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We analyze the thermodynamics of a quantum system in a trajectory of constant velocity that interacts
with a static thermal bath. The latter is modeled by a massless scalar field in a thermal state. We consider
two different couplings of the moving system to the heat bath, a coupling of the Unruh-DeWitt type and a
coupling that involves the time derivative of the field. We derive the master equation for the reduced
dynamics of the moving quantum system. It has the same form with the quantum optical master equation,
but with different coefficients that depend on velocity. This master equation has a unique asymptotic state
for each type of coupling, and it is characterized by a well-defined notion of heat-flow. Our analysis of the
second law of thermodynamics leads to a surprising equivalence: a moving heat bath is physically
equivalent to a mixture of heat baths at rest, each with a different temperature. There is no unique rule for
the Lorentz transformation of temperature. We propose that Lorentz transformations of thermodynamic
states are well defined in an extended thermodynamic space that is obtained as a convex hull of the standard

thermodynamic space.
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I. INTRODUCTION
A. Motivation

In this paper, we analyze the thermodynamics of a
quantum system in a trajectory of constant velocity that
interacts with a static thermal bath. This system turns out
to have a well-defined notion of heat flow. More impor-
tantly, it manifests an intriguing property. The heat bath,
in motion in the reference frame of the quantum system,
is equivalent to a continuum of heat baths at rest with
respect to the moving system, each with a different
temperature.

This paper is partly motivated by the long-standing
puzzle of the relativistic transformations of temperature.
This puzzle originates from the early days of special
relativity. Von Mosengeil [1], Planck [2], and FEinstein
[3] analyzed Lorentz transformations for a body of temper-
ature 7 in its rest frame. They proposed that the temperature
T’ for an observer that moves at velocity v with respect to

the body is " = TV 1 — v* < T. This view was accepted
for more than 50 years, until it was challenged by Ott [4].

He argued that 7" = T/V'1 — v* > T. Arzelies agreed with
Ott’s formula, but proposed a different law of transforma-
tion for the internal energy [5]. A few years later,
Landsberg proposed that the temperature is a Lorentz
scalar, i.e., T" = T [6]. Cavalleri and Salgarelli agreed that
the temperature is a scalar, but they asserted that the
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Clausius formula dQ = T'dS holds only in a system’s rest
frame [7]. In their perspective, the familiar rules of
thermodynamics are valid only in the rest frame.

The debate about the correct transformation rules for
thermodynamic variables has been raging ever since the
1960s, and still there is no consensus—for reviews see,
Ref. [8]. Part of the problem is the lack of concrete
operational ways of measuring thermodynamic quantities
in moving systems. In 1995, Costa and Matsas [9] proposed
a nonthermodynamic type of measurement: an Unruh-
DeWitt (UDW) detector moving with velocity v and
interacting with a thermal scalar field. An UDW detector
[10-12] is a quantum system that moves along a classical
trajectory, and interacts with a quantum field through a
dipole coupling. The UDW model and its generalizations
originate from studies of particle creation in black holes and
in accelerated reference frames.

The expression derived in Ref. [9] for the detection rate
of an UDW detector cannot be brought into the character-
istic Planckian form of black-body radiation. Landsberg
and Matsas took this as an indication that a universal and
continuous Lorentz transformation of temperature is
impossible [13]—see also [14] for a critique.

However, a particle detector is not a thermometer. The
expression for the detection rate that was employed in
Ref. [9] follows from time-dependent perturbation theory,
and it is valid at times much smaller than the relaxation
time of the detector. It describes a system that has not come
into equilibrium with the field bath. In contrast, ordinary
thermometers give reliable records only after they have
established equilibrium with the larger system.

© 2020 American Physical Society
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The ambiguous use of the word “detector” is often a
source of confusion. If a detector is literally viewed as a
measuring apparatus that records particles—and leaves
a macroscopic measurement record—then the perturbative
expression for the detection rate suffices [15]. However, the
UDW Hamiltonian can also be used to describe a small
microscopic system that interacts with a quantum field, for
example, an atom or a molecule. Rather misleadingly, these
systems are also referred to as detectors, even if they leave
no measurement records.

The latter type of systems must be described by the
theory of open quantum systems [16,17], which takes into
account dissipation, noise, and backreaction effects. In
open quantum systems, time evolution is described by a
master equation, which enables a thermodynamic analysis
[18,19]. For accelerated UDW detectors and the implica-
tions to the Unruh effect in this context, see [20-22].

We will use the theory of open quantum systems in order
to analyze the dynamics of moving thermometers, and,
more generally, the interaction of moving quantum thermo-
dynamic systems with thermal reservoirs.

B. Analysis and results

Our model consists of a small quantum system (denoted
by S). We will refer to S as a quantum probe. The center of
momentum (COM) of S moves at a constant velocity with
respect to a reference frame X. The Hamiltonian of §
internal degrees of freedom, i.e., degrees of freedom that
are not related to motion of the COM. The probe interacts
with a massless scalar field ¢(x) at a thermal state of
temperature 7 with respect to .

We consider two different couplings of the small system
to the field bath: first, the standard UDW coupling, where S
couples to the field operator g?)(x) and second, a coupling
of S to the time derivative of ¢(x). The latter coupling
provides a more accurate representation of the dipole
interaction of atoms to the electromagnetic field.

Then, we construct the second-order master equation
that describes the reduced dynamics of the system S. Past
analyses of the open system dynamics of moving UDW
detectors have shown that non-Markovian effects may be
important [21-24], but their contribution is small at long
times. Hence, the Markovian approximation inherent in the
second-order master equation suffices for describing the
approach to equilibrium.

Our results are the following:

(1) The system S evolves according to the quantum-
optical master equation. The only difference is that
the coefficients of the master equation that represent
the mean number of bath quanta do not have the
usual Planckian form.

(i) There exists unique asymptotic states for many
choices of self-dynamics for S. The asymptotic
states do not depend on the initial state of the

system or on the strength of the system-field
interaction (i.e., the dissipation rate). Still, they
are not universal: each type of coupling leads to a
different asymptotic state.

(iii) The average energy in the rest frame of S defines an
empirical temperature for the bath.

(iv) There is a well-defined notion of “hotness™; i.e., we
can say when the moving probe is hotter or colder
than the bath as reflected in the direction of the
heat flow.

(v) The second law of thermodynamics is satisfied; i.e.,
entropy production is positive.

(vi) The moving heat bath is equivalent to a continuum
of heat baths in the rest frame of S, with temper-
atures T’ in the range

+
=

1_|U|<T’<T

T .
1+ v 1 — v

The contribution of each heat bath at temperature
T’ to entropy production is weighted by a proba-
bility distribution that depends on the type of
coupling.

Evidently, there is no Lorentz transformation for temper-
ature. A static observer cannot assign a unique absolute
temperature to a moving heat bath. Nonetheless, the
moving heat bath still behaves like a thermodynamic
system, albeit with significant differences from ordinary
thermodynamics. First, we cannot assign a unique absolute
temperature to the bath, even if the empirical temperatures
are well defined. Second, asymptotic states for a given
temperature and velocity are not universal.

A spacetime-covariant thermodynamic description
likely requires additional physical observables, in order
to define an extended thermodynamic state space. We
propose that the extended state space contains convex
combination of ordinary thermodynamic states, for exam-
ple, convex combinations ) _; ¢;ps of Gibbs states pj at
different temperatures f;. This idea appears natural in the
context of our results. However, further analysis is
required, in order to test this proposal and in order to
formulate a consistent relativistic thermodynamics for
quantum systems.

The structure of this paper is the following. In Sec. II,
we derive the master equation for a moving quantum
system that interacts with a massless scalar field in a
thermal state. In Sec. III, we identify the asymptotic states
for simple choices of the Hamiltonian. In Sec. IV, we
undertake a thermodynamic analysis of the master equa-
tion with an emphasis on the three laws of thermody-
namics. In Sec. IV, we propose a rule for the relativistic
transformation of thermodynamic states, and we construct
the associated state space. In the final section, we discuss
future directions.
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I1I. MASTER EQUATION FOR A MOVING
QUANTUM SYSTEM THAT INTERACTS
WITH A THERMAL BATH

A. The model

We consider a composite quantum system that consists
of a microscopic probe S and a quantum scalar field. The
system is described by a Hilbert space Hg ® H,;, where H
is the Hilbert space of the probe and H,, is the Hilbert space
of the field.

The Hamiltonian is

A=h@I+1®H;+V, (2)

where / is the Hamiltonian that generates time translations
with respect to the proper time parameter 7 of S.

The Hamiltonian I:I[/, describes a free massless scalar
field,

i, = % / P72+ (VPP), 3)

where #(x) is the conjugate momentum of the field ¢(x).
The Heisenberg picture fields are defined as ¢(X) :=
eiflot p(x)e= st where x = (1,x).

The interaction term is of the general form,

V=14AQ 0(x(z)), 4)

where A is a coupling constant, A is a self-adjoint operator
on Mg, x(7) is the path of the detector, and O(x) is a local
composite operator for the scalar field. In the interaction
picture, V involves the field operator O(x(z)). In this paper,
we focus on trajectories

x(7) = (coshu, sinhu, 0,0)z, (5)

where u is the rapidity of the trajectory, with associated
velocity v = tanh u.

We assume a factorized initial state py ® p,. We con-
sider a stationary, space-translation-invariant, and rotation-
invariant state for the quantum field, eventually to be
identified with a Gibbs state at temperature !,

R e Pty ®)
o= Tre Py

The master equation for the probe depends on the
Wightman function [25]
G(x) = Tr[O(x) 0(0)py]. (7)

In this paper, we will consider rotation-invariant
coupling operators O(x) In particular, we will analyze
two cases:

(i) O(x) = @(x). This is the usual UDW coupling;
(i) O(x) = ¢(x). This time-derivative (TD) coupling
best simulates the electromagnetic dipole interaction.'
The Wightman function (7) for the UDW coupling takes
the form

Gyaw(x)
= Go(x) + ﬁ A " dkn[sink(t + r)] — sinfk(r — r)]].
(8)
where r = |x|,
Golx) = — lim ! )

=0+ 4r*((t — i€)? — r?]

is the Wightman function of the vacuum, and n; is the
expected number of particles of momentum k. Due to
spherical symmetry n; depends only on k = |k|. For a
Gibbsian field state, n;, = (e —1)71.

The Wightman function (7) for the TD coupling is

Grolx) = =53 G (x). (10)

In the open quantum systems description, the effect of
the environment is contained in the bath two-time corre-
lation function. In the present context, the bath correlation
function coincides with the Wightman function G[x(zr) —
x(7')] evaluated at a pair of points, x(7) and x(z’), along the
trajectory of the probe. For paths given by Eq. (5), the bath
correlation function is static, i.e., G[x(r) —x(7')] is a
function g(z — 7’) only of the difference 7 — 7’ [26].

For the UDW coupling,

1

— lm-——
gUdW(T) e—0+ 42 (T - i€)2

: ” i 1 —u
—i—mA dkny[sin(e"kz) —sin(e™"k7)].
(11)

For the TD coupling,

. 1+2cosh(2u)
— lim — ==
gro(7) Jase 27 (1 —ie)*

/ ” dkk2n,[sin(e"kz) — sin(e k).

+47r2|r\ sinhu Jo
(12)

'The electromagnetic dipole coupling is of the form d - E,
where d is the dipole moment, and E = A is the electric field. If
we assume that the direction of the dipole moment fluctuates
homogeneously, then the Wightman function for the EM field
coincides with that of the scalar field with TD coupling, modulo a
multiplicative factor.
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B. The master equation

Given the Hamiltonian (2) and the factorized initial states,
the reduced dynamics of the probe is expressed in terms of
the second-order master equation. The master equation can
be derived in different ways. One way involves the van Hove
limit, i.e., the limit A — O with A%¢ fixed [16]. A different
approach involves the successive use of the Born, Markov
and rotating wave approximations [17].

To proceed, we define the “transition operators” as

A= Y

n,m,€,—€, =

(n[Alm) ) (m], (13)

which are indexed by the set of all possible energy
differences w =¢,, —€,,.
By construction, transition operators satisfy the identities

ZA(U = A’ A—(H AZ)’ (14)

[0}

and the commutation relations

[I:I"Aw] = _wAm’ (15)
[h,Al] = wA,, (16)
[h,ATA,] = [h.A,AL] = 0. (17)

The second-order master equation for the reduced
density matrix p of the probe is

op .
5, = ~ilhp szgw) (A,pA;, — ALALD)
+ lzzg a)) (l)ﬁA(l) (HA(I))’ (18)
where
Bw) = A deeg(r). (19)

We split §(w) into its real and imaginary part while
absorbing the constant 1* 1*j(w) =il (w) + iA(w),
where

I(0) = 2[(0) + 7 ()] = 242 / ® drcos(n)g(z).
(20)
/12

M) =5 [7(@) - 5 (0)] = 2 / ® desin(wr)g(e). (21)

Then, the master equation becomes

op A
o7 —ilh + his, P
1 | A
+ ZF |: prT - EAT Awp - 5 AAZ)A(U s (22)
where
hLS - ZA (n 0] (23)

is a correction to the Hamiltonian, which implements a
Lamb shift of the energy levels.
Equations (11) and (12) imply that I'(@) is of the form

1+ Nw), >0

N((a)). @)

rw) = (o)) {

w<0

where the explicit form of y(@) and N(w) will be given in
Sec. IIC.
The master equation becomes

%

L= il + s+ Y r(@) N (@)

>0

ANV P | PN
+1] |:Aw/3AZ) - EAZJAJ - —ﬁAlAw]

2
1o e 1a &
+;y((0)N Cl)) (upAw_EAwAmp Ep uA(u

Equation (25) is of the same form with the quantum
optical master Eq. [17]. The only difference is that the
expected number of quanta N(w) is not given by the Planck
distribution.

C. The coefficients in the master equation

1. UDW coupling

The coefficients y(w) and N(w) are defined for positive
w as

12
Yvaw(@) = Y. w, (26)
JT

1 we"

N =—
vaw (@) 2w sinh u [,
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In deriving Eq. (27), we used the identity
/000 dzcos(wr) sin(ar)r™! = % [sgn(a —w) + sgn(a + w)].
(28)
For an initial thermal state of the field, Eq. (27) yields

L b e~Poe
~ 2Bwsinhu OB e

Nyaw(w) (29)

The function Ny, (w) has the following asymptotic
behavior.

(i) Low-velocity regime, |u| << 1: Nyzw(w)=
n, +on,u’+, ...
(i) High-velocity regime, |u|>1: Nymw(w)=

L e~ [u] ~ log ().
(iii) Low-temperature regime, fwe™"l > 1: Ny (o) =
e—/fwe""‘
2pw sinh |ul*
(iv) High-temperature regime, fwe*l < 1: Ny (w) =
1
fo sinlil u
In comparison, the Planck distribution 7, behaves as e =%
for fw > 1 and as ﬁ for fw < 1. It follows that

(1) NUdW(w) <Ny, as ﬂa) - O’
(ii) Nyaw(®) > n,, as fo — oo.
The contribution to the Lamb shift is

12
872 sinh u

© (0 + ke™)(w — ke")
dkn, 1
XA MO (@ — ke (@ + ke")

Buav() = senw) | 20 +

J

where the integral Ay = —f—; J& drsin(|w|r) /7> diverges
at 7 = 0. We regularize by introducing a cutoff ¢ in the
lower range of integration. Then,

(30)

/12
) 1)
4

where here y stands for the Euler-Macheronni constant.

2. TD coupling

The coefficients y(w) and N(w) are defined for positive
w as

22[1 4 2 cosh(2u)]

3 we'
N = KRdk. (33
(@) =5 sinh ull + 2 cosh(2u)] [, " (33)

For an initial thermal state of the field, Eq. (27) yields
B 3
2w sinhu[l + 2 cosh(2u)]

X [F(pwe™) = F(fwe")], (34)

Nop (@)

where the function
F(x) =2g3(e™) 4 2xgr(e™) + x*gi(e™)  (35)

is expressed in terms of the polylogarithm functions
9e(x) = >_,—1 %. Note that g, (x) = —log(1 — x), and that
gs(1) = ¢(¢), where ¢ is Riemann’s zeta function.
The function Nyp(w) has the following asymptotic
behavior.
(i) Low-velocity regime,
(%wn:u + %I’lm)uz‘f',
(if) High-velocity regime, [u] > 1: Nyp (@) = F 730,
(iii) High-frequency regime, pwe "l > 1: Nip(w) =

—ul

|M| < 1: NTD((U) = nw+

36—/}1116
2pw sinh |u|[14cosh(2u)]"
(iv) Low-frequency regime, pwel"! < 1: Npp(w) =
1 _ 3coshu
P 142 cosh(2u)*

For small u, Np (w) is practically indistinguishable from
Nyaw(w). For large u, Ntp(w) is significantly smaller than
Nygw(w). This behavior is demonstrated graphically
in Fig. 1.

The contribution to the Lamb shift is

/12
87 sinh u
(@ + ke™)(w — ke")
(0 —ke™)(w + ke")

Bro(a) = sen(a) B +

X /oo dkk*n; log
0

}
(36)

where the integral

~  2%[1 + 2cosh(2u)]
Bo= 27?

A ® desin(olr)/e (37)

diverges at 7 = 0. We regularize by introducing a cutoff € in
the lower range of integration. As € — 0,

~  22[142coshu)]jw* [ 3 _
Ay = 7 (we)? + log(|w|eer 1) |.

(38)

D. Special limits

Nonrelativistic limit.—This limit corresponds to the regime
|u| < 1. By the analysis of the previous section, N (@) =
n, + O(|u|*), and we recover the standard optical master
equation for a heat bath at temperature 7. The first correction
is of order O(|u|?) and it depends on the type of coupling.
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FIG. 1.

UDW

a 4 -
)

(1) Nyaw as a function of pw for different values of u. (ii) Np as a function of fw for different values of u. (iii) Ny vs Np as

a function of pw, for u = 0.4. (iv) Nyuw vs Ntp as a function of fw, for u = 0.9.

Ultrarelativistic  limit.—This limit corresponds to
|u| — oo. In this regime, N (w) is suppressed exponentially
e"l“l for some power n. Hence, very fast probes see the field
as though it is in its ground state.

Classical limit. —The function N(w) depends on % only
through the combination A®. This means that there is no
classical limit (7 — 0). This is not surprising, the classical
limit does not exist even for the usual quantum optical master
equation. The reason is that there is no classical thermal state
for the electromagnetic field: the classical statistical mechan-
ics of the electromagnetic field is not consistent.

Hence, there is no way to relate our results to derivations
of the transformation laws for temperature that are based on
classical physics. To this end, it is necessary to consider a
thermal environment with a good classical limit. This is
the case, for example, of a bosonic or fermionic ideal gas,
with particles of finite mass. This reduces to a classical
ideal gas in the appropriate regime. The challenge there is
to construct a physically meaningful coupling between the
quantum probe and the environment. We will undertake this
work in a future publication. Note that even in such
systems, there is no a priori guarantee of a correspondence
to classical thermodynamics, at least within the approxi-
mation of the second-order master equation [27].

Stochastic limit—If the probe can be described in terms
of a position and a momentum variable (for example, a
harmonic oscillator), then the reduced dynamics can be
solved using path integrals, through the Feynman-Vernon
influence functional method [28]. Indeed, in this case our
system is equivalent to a Caldeira-Leggett model [29] with

an ultra-Ohmic environment—see Ref. [30]. In these
systems, the influence functional technique allows one to
pass to a semiclassical limit of a particle moving under a
stochastic force with correlator given by a component of the
influence functional, known as the “noise kernel.” Hence,
one obtains the classical stochastic limit of a particle
moving under a stochastic force.

In principle, this type of analysis is possible in the present
system. We expect the noise kernel to depend explicitly on
the function N(w). Hence, the semiclassical limit of the
probe would involve a Langevin equation for thermal noise
that explicitly depends on the probe’s velocity.

III. ASYMPTOTIC STATES

A. Two-level atom
We consider the special case of a two-level atom of
frequency €, The Hamiltonian is h= %Qoaz, and the
coupling operator is A= 61. Then, there are only two

transition operators: AQO corresponds to 6_ and A_QO
corresponds to 6. The master equation takes the form

op Ala A
o = =il p] + T[N ()
T

O P P
+ 1] <0_,00+ —56:6-p~ Epa+a_>

N DA
—Epa_m), (39)
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where Iy := y(Q) is the decay coefficient for the atom in vacuum and Q = Q, + 2A(Qy) is the Lamb-shifted excitation

frequency.

For a general initial pure state [y,) = ¢” cos§[1) + sin%|0), the solution to the master equation is

T) ==
p(7) 3 e_r70(2N+l)r+iQT_i¢ sin @

where N = N(Q).

For an atom in the ground state (¢ = x), and for ['jz < 1,
p11(t) = TyNt; i.e., the excitation rate is equal to [oN (Qy).
This reproduces the result of Ref. [9] for the UDW
coupling.

There is a unique asymptotic state

1 N(Qo) 0
p(T):ZN(QO)+1( 0 N(QO)+1>’ “4h

The expectation value of energy is

) = v (42)

2N(Q) +1]°

The asymptotic state is not universal: it depends on
N(Q), which depends on the type of coupling.

B. Harmonic oscillator

For an harmonic oscillator of mass m and frequency €,
the Hamiltonian is 7 = Qya'a, and the coupling operator is

%= 21 (@ + a"). There are only two transition oper-
mazsg
S s s
ators AQO—\/zm—QOa and A_q, _\/m_goa'
The master equation is
d
. — _i0 A]A’A
L p(e) = ~icfa'a.p)
AAAI 1/\']'/\/\ 1/\/\'{'/\
+To(N(Q)+ 1) apa —yalap—5pa‘a
PEPNN 1AATA lAAAT
+ ToN(Ly) a'pa—-zaa'p-zpaa’ ),
Q
where Fozg(m—(ﬁz.

There is a unique asymptotic state with matrix elements
in the energy basis

1 N(€)
Pnn’ = (N

N(Q) + 1 (Qo)+1> Onn's (43)

with mean energy

-Th(2N+1)7 _ 1 To@N+e
1 1+e cosf NI

e~ 22N+1)—iQr+ig (i g
~To(2N+1)z (40)
= e ToEN+1F g 4 L=t e

Again, the asymptotic state depends only on N(€). It is
unique for a given coupling, but it differs for different
couplings.

C. Three-level atom

The last case considered here is that of a three-level atom
with energy levels |a),|b),|c) and associated energies
E, < E, < E,. For a dipole coupling with the EM field,
one of the coupling constants for the three possible
transitions must be zero. We consider the case that the
transitions a <> b is forbidden. We denote the transition
a <> c¢ as 1 with associated frequency Q; =FE.-E,
and coupling constant 4;, and the transition b <> ¢ as 2
with associated frequency Q, = E. — E, and coupling
constant A,.

We choose the energy of the ground state £, = 0, so that
the self-Hamiltonian reads

h

(Q) —,)|b){(b] + Qyc)(c]. (45)
The interaction term is

V= (181 +3]) + LB, +5]) ® O(x),  (46)
where §, = |a)(c| and §, = |b){(c| are atomic transition
operators. They satisfy §7 = §5 = 0.

There are four transition operators: Ag = 4;8;, A_g, =
Alﬂ, Ag, = 18, and A_g, = /1232. The master equation is

where I'; = y(€;), N; = N(Q;), and
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h=(Q +A)|e)(c| + () —Q + A,)|b) (b

— (A1 + Ay)la){al, (48)
The stationary solution at late times is diagonal,
(N +1)N,
Pac = 3NNy + Ny + N,
N{(N,+1)
Pbp = ’
3NN, +N; +N,
NN,
/)CC

T 3N\N>+ N, + N,

As in the previous cases, the stationary solution does not
depend on the strength of the interaction, but it depends on
the type of coupling through the parameters N;.

D. General systems

In general, the existence of unique asymptotic solutions
to the master equation (25) depends on the system
Hamiltonian / and on the operators Aw. The case of a
nondegenerate Hamiltonian / is particularly important. Let
us denote by ¢, the eigenvalues and by |n) the eigenvectors
of h, labeled by n = 0,1,2, ..., so that ¢, < ¢,/ for n < n'.
Then the diagonal elements of the density matric,

Py = (n|pln). (49)

decouple from the off-diagonal ones, and they satisfy
Pauli’s master equation

dp,
dt = Z(Tnmpm - Tmnpn)7 (50)

with transition rates

T = 7(|€n = €l | (mlA[n) 2
N(le, —€n]) +1, m>n
{N(en—emD n<m}' S

Asymptotic states correspond to probability vectors p,, that
are eigenvectors of 7,,,.

The detailed balance condition is that, in equilibrium,
each independent summand in the right-hand side of
Eq. (50) vanishes. It implies that

N —
& — (|€H €m|) , (52)
Pm N(|€n_€m|)+1
for n > m. Detailed balanced holds for all systems if
u =0, and it also holds for the systems studied in this
section. We find it plausible that it holds for a generic

nondegenerate Hamiltonian. A proof would require the
application/generalization of existing theorems about the
asymptotic states of dynamical semigroups [31,32].

E. Summary

Our analysis of the master equation has revealed the

following pattern.

(1) There is a unique asymptotic state for each self-
Hamiltonian /.

(i1) The asymptotic state depends only on the function
N(w). It does not depend on the relaxation time I’y
of the system, i.e., on the strength of the system-
reservoir coupling.

(iii) The asymptotic state is not universal. It depends on
the channel of interaction between the system and
the thermal environment, i.e., on the composite

operator O(x) that enters the coupling term (4).

IV. THERMODYNAMIC CHARACTERISTICS

A. The quantum probes as thermometers

An ensemble of quantum systems interacting with a
thermal reservoir is an elementary thermometer. The
average energy of those systems in equilibrium serves as
an empirical temperature for a bath. For example, an
ensemble of harmonic oscillators of frequency Q interact-
ing with thermal reservoir is characterized by an empirical
temperature

Q

(53)
The function (53) satisfies the main criterion for an
empirical temperature, namely, it is an increasing function
of the absolute temperature 7.

The same reasoning applies to moving quantum systems
in interaction with a thermal reservoir. The average energy
in the rest frame of the quantum system still serves as an
empirical temperature that also depends on the rapidity u.
For a harmonic oscillator of frequency €,

O(T,Q, u) = ON(Q). (54)

The function (53) is also an increasing function of 7', as can
be seen by Eqgs. (27) and (29).

Hence, a physical system that can be used as a ther-
mometer when at rest with respect to a thermal reservoir
remains a thermometer when moving. What changes is the
explicit rule that connects the empirical temperature with
the absolute temperature 7 of the heat bath.

B. Heat transfer

The probe S can also be viewed as a thermodynamic
system, subject to the three laws of thermodynamics.
Consider a Markovian master equation of the form
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—p = =ilh(1).p] + L[], (55)

where /() is the Hamiltonian of the probe and L is a
superoperator of the Lindblad-Kossakowski (LK) type
that generates nonunitary evolution. Equation (55) leads
to a nonequilibrium formulation of the first law of
thermodynamics [19],

d

—F = P, 56

wE=a- (56)
where E = (h) is the internal energy, P := —Tr(p4 ) is the
power provided to the system, and

q = Tr(L[p]h) (57)

is the total heat current.

In the present context, 4t dt = 0, hence, P = 0. All changes
in the internal energy are due to the heat current. For the
master equation (25), the heat current is
q="> r(@o{N(w)A,A}) - [N(w)+ 1](A}A,)}.

>0

(58)

In equilibrium, ¢ = 0. Hence, the equilibrium state satisfies
N(w){A,AL) = [N(w) + 1](A}A,) for all w.

Let the initial state of the moving system be thermal at
temperature 7, in the COM frame. We proceed to evaluate
the total heat transferred from the reservoir to the system,

AQ = E() — E(0), (59)
and the heat current (58) as a function of time.

For a qubit,

Q
AQ = N(Qy) —ngl, (60
Q= Gy T DN @) 5 1] ) ol (60)
9
where ny = (e —1)7!, and
1
0= 3 T TN ) . (o1)

For a harmonic oscillator,
AQ = Qy[N(Q) — ng|, (62)
and

q =TQe 7 [N(Q)) — ny). (63)

The systems above have a consistent thermodynamical
behavior.” If AQ > 0, then the initial state is colder than the
final; therefore, there is positive heat transfer, and the heat
current is positive at all times. An analogous statement
holds for AQ < 0.

Heat flows even when T' = T,. In Fig. 2, we plot the heat
transfer AQ in the qubit system for 7 = T, as a function of
u. We note that AQ < 0 for fw < 1. From the perspective
of the rest frame of S, a moving heat bath at sufficiently
high temperature is always colder than a stationary one.

In some axiomatic approaches to thermodynamics [33],
the notion of “hotness” is introduced as a primitive
structure. Hotness is an order relation < on the set I' of
thermodynamic states: A < B if there is (non-negative) heat
flow from A to B when two bodies on states A and B are
brought in contact. The order relation is total, i.e., for any
pair of states, either A < B or B < A. This property enables
us to express < in terms of the inequality relation of real
numbers and, hence, to introduce the notion of temperature.

The results of this section strongly suggest that the
notion of hotness could also be meaningful on an extended
thermodynamic state space I that includes information
about the motion of the system’s COM. This means that the
order relation < can be extended to I".

Furthermore, as the sign of heat flow depends only on the
sign of the difference N(Qq) — ng, our results are compat-
ible with the idea that < is a total order also on I . However,
this assertion is too strong: it implies a universal notion of
temperature that also incorporates the effects of the COM
motion. We have not found such a candidate for temper-
ature in our study. Further research is necessary in order
to understand the properties of the proposed notion of
hotness.

C. Zeroth law of thermodynamics

The existence of a unique asymptotic state for each
Hamiltonian / is a necessary consequence of the zeroth law
of thermodynamics. Any system in contact with a thermal
reservoir of temperature 7 at rest reaches equilibrium at
temperature 7.

Two states, A and B, are in thermal equilibrium (A ~ B),
if A< Band B < A, i.e, if there is no heat flow when they
are brought into contact.

Consider two systems in states A and B, in thermal
equilibrium with the same reservoir C. If the systems are
removed from the reservoir and they are brought into
thermal contact with each other, there is no heat flow. This
manifests the crucial feature of the zeroth law of

*The reader may worry that a single harmonic oscillator or a
single qubit is not a thermodynamic system. However, the same
results hold for a collection of N qubits or harmonic oscillators,
with mutual interactions much weaker that the interaction with
the bath, i.e., for a “dilute gas” of qubits or harmonic oscillators,
which is a thermodynamic system for N > 1.
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FIG. 2. The heat transfer AQ for a qubit at temperature 7, = T as a function of u for different values of fw. The left plot describes a
qubit interacting with the field bath through the UDW coupling and the right one describes a qubit interacting with the field bath through

the TD coupling.

thermodynamics, namely this: if A~ C and B ~ C, then
A ~ B.This transitivity property is inherent in the definition
of the order relation <.

Next, we consider two systems in states A and B that
move with the same velocity v with respect to a thermal
reservoir (system C). System A interacts with the reservoir
through the UDW coupling, while system B interacts
through the TD coupling. A and B reach the equilibrium
state, and then they are removed from the reservoir. They
are at rest with each other and they are brought into contact.

Systems A and B have different energy, while their
self-Hamiltonians are identical, and the values of other
extensive quantities can be taken to be equal. In usual
thermodynamics, the value of energy and the other exten-
sive quantities uniquely define all thermodynamic poten-
tials and, hence, the notion of thermal equilibrium. This
would imply that the systems A and B are not in thermal
equilibrium with each other: they will exchange heat until
they are brought into a new equilibrium state. There is no
transitivity for three systems A, B, and C if one of them is in
motion with respect to the other.

Hence, in order to compare systems that move with
respect to each other, we must either abandon the zeroth
law of thermodynamics or introduce additional variables to
describe thermodynamic states. The zeroth law of thermo-
dynamics is a consequence of the partial ordering relation
< on I, which is reasonably well justified by our previous
analysis. For this reason, we believe that the zeroth law is
preserved and that the thermodynamic description of

moving systems requires the introduction of additional
variables, beyond the components of the four velocity that
are employed in the van Kampen-Israel formalism [34,35].
Indeed, such variables emerge from our account of the
second law of thermodynamics.

D. Directional averaging and
directional temperature

Next, we present an important identity that is satisfied by
the function N(w) and it is crucial to the thermodynamic
interpretation of the master equation (25). To this end, we
first define the notion of directional averaging. Let V be the
set of null vectors p, = (|p|.p), and f:R — R a function
of @ = |p|. Consider a Lorentz boost of rapidity u along a
direction n. In the boosted frame, the energy is o' =
wcoshu —p -nsinhu = w(coshu —s -nsinhu), where
s = p/w. We define the directional averaging (f(®)), as

u

(@) = / du(s)f (@), (64)

where du(s) is the invariant, normalized measure on the
unit sphere. The directional averaging of f does not depend
on the direction n of the boost. Defining £ :=s - n, Eq. (64)
becomes

(@), = % /_ 1 déflw(coshu — Esinhu)). (65
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With this definition,

NUdW(a)> = <n(w)>u’ (66)

where n(w) = (e#” —1)7! is the Planck distribution.
Indeed,

1 . ! —ma(cosh u—& sinh u
@)y =5 [ deermotcsmo,

m=1
- 1 i e—m/)’me‘” e—m/)’me"
 2Bwsinhu — m m
= Nyaw(). (67)

Similarly, we find that

3(@’n(w))
N = . 68
™ (@) = 505 cosh (2] (68)

We define the directional temperature as
T

rT.:= ———
¢ coshu — Esinhu’ (69)
or equivalently f; := f(coshu —&sinhu). For each

u, Te lul < T: < Telul,
Then, N(w) can be written as a weighted average of the
Planck distribution for varying temperatures 7,

M) = [ ds

where w(¢) is a probability density on [—1, 1) that depends
on the coupling:

w(é)

efer — 17

(70)

Wwa(f) =1, (71)

3(cosh u — &sinh u)?

wn(£) = 1 +2cosh(2u) (72)

E. Second law of thermodynamics

Equation (70) implies that the master equation (25) can
be expressed as

B _ o p a1 )
a—z = —ilh+ hys,p] +§/_1 dew(&) Ly [p],  (73)

where

A v(o) IOV YR Deva
L:ﬁg [p] Z 1 e_ﬁg’w |:Aa) Aa) - EAa)Awp - E AwAw
>0
]/(C()) T AR N AF oA 1,\’\ At
poe el 1 |: wPAw — EAwAw/) - E/) Aol

is a LK map for a thermal reservoir at inverse temper-
ature fi;.

Hence, Eq. (25) can be interpreted as a master equation
for a system in contact with a continuum of different
reservoirs at temperatures 7.

For a thermal reservoir at temperature 7, the thermo-
dynamic entropy S coincides with the von Neumann
entropy S,y :=—Trplogp, and it satisfies the balance
equation

ds
E - ﬂQ/} = 0p, (75)

where g5 = (Ly[p)h) is the heat flux, and o is the total
entropy production [36]. The LK operator L for a thermal
reservoir must have a Gibbsian equilibrium state

e P

Py = 7 Then, entropy production is given by [36]

o5 = =Tr(Ls[p](logp —logps) > 0. (76)

Note that 65 = —f ”fi—f, where F is the Helmholz free energy
of the total system that includes the probe and the reservoir
at temperature 5.

In Eq. (73), the LK map is a weighted average of the LK
maps for different thermal reservoirs. Since entropy pro-
duction is a linear functional of the LK map, we can express
the entropy production associated to Eq. (73) as an average
of o4, Eq. (76),

6= %/_i déw(&)op,. (77)

It follows that
1 /1 N
o = ~Tr(Llpltogp) ~ [ dew(@BTr(L ). (78)

The total produced entropy is given by

ASi = SvN[ﬁ(oo)] - SvNV)(O)]

-3 [ d@plE-EO) ()

where E; = Tr(ﬁ,;jz).
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Plots of the entropy production as a function of ¢ are
given in Fig. 3, and of the total produced entropy as a
function of u in Fig. 4.

V. RELATIVISTIC TRANSFORMATIONS FOR
THERMODYNAMIC STATES

A. Relativistic transformation of Gibbs states

Equation (73) implies the following equivalence for
an quantum open system. The nonequilibrium dynamics
of a heat bath at temperature 7y moving with velocity —v =
—tanh u is equivalent to the nonequilibrium dynamics of a
continuum of heat baths at rest, and with temperatures
T: e [Toe~ 1", Tyel"l]. The different baths are weighted by a
system-specific probability distribution w(¢).

This leads to the conjecture that the effect of a Lorentz
boost with rapidity u on a Gibbs state ps is a convex
combination of Gibbs states py, with a weight w(¢),

1 |
b= | dewl@py, (30)

Obviously, this transformation is different from the
unitary transformation of the Gibbs state through a unitary

representation of the Lorentz group U(A),

A

pp = UT(N)psU(N). (81)

UDW, Ty<T
L
7
2
2.5 5,
2 _I' u=0.1
1.5} u=0.7
1F cmimm Us=09
0.5
0 o —— vn T
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TDT: <T
10
8
; I. u=0.1
=3
\ u=0.7
) - =09
3 a — —a ) ‘,: r
0.1 0.2 0.3

The dimensionless entropy productlon o/yy of a qubit as a function of dimensionless tlme Yol For the UDW coupling,
. The temperatures T, and T alternate values 33w™!

and w~

The latter transformation does not change the thermody-
namic description of the system, as the partition function is
invariant under unitary transformations.

Equation (80) should not be taken literally. It refers only
to the thermodynamic level of description; i.e., to properties
of the Gibbs state that are relevant to thermodynamic
properties. A more precise version of (80) is the following.
Let By, be the subset of operators on the Hilbert space that
describe thermodynamic observables. Then, the that the
expectation value (A), forany A € By, in the moving frame
should be given by

1

3 | O, ). (82)

@, =1

Observables outside By, are not constrained.’

Equation (82) is also supported by the following proper-
ties of the field correlation functions. Consider the thermal
Hadamard function of the massless scalar field, defined by

Gy(x) = 5Tr(pp{d(x). #(0)}),

1 [Se]
4n? ; (t+ znﬂ (83)

Gﬁ' =

*Note that in many approaches to nonequilibrium thermody-
namics, the microcanonical state is obtained as an asymptotic
state, only with respect to a small subset of macroscopic
observables that have a thermodynamic interpretation—see, for
example, [37].
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Equation (83) satisfies the Kubo-Martin-Schwinger (KMS)
condition

Gyt —if.r) = Gy(t.r). (84)

Next, consider the Lorentz transformed Hadamard function
Gj(x) = Gs(A;'x), where A, is a Lorentz boost of
rapidity u in the direction 1,

Au(t’x]vxbx2)
= (tcoshu — x; sinh u, x; cosh u — ¢ sinh u, x,, x3).

(85)
We obtain

Gj(t,

r)
w7 1
 An? A= 2 —r? —n?B* + 2inf(tcoshu + x, sinhu)
(86)

Equation (86) does not satisfy the KMS condition.
However, the probabilities for local measurements of the
field are evaluated for r = O,

471'2 Z £ —

G“ t,0) 87
2[J?2+2mﬁtcoshu (87)

n

Iand w™!

Then, it is straightforward to prove that

Gi(1,0) = % / ' d£G, (1,0); (88)

1.e., the boosted Hadamard function is a convex combina-
tion of functions that satisfy the KMS condition. The same
holds for the Hadamard function for the TD coupling.

Equation (88) justifies Eq. (82) for the observables of
the form

A, = /dtdt’a(t, )1, x)p(7,x). (89)

This class of observables includes ones that correspond
to localized measurements of particle number and energy
[15,38-40]. These observables can be used to define
thermodynamic variables like particle number density or
energy density.

B. An extended thermodynamic space

In Sec. IV.3, we showed that the applicability of the
zeroth law of thermodynamics to moving systems requires
a significant extension of the thermodynamic state space.
Here, we present such an extension that is consistent with
the relativistic transformation law discussed in Sec. V 1.

First, we recall how the thermodynamic state space and
the thermodynamic potentials of a quantum system are
constructed from the canonical distribution. Let H(X) be
the Hamiltonian that of the system in the COM frame; X are

085005-13



NIKOLAOS PAPADATOS and CHARIS ANASTOPOULOS

PHYS. REV. D 102, 085005 (2020)

thermodynamic control parameters like volume or external
fields. The thermodynamic state space I" in the Helmholz
representation has elements (f, X), and it is in one-to-one
correspondence with the set of all Gibbs states

P(B.X) = EZ_(/;}H;(;, where Z(f,X) = ¢ #1X) is the partition
function. The thermodynamical potentials on I" can be
derived by identifying the expectation (H) with the internal
energy, and the von Neumann entropy S,y = —Trplnp
with the thermodynamic entropy.

Next, we consider the space I that is a convex hull of T,
constructed through the Gibbs states. That is, I is the set of
all density matrices, p = Y, ¢;p(f;, X;), for all sequences
{c;} such that 0 <¢; <1 and > ,c¢; = 1. Again, we
construct the thermodynamic potentials on I” by identifying
(H) with the internal energy and S,y with the thermody-
namic entropy.

By construction, the map (80) is well defined on It
maps all extreme points of I (i.e., Gibbs states), to points in
the interior of I. Its action can be extended to any p € ["
by linearity.

The first law of thermodynamics on I is well defined
since internal energy and entropy are well defined. Our
construction of ' is compatible with the analysis of the
zeroth law in Sec. IV.3, and it enables a representation of
the Lorentz boosts as discussed in Sec. V 1. It is therefore a
natural candidate for an extended thermodynamic state
space that also takes into account the COM motion of
thermodynamic systems.

It is possible that the extended state space I" constructed
here is larger than needed. For example, the map (80) is
well defined on a subset of I" that consists of states of the
form p=>,¢c;p(f:,X); ie., the convex combinations
involve only different values of temperature and not of
X. However, our preliminary analysis serves to highlight
the key point of the analysis of the second law in Sec. IV E:
thermodynamic transformations between different Lorentz

frames can be implemented in terms of convex combina-
tions of Gibbs states.

VI. CONCLUSIONS

We analyzed the quantum thermodynamics of moving
systems in interaction with a heat bath. We showed that
these systems are well behaved thermodynamically, in
the sense that they have a consistent notion of heat flow.
There is no relativistic rule for transformation of temper-
ature; however, a moving heat bath is equivalent to a
continuum of stationary heat baths, as far as the non-
equilibrium dynamics of the system is concerned. This
led us to the proposal of an extended thermodynamic
state space in which the Lorentz transformations can be
well implemented.

Our results are derived using specific models rather than
general mathematical principles. It is therefore necessary to
develop models that deal with more elaborate cases. We
must consider other types of thermal bath, for example,
relativistic gases of massive particles. Furthermore, we
must generalize the present results to extended quantum
systems that are not defined by a pointlike trajectory. This is
essential for incorporating observables like volume and
pressure in the thermodynamic description. This will
enable us to connect directly with the traditional accounts
of Lorentz transformation for thermodynamic variables.
One possible approach towards this goal is to adopt the
methods and techniques used in Ref. [39] for nonpointlike
detectors.

If our conjecture about the relativistic transformation
rule is confirmed by other models, it will be necessary to
look for a more fundamental justification. This could
be provided by an analysis of quantum field two-point
functions like Eq. (7) for general composite operators O(x)
and KMS states. Furthermore, it is important to consider
possible experimental implementations of the models
presented here.
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