused on the
determination of the nucleon magnetic moment in the

Published by the American Physical Society
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presence of new condensates [10]. This procedure was later
extended to the full baryonic octet [11]. These approaches
considered only linear magnetic field dependences, and
included the new condensate. We consider here finite
energy QCD sum rules (FESR) in an external magnetic
field to obtain the behavior of various QCD and hadronic
parameters. The analysis is not restricted to linear magnetic
field dependences. These sum rules allow for the extraction
of information about the hadronic continuum threshold s,
the current-nucleon coupling 1, the transverse velocity of
nucleons, the polarization tensor of the condensate, the
magnetic susceptibility of the quark condensate, and the
nucleon masses. For this purpose, techniques used in
previous work are implemented [2,12,13].

This paper is organized as follows. In Sec. Il we present a
brief introduction to FESR, and their application to the
vacuum correlation of nucleonic interpolating currents.
Section III is devoted to the introduction of an external
magnetic field, specifying in detail the changes in propa-
gators, correlator structures and the corresponding mod-
ifications induced in the FESR. In Sec. IV we present the
set of QCD sum rules together with the numerical analysis.
The article ends with the conclusions in Sec. V.

II. VACUUM FESR
A. Brief description of FESR

The FESR involve current-current correlators in momen-
tum space I1(p?) multiplied by some analytic kernel (for a
review see e.g., [14]). These correlators are integrated along
a closed contour consisting of a circular path in the complex
plane s = p?, skipping the singularities and branch cut that
lie along the real positive s plane (the pac-man contour)
[2,12,13]. From Cauchy’s theorem the contour integral can
be expressed as

1

%Aso dsK(s)ImII(s)|jpaq = 2_—7”% dSK(s)H(sNQCDv (1)

So

where K (s) is an analytic kernel, usually a power of s, and
the integration path on the right hand side is a circle of
radius s,. This expression encapsulates the notion of quark-
hadron duality, with hadronic information along the pos-
itive real axis being related to QCD on the circle. One of the
advantages of FESR with respect to other sum rules is that
they provide a projection of vacuum condensates of a given
mass dimension for each power of s.

B. Nucleon FESR

The issue of the correlator involving two baryonic
currents was pioneered in [15]. Subsequently, a different
baryonic current was considered in [16—-19]. However, this
latter version implies that the correlator receives no con-
tribution from the lowest order chiral symmetry breaking
operators. We shall use here the proton interpolating current
of [15]

ny (x) = e¢[(u)" (x) Cru® (x)]ysd(x).  (2)
where C is the charge conjugation matrix given by
C = iyyy». For the neutron case one exchanges the quark
flavors, i.e., u <> d. In the hadronic sector 7(x) is defined as

Ol (x)IN(p. 5)) = yu(p. s)e'™™, (3)

with 4, the current-nucleon coupling, a phenomenological
parameter a priori unknown, and u(p,s) is the nucleon
spinor. The interpolating function can then be expressed in
terms of the nucleon field as 7y (x) = Ay¥y(x), and the
two-point function is

M(g) = i / Fre O TyR0)0). (&)

In the vacuum, this correlation function involves two
independent structures

(q) = 411, (¢*) + I (4%). (5)

This correlator obeys the operator product expansion (OPE)
in the QCD sector. This includes a perturbative contribution
associated to a two-loop Feynman diagram, in absence of
radiative corrections, as well as a power series of non-
perturbative condensates, led by the chiral-quark and the
gluon condensates.

In the chiral limit, neglecting radiative corrections, the
structures I1; and I, in Eq. (5) of the correlator in the QCD
sector are [15,20-22]

I, (s) = — s?In(=s/1?) — L (a,G?) In(—s/1?)

64n* 3273
2(qqqq) (Os) (Oyp)
3 + Cg 2 + Cio 3 + ..., (6)
_ 1 (a,G*gq)
_ _ 2\ _ s 117
H2(S) - 4]_[2 <qQ>S1n( S/IJ ) 127[ s
(@) O
+c;<sz9>+cql<s;‘>+..., (7)

where v is the dimensional regularization scale, and the
correlator components in the hadronic sector are

By —2m
() =0 ) = AT g
N

Integrating the two components of the correlator in
Eq. (1), and using the FESR kernel K = 1 there follow
two equations relating the hadronic to the QCD sector

s3 S 2
=0+ 2 (a,G?) + 2 (3944). 9
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s2 1 _
8—722<f161> +@<%G26]61>‘ (10)

Bmy = —
Invoking vacuum dominance for the four-quark condensate
in Eq. (9) and for the mixed quark and gluon condensate in
Eq. (10), a nucleon mass my = 0.94 GeV, the quark
condensate (gq) = —(0.24 GeV)? and the standard value
of the gluon condensate (a,G*) = 0.037 GeV* [14], we
obtain the values of the current-nucleon coupling Ay =
0.017 GeV? and the hadronic continuum threshold
so = 1.26 GeV>.
The next step is the evaluation of the FESR in the
presence of a constant and uniform magnetic filed.

III. MAGNETIC FIELD EFFECTS
A. Propagators

The fermion propagator in the presence of a constant and
uniform magnetic field can be written as a power series in
gB [8]. Taking into account the anomalous magnetic
moment term L, om = —%K‘GﬂyF”” the fermion propagator
becomes

3 oy (p) +m)
(45) (p* —m? + ie)?

(7 +m)[pl = pL(p) —m)]

i(p +m)
p>—m? +ie

S(p) =

+2i(¢B)’ (p? —m? +ie)*
i(p+m)on(p+m)
— (kB) (7 —n 1 ic)? o (11)

where only relevant terms are considered, and o,, =
%[yﬂ, 7, is the Dirac antisymmetric tensor.! The mass 1,
charge g and anomalous magnetic moment k correspond to
the respective particles. The charges are e, = e for protons,
e, = 0 for neutrons, e, = 2¢/3 for the u quark and e; =
—e/3 for the d quark. The magnetic anomalous moments
are k, = 1.79uy for protons, x, = —1.91uy for neutron
[23] and x = 0 for quarks, with puy = e/2my being the
nucleon Bohr magneton.

In the case of nucleons, the spatial asymmetry generated
by the presence of the external magnetic field will be
reflected in the effective nucleon propagator by considering
a transverse velocity term. The external momentum in the
nucleon propagator is written as p = p| + v, p,. The
particle velocity is a medium effect, often considered in
pionic dynamics [24-26], and smaller than the speed of
light. In the case of massless particles v is simply the
transverse velocity of the particles [24].

'Notice that in the literature 0, 1s often defined with the
opposite sign. This will produce a change in the sign of the

condensates (Go»q).

B. Correlators

The most general decomposition of a correlator is
given by

I = HS + iYSHP + }/MH/\‘/ + ynyHZ + 6/41111;]4"1/7 (12)

where the subindices refer, respectively, to scalar, pseudo-
scalar, vector, axial-vector and tensor structures. If no
topological anomalies are present, then IIp = 0. In the
vacuum, there are only scalar and vector contributions, with
I[Ig = I, and ITj, = p*II;. In the presence of an external
uniform-electromagnetic field, the most general combina-
tions of the vector, tensor and axial-vector components
involve p,, 9., €443 and F,,, on account of the correlator
being parity even. For the case of a constant external

magnetic field aligned along the third coordinate, the

electromagnetic strength tensor can be written as
F, = Be/f,,, where the perpendicular, antisymmetric tensor

is defined as e,}v = €gy,3- The most general decompositions

of the vector, axial-vector and tensor structures in Eq. (12)
are given by

I, = pfTIy, + pl{TI + p/{ T, (13)
1
I = ¢ + (pllpY — ptp/ Ty
~ ~ ~ || L
+(Plp1 = PP (15)

where pf| =¢\"p,. ]”)"“ = eﬁa Pa» With the parallel antisym-
metric tensor defined as €|’ =3¢ Pe ;= . In this
work we consider the structures Tlg, TI),, IT¢ and IT#, in
order to compute the FESR.

Usually in the literature the structure decomposition of
the correlator is expressed in terms of combinations of

external momenta and Dirac matrices [10,11], which are
related to the above structures by

F;w(pblw + Gﬂvﬁ) = 4B]/”7/5[~7ﬁ, (16)
iF,(P"7 = p*r")r=Bo,, (B p - PP+ P p?). (17)

which is the axial-vector function I1, in Eq. (16), and a

combination of tensor components ﬁgl and IT7 in Eq. (17).

C. QCD contour integrals

The advantage of FESR lies on the natural truncation of
the nonperturbative OPE series when integrating around the
circle in Eq. (1). To visualize this truncation in the presence
of external magnetic fields we denote by II,, the correlator

term of order B". Then, one has I1,,(s) ~ 2 TIy(s). This is
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easily understood in the chiral limit [12] as the only scales
available are s and e¢B, and the corrections to the vacuum
correlator will be of order (eB/s)". However, there are
infrared divergences, which can be handled by including
quarks masses. In fact, quarks acquire magnetic masses
even in the chiral limit [2,13].

Considering nonlogarithmic contributions, the general
structure of a Feynman diagram will be TII(s)~
f f(x;)/[s = M?]", where f is some analytic function, n
is any integer number, and the integral in terms of Feynman
parameters x; is defined as [, = [} dx;...dx8(x; + - -+
x; — 1). The mass term, if one considers equal quark masses,
is defined as M? = m? (% +t ﬁ) Integrating around
the circle of radius s, before integrating in the Feynman
parameters, one obtains

fame | 5 e

—owa (07 [ osu-ar sty

(18)

where the usual step function is denoted as 6(¢), and we
define a discrete theta function §; = 1 for j > 0 and 6; =0
for j < 0. Therefore, the magnetic field powers that partici-
pate are limited by the powers of s in the FESR kernel.

The other kind of integrals contain logarithms. Hence,
we first integrate around the contour obtaining

ds N-1 s" 2
]{27” [/f In(—s + M?)

/ B(s0 — M) (x5 — (M) +1),

“N+n (19)

valid of course for N + n > 0.

This is a very useful technique to handle infrared
divergences without the need for integrating the
Feynman parameters in the full correlator. Once we
integrated along the contour, the Heaviside function (s, —
M?) will provide limits of integration to the Feynman
parameters. Hence, an expansion in terms of mé /o can be
performed to the lowest order leading to logarithmic
corrections. These logarithmic contributions are strictly
magnetic, thus vanishing for B = 0. More details are given
in Appendix B.

From the above magnetic power counting, and for sum
rules with kernel K = 1, it follows that the perturbative part
in Eq. (9), and the dimension d = 3 condensate contribu-
tion in Eq. (10), will have direct magnetic contributions.

It is important to mention that although there is no
contribution of dimension-five operators in vacuum, there
will be such contributions in a magnetic field. For instance,
this happens in the analysis of [10] involving the axial-
vector and the tensor structures in Eq. (12). However, they

are expected to be negligible for the magnetic field
strengths consider here.

IV. RESULTS

The magnetic FESR involving HU,, [, g and IT#, in
the frame p, = 0, are as follows:

3

ali +—= o (a,G?) +

2

2 s
= (u)* + L1 e,e4B?

P92t 3278 3 o
+ L5 (e, BYIn(s, /8m3) 1]
o (e [8In(s, /8m3) ~ 9, (20)
Ayvp = % 7+ 373 (@G + 2<MM>2 +Lp4€uede
1920% * 30,0 3 e
_%(euB) [In(s,/8m2) — 1]
~ gez (€aB)*[BIn(s,/8m3) — 9], (1)
2 sp 1 5 sp
Apmy = T2 5 (dd) +E<a G?)(dd) + o L e,B{do,d)
¥y (e,B)in(s, /m?) ~ 1](dd), 2)
_12% 4;% (doyd) + zfszp (ddy,  (23)

respectively, where s, is the proton continuum threshold,
A, is the current-proton coupling, v, is the proton trans-
verse velocity and «, the proton anomalous magnetic
moment.

The FESR for the neutron correlator are the same as
above, except for the change in flavor d <> u and p < n.
Details of the derivation of the above results are given in
Appendix A.

The only new entirely magnetic condensate is the spin
polarization one (go,g), often referred to as the anomalous
magnetic moment condensate. From Eq. (23) it is easy to
obtain the quark susceptibility at zero magnetic field,
defined as y, = (go129)/e,B(qq). At B =0, Eq. (23)
gives y,4(0) = —=5.50 GeV~? from proton FESR, while
using neutron FESR we find y,(0) = —3.83 GeV~2.
These results are in a good agreement with expectations
(see [4] for a literature review on y,). The main difference
with other determinations is that we do not assume
flavor independence. Averaging these two results gives
74(0) = —4.67 GeV~=2.

p

A. Inputs

The first input is the quark condensate as a function of an
external magnetic field, as obtained in [27], fitted with a
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Padé approximant. Next, the gluon condensate determined
in [2,3] shows a minor dependence on the magnetic field,
so it is assumed constant. Next, the (average) light quark
mass in vacuum, following from the Gell-Mann-Oakees-
Renner relation, is m,(0) = 6.05 MeV, ata scale of 1 GeV.
The running values from logarithmic terms have negligible
importance in the presence of magnetic fields. Finally, for
the third input we consider two scenarios. The first one is to
take as input the nucleon mass in order to obtain the
condensates (go,q). The second possibility is to consider
a constant magnetic susceptibility of the quark condensate
in order to obtain the nucleon mass.

For the nucleon mass at finite magnetic field there are
different behaviors in the literature. Effective models such
as the Walecka model, or the linear sigma model or other
quark-hadron models, give either increasing masses with
increasing magnetic field [6,8], or no significant variations
[5]. Other models, assuming hadron masses as the sum of
constituent quark masses, lead to a decreasing nucleon
mass [7,9]. Given that all these different evolutions do not
change drastically the final results we keep the nucleon
mass constant.

In the case of a constant magnetic susceptibility, one can
obtain the magnetic dependence of the nucleon mass for
weak magnetic fields.

B. Numerical results

We proceed to solve the set of four equations obtained
from the FESR, Eqgs. (20)—(23), considering first a constant
nucleon mass.

Figure 1 shows the continuum hadronic threshold,
so(eB) for the nucleon correlators, i.e., for proton and
neutron. The upper value of s, is chosen below the
production threshold of the nucleon resonance N*(1440),
which is not part of this analysis. This truncation is a

s [GeV?]

T T T il

1.9F k

16f

1.4F

1.3F

-
——

Co o 0 b
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
eB [GeV?]

FIG. 1. Continuum hadronic thresholds s, as a function of the
magnetic field for the proton (solid line) and the neutron
correlator (dashed line).

An [1072 GeV3]
26FT T T T T T T T T T T e e T T T

2.4+
2.2+

2.0+

I STt L
0.00 0.02

L L L L Il L L L Il L L
004 006 008 010 012 0.4
eB [GeV?]

FIG. 2. Current-nucleon coupling for the proton (solid line) and
the neutron (dashed line) as a function of the magnetic field
strength.

standard, and convenient procedure in QCD FESR applica-
tions. Since the pole mass of the N*(1440) is about 1.37 GeV
[28], then we consider eB < 0.07 GeV? for the proton
correlator and eB < 0.14 GeV? for the nucleon case.

The magnetic behavior of the current-nucleon coupling
Ay, 18 shown in Fig. 2 for the proton and neutron. We can see
that the increasement in the current-nucleon couplings is
definitely non-negligible, and the change can be larger than
50% of their initial values. The correlator of two nucleonic
currents at finite temperature has been explored in [29].
Contrary to what happens in magnetic fields, the temperature
dependence of the current-nucleon coupling Ay (T') turns out
to be a monotonically decreasing function, vanishing at 7'...

In Fig. 3, we observe the change of the transverse
velocity v, for protons and neutrons, as a function of
the magnetic field. Both cases have a decreasing behavior
and they are always less than the speed of light as it is
expected.

oe“"— v vy
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

eB [GeV?

FIG. 3. Transverse velocity as a function of the magnetic field
strength. Solid line for proton and dashed line for neutron.
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(qo12q) [1073 GeV?3)

57 T T P |
r u -
L - 4
4+ P ;.
[ _ ]
-~
r ~
3+ - .
r -~
r -
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2:’ /// ]
[ -
L -~
1E -~ J
L //
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[ .-
0
-1F ]
: d ]
2L ]
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
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FIG. 4. Magnetic behavior of the spin polarization condensate
(also known as anomalous magnetic moment condensate)
(go124q) as a function of the magnetic field. Shown are up-quark
(dashed line) and down-quark (solid line) terms.

In the QCD sector, we determinate the magnetic behav-
ior of the spin polarization condensate (go,¢), and it is
shown in Fig. 4. The up and down quarks exhibit opposite
behavior. This is to be expected since they have a different
electric charge. The behavior of our result is in agreement
with results found in the literature [4,30].

The magnetic susceptibility for u# and d quarks is
essentially constant as can be appreciated in Fig. 5 for
almost the whole range of values of the magnetic field
strength. This means that one can consider a constant
magnetic susceptibility as a good approach for low mag-
netic field. If we consider a constant magnetic field
dependent nucleon mass, the behavior of the magnetic
susceptibility does not have a significant change, remaining
almost constant for lower values of the magnetic field. This

Xq [GeV~2]

L o ————— —_——— 4

-4.0fF ]

_5.0L ]

]
_e_o\d —

I S S RS SR | I PR S S B T |

L L L L L L L Il L L L
000 002 004 006 008 010 012  0.14
eB [GeV?]

FIG. 5. Magnetic susceptibility of the quark condensate for the
down-quark (solid line) and the up-quark (dashed line) as a
function of the magnetic field strength.

leads us to speculate about what kind of information can be
obtained considering a constant magnetic susceptibility,
because in this case we have an extra input.

If we now consider the condensates (Goj,q)~
e,By,(0){(gq) for a given value of the magnetic susceptibil-
ity, we can reduce the number of inputs and therefore obtain
the evolution of nucleon masses at low B. Using the values
obtained at B = 0 from Fig. 5, i.e., y4(0) = —5.50 GeV~2
and y,,(0) = —3.83 GeV~2, the resulting nucleon masses are
shown in Fig. 6. The maximum values of the magnetic field
are obtained by imposing the variation in magnetic suscep-
tibility in Fig. 5 to be less than 0.05 GeV?>.

The behavior of the nucleon masses agrees with that
obtained from lattice QCD results [9] leading to an
increasing proton mass and a decreasing neutron mass at
low B. However, these results are focused in the high
magnetic field region. The increase of the proton mass
agrees with results obtained in [8] from considering the
anomalous nucleon magnetic moment. It is important to
remark that the definition of nucleon mass might change
substantively in different approaches. For that reason we do
not compare with results that take the mass as the minimal
energy in the lowest Landau level.

It is worth mentioning that for the proton case it is not
possible to extend the numerical evaluation for eB >
0.04 GeV?, thus highlighting the importance of magnetic
effects for the full (go,¢) condensate. On the other hand, for
eB > 0.12 GeV? the neutron mass exhibits an inflection in
the curve and starts to grow with the magnetic field. However
at this point, the results are unreliable.

The magnetic behavior of the nucleon mass is quite
different from that at finite temperature [29] where it
remains approximately constant in a wide range of temper-
ature, increasing sharply near the critical deconfinement
temperature T'.

mpy [GeV]

0.96/- p ]

0.94-

-~

0.92-

L -
0.00

L - L
0.01

0.02

T - -
0.03

L - -
0.04

eB [GeV?]

FIG. 6. Proton and neutron masses as a function of the magnetic
field strength.
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V. CONCLUSIONS

Different nucleon parameters were determined using
FESR for nucleon-nucleon correlators in the presence of
an external uniform magnetic field. The evolution of the
quark condensates, as function of the magnetic field and the
nucleon masses, was considered as an input. The magnetic
evolution of the quark condensates is one of the main and
direct contributions for the magnetic evolution of the other
parameters, in contrast to the case of magnetic evolution of
nucleon masses which produces a minimal impact.

The obtained threshold which delimits the quark-hadron
duality was calculated for protons and neutrons obtaining
different growing values. The maximum values must be
smaller than the mass pole of next nucleon resonances in
order to avoid the incorporation of them in the spectral
function. This limit provides a maximum magnetic field
allowed in our approach of eB < 0.07 GeV? ~ 3.6m2 for
the proton channel and eB < 0.14 GeV? ~ 7m2 for the
neutron channel.

The quantities that can be obtained are the current-
nucleon couplings Ay, which grow with the magnetic field,
signaling a stronger confinement of quarks inside nucleons
and can increase by more that 50%. The transverse velocity
v, decreases with the magnetic field as expected, being
smaller than the speed of light. The magnetic moment
condensates (go,q) is another quantity obtained, being in
good agreement with the expected behavior from other
models. From this quantity, the magnetic susceptibility of
the quark condensate y, can be obtained, with the interest-
ing behavior that it is almost constant for most of the
allowed range of values of the magnetic field. The main
difference with many other determinations is that we have
not considered the same magnetic susceptibility for the two
light flavors, and in fact the result show they are different.

In particular, the magnetic susceptibility at B = 0 can be
compared with many other works and it is in good
agreement with the range of values of other results.
Since y,(0) can be calculated independently of the other
sum rules equations, it is possible to obtain the nucleon
masses for low magnetic field by keeping y,,(0) as an input,
valid for low values of the magnetic field. As a result we
obtain a behavior that agrees with lattice results, namely
that proton mass increases for low B and neutron mass
decreases. The increasing proton mass numerically coin-
cides with an analysis in the frame of Walecka model when
nucleon anomalous magnetic moment is included.

The increasing of the hadronic threshold and current-
nucleon couplings was expected from previous determi-
nations, although every channel in principle behaves
independently, but it is an insight of stronger confinement.
The different behavior of the nucleon masses represents an
interesting scenario. Although it is valid for a lower
magnetic field, we are talking about eB < 1.8m2 for
protons and eB < 3.6m2, it is strong enough for magnetic

field in magnetars. This is an interesting scenario, worth-
while to be explored including baryonic density effects.
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Note added—In [9] the mass reported corresponds to the
minimum energy in the lowest Landau level, and the
behavior of the proton mass is not clear in the low magnetic
field region we are considering. If we take the minimum
energy, the tendency then is to diminish with the magnetic
field for both nucleons, in agreement with lattice results.

APPENDIX A: MAGNETIC CORRELATORS

This appendix deals with current correlator terms in the
presence of an external magnetic field. Magnetic field
insertion is the name given to the individual propagators
from Eq. (11). They are expressed in powers of B/ (p?—m?),
and diagrammatically correspond to a single, double,
or higher number of external lines, depending on the power
of B. Figure 7 shows all diagrams with magnetic field

SiSas:
ASaS
ASAS

FIG. 7. Nonvanishing Feynman diagrams with magnetic in-
sertions used in this work. The diagrams correspond to proton-
proton propagator. The case of neutron correlator is the same but
interchanging u < d lines.
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insertions, including propagators. The relevant diagrams are
the one-loop ones, corresponding to the dimension-three
contribution in the OPE (quark condensate), i.e., diagrams
(a) to (d). The perturbative ones in the OPE are two-loop
diagrams (e) to (i). Notice that we do not include two-loop
diagrams with one magnetic field insertion. This is because
they only contribute to the axial component of the structure
decomposition in Eq. (12). This is not considered here. Also
notice the vanishing of one-loop and two-loop diagrams
with one magnetic insertion, with the top u propagator and
one magnetic insertion from the bottom u propagator.
Finally, we only consider contributions to the correlators

1, ITy and I1; from Eq. (12), as well as HU, and I1y; from
Eq. (13),and H% from Eq. (15). Results are expressed in the
frame p2 = 0, with pﬁ = .

1. One-loop diagrams

The correlator corresponding to diagrams involving
operators of dimension d = 3 is given by

4
II= l‘/%tr[}’ysu(k)}/vcsu(q - k)C]

x y*[{dd) + o12{doad)]y". (A1)
This correlator corresponds to the proton diagrams (a) to
(d) in Fig. 7. Notice that the only condensate is the one in
the d line. This is because when cutting the top or bottom u
lines the correlator vanishes after performing the trace.

The first new contribution is that of the spin polarization
condensate, also entering the diagram without magnetic
field insertion. It contributes to the tensor part in the
structure decomposition in Eq. (15),

1 _
H%(O) =~ ZSIH(_S/’/Z)(dGlzCD,

247 (A2)

where the subscript (0) indicates that it is of order B. This
contribution does not involve magnetic insertions, with
magnetic effects implicit in the spin polarization condensate.

Diagrams (a)+(b) give a contribution to a scalar and to a
tensor component

e,B -

HS(a+b) = - 222 1“(—5/’/2)<d0'12d>’ (A3)
ellB 7

H%<a+b> = Wln(—s/zﬂ)(dd). (A4)

Diagrams (c)+(d) generate a contribution to a tensor
component, not considered here, and a contribution to the
scalar component which gives

4 1—x 1
Hs(cqa) = —;(EMB)Z/

———— (dd),
3x pz—./\/l%< )

(AS)

with M; = mZ/x(1 — x). This last equation vanishes in the
chiral limit. Hence, it is not necessary to keep the quark
mass in the denominator to regularize it. Details of the
integration in Feynman parameters is given in Appendix B.

2. Two-loop diagrams

The perturbative correlator corresponding to two-loop
diagrams is

4 4
M=12i / %%U[mu(k)nc&(p)ﬂ

X 7"Salq =k = p)r. (A6)
Diagrams (e) and (f), as well as diagrams (g) and (h), give
the same result. All diagrams from (e) to (i) contribute only
to the vector component of the correlator.

The parallel vector components are

e, e B

|
Iy =— o In(-s), (A7)
(euB) [
My = — o ) drdyin(=s+ M3)
4
1-—
A y)zs’ (A8)
(xy +yz + zx)
| _ _(eqB)* [1
My, =-— ), dxdyIn(—s + M3)
2xy*(1 = y)z = x%y’2? (A9)
(xy + yz 4 zw)?
with M5 =mg(+{+ 1 and z=1-x~y.
The perpendicular vector components are
me =l (A10)
Vietf) = 9 "Vliet+f)’
L —
HV(g+h) - _HV(g+h)’ (A11)
— _1ql
M) = =TTy (A12)

The quark mass entering the logarithms of diagrams (g),
(h) and (i) is kept finite in order to regularize infrared
divergences.

APPENDIX B: FEYNMAN PARAMETERS

Integrating the QCD contributions on the contour in the s-
plane leads to integrals involving Feynman parameters, as
described in Egs. (18) and (19). The quark mass regularizes
infrared divergences entering diagrams Figs. 7(c), 7(d), 7(g)
and 7(h), as described next.
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1. One-loop diagrams

Diagrams with a quark condensate are one-loop. From
Eq. (18) they are written as

ds 1
oo = [ dndydlc+ y = 10050 = M),
50 <701 0

(B1)

with Mj = mg(;+1), and f(x,y) an analytic function.
Integrating in y, with the restrictions from the 6 and the 6
function, gives

ds Xt
oo =00 —m) [ defx 1= (B2
50 471 x

where the integration limits for equal quark masses are

xp =3[l + /1 —4mZ/so]. For m, — 0 one recovers the

usual limits x_ =0 and x, = 1.

The specific one-loop diagrams needed for this regu-
larization are Figs. 7(c) and 7(d). Integrating Eq. (AS) on
the contour in s, and then expanding in m,/s, — 0 up to
first order gives

ds
—1I =
%{) i Slerd)

(B lintsy /)~ @) (B

2. Two-loop diagrams

The perturbative diagrams at the two-loop level involve
logarithmic terms and can be written as
1
/ dxdydzé6(x +y+z—1)
0

ds
11 =
%0 i 2—loop
0(so = M3)f(x..2)[s0

with M5 = mg(;+{ +1) and f(x,y,z) an analytic func-
tion. Integratlng in z, and considering the restrictions from
the 6 and @ functions, gives

ds
— 1 _joop =0
éﬂ i 2—loop (SO

x / " dx / " dyf(x.y. 2)lso - M,
xX_ y_

(BS)

- M3l (B4)

—9m3)

with z=1—-x—y and

m?x(1 — x
yi:%[l—xi\/(l—x)z—%]. (B7)

In the limit m, — O one recovers the usual limits x_ = 0,
x, =1, y_=0and y, =1—x. There are four nontrivial
integrals involved here, as can be seen from Eqgs. (A8) and
(A9). All these integrals can be evaluated analytically when
integrating in the variable y, but not in x which will require
some fitting. Starting with the last term in Eq. (A9), in the
limit m, — 0, which becomes

xyz

Yt
dx
/ / (xy +yz + zx)° 515

The term in this integral proportional to s, can be obtained
directly in the chiral limit. The term proportional to M3 is
evaluated numerically, but it vanishes in the limit my — 0.
Next term is the one that enters in both equations (A8)
and (A9). In the limit m, — 0 it becomes

/ /}+ 1— [
. xy+yz+zx) K

[in(s,/8m2) — 1],

- M) = (B8)

Sp
12°

- M3
~2 (B9)

where it corresponds to a fit of the result expressed as an
integral in x, as a function of mé /s ,. From these consid-
erations, the contour integral of Egs. (A8) and (A9) leads to

ds (e,B)?

, 27 Ve =~ gt Splin(s,/8mg) = 1], (B10)
ds (e4B)?

7{. %H% - 927[4 sp[81n(s,/8mg) 9. (BII)
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