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Gradient effects on false vacuum decay in gauge theory
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We study false vacuum decay for a gauged complex scalar field in a polynomial potential with nearly

degenerate minima. Radiative corrections to the profile of the nucleated bubble as well as the full decay rate

are computed in the planar thin-wall approximation using the effective action. This allows to account for

the inhomogeneity of the bounce background and the radiative corrections in a self-consistent manner.

In contrast to scalar or fermion loops, for gauge fields one must deal with a coupled system that mixes the

Goldstone boson and the gauge fields, which considerably complicates the numerical calculation of

Green’s functions. In addition to the renormalization of couplings, we employ a covariant gradient

expansion in order to systematically construct the counterterm for the wave-function renormalization. The

result for the full decay rate however does not rely on such an expansion and accounts for all gradient

corrections at the chosen truncation of the loop expansion. The ensuing gradient effects are shown to be of
the same order of magnitude as nonderivative one-loop corrections.

DOI: 10.1103/PhysRevD.102.085001

I. INTRODUCTION

With the discovery of the Higgs boson in 2012, the last
missing piece of the Standard Model (SM) was set into
place [1,2]. Remarkably, its properties appear to lie
precisely in the narrow parameter range where the SM
could, in principle, be a consistent effective field theory for
energies up to the Planck scale. If the Higgs quartic
coupling were slightly larger, the SM would exhibit a
Landau pole at energies below the Planck scale that would
severely limit the prediction power of the theory. If it were
slightly smaller, the electroweak vacuum would be too
short-lived. This criticality may have very important
implications for possible extensions of the SM.

Taken at face value, the best-fit parameters of the
SM indicate that the electroweak vacuum is metastable.
This is due to the running of the Higgs quartic, which
turns negative at an energy scale much larger than the
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electroweak one, at around 10'! GeV, inducing a lower-
lying, true vacuum in the effective potential at high field
values. The electroweak vacuum may then decay to this
global minimum through quantum tunneling. The scalar
potential, the top Yukawa and the electroweak gauge
couplings have been extracted from data at full two-loop
next-to-next-leading order (NNLO) precision [3,4]. These
parameters have been extrapolated to large energies using
the full three-loop renormalization-group-equation (RGE)
to NNLO precision [4]. With these calculations, the Higgs
and top-quark masses of 125 GeV and 173 GeV respec-
tively, suggest a lifetime for the electroweak vacuum that is
longer than the age of our Universe, leading to the
metastability scenario [3,5]. However, in comparison to
the running couplings, the radiative corrections that appear
in the corresponding tunneling problem have been com-
puted less accurately. So far the one-loop radiative correc-
tions to the decay rate due to fluctuations about the classical
bounce have been calculated for the SM in Refs. [6-10].

The tunneling rate is sensitive to the solitonic field
configuration known as the “bounce” [11,12]. The equa-
tion of motion for the latter is often derived from a
renormalization-group-improved scalar potential, with the
running coupling constants evaluated at a scale given by the
typical values of the scalar field in the bounce solution. Yet
the bounce is an inhomogeneous configuration whose equa-
tion of motion should be determined by the effective action.
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The beta functions for the couplings, or more generally
the Coleman—Weinberg effective potential [13], do not
account for the gradient effects arising from the inhomo-
geneity of the background. To date, the latter have only
been accounted for in the calculation of the lifetime of the
SM electroweak vacuum when estimating the one-loop
fluctuation determinants around the bounce, but not when
obtaining the bounce itself [6—-10]. The one-loop effective
action associated with the fluctuation determinants is
often computed using the Gel’fand—Yaglom method.
While this is a powerful approach to obtain this quantity
either analytically or numerically, it is not clear how to
extend it beyond one-loop order.

In order to advance systematically in accuracy, one may
pursue an expansion of the effective action and the
equations of motion consistent with it in terms of
Green’s functions. This Green’s function approach has
been carried out in models with interactions among scalar
fields [14,15] as well as for Yukawa theory [16]. These
studies show that the gradient corrections to the one-loop
result are comparable with terms that appear at two-loop
order in the case of a quasidegenerate quartic potential.
Nonetheless, the impact of the self-consistent Green’s
function approach is expected to be larger when the scalar
potential is nearly scale-invariant, as it is the case in the SM.
In this situation the spontaneous breaking of the approxi-
mate dilatational symmetry of the bounce gives rise to a
pseudo-Goldstone mode. In the approximation of a scale-
invariant bounce, the path integration over the Goldstone
mode can be traded for a collective coordinate, where
different methods of evaluating the integral over the latter
have been proposed [9,10]. On the other hand, when
appreciating that the self-consistently obtained bounce
itself breaks scale invariance, the functional determinant
can be evaluated without transforming the path integral and
regulating it ad hoc. The self-consistent computation of the
effective action and the resulting bounce can then be
understood as a summation of one-loop diagrams. It leads
to infrared effects giving logarithms which dominate
one-loop corrections to the effective action in a model
consisting of only scalar fields [17]. The self-consistent
computation of these one-loop contributions and the
quantum-corrected bounce therefore remains an important
task to be addressed in the SM.

At present, such a full calculation of the tunneling rate in
the SM to next-to-leading order (NLO) accuracy (i.e.,
including the infrared logarithms that appear at that order
by a self-consistent computation of the bounce) requires
further methodical development. Considering the important
role played by the W and Z bosons in electroweak vacuum
metastability, we extend here the methods developed in
Refs. [14,16] to gauge theories. Although our work
elaborates on a specific model and is not applied to realistic
phenomenology, we aim to provide an example for how to
include gradient effects on the decay rate of the false

vacuum through a self-consistent scheme in gauge theories.
Further technical developments and the application to
tunneling in the SM are left for future work.

This paper is organized as follows. In Sec. II we review
the Callan—Coleman formalism for false vacuum decay as
well as the general way of calculating radiative corrections
to false vacuum decay at higher-order using the effective
action. This is followed in Sec. III by the application of the
effective action method to false vacuum decay in gauge
theory. In contrast to pure scalar and Higgs—Yukawa
models, for gauge theories there is a coupled sector
involving the fluctuations of the gauge and Goldstone
bosons which demands a more intricate treatment. The
details of these computations for the R:-type gauges are
presented in the subsequent two sections. Section IV is
devoted to a particular choice of gauge in which the mixing
between the gauge and Goldstone degrees of freedom
simplifies. Then, Section V contains the details of the
renormalization procedure applied for this model. The
computer implementation and numerical results are
reported in Sec. VI. Comments and discussion of the
results are given in Sec. VII. Throughout this paper, we
use ¢ = 1 and repeated Greek indices at the same level are
summed up with Euclidean signature.

II. CALLAN-COLEMAN FORMALISM
AND THE BOUNCE

In this section, we review the pertinent details of the
calculation of the decay rate of a metastable vacuum state
following Callan and Coleman [11,12] and considering the
following archetypal model,

1
Ly = 51(0,0)(0,0) - U@). (1)
where u,v =0,...,3, #*¥ is the Minkowski metric with
signature +, —, —, — and

1 1 1
U@ﬁDEM@+—@@+EMf+%. (2.2)

3!
The couplings U2, 2, A5 all take positive values, and the
cubic term breaks the Z, symmetry at tree level such as to
lift the degeneracy between the vacua. The potential is
assumed to have two minima at ¢, and ¢_, corresponding
to the false and the true vacuum, respectively. For con-
venience, one can choose the constant U, such that the false
vacuum has vanishing energy density. An example poten-
tial is depicted in Fig. 1.
In order to obtain the decay rate, Callan and Coleman
consider the following Euclidean false vacuum to false
vacuum transition amplitude

Z[0] = (e~ gp..) :/D‘De‘%&[‘l’], (2.3)
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U(p)

FIG. 1. The classical potential U(®) for the archetypical scalar
model with false vacuum decay, given by Egs. (2.1) and (2.2).

where H is the full Hamiltonian and 7 is the amount of
Euclidean time taken by the transition. The classical
Euclidean action is Sg[®], which can be obtained by a
Wick rotation, i.e., Sg = —iSy(xg — —ixy) with x4, =7
being the Euclidean time. Written explicitly,

Sg[®] = / d*x Baﬂ”(@,,ob)aychFU(q)) . (2.4)

where 0" is the Kronecker symbol and p,v =1, ...,4 for
Euclidean space. Observe that in the Euclidean action the
sign in front of the potential is flipped. An important
consequence is that, for the boundary conditions of interest,
the Euclidean action allows for a classical soliton solution,
the so-called bounce, as we describe below.

One can extract the ground-state energy E of the system
by inserting a complete set of energy eigenstates into the
partition functional, i.e.,

(pole™™ Mgy = e BT |n)(nlg.),  (2.5)

where E has the smallest real part among all E,, and then
taking the limit 7 — oo such that the contribution corre-
sponding to £, dominates. In the case of an unstable state,
which can be modeled as a non-normalizable eigenstate
with complex energy E,, and with ImE,, related to the
tunneling rate, one can isolate the contribution from E;, by
appropriately constraining the path integration [18,19].
The constraint is enforced by performing the path integra-
tion using the method of steepest descent around bounce
and multibounce saddle points that can be approximated as
combination of the single bounce ¢ in the dilute-gas
approximation.

The tree-level bounce is a solution to the classical
Euclidean equation of motion

—0%p+ U'(p) =0 (2.6)

that satisfies the boundary conditions ¢|, .., = ¢, and
@l,,—0 =0, where the dot denotes the derivative with
respect to x4. The prime denotes the derivative of the
classical potential from Eq. (2.2) with respect to the field ¢.
Notice that we are interested in a field configuration that
starts and ends in the false vacuum, hence its name. For
the bounce action to be finite, we also require that
@|ixj=c0 = @ Given the anticipated O(4) invariance of
the bounce, it is convenient to work in four-dimensional
hyperspherical coordinates, in which the equation of
motion takes the form

(2.7)

with 72 = x? 4+ x3. The boundary conditions become
¢|,~e = ®. The solution must be regular at the origin,
and we therefore require that de/dr|,_, = 0. Its form is
that of a soliton that interpolates between the field value ¢,
corresponding to the escape point (which lies close to
the true vacuum ¢_) at the origin of Euclidean space and
the false vacuum ¢, at infinity, see Fig. 1. Therefore,
it describes a four-dimensional hyperspherical bubble
nucleated within the false vacuum. This classical solution
will be denoted as ¢,,. In the limit in which the potential
energy of the true and false vacua become degenerate, it can
be argued that the bubble is very thin compared to its large
radius [11]. This corresponds to the “thin-wall” limit. One
then may also approximate the bubble wall by a planar
configuration.

When evaluated at the bounce, the fluctuation operator
possesses a negative eigenvalue, and naively performing
the Gaussian integral produces a divergent result. A phy-
sically meaningful answer, however, can be found through
careful analytic continuation by which one obtains an
imaginary part of the energy, which is interpreted in terms
of the complex energy E,, of the false vacuum state. In
terms of Z[0], the decay rate is given by [12]

2|Im Z[0]|
= 2.8
v 7 (2.8)
Note that in the above formula, the partition function is to
be evaluated by expanding around the bounce solution and
normalized to be one when evaluated at the false vacuum.
At one-loop order, one has [12]

vy [ B\?

vV \2zh
where B = Sg[g,] is the bounce action, det’ means that
the zero eigenvalues are to be omitted from the determinant

and a prefactor \/B/2z#h is included for each of the
four collective coordinates that correspond to spacetime
translations [20].

det'[-0% + U" (¢,)]|~/?

—B/h
det-2* + U(p)]|

(2.9)
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In order to reformulate Eq. (2.8) in a way that radiative
effects can be systematically considered, we make use of
the effective action [21,22]. For conciseness, we employ
the DeWitt notation

L= [ @0, (2.10)

in which repeated continuous indices are integrated over.
Recall that the effective action is defined as the Legendre
transform

T[p] = —hlog Z|J] + ... 2.11)
where
7] = / Db exp [_%(5@1 _so)| e
and
0= (@0, = n22 o

8l

is the one-point function in the presence of the source J.
From the effective action, one obtains the equation of
motion

ol (o]
o,

=17, (2.14)

which gives the quantum-corrected bounce. The effective
action thus provides a quantum version of the principle of
least action.

In terms of the effective action, the decay rate (2.8) can
be written as [14,15,23,24]

2|Ime_r[(ﬂ]/ﬁ|
=—, 2.15
y =2 .15)

where the quantum-corrected bounce ¢ is the solution to
the quantum equation of motion (2.14) with J = 0. In case
the vacuum structure is generated by radiative corrections
in the first place, one can deal with it using the two-particle
irreducible effective action and evaluate the partition
function by expanding about the self-consistent solution
to the quantum-corrected one and two-point functions, as
explained in Refs. [15,23,25].

III. FALSE VACUUM DECAY IN GAUGE THEORY

Our goal is to carry out a proof-of-principle calculation
of the decay rate of the false vacuum in an Abelian gauge
theory, including the effects of radiative corrections on the
self-consistent bounce solution and accounting for gradient
effects without resorting to a gradient expansion of the

U(p)

\/ \/ '
FIG. 2. Tree level potential U(®*®) having different vacua
(local or global minima).

effective action. For this purpose, we study a model with
the following particle content: a complex scalar field @, a
U(1) gauge field A, and the associated ghost fields, # and 7,
with the following Euclidean Lagrangian

L= (9,0* +igA,®*)(,® — igA,®@) + U(D*D)

1
+ZF,MDF/4D + EG.F. + [’ghoslv (31)

where F,, = 0,A, —0,A,. Here U(®*®) is the scalar
potential while Lgp and Ly are the gauge fixing and
Faddeev-Popov ghost terms, respectively. Since the cubic
term in Eq. (2.2) for the archetypical real scalar model (2.1)
is not allowed by the gauge symmetry, one may attempt to
use a potential
U(@) = —x*|of + Alo|* (3.2)
resembling the case of the SM Higgs field. But this theory
simply displays spontaneous symmetry breaking (SSB)
via the Higgs mechanism while not having a metastable
vacuum.
Instead, we here consider the following potential:
U(®) = a|®|* + A|D* + 14|P|°. (3.3)
The false vacuum is still located at @ = 0. The last term of
dimension six allows us to manufacture two vacua for a
certain region of parameters, such that the potential
presents a profile as in Fig. 2. Phenomenologically, this
term can be understood as an effective operator induced
by physics beyond the SM (BSM), which is suppressed by
the energy scale of new physics. The model specified
through Egs. (3.1) and (3.3) can arise, e.g., from an
ultraviolet (UV) completion with extra heavy fermions
coupling to @ through Yukawa interactions, and whose
associated loop corrections generate higher-dimensional
contributions in the scalar potential, these arguments are
made more precise in Sec. VI for our particular set of para-
meters. Alternatively, one can also consider loop correc-
tions from a singlet scalar S with an S?|®|? interaction. If a
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coupling S|®|? is allowed, then one can also generate the
higher-dimensional terms from tree-level diagrams with
heavy scalar propagators. All these approaches generate a
®5 term plus higher-order interactions, which are sup-
pressed by increasing powers of the coupling between the
heavy fields and @, times the inverse of the heavy mass.
Once we have specified a parametric benchmark point, we
will comment on its validity from an effective field theory
point of view. The difference between the model (3.3) and
the A®* model is that the model (3.3) allows for false and
true vacua at tree-level.

When considering the instability of the Higgs field in the
SM, the quadratic term is often neglected and the renorm-
alization scale is chosen to be the Higgs instability scale,
leading to a negative quartic coupling. The potential then
reduces to a quartic monomial with negative A, such that the
false vacuum is @ = 0, and the false and true vacua are far
from degenerate. (In fact, there is no true vacuum unless
radiative corrections eventually turn A positive again for
very large field values, as is the case in the SM.) While the
situation in the latter is of ultimate interest, here we develop
the method of Green’s functions in the gauge sector by
considering a simpler model that leaves aside for now
the issues coming from the approximate scale-invariance of

|

21K, pp] = / DODA, DrDije ] X EIWPI~K, (WA, 0B ()TN (9]

the SM. The question of how to deal with scale-invariance
in the Green’s function approach is partly addressed for a
model consisting only of scalar fields in Ref. [17].

In the model given by the potential in Eq. (3.3) it is not
possible to obtain a general analytic expression for the
bounce solution ¢,, to the classical Euclidean equation of
motion. Moreover, it will prove convenient to use as an
initial approximation to the quantum bounce ¢ a con-
figuration ¢, that solves the equations of motion that
follow from using the one-loop Coleman-Weinberg potential
rather than its tree-level counterpart. We obtain ¢, as a
numerical solution. Additionally, we use the thin-wall
approximation—as mentioned before, valid when the min-
ima are quasidegenerate—and the planar-wall limit, in which
the bubble becomes infinitely large and its O(4) symmetry
can be traded for O(3), such that the bounce solution
becomes invariant under translations parallel to the bubble
wall, which can be taken to be orthogonal to the x4-axis.

A. Effective action

To obtain the decay rate along the lines of Sec. II, we first
work out the effective action [21,22] for the gauge theory
(3.1). The Euclidean partition function for this case is

(3.4)

where we have introduced ghost fields #, 7, while J, K u Wy are the external currents corresponding to the various fields.
Defining the one-point expectation values in the presence of sources as

Px = <Q|®X|Q>|J,K”,y7,y/ =h

Slog Z[J. K.,y

oJ ’
Ay = (A5 = 0BT
H, = <Q|77x|9>|1.1<”,17/,y/ =- 510gZ[;,//Ijﬂ,y7, v ,
H = Q0] g = H BT 35)
the effective action is the Legendre transform of the partition function,
Clp, A, H,H] = ~hlog Z[J, K\, i, y] + o, + Ky Ay + Hor +0H. (3.6)
It then follows that
olp, A, H.H] 6Tlp, A, H H]
5, Y SA T
5F[¢,;4£I;H, H] . 5F[¢,(.;4:I;H, H| - (3.7)
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For false vacuum decay in the present model, the bounce
corresponds to the scalar one-point expectation value, while
the one-point expectation values for other fields remain
zero. We therefore abbreviate I'g, A, = H = H = 0] as
I'lp] and S[p. A, = H=H = 0] as S[g|. The tunneling
rate [14-16,23,24] is then

y  2ftme "
Vo v 38

where T [p"] and ¢ are the effective action and
corrected bounce at n-loop order

ST
9] -0 (3.9)
0P |p=gl
with O(4)-symmetric boundary conditions o |M_,oo =0.

These are Egs. (2.15) and (2.14) from the previous section,
applied to the present case study. In what follows we
|

a, 4, ’Lﬁ
2¢b+4(pb+8
=

[(—D + 2o+

3
4
{+¢

+ (=04 ¢Pp2)n + ( z

1
+2<D< O+ a+ 3¢}

@y +

Jor0,006 + (*55)a01,(0,6).

calculate the corrected bounce ¢(!) at one-loop order and
the resulting quantum-corrected decay rate when one
substitutes ¢!!) into I'")) in Eq. (3.8).

We now expand the quantum field @ around the classical
bounce background ¢, = ¢¥ in terms of real fields,

1 -
D =— (¢, +D+iG).

V2

We consider the family of gauge-fixing terms of the form

(3.10)

2
where { = 0 [10,26] for Fermi gauge, { =1 [6] or { = ¢
[7] for R: gauge. For this family of gauges and to compute
the one-loop effective action we consider the Lagrangian up
to quadratic order in the field fluctuations, given that higher
order interactions do not enter one-loop effects, thus:

1526
1 40?§> @

. — C99,G)?,

o

Cge;,

2
)

(3.12)

where we employ the notation [] to denote the four-dimensional Laplacian operator.
The expansion in Eq. (3.12) allows us to compute the partition function within a GauBian approximation. The current

corresponding to the tree-level bounce is J[@,] =

O(h), as follows from a loop expansion of Eq. (3.7). Similarly, it can be

seen that the one-point function associated with this current is ¢ = ¢, + O(h). Taking this into account when calculating
the effective action using Eq. (3.6) together with the GauBian approximation to the partition function, one obtains

h det/\/l()h

det./\/l 4,.G) (@p)

Ir'Dip,] —TW[0] =S
[(Pb] [] [(pb]—i_ dt./\/l ()+ dtMAlG()
det M~ (¢
_ hlog(i'i’l”)(h), (3.13)
det M ) (0)
where
154,
Mqt)l (pp) =-0+4a+ S/I(p,% + Téfﬂi,
. (—D +92(p%)5ﬂ +%aﬂau <%&>g(aﬂ(pb) + (%)g@ba
M(AM,G)((pb) - 208 [ a -0 J) 2 34 4 502(/7[) s
9(0u) + (35 ) 95 ta+ig, +3e, +
M@lﬂ)((ph) =-0O+ ngqoi. (3.14)
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Here ./\/l(_A1 G) is a5 x 5 matrix which operates on the vector
o

(A,,G)T from the left. In Eq. (3.13) we have made use of
the assumption that the tree-level potential is normalized to
zero at the false vacuum ¢ = 0. One can further choose
counterterms such that the full effective action evaluated at
@ = 0 (equivalent to the effective potential at the origin)

|

n detMgl(p") L

The above expression and its higher-order generalization
can be derived in a rigorous manner by tracking carefully
the distinction between saddle points and one-point func-
tions, and using the method of constrained sources to
ensure that the saddle points of the relevant path integrals
coincide with the quantum-corrected bounce instead of the
tree-level bounce used in the previous derivation [23].
Equation (3.15) will be our starting point, and we will do a
perturbative expansion of the quantum bounce ¢(!) around
an initial approximation ¢y—to be referred to as the
“simplified bounce”—which may not necessarily be the
tree-level bounce ¢, but e.g., the bounce computed using
the one-loop Coleman-Weinberg potential in which pos-
sible gradient corrections have been neglected.

Before implementing this expansion, we introduce a
further simplification making use of the planar-wall
approximation. In the limit in which the false and true
vacua become degenerate, the radius of the bubble des-
cribed by the bounce configuration grows, and it can
become so large that the bubble can be approximated by
a planar configuration. This allows us to trade the deter-

~log—2———+~lo
2 det M31(0) 2

vanishes, such that in the following we will set '())[0] = 0
in Eq. (3.13). One can show that ¢! = @, + O(h) via
Eq. (3.9). Using this, together with the aforementioned fact
that J[p,]| = O(h), we arrive at the one-loop effective
action evaluated at the one-loop, quantum-corrected
bounce:

detM(—ﬁ{n) (D)
-1
det M ) (0)

(3.15)

the bubble profile depends on a single Cartesian coordinate
(corresponding to the direction perpendicular to the wall)
that we choose to be x,. We may further shift x, to a
coordinate z, such that z = 0 at the center the bubble
wall, defined by the location of its steepest gradient. In
this approximation the fluctuation operators My (p(!)—

with X € {®, (A, G). (i1.n) }—become independent of
x = {x;, x5, x3}, and thus one can consider a basis of

eigenfunctions of the form

eik<x )
Pxx,i(x) = fo;k,i(z) with
M M) bxwi = AxkiPxk,i- (3.16)
Inserting the definitions of the fluctuation operators in
Eq. (3.14), one ends up with eigenvalue equations for the
functions fy. ;(z) involving planar fluctuation operators

Mk (oM):

minants of operators over functions in R* in Eq. (3.15) M)_(;lk (¢(l))f xki = Axkif xk.io (3.17)
with simpler determinants over momentum-dependent
operators acting on functions in R. In this approximation, with
|
Mgl (V) = =02 + K2 32002 4 1% s
o (@) = —0; + K* +a+ 3¢ T
MG i (@V) = =02 + K> + (g2,
M (98, + 5 (ik,) (ik,) Z (ik;). g0 (ik;)
MG galo) = 7 (ik;)0, M@0+ () g(0:0") + S gpV0.
(5) 9wV (ik)) 29(0.0") + (555) g9V, N (o)
(3.18)
Here
M (o) = =02 + K2 + P12,
31 2.2 (1)2
N (V) = =02 + K2 4@+ dg(V2 - L2 ! +§QT¢ (3.19)
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Observe that when choosing & =¢ =1, the fields A;
(i =1, 2, 3) neatly decouple and the planar fluctuation
operators for A; are the same as that for ghost fields, leading
to a cancellation of the contribution from the ghost fields
with one of the three gauge field degrees of freedom.
Due to the Hermiticity of the operators My} (o), the
eigenfunctions fy. ;(z) are orthogonal, and so are the
corresponding eigenfunctions ¢y ;(x) of the full problem.
The eigenfunctions f. ;(z) are assumed to have the usual
normalization for either the discrete spectrum (with the
scalar product of eigenfunctions with indices i and j being a
Kronecker delta §;;) or the continuum spectrum [the scalar
product being a delta function (i — j)]. Given this, one can
write a spectral decomposition of log Mx!(¢(")) into
orthogonal projectors. Representing operators O in terms
of matrices O(x, y) with continuous indices, such that

(Of)(x) = [O(x,y)f(y), one gets:

log My' (¢!, x)

/d3 Zlog i) xae.i ()P ()
:/8;3

eiki(X/_X)ilogux;k,i)PX;k,i(Z/’ 2). (3.20)

i

log det M3! (V) = tr/d“x log My' (¢!

:V/é$3

where “tr

log det My},

”” denotes a trace over the remaining discrete matrix structure, if any [e.g., for X =

In the previous equation, ¥ denotes a sum over dis-
crete values and integration over continuum values. The
operators Py, ;(z'.z) = fX;k,,-(z’)f;;kJ(z) are projectors
onto the eigenfunctions of the planar fluctuation operators
Mik (@) of Egs. (3.17), (3.18). Then ¥, log Ax. iPxx.i
is nothing but the spectral decomposition of the operator
log Mzk (")), and thus one ends up with

log My (o)

&’k ik-(x'—x) -1 (1).
= WG IOgMX;k(w ;Z,Z).

;X x)
(3.21)
In the same manner one can show that the Green’s functions

My (pV)) [the inverses of the planar fluctuation operators
Mz (pM)], satisfy

Pk
(27)*

My(pV:x' x) = / e My (91 2, 2).

(3.22)

One can then compute log det My! = Trlog My! (with Tr
acting on continuous as well as discrete indices) as follows:

)i x x)=VTr —d3 log M} (gom)
s Ny z (2 )3 g X:k
(3.23)

(A,. G), see Eq. (3.18)]. From

this result, we can finally obtain an expression for the effective action evaluated at the quantum bounce, Eq. (3.15), in the

planar-wall approximation:

) Bk det Mzl (1)) 5 Bk det M o (91)
M) = SjpM] + 2y / ~log ‘I’f‘l( ) Py / Jlog——— Ok
2" | @) det MG, (0) " 2 (27 det M} . (0)
Bk det M1 (W)
v / ~log (’7’_”1)"‘( ). (3.24)
(27) det M (0)

To end this section, let us comment on the interpretation of
I'D[pM)] in terms of Feynman diagrams. The functional
I'D[p(M] includes additional two-loop corrections with
respect to the one-loop effective action evaluated at the
initial estimate of the bounce ¢, T)[p,]. When ¢, is the
tree-level bounce and when the propagators are understood
as Green’s functions in the background of ¢, these
corrections to the effective action correspond to dumbbell
diagrams, as shown in Figs. 3 and 4 [14]. While these
corrections are of two-loop order, they may be enhanced

|
over additional two-loop effects. For example, in non-
Abelian theories the summation over color enhances the
dumbbells with respect to other topologies such as sunset
diagrams. Note that the fact that the two-loop diagrams
contributing to T()[p(1)] are not one-particle irreducible is
not contradicting the usual properties of the effective
action. This is just an artifact of defining propagators in
the background of the simplified bounce ¢, rather than
¢V Doing the latter, the diagrams that contribute to [[¢p(")]
are always one-particle irreducible [14].
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O

(a) First type of contributions from

%

(d) Tadpole contributions from the gauge field
components A, Aa, As parallel to the bubble

wall.

FIG. 3.

(b) Second tadpole type
contribution from &

>

(c) Tadpole contribution coming
from the ghost fields 7, n.

O

(e) Tadpole contribution coming from the coupled

sector of A4, G.

Diagrammatic representation (with propagators defined in the background of the simplified bounce ¢,) of the tadpole terms

(1)

associated with the functional derivatives of the one-loop contributions By’ to the effective action. Solid lines correspond to the real

scalar field &, dotted lines to ghosts, single wavy lines to the gauge field components parallel to the wall, and double wavy lines to the
fluctuations in the mixed A;/G sector. The scalar lines ending in crosses represent insertions of the background ¢, while the lines

ending in dots correspond to fluctuations around the background.

B. Green’s function method

Up to now, ¢! is yet undetermined. In this section, we
derive its equation of motion. For this purpose, we expand
Eq. (3.24) around ¢,. Writing ") = ¢, + hd¢p, one obtains

W] = B + KB + thfdiS +hBY) + hBE/LwG)

(1) 2p(2 2p(2)
+hBg + W*B®) + By
+ 1B o + 2B, (3.25)

FIG. 4. Dumbbells diagrams (with propagators in the ¢,

background) corresponding to the two-loop corrections BE? to

the effective action. For simplicity we only represent one
fluctuation leg and one background leg per vertex; the shaded
blobs can be completed so as to match any of the tadpole
diagrams in Fig. 3.

where the different contributions are explained in the
following. First, we recall that B is the classical action
evaluated at the simplified bounce, B = S[¢,]. B"") and B®)
are related to the expansion of the classical action around ¢,
while the rest of the terms originate from the expansion of
the one-loop corrections. Starting with the latter, the first

term
inh h (VI)?a® [ B \*
=R Mg (LY (2 2
diis ~ ) 2°g< 4| \2zh (3:26)

is the contribution from the discrete modes to the scalar
fluctuations. Four zero modes corresponding spacetime
translations of the scalar field fluctuations have been traded
for collective coordinates. In addition, there is one negative
mode about the bounce, which in the thin-wall approxima-
tion takes the value [14,17]

(3.27)

where R is the radius of the critical bubble. The integral over
this negative mode needs careful analytic continuation which
leads to half the result obtained when one naively performs
the Gaussian integral as if 4 is positive, which explains both
the term iz#/2 and the factor of 4 inside the logarithm in
Eq. (3.26) [12]. In the planar-wall approximation, these five
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discrete modes appear for k = 0. Because of the vanishing ) &k detM (qoo)

integration measure at this point, we pair these up explicitly hB Ga) = —hvV / (27)} log det ./\/l ( ) (3.28¢)
with the lowest eigenvalues a at the bottom of the continuum

spectrum about the false vacuum for k = 0. This is to be
compared with the example of the one-dimensional kink,
where no planar-wall approximation is made and the
dimensionless factors in the determinant quotients match in the planar-wall approximation and therefore do not need
up without ado [19]. )

The remaining 7 B( ) contributions are expressed in  to be dealt with explicitly in the above expression for By, .
terms of functional determinants as To obtain the functional determinants, we follow e.g.,

Refs. [16,27-29] and generalize the Green’s functions

Above, the trace “tr” is again understood to apply to the
matrix structure of the operators. Note that the discrete
modes yield a vanishing contribution to the d*k integration

0 h Pk det M3, () My (@;z,7') to resolvents
hBg :EV 2 )310g i t./\/l"l 0 (3.28a)
C N
" ik M, o (#357) = Mya(932. ) ey (3.29)
a h &3k det M7} (A,.6): « (@0) The logarithm of the ratio of functional determinants is then
hB ==V lo , (3.28b i
(4.6) 7 2 r/ (2r)? 0g det/\/lAl o (0) ( ) given by

det M3 (p) _ Vtr/ d’k logdet./\/l}}k(qo)
det M5'(0) (27)* F det Ml (0)

= [Tz [ox [Tas / TN (M m@ia ) =My r(0:29). (330

The resolvent is a generalization of the Green’s function that is most straightforwardly defined through a spectral sum over
the eigenmodes as e.g., in Refs. [15,19]. Green’s functions and resolvents for scalar fields in the background of tunneling
solutions have been found in Refs. [14,15]. In the present work, we focus on constructing the Green’s function in the gauge-
Goldstone sector, where the details are explained in Sec. IV.

At next order in the expansion in # of I'"[p(1)], there are terms of the form

3 det/\/l L (@)
250 _ h / d°k / 5
h V] @y ] 4 50 0 e =) L0

d3k S detM A G): (
n2B ——V/—/dzh&p z log
(4,.6) — o (27)? ( )5(/)(1) det/\/lA' ) (0

Pk 5 det M\ (9
nB? = —hV//d hé 1o
(i) (27)3 hée(2) 6¢(z) o8 det/\/l - (0

El

)
R
; (3.31)

As anticipated earlier and as will be justified below, these correspond to two-loop dumbbell diagrams. Additional dumbbell
contributions arise when expanding the classical action to second order in 8¢, which gives rise to the B2 contribution in

Eq. (3.25). In order to extract these terms, we functionally differentiate Eq. (3.24) with respect to ¢(!). This yields the
equation of motion for the corrected bounce,

~029V(2) + Uye(0V:2) = 0, (3.32)

where

Ul (V5 2) = U'(9; 2) + 1l (003 2)po (2) + All(x, ) (003 2) 00 (2) + Al (003 2) 0o (2) (3.33)

and
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1

A

2

p
26 (16,

. g (3.34)

The functions I1g, T1( 4,.G) and Iz ,) may be interpreted as self-energy contributions from the field fluctuations, which are

derived from the functional derivatives of the various contributions to B(!) with respect to the background field, giving the

so-called tadpole terms:

h [ d’k
hllg (po; 2)@o(z) = 2/(%)3 (6490 (2) + 154603 (2)] Mg (905 2. 2). (3.35a)
h [ d’k aM(_Al ok (@)
All ; =— | —tr[ M . 32, 0)———(z . 3.35b
w0 o) =5 [ G (Muanlonz )57 0| ) (3.350)
&’k
() (903 2)po(2) = =20 g W”‘w;k(rpo; 2. 2)o(2). (3.35¢)
|
. (1 _ 55[g]
Note that the tadpoles correspond to loop integrals of B =V [ dzd¢(z) 50(2)
Green’s functions My, (@) in the background of the P o
simplified bounce, multiplied by powers of the background —v / dz8 -0 U (on: 3.39
field. Thus they correspond to amputations of the tadpole 26¢(2) (=g + U'(@o: 2)). (3.39)

diagrams of Fig. 3.
From Egs. (3.31) and (3.35) it can be easily seen that

BY —v / d260() My (g0: o). (3.36)

Substituting (") = ¢, + hdg into Eq. (3.32), one finds the
following equation for é¢(z):

M3 (0052030() = 1 (T = U' () = Tl s o )

_H(AM,G)(QDO;) 0(2)

=z (903 2) 0 (2)- (3.37)

The first contribution in the right-hand side (rhs) of
Eq. (3.37) vanishes if ¢ is chosen as the classical bounce.
Since as discussed above the Iy (¢g; z)@,(z) correspond to
amputated tadpole diagrams, Eq. (3.37) relates 5¢(z) to the
full tadpole diagrams of Fig. 3, as follows from the extra
insertion of the propagator Mgy (¢,). Then, Eq. (3.36)
implies that, as mentioned earlier, the B®) corrections are
given by the dumbbell diagrams of Fig. 4. Finally, the
remaining terms correspond to the expansion of the
classical action,

SlpV] = B + 1B + #2B?) (3.38)

The second term on the right-hand side is

which vanishes if ¢ is taken as the classical bounce. On the
other hand, using Eq. (3.37) together with (3.39) and (3.36)
one obtains

B® = % / d*xbp(2) MG (0: 2)50(2) + O(R?)

_ 1o ae @ y_L1pa
=—5(Bg + B o)+ Bipy) — 578

(3.40)
We see that these contributions can be added to those
of Egs. (3.39) and (3.31); when ¢, is taken as the
classical bounce, with B(!) = 0, these terms are again of
the dumbbell type.

Collecting all these results, we obtain the tunneling rate
per unit volume:

14 1
L ——(BO + aBM + #2B@) |,
v <2ﬂh> Tho] =P [ p (B BT+ )

— B7
_ plh) (1) (1)
BY =By’ + B, ) + B,
B® — _g® (3.41)

Having organized the expansion in this form we see that,
in order to include gradient effects in the calculation of the
decay rate of the false vacuum, the main task that needs to
be carried out is to compute the coincident limit 7/ — z of
the k-dependent Green’s functions M., (¢o;z.2') and
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resolvents M \/kz—H(fﬂo;Z, 7') in the background of the ~ IV. SOLVING FOR THE GREEN’S FUNCTION IN

simplified bounce ¢,. From the coincident Green’s func- THE GAUGE-GOLDSTONE SECTOR

tions one can readily obtain the B;l) corrections from A. Gauge choice

Egs. (3.28) and (3.30). The tadpoles TTx (; z)@o(z) can be By inspection of the operator M7 .. in (3.18), we see
obtained using Eqs. (3.35), which then fixes the B®)  thatthe gauge & = ¢ = 1 is suitable in'order to simplify the
correction by means of Egs. (3.40), (3.39), (3.36) problem. In this case, we have

and (3.37).

M (91)8;; 0 0
MG, ox (@) = 0 M (M) 29(0.01) |, (4.1)
0 29(0.0M) Nt (W)
where now
N-1(oD) = —52 2 (1)2 3 M4 o 2, (1)2
k(@) =-0+k*ta+ip +1/16¢ + g ') . (4.2)

This gauge is particularly useful given that M;.! decouples from ./\/l(‘A1 Gk and has the same form as M@ln),k, leading to a
wG); );
partial cancellation between the contributions of M;.! and Ma‘vl,n);k to the effective action, as can be seen from Eq. (3.24).

Because of this cancellation, the effective action only contains three independent functional determinant terms
corresponding to the scalar, the mixing A;—Goldstone and the ghost sectors:

h Pk det MG () 5

0] = Sl + 2y 1 , _V/
o] =Sle 43V | gpploe detm; (0) 20 )|

A Pk det ML (o)
+—V/ 5 log (’]’_”])’k( ),
2 (2r) det M1 (0)

¢’k 1ogdetM<_Al4.G>;k<‘P“))
22 8 det M g1 (0)

(4.3)

where M(_f\l4,G);k can be read from Eq. (4.1). Note that the sign in front of the ghost contribution is flipped, and the
coefficient halved, due to the partial cancellation between gauge and ghost degrees of freedom mentioned above. From now
on, we use X € {®, (A4, G), (i1.1)}.

Expanding ¢! = ¢, + hd¢p as in the previous section, we have

h h 1 h?
)7 _ 1 (1) (1) 1 Laop(2) 2p(2) T p(2)
W] =B+ §B< )+ hBg .+ hBg +hB, o 2B(M) + 2(71 By + 1B, ) 3 B (4.4)
where
1
50 :1 / Bk logdetM(AA’G);k(wO) (4.52)
(44.6) 7 2 (27)3 ° det M(Aﬂ,c);k (0)
det M7 .. (o)
@ _|1 / d’k / 8 (A.G)k
B =-V | —— [ dzé¢(z) log - , (4.5b)
) (27)° Sp(z) ~ det M 5, (0) "

and all remaining terms are unchanged with respect to Sec. III. Correspondingly, the equation of motion for the corrected
bounce takes the form Eq. (3.32) with the explicit potential term

ﬁH(f,,n) (903 2)0(2). (4.6)

Ule(o\V;2) = U'(0; 2) + Allg (003 2)p0(2) + All 4, 6) (903 2) o (2) — 5
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where Tl (90; 2)90(2), (7, (@03 2) are given in Egs. (3.35), while

1 d’k

4, 6)(00:2)90(2) = 3 Wtr |:M(A4,G);k((p0; z) (

a/\/l(_A]4.C?):k ((p(l); Z))
e (2)

wj . (4.7)

It can be checked that Eq. (3.36) is also valid for the (A4, G) sector. With the present gauge choice, we readily write

9 .
8_¢M<A14v6);k ((‘0; Z)

_29 82

Substituting the above expression into Eq. (3.35b), we have

.6 (¢03: 2)p0(2)

2/ (2n)3

The correction to the bounce is now

5p(z) = %Mé(coo;Z)(Dcoo - U(9p0:2))

— Mg(903 2) (Hcﬁ (903 2)@0(2) + (4, 6y (@0 2)po(z) — %Hmm (2% Z)coo(Z)> :

The final expression for the tunneling rate per unit
volume then is

% B\2 | 1

A =~ ——(BY + aBM + #2B?) |,
0= (aan) Ve |4 (E0 480 8%)

BO = B,

D _ ) pm  _1om

BY =By + B(y,.6) = 5B

B® = _p®, (4.11)

where

o = _L(po g _Lgo ) _ 1 g (4.12)
o\ Té (A44.G) () 2n )

Having collected these formulas, we see that, in the
planar-wall limit and in comparison with the purely scalar
case, the main complication in the calculation for the theory
with additional gauge and Goldstone fields is due to the
two-by-two matrix structure of the Green’s function
M4, 6)x (903 2). Once more, what we need is to compute
the coincident Green’s functions and associated resolvents,
which in turn determine the tadpole contributions through

Egs. (3.35a), (3.35¢) and (4.9). The ng corrections follow
from (3.30) and the B® correction by means of Egs. (4.12),
(3.39), (4.10) and (3.36). In the following subsections we

_ <292(/70(Z) ~290, )
% 22¢0(2) + 34603(2) + 29700 (2)

(4.8)

3
. / K 200(2) Mpyn () = 490, Ms,6(2) + 2600 + 2000(2) + 31632 Mi6.)(2))-

(4.9)

(4.10)

focus on the methods used to calculate the coincident
Green’s functions.

B. Solving for the Green’s functions in the
homogeneous background approximation

For comparison with the results accounting for the full
gradient effects and to facilitate the numerical implementa-
tion of the renormalization procedure detailed in Section V,
it is useful to collect approximate results for the coincident
Green’s functions My (¢o; z, z) obtained when the gra-
dients of the background are neglected. We will refer to these
approximations as “homogeneous Green’s functions” and
denote them by M.k hom(®0; 2, 2). The idea is to solve for
the Green’s functions in a homogeneous background ¢, and
at the end substitute ¢ by the bounce ¢.

We start by representing the differential operators
Mxh(#:z) in terms of generalized matrices
Mk (@:2.7) = 6(2 = 2) Mz (¢:2). With the chosen
gauge-fixing and for the constant background ¢, the
operators My} (¢:z.7) are diagonal with respect to the
discrete matrix structure in Eq. (3.18), and one can write

dk, . /
Miknom (¢32.2) = /2_;elk4(z_z)(k2 + k3 +m%(0)).
(4.13)

where m% (¢) is a diagonal matrix containing the back-
ground-dependent effective masses in the field sector
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labelled by X. The mass matrices following from (3.18) in
the £ = { = 1 gauge are given next:

152
m}($) = a+ 327 +—-C ¢,

242
g 0
m%A‘t,G)((ﬁ)_( 0 2 g g4, 2 2)’
0{+/1¢ +T¢ +g¢

() = ¢ (4.14)

Equation (4.13) immediately implies

1
K2 + k2 + m% ()
(4.15)

dk, . ,
Mx;k;hom(gb;Z’ Z/) = /2—7:elk4(z—z)

det MX k; hom((pO)
det MX k; hom (©0)

b [
2 )@

Evaluating the former in the planar bounce background, we
get the homogeneous approximations to the coincident
Green’s functions,

1

2y/k? +m(po(2)

The resolvents follow by substituting k> — k2 + s, which
allows to estimate the tadpoles from Egs. (3.35a), (3.35¢)
and (4.9). The B(") contributions in this approximation
are related to the usual Coleman-Weinberg potential.
Indeed, starting with Eq. (3.30) and using Eq. (4.15),
one obtains

Mx;k;hom(¢§ < Z) =

(4.16)

———n/d‘/ﬁdﬁ/(ﬁk<y+s+;@mm>>’ﬂ+sim§®9

o d*k
_ __ 4 _
= 2tr/dx/0 dsas/(2”)4 <

In the last line we have identified the U 8&, + as the one-loop
contribution of the sector X to the Coleman-Weinberg
potential, [normalized to be zero at the origin, as com-
mented after Eq. (3.14)]:

1 1 1 1
Ui () = Ul (@) + Uy 4,60 (@) + Uy 1y (@)

1 d*k k?
U(Cl\)V.X((p) = Etr/ (2”)4] <k2 - mi(((g))> :

(4.18)

When using a cutoff regularization with cutoffs A2, A for
the s and k integrals, the fact that in the final step in
Eq. (4.17) one may ignore the contributions at the boundary
s = oo can be justified by taking the limits of large A, A
while maintaining A, > A. It can be checked that the
tadpole contributions satisfy

MWewx((2)
My (@3 — WX 4.19
Xhom (3 2)9(2) 90 (4.19)
C. Solving the Green’s functions M 4, ).k (90;2)

directly for k? S 20,9,

For large momenta, the gradients of the bounce appear-
ing in the off-diagonal components in Eq. (4.1)—which
were neglected in the previous section—are subdominant
and can be handled perturbatively. However for values

K+ s +m%(gp) / (1)
= [ d*xU .
k2+s+mx(0) X cw.x(f/’o)

(4.17)

k* < g0,, the gradients become more relevant. There-
fore, we take a specific approach to directly compute the
Green'’s functions for low momenta, for which perturbative
and iterative methods break down.

In the following discussion, we denote ./\/l 1k (0032)
as M~!(z) for brevity. The system to be solved is
M (IM(z,7) = 8(z = )1, (4.20)

and we denote the elements of the solution that we seek
after as

M(z.?) = <M“(z,z’) Mlz(z,z’))

(4.21)
M, (Z7 Z/) Mzz(Z’ Z/)

In order to obtain numerical solutions, we express each of
the M;;(z.Z) in terms of two functions MF;(z), ME(z) as
M i j(Z, Z/) =

Oz — 7 )ME(z) + ©( — 2)ME(2),  (4.22)

where ® is the Heavyside step-function. We can then
solve Eq. (4.20) as an ordinary differential equation for
fixed values of z’. For each component M;; we impose

namely Mf;(—co) =0 and
Mﬁ(oo) =0, together with the matching condition of
continuity, M};(z') = MF(Z'), and of the jump in the

four boundary conditions,
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FIG. 5.

-1.0 -05 0.0 0.5 1.0

u

For k = 0.3 and with the couplings fixed as in Eq. (6.1), comparison of the coincident limits of the direct solution to (4.20)

(solid), and of the solution obtained when ignoring background gradients in M(_Al4,6) (o) (dashed). The graphs are labeled according to

the matrix notation of Eq. (4.21).

derivative M'f;(z') = M'f(2') = 1/(1 = 2?), which follows
from integrating Eq. (4.20) over z around the singularity at
z = 7. Tt is useful to compactify the z-coordinate with the
transformation

u = tanh(z), (4.23)
and in the rest of this section the dependence on the
functions will be assumed to be on the variable u.

For the purpose of the present calculations, as explained
in Sec. [l B we only need the coincident limit for the
Green’s functions. We have calculated the latter numeri-
cally, taking 1000 points between (—1, 1) for the compac-
tified coordinate u’ = tanh(z’), and solving for each 7’ the
matrix-valued differential equation (4.20) as a function of z.
With this, one can evaluate the coincident Green’s function
for each matrix component and each of the chosen values of
7/, and the result can be interpolated in z. To deal with the
effect of the 6 function in Eq. (4.20) we separate the
equation for each matrix component into two differential
equations, one for z < 7’ involving the functions M,Lj(u)

and one for z > z’ involving M (u). For each component,
we have thus two differential equations, which can be
solved numerically using the four boundary conditions
detailed above. An example solution for a low value of
k = 0.3, using the parameter choices of Eq. (6.1), is
displayed in Fig. 5 (solid line) compared to the solution
obtained when ignoring gradients of the background in
M1 (dashed line). Note how the off-diagonal components
are comparable to the diagonal ones, while neglecting
background gradients in M ™! leads to vanishing M, M»,.
Figure 6 shows results for the value of k£ = 0.5 where, with
the chosen numerical implementation, the exact solution
begins to have problems fulfilling the boundary conditions
at the right edge of the domain. Nevertheless, for such large
values of k (leading to small M;,, M,; in relation to M,
M ;) one can start to use a perturbative treatment detailed in
the following section, which leads to the dotted curves.
Although k = 0.5 is at the margin of the validity of either
method, in general the direct and perturbative estimates
agree better with each other than with the approximation
obtained by neglecting gradients.
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FIG. 6. For k = 0.5 and with the couplings fixed as in Eq. (6.1), comparison of the coincident limits of the solutions to the system in
(4.20) obtained when directly solving the full equation (solid), when ignoring background gradients in M(_,cx14,c) (¢o) (dashed), and when

using the perturbative numerical treatment of Sec. IV D (dotted). The graphs are labeled with the matrix notation of Eq. (4.21).

D. Solving the Green’s functions M 4, ).k (@0:2)
iteratively for k2 2 20,9,

In this regime, the off-diagonal elements of M~!(z) are
small compared to the diagonal ones. Therefore, we
decompose M~!(z) as M™(z) = Mg'(z) + sM7I(2)
with

s (MM eo(2)) 0
4620 = (0 o) 4
and
_ o 0 Zg(az¢0)
oM 1(Z)_<29(3zrpo) 0 ) 429

as a perturbation. To set up an iterative solution, we let
€ ~ 6M be a bookkeeping device for tracking the order of
the expansion M = MO + e M) 4+ M) 4 ... Then
Eq. (4.20) can be written as

(M5'(2) + M (2)) (MO + eMD 4 2MP) +-)
=8z=2)1. (4.26)

which leads to

MG ()M (z,7) =6
MG (MW (2, 2) + M ()M O(z,7) = 0,
MG (D)MP(2,2) + M ()M D (z,7) =0

M3 (M (2,2) + M (D)MW (2, 2) = 0. (4.27)

In the numerical implementation, we stop the iterative
method when the difference between the results at order
O(e") and O(e"!) becomes less than (1073). The general
behavior is that the results for smaller k converge more
slowly and one needs more iterations, while for higher &,
the solutions converge faster and moreover approach a
solution that does not deviate too much from the solution
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FIG. 7. Numerical results for M4, gy in the gauge =1, { =1 and k = 1.9 for the benchmark parameters in Egs. (6.1), at
coincident limit in the background of the numerical bounce ¢,. The solid lines are obtained through the iterative strategy, while the
dashed lines are the results at zeroth order (~O(¢%)), in which background gradients in M;jc(goo) are ignored.

where gradients are neglected. This is expected given that
the gradients become less relevant for large momenta.
Another feature of the perturbative expansion is that,
although the Green’s function must be symmetric, i.e.,
M, = M,,, this property is not strictly maintained at every
step in the perturbative expansion. This can then be used as
a check of the reliability of the perturbative results. For
example, the result for kK = 0.5 shown in the dotted graphs
in Fig. 6 shows a slight deviation from this symmetry,
indicating as advertised earlier that the perturbative expan-
sion starts to fail. Figure 7 shows results for the Green’s
function in the background of the bounce ¢@,—computed
numerically—for k£ = 1.9 and for the choices of parameters
of Eq. (6.1). The perturbative expansion has converged
after 14 iterations, and one recovers M,; = M, to much
better accuracy than in Fig. 6. The results at zeroth order
(~O(e"), dashed lines) are shown for comparison as well.

V. RENORMALIZATION

The coincident Green’s functions correspond to expect-
ation values of composite operators, which are divergent

and require renormalization. The divergences appear when
computing My (¢o;x',x) from Eq. (3.22): While the
My (90;z,z) computed as in the previous sections are
finite, integral over k is not convergent. We will use a cutoff
regulator, and remove the divergent contributions by means
of counterterms. Even though our calculations of the
effective action include some two-loop contributions, it
turns out that it suffices to compute the one-loop counter-
terms. As usual, the counterterms for the effective action
are just local polynomials of the fields and their derivatives.
Following methods applied in previous work [16], the
counterterms that do not involve field derivatives—which
will be referred to as “coupling counterterms”—can be
calculated simply by evaluating the effective action at a
homogeneous field configuration, rather than at the bounce.
As it was shown in Sec. IV B, the one-loop result is related
to the Coleman—Weinberg effective potential, which can be
calculated analytically. For each renormalizable interaction,
we need one counterterm, while we also anticipate, given
the nonrenormalizable nature of the ¢6—theory, that a
dimension-eight counterterm will be necessary.
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For a scalar field with gauge interactions, it is known that
one-loop corrections give rise to a logarithmic divergence
in the scalar two-point function, which can be subtracted
through a wave-function renormalization. The latter can be
calculated analytically using a gradient expansion of the
effective action. As said before, we do not rely on such an
expansion to compute the regularized Green’s functions
prior to renormalization, so that our renormalized result for
the effective action contains all the derivative corrections at

In summary, we consider a counterterm Lagrangian of
the form

1 Sa . 6L, 6k . Ok
— 57 O o e 8
25(8(”)+2(”+4 TR e

(5.1)

The counterterms can be separated into a sum of terms,
each renormalizing the contributions from the different

‘Cct [(p]

the chosen truncation of the loop expansion. sectors X = @, (A4, G), (71, 5) in the effective action:

1 Sa A 52 52
£ [cp]=Z£ct,x[¢]zz<§(szx(a¢)2 2X¢2+ gt 86x an 186x 8)
X X

(5.2)

(1)ren

We then define the renormalized one-loop contribution 53 contributing exponentially to the decay rate in Eq. (4.11) as:

B = B4 B B
=B+ Bl 5By + [ d*iLalon] = D oeB"™ (53)
where we have introduced numerical factors
96 = 9(A,.6) = ~29G.) = 1, (5.4)
while
axBY"" = gxBY + / d*xLe x[@o]- (5.5)

In the numerical implementation, it is useful to express the above renormalized contributions in terms of convergent integrals.
Following Egs. (3.28), (4.5a), (3.30) and introducing cutoffs A, A for the integrations in s and k, respectively, one has:

gXBx Jren _ tr/d4 / ds B,\(—( \/kz—'ﬂ((poﬂ,Z)—MX;m(O;z,z))—l—/d4x£a‘X[goo], (5.6)

where B, denotes a three-dimensional ball of radius A. One may note that MX‘ M(O; z, z) can be obtained from the analytic

results for the homogeneous resolvents MX_ in Eq. (4.16). Furthermore, the homogeneous resolvent gives a real

k?+s;hom
result when evaluated at the false vacuum ¢ = 0. To isolate the contributions from gradient effects, one can add and subtract the

real part of the homogeneous resolvent evaluated at the bounce background, Re M /K2 shom (¢0; 2, z). Furthermore, we may

add and subtract a term containing the contribution of the X sector to the wave-function divergence. For this we construct a
kernel K| x (k) satisfying:

1 1 [ 3k
F{(po] ) —/d4x§5ZX(8Z(pO)2 = —/d4x<§/ dS/ d—3KS,X(k)(aZ(/70)2 —I—flnlte> (57)
0 B, (27)
‘We then obtain
(I)ren 1 4 A3 d’k . . 2
gxBy' T = _E/d XA ds AA (zﬂ)g( fMy, o (@0iz.2) —ReM pe | (@032.2)) = K x(K)(9:90)°)
1 4 A3 d’k )
_E/d xl ds [3/\ 27 (tr(ReM \/kz—ﬂhom(qoo,z 7) — MX;\/kZ—H;hom(O,z,z)))
—l d* Azd Pk K. v (k)(O 2 d*xC 5.8
X s 3 s,X( )( z(pO) + X ct,X[QDO]' ( : )
2 0 By (271’)
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As shownin Sec. IV B, the terms in the second line involving the homogeneous resolvents simply give the one-loop Coleman-
Weinberg potential [see Eqs. (4.16), (4.17)]. Supplemented with the coupling counterterms in L, which by construction are

engineered to remove the divergences in the Coleman-Weinberg potential, one simply gets a contribution involving the

renormalized U(Cgf; Thus, one obtains

ngggl)m _ gXng)ren,hom + gXBg(l)ren,grad, (59)

with

gXBgfl)remh(’m — V/dzReUg\EJ?;(%(Z))v

bl v a3 ([Mas [ S5 Kol 430 ) Ol

3
v [ [Tas LAd (My (9000 ~ReM, e (9 2.2)) = Kox (K) (@utn2))?),
(5.10)

|
where we have separated contributions captured by the  the one-loop counterterms. First, recall that the contributions
homogeneous Green’s functions from the gradient correc-  B(2) can be entirely calculated from the Green’s functions
tions. As K, x(k) generates the divergent contributions o My, and the tadpoles Iy..(¢o)@o(z), as follows from
the wave-function renormalization, all the above integrals Egs. (4.10) and (3.36). Both 8¢ and B® inherit diver-
remain ﬁmt'e b}/ construction when tgklng the cqtoffs 0 gences from the tadpoles Ty (¢0; 2)@o(2). As explained in
infinity, which is useful for the numerical calculations. As  gec 1[I B, the tadpoles correspond to functional derivatives
mentioned in Sec. IV B. it is assumed that the cutoffs of the one-loop contributions to the effective action. Then it

satls.fy As > A . . ) follows that one can obtain renormalized tadpoles by adding
Finally, it remains to renormalize the two-loop contribu-  joivatives of the counterterms in £
ct>

tions B®). As shown next, this can also be done in terms of
|

(M (@03 2)@o(2))*" = T (o; 2)@o(2) — 6Zx Dy (2) + daxeo(z) + 5/1)((/70(1)3

380 5A
X 00(2)° + X o (2)". (5.11)

* 4 2

Using the renormalized tadpoles Ty (¢o; z)po(z))™" in Eq. (4.10) one obtains finite 8¢, and doing the same in Eq. (3.39),
(3.36) the resulting values of B(!), §(> are also renormalized. Explicitly,

5™ (2) = %Mﬁ)((ﬂm 2) (Lo = U'go; 7)) = Mé((l’o?Z);gx(Hx(fﬂoé 2)o(2))"",
B0 = v [ 4z (:) (D + U'loi2)).
B = v [ ey (<) (el ol (5.12)
so that the total two-loop exponential contribution to the decay rate, BEren | [see Egs. (4.11), (4.12)] can be written as

(2)ren _ __p(2)ren _ _ _ (2)ren @ren _ L p@ren) 1 5 Jren
. - ) (B<i> + B0 23(71.17) ) ZhB (5.13)

In the next subsections we obtain the coupling and wave-function counterterms separately.
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A. Coupling counterterms

The coupling counterterms can be extracted from the divergent contributions to the Coleman—Weinberg potential, which
is related to the effective action evaluated at a constant value of the field. The starting point is Eq. (4.3) evaluated at a
homogeneous field configuration ¢,

h Bk det Mz (o)
Towlé] = / d'xUcw =Sl +3 V/ (2x)? log 3¢ Mq;’lk (0)
[ON'Y

h Bk detMAG (®) n Bk | det MG (9)
/ : / : (5.14)

+=V +ZV log .
2 271) det/\/l (4,.6); L (0) 2 2r)3 detM (0)

Note that this evaluation of Eq. (4.3) does not correspond to the value of effective action for homogeneous fields which
would require a Maxwell construction when ¢ is not equal to the global minimum. In the present case, the logarithms of the
determinants of the Green functions can be obtained as in Sec. IV B, giving the one-loop contributions to the Coleman—
Weinberg potential as in Eqs. (4.17), (4.18). We indicate this interpretation by the subscript CW. To regularize the
divergences we perform the full integration over k, in Eq. (4.18), while we restrict the integration over the momenta parallel
to the bubble wall to a large three-dimensional ball B, of radius A. Adding the nonderivative counterterms to Eq. (5.1), the
renormalized effective potential can be written as

Oh6 6 5/13

: 2o (5.15)

ren 1 1 1 oa oA
UE($) = U@) + Uy () + Uiy a0 + Uy + 5 5 0+ 70" +

where U(¢) is the tree-level potential, as in Eq. (3.34). Separating the contributions to U(CI\Z\,.X involving different

components of the mass matrices m% of Eq. (4.14), one can write

1 1

m  _ (1) _ (1)
Uewe = 11- Uew.a,0 =712 + 1 Uew, gy = 512 (5.16)
with
_ g/ &’k /oo dk4 k2 + K2+ U"(¢p)
Iy = 2 B/\ 2”)3 - k2 + K2+ U"(O) ’
/ d’k /oo dky k2+k2+92¢2
= h R
B,\ 2”)3 o kz + k2
_h/ ) /mdk“ KAK Fat i+ 534" + 5 (5.17)
) B, ( 27[)3 I, kK +k>+a '
The integration gives
A2 1 U’ (¢) 1
I, =h U’ —(U" In - 0)+0(—).
=iV + g 0P (54052 -0 040
A2 1 F>¢? 1
I, =2h 2 4 p4 In2—— ol=),
’ {1629(1) +642g¢< —|—n4A2)]—|— <A>
A? 32 1 2
I.=h ) 2 2N 44 2 42 ) 2 6 4 2 42
3 |:167t2<a+ ¢ +4¢+g¢>+64 <a+ ¢+ ¢+g¢
L, et + 3¢+ o I
X (§+ln 4/‘{2 —(p<0)+0O %) (5.18)

We identify the counterterms from the divergent pieces proportional to A and log A, which need to be subtracted. We use a
“minimal subtraction” scheme in which no finite part is included in the counterterms, except for the introduction of a
subtraction scale x# needed on dimensional grounds for the contributions involving log A. We can thus build a finite,
renormalized effective potential as
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A
& = Ucw — U = Ucy — A°Cy (o) —10g<;> Gy (o),
(5.19)

where Ucw = U(¢p) + I, + I, + I3, while C| and C, are the
corresponding coefficients of the contributions proportional to
A?,log A obtained from I, I, and I5. Comparing Eq. (5.15)
with (5.19), we find the renormalization constants

1 A
Sa=—— [oz(g2 +42)log (—) - A*(3¢4? +4l)] ,
8 H

O =—

117/12 A
21 g
167z U

(5.20)

3 A
S :g@ +164)Aglog <;> . Slg=

Alternatively, one could impose particular renormalization
conditions on the effective potential as e.g., in Refs. [14-16].
In the present setup, this would however lead to comparably
complicated expressions for the counterterms, which is why
we proceed with the minimal subtraction of Eq. (5.20).

As discussed above, in order to define renormalized
tadpoles (Tx(@q; z)@o(z))™ we need to separate the above
counterterms into contributions that subtract the divergen-
ces of the loop corrections associated with the sector X, i.e.,
the divergences in U(CI&,AX. Proceeding as it has been done

before for the total one-loop potential U 8&, one finds:

1 A
oag = 32 [30{/1 log </4> - 3/1/\2},

! A
0a(a, G) = 872 [a(gz +4)log <;> - AN (24 + /1)] ,

242
5&(,—7’,,) = W, (521)
3 A
Og = —— | (Sai 642)1 =) = 52,A2],
0= o |5t + 62 10g () - 2]
1
5/1(144.(;) 1671'2 |:(3(l/16 + 492/1 +4g4
A
+22%) log (—) - 3/16A2}
u
4
q A
oA — 1, 5.22
() = g2 g<ﬂ> (5.22)

3 A
646.(4,.G) = 3 A6(g* + 1) log (;) 646, (7.n) = 0,

(5.23)

1 A
7 |:9A,6A2 - 10g (;) (9&16 + 394 -+ 2'_(]21 =+ 1012):| s

225 A A
5/18,63 = Wﬂ% log <;> s 5/18,(A4, ) 32 5 AZ log ( )
825 () = 0. (5.24)

The loop corrections are smallest when choosing u? to be of
order of the numerators in the logarithms of Egs. (5.18).
Note that, of course, the couplings depend on the renorm-
alization scale u as well.

B. Wave-function renormalization

For the wave-function renormalization, we follow a
procedure analogous to the previous section. The aim is
to obtain an analytic expression for the derivative correc-
tions to the effective action containing divergent terms, and
to define the wave-function counterterm through minimal
subtraction.

As explained in Ref. [16], interactions with scalar fields
do not lead to a cutoff-dependent wave-function renorm-
alization at one-loop order. We therefore focus here on the
corrections that arise from the interaction of the Higgs
field with the gauge-Goldstone sector. For the present
purpose, we consider the effective action evaluated at a
general inhomogeneous background field ¢ with the same
spherical symmetry as the bounce ¢,. In the following, we
derive the wave-function renormalization using a covariant
gradient expansion as in Refs. [30-35]. We first write the
logarithm of the determinant of the gauge-Goldstone
operator by tracing over a basis of plane waves, so that
matrix elements are written in position space as

1
ro ETr log /\/l(‘Ale) (@)

1 d*
=_ / dx =P -
2 (2rx)
where the trace “tr” that remains is over the matrix structure

in Eq. (4. 1) and where we have written the explicit argument
x for M3! G instead of ¢(x), which will be clearer for the

ePtrlog My o (x)e™*,  (5.25)

f0110w1ng manipulations. Note that here log /\/l(_A1 6) (x)

e
corresponds to a representation of the operator as a differ-
ential operator acting on functions, rather than as a matrix
with two continuous indices, as was e.g., used in Eq. (3.20).
Considering that to first order one has

er,eir =9, —ip,, (5.26)

then acting with the exponentials on the logarithm gives [33]

1 d4
FD2/d4x(2 Srlog M7, (). (527)
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M(—Al Gp)(x) where we have used the cyclic property of the trace
m ) (understood in the functional space). Using an expansion
_ (M= p)* + ma(9))8, 29(0,9) of the logarithm by adding and subtracting the identity
29(0,) (M= p)? + m%(p) ' operator, we can push the exponentials inside the logarithm
(5.28) and use the Baker-Campbell-Hausdorff formula to rewrite
’ the operators as:
where II, = —id,. We now insert an identity operator 9 ) © q
M2y T
exp(—II, (9(; )exp(H ) into Eq. (5.27) and obtain e WO = exp(adn.%)o - Zo_' (ady, fi,) 0. (5.30)
1 o d'p o opo X where
ro o5 d*x 2n) tre” e ﬁ’nlog(/\/lAGp()) 5
d . 31
L[ dp IO = [ 81),@} (331)
=5 d*x > tre df)log( A Gp) (x)) Mgy
(22)° Observing that [IT--2 55+ 11, =0 and [IT- 5 2 5 Pyl =11, one
(5.29) has the following formulas:
|
en'%(HM - pﬂ)e_n'% = en'i’%Hﬂe_n'O% - en'%pﬂe_n'%
(&) 1 o0
:nﬂ_pﬂ_zﬁ(adn%)n M, =10, - p, =10, = > —(ady.»)""'TI, = —p, (5.32)
n=1""" n=2
For an arbitrary function of x, one observes
-2 —I1-Z x =1 0
MHf(x)e = Fx) =Y~ ady, f(x) 5 — = flx) + 6f(x), (5.33)
n=0 """ i1 ' Pu;
where
o) =3 Lo, 10 5= >~ SE @00, 00) 5o (5.34)
po e apm = n e o Oy, Opy, -~ - Opy,

One can act on the operator M} in Eq. (5.29) with the exponentials by using equations (5.32) and (5.33).

(A.G.p)
Decomposing the resulting matrix operator M('Al G.p) Into a free piece, a piece coming from the effective masses and one
-G

from the gradients of the background, the result is

2 -1

M(A .G.p) (X) =& d”M Al Gp)( )e_n o = M(;(A,,,G,p) ()C) + 'A;ll_(lA”,G,p) (.X') + M;(lA#,G,p) (.Xf), (535)
where

<(p2 +m3)8, 0 )

" 0 24+ m
~ omis 0
M—l X) = < A% py >,
1(A,.G () 0 e
0 290,

MZA G.]7)('x) ! (536)

290, 0

Expanding the logarithm of the shifted operator about the free contribution, one gets:
- ~— = _l)m ~ - - m
trlog My 6, (x) = trlog Moy ) —tr > - (Mo(a,.c.p) (Mia, 6.5 T Maia,6.)" (5.37)
m=1
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with Now we assemble contributions to the wave-function
renormalization by collecting terms proportional to a
S 0 kinetic term. Let us first deal with the terms coming from
~ p>+m? A Auw 0 ~ 1 . . . . .
Mo, 6.p) = A ’ . M7, that is the contributions corresponding to n = 2 in
' 0 Ag the expansion in Eq. (5.34) and m = 1 in the expansion of
the logarithm in Eq. (5.37):

(5.38)
|
r> —% / d*x (d4’; (gpfg”” 8,0,m3 + 8‘2120 9,0 mG> (5.39)
where
OPhayy _ 8pPo = 2P +1m3)3p  PAG_ 8Ppps = 2(p” + m5)5,, (5.40)
dp,0p, (m3 + p*)? dp,0p, (mg + p*)’

for our particular gauge choice. Both integrands are naively divergent, going as p~*, but due to the property
f d* p4p,p, =6, p?)f(p?) = 0, following from O(4) symmetry, they are actually finite. The only remaining term that

can contribute to the wave-function renormalization comes from /\?lg(lAwG p)» Withm = 2 in the expansion (5.37), and n = 0
in the expansion (5.33), leading to

d*p
I'>-24 / d*x 22)° AGAL L (0,0)0,0. (5.41)

All other contributions in Eq. (5.37) involving higher or mixed powers of /\;(1_/12 do not contribute to the wave-function
renormalization, as they give rise to interactions with more than two background fields. With the definitions above we have

d*p d* S
B Ag B = 1) (2 2\( 2 2
(27)* (2z)* (p +mA)(p + mg)

S
/dw/ 27r)4 w(p? 4+ m3) + (1 —w)(p* + mg))?

)
§2%
/ / (27)° 4(p? + w(m3 — mg) + mg)*?
L) d/ ;s
= s
") @) 87 s+ windy — m) + m)

1 1
=6, d - . 5.42
/ / 27)° 4(m —mc> ((m%;+p2+s)3/2 (mi+p2+s>3/2> 542

The last manipulations are aimed at defining a kernel containing the divergent part of the effective action as in Eq. (5.7).
Indeed, defining

2
. B g 1 1
Ks(k) = Ks.(A4,G)(k) - (mi — mZG) <<m%; + k2 + S)3/2 - (mi + k2 + S)3/2>’ (543)

we can write

2
Tlgo] O ——/d4 / ds K, (K)(D,00)* = —%/d“x(f—zlog(Az)(az(po)z+ﬁnite>. (5.44)
v/
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From the divergent contribution we can directly extract the
value of the wave-function renormalization constant in the
counterterm Lagrangian,

2 2
g A
By comparison of Egs. (5.44), (5.45) with Eq. (5.7) we see
that indeed K (k) satisfies the desired properties, and it
can be used to obtain the renormalized one-loop contri-
butions Bg(l) by means of cutoff-independent integrals,
as in Egs. (5.3), (5.9) and (5.10). We have identified
0Z = 8Za, 6), K (k) = K (a,.6) (k) because, as discussed

above, the sector (A4, G) is the only one that gives rise to
divergent wave-function contributions.

VI. NUMERICAL IMPLEMENTATION
AND RESULTS

Given the large amount of time required for the
numerical computations, we present results for one set
of parameters that illustrate the methods developed in
this work.

Before we present the numerical results, we must give
some comments. First, in the thin-wall and planar-wall
limits the vacua are assumed to be nearly degenerate and
the bubble radius is taken to infinity, with the bounce
interpolating between the two vacua (the true vacuum at
z = —o0, the false vacuum at 7 — o0). Near 7 — o0, one
has quantum fluctuations about a homogeneous back-
ground, whose contributions to the effective action are
captured by the spacetime integral of the renormalized
effective potential. With the effective potential normalized
to be zero at the false vacuum, then unless it is exactly
degenerate with the true vacuum one expects an infinite
contribution coming from the z integral of the renormalized
effective potential near z — —oco, where the background
stays very close to the true vacuum. This intuition is
confirmed quantitatively by our results of the renormalized
one-loop contributions to the effective action, Eqgs. (5.9)
and (5.10), which involve the spacetime integral over the
one-loop corrections to the effective potential. Adding to
this the tree-level action of the bounce, one gets a con-
tribution to the effective action involving the integral over
all z of the one-loop renormalized effective potential. Exact
degeneracy between the one-loop energies of the vacua—
not just at tree-level—is a necessary requirement for
obtaining sensible answers in the planar limit. If the
degeneracy at tree-level necessarily implies a Z, symmetry
that exchanges the true and false vacuum, the one-loop
degeneracy is automatically satisfied, as it happens for the
quartic potentials that were studied previously in the
literature [14,16]. In those works the tree level degeneracy
has been achieved for a vanishing cubic interaction, for
which the models exhibit a Z, symmetry under which the

false and true vacua are exchange:d.1 Our model however
lacks this property because, even though one can define a
Z, symmetry, it would relate physically equivalent vacua,
rather than the false vacuum at the origin and the true
vacuum with spontaneous symmetry breaking. Hence we
choose values of the parameters of the tree-level potential
a, A and A such that for the renormalized Coleman-
Weinberg potential of Eq. (5.15), the false and the true
vacuum are degenerate. This strict requirement is only due
to the planar-wall approximation. Without the latter, the
bubble-wall volume is finite and no divergences in the
integral of the effective potential inside of the bubble wall
appear. We leave the study beyond the planar-wall approxi-
mation for future work.

For the numerical evaluation we take # = 1, for which
the effective action is dimensionless, and furthermore we
assume appropriate rescaling for the fields and spacetime
coordinates that give dimensionless and dimensionful
couplings and masses of order one. Note that these
rescaling do not affect the value of the effective action.
A set of values satisfying the one-loop degeneracy con-
dition is the following:

1
a=2, l= 3 A = —2.0254571,

1 1
9= K72
(6.1)
Note that 4 has been tuned against the remaining couplings
to achieve the degeneracy of the vacua. In the following, to
facilitate generalizations beyond the chosen arbitrary units,
we will present results for dimensionful quantities in units
of the dimensionful parameter a.

In Figure 8 we show the real part of the one-loop
renormalized effective potential in the infinite cutoff limit,
obtained from Eq. (5.15) and the identities that follow. (For
a cutoff A =49 = 34.65\/a, as will be used below, the
total renormalized potential in the region between the vacua
differs from its infinite cutoff limit by less than 10~3¢a?).
Noting that the symmetry-breaking vacuum appears at

@_ ~+\/a=+/2, then given the fact that the tunneling
calculations only involve field values ¢ < ¢_, our effective
theory treatment with the |®|® operator will be justified
as long as there are UV completions in which higher-
dimensional interactions |®|*" with m > 3—ignored in our
calculations—become subdominant for ¢ < ¢_. To argue
that this is the case we can consider a UV completion with
heavy Dirac fermions W, y, in which ¥ is a gauge singlet
and y has charge —1, so that one can write down a Yukawa
coupling

Lheary O —y¥Oy + c.c. (6.2)

"Note that in Ref. [16], in which there are Yukawa interactions,
the Z, symmetry involves chiral transformations of the fermion
fields.
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1/a?U(yp)
06

-02-

FIG. 8.
Coleman—Weinberg potential (solid blue) with enforced degen-
eracy between the vacua. The values used for the couplings are
stated in Eq. (6.1).

Tree-level potential (orange dashed) and renormalized

For heavy fermion masses of order M, then one-loop
diagrams induce interactions A,,,|®|*" with

2m

PR
2m 1622 M2(m=2)

(6.3)
One can quantify the relative impact of the higher-dimen-
sional interactions with m > 3 for ¢ < ¢_ ~ \/a by con-

sidering the ratio
(y \/a> 2(m=3)
op=a  \ M '

In our benchmark scenario, we have that Eq. (6.1) and (6.3)
imply M ~ y3/2+/27x such as to generate a value of ¢ of the
assumed size. Substituting this into Eq. (6.4), and imposing
a =2 we get

ﬂn|q)|2m
Ag|@[°

(6.4)

1.4 F———————— —
1_2; ;
1of :

08f

o/Va

os6f
04f

o2f

0.0
T S S Y P N SR R B

| D
A6|®|°

(6.5)

(4ﬂ-> 2(m-3)
|d[>=a=2 ¥ '

Thus we can get a relative suppression of (1/10)" for every
|®[0+2" interaction for y = 2+v/10y/z, still within the
perturbative bound y < 4z. Thus, for this example, it is
consistent to ignore the higher-dimensional operators
beyond |®|® in our analysis.

As we are forced to consider the degenerate limit of the
one-loop potential, the simplest way to proceed with the
numerical determination of the Green’s functions is to
use as initial background ¢, the solution to the equation
of motion using the real part of the one-loop effective
potential. In the thin-wall approximation appropriate for
nearly degenerate vacua, implying a large bubble radius,
the bounce is computed by neglecting the friction term
appearing in Eq. (2.7). Substituting the tree-level potential
by its one-loop counterpart, and implementing the planar
wall approximation by substituting r with z, we have to
solve

2

4 ren
_d—ZZ + RC(U(?W)/(QD) = O’ (pO(Z)|z—>oo = 0’

¢6(Z)|z—>—oo = O (66)

The solution is found numerically and is adjusted so that
the wall location, defined as the point where the derivative
is maximal, is located at z = 0. In terms of the compact
variable u# of Eq. (4.23)—which will be used in the
remainder of this section—the initial bounce ¢ is shown
as the dashed orange line in Fig. 9.

This bounce is then used as the background for the
remainder of the numerical analysis. We note that since
there is translation symmetry along the directions parallel
to the bubble wall, all the quantities B, B etc. are
proportionalto V = [ d*x [cf. Eq. (3.30)]. In the following,

Y= T T T T T T T T T T T T T T T T T T ™

o/l 7]

-1.0 -0.5 0.0 0.5 1.0

-1.0 -0.5 0.0 0.5 1.0

u

FIG. 9. Left: Initial approximation to the bounce (dashed orange) and the version including gradient corrections arising from the self-
energies computed above (solid blue). Right: relative variation of the bounce induced by gradient corrections.
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all the quantities are understood with this three-volume
factored out.

The code which solves for the Green’s function of the
gauge-Goldstone block is run for a range of values of the
three-momentum |k| ranging from 0 to |K,| = 50. For
|k| < 0.5 we use the direct method of Sec. IV C, while for
larger |k| we use the iterative approach described in IV D.
For the latter, we have adapted the number of iterations

more iterations to converge, while for higher values the
solution stabilizes faster. Once the iterations are completed
and the solutions for the range of |k | compiled and once the
solutions in the ® and (7, n) sectors are also calculated, the
coincident limit is taken in order to compute quantities such
as the resolvents Mx; \/kz—ﬂ(("o) and the renormalized

determinants Bg(] >re", see Egs. (5.9), (5.10). The numerically
generated solutions allow us to integrate up to values of
k| = A <49 = 34.65,/a for the momentum along the
wall directions. The s integration in (5.10) has been
constructed such that it remains finite for a large cutoff
A in the |Kk| integration, so that the dependence on the upper
limit of the s integration is suppressed; we have checked
this explicitly by comparing results in which we integrate
up to a value of s = A2 > A2, and in which we extrapolate
the integrand for large s (after performing the integrals in

= 0.
The results agree within percent precision or better. From

the BY™™ one can obtain the contribution B®" to the
renormalized effective action using Eq. (5.3).

The renormalized tadpoles (ITy(¢g)@o)™® follow then
from Egs. (3.35), (4.9), (5.11), and from them one readily
obtains the correction to the bounce d¢™" and the renor-
malized two-loop correction to the effective action B(2)ren
[see Egs. (5.12), (5.13)].

A subtlety in the calculation of the |k| integrations is the
appearance of an integrable singularity in the X = ® sector,
which arises from a divergence of the resolvent M b /Ko1s

k245
of the form
9_(2)?
M iy #0:2:2) ~ i+ O((K? 45 = 4.)7)
for A_ = 0.21933. (6.7)

The reason for such a divergence is simply that the operator
q) k _o(@o), when acting on functions of z, has a discrete

negative mode ¢_(z) with eigenvalue —1_, i.e.,

Mgs_o(@0)o-(2) = —2-0_(2).

P (6.8)

The existence of such a negative mode can be understood
from the fact that, although we have enforced degeneracy
of the potential at the one-loop level, the tree-level vacua
are not degenerate (see Fig. 8). As is well known from

one-dimensional tunneling calculations, the fluctuation
operator in the background of a configuration that inter-
polates between nondegenerate vacua has a negative mode,
and from the existence of the latter and the spectral
decomposition of the resolvent one infers a contribution
of the form of Eq. (6.7). Luckily, such contribution still
leads to convergent integrals in |k| in the evaluation of
the determinant contributions gXBgfl)
axI1x (@)@, because the integral of k?/ (k>
|k| = b is finite:

b+6 k2 b—-6
dKk|———= 456+ b1
JaRlE 2( ’ °g<2b 5))

To avoid numerical instabilities we treat separately the
integration of the resolvent (or Green’s function, in the
case of tadpoles) around the singularity, expressing it as a
contribution coming from the difference between the
resolvent and the divergent piece of Eq. (6.7)-with
@_(z) and A_ computed numerically by solving the
eigenvalue equation (6.8)—plus the contribution from
the divergent piece alone. The first term yields a finite
result, while the |k| integral of the divergent term is
calculated using the analytic result of Eq. (6.9), i.e., it is
evaluated in the principal value sense.

As follows from the arguments at the beginning of this
section, in the considered limit of exact degeneracy
between the one-loop energies of the vacua (which in
our case implies nondegeneracy at tree level), only the
combination (B(®) 4 B(en)/V is finite, and thus we will
not fully distinguish between the two contributing terms.
Rather, we separate homogeneous and gradient contribu-
tions using Egs. (5.9), (5.10) and (5.3), and write

and the tadpoles
— b?) around

(6.9)

BDren — B(renhom | p3(1)ren.grad (6.10)
where
)ren,hom __ Z gy B(Vrenhom
Dyren,grad _ Zg B(Dren.grad (6.11)

It follows that

1 1
B+ BOom) — [ (0 (0.0(2)) + ReUS (o).

(6.12)

which involves the integral over the full one-loop potential.
As a consequence of Eq. (6.6), our initial bounce ¢ is
chosen to extremize the above combination (B(©) 4
B(l)“’“’hom) /V, and the result is finite. The renormalized
gradient contribution Brengd Jikewise involves no pieces

085001-26



GRADIENT EFFECTS ON FALSE VACUUM DECAY IN GAUGE ...

PHYS. REV. D 102, 085001 (2020)

T

T

T

T

1.004

150 - 4

100 b

1/a®? Z gx (Ix (o) o)

70 S R S S S— P E S S S |
-1.0 -0.5 0.0 0.5 1.0

u

S~ gx (Mx(0)90)/ (USY) (90)

1.003 ]
1.002F ]

1.001

1.000

0.999 | E

ogoglo— o+ 4. L
1

(1)

FIG. 10. Left: tadpole > yIIy(¢po(u);u)po(u) with gradient effects (diamonds) and tadpole (Ugy) (@0) = D x Hx:nom X
(@o(u); u)po(u) without gradient effects (solid). Right: ratio of the total tadpole contribution over its counterpart without gradient

effects. The cutoff is taken as A = 34.65/a.

that are divergent under spacetime integration and remains
finite.

Figure 10 shows the numerical result for the total
tadpole, >y gxIlx(@o; u)@o(u), before renormalization,
obtained using Egs. (3.35a), (3.35¢) and (4.9), compared
with the corresponding result using the homogeneous
Green’s functions (4.19), which do not include gradient
effects. The similarity between both calculations is due to
the fact that, prior to renormalization, the leading cutoff-
dependent contributions dominate, and they are fully
captured by the homogeneous Green’s functions. In con-
trast to this, Fig. 11 shows the sum of the renormalized
tadpoles with (solid blue) and without (dashed orange)
gradient effects, whose impact becomes now manifest after
the subtraction of the cutoff dependence. For comparison,
we also show in Fig. 12 the renormalized tadpoles for the
individual sectors X, whose gy-weighted sum constitutes
the quantity shown in Fig. 11. From Figs. 12 and 11 it is

1/a*? Z gx (Ix (o) p0)™"

FIG. 11.

clear that scalar fluctuations dominate the total result, and
that the sectors more affected by gradient corrections are
those involving the degrees of freedom ® and (A, G). The
scalar dominance, seen both for the homogeneous and full
results, is due to the large ratio between the scalar quartic
and the gauge coupling in our benchmark scenario [see
Eq. (6.1)]. The gradient corrections are typically of order
100% of the homogeneous results at the same loop order,
and even larger for X = (A4, G). As the tadpoles are one-
loop quantities, it follows that one-loop gradient effects can
become equally (or more) important than homogeneous
one-loop effects. Note that in the (A4, G) sector it is
important to include the effect of wave-function renorm-
alization, as if it were ignored one would obtain much
larger gradient corrections, as shown in the dotted grey line
in the lower right plot of Fig. 12. In the right plot of Fig. 11
we show the quantity U'(¢g) + >_x(Ix(¢o)@o)™", which
corresponds to the functional derivative of the full one-loop

1/ [U7() + 3 gx(Tx (0)00)™]

-1.0 -0.5 0.0 0.5 1.0

Left: plot of the total renormalized tadpole Yy (ITx (g (u); u)po(u))™ (solid blue line), and its approximation neglecting

gradients, (U (l)ren)’ (o) = > xMxnom (@0 (1) )@y (u))™ (dashed orange), as a function of the compactified radial coordinate u. Right:

Ccw

analogous plot, adding the tree-level tadpole contribution U’(¢) so as to obtain the one-loop functional derivative of the effective action

at the bounce ¢g. The cutoff is taken as A = 34.65./a.
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FIG. 12. For A = 34.65./a, renormalized tadpoles (ITx(¢o(u); u)py(u))™ for each set of fields (solid blue) and the corresponding
terms ignoring gradient effects, (US&,X)’ (90) = (Mypom(@0)@o)™ (dashed orange). From upper left to lower right we have

X =0, (1,1), (A4, G), (A4, G). The lower right plot includes an extra dotted grey curve illustrating the result in the (A4, G) sector
when one ignores wave-function renormalization. Note that this latter curve is cutoff dependent because the logarithmically divergent

wave-function renormalization has not been subtracted.

effective action evaluated at the bounce. Note that it
approaches zero at u = +£1, i.e., when the field reaches
the two vacua. As the latter are extrema of the one-loop
effective action, one indeed expects 6I'/5¢ = 0. In general,
as for u = +1 (z = o) the field approaches the vacua
with zero derivative with respect to z, one expects gradient
effects to go to zero, which is indeed observed in Figs. 12
and 11. These tadpole contributions lead to the quantum-
corrected bounce shown as a solid blue line in the left plot
in Fig. 9, to be compared with the initial approximation
shown in dashed orange. As the initial bounce solves the
equations of motion for the one-loop effective action in the
homogeneous approximation, the correction to the bounce
shown on the right plot of Fig. 9 is purely due to gradient
effects, and can be seen to stay below a few percent. These
corrections are somewhat larger than the effects found in
the studies of Refs. [14-16]. In those works, the models
have an emerging Z, symmetry in the limit of degenerate
vacua which implies a negative parity symmetry for the
bounce and its corrections, (i.e., ¢(—u) = —@(u) so that the
tadpoles vanish at u = 0 because ¢(0) = 0), that ultimately

constrains gradient corrections to be zero around u = 0,
where one would naively expect maximal effects due to the
larger derivative of the bounce. Such a symmetry is not
present here, which may explain the larger effects. Again,
gradient corrections go to zero for u = +1. As the bounce
accounts for both tree and loop-level effects, and a relative
loop factor with order one couplings is expected to lead to
percent corrections, it follows that gradient corrections to
the bounce are roughly of the same order (or greater) as
generic one-loop effects, which matches what was seen in
the renormalized tadpoles.

With the above results for the renormalized tadpoles and
for the correction of the bounce configuration, we can
finally estimate the contributions B for the effective
action appearing in the decay rate (3.41). These are given

in Table I. Table II gives the one-loop contributions
gx B arising from gradient effects, together with
their percentual weight on the total one-loop contribution
BO) 4 Blren - Again, gradient corrections are of order 1%
of the tree-level plus one-loop result, i.e., the same size of
generic one-loop effects. All the individual contributions
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TABLE 1. Numerical results for the renormalized contributions
to the effective action.

Value [xa=3/2]

(BO) 4 Blren) /y 0.473
B(2)ren/V —0.000345
(B(O) 4 B(1)ren 4 B(Z)ren)/v 0.474

TABLE II. Numerical results for the gradient contributions to
the determinant terms of the effective action.
Value Value/
[xa?] (B 4 BMen) /v [%]
. g{Drengrad 0.00139 0.29
" d /v
(1)ren,grad . 4 .01
g(ﬁ‘”)B(ﬁJ; ead 0.0000748 0.016
g(A4,G)BE/1‘):e£igrad/V 0.00332 0.70
0.00479 1.0

> ox nggfl)ren’grad/V

have a positive sign, as expected in general for bosonic loop
corrections.

It should be noted that the relative weight of the one-loop
and two-loop corrections is in accordance with the expect-
ations of perturbation theory with order one couplings.
Aside from the already mentioned fact that the one-loop
gradient contributions in Table II are two orders of
magnitude (roughly a loop factor) below the tree-level
plus one-loop result B + B in Table I, one also has
that the former is four orders of magnitude above the two-
loop contribution B2)ren,

VII. CONCLUSIONS

The self-consistent Green’s function method of Ref. [14]
for the calculation of radiative corrections to decay rates of
false vacuum states, which allows to account for all
gradient effects at a given loop order, has been applied
here for the first time to a gauge theory. We have considered
a U(1) gauge field coupled to a complex scalar and, in
order to have two physically distinct vacua amenable to
tunneling transitions at zero temperature, we have consid-
ered a potential including a higher-dimensional |®|°
interaction. The model is intended as an illustration of
how the method of Ref. [14] applies to gauge theories, as a
first step on the way toward self-consistent calculations
of vacuum decay in theories like the SM. The model
studied in this article can be considered as an effective
description of a UV theory in which heavy fermions have
been integrated out. Our specific choice of parameters is
consistent with a UV completion in which higher-order
interactions |®|*", m > 3, are subdominant, justifying our
truncation beyond |®|°.

In the limit of degenerate vacua, leading to a planar thin-
wall regime, we have included corrections to the effective
action coming from background gradients and from the
shift of the background induced by quantum effects. As
expected from the bosonic nature of the gauge and scalar
fields, quantum corrections to the effective action are
positive, leading to a longer lifetime for the false vacuum.
Our results also show that gradient corrections are of the
same order as homogeneous one-loop corrections. This
implies that considering only the leading terms in a gradient
expansion at one loop would result in theoretical uncer-
tainties that would remain of the order of a loop factor.
Hence, accounting for full gradient effects is crucial to
achieving full one-loop accuracy. The method applied here
captures all one-loop effects plus two-loop corrections
associated with dumbbell diagrams. The latter can be the
dominant two-loop effects in more general models with
more degrees of freedom, e.g., non-Abelian theories or in
the presence of several spectator fields [16].

In relation to previous applications of the Green’s
function method to tunneling calculations in the thin-wall
regime [14-16], in which gradient effects were found to be
comparable to two-loop corrections, here we have found
comparatively larger gradient corrections. This can be due
to the fact that, in contrast to the case of the aforementioned
works, in the model studied here there is no emergent Z,
symmetry, which exchanges the false and true vacua, in the
limit of degenerate vacua. In earlier works such symmetry
led to parity constraints in the z-dependence of the gradient
corrections, which limited their impact. On the other hand,
the use of the Green’s function method has already been
shown to have an important effect on the results for a non-
Z, symmetric setup away from the thin-wall limit, as in the
scale-invariant scalar model of Ref. [17].

In comparison to earlier applications of the Green’s
function method for tunneling computations, the present
work has addressed the following novel challenges:

(i) The gauge and Goldstone boson fluctuations form a
coupled system, for which earlier methods to com-
pute the Green’s functions are no longer applicable. In
contrast to the usual calculations in a constant back-
ground in gauge theories, the freedom in the gauge
fixing procedure does not allow us to eliminate the
mixing in the presence of background gradients.
Nevertheless, a judicious choice of gauge-fixing
allows to restrict the mixing so that, in the planar
limit, it only involves a single gauge field component
and the Goldstone degree of freedom of the complex
scalar. At low values of the momenta in the directions
parallel to the wall one can solve directly for the full
mixed equations numerically, while for larger mo-
menta one is forced to use an iterative method to
account for the mixing effects.

(i1) The planar thin-wall regime can be reached by enforc-
ing degeneracy between the two vacua. However, as
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mentioned before and in contrast to previous studies,
this limit is not associated with an emergent Z,
symmetry enforcing degeneracy of the vacua at every
order of perturbation theory. In particular, this means
that starting with a potential with tree-level degeneracy
leads to long-distance divergences in the quantum
corrections to the bounce action, which arise from the
mismatch between the vacuum energies at one-loop.
This simply means that planar-wall approximation is
no longer applicable at one loop unless one enforces
vacuum degeneracy at one loop rather than at tree level
and uses an initial bounce configuration which solves
the Euclidean equations of motion corrected with the
one-loop Coleman-Weinberg potential. Finiteness of

the bounce action at one loop is achieved when
considering tree and loop effects jointly.

The techniques developed here can be applied in future
studies on models that capture more of the features present
in the case of the SM, e.g., going beyond the thin-wall
approximation, or considering non-Abelian gauge theories.
Moreover, it would be of interest to directly evaluate the
sensitivity of the quantum corrections to the tunneling rate
with respect to changes in the gauge-fixing parameters.
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