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We construct explicit mode expansions of various tree-level propagators in the Rindler—de Sitter
universe, also known as the static (or compact) patch of the de Sitter spacetime. We construct in particular
the Wightman functions for thermal states having a generic temperature 7. We give a fresh simple proof

that the only thermal Wightman propagator that respects the de Sitter isometry is the restriction to
the Rindler—de Sitter wedge of the propagator for the Bunch-Davies state. It is the thermal state with
T = (27)~" in the units of de Sitter curvature. We show that propagators with T # (2z)~! are only time
translation invariant and have extra singularities on the boundary of the static patch. We also construct the
expansions for the so-called alpha-vacua in the static patch and discuss the flat limit.
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I. INTRODUCTION

Notwithstanding the existence of a vast literature on de
Sitter quantum fields there is still no consensus as regard to
their infrared behavior which is very much different from
the behavior of Minkowski and anti—de Sitter fields. The
root of the problem is the absence of a globally defined
timelike Killing vector field on the de Sitter manifold: the
components of the metric in general depend on the time
variable ¢ of the chosen coordinate system.

The nonstationarity of the de Sitter metric indicates that
to compute loop quantum corrections one should make use
of the Schwinger-Keldysh rather than the Feynman dia-
grammatic technique; in the first step, initial data have to be
imposed on a Cauchy surface at some time 7, to define the
correlation functions. No matter what state is chosen,
secular growing infrared contributions appear in the loops
(see e.g., [1] for a review); these effects are global and
sensitive to the initial conditions [1-4]. Summarizing, when
quantizing fields in curved space-times, the field dynamics
may and in general does depend on the choice of coor-
dinates through the choice of the initial data and this is
crucial, in particular, for understanding the properties of de
Sitter quantum physics.

Cosmologists usually make use either of the spatially
flat Poincaré coordinates [5—7] or of the global spherical
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coordinates [6-8] for the de Sitter manifold. To build
correlation functions, the common initial choice is the
Bunch-Davies (also called Euclidean) de Sitter invariant
state [9—14]. What makes it special is that this is the only
state among the de Sitter invariant ones—the so-called
alpha vacua [15-17]—to be maximally analytic [18,19].

There is however a particular chart—the “static patch”
discovered by de Sitter in 1917 [20]—which admits a
timelike Killing vector field (see Fig. 1). The field of course
is not globally timelike: it becomes lightlike on the
boundary of the static patch (the horizons) and spacelike
beyond it. A celebrated result by Gibbons and Hawking'
[14,18,19,22,23] says that the restriction to the static patch
of the Bunch-Davies state is a thermal equilibrium state at
the temperature 1/27zR with respect to the relevant time
coordinate, where R is the de Sitter radius.

As one can see, it is a very specific statement that (of
course) is true only when all the above conditions are
fulfilled. Nonetheless, it is not uncommon to hear or read the
(incorrect) general statement that the de Sitter space has a
temperature, which is sometimes taken as the starting point
of vague speculations about cosmology and quantum gravity.

Apart from the Gibbons-Hawking result, not very much
is known about quantum fields in the Rindler—de Sitter
wedge (the static patch). The relevance of this model for
cosmology and black hole physics makes this lack of
knowledge even more surprising.

"This result was actually predated by another important result
by Figari et al. [21] who studied interacting quantum fields in the
wedge in two dimensions by applying constructive methods on
the Euclidean sphere.
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FIG. 1. The static patch and its opposite represented by
embedding the two-dimensional de Sitter manifold in a three-
dimensional Minkowski spacetime. The right (left) static patch is
the intersection of the de Sitter manifold with the right (left)
wedge of the ambient spacetime. The integral curves of the
Killing vector field are the vertical hyperbolae obtained by
intersecting the manifold with the planes X' = const.

In this paper, we partially fill this gap by constructing all
the time translation invariant states at tree level. In
particular, we produce new (to the best of our knowledge)
formulas giving explicit mode expansions of the correlation
functions where the coordinates of the static patch are
separated. This is an obviously necessary preliminary step
to apply perturbation theory and calculate loops as
described above.

Our class of equilibrium states contains in particular all
the thermal states, and we give a new direct proof that the
complete de Sitter invariance is recovered only at
T = 1/2zR. All the other states, including the zero temper-
ature vacuum (pure) state, are not de Sitter invariant and
have unusual singularities at the horizon, giving retrospec-
tively some support to Einstein’s suspicions about the
equator of the patch [24].

We restrict our attention to the two-dimensional case to
avoid unnecessary complications in the equations. Most of
our results can be straightforwardly extended to other
dimensions. Loop corrections to tree-level propagators will
be investigated in a companion paper.

II. GEOMETRY

The coordinate system which is of interest for us here
was introduced as early as 1917 by Willem de Sitter in the
course of the famous debate on the relativity of inertia [24].

By visualizing the two-dimensional de Sitter space as the
one-sheeted hyperboloid embedded in a three-dimensional
ambient Minkowski space

dS,={XeR3 X*X,=X}-X?-X5=-R*} (2.1)
(capital X* denote the coordinates of a given Lorentzian

frame of the ambient spacetime), the de Sitter static
coordinates are

X" = Rsinh 5sech %
X'=Rtanh% =u
X? = Rcoshsech%

t € (—00,0),x € (—00, ). (2.2)
In the following, we will set R = 1 and tanhx = u.

From a group theoretical viewpoint, the new time
coordinate ¢ parametrizes the one-parameter subgroup of
the de Sitter group stabilizing the equator. The action of that
subgroup to points of any spherical spatial section con-
taining the equator gives coordinates to two opposite static
patches. In two dimensions, the spatial sections are ellipses;
the equator degenerates in the two points where all the
ellipses meet (see Fig. 1). A static patch is in fact the
intersection of the de Sitter manifold with a Rindler wedge
in one dimension more and this is why we also call it as
Rindler—de Sitter wedge. The above coordinates thus cover
only the region {|X'|(1} n {X2)|X°|} of the real de Sitter
manifold, the right wedge in Fig. 1, the shaded region
in Fig. 2.

A Rindler—de Sitter wedge is itself a globally hyperbolic
space-time, but a Cauchy surface for the wedge is incomplete
with respect to the whole de Sitter manifold, being only “one
half” of a bona fide Cauchy surface’; see Figs. 1 and 2. On
the other hand, quantization in the static coordinates has an
advantage in comparison with other coordinate systems: the
Hamiltonian operator is time independent. The metric

dr* — dx?

ds* = ———
cosh x

(2.3)
is time independent and conformal to the flat metric. The
static patch is bordered by a bifurcate Killing horizon

X — oo, t = =+x,
where the metric degenerates. The corresponding Killing

vector is not timelike when extended outside the static patch.
The de Sitter invariant scalar product is given by

In saying this, we suppose that the geodesical completion of
the wedge is the de Sitter manifold. Would we suppose that the
geodesical completion be, say, its double covering, the result
would change completely. In particular, there would be no
thermal state at all [25].
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FIG. 2. Penrose diagram of the de Sitter manifold with Cauchy
surfaces of different patches. A denotes a Cauchy surface for the
expanding Poincaré patch, B for the static patch, and C for the
global de Sitter space. The static patch is bordered by a bifurcate
Killing horizon.

cosh(#; — t,) + sinh x; sinh x,

= = XGX - -
{=<Cn 132a cosh x; cosh x,

(2.4)

The geodesic distances L and ¢ are related as follows: { =
—cosh(L) for timelike geodesics, { = cos(L) for spacelike
ones, { = —1 for lightlike separations or coincident points.

III. CANONICAL QUANTIZATION

In this section, we outline the canonical quantization of
the Klein-Gordon field in the static chart coordinates,

(a% -2+ Cosh2x>¢(t, x) =0, (3.1)
[p(t,x1), (1, x,)] =0,
[(t.x1). p(t.%2)] = i6(x; — x,). (3.2)

The static chart is in itself a globally hyperbolic manifold,
though geodesically incomplete. We may apply standard
methods of canonical quantization and look for a complete
set of modes by separating the variables. Of course, the so-
constructed set of modes will be incomplete when consid-
ered with respect to the whole de Sitter manifold [26,27].
Let us consider factorized modes which have positive
frequencies with respect to the time coordinate f,
@(t,x) = e7 @y, (u), u = tanh x. (3.3)
w,,(u) are eigenfunctions of the continuous spectrum of the
well-known quantum mechanical scattering problem,

m2
<t ) = . u= e

(3.4)

For any given @ > 0, the Ferrers functions F”_“; Lo (Fu)—

also known as Legendre functions on the cut [28]—are two
independent solutions of the above equation. The double
degeneracy of the energy level @ points toward the
introduction of two pairs of creation and annihilation
operators for each level,

[bw| ) bfvz] = 6(w) — wy),
(3.5)

[awl,al)z} = (o, — w,),

[aull ’ b(l)z} = [a(ﬂl 4 bZ)Z] = 0

The mode expansion of the field operator ¢ (¢, x) can then
be written as follows:

o dw .
¢(t’ X) = / 2_ [e_lwt(l//w(u)aw + l//m(_u)bw)
0 T

+ ey, (u)aly + i, (—u) i), (3.6)
where
. Lo
W, (1) = /sinh(zw)l’ (5 +iv— lm)
1 .. i
x T 5= P_%Hy(u). (3.7)

The normalization was chosen according with the com-
pleteness relation (A1) shown in the Appendix. At large
positive x, the wave

W, (tanh x) ~ e™* (3.8)

X —> 0

is purely right moving (at large negative x — —oo, the wave
W, (—tanhx) ~ e=®* is purely left moving).

By normal ordering with respect to the vacuum of the a,,
and b, operators, we get the free Hamiltonian in the
standard form

+o0 +o0 ¥ ¥
‘H = / dx\/g:T} = / do w(a,a, + byb,).
—00 0
(3.9)

Note that the range of integration over w starts from zero
(rather than m as for a massive field in flat space). This is
because the “mass” term in the action

S, = /dzx\/g_} m? ¢?(t, x)
vanishes near the horizon [recall that \/g = (coshx)™2].

A. Thermal two-point functions

The quantum mechanical average over a thermal state of
inverse temperature f is given by

_ TrpO

(O)p = p=ePH, (3.10)

Trp ’
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Although the previous expression is ill-defined in quantum field theory, it still allows to compute the thermal two-point
function at inverse temperature f by assuming the Bose-Einstein distribution of the energy levels,

Equations (3.6) and (3.9) give the following expression:

Wp(ty = 1y, x1, %) = (P(t1, x1)p(t2, X2)) y =

where

Pv(w7 up, u2) =

The states defined by the above two-point functions are
mixed. The only pure state is obtained in the limit f — oo.

In Sec. V, we will prove that for f = 2z, the above two-
point function is de Sitter invariant and coincides with the
restriction to the static patch of the Bunch-Davies two-point

<a2)aw’>/)’ = <bfﬂbw’>ﬂ = (e[)’(u - 1)_15(60 - a)/)' (311)
[ da) e_iw(tl_tZ) N
42 [W (Ww(u1>Ww(u2)
eim(t]—tz)
+ l//w<—1/l1)l//z)(—l/£2)) + 6/),0)4—1 (l//;j)(l’“)l//w(uZ) + l//:j)(_ul)l//m(_u2>)
0 ity 1) 1= e—27m) »
= e 1~ 12 WPD(CO,MI, uz)da), (312)
e”w(Pi_al)JriU(ul)Pj(fib(uZ) + Pi_aiJri,,(_ul)Pj(fiy(_u2))
2 2 2 2 (313)
8coshz(v — w)coshz(v + w)
[
(1) For 0 <Imf <z and x €R, the point Z(z,x)
belongs to the forward tube
T,={Z=X+iveds;, Y>>0, Y°>0}.
(4.3)

function,

1

Wo(t) — 1y, x1,x5) = Wep({) = Tcoshay

P—%-&-iu(z:)’
(3.14)

where ( is the de Sitter invariant variable defined in (2.4).
On the other hand, for arbitrary f, the two-point function
Wy(t, — 12, X1, X,) and its permuted function do not respect
the de Sitter isometry because their periodicity thermal
property in imaginary time ¢t — ¢ + iff is incompatible with
the geometry of the global de Sitter manifold, the only
exception being f = 2x.

IV. MODE EXPANSION OF THE HOLOMORPHIC
PLANEPLANE WAVES

Let us now move to the complex two-dimensional de

Sitter spacetime,

dss ={z e C?, Z3-72-73=-1}. (4.1)

We may use the same coordinate chart as in Eq. (2.2),

7% = sinh ¢ sechx

Z(t,x) = ¢ Z' = tanh x . (4.2)

7% = cosh t sechx

but now ¢ and x are complex. In particular,

(ii) For—z <Imf <0 and x € R, the point Z(t,x)
belongs to the backward tube
T_={Z=X+iY €dss,

Y2>0, Y'°<0}.

(4.4)

There exists a remarkable set of solutions of the de Sitter
Klein-Gordon equation which may be interpreted as de
Sitter plane waves [18,19,29]. Their definition makes no
appeal to any particular coordinate system and may be
given just in terms of the ambient space-time coordinates:
given a forward pointing lightlike real vector £ in the
ambient space—time3 and a complex number 4 € C, let us
construct the homogeneous function

ZedSs: Zw (E-2) (4.5)
For any given & and 4, the above functions are holomorphic
in the tuboids 7, [18,19] and satisfy the massive (com-
plex) de Sitter Klein-Gordon equation,

(O-2A=-1)(&-2) =0 (4.6)

3¢ is a real vector belonging to the forward light cone

Cr={eR’ (&)-(£)-(£)?=0.¢">0}
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(we may write 4 = _%4_ iv; in the following, we will take basis manifold of the forward light cone; the convenient
for simplicity v € R). The boundary values choice is the hyperbolic basis I' =I'; U I, “parallel” to the
coordinate system (2.2) of the static chart,
E-X)=_lim (£-2) (4.7)
7ETt=X &0 = coshw &0 = coshw

are homogeneous distributions of degree 4 in the ambient & (w) = ¢ &' = —1 &(w) =4 &' =+1
space'time and their restric.tions to t.he real manifold.dSz are & — sinhw & = sinhw
solutions of the real de Sitter Klein-Gordon equation. All
these objects are entire functions of A. (4.8)

Let us now expand the above plane wave into modes of
the static patch. The first thing to be done is to choose a ~ With all the above specifications, we get

&+ Z = tanh x + sechx sinh( — w), &, - Z = —tanhx + sechx sinh(z + w). (4.9)

Let us take Z( + ie, x) with 7 real. Since Z(¢ + ie, x) € T, the wave (& - Z)* is a regular function of ¢ decreasing at
infinity; its Fourier transform is given by

Dem (i — iy + iw . :
(2 ) eiﬂw(e_ﬂijw (M + l€)) (410)

& —iwt . Z t . , —l+ibd[ — )
7 a2+ ey F )

Here Q is the associated Legendre function of the second kind* [28] defined on the complex plane cut on the real axis from
—oo to 1. Inversion gives

L o ri—i ] I .
<§I(W> . Z([ + ie, X))_THU — _/ pio(i—=w) weiﬂw(e_ﬂwQ:i?w<u + l€))d(1) (412)
o 2

For Z € 7, an analogous computation gives

w 1 ) rG+iv—i | .
(&) - 21 = e, x)) 7+ = / pmioi=w) Wﬂ”"’(e”’”Q’_“im(u — ie))da. (4.13)
Similarly,
. -va . rAxivti ,
(ér(W) . Z(l‘ + iG,X))_%iw _ iel—ﬂ./ ej:zw(t—&-w) Qr*?:%l—;w)la))e%ﬂw<eq:ﬂszl$w<u ¥ ie))da). (414)

V. MODE EXPANSIONS OF THE MAXIMALLY ANALYTIC TWO-POINT FUNCTION

The maximally analytic (Bunch-Davies) two-point function admits the following global manifestly de Sitter invariant
integral representation, valid for Z, € 7~ and Z, € 7+ [18,19]:

eﬂ.’l/

Wap(Z1,2,) = /2 (&-Z)) (& Zy) o (E). (5.1)

8m cosh v

Here X is any basis manifold of the forward light cone C, and do the corresponding induced measure [18]. In the symbol

Wpyp referring to the Bunch-Davies Wightman function, we left the mass parameter is m = \/% + % implicit.

“Note that the above Legendre functions are related by complex conjugation as follows:

(o7, (utie))” =0 (u—ic). (4.11)
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By using the static coordinates (2.2), the basis I' =17 U I, for the light cone (with dor, = dw) and by inserting
Egs. (4.12)—(4.14) in Eq. (5.1), we get that the boundary value on the reals in the static chart of the above global
holomorphic two-point function can be represented as follows:

Wep (X1, X5) = / e L)Wy (0, uy, uy)do, (5.2)
7 er i : —iw : - iw : —iw :
WBD(a)7 up, uZ) = 471_2 COShﬂ(U _ Cl)) [eﬂl/ l_a%)Jril/(ul - IE)Q_%_W(MZ + le) + e _%+iu(u1 + le)Q_%_iy(l’Q - l€)]. (53)
By using the identity [28]
iw 0 — —TWFEL i, tn(vto) pio iw _
el E O =y ran TP P ) 54
a straightforward calculation shows that
Wap (@, uy, up) = Pu(ﬂ% Uy, Uuy). (5.5)
When g = 2z, Egs. (3.12) and (5.3) do coincide proving the claimed identification.
The permuted two-point function is in turn represented as follows:
Wep (X5, X,) = / e @t=R)P (—w, uy, uy)dw = / emilhi=h)e=210 P () . u,)dw. (5.6)

In the above chain of identities, we changed the integration variable @ — —® and—in the second step—used the symmetry
of the two-point function v — —v. As a by-product—by the Riemann-Lebesgue theorem—we get also the following crucial
identity (which may also be checked directly):

P (~w,uy,uy) = e P, (0, uy,uy). (5.7)
Equation (5.6) encodes the Kubo-Martin-Schwinger property of the restriction of the maximal analytic two-point function
(5.3) to the static patch: a geodetic observer in the static patch “perceives” a thermal bath of particles at inverse

temperature 2zR.

VI. MORE ABOUT THE VACUUM OF THE STATIC GEODETIC OBSERVER

By using Eqgs. (5.2) and (5.6), we obtain the following new integral representation of the covariant commutator in the
static chart:

C,(X1.X;) = Wep(X1. X;) = Wpp (X5, Xy ) = /00 e" =) (0, uy, up)do, (6.1)

—o0

where

Cl/(a)7 up, MZ) = (1 - e_znw)Pb(w’ up, l/lz) = _Cl/(_a}’ Up, xl)' (62)
Let us take the zero temperature limit f — oo in Eq. (3.12); only positive energies survive,
&) . ~
W (X1, X)) :/ e"“’(’l_’Z)(l — e )P (0, uy, up)dw
0

= /oo e~ @ti=2)9(0)C,(w, uy, up)dw. (6.3)

O(w) is Heaviside’s step function. The above equation points toward the following natural family of Rindler—de Sitter
positive frequency modes (o > 0):
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sinhzw_ (1 o
Do (1, 1) = e e™ 5 F(i —iv+ iw) e 't ’_“;Hy(u — ie),

(u+ ie),

P sinh 7w 1 i ; —iwt ()iow
Yoot u) =e™e 5 I 3 iv+io e ‘i

sinhzw_ (1 . ) . . )
@, (tu) = eI o0 F<— +iv— za)> e Q7. (u+ ie),
2

273 2
sinh 1 . 4
@ (tu) = eI gm0 Zﬂ;m)l" <§ +iv— iw) e”‘”Q:;‘fiy(u — ie), (6.4)

equivalent to the one used in Sec. I1I. Using the above modes, we may represent the field operator in the static patch in the
usual way,

P, x) = /000 (Po (1. w)ar (@) + @yt u)as (@) + @, (1 u)aj (@) + @), (1, u)a) (o)) do. (6.5)

The state W, (X, X,) is characterized by the conditions a;(w)¥y = a,(w)¥, = 0; it is a pure state,
We (X1. X5) = ZA Po,i(11, u1) @5, (12 Uz )doo. (6.6)

Positive definiteness is also clear from (6.6). The state defined by W, may be interpreted as the vacuum state for the
geodesic observer in the Rindler—de Sitter wedge and is the close analogous of the fulling vacuum of Rindler quantum field
theory [30,31].

Finally, the covariant commutator (6.1), which is of course independent from the chosen state, can be written as follows:

Cu(XI’X2) = WOO(XI’X2> - Woo(XZ’X1>

2 (o9
= E A [00,i(11, Ml)fﬂz),i(lz’ U) = Pi(t2, Mz)(/’z,,i(fl, uy)ldw. (6.7)
=1

VIL. OTHER TIME-TRANSLATION (1) The vacuum (6.3) of the static geodetic observer
INVARIANT STATES corresponds to
. More generally, we may introduce the two-point func- F(o) = 0(w). (7.4)
tions
© 5 (2) The Bunch-Davies maximally analytic state (5.3)
We(Xy, X,) :/ e" =) F(@)C, (0, uy, u)do, corresponds to
(7.1) 1
F =—. 7.5
) (@) = (75)
Wr(X,, X)) :/ e =) F(—)C,(—w, uy, u,)dw,
—o (3) An antisymmetric function f(—w) = —f(w) defines
(7.2) a time invariant state
. . o |
where F(w) is a real function or a distribution such that the Flo) = (7.6)

product F(w)C(w, uy,u,) is well defined. Equation (6.2) T =)
implies that it must be

(4) The thermal equilibrium state (3.12) at inverse

F(w)+ F(-w) = 1. (7.3) temperature f corresponds to f(w) = fw.
All the above two-point functions have the following
In particular, general structure:
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W(X,,X,) = / cosh?(y
i=1,2

with in particular coshy(w) =

(pan(tl’ ul)(pa)l<t2v l/t2 dw + Z

¢wz<tlvu1)(pwl<t2vu2)d ’ (77)

/ sinh?(y
i=1,2

(1 — 7)1 for the thermal state,

(p(t),i(tl ’ ul)(pm,i(t2’ Ltz)

—fw

Wy(X1. X,) = /
=12

1—e

will1 U th,u )
P 1 1)%”(2 Z)da)—l—Z/
i=1270

fo 1 dw. (7.8)

The latter formula in turn allows to write Wy(7, x1,x,) as a Matsubara sum over imaginary frequencies as follows:

Ws(X1, X2) = > Wt —
n=0

il’lﬂ, X1, t2,X2) + Z Woo<t2’-x27 tl + ll’lﬁ, X1>.

Y (7.9)

n=1

The above representations clearly show that all such states (but the vacuum y = 0) are mixed states. In particular, the
maximally analytic Bunch-Davies two-point function is written as

(pmt tlvul (pwz l29u2

(pwl tl’ ul (p(ul(th I/l2)

—271'(0

Wep(X1.Xy) = /
=12

These are simple examples of what has been called a
generalized Bogoliubov transformation [26,27], a construc-
tion that directly provides mixed states by suitably extend-
ing the canonical quantization formalism.

VIII. ALPHA STATES IN THE STATIC CHART

The set of states (7) does not contain every time
translation invariant state. There is still the freedom to
add to the two-point function a symmetric part that, as such,
does not contribute to the commutator. The so-called
a-vacua [4,12,16,17,32] belong to this second class of
states. Let us briefly sketch their construction in the static
patch coordinates.

The two-point Wightman functions of the a-vacua may
be written in terms of the Bunch-Davies two-point function
as follows [17,32]:

W (X}, X,)
= COShzaWBD(Xl, Xz) -+ sinhzaWBD(Xz, X])
|
+§Slnh2(l[WBD(X1,—X2) + WBD(_XI’XZ)]' (81)

Wep(X1, —X5) = Wep (X1, Xa(ty + in, x,))

h)

i )
N _4_7z2/_ coshrz

vV—o)

it =
(
i ) —io(t;-1) . i
+4]7,' / mQ_%er(ul + IE)Q 2_i (l/t2 + l€) @

= Wgp(—X1.X,)

;%+iu(ul -

d+z

i=1.2

. do. (7.10)

[

We are left with the task of expanding Wgp (X, —X,) in the
modes (6.4). To do it, let us introduce the parity auto-
morphism of the static patch,

X(t,x) = X(t,x) = X(t, —x). (8.2)

The curve s — X(t + is, x) for 0 < s < x is entirely con-
tained in 7, and ends at

X(t+ im x) = =X (1, x) (8.3)

in the left Rindler—de Sitter wedge (see Fig. 1). Similarly,
the curve s — X(t+is,x) for 0> s> —r is entirely
contained in 7_ and ends again at X(t—iz,x)=—X(1,x)
but from the opposite tube.

Given any two points X and X, in the right Rindler—de
Sitter wedge, we may use again the maximally analytic
global two-point function (5.1) and get

= Wep(Xi(t) —im, x,), X,)

(up, —ie)dw

: —i®
lG)Q_%_l.y
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./oo ¢a),l(t17xl)¢:),2(t2’x2) - (pw,Z(tl’xl)wg,l(IZ’XZ)
= —1 d(l)
0

2 sinh 7w

n l./°° fPZJ(%”l)(/’w,z(tz’ Uy) = @5 (11, Uy )Py (12, 1)
0 2 sinh 7w

dw. (8.5)

In the second step, we used Eq. (7.10) and the following relations:

Qo1 (t L im, —u) = iei”“’(pqu(t, u),
@, (t £im, —u) = —ieT™ @} ,(t,u),

§0w2<t + i”’ —I/t) = _ieiﬂwww,l(t7 Lt),

Integration is (8.5), the over positive energies only. Putting everything together, we get

WX, Xy) = 3 A cosh2 (1 () ) (11 1) (12, 1) deo

where

oot xim, —u) = ie™™ g} (1, u). (8.6)
30 [ s @) 110 1) o
.. © Py 1 (11, X1) @) 5 (125 X2) = Py 2 (11, X1) @}, 1 (12, X2)
— isinh 2a - dw
0 2 sinh 7w
o @F (1, U1 )Py (ta, =@ 5t uy) @y (t, u
+isinh2a/ @ (1) P2 (1 Mz)' @pn(t1, 1)@y, (1 Z)da), (8.7)
0 2 sinh 7w
(8.8)

cosh(y(o)) = \/e’“" cosh? a + e~ sinh? a

As expected, the a-vacua are translation invariant with
respect to the time variable of the Rindler—de Sitter
wedge; here the generalized Bogoliubov transformation
of the positive energy modes is more general than the one
exhibited in Eq. (7.7). The extra terms that do not
contribute to the commutator are altogether symmetric in
the exchange of X; and X,.

IX. MORE ABOUT THERMAL PROPAGATORS

In this section, we examine some properties of the
thermal correlation functions and discuss various limiting
behaviors. This study is to better characterize them and also
to lay the ground for the study of the IR loop contributions
which will be the matter of a companion paper.

A. Wightman propagators for large timelike separation

Let us consider the limit t = #; —t, - o0, x; = x, =0
(the general case x| # x, being essentially the same). The
integrand in Eq. (3.12) has poles at

wz:l:u—é—l—in, ne<z,

keZ. — k#0. (9.1)

2 sinh(zw)

[
In Eq. (3.12), there is no pole at @ = 0; still, @ = 0 has a
role to play in calculating the spacelike asymptotics.

In the limit # — oo, the leading contributions come from
the poles which are closer to the real axis,

Wﬂ(t, X1 = Xp = O)

e3(Ce™ 4+ C_e ™) for f < 4n
Cﬂe_t/_’ for f > 4r
where
1 — e~ 27+ o=m (i T(L = §
¢, = 2 LZTTTITG Z ) g 5
1 = ¢ Alty) 2n'\/7_7:
s (272 . .
sin (32 1 1 2
Cp= (2ﬁ)r LA | oY (9.4)
4% 4 2 p 4 2 p

The asymptotic behavior of the propagator changes at
f =4z In the limit § — oo, the constant Cy tends to zero
and the Wightman function asymptotics are given again in
the upper line in (9.2).

The first set of poles in (9.1) is also actually related to the
transmission and reflection coefficients of the quantum
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mechanical scattering problem (3.4). For instance, a
straightforward computation based on Egs. (9.6) and
(9.7) gives the transmission coefficient

_ sinh?(zw)
cosh[z(v — w)]| cosh[z(v + )]

The second set of poles in (9.1) depends also on the inverse
temperature 5. As f increases, the poles move toward the
real axis. When f > 4z poles of the second set dominate,
the large 7 behavior of the propagator changes accordingly.

B. Large spacelike separation

We now evaluate the asymptotic behaviour of the
correlators when one of the spacelike coordinates goes
to infinity in two distinct ways.

(9.5) By use of the asymptotic behaviour of the Ferrers
function at x — oo, we get
) ei(ux
p hx) 8 — .
_%ﬂy(tan x))ﬁoo = iw)’ (9.6)
|
[(—iw)e™ "~ cosh(vr)[(iw)e™®~
; (9.7)

P"_“;HU(— tanh x) ~

=[P+ iv—io)(} - iv - iw) T

The singularities at @ = 0 in the latter equation cancel each other, but, in the limit under consideration, the two terms
contribute separately. By substituting the above expressions into (3.12) and making the shift ® — @ + ie, we see that the
dominant contribution comes from the lower half plane. We get that in the limit x; — co the Wightman propagator still

depends on the temperature,

2 1
lim Wy(t; — 1, x1, x,) .

Xy—00

B 4coshun v

Alternatively, we may consider the formal Taylor expansion of Eq. (3.12),

2 2722\ . 0
Wp(t, x1,x,) = ?WBD(C) + <”_i)i5

p

473 82
- (%ﬁ+l—ﬂ2> WWBD(C) -

For f§ = 2z, all the de Sitter breaking terms (i.e., every term
but the first) at the rhs cancel, as expected. Also, when
t = t; — 1, is held constant and either x; or x, tends to plus
or minus infinity, only the first terms at the rhs survive, with
{ = —tanhx.

C. Lightlike separation

For lightlike separations, the propagators should behave
as in Minkowski space. In the Bunch-Davies invariant case,
this comes immediately from Eq. (3.14),

1 1
Wpp({r—1)~ —Elog(l +{)~ —Elog[ﬂ — (x1 —x2)?].
(9.10)

For arbitrary f at lightlike separation, large values of w’s

dominate in the integral (3.12). For large w, we may

approximate P (tanhx,) ~ ¢ /T(1 — i) and get the
2

leading term

(— tanhxl) :2}))—’[WBD<—tanhxl). (98)
WBD(C)
2} 2 4 2 3 63
( %-§+%)WWBD@>+W (9.9)

&) —iwt
dﬁe " (e—ia)(xl—xz) + ei’“(xl_XZ))

Wﬁ(tvxlv-xz) ~ /

1 27 2w

1
~ —Elog[t2 — (% —x)?.

The cutoff in this integral is order of R—the radius of the de
Sitter universe, which we set equal to one. The approxi-
mation works for |w| much larger than m and R. The
dependence on the temperature is lost in this high energy
limit: only the Hadamard term survives.

D. Anomalous singularities at the horizon

When the temperature is an integer multiple of the
Hawking-Gibbons temperature, i.e., when = 2z/N, we
may use Eq. (3.12) to derive another representation of the
two-point function as a finite sum of Legendre functions [as
opposed to the infinite Matsubara-type series (7.9)]; this is
obtained by translating the Bunch-Davies maximal analytic
two-point function in the imaginary time variable within the
analyticity strip (=27 < Imz < 0) (see also [4,33]),
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Was(t) = 13, X1, X3)

Lo - 1— e—2ﬂ(u N
= / e~io(n=t) 7Pw,u(ul’ u2)dw

2w

0 1l—en
B 1
~ 4coshry

! S 2zn
+W;P—%ﬂ“iv(é<tl —hh— lT,th)).

(9.11)

Py, (E(t — 1y — i€, x1,X7))

The first term on the rhs is exactly the Bunch-Davies de
Sitter invariant Wightman function; this is singular at
¢ = —1. The extra terms become singular when the two
points approach either the left or the right horizon,

Xl :X(/1+C1,ﬂ), X2:X(1+C2,/1+A/1) (912)
In the limit 4 — +o0, the above events belong to the
horizons. Then,

2zn
—Ccy—i— A, A+ AL
C(Cl Cy 4 N + )

cosh (¢; — ¢y — i %) + sinh Asinh(4 + A2)
—_ - —_— — .

cosh Acosh(4 + A4)

For generic f, the limit A — co may be obtained by per-
forming manipulations similar to those which led to (9.8),

1 [+
Wﬁ(/l—>oo)m—§/_ dw
X 1 —2iwﬂ‘

(ePl@+i0) — 1) sinh z(w + i0)
Due to presence of the double pole at @ = —i0, the answer
is as follows:

2k 2rm
Wy(A ~——~— Wpgp(4
(4 — ) fr B Bp(4 = 0)

tl — i€ X1 tz + i€ X \/kz— _ dk
W X =, X == +m*(ty—ty—i€)+ik(x;—xy) "
(5 8) (%)) - et

Note that taking in Eq. (9.11) the horizon limit also
gives W (1 — 00) ¥ NWpp (4 — o).

A remarkable fact is the following: for lightlike sepa-
rations inside the static patch, the dominant contribution to
the propagator comes from large ’s; on the contrary, at the
horizon, small w’s provide the leading contribution. This is
because the horizon is the boundary of the patch; the main
contribution comes from the infrared rather than ultraviolet
frequencies.

E. Flat space limit

Here we consider the flat space limit, i.e., we let the de
Sitter radius go to infinity (R — o0). Let us start by
discussing the flat limit of the modes (4.5) and of the
Bunch-Davies two-point function, following the treatment
given in [18]. To this aim, it is better to use another orbital
basis of the forward light cone C™,

& = /> +m?/m
Er(k) =4 & = k/m
g=-1
& = /K +m?/m
W= =—k/m . (9.13)
&=+l
k) - X (e )\ oimR
Igl_l;lgo <§+( ) R( R R)> 2 — it k2+m2+zkx’ (914)
t l€ x ———lmR
I%Im <§ > 0, (9.15)
and so on (recall that v = /m*R* — ).
It follows that when R — oo [18],
(9.16)

which is the standard Fourier representation of the (positive energy) Wightman function in Minkowski space.
To find the flat limit of the Wightman function Wy for arbitrary / in the same way, we may start by rewriting the integral

representation (3.12) in the following way:

Wﬂ(t’xth) = A dw [e—iwrpllf(w’ )C],XQ)

—¢
1 —ePo

—27Rw —27Rw

1-—e

iwt DR
4 ezwIPD (w,xl,xz)w s

(9.17)

the superscript R indicates explicitly the restored dependence of (3.12) on the radius R. For f = 2zR, the limit R — o

(formally) gives
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Taking into account Eq. (9.16), it follows that

R—o0

limWﬁ(t,xl,xz):/ dw{e‘iw’P?(a),xl,xz)
0

Igim Wep(t, x1,x,) = /00 dwe ™ PP (w, x1, X,). (9.18)
-0 0
1 . 1
m 4 ezuﬂpgo(w, X1, Xg) W]
0 dk e—i\/ K2 4m?t+ik(x;—x,) ei\/ K2 +m?t—ik(x;—x)
- : 9.19
/_oo daVkE +m? | | Z gV PVIAm _ | ©-19)

which is precisely the flat space thermal propagator with
temperature 1/4. In the Bunch-Davies, the temperature
scales together with R and this maintains invariance at
every stage, while in generic case, f does not scale with R.
On the other hand, scaling f = 'R with constant
provides in the vacuum positive energy Wightman func-
tion. This is true also for f = oo.

X. CONCLUSIONS AND OUTLOOK

Cauchy surfaces in the Rindler—de Sitter wedge are not
Cauchy’s for the geodesically complete global de Sitter
universe. Giving initial data on such surfaces completely
determines the classical dynamics of fields in the Rindler—
de Sitter wedge only. By applying the formalism of
canonical quantization and Bogoliubov transformations,
we may construct all the pure Fock states representing
quantum Klein-Gordon fields in the wedge. Generalized
Bogoliubov transformations [26,27], however, allow for the
construction of a much wider set of states which are,
generally speaking, mixed. In this paper, we have explicitly
constructed all the above states by separating the variables
in the static chart (2.2); the construction was exhibited for
the two-dimensional de Sitter space not to burden the
presentation with unnecessary complications.

In particular, we gave integral representations of all the
Kubo-Martin-Schwinger states including the Bunch-Davies
state attemperature 7 = 1/2zR. All of them are directly seen
to be mixed states, the only pure state in that family being
obtained in the zero temperature limit. We also provided
explicit formulas for the alpha states which include also
nondiagonal terms.

The thermal propagators have unusual pathological sin-
gularities on the horizons (vaguely remembering Einstein’s
suspicions about the presence of matter on the horizons [24]).
We mention also that, while these propagators obey the
fluctuation-dissipation theorem, the de Sitter invariant
Bunch-Davies state, restricted to the wedge, does not possess
at least one of the properties of Minkowskian thermal states
[34], because de Sitter invariance forbids the Debye screen-
ing. So there is room for further study.

The important question for cosmology is: what about the
initial state of our Universe? The difference between the
static patch, the Poincaré patch, and the global de Sitter
universe [1,2] will appear in the infrared loops which are
sensitive to the initial (and to the boundary conditions).

In flat space-time (at least in a box), an initial arbitrary
state (within a reasonable class) will thermalize sooner or
latter. The temperature of the final state depends on the
initial conditions and may be arbitrary. What about thermal-
ization in de Sitter space? Is there thermalization to a state
with an arbitrary temperature? How does the answer to
these questions depends on the choice of patch (type of
initial Cauchy surface)?

To answer these questions, one has to resum secularly
growing loop corrections. It is the Boltzmann’s equation
which allows to do that in Minkowski space [1]. What is the
analog of the flat space Boltzmann’s equation in the static
de Sitter space?

We will address some of the above questions in a
forthcoming companion paper.

ACKNOWLEDGMENTS

We would like to acknowledge discussions with A.
Semenov, V. Rubakov, A. Polyakov, and especially with
F. Popov. The work of E. T. A. was supported by the grant
from the Foundation for the Advancement of Theoretical
Physics and Mathematics “BASIS” and by RFBR Grant
No. 18-01-00460. The work of E.T.A., K. V.B., and
D.V.D. was supported by Russian Ministry of Educa-
tion and Science (Project No. 5-100). U. M. thanks the
IHES, Bures-sur-Yvette where this work was done.

APPENDIX: COMPLETENESS RELATION OF
ASSOCIATED LEGENDRE FUNCTIONS ON THE
CcuT

Here we provide an explicit (formal) calculation of the
canonical commutation relations (3.2) which, by introduc-
ing cos @ = tanh x = u, we rewrite as follows:
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0 d 1 1
sin 6, sin 8,6(cos @, — cos 6,) = / 4ﬂsai)n}il()7w)r<2 +iv— ia)>F(2 —iv+ ia)>

X [P"_“;Hy(cos 0) <P"_“;+l.y(cos 92)) + P"_“;Hy(— cos ) (P"_“;HD(— cos 62)> ] ) (A1)

Using the holomorphic plane waves introduced in Sec. IV, we get the following integral representation for P"“ (cos 0)
[see Eq. (4.10) and the following ones]:
P2 (cos0) = TG+ i) / dte= ' Af(1,0), (A2)
cos v
—rHiv 220 (3 + iv — iw) ¢
where we set
Fi(1,0) = (£(0) - Z(t + ie, 0)) ¥ = [cos O + sin@sinh(r + ie)] >, (A3)

pia +1.y(cos 0) is therefore the Fourier transform of the discontinuity of the holomorphic plane waves on the real de Sitter
2
manifold. Let us insert (A2) in Eq. (A1); let us consider for instance the first term on the rhs of Eq. (A1). By performing the

integration over m, we get

i

A.l T

(A1) = 1 67sinh2 7y
i

~ 16zsinh’zy

/ d[(0,0f(1.0,))AF(1.6,) — AF(1.0,)9,AF(1.0,)]+

[ at@(e.n-00)85 (5= 0, = 8f(5 - 00,0 1.7~ )

= —mkzz_i /_: dt[(0uf(£,01)) fi(t,01)* = fi(t,01)0,f1(t,0,) ]+

—mkz_i /_: dt[(0uf(t,m = 0))) fi(t, m = 0,)" = fi(t, m = 0,)0,f1(,0,)"]. (AS)

In the second step, we used the analyticity properties of the plane waves; this simplification is valid in the two-dimensional
spacetime and in any even dimensional spacetime as well. By introducing the Mellin representation of the plane wave,

eTE(G+iv)

f+(t,0) :w |

/ du u—THyeim(cos9+sm€smh(lize))’ 0<0<m, (A6)

a few easy integrations show the validity of Eq. (A1) and the completeness of the modes.
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