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CP-odd gluonic operators in QCD spin physics
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We explore connections between high energy QCD spin physics and CP-odd scalar gluonic operators

F™F L and F W F, the latter being called the Weinberg operator in the context of the nucleons’ electric

dipole moment. We first introduce the twist-four generalized parton distribution associated with the
topological operator F ”DF #¥._ This has interesting applications in spin physics which go beyond the standard
framework in terms of twist-two and twist-three distributions. In the second part, we show that the off-
forward matrix element of the Weinberg operator is proportional to a certain twist-four correction to the g,
structure function in polarized deep inelastic scattering.
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I. INTRODUCTION

This paper is a natural sequel to the previous work [1],
which discussed the parton distribution function (PDF)
associated with the scalar gluonic operator

Flx)~ / dz P (PIF(O0)F, ()|P). (1)

where |P) is the nucleon single particle state. The main
motivation of [1] was to study the partonic structure of the
nucleon mass. Equation (1) is suitable for this purpose
because the first moment [dxF(x)~ (P|F*F,|P) is
proportional to the “gluon condensate” which is related
to the nucleon mass via the QCD trace anomaly. Being a
twist-four distribution, F(x) affects experimental observ-
ables only at the subleading order in the usual twist
expansion. Yet it can provide fundamentally important
insights into our understanding of the origin of hadron
masses in QCD, a problem recently proclaimed as one of
the major goals of the Electron-lon Collider (EIC) [2].

A simple variant of (1) is another twist-four PDF or,
more precisely, a generalized parton distribution (GPD)

F(x,A)~ / dz= e (P|F™ (=27 /2)F,,(z7/2)|P). (2)

whose first moment gives the nucleon matrix element of the
CP-odd scalar gluonic operator F*F - It is necessary to
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introduce nonvanishing momentum transfer P’ — P =
A #0, or else the distribution vanishes. Just as F(x) is
related to the partonic structure of the nucleon mass, F(x) is
related to that of the nucleon spin—another major goal of
the EIC. The original motivation of this paper was to
explore this connection that goes beyond the standard
description of the nucleon spin structure in terms of twist-
two and twist-three distributions. Of course, the relevance
of the operator FF to QCD spin physics is by no means
novel. There is a decade-long controversy over the role of
FF in the nucleon spin puzzle through the chiral anomaly;
see, e.g., [3,4]. However, most of the discussion in the
literature is concerned with the integrated (local) operator
FF, with a notable exception in [5]. It is interesting to see
whether nonlocality in the light-cone direction can bring
about new insights into the problem. Indeed, very recently,
Tarasov and Venugopalan [6] have identified precisely the
same distribution (2) in their “worldline” approach to box
diagrams for the g; structure function in polarized deep
inelastic scattering (DIS). In view of such developments, it
is timely to study the general properties of F(x) from QCD
perspectives.

In addition to the above project which has many parallels
to the analysis done in [1], we have noticed that introducing
the x dependence in the FF sector may open up a new
research direction of interdisciplinary nature. In a recent
paper [7], Seng suggested that the third moment of the
twist-three, chiral-odd PDF e(x) is related to the so-called
quark chromomagnetic dipole moment (cMDM) operator
important in the context of CP violation and the electric
dipole moment (EDM) of the nucleons. This is an interest-
ing new connection between nucleon structure studies
and physics beyond the Standard Model (BSM). We
point out that an entirely analogous connection exists

Published by the American Physical Society
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between the third moment of F(x) and the so-called
Weinberg operator [8]

facha F’mFlc/av (3)

which is another candidate operator to generate a large
EDM in the nucleon. Based on this observation, we
establish a relation between the matrix element of the
Weinberg operator and observables in spin physics. This
suggests an exciting possibility that polarized DIS experi-
ments can provide useful information to the physics of the
nucleon EDM, or more generally, BSM origins of hadronic

CP violations.
This paper is structured as follows. In Sec. II, we give a
precise definition of (2) and discuss its connection to the
|

chiral anomaly and the nucleon spin decomposition. In
Sec. III, we perform one-loop calculations of F(x) for
quark and gluon targets. In Secs. IV and V, we discuss the
third moment of F(x) and identify an operator similar to
the Weinberg operator. Through a detailed analysis of the
properties of these operators, we shall derive a relation
between the off-forward matrix element of the Weinberg
operator and one of the twist-four corrections to the g;
structure function in polarized DIS.

II. GENERALIZED PARTON
DISTRIBUTION OF FF

We start by defining the twist-four gluon GPD for the
nucleon

~ 2 —lp+ dZ leJr / / - V(—
F(x,& A%) = i | 2m <PS\ (=27 /2)WF# (77 /2)|PS)
1 o
a(P'S)[H ATy~ + H A~y™ — H| Al v} ysu(PS), (4)

T oM?

where M is the nucleon mass and A = P’ —

and S = —M?. We work in a frame in which P

P is the momentum transfer. S is the spin four-vector that satisfies S- P = 0
= % has vanishing transverse components. W is the lightlike adjoint

Wilson line that makes the operator gauge invariant (and will often be omitted in the following). Our convention is

€12 = 11, DF = 9# + igA¥, and y5 =

invariance,

—iy’y'y?y3 so that it(PS)ysy*u(PS) = 25*. The three GPDs H**! are all functions
of x,A? and the skewness parameter & = —A*/2P*, with the property H*(x,&, A%) =

H(x,—¢&, A%). From Lorentz

/dxm = /dxH— = /dxHL = H(A?) (5)

so that

—i . ,
=g \PIFLFa|P) =

/dxF(x,f, A?) o

While F vanishes in the forward limit, H i*L()c, A) is finite

in this limit and satisfies H(x) = H*(x) = H(—x). To
linear order in A, one can approximate
a(P'S")Aysu(PS)~ —2A-S (7)

if §’ ~ S. The connection between the operator FF and spin
physics is already manifest.

As demonstrated in [1], F(x) in (1) contains the “‘zero-
mode” contribution proportional to &(x). On general
grounds, one expects that F(x) also contains the delta
function

H*'(x) = Hig" (x) + 8(x)CHL. (8)
The possible polarization dependence of C has to be
canceled by that of the regular part H,, upon integrating

H(A?)
2M?

H(A?)

u(P'S ) Arsu(PS) = =

u(P'S")ysu(PS). (6)

|

over x. We, however, conjecture that C*1 =0 based on a
prejudice that spin-dependent distributions are in general
suppressed by one power of x compared to spin-indepen-
dent ones. That is, if F(x) in (1) contains a §(x) as shown in
[1], naively F(x) does not because x5(x) = 0. In the one-
loop calculation in the next section, we shall see an
example of this cancellation.

A. First moment

Let us study the first moment (6) in more detail. As is
well known, the FF operator is related to the flavor-singlet
axial current via the U,(1) anomaly

0,5 = 212’”1%75% + ”f dx Fa vF s ©)
f

094004-2



CP-ODD GLUONIC OPERATORS IN QCD SPIN PHYSICS

PHYS. REV. D 102, 094004 (2020)

where J% = Zf W r*yswy is the Uy(1) current. Taking the nonforward matrix element of (9), one finds

(P’|nf—F” Fi'|P) = iA,(P'|J5(0)|P)

o Fp(A2) (A2
= iA,u(P') {Y”VSFA(AZ) + 71)2(]\4 Afys +i T2(M )O’”DAJS]

_2M<FA(A2)+4A Fp(A?) -
7

where Fy, etc., are various form factors. By definition,
<PS\J’5‘|PS> = —2S8¢AX, — F,(0) = A, (11)

where AX is the quarks’ helicity contribution to the nucleon
spin. Since Fp(A) does not have a pole at A = 0 due to the
absence of a massless singlet pseudoscalar meson, one
obtains the relation

AE—Z”}Z G(0) = 'Zﬂ‘/dxH(x). (12)

!

On the other hand, the connection between the anomaly
and the gluon helicity contribution AG to the nucleon spin has
been extensively discussed in the literature. To see quickly the
relevance of AG, one introduces the topological current
pA

K+ = et <A"F“ + g fabcAgAgAj> . 0Kt =F4Fy.

(13)

In the light-cone gauge A* = 0, K™ = 2e7/A{0* A9, and its
nucleon matrix element is related to AG,

(P|KT|P)|s+—o = 4STAG. (14)

However, the other components of K* bear no simple relation
to AG, nor do they have a well-defined forward matrix
element [9]. Consider then the modified current that is
approximately conserved

Freg(x A)

- 2Z<P/|mf1l7fi751//f\P>
f

2mecf (A2)i(P)iysu(P)

521G )Pl (10)

~ e ~ . _
f

Notice that
~ as
(P|J5+|P>|A+=0 = -28* <AZ + nfz;;AG> . (16)

Since J% is conserved, naively one expects that the linear
combination is scale independent

3}
Oln y?

(AZ(/AZ)—f—nf ‘Z(’M)AG( )) 0. (17)

However, the current conservation does not automatically
imply vanishing anomalous dimensions for the components
of 7’5‘.1 As shown in [10], the nonrenormalizability of (17)
actually boils down to that of the operator a,FF at zero
momentum transfer, which is believed to be true to all orders
due to its topological nature. See [11] for a recent application
of this property.

In what follows, we avoid dealing with the gauge variant
operator K* which has caused a lot of confusion in the
literature. To establish a connection between FF and AG in
this case, we use the equation of motion relations for F(x).
It can be derived similarly to Eq. (29) of [1], except that we
now have to keep the surface terms and use the Bianchi
identity D*F,, = 0. The result is

2M/ e (P Pl [ (& [2) = (=2 )R (2/2)|P)

+ﬁ/%eiw+z /_:_Zdw_(P/|Fﬂv(_1/2)9F+”(w_)F+”(Z_/2)—F+”(—z/2)F+"(a)_)Fﬂy(z/2)|P>,

'Consider the integral

(19)

o / dx~d*x,Ji = - / dx~d?’x, (0_J5 —0,T%). (18)
The usual argument is that the right-hand side is the integral of a total derivative, and hence it vanishes. This means | dxJY is a

conserved charge and cannot be renormalized. However, in the present case, J5 contains K~ which is not gauge invariant. In the light-
cone gauge, the matrix element of this operator has a singularity K~ ~ % Jj= i J [91.
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where Wilson lines are understood. Note that only the regular part [i.e., excluding the delta function &(x)] can be
constrained in this method; see [1]. Since the first line is multiplied by A, to linear order in A one can take the forward limit
and use the general decomposition

pt / dz~

2n

where P¥ = p# + M—n” St =(S-n)p*+ 8+ (S-p)n*, and p-n = 1. In the last term one can write —M>S* /P =

2P*"S™ from P - § = 0. AG(x) is the usual twist-two polarized gluon distribution [j dxAG(x) = AG. G37(x) is the gluonic

analog of the g (x) distribution function relevant to the transverse polarization. Its properties have been studied in [12—-14].
G,4(x) is the twist-four counterpart of these distributions whose properties are virtually unknown.

Equations (19) and (20) clearly show in a gauge invariant manner that in the near-forward limit 7 (x) and AG(x) are

directly related at the density level (in the longitudinally polarized case). It also shows that they differ by the twist-four,

three-gluon correlation function ~FFF. A similar relation has been derived in [9] in the light-cone gauge. The present
derivation is manifestly gauge invariant and avoids the subtleties of the light-cone gauge such as the boundary condition at

" P (PIFL(0)FY (27)|P) = ixAG(x)ST p# + 2ixGay(x)PT S — ixGy(x)M*S*n#, (20)

infinity. Integrating over x, we get

JECE

d ixPtz
(ASAG+ //Ze

/ o (P (5 Jar o )r (S )P )

where [ dxAG(x) =2 [ dxGsp(x) =2 [ dxG,(x) = 2AG from Lorentz invariance. To simplify the notation, let us define
: 1 dz” do” L(x4+2,) Pz 4i(xy—x; )P~ 7. - V(-
Nwx) = lim— [ SEE0 ettve < sitas)P o (I (<2 2)gF Ho ) P (/2P (22)

From PT symmetry, N(x;,x,)

nrax my nrax
A+ IEAG =S LG (0) -
+ 2r ;M f() 4r 2r

In this formula [actually already in (22)], we have assumed
that C does not depend on the spin orientation +, L. If this
turns out not to be the case, the formula must be modified
accordingly. (As already mentioned, we suspect that C = 0
anyway.)

Among the various terms in (23), the u, d-quark mass
contributions can be safely neglected because m, ;,/M <
0.01 and G, 4 is naturally order unity. The impact of the s-
quark m;/M ~ 0.1 might not be negligible, though. The
value of G(0) can be studied in lattice QCD for instance.
Equation (23) shows that the renormalization group (RG)-
invariant linear combination of the twist-two quantities AX
and AG is directly related to the nonforward matrix element
of a twist-four, three-gluon correlator. According to the
previous discussion, the latter has to be scale invariant. To
our knowledge (23) has not been presented in this explicit
form in the literature, although Ref. [9] comes close.

III. ONE-LOOP CALCULATIONS

In this section, we compute F(x) for quark and gluon
targets in perturbation theory to one-loop in dimensional
regularization in d = 4 — 2¢ dimensions. We shall only
focus on the divergent part to investigate the UV structure
of the distribution. Calculating the finite part should also be

= N(x,,x;). Using this and equating (10) with (21) in the near-forward limit, we arrive at

on N y Uy N )
_ e /dxldeP ((xl Y) __ne /dxldxzw. (23)
X1

X1 —.Xz) 4z X1Xp

|
possible, but this involves extra complications regarding
the definition of ¢*** in d # 4 dimensions.

A. Quark target
We work in the light-cone gauge n-A=A" =0 to
eliminate the Wilson line. For an on-shell quark target
(p£A/2)> =m? with p- A =0, a straightforward cal-
culation gives, to linear order in A,

N 4¢°Cpp* / dk=d?2k, k- Ak-S—k2A-S

Fx) =i m? (2r)4 (k* + ie)?

1 1
) ((p—k)z—m2+i€+(P+k)2—m2+€>’
(24)

= x. The first and second terms

where Cp = A;N

are nonzero for 1 > x > 0 and 0 > x > —1, respectively.
The dk~d*k, integral cannot be done all at once. Different
components of k - Ak - § = k*k”A,S, have to be evaluated
separately. The most nontrivial integral is

(k)2
()2 ((p—k)?=m?)

dk=d?=k,

'= ] n

(25)
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. . —\2 k2+ki 2
To evaluate this we write (k7)* = (—5;+) and cancel some

denominators. We then use the formula

[ St = iey = i 5oy 2o

to get

T(e) p~

(=i~ P
! 4r 4(p*)?

(6(1 = x) — 2x). (27)

The other integrals are straightforward to evaluate. The
result is, for 1 > x > 0,

Flx) = %’;@ (2= x)A=S* + (2 +8(1 - )
—3x0)ATS = (1+x)A,-S)). (28)

Comparing this with (19) and (20), we obtain

AG(x) = —“SC;;(G) (2 x).
G (x) = aSCZF’I;(e) 1 erx’
G4(x):aSC;l;(e)Z—&—ﬁ(l;x)—fax. (29)

This identification is possible because the twist-four cor-
relator (gFFF) is at least O(a?) for a quark target. One
immediately recognizes the polarized splitting function
AP, (x) = Cp(2 — x) in the longitudinal sector. Note that
the delta function at x = 0 is absent. Once integrated over x,
F becomes proportional to A - S as it should

|

L Crpl’
/ dxF(x) = MA .S, (30)
1 2wm

This leads to

AY - %GF(O) — —6n,Cp (Z?) T, (1)

which reproduces the known anomalous dimension of the
axial current operator [15,16]

6 %)’ 2
y=- nfCF<E> . (32)

B. Gluon target

For regularization purpose, we assume that the incoming
and outgoing gluons are slightly off-shell (p — A/2)? =
(p + A/2)? < 0. The initial and final polarization vectors
gp satisfy &-p=¢-A/2 and e -p=—e-A/2,
respectively, and the O(A) terms must be kept. The
diagrams to be calculated are identical to those in the case
of the FF correlator [1], but the off-forward kinematics
brings in considerable complications. For simplicity, in the
following we assume A" = 0. This approximation signifi-
cantly reduces the number of terms in intermediate calcu-
lations while keeping the most important term ~A~S™
relevant to longitudinal polarization. After a very tedious
calculation, the sum of the connected diagrams (i.e.,
without the self-energy diagrams on external legs) is found
to be, for 1 > x > 0,

N B N, [ [ dk d*k ptI
M2F = 5(1 = . Aafs,-p 92 c / L 1
(x) = o(1 - x)ie™™" + =5 { Qm)* x(1—x)(Ik2 + ie)*(p — k + ie)?
d'k (P*)*1 Aete;
S5(1 — AL 33
o x)/(zn)4k+(p+—k+)(k2+ie)2(p—k+ie)2 ‘ (33)
where 5P =¢,, ,A*B*C’D* and

I = 12x(x — 1)k3 — 6x?(1 —x)(k — p)* + 4x*(3 = 2x)k* + 4x*(2x — 1) (x — 1) p?, (34)
I, =2x(1=x)(p—k)? +2x(x = 1 = 2x%) p? + 2x(2x — 1)k? + 2(x — 1)k3. (35)

At this point we may set ¢; = &, and drop the subscripts i/ f. To arrive at the above result, we used the following relations

which hold only when AT =0

eAe en — (), eAs ek _ X€A€X8p,

€e*sknA k= _x2€A8*sp’

. 1 .
A - ket ek = -5 (x?p* —k* —k7)ereeP. (36)

To proceed, following [1], we employ the Mandelstam-Leibbrandt (ML) prescription for the spurious poles in the light-cone

gauge
1 1

1

Ky K+ iek’

PT =k B

pt—kT+ie(p—k7)’ (37)
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The remaining integrals can be done using the formulas collected in an appendix of [1] and other formulas such as

/ d*k p? _il(e) / d*k K _ 4il(e) (38)
Qa)*[p* =k () (p = k)*  T6a’p* o) [ () (p = k)*  16a°p*
Including also the self-energy diagrams, our final result is, for 1 > x > 0,
M?F(x) = A-S|8(1 —x) + F(e);—s <Ang(x) + 2N, <1 +x - %5(1 - x)>>] , (39)
T

where
SH = jereep (40)
is the spin four-vector for a spin-1 particle. In the O(a;)

terms, we have separated out the polarized splitting
function

AP, (x) = 2N, (1 ~2x+ 5

q _x]+> Bos—x), (@)

_ 1N, _

2ns .
where f;, = = Tf The remainder terms,

AP(x) :2NC<1 —l—x—%&(l —x)>, (42)

come from the twist-four operator gFFF which has the
nonvanishing gluon matrix element to O(a,). A useful
consistency check is that the integral has to vanish
J&dxAP(x) = 0. This guarantees that the renormalization
of the local operator FF is entirely due to the charge
renormalization. In other words, a,FF is renormalization-
group invariant. Note that again there is no delta function
5(x). Interestingly, the second term of I, potentially gives
rise to a delta function from the integral

/ dk-dk, m o 5(x). (43)

However, there remains one factor of x in the numerator
that kills this delta function x8(x) =0; see a similar
example in [17]. This is consistent with our previous claim
that C might actually be zero.

IV. THIRD MOMENT

This section is to a large extent inspired by the work of
Seng [7], which tried to establish a link between higher-
twist parton distributions and the so-called quark chromo-
magnetic dipole moment operator

(PlwgF*o,,p|P). (44)

|
This matrix element is important in the context of CP
violation in low energy hadron physics, in particular, the
EDM of the nucleons. While the operator (44) itself does
not violate CP, via chiral symmetry its matrix element is
proportional to CP-violating effective low energy inter-
actions (see, e.g., [18]). The idea of [7] is that one can get
information about this matrix element from the chiral-odd
twist-three distribution

Pt [dz

= geixP*z'<P|l/—/(0)Wll/(Z_)|P>, (45)

e(x)

accessible in high energy reactions such as semi-inclusive
DIS (SIDIS) [19-21].
Specifically, the third moment of e(x) reads

1 _
] st = i POF e IP) £ (40

where the neglected terms are relatively better under
control. The operators in (44) and (46) indeed look similar,
but they are crucially different in the way Lorentz indices
are treated. In other words, they have different twists, and
the matrix elements of operators with different twists are in
general unrelated, unless one makes extra assumptions as
was done in [7]. While the validity of such assumptions
must be carefully scrutinized, that is not the purpose of this
paper. Here instead, we point out an analogous, tantalizing
connection between the third moment of F(x) and the
matrix element of the so-called Weinberg operator [8]

OW = gfathzuF}bmFZa' (47)

This operator violates CP and can be induced in the QCD
Lagrangian by physics beyond the Standard Model. It is
considered as one of the candidate operators to generate a
large EDM of the nucleons and nuclei.

At a superficial level, the connection can readily be seen
by computing the third moment

094004-6
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= / deF(x)

=iy PIFu D 2 E Ol

- WP*V M(P’|F,w5+Fv+ (0)|P)
- e PIEW O HOFEO)P). (38)
where B+ Em%ﬁ' The three-gluon operator on the

second line is similar to the Weinberg operator, but it
has open Lorentz indices ++ as a remnant of the under-
lying light-cone distribution. This is entirely analogous to
the difference between (44) and (46). To better appreciate
this difference, let us consider the various matrix elements
|

(PS|FD

()| pS) = %

(S/‘P"P/” + (S*PF + SPP)PH —

in (48) in more detail. In fact, Eq. (48) is a special case of
the following more general operator identityz:

- . 1
f“”CFZDgFZ"F/Z.”:—8”(FWD(ﬂFW))_§FWD( D )F"”
:—8”(FWD(/3F”“))—%~WD(/5'D“)F"”

. 1.
=—0/(F,, D F) —EFWDﬂD”F’”“, (50)

where (aff) denotes symmetrization of indices, e.g.,
Aleph) — M. The matrix element of the total deriva-
tive operator on the right-hand side of (50) can be
essentially determined by observables in QCD spin phys-
ics. Since this is multiplied by 0* ~ A¥, it is enough to
consider the forward matrix element

M2
< 7S+ gS ¢ gﬁ“S">>

Zd M?
32 < ISHpaph _ (Sapﬂ + Sﬂpa)pﬂ 4 7 (_zgrlﬂSM + g(lﬂSﬂ + g/iﬂS”))
foM?

Jr18

(SgPSH — gsP — ghs®), (51)

where the first, second, and third lines correspond to twist-2,3,4 parts of the operator, respectively. To get this structure note
that S - P = 0 and require that the tensor vanishes after summing over y and a (or y and f5) because F L(DFFY + DPF#) =
8"( JFP) +30P(F,, F*) is a total derivative operator. In particular, the trace part reads

(PSIFLD F*|PS) = ~(PligF y,y|P) = foM>S", (52)
where we used the equation of motion. The parameter f(, shows up as part of the twist-four corrections to the first moment of
the g, structure function in polarized DIS [22-25]. On the other hand, a, and d, are related to the third moment of AG(x)

and G3T(.X) as []3]

ay + 2d2

;/dxszG(x) = a,, /dxszgT( ) = —5 (53)

Thus, at least in principle, these parameters can be constrained by high energy polarized hadron collision experiments.
Next consider the matrix element of the three-gluon operator on the left-hand side of (50). Its general parametrization is

1 -
— (P'|gfF, F¥ F|P)

M
~ " Ag?\ B . g M? C . A2gP\ | .
=u(P") [A (A( P - 1) +M PepPF — 1 iys +— i ACAP — L) + gPiysEM |u(P)
A-Sq¥ B(0 M
~ —2iA(0) (A(“Sﬁ> - 490 ) —i A<42) (P“Pﬂ A 1 )A S —ig?E(0)A - S, (54)

To prove (50), the following identity is useful:

[Dﬂ7 [Du’Faﬂ”a - [Dw [Dﬂ7Fu H gfabLFauF/ij (49)

094004-7
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where A, B, C, E are dimensionless form factors (all functions of A?). In the last line of (54) we took the limit A — 0 and
kept only the terms linear in A. The Weinberg operator is related to the £ form factor

M2

1 -
(P'|gfebeFa, FiFy,|P) = AE(A*)Mu(P')iysu(P). (55)

Plugging the aff = ++ component of (51) and (54) into (48), we find

Iy = % (z / e Gy (x) — B(O))

Note that the second term is absent if one considers
transverse polarization S¥ = &S’ .

Equation (56) is as far as one can get based only on
general principles such as symmetries and the equation of
motion. It confirms our previous expectation that there is in
general no relation between the third moment /5 and the
matrix element of the Weinberg operator E(0). However,
there may be hidden relations among different form factors
which follow from the dynamics of the theory. For
example, if one naively (perhaps unjustifiably) applies
the argument of [7] to the present problem, one finds
E(0) ~ —3B and I; becomes sensitive to E(0).

V. CONNECTION BETWEEN THE WEINBERG
OPERATOR AND POLARIZED DIS

Quite independently of “hidden relations” just men-
tioned, our analysis in the previous section has revealed an
important, model-independent feature of the Weinberg
operator. Taking the matrix element of the trace of (50)
D, F"*) —-F, D

Oy = —0"(F,, =0, +0, (57

we find

_ f 0 1 1 "
EO) =5 T g i a s S<P|
This shows that E(0) is related to the parameter f that
enters the twist-four corrections to the g; structure
function, unless f is completely canceled by the unknown
matrix element ~(FD?F). We can actually exclude the
latter possibility using the following RG argument.
Equation (57) shows that one can choose Oy and O, as
the independent basis of operators and study their mixing.3
To linear order in 0 ~ A, this is equivalent to considering
the operator

L(DPF™|P). (58)

3Using the identities Dﬂl:"”” =0 and D,Fus+ DoFp,+
DgF,, =0, one sees that there are no other independent,
pseudoscalar, dimension-six gluonic operators up to one total
derivative. We also neglect the mixing with the quark chromo-
electric dipole moment operator my gk, 6" ysy [26-28] assum-
ing massless quarks.

ATS™

- (4A(0) + % (2ay — 4dy + fo))- (56)

Oy = O (WgF 1), (59)

due to the equation of motion. Such mixing is usually
neglected in the literature because O, is a total derivative
and hence does not contribute to the CP-violating effective
action f d4x(’)4 = 0. However, when it comes to hadronic
matrix elements, mixing becomes crucial because only the
nonforward matrix element is nonvanishing.4 Specifically,
their RG equation takes the form

O (@)
d2< W):_ﬁ<}’w 712)( W>’ (60)
dinp \ O, A4\ 0  y4 O,

where [26-28]

N, Bo 7 2

=— —=—=-N.+=-n;. 1

Tw 2+ f+2 3Nc+3nf (6)

(The factor f3;/2 comes from the explicit QCD coupling g
multiplying the operator in our convention.) The anoma-
lous dimension of O, is the same as that of the undiffer-

entiated, twist-four operator gF*y,y and is known to be
[27,31]

8 2

To determine the off-diagonal component y,, we evalu-
ate the following three-point Green’s function:

(OIT{w (=k)A2(q)i(p)Ow}0) (63)
with off-shell momenta and nonzero momentum transfer
A =k — p—q+#0. There are three diagrams as shown in
Fig. 1. It is convenient to use the compact Feynman rules
suggested in [28]. The first diagram gives

“For general discussions of mixing with total derivative
operators, see [29,30].

The normalization of Oy, in [28] differs from ours by a factor
—3g. Also, the sign convention of ys is opposite to ours (but
€923 = 41 is the same).
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g.a

(a)

FIG. 1.
3 vabe e d'¢ rIr -39
g / 2n) (p— P26 — k) 16

< Telld. v 1P = 7. 711 = K. Trs). (64)

Since the gamma matrix trace provides the necessary
. . 6
antisymmetric tensor, we may replace

v = O Oy - gt (65)
and find
3N.g°
diagram (a) = —m—cgr(e)gt“yﬂ(—eﬂf’kq + etPPe)
b3
Wea,
= [(e)gt®y,e ™. (66)

The second diagram is “one-particle reducible” (1PR) [32]
and contains the propagator pole 1/(p — k)2. After the loop
integral, the numerator becomes proportional to (p — k) as
well as to A, so the pole disappears. The result is

3N .a;
vi¥y/s

which cancels the first diagram. The third diagram also
contains 1/(p — k)> = 1/(q + A)?, while the numerator is
proportional to g* (as well as A). To linear order in A, one
can approximate ¢>/(q + A)?> ~ 1 and find the same result
(67). Finally, the tree-level matrix element of O, is

(T{w(=k)A%(q)#(P)O4}) = —gty, e (68)
From these results, we deduce that

Y12 = —3N,. (69)

diagram (b) = [(e) gty e7™4, (67)

It immediately follows that the following linear combi-
nation is the eigenstate of the RG evolution:
ON?

- 0, 70
WoaN2Z 44 (70)

Y12 O, =
Yw — 74

O +

®One can check that the neglected term ~ ”””Aypysf , in (65)
vanishes after the £ integral.

(c)

Diagrams that contribute to the mixing between Oy and O,. The black dot denotes the insertion of Oy,.

Since this operator has a rather large anomalous dimension
yw ~ 10, in particular larger than y, by a factor of about 2,
at high enough renormalization scales y? one has

9N?2
(Ow) zmwd ~ 1.31(0y), (71)
or equivalently,
ON?

~4(3N% ) fo~0.33f. (72)
Comparing with (58), we see that the operator FD?F also
contributes to the trace part.

We have thus argued that the matrix element of the
Weinberg operator is dominated by its mixing with the total
derivative operator O, which is further related to the twist-
four operator relevant to polarized DIS. Our result urges
one to revisit previous estimates of (Oy ). For instance,
Ref. [33] suggested the following ansatz:

ag
FUFLF, FialN) = Agep (NI Fl Fa'IN).

3
g
N2
< |167r2

(73)

While such a relation may give a reasonable order-of-
magnitude estimate, it has to be interpreted with great care.
Both sides vanish in the forward limit, and in the off-
forward case the matrix elements are sensitive to the spin
polarization. If one tries to relate the coefficients of A - S in
the near-forward limit, the right-hand side essentially gives
A%, the quark helicity contribution to the nucleon spin,
while the left-hand side is related to the parameter f, which
enters the twist-four corrections in polarized DIS as we
have shown. There is no known relation between the two
quantities.

VI. CONCLUSIONS

In this paper we have studied the roles of CP-odd
gluonic operators F*“F,, and F, F*°F% in QCD spin
physics. These high-dimension, high-twist operators usu-
ally do not appear in the standard description of spin-
dependent phenomena in terms of twist-two (and
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sometimes twist-three) distributions. However, with the
future Electron-Ion Collider poised to reveal the gluonic
contributions to the nucleon spin and various polarization
observables, it is worthwhile and maybe necessary to
expand our scope to the twist-four sector. Indeed, we have
shown in (23) that the twist-two observables AY and AG
are related to a certain twist-four correlator. Moreover, F/(x)
directly shows up in a recent calculation of the g;(x)
structure function [6]. As we have seen, F(x) contains
AG(x), and this should be taken into account when fully
extracting the implications of the result in [6]. Concerning
the dimension-six, Weinberg operator F " Fq, hopefully
our result better motivates a precise determination of the
parameter f, through the measurement of the g¢;(x)

structure function. This could be a useful input to the
studies of the nucleon electric dipole moment.
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