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In this paper we approach to Horndeski and beyond Horndeski theories from the effective fluid
perspective. We make explicit the formal equivalence between these theories and general relativity with an
effective imperfect fluid. It is shown that, for the viable Horndeski theories, in the general case (arbitrary
geometry) the nonvanishing contribution from the higher-order derivative terms to the imperfect fluidlike
behavior affects only the heat flux vector but not the anisotropic stresses. The only contribution to the
anisotropic stress tensor is due to the nonminimal coupling of the scalar field to the curvature as it is in
standard scalar-tensor theories. For the viable beyond Horndeski theories the higher-order derivatives
contribute both to the heat flux and to the anisotropic stresses. The effective fluid description is applied to
several particular cases of interest. It is corroborated that, in Friedmann-Robertson-Walker background
space, due to the underlying symmetries, the effective stress-energy tensor of viable Horndeski and beyond
Horndeski theories is formally equivalent to that of a perfect fluid. This result might not be true for other

less symmetric backgrounds such as the anisotropic Bianchi I space.

DOI: 10.1103/PhysRevD.102.084054

I. INTRODUCTION

Scalar fields have played a very important role in the
study of gravitational theories beyond Einstein’s general
relativity (GR). Among these we may mention the Brans-
Dicke (BD) theory [1-4], the scalar-tensor theories (STTs)
[5-16], the f(R) theory [17-34], extended theories of
gravity (ETGs) [35-42], Horndeski [43-55], and beyond
Horndeski theories [55-66]. For purpose of comparison
with well-understood GR results it is customary to write the
field equations of the above mentioned theories in the form
of Einstein’s GR equations (here we use the units system
where 827Gy = 1, with G as Newton’s constant):

G'Gy + F (R R, R, R,y RT™ VR, ...,
VIR, V. V2, ... V") = T,
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where the additional scalar field related and curvature terms
are appropriately grouped and organized in the form of an
effective stress-energy tensor (SET):

G, =—
Hy eff
GN

T/ezif = _fﬂu(R’ RGTRO-T’RG‘MKRO-T]LK?
VR, ... V2R, $.V,.V2p. ... V"p). (1)

(T + T35),

In the above equations the generic tensor F, contains the
contributions coming from higher-order curvature invari-
ants and/or higher-order derivatives of the curvature scalar
R and/or from the scalar field ¢ and its higher-order
derivatives, while T}}}j“ accounts for the SET of the matter
degrees of freedom: photons, baryons, dark matter, etc.
Besides, R,, is the Ricci tensor, Rfm is the Riemann-
Christoffel curvature tensor, V2 = ¢*V,V, and [, m are
nonvanishing integers. The effective gravitational coupling
Gt in the above equations can be, in principle, a function
of the curvature invariants and their higher-order deriva-
tives and of the scalar field and its higher-order derivatives,

© 2020 American Physical Society


https://orcid.org/0000-0002-8995-7356
https://orcid.org/0000-0002-0939-2317
https://orcid.org/0000-0002-0120-0624
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.084054&domain=pdf&date_stamp=2020-10-23
https://doi.org/10.1103/PhysRevD.102.084054
https://doi.org/10.1103/PhysRevD.102.084054
https://doi.org/10.1103/PhysRevD.102.084054
https://doi.org/10.1103/PhysRevD.102.084054

ULISES NUCAMENDI et al.

PHYS. REV. D 102, 084054 (2020)

as well. The question is how to interpret the effective SET
Tﬁf and whether it could be formally regarded as the SET
of a fluid? It happens that the usefulness of Eq. (1) relies,
precisely, on the existing formal equivalence existing
between Tﬁg and the SET of perfect and imperfect fluids.
The equivalence has been established for scalar-tensor
theories [67-75] as well as for other modifications of
gravity containing higher order derivatives such as the k
essence [76—78] and its further generalization known as
kinetic gravity braiding [79,80], the f(R) theory [81], the
f(R, G) theories (G is the Gauss-Bonnet term) [82] and the
ETGs [83]. The effective fluid picture has been proved to
be useful also within the context of the so-called quantum
modification of general relativity [84].

We want to point out that any symmetric rank 2 tensor,
such as the stress-energy tensor 7, can be decomposed
relative to a fixed timelike vector u¥, into two scalars, a
transverse vector and a transverse, trace-free tensor, i.e.,
into the general form of an imperfect fluid:

T/w = (/) + p)uﬂul/ + P + quub) + e

where p is the energy density and p is the pressure, g,, is the
heat flux vector and 7, is the anisotropic pressure tensor.
Hence, the possibility to decompose the mentioned con-
tribution is a consequence of making a specific choice of
the timelike vector u*." Yet establishing the precise form in
which the equivalence with perfect/imperfect fluids is
realized is not a trivial task since, besides of the math-
ematical complexity, the fact that one deals with an
effective stress-energy tensor is to be taken with care.
The non-negativity of the effective energy density, for
instance, entails nontrivial mathematical conditions on the
derivatives of the fields, etc. In addition, finding the explicit
form of the equivalence between the fields and their
derivatives and the effective fluid variables, p, p, ¢,, and
7, 1s of interest for the applications since the fluid
variables have a more immediate and clear physical mean-
ing. As a matter of fact, despite that the effective fluid
equivalence is purely mathematical and not physical, the
effective fluid picture is very useful when one compares
different cosmological models. One may compare func-
tions describing the effective fluid such as, for instance, the
equation of state pgsr/pesr» the anisotropic stresses nf,ff the
sound speed c2, etc. The fluid variables not only have a
clear physical meaning but also greatly simplify the
analysis of the system [79].

It is a well-known fact that when we deal with GR with a
minimally coupled self-interacting scalar field ¢, obeying
the Einstein’s equations of motion (here we omit other
matter sources):

"This argument has been suggested to us by one referee.

1
G/w = TL({,}) = vﬂ(pvl/(ﬂ - Eg/w(vq))z - Vg;tw (2)
where (Vg)?> = ¢“V, ¢V, ¢ and V =V(¢) is the self-

interacting potential, the scalar field’s SET T,(fﬁ) can be

written in the equivalent form of a relativistic perfect fluid
[67,68,71,72,75,85,86] after identifying a timelike four-
velocity vector [68,71,72,85]:

4, = % (V) 0. G)

This timelike vector determines the 3 + 1 splitting of the
spacetime into a three-space seen by comoving observers
and the time direction [85]. The metric is written accord-

ingly:

V.#V. ¢

(7

Guv = huzx —uu, = h;w +

where £, is the metric of the three space (K., is the projector
onto the three space orthogonal to the time direction of
comoving observers):
R =y,
h

g/t/lhz% = h/ulhz% = hﬂl/’
i =0, H =3, (5)

Besides, for a given vector v*:

hiVv, =V, + u,u'Vyv,.
After the choice (3) as the four velocity of observers
comoving with the scalar field fluid we can rewrite the SET

of the scalar field in the form of a perfect fluid SET
[67,68,71,72,75,86]:

1
112 = (VP + =5 (0P = V] g
= (P + Po)tutty + Py G- (6)

where we identify:

1
p(/) +p(/7 = _(V(p)zap(p = _E(V(ﬂ)z - V = p(ﬂ
1
=—5Ve) +V. (7)

In this effective (perfect fluid) picture p,, and p,, represent
the energy density and pressure of the fluid. But, in general,
when nonminimal coupling of the scalar field with the
curvature is considered, the SET of the scalar field is
equivalent to the one of an imperfect fluid as shown in
Refs. [69,70,74] (see the next section).
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In this paper we wonder what the above mentioned
formal equivalence with an effective perfect/imperfect fluid
would look like for other more general STTs. Given that
both Horndeski [43-55] and beyond Horndeski [55-66]
theories represent further generalization of scalar-tensor
theories, here we shall look for the mentioned kind of
equivalence within the framework of these generalized
STTs. We are going to consider a viable Horndeski subclass
that is described by the Lagrangian [55]:

‘thorn = G2(¢’X) - G3<¢7X)v2¢ + G4(¢)R’ (8)

where X = —(V¢)?/2, as well as a viable subclass of
beyond Horndeski theories depicted by the Lagrangian:

‘vahorn = f(¢7 X>R +A(¢’X) (vx)z’ (9)

where
(VX)2 =VX VX = V1¢VMVA¢V”VK¢VK¢.

These subclasses are the only ones that survive the cosmo-
logical observational tests, in particular the one related with
the nearly simultaneous detection of gravitational waves
GW170817 and the y-ray burst GRB 170817A [87,88] (see
the related discussion in Subsection (4.2) of reference [55],
specifically the Egs. (118)—(121) for the Horndeski theories
and (123)—(127) for beyond Horndeski theories).2 Given
that the Horndeski and beyond Horndeski theories admit
higher-order derivatives of the scalar field as well as self-
couplings, here we shall address the question of how these
higher derivative contributions affect the effective fluid
picture.

It has to be mentioned that for a particular subclass in the
Horndeski theories known as kinetic gravity braiding [79]
the equivalence with general relativity with an effective
imperfect fluid has been established in Ref. [80]. This
subclass is given by the following Lagrangian:

Ly = R/2 + K(¢. X) + G(¢, X)V%¢. (10)

Notice that the choice G, = K, G3 = —G, G4 = 1/2in (8)
leads to (10). The effective fluid approach to Horndeski
theories within the cosmological setup has been investigated

’It should be noted that the bounds on the speed of the
gravitational waves obtained in the event GW 170817 are valid in
the frequency range spanning from 24 Hz to a few hundred Hz.
For this reason, it has been pointed out in reference [89] that there
is a set of Horndeski theories which can evade this bound because
its prediction on the speed of gravitational waves depends
on the frequency k and an energy cutoff M < Apomdeski™
(Mp H3)'/3 ~ 260 Hz, where Apomaeski is the strong coupling
scale associated with many Horndeski dark energy models, H|, is
the Hubble parameter today, and Mp; is the Planck mass. The
bound is evaded for frequencies k << M where the speed can be
subluminal and luminality is recovered for k = M.

also in Ref. [90] by means of the cosmological perturbations
approach. In the present paper we want to approach the issue
from the point of view of relativistic dynamics and, in
addition, we are going to go further to include the beyond
Horndeski theories also. Our results will generalize those of
previous works in [69,70,74,80,90].

We have organized the paper in the following way. In the
next section we shall apply the procedure we shall use in
the paper in order to make explicit the formal equivalence
with general relativity with an imperfect fluid to the very
well-known example of Brans-Dicke theory. In Sec. III, for
completeness, the basic elements of Horndeski theories are
exposed. The formal equivalence between viable Horndeski
theories and GR with an imperfect fluid is settled in Sec. IV,
while in Sec. V the mentioned formal equivalence is made
explicit for the viable beyond Horndeski theories. The
effective “imperfect fluid” picture is explored in the
cosmological setting in Sec. VI. Several important aspects
of the explored picture are discussed in Sec. VII where brief
conclusions are also given. Finally, for completeness we
added an Appendix where the motion equation for the
scalar field (the generalized Klein-Gordon equation) is
derived, both for the Horndeski and for the beyond
Hordeski theories, by taking the divergence of the effective
stress-energy tensor.

II. THE SCALAR FIELD AS AN
IMPERFECT FLUID

As already mentioned, the equations of motion of the
scalar-tensor theories, where the scalar field is nonminimally
coupled to the curvature, can be written as those of GR with
an effective imperfect fluid. Here we explain the basis of the
formalism in the particular case of the BD theory.

The effective imperfect fluid picture for the BD theory
has been developed in Refs. [70,74]. In this case the
effective stress-energy tensor is given by:

1
T;%) - % vy¢vv¢ - Egpw(vqs)z - %g;w
1
+$(vyvu¢ - gﬂbv2¢)7 (11)

where o is the BD coupling parameter and V is the self-
interacting potential for the scalar field. The above effective
SET can be written in the form of the stress-energy tensor
of an imperfect fluid:

if
T/(w) = (,0 + p)uuuu + P + Zq(ﬂub) + Ty (12)

where p, p are the energy density and pressure of the fluid,
q, 1s the heat flux vector which is, by definition, transversal

to the timelike four velocity (g,u” = 0) and 7, is the
anisotropic SET:
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1
my =11, — gl—Ihﬂy, n=n',=0, muu’ =0,
(13)

with

I, = lehﬁﬂh’ﬁ, = phy, + 7., =1, =3p,
I,,u” = 0. (14)

By comparing Eqgs. (11) and (12) one gets that

V4V,

w
u, = ?vﬂd)vuqb = u,u, = _W,

from where the timelike four-velocity vector of the fluid u*
is defined as in (3). Following the approach explained in the

introduction, the energy density and pressure of the fluid as
well as the heat flux vector g,, are defined as it follows:

(p+ pu,

Other kinematic quantities of the fluid are the following:

i, = u'Vyu,,
0=V,u,
. 1
Oy = V(Muy) + U (U —geh”y,
Wy = V[#Ml,] + it[ﬂu,,], (16)

where i1, is the acceleration of the fluid, € is the expansion,
o, 18 the shear tensor of the fluid, while ,, accounts for
the vorticity tensor. Under the choice (3), since the four-
velocity is the gradient of a scalar, the vorticity tensor ,,
vanishes identically. This is true for any scalar-tensor
theories and their higher-derivative modifications:
Horndeski and beyond Horndeski theories.

When we take into account the definition of the stress-

1 f the BD scalar field (11), the tensor (14) is

— T ulu’ - — T W 1 energy tensor of the scalar fie ,

p S p=3% Gy Ry (15) given by this [74]:
|
o) ® V. 2V VeV, Vg 1 )
I, =-|1——(V — h,+-|V,V, - h,,V
R R e i Lae 1A LA
Vg 1 V, ¢V, dVE PV )V,
-——|V,V, ¢V V.V,¢V,p — = h, V¢V,V p — L~ = 17
¢(v¢)2 |: A /4¢ u¢+ A v¢ y(b 3 uv ¢ A K¢ (v¢)2 :| ( )
If we compare this latter equation with (14), for the anisotropic SET we obtain:

@ VOG04V + Y,V h VeV VNIV LG g L el (s
Ty = ¢(v¢) |: A ¢ ¢+ A I./¢ ;4¢ uv ¢ A K¢ (V¢))2 +¢ u¥v 3 uv ¢’ ( )
while for the pressure of the fluid:

@ Vv 2V2¢p VeV, V.
= —|— (V¢)? —. 1
o= g O 5 g S 1)
For other relevant quantities appearing in (12) we get:
@ Vv V¢ VoVipV,V ¢]
=—|— (V)2 —— — =, 20
o= V0 =25y g 20
for the energy density of the BD field, while for the heat flux vector [74]:
w___ Ve {v V.- V”¢VK¢VKV,1¢] __V-(Vor, 21
g LT e b @)
where we have taken into account that for the choice (3) the acceleration of the fluid is given by:
: Vi V.oV PV, Vo
=V, = — s |V, V,p — L T 22
b= = g (99 ] -

Below we shall apply this formalism to the Horndeski and beyond Horndeski theories in order to extend the effective
imperfect fluid picture to these generalizations of scalar-tensor theories.
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III. HORNDESKI THEORIES

According to [48], further generalization of four-dimen-
sional scalar-tensor theories having second-order motion
equations is achieved if considering the linear combinations
of the following Lagrangians:

L, =K, Ly = —G3(V*p),
Ly = G4R + Gyx[(V2$)? = (V,V,0)7],

1
[’5 = GSGuvavy¢ - 8 GS,X[(VZ¢)3
IV 2V (23)

where K = K(¢, X) and G; = G;(¢,X) (i =3, 4, 5), are
functions of the scalar field ¢ and of its kinetic energy
density X, while G, ; and G; x represent the derivatives of
the functions G; with respect to ¢ and X, respectively. In
the Lagrangian L5 above, for compactness of writing, we
have adopted the same definitions used in Ref. [55]:

(ViV.§)? =V, V,$Viveg,
(V,V,0)° = VAV, gVV, VIV, . (24)

Note that in (23) we have slightly modified the notation
with respect to (8), since we have replaced K — G,. We
have done this in order to meet the notation most frequently
found in the bibliography.

The general action for the Horndeski theories can be
written as follows:

&m—/ﬁrM%+Q+&+%+%@ (25)

where the £; (i =2, 3, 4, 5) are given by (23) and L,
stands for the Lagrangian of the matter degrees of freedom.
The motion equations that can be derived from the above
action read:

U 0
G, = 2—G4T”,,at + ZTW, i=2.3,4, (26)

where

O/ [91m) 1

Viglsgr 2"

and we have considered the following definitions of the
effective stress-energy tensors related with the £;s in (23):

1
Tl(jf) ~ 5~ (K,va¢vy¢ + Kg/ll/)’
2G,

1
T = —{=(2G3 4 + G3.xV2)V, V¢
2G,

- 2G3,Xv(/,t¢vb)X + g;w [G3,¢(v¢)2
+ Gy x(Vgp - VX)]},

Gay
T/(;Lt) = G44[/ (vuvv¢ - gﬂvvzd))

G
+ gflﬁ [vu¢vv¢ - gﬂb(v¢>2]’ (27)

where (Vg -VX) = ¢V, ¢V X, with vV, X=
-V*(V,V,¢). Notice that, in the definition of the

SETs T,(,lg above, we have already included the contribution
coming from the effective gravitational coupling Gi.
Besides, since the latter is a function of the scalar field
only: G4, = G4(¢), the resulting theory is in the viable
subclass of Horndeski theories (8) mentioned in the
introduction. For the same reason we have not considered
the contribution coming from the Lagrangian L5 in (25).

As an aside let us to mention that taking the divergence
of (26) multiplied by 2Gy, up to a vector field 9*¢, leads to
the modified Klein-Gordon equation for the galileon (see
the Appendix):

GuV'Gy =Y VHG,TL). (28)

i.e., the same that can be obtained through variation of the
action (25) with respect to the scalar field ¢. This is true
also for the beyond Horndeski theories. In the Appendix,
the detailed computation of the divergence of the effective
stress-energy tensor, both for the Horndeski and the beyond
Horndeski theories, is performed.

IV. EQUIVALENCE BETWEEN VIABLE
HORNDESKI THEORIES AND IMPERFECT
FLUIDS

Here, as before, we consider the timelike four-velocity
vector defined as in Eq. (3): w* = V#¢/+/2X, with non-
negative X > 0, in order to determine the 3 + 1 splitting of
the spacetime [recall that X = —(V¢)?/2 is the kinetic
energy of the scalar field]. Given the adopted definition of
the timelike four velocity (3), we can rewrite the kinematic
quantities in (16) in terms of our notation as it follows. For
the expansion we have this:

o)

while, for the components of the shear and vorticity tensors,
we have

(29)
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1 (Vo -Vx)
G,uu \/T—X{vﬂvv¢ T ,u¢vy¢
VudVoX 0, }
X 3
2
a)ﬂb WVW¢VH]X, (30)

respectively. Above we have taken into account that

1

quﬁV#X
V”MD = \/T_X <Vﬂvb¢ —_ T) . (31)
so that the acceleration can be written as
. 1 V¢ - VX
iy = 0V, = = [vﬂx (%4)v 4 (32)

In order to show the equivalence between the viable
Horndeski theories (26), (27) and imperfect fluids we shall

consider each of the effective SETs in (27) separately. Let

us start with T,(,ZD). This effective tensor corresponds to the

so-called k-essence models. Although the equivalence
between these models and a perfect fluid has been already
demonstrated [76,78], here we write the basic equations in

|

terms of our notation. Following the procedure exposed in
Sec. II we obtain the following results:

ny =720, 0, = 3G, Ko 22 =0,
1 K
i =T, =0, py = e =
@ 16 |
p(z) = T/ll( uu = 2—G4 (ZXK’X bl K) (33)

In what regards to the piece T,(;y), the calculations are a bit

more complicated. Let us start by computing the tensor:
1 G
ng) =790t nx, = e [G3 X =35 (V- vx)]
4
(34)

so that the effective pressure p 3 is given by the following:

1

G3 X (Ve - VX)] (35)

meanwhile the calculation of effective energy density p 3
gives this:

G3X

1
o = 10 = = &[0 - 5 09 90) 4 a9 (36)

()

It can be shown that 7, = 0, so that the effective fluid does not have anisotropic stresses. However, there is a nonvanishing

heat flux given by

O Gsx
g 2V2XG,

RXV,X + V, (V- VX)), (37)

The effective SET tensor T,(i) in Eq. (27) can be written in the alternative way:

T/E;It> = (v vvd’ gﬂl/v2¢)

Hence

G G
) = 790w, = <—é” 2X - (;“" v2¢) By +

4

Since the resulting effective pressure p 4

6X

_ _Guo {(V(p VX) |
Pay=—""F=~ |—~

Gy

This entails that, since ﬂ,(i) = H,(;;) — p@h

L@ _ Gag [[(VE-VX)
G, 6X

Hw

1 1
- §V2¢] hy +V,V, ¢ — iquavwx

4¢¢
2Xhy,, 38
= (3)

(V¢-VX)

=TIl4)/3, we get the following:

G4’(/, 1
o |99 VX - T 09.0) 9
2y + Sty 4
o] + %t (40)

for the tensor of anisotropic stresses we obtain the following expression:

(V¢-VX) o

Y490}, (@)
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The effective energy density is given by

_ @k _Gee [(W'VX) 2 }
pay =T, v = ——= |————-V2¢|, 42
(4) A G4 2X ( )
while the heat flux vector is given by
@ _ @ e _ (V¢ - VX)
=-T h* VX+—2V,¢|.
=i, G [, B0,
(43)

In consequence the viable Horndeski theory (26) is
equivalent to GR with the effective stress-energy tensor
of an imperfect fluid:

T = (pett + Pete)tlty + PetrG + 240 ) + m . (44)
where
Peft = Zﬂ(i), Peff = ZP(,'),
g = Zqﬂ N = Zﬂm,, i=2.3.4. (45)

We have, in particular, that for the effective heat flux
vector [for the effective pressure and energy density see
Egs. (76) and (77) in Sec. VIIJ:

Gy — XG (V- VX) }
ff = 230 = DXy x4 TV 46
=S v ) o)

(4)

while the effective anisotropic stress coincides with 7, in
(41):

e Gag [[(Vo-VX) 1
i = 2 {[ ) V| 4V,
1 V VX
Nonvanishing of any of the quantities q"‘cf and zreﬁ is

what distinguishes an imperfect effective fluid from a
perfect one. This means that, in the present case, while
|

the heat flux gets contributions from both the nonminimal
coupling G, = G4(¢) and the higher-derivative coupling
G3; = G53(¢, X), the anisotropic stresses are the conse-
quence of the non-minimal coupling only, as it is in
standard scalar-tensor theories. In particular, for constant
G, = 1/2 (minimal coupling), the anisotropic stresses
vanish. In summary, for the viable Horndeski theories,
the higher-order derivative contributions affect only the
heat flux.

A. Particular cases

Let us check several particular cases in the Horndeski
class of theories [52,54]:
(1) General relativity with a minimally coupled scalar
field: this is given by the following choice of the
relevant functions in (23): G4 = 1/2, G3 = G5 = 0,

S:/d4x |g|[ R+K($.X)+L,,|.

This choice comprises quintessence, K(¢,X) =
X -V, and k essence, for instance, K(¢p,X) =
f(@)g(X), where f and g are arbitrary functions
of their arguments. The most important kinematic
quantities for this case are given in Eq. (33):

e = Kn,,., =0 g¢f=0,

Pett = K, Peit = 2XK x — K.

(2) Brans-Dicke theory: the following choice corre-
sponds to the BD theory [2] (here @ is the BD
coupling parameter): K(¢,X) =2wX/¢p — V(p),
Gy =G5 =0, Gy = ¢,

5= /d4x Gl[6R + 20X/¢ - V].  (48)

Although the kinematic quantities for this case have
been already computed in Sec. II, here we rewrite
them in terms of the present notation. In this case,
the quantities (45) in the effective stress energy
tensor (44) read as follows:

_wX V. Vi (Vp-VX) X V2V (V¢ VX)
PR T g T gk TR T 36X
i [(Vo-VX) V¢ V.V, ViV, X (V¢-VX)
”if N |: 6¢X B 3¢ :|h ”(ﬁ - ¢X - 4¢X2 vﬂ¢vv¢v
off _ (W) VX) }
4u ¢\/§ [ H V.9 (49)

Notice that the above expressions coincide with the corresponding ones in (18)—(21).
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(3) Nonminimal coupling theory: this is described by the functions: K = w(¢)X — V(¢), G, = (1 = Ep?)/2,
G3 - G5 - 0,

S = / dx*v/|g| [1 _25‘/’2 R+ o(p)X — V(¢)} .

The main kinematic quantities in (44) are as follows:

e {wx V- 264V + 2545%;”},

Pett = 1_—1&152 {wX -V +?Vz¢ +§5¢%—4§X},

T { {(ngvx) e 4)] AL VWZ?X RUALEY 4)}’

q;ff = —% [VﬂX + <v¢2%xvx>vﬂ¢:| . (50)

(4) Cubic galileon: for this particular case in the functions in (23) one sets: K = 20X /¢ —2A¢p, G3 = =2f(p)X,
G4 = ¢, G5 =0, and the resulting Jordan frame action reads as follows [47]:

5= [ @ v/ligR + 20X/9 - 200 - X1 ($) V4],

We obtain the following expressions for the fundamental kinematic quantities in (44), (45):

Pefi :%+A+2%X2 + 1 +2f(¢)X]{

Vi _ (Vo v

o 20X

Dt :‘;)2(—/\+2];‘/’X2 —2Z;¢— ;+2f(¢)x} (VZ;X),

- [TP0 T, TR T S
QZ“:%{ . +wv"¢]' oy

The above examples belong in the viable Horndeski
theories (8), where by viable we mean that the speed of
propagation of the tensor perturbations coincides with the
speed of light: céw = 1. However, there are a few interest-
ing cases that do not belong in (8) but that can evade the
bound on the speed of gravitational waves (see footnote 2).
One interesting example is given by the choice:
K=X-V,G;=0,G4,=1/2, Gs = —a¢/2. The corre-
sponding theory is known as kinetic coupling to the
Einstein’s tensor and is given by the following action:

s=3 [ dxVIdlR+2X = V) + aGu 090 ). (52

As it is discussed in [89] in detail, this theory—formulated
as a effective field theory—has a region of its parameter
space where the bound on the speed of gravitational waves
is evaded.

V. VIABLE BEYOND HORNDESKI THEORIES AS
IMPERFECT FLUIDS

Here we consider the viable beyond Horndeski theories
[60-63,66,91] (also known as degenerate higher-order
scalar-tensor theories) with Lagrangian (9). The following
effective Einstein’s equation can be derived from the latter
Lagrangian: G,,, = T;0"™, where the effective SET for the
viable beyond Horndeski fluid is given by the following
expression:
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T;Ehom = [f xR —Ax(VX)? =24 ,(V$ - VX) = 2AV2X|V ¢V ¢

2
+L0219,09,0 + 20,0 + 129,96 - 0,79)

+ 2% VuhV X = 6, (Ve - VX)] + MV”XVUX

Qfax—A)

(VX + L (9,9, - 4, 9),

s . fx
A= Ax (f)f” <f>fX

where

The above stress-energy tensor (53) can be written in the form of an effective SET for an imperfect fluid (44) with effective

energy density:

fx [ 2fxx —A=2XAx
eif = - XR + =2 V2 + == :
Pett i i ¢ 2f
fg+4XA, fxx—A
= (V¢ VX) +=2+ 7

L fx=2XA
f

fx )
(Vo VX)* + EV%V PV, V. X,

=t VX

(VX)? +

effective pressure:

Loy 2a, ]
pen = 2X ~ V4 (A= 4F 1) (V) = L2 VX = o (£ + 12X ) (V- V)

1 S x 5
+ @(f,xx —-A)(Vp-VX)? + @vwv ¢V, VX,

effective heat flux vector:

1
% = \/Z_Xf {[f g +2Xfyx = (fxx —A) (V- VXV, = fxV'$V,V, } X

+ [
(2X)*2f
and effective anisotropic stress tensor:

eff eff
H = Deff h;u/ s

where p.s is given by (55) and

5y = {f Hapy Loy Hax gy gx) Hax= 4 gyp ffxv2x}

f f f 2f

ff¢ {V T W;v”) (V(ZXVX) ﬂ¢vy¢] L X)} {V XV X+—(v¢ - VX) VbV, X
(Vq{; VX)? fx ViV .V, V, X V%V"WNX
T ”¢V”¢] f [V VX + X 4x? ”‘W”{’}

{(£p +2XF 4x) (V- VX) = (f xx = A) (Ve - VX)? = £ x V'V PV, V, X}V, 0.

(54)

(55)

(56)

(58)

It is evident from the above equations that, unlike as it was for the viable Horndeski theories, in the present case, the

higher-order derivatives contribute both to the heat flux and to the anisotropic stresses.
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VI. HORNDESKI AND BEYOND HORNDESKI
COSMOLOGICAL PERFECT FLUIDS

In Secs. IV and V we have shown that, in the general
case, both the viable Horndeski and beyond Horndeski
theories admit an imperfect fluid representation. However,
this is a correct statement only if we consider a scalar field
with nonvanishing spatial gradient. This means that the
four-velocity u, = V,¢/+/—(V¢)? cannot be that of free-
falling observers. In a Friedmann-Robertson-Walker
(FRW) cosmological framework where the background
metric is ds? = —di* + a*(1)8;;dx'dx’ (i, j =1, 2, 3 and,
as usual, ¢ is the cosmic time, a = a(t) is the scale factor,
and H = a/a is the Hubble parameter), on the contrary, the
timelike four-velocity u, = V,¢/ gb = 52, is that of a free-

|

falling observer (the overdot accounts for derivative in
respect to the cosmic time). Hence, the acceleration of the
comoving observers vanishes since along geodesics, nec-
essarily: i, = 0. This is also true for the Horndeski and
beyond Horndeski theories since the four-velocity vector is
the same: u, = &.

In general, the symmetry of FRW spacetime implies that
the heat flux vector g,, which is transversal to the four-
velocity u, (u*q, = 0), must always vanish since, other-
wise, it Would yield a preferred direction and thus break the
1sotr0py This means, in turn, that the effective energy-
momentum tensor always has the perfect fluid form with
only the effective pressure p and the effective energy
density p nonvanishing. Accordingly, in a FRW back-
ground the heat-flux vectors for the BD theory (21):

1 (Vo - VX) } 1 .
BD V, X+ 7V —V2Xu,, 59
W= X [ wb| =gV AX 39)
as well as for the viable Horndeski theories:
Gyyp— XG (Vo - VX) Gyp—XGs .
vhorn __ ¥ 3.X vV X v __ 49 3.X /2X 60
o VaXG, { T Gy o 0

both vanish: gp°

. _
i, = u'Vyu, =

1
— |V x+
2X{”

th"m = 0, where we have taken into account the expression (32) for the acceleration:

(Vo - VX)

s

For the beyond Horndeski theories we have that the heat flux vector (56) can be written as follows:

vbhorn __ f’(/’ + 4Xf,(/)X B (f.XX _A)(V¢ . VX) |:
e VaXf V, X+

(Vg - VX) fx VgV, V. X
oy Vﬂ(ﬁ} - ﬂ_Xfw(p{vlvﬂx V|-

However, since u* = V¥#¢/\/2X = ¢°*, then the second term in the ths of the above equation exactly vanishes:

- f%g(u [V/IVMX + gOK52V/1VKX]

so that

vbhorn _ __

qu

as it was for the BD and the viable Horndeski theories.

Lok 4 s = ~LX -k + 9 = o
fo+4Xf gx = (fxx —A) (Ve - VX) \/Z_Xﬂ” =0, (61)

Let us obtain the expressions of the remaining effective kinematic quantities for the viable Horndeski and beyond
Horndeski theories in the FRW background. The timelike FRW four-velocity is given by u, = V,¢/¢ = 52 so that for the
components of the three-metric &, we obtain hoy = 0, h;; = a’(1)s; - We also have

X=¢/2, V¢ =—(h+3Hp),

This argument has been suggested by one referee.

(V- VX) =

_¢2¢9 vyvy¢ = ¢5262 - H¢h (62)

Hv
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so that, by making the appropriate substitutions, we get the
following expressions for the effective kinematic quantities
of viable Horndeski theories (8) in FRW spacetimes (recall
that qeff 0):

1 .. .
Peft = 2G, [(Kx—=Gs4+ 3GsxHp)p* — K — 6G4 ,H).
(63)
I -
Peit = 5~ [(2Ga gy — G3 4 — G3xP)p” + K

2G,

+2Gy 4(h -+ 2Hp)), (64)

) (65)

In what regards to the viable beyond Horndeski effective
cosmological fluid we have that, for the effective energy
density,

TR LY.

2 0F A
b5 A+ AP + 5, (66)

while for the effective pressure:

2 -2
peff:%Hm%Hwﬁjf%

f(f¢+2¢f¢x)¢+

Ll
T

where we have taken into account that for the FRW metric
the curvature scalar R = 6(H + 2H?), while

Peft = 3fTX (H +2H*)§’

2f (2f xx = A)P* P

[4* + $($)], (67)

(VX)* = - ~($ ),
V2X = —X - 3HX = —(¢ + 3Hp) —

V.V, X =X58) -
P().

HXh,,.

For the flux vector, as already mentioned, we get (fff 0,
while since

eff _ 2f¢ ﬁ f¢¢ 22
115, { 7 H¢+ 7 H¢¢+ ¥ ¢
1 . .
5 (fp+20°f px)b
1 N
a7 (= AFRF L f" % + ¢(¢>]}
X h/w = peffhmn (68)

the anisotropic stresses vanish as well: neff = 0. This means

that, in a FRW spacetime, the viable beyond Horndeski
theories are formally equivalent to GR with an effective
perfect fluid.

As we have discussed here, in the FRW cosmological
setup, due to the symmetries, both the effective heat flux
vector and the anisotropic stresses vanish, so that the
resulting effective picture is that of a perfect fluid.* In a
general cosmological setup the higher-derivative terms that
arise in the Horndeski and beyond Horndeski theories do
not contribute to the effective imperfect fluid behavior
unless the spatial gradient of the scalar field cannot be
ignored, as in situations of astrophysical interest. Otherwise
these will contribute only to the effective energy density
and the effective pressure of the perfect fluid, respectively.

VII. DISCUSSION AND CONCLUSION

In this paper we have approached to the viable Horndeski
and beyond Horndeski theories from the perspective of the
effective (imperfect) fluid approach. In this regard, as it
happens in the framework of the STTs, the divergence of
the effective stress-energy tensor leads to the equation of
motion of the scalar field:

4
VAT 26,y 0G,, =0, T =26, 70,

2
VTS — (f 40 b+ f x0"X)G,, =0, TS =F Ty,
i=1

(69)

where the first line above is for Horndeski theories with the
contributions to the T,(,'gs given by (27), while the second
line is for beyond Horndeski theories with the respective

contributions T} given by (Al4) and (A15) in the
Appendix. As a matter of fact, up to a vector field 9"¢,
(69) coincides with the motion equation that is derived from
either of the following actions by varying with respect to
the scalar field ¢:

vhom /d4x\/ |g [’vhom’ vahom:/d4x V |g|£vbh0mv
(70)

where L om is given by (8) while L, p,om is given by (9).
Our results represent further generalization of previously
published works on the effective fluid equivalences
[70,74,76-83].

*It should be expected that, if considering other less symmetric
geometric backgrounds such as, for instance, the Bianchi I
anisotropic space, the anisotropic stress tensor would has non-
vanishing contribution to the effective imperfect fluid.
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Although the effective perfect/imperfect fluid descrip-
tion is always possible, making an appropriate choice of the
timelike vector u# is central to the explicit form of the
equivalence. In [81], for instance, it is shown that an n-
dimensional generalized Robertson-Walker (GRW) space-
time with divergence-free conformal curvature tensor
exhibits a perfect fluid stress-energy tensor for any f(R)
gravity model. The demonstration relies on the notion of
GRW spacetime and on the condition that a timelike unit
vector u* (u,u* = —1) exists such that V,u, = ¢(g,,+
u,u,), where the scalar field ¢ is called as “perfect scalar”
since it obeys [81-83]:

V= —uﬂ(u’lvﬂ(p). (71)

In [74], on the other hand, it has been shown that, if
introduce a timelike unit vector field,

V.R
U, = ———— (VR)>=V,RV*R <0, (72)

" V=(VR?

where R is the Ricci scalar, the f(R) theory can be written
in the form of general relativity with an effective imperfect
fluid. These examples show that fulfillment of certain
conditions is required in order to obtain the explicit form
in which the effective fluid equivalence is realized and that,
depending on these requirements, the same theory might
admit different explicit forms of the equivalence. We want
to mention that whenever the effective fluid is generated by
a purely scalar degree of freedom, it is irrotational [74], so
that not any kind of fluid with physical sense can be
reproduced with scalars.

In this regard we point out that the effective fluid
equivalence is purely mathematical and not physical
because imperfect and perfect fluids obey thermodynamic
laws that, in general, have no equivalent in the framework
of the STTs. As an illustration, the particle number density
cannot be defined for a real scalar field. Another illustration
can be based on the energy density of the effective fluid. Let
us rewrite the gravitational equations of Horndeski theory
(26) in the following form:

T;E/at = 2G4G/41/ - T;e4£f’ Tlif’f = 2G4ZTI(413’ (73)

where the effective stress-energy tensor Tffbf is contributed
by curvature quantities. For the energy density measured by
observers with four-velocity u* one gets

Pmat = u”uDT/IBJat = 2G4G/wu”ub = Peft- (74)

The requirement that for a standard matter fluid p,,, > O,
translates into the following requirement: 2G4G , u*u” >
Pers- Apart from this the energy density of the effective fluid
measured by the observers p.; can be a negative quantity

without violating any known physical laws. Hence, the
energy density of the effective fluid might not have the
usual physical sense assigned to it in fluid dynamics.
Despite of this the effective fluid picture is very useful
when one compares different cosmological models. One
may compare functions describing the effective fluid such
as, for instance, the equation of state, the anisotropic
stresses, the sound speed, etc. The fluid variables have a
more immediate and clear physical meaning and also
simplify the analysis of the system [80]. Besides, the
effective fluid description of Horndeski and beyond
Horndeski theories represents an alternative opportunity
to deal with cosmological perturbations within the higher-
derivative generalizations of scalar-tensor theories among
others because in this framework it is relatively easy to
identify the contribution of each term in the stress energy
tensor of the imperfect fluid to the scalar, vectorial, and
tensorial cosmological perturbations. For example, a heat
flux contributes to the vectorial cosmological perturbations
while the anisotropic stresses contribute to both scalar and
tensorial perturbations.

Although we have been able to settle the explicit form of
the imperfect/perfect fluid equivalence specifically for the
viable Horndeski and beyond Horndeski theories, the present
results could be applied to other modifications of gravity such
as the extended theories of gravity that are based in the
Lagrangian £ « F(R,V?R,V*R, ..., V*R). The ETGs are
equivalent to multi-STTs [37]. One example is the sixth-order
gravity given by the choice: F = R + aRV?R, which is
equivalent to Brans-Dicke theory with vanishing coupling
parameter @ = 0, with a BD scalar field ¢ and an additional
canonical scalar field ¢ as matter source. Hence, in principle it
could be putinto the form of GR with a mixture of an effective
imperfect and a perfect fluids. Another example is given by
the f(R) theory. Under the replacement ¢ — f,
V(p) — fr—f. the f(R) theory can be written in the
equivalent form of BD theory with vanishing coupling
parameter (w = 0). Hence, the above mentioned modifica-
tions of general relativity could be given the form of GR with
an effective perfect/imperfect fluid. In particular, for the f(R)
theory, the kinematic quantities that appear in the effective
SET (12) are those given by Egs. (18)—(21) with the
substitutions w = 0 and ¢ = f . If we take into account
that V,¢p = f rgV,R = (V§)* = f4x(VR)?, etc., we get
the same expressions of Ref. [74]. Notice, in particular, that if
make these substitutions in (3), we obtain the definition of the
four velocity in [74]: u, = V,R/+/—(VR)?. The effective
fluid approach of f(R) theories has been investigated also in
Ref. [92] from the perspective of the cosmological
perturbations.

An important aspect of the higher-derivative theories is
related with the speed of propagation of scalar and tensor
cosmological perturbations. For the Horndeski theories the
speed of propagation of the gravitational waves is given by
[55,93]:
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Gy —X(¢pGsx + G
=Xt Gag) )
Gy —2XGyx — X(¢pHGs x — Gs )

Hence, after the simultaneous detection of gravitational
waves GW170817 and the y-ray burst GRB 170817A
[87,88], leading to inferring that the speed of propagation
of the tensor perturbations coincides with the speed of light
in vacuum céw = 1 (recall that in this paper we work in the
units system where the speed of light in vacuum ¢ = 1),
only the theories with G5 =0, G4 = G4(¢) survive the
observational checks. These are known as viable Horndeski
theories [55]. In a similar fashion the only beyond
|

Horndeski theories that survive the observational checks
related to the GW170817 event are the viable beyond
Horndeski theories given by the Lagrangian (9). Yet, the
surviving higher-derivative generalizations of STTs have to
be consistent with the limits 0 < ¢Z <1 on the squared
sound speed (also the squared speed of propagation of the
scalar perturbations), ¢? = px/px, in order to avoid
gradient instability and to obey causality [54,94]. These
additional bounds establish conditions on the derivatives.

For the viable Horndeski theories (8) we have, the
effective pressure (pf = Pp) + Pi) + Pw) is given by
the following expression:

1 [K 1 (Vgp-VX) 2
M = 1= 4+ (2G4 4 — G3.4)X G xX —=G 2 Gy s VPP, 76
p G [2 + (2G4 4y 30)X + | Gax 3049 X 3049 ¢ (76)
while for the effective energy density (0" = p(») + p(3) + pa)), we have
| K V¢ - VX
pe“ — G_4 |:XK,X - 3 - G3¢X + (G3_XX - G4¢) % "‘ (G4.¢ - G3.XX)VQ¢:| . (77)
Hence, the speed of propagation of the scalar perturbations in the viable Horndeski theories reads
e Ky \AY
2 P 5= GagxX = Gag + (GaxX* +1Gag) Y +2Gu gy (78)
$ T eff K VoV :
PX 5= GyyxX = Gs 4+ (G3xxX* + Gay) ( g;sz) + K xxX = (G3 x + G3 xxX)V*¢
Causality (c? < 1) leads to the following condition on the derivatives of the scalar field:
2
Vg < Gy (V- VX) + 3X*(XK xx — 2G4 4p) (79)
B 3X*(XGs xx + G3 x)
while the absence of gradient instability (c2 > 0) requires that
2XGs 4y + 2G4 — K x — 4Gy 44 X2
(vd) X VX) > [ 3.0X - 3.0 1,X 4,¢¢] ’ (80)
XG3xx +3G44
|
and that (79) is satisfied. Coordinacion de la Investigacion Cientifica -

Similar conditions on the derivatives can be found for the
viable beyond Horndeski theories. This means that these
“viable” theories as a matter of fact can be nonviable if the
above conditions on the squared sound speed are not satisfied.
In other words: the bounds (79) and (80) amount to further
constraints on the physical viability of Horndeski and beyond
Horndeski theories, that already satisfy céw =1
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APPENDIX: DERIVATION OF THE MOTION
EQUATION OF THE GALILEON IN HORNDESKI
AND BEYOND HORNDESKI THEORIES

1. Horndeski theory

We rewrite the equations of motion (26) and (27) derived
from the Horndeski Lagrangian as
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4
2G,G,, = T +2G, > _ T4 (A1)
=2

Then we take the divergence of (Al),

4
2V,(G4G™) = 2G4 yR*V yp — G4 4RV'p = 2> " V,[GT/

3 - (A2)

where we have taken into account the Bianchi identity and the continuity equation for the matter degrees of freedom, so that
V,G* = 0and V,T%,, = 0. In order to compute the divergence in (A2) we shall treat each term in the sum separately. From
(27), by means of a straightforward calculation for i = 2, we obtain

2V,[G4T] = U, [K < (Vi) V" + K] = (K + K x(V2)) + K 4 (V)* + K xx (V- VX)|(Vig).  (A3)
Meanwhile, if we take into account (27), for i = 3 we have

V.RGT(5] = =(V¥p){2G3 4 (V29) + Ga x[(V2h)? = Rus (V) VP — (V. V)] + G35 (V)
+Gs4x[2(V) - (VX) + (V)2 (V29)] + Ga xx[(V) - (VX)(V2h) + (VX) - (VX)]}. (Ad)

where we have used the following identities,
(V2X) = =(VVIVu )V = (VVah)®, YV, (V29) = (V;VV,0) = RiVy¢h. (AS)
Finally, for i = 4 we obtain

V,[GaT () = Vi{Ga g (VAVG = ¢“V2) + Gy 4y [V* V' — ¢ (V)]},
= Gy 4V, (VI — g*V2p) = Gy yR"V 9, (A6)

where we have applied the identities,

(V.G y)(VEVY ) — ¢*N2D) + Gy yyV,[VF OV — ¢ (V)?] = 0,
(VuGugp) V¥V — ¢ (V§)*] = 0 (A7)
Using (A6) we eliminate the term proportional to the Ricci tensor in (A2), then we have
3
2 Z; V,[GaTf] + Gy yRV¥p = 0. (A8)
If we substitute (A3) and (A4) in (A8) we get,
(8p)® = 0, (A9)
where the function @ is defined as
Q=K+ [Kx—2G34/(V2P) + [K yx — G349l (Vh)* + K xx (V¢ - VX)
= G3x[(V?h)* = R (V¥ ) (V¥ ) = (V,V,$)*] = G3 xx[(Vg - VX) (V) + VX - VX]
— G34x[(V$)*(V2h) +2(Vp - VX)| + Gy yR. (A10)

Since, in general, the vector field is O*¢ # 0, the motion equation of the galileon in Horndeski theory is written as

®=0. (Al1)
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This coincides with the modified Klein-Gordon equation that is obtained by taking variations of the action (25) with respect
to the galileon ¢.

2. Beyond Horndeski theories

Following the procedure applied above we can rewrite the equations of motion derived from the beyond Horndeski
Lagrangian (9) as

£G, = Tp +fZTV"“°”‘ (A12)

Then we compute the divergence of (A12)—recall that V,G* = 0 and V, T4, = 0—to obtain

V,(fG™) = RV, f — %RV” f= Ei; VT ) (A13)

where we have defined
FIE) =2 R(T,8) (V) + 9,9, f = g (V21), (A14)
FTohem@ = % [Ax(VX)? 424 4(V - VX) + 2AVX]V, ¢V, — A |V, XV, X — % 9u(VX)2[,  (Al5)

and the following expression,

vyvvf - g;w(vzf> - f,qﬁ(ﬁ{(v/lgb)vuqﬁ + 2Xg;w] + f¢(vuvu¢ - g/wv2¢) + f,X(v;tvuX - ngVZX)
+2f px[VudVi) X = 9 (V- VX) + f xx[(V, X))V, X = g, (VX)?], (A16)

has been taken into account. Note that the divergence of (A16) can be written as the compact expression:
vb[vﬂvyf - gﬂzx(vzf)] = R;wvyf' (A17)

As before we calculate separately each term in the sum in (A13). From (Al4), and using (A17), a straightforward
calculation for i = 1 leads to

V[T

vbhorn(1 )]

(V) {f xV?*h+ V- V(fx)}R+ fxVe - VR] ——fXRV”X + RV f, (A18)

l\)l>—‘

meanwhile, starting from (A15) a lengthy calculation for i = 2 yields

Vo T = —V"¢ (vx) {AxV2%+ Vg V(Ay)— Ay} +%A.XV¢ -V{(VX)?}
+A{(V2X)V2h + V- V(V2X)} + Ay {Ve - VXV + (V) - V(V - VX)}

+V - VA(VZX) +{Vep - V(A ,)} (Ve - VX)|. (A19)

Now we substitute (A18) and (A19) in (A13) to obtain
(O"p)¥ =0, (A20)

where the function W is defined as follows:
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Y={fy+ xVP+Vp-V(fx)}R+ fxV¢-VR

-2 %(VX)Z{A,XVqu +Vg-V(Ax)—A,}+ %A,XV(,{) -V{(VX)?}

+A{(V2X)V2¢ + Vo - V(VX)} + (Vo) - (VA)(V2X)
+A,{(Vo) - (VX)V2¢ + (Vo) - V(Vg - VX)}

V- V(A,)}(Ve-VX)|.

(A21)

Because, in general, 0#¢ # 0, the motion equation of the scalar field in beyond Horndeski theories is written as

Y =0.

(A22)
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