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Within the low-energy effective field theories of quantum electrodynamics and gravity, the low-energy
speed of light or that of gravitational waves can typically be mildly superluminal in curved spacetimes.
Related to this, small scattering time advances relative to the curved background can emerge from known
effective field theory coefficients for photons or gravitons. We clarify why these results are not in
contradiction with causality, analyticity or Lorentz invariance, and highlight various subtleties that arise
when dealing with superluminalities and time advances in the gravitational context. Consistent low-energy
effective theories are shown to self-protect by ensuring that any time advance and superluminality
calculated within the regime of validity of the effective theory is necessarily unresolvable, and cannot be
argued to lead to a macroscopically larger light cone. Such considerations are particularly relevant for
putting constraints on cosmological and gravitational effective field theories and we provide explicit criteria

to be satisfied so as to ensure causality.
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I. INTRODUCTION

Causality and unitarity play a crucial role in fixing the
structure of a Lorentz invariant quantum field theory as was
recognized early on. This is mostimmediately apparent in the
dispersion relation methods [1] utilized for example in the
spectral representation of Killen and Lehmann [2,3] where
the Fourier space Feynman propagator is recognized to be an
analytic function of complex momentum squared up to a pole
and right-hand branch cut. These dispersion relation methods
evolved into the S-matrix analyticity program of the 1960s
which—albeit in a different form—plays a crucial role today
in amplitude methods. More recently, S-matrix methods have
been used to put constraints on low-energy effective theories
(EFTs), either through positivity bounds [4-22], demanding
scattering time delays are positive [asymptotic (sub)lumi-
nality] [23-27], or related methods.

One unfortunate feature of these methods is that there is
no clear way to extend them to curved spacetimes, except
perhaps maximally symmetric cases; see [22,28,29] for
some attempts to deal with this. The powerful analyticity
properties combined with crossing symmetry are spoiled
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when the background spacetime is time dependent. In the
absence of clear causality constraints, one reasonable guess
is to demand that relativistic causality should require the
propagation speed of all degrees of freedom to be (sub)
luminal. For a nongravitational theory this is largely a
reasonable criterion, and indeed it is known that certain
constraints from positivity bounds appear to be connected
with (sub)luminality of fluctuations about different back-
grounds [6].

For a gravitational theory these questions are altogether
more subtle. The ability to perform field redefinitions that
change the off-shell metric means that it is no longer clear
which light cone to use as a reference. Due to the ambiguity
of field redefinitions, causality in a gravitational theory is
usually phrased for on-shell invariant quantities, such as the
requirement that the tree level scattering matrix is analytic
in terms of its Mandelstam variables. The relation between
causality and analyticity is highlighted for example in
Refs. [30-32]. But such considerations are typically of little
use in understanding causality in spacetimes with signifi-
cant curvature effects such as FLRW and Schwarzschild.
The peculiar subtleties associated with causality in curved
spacetime are well known in the context of the low-energy
effective theory for quantum electrodynamics (QED) below
the electron mass [33,34], where the low-energy phase and
group velocity of light is known to be superluminal for
certain polarization states on some curved geometries. The
relation with analyticity and causality in this example has
been discussed extensively in the literature, see for example
Refs. [35-44].
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From the cosmological perspective, it is known that
various cosmological models such as inflation and dark
energy theories can easily exhibit different speeds of
propagation in different sectors. It is also known that the
speed of gravitational waves (GWs) in a given low-energy
EFT can be different than the luminal speed inferred from
the metric from which the theory is constructed. Once again
this leads to the obvious question of how causality should
be set in the cosmological context. In the literature, it is
often considered, by fiat, that the speed of GWs and of all
other species should be (sub)luminal in an arbitrary back-
ground with respect to the metric out of which the theory is
constructed. Doing this often imposes constraints on the
signs of coefficients in the effective action, but as already
mentioned such a criterion is not invariant under field
redefinitions.

The previous criterion can sometimes be correct; how-
ever, in the canonical case of gravitational effective theories
it is not necessarily the case, and indeed demanding c, < 1
for all species can sit in contradiction with those same
requirements of causality and analyticity. In two recent
papers [45,46] it was pointed out that integrating out matter
fields typically leads to curvature operators in the low-
energy EFT of gravity that can lead to a (small) super-
luminal low-energy speed for GWs. For the low-energy
EFT of gravity, constraining the signs of the low-energy
operators to be so as to entirely forbid superluminal low-
energy speed, no matter how small, would lead to a
criterion in contradiction with known partial high-energy
completions and more generally expectations based on
analyticity. Instead, we highlight that a small amount of
low-energy superluminal speed does not directly imply that
the support of the retarded propagator lies outside the usual
light cone.

The key point is that superluminality of the low-energy
speed is only in conflict with relativistic causality if it can
be integrated over time to make a large macroscopic effect,
i.e., the light cone of causal influence is measurably larger
than the background geometry light cone. In solving for the
retarded propagator perturbatively in the EFT expansion
around the background one, this only occurs when there are
secular effects that need to be resummed, leading to
significant differences in the structure of the propagator
at late times (or large distances). We will demonstrate that
in those situations where a small superluminal low-energy
speed arises in a given gravitational effective theory, the
requirement that the EFT is under control automatically
precludes any secular effects, preserving causality by
ensuring that at any finite order in the convergent EFT
expansion, the retarded propagator has the same causal
structure as the unperturbed one. That this is the case hinges
on the smallness of the superluminal speed correction that
arises within gravitational effective theories. We may
regard this as a “self-protection” mechanism against
causality violation for consistent low-energy EFTs.

In the case of asymptotically flat geometries where an
S-matrix may be defined, this discussion may be further
sharpened. We may precisely define a relativistic gener-
alization of the Eisenbud-Wigner scattering time delay AT
[47-50]. In particular for spherically symmetric spacetimes
we may define a time delay AT, for each partial wave £ via
the derivative of the scattering phase shift at fixed #

0d(w)

AT, =2
‘ Jdw

, (1.1)

¢

in terms of the incident particle’s energy w. We may also
consider the inequivalent but related time delay for fixed
impact parameter b

ar, = 22@)]

1.2
| (1.2)

In general relativity (GR) these time delays are the well-
known “Shapiro” or “gravitational” time delays [51]. There
is a long history of using positivity or boundedness' of this
time delay as a means of imposing causality (see for
example [52] for a review) going back to Eisenbud and
Wigner and improved by Smith [49]. More recently in
the context of relativistic field theories, in [23] the
eikonal approximation was used to determine this scatter-
ing time delay in various low-energy effective theories.
Subsequently, for example in [24-27,53,54], it was gen-
erally argued on the same lines outlined by Eisenbud and
Wigner [47,48] that an overall negative time delay is a
signal of causality violation and inconsistency of the low-
energy effective theory. This criterion is sometimes dubbed
absence of ‘“asymptotic superluminality” [55]. The per-
spective of some literature is that any time delay for which
there is net negative sign AT < 0, i.e., a net time advance,
leads to a causality violation, since it implies propagation
faster than the asymptotic spacetime, regardless of magni-
tude [53].

In the case of weakly coupled UV completions, it was
argued in Ref. [23] that apparent time advances in the low-
energy effective theory could be resolved by an infinite
tower of higher spins as in the case of string theory. While
useful for understanding the nature of possible UV com-
pletions, from the perspective of a low-energy physicist this
tower of higher spins would just show up as an infinite
number of local operators. Clearly including more and
more irrelevant operators in the low-energy EFT cannot
change the statement that the phase shift (as computed
using the leading order operators in the EFT) is of a
particular sign at sufficiently low energy. Furthermore since

'In nonrelativistic quantum mechanics, the time delay can be
negative, as in the case of hard sphere scattering. The original
requirement of Wigner is only that the magnitude of the
associated time advance is bounded [48].

084048-2



CAUSALITY IN CURVED SPACETIMES: THE SPEED OF ...

PHYS. REV. D 102, 084048 (2020)

the low-energy effective theory is designed to describe
large distance physics, it should reliably compute the large
distance behavior of the retarded propagator. Any time
advance in addition to the Shapiro contribution would
signal that the retarded propagator has support outside the
light cone set by the background geometry. Whether or not
the UV completion admits an infinite tower of spins cannot
by itself resolve this tension with causality at large
distances which is where the real issue lies.

Hence the import of the observation that the UV theory
resolves the time advance for the low-energy physicist is
merely the generic statement that the low-energy effective
theory has a cutoff (set by the lowest mass in the tower for a
weakly coupled UV completion), and only a resolvable
time advance calculable within the regime of validity of the
effective theory would signal a true causality violation.
This criterion is of course true regardless of whether or not
we consider a weakly coupled UV completion. This implies
that, as far as the low-energy EFT is concerned, the
resolution behind a negative sign of the phase shift in an
EFT and its apparent tension with causality cannot lie in the
existence of a higher-spin tower per se but rather must lie in
the actual order of magnitude of the phase shift/time
advance itself and the existence of a cutoff irrespectively
of what precisely happens at that cutoff (irrespectively on
whether or not it represents the onset of a tower of higher
spins or whether it represents instead the mass of other
heavy particles whose loops are relevant).

Moreover, the causality criterion proposed in [23] is only
that the total time delay AT is positive within the regime of
validity of the effective theory AT > 0. This is the essential
point of the “asymptotic superluminality” condition [55];
local perturbations and corrections to the effective theory
may speed up local propagation relative to the background
geometry, but this is viewed as acceptable as long as they
remain slower than the asymptotic geometry.

Our perspective is that this is incorrect, or at least
incomplete, for two reasons: (a) strict positivity of the
total time delay fails to account whether the delay is
resolvable, and (b) more generally what is required is
(resolvable) positivity of the EFT corrections to the time
delay relative to the background.2 This may be seen by a
more careful consideration of the well-known example of
QED in curved spacetime. It is well known that loop
corrections from charged particles induce low-energy
superluminal propagation for photons in a curved back-
ground, e.g., for a Schwarzschild background, as first noted
by Drummond and Hathrell [33]. The total time delay is
then

At least in cases in which there is a clean Mp — o0
decoupling limit, and for which the Shapiro contribution is
defined in the field frame for which the decoupling limit is well
defined, to be discussed in Sec. III B.

AT = ATY9 + ATEFT, (1.3)
where ATY is the time delay induced by the curved
background spacetime, i.e., the Shapiro time delay, and
ATEFT is in this case the Drummond-Hathrell correction
from loop effects. According to [23] this is consistent with
causality because it is noted that in order for the negative
ATFFT to overpower the positive (in dimensions D > 4)
ATY, it is necessary that the impact parameter is smaller
than the inverse mass of the charged particle integrated out,
which means the low-energy effective theory can no longer
be trusted. However, this argument does not resolve the
causality problem that appears to arise at larger impact
parameter where ATFT is negative, and its calculation can
be trusted within the regime of validity of the EFT, but the
overall AT is positive. Any negative ATFFT implies that the
photons are traveling superluminally relative to the back-
ground metric (accounted for by the Shapiro contribution)
and this sits in clear contradiction with the fact that in the
known UV completion, namely QED in curved spacetime,
causality remains intact with the causal light cone defined
by the background geometry and not the asymptotic
Minkowski geometry. Causality in this case should then
be a statement about ATEFT itself, and not about the full
AT. Yet demanding ATFFT > 0 sits in contradiction with
the well-known result of Drummond and Hathrell.

Hence the “asymptotic” causality condition of [23] fails
to address what is the resolution of the apparent causality
violation in the low-energy Drummond-Hathrell EFT. This
case was discussed in details in Ref. [44]. As we shall
demonstrate later, and as was cleanly argued in [43] for
calculations in the shockwave (eikonal) limit, the real
resolution of causality is that the negative Drummond-
Hathrell contribution is unresolvable® within the effective
theory, namely within the regime of validity of the EFT it
remains always true that the advance is smaller than the
“geometric optics” resolution scale

|ATHT| < 071, (1.4)
where w is the asymptotic energy of the scattering particle.
Equivalently this is the statement that the EFT contribution
to the scattering phase shift is bounded by unity

|ASET] < 1. (1.5)
It is therefore clear that by itself the sign of the time-delay
correction cannot be sufficient in determining whether or
not acausality will follow; it is crucial to consider also its
magnitude. Only if there is a time advance, calculable
within the EFT, larger than the wavelength of the scattering

3Some literature use the cutoff to define resolvability; this is
not the definition we will use in what follows for reasons
explained around (5.26).
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state, can we infer genuine causality violation. The eikonal
approximation used in [23]" relies on resumming an infinite
number of ladder diagrams which are “typically” enhanced
as compared to all the other diagrams. Implicitly this
resummation amounts to an exponentiation of the lowest
order phase shift in the partial wave expansion

8, = 6%+ ASET - %(ez“ﬁiﬂfs?”) —-1). (1.6
i

More precisely, it is the statement that a resummation of the

t-channel exchange and its associated higher order ladder

diagrams appropriately exponentiate in the manner

621‘(5§+A5§FT) N ezt&i{l +2iA5§FT+ (% (21-)2(A51;FT)2+

Although the eikonal resummation is valid for the usual 5%
contributions, we cannot take seriously the exponentiated
ASEFT contributions as an indicator of high-energy behav-
ior which is necessary in order to interpret them as
contributing to a physical time delay. Explicit calculations
in the UV theory such as those performed in [43] confirm
that the eikonal resummed Drummond-Hathrell result bears
no relation to the true high-energy behavior of the scatter-
ing phase shift.

We shall argue that this is a more general phenomena,
applying equally for GWs and indeed to any EFT. Naive
scattering time advances do occur in the low-energy
effective theory of gravity, and generic EFTs in curved
spacetime, arising for example in Schwarzschild spacetime
from matter loops in close analogy with the QED case.
However as we show later these time advances are not
resolvable and are seen to satisfy

“In Ref. [23] as well as in for example the nice recent related
discussion of [27] derivations are principally performed within
the eikonal approximation which has the virtue of having a
relatively clean interpretation in terms of Feynman diagrams as a
resummation of ladder diagrams. As such, these derivations are
well suited to perturbative S-matrix calculations. All of the
calculations we perform here are in the related semiclassical
approximation. This approximation is harder to understand in
terms of a resummation of Feynman diagrams; however, it is
straightforward to calculate it by applying the Wentzel-Kramers-
Brillouin (WKB) approximation to the corrected Green’s func-
tions. This is the method we will use in what follows and we refer
to Appendix B for more details on the semiclassical approxima-
tion. The eikonal approximation may be obtained from a high-
energy limit of the semiclassical approximation, as we outline in
Appendix C. In the relativistic context the latter may be viewed as
a Penrose limit of the former. Due to the close connection many
of our statements apply implicitly to both the semiclassical and
eikonal approximation methods.

5,(t — channel) + Z ladder diagrams
1

5 (62i5,«(t—channel) _ 1)

(1.7)

This resummation does make sense when the enhancement
does actually occur, or in other words when the resulting
phase shiftis |6,| = 1 so that these terms may be taken large
relative to other small corrections. However, as we shall
demonstrate, the validity of the low-energy effective theory
actually requires |ASEFT| < 1 in the case of QED and we
should really replace the exponentiated form with

terms of the same order) }

in EFT expansion

|ATEFT | < 07!,

(1.8)
which is equivalent to the statement that

|ASHT| < 1. (1.9)
This shows up generically in the fact that local fluctuations
about the background geometry allow for mildly super-
luminal fluctuations. Once again though, this superlumin-
ality is not resolvable, and cannot be used to argue for any
causality violations. By contrast, genuinely acausal EFTs
lead to resolvable time advances calculable within the
regime of validity of the EFT and we give an example later.
Consistent EFTs are seen then to self-protect from any
macroscopic causality violation, and in this sense contain
remnant information of their consistent UV completion. We
stress again that the precise nature of the UV completion is
immaterial to this particular part of the argument. The
previous bounds and “self-protection” mechanism should
indeed hold irrespectively of whether we are dealing with a
weakly coupled infinite tower of spins, or a more mundane
heavy loop contribution as in the Drummond-Hathrell case.

These observations have significant impact on how we
put constraints on low-energy effective theories. The overly
enthusiastic low-energy physicist who demands that the
Wilson action should be constrained by the requirement
that all fluctuations around every background should be
(sub)luminal relative to the background, or similarly that
the scattering time delay correction relative to the back-
ground (Shapiro/gravitational) time delay is positive may
easily risk ruling out EFTs with consistent Lorentz invari-
ant and causal UV completions. A more nuanced discus-
sion is required that establishes whether either of these
effects leads to a macroscopically observable causality
violation within the regime of validity of the effective field
theory. In what follows we give well-known examples of
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both situations. Related discussions in the holographic
context were also considered in [56].

The rest of the manuscript is organized as follows: In
Sec. II we review why causality and analyticity typically
require a subluminal low-energy phase velocity, while
pointing out some caveats that occur in curved spacetimes.
In Sec. III, we highlight subtleties that arise when dealing
with superluminal low-energy speed in gravitational EFTs
and the relevance of being able to take a decoupling limit
where the gravitational degrees of freedom decouple before
being able to restrict low-energy coefficients based on
superluminal criteria. We highlight cases where macro-
scopic superluminalities are allowed (and even sometimes
imposed) by analyticity and causality. Such cases are
particularly important when attempting to restrict the
allowed coefficients in cosmological EFTs. In Sec. IV
we show how the small amount of superluminal low-energy
speed we expect from the EFT of gravity leads to no
physical propagation outside the light cone and is therefore
not in contradiction with causality. The same type of
arguments is then shown to apply for black hole (BH)
spacetimes in Sec. V. These BH spacetimes are asymp-
totically flat and the connection with the sign and magni-
tude of the scattering phase shift can be made manifest
within the EFT of gravity. The same type of arguments and
absence of secular growth is also made explicit in the EFT
of QED below the electron mass as highlighted in Sec. VI
where we make it clear that a negative phase shift of
sufficiently large magnitude to be in tension with causality
can never be realized within the regime of validity of the
low-energy QED EFT. This is contrary to what occurs in
other EFTs where the semiclassical or eikonal approxima-
tion can remain under control for sufficiently large phase
shift and hence lead to a resolvable physical time advance
and be in tension with causality as illustrated in Sec. VII.
We end with a summary and discussion in Sec. VIIIL
Appendix A provides a review of the low-energy EFT for
gravity as well as the graviton dispersion relation and the
direction of the RG flow. The relations between the
semiclassical approximation used to compute the phase
shift and time delay are reviewed in Appendix B and the
relation to the eikonal approximation is outlined in
Appendix C. Finally Appendix D provides useful formulas
to compute the EFT corrections to the time delay relative to
generic effective backgrounds.

II. CAUSALITY AND ANALYTICITY

A. Refractive index

1. Implications from analyticity and unitarity

It is a familiar result that the speed of propagation of a
wave in a medium is in general different than in vacuum.
For instance for a rotational and translation invariant
medium, it is sufficient to describe the propagation speed
through the refractive index n(w) for which the phase

velocity is given by v, = ¢/n(w). The speed of propaga-
tion of a wavefront is determined by the front velocity v,
which is given by (from now on we set ¢ = 1),

vy = lim 1/n(w).

w— 00

(2.1)

Relativistic causality demands that v, < 1. However this
does not preclude the possibility that the low-energy phase
or group velocity is superluminal. Superluminal group
velocities in particular are a well-studied experimental
phenomena [57-60] and do not in any way contradict
causality, they rather indicate the failure of group velocity
as a useful concept in a dispersive medium. This was
recognized long ago by Sommerfeld and Brillouin [58]
who resolved the apparent paradox between superluminal
group velocities and relativity well before any experimental
evidence for this phenomena.

However the front velocity is not the end of the story.
The full requirement of causality is that the retarded
propagator vanishes outside of the forward light cone,
Grt(x,x') =0, for (x—x')?2>0, or (1—7)<0. (2.2)
In addition to the front velocity being luminal, the latter
generally requires that the refractive index is an analytic
function in the upper half complex @ plane [61]. Applying
Cauchy’s theorem assuming analyticity leads to the
Kramers-Kronig relations which for future comparison is
most usefully written as

o'Im[n(w')]
@)? — (0 +ie)?’

n(w) —n(oo)—%—glooda)’(

- (2.3)
A traveling wave moving in the z direction takes the
form e'@~"(@)* and so it is the real part Re[n(w)] that
determines the speed, and the imaginary part the dispersion.
Now in a normal medium, unitarity demands that the
imaginary part of the refractive index is positive:
Im[n(w)] > 0 for real @ > 0. At zero frequency, the real
part is given more precisely as

Re[n(0)] = n(c0) + PE / - dw%

> n(o). (2.4)
Hence we conclude a bound on the low-energy phase
velocity

v,(0) < vy (2.5)
Since the front velocity cannot be superluminal v, < 1, itis
typically inferred that the low-energy phase velocity cannot

be superluminal unless we violate either (1) analyticity, or
(2) unitarity.
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2. Low-energy effective theory

This particular argument is strengthened if we imagine a
situation in which the dispersive imaginary part of the
refractive index is only nonzero for frequencies above some
scale M, i.e.,

Im[n(w)] = 0, 0<w<M. (2.6)
In this situation, there exists a low-energy effective theory
valid for frequencies @ < M for which the refractive index
is well approximated by a Taylor series

o a)2n
n@g:mm+§:mﬂﬂ, (2.7)
n=1
with leading low-energy term
2 [ o'Im[n(a)]

0) = = do) ———= > , 2.8
(0) = n(eo) ++ [ " aa L > ). (28)
and positive dimensionless EFT coefficients

2 [ o'Imn(a)]
— 2n

The equation of motion that describes the propagation of
the wave with amplitude ¢(7,X) is of the form

82n+2¢
2¢ ZMZn 8t2n+2 ’

for some dimensionless coefficients c¢,. The higher time
derivatives arise here due to the low-energy expansion and
do not imply additional states. Indeed within the context of
the 1/M? expansion this equation may be rewritten in the
conceptually nicer form

n(0)? W (2.10)

62¢ 1
o n(0)?

2¢ ZM2H v2n+2¢ (211)

In this low-energy regime, there is by assumption no
dispersion, and effects from high-energy physics are
captured by local higher derivative operators. The leading
order group velocity is the same as the phase velocity
vy, = 1/n(0). Thus low-energy sources propagate at the
speed 1/n(0). If we compute the retarded propagator for ¢
as a perturbative expansion in 1/M then each term at finite
order will vanish only outside the forward light cone
defined by

(t—1)?

Thus we must have n(0) > 1, otherwise even a tiny
superluminal velocity n(0) = (1 +¢)~! with e > 0 would

—n(02GE-F)2 >0, r—F>0. (2.12)

integrate up over sufficiently long periods of time to an
arbitrary large increase Ax in the spatial size of the causal
light cone from a given event Ax = ¢|t — ¢|, leading to
causality paradoxes. In running this argument, it is crucial
that |7 — #| may be made arbitrarily large. We will see that
when considering the same argument in a Friedmann-
Lemaitre-Robertson-Walker (FLRW) geometry or on the
background of a BH, it is exactly this assumption that
breaks for reasons to be explained. Furthermore it is unclear
whether (2.5) holds in curved spacetimes due to the generic
absence of conventional analyticity.

The fact that the situation is more subtle in curved
spacetimes is well known from work on the low-energy
effective theory for QED in curved spacetime [33,34]
which has been discussed extensively in the literature
[35-42], where it is noted that the low-energy phase
velocity in a curved spacetime can be superluminal without
contradicting the requirement that the front velocity is
luminal. Our subsequent discussions in Secs. IV and V and
Appendix A will parallel this for the speed of GWs
themselves.

B. Analyticity with gravity

Since one of our principal interests is the speed of
gravity, i.e., the speed of GWs in a curved background, we
would ideally repeat the argument of the previous section.
A knowledge of the spectral properties of the propagator for
GWs in a curved spacetime could allow us to infer concrete
statements about the low-energy speed. Unfortunately a
direct application of these arguments to curved spacetimes
is not available since there is no requirement that analyticity
should hold in general. For cosmological spacetimes, this is
made transparent by the inherent time dependence of the
background meaning that frequency w is no longer a good
Fourier variable.

Fortunately all information from analyticity in
Minkowski spacetime is not completely lost. Consider a
particular diffeomorphism invariant low-energy gravita-
tional theory. Analyticity constraints will impose restric-
tions on the form of low-energy action based on analytic
scattering amplitudes in Minkowski spacetime or spectral
density requirements. Since the underlying gravitational
theory is diffeomorphism invariant, this can immediately be
used to infer constraints on covariant operators in the
effective Lagrangian which in turn have consequences
around curved spacetimes. One set of arguments of this
kind are reviewed in Appendix A for which we summarize
the essential points here. These arguments are closely
related to positivity bound arguments that apply to scatter-
ing amplitudes [4-21].

Rather than working with a dispersion relation for the
refractive index (2.3), we can determine a Killen-Lehmann
type dispersion relation for the gravitational wave propa-
gator on Minkowski spacetime. Due to gauge invariance,
this is most conveniently expressed as the exchange
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interaction “7'T-amplitude” between two conserved
sources with gravitational propagator as given in (AS),

AS _/ dk [ Z (TW(k)P -3IT(K)]?)
" (2n)* |2M2, K — ie

+ Cs (ko) <|Tﬂy(k)|2 —%T(k)|2> _;_%ﬁ(kﬂz

Mél Pl
+L/°°dﬂp ) (= k) (IT,, (K)]> =3 |T(K)[*)
M3 Jo R p+ K —ie

)

)
1 [e (=) |T(k)]

+M_i4>lA dﬂpo<ﬂ)(ﬂ+ﬂo)u+k2—i€} @13)

Despite being a different quantity, (2.13) is conceptually
similar to (2.3) where the functions p,(u) and po(u) are
positive by unitary, and are analogous to Im[n(w)], and the
subtraction constants C,(pg) and C;(yy) analogous to
n(oo). As for the standard Killen-Lehmann spectral rep-
resentation, the momentum space argument is an analytic
function of complex momentum squared s = —k* + ie up
to a pole at k> = 0 and a right-hand branch cut.’ In defining
(2.13) we have introduced an arbitrary subtraction scale
even though the result is independent of that scale. This is
encoded in the renormalization group style equation (see
Appendix A for derivation)

d

Ko~

2.14
O (2.14)

__®= Ho
Cs(uo) = /O dups(u) Gt ol <0.

Although g is not the sliding scale or cutoff of the usual
renormalization group, it encodes the same flow, and we
see that unitarity demands positivity of the flow from the
UV into the IR, that is

CR > CyV. (2.15)
While this does not constitute a proof, it certainly leads to
the expectation that C'R > 0. Attempts to prove this have
been given in [62] for the case of gravity coupled to a
Maxwell field via S-matrix positivity arguments.6
Specifically positivity of CR would follow if the graviton
scattering amplitude with the massless #-channel pole
removed has a positive second s derivative in the forward
scattering limit. Unfortunately issues with this proof have

>The branch cut lies on the real axis for —k2 > 0 with the
physical value understood to be the limit from the upper half
complex plane, hence s = —k> + ie.

%Since the curvature squared corrections associated with Cg
can be removed with field redefinitions, the S-matrix constraints
of [62] are strictly speaking applied to the F* and F2R terms in
the Einstein-Maxwell EFT. However, if we take the perspective
that the coefficients of these operators are zero before the field
redefinition, then positivity implied by the arguments of [62]
would indeed infer that C} > 0. The Killen-Lehmann dispersive
arguments are clearly weaker than the S-matrix bounds, since the
former are sensitive to field frame.

recently been pointed out in [63], together with counter-
examples which undermine the requirement C:R > 0.

What does this have to do with GWs propagating in curved
spacetimes? The answer s that the coefficients C'} determine
precisely the coefficients of the covariant curvature squared
terms in the low-energy effective theory, and they in turn
determine whether GWs travel super or subluminally. If we
begin with the tree level Wilsonian effective action which
includes the leading curvature squared terms expected to
arise from integrating out loops and higher spin heavy states
[see Eq. (A19)], the above dispersive arguments enforce
positivity of the coefficients of R and R2, — R*/3 or
equivalently stated positivity of the Weyl curvature squared
term W,%W,,,. We may then use the resulting local equations for
the low-energy effective theory to determine an effective
equation for the propagation of low-energy GWs precisely
analogous to (2.11). By direct analogy we can define the low-
energy speed by the refractive index coefficient n(0) that
relates the leading “two derivative” part of this effective
equation. The central result of [45] is that the low-energy
refractive index n(0) is determined at leading order by C'R,
and the sign of the latter directly determines the sub- or super-
luminality of the low-energy speed of propagation. In
situations where the leading curvature squared terms vanish,
such as Schwarzschild spacetime, it is the curvature cubed
terms which determine the leading effect, as calculated in
[45] and considered in detail in [46].

III. DEALING WITH SUPERLUMINALITY
IN GRAVITATIONAL SETUPS

A. Nongravitational criterion

Before getting to our main discussion on the speed of
GWs we will review here several key points that arise when
dealing with EFTs on a background that spontaneously
break Lorentz invariance. Indeed, it is straightforward to
write down Lorentz invariant EFTs which exhibit super-
luminal propagation around spontaneously broken Lorentz
backgrounds. The canonical example is that of a P(X)
model (ignoring gravity for now and setting the field on
Minkowski), for which the nonminimal kinetic term takes
the form [64]

L=P(X)=X +%x2 Lo /MY (3.1)

with X = —1(9¢)>. For the “wrong” sign choice a < 0,
this leads to superluminal Propagation around a simple

time-dependent background’ ¢ = ¢(7). Indeed the sound
speed about such a background is given by

"The same EFT with a <0 also leads to superluminal
propagation around any other background that spontaneously
breaks Lorentz invariance by picking up a preferred direction for
0,¢ no matter whether 9,4 is timelike or spacelike.
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- »
c2=1 —4a¢—4+0<¢ >, (3.2)

M M?
and is superluminal for a < 0. This is connected with a
violation of positivity bounds [4-6].

The departure of the speed from unity is always sup-
pressed by factors of 452 /M?* and is therefore always small
within the regime of validity of the EFT. Nevertheless, even
such a small correction can lead to significant macroscopic
consequences. This is because in this field theory on
Minkowski spacetime setting, there is no limit to how
long we may wait to integrate this effect up, and even a
small local effect can therefore build up to a macroscopic
size. Roughly speaking, at a time ¢, the future light cone
emanating from a given spacetime point at z, will be larger
by a radius

! 2(—a)¢*
Ar:/ dt|cs—1|~(Mi4>¢|t—t0|, (3.3)
To

and the smallness of ¢ /M? may easily be compensated for
by the largeness of |¢ — #| which is otherwise unrestricted.
Since this distance will be macroscopically observable,
which means not only will it satisfy Ar > M~!, crucially it
is resolvable Ar > 1 where A is the wavelength of the
propagating fluctuation, we are in a situation where we may
imagine violations of causality. At the very least, this would
imply a violation of causality as implied by the (asymp-
totic) Lorentz invariant light cone.

Indeed stated this way, it is clear that any EFT in
Minkowski spacetime that leads to any amount of homog-
enous superluminality, no matter how small, will neces-
sarily lead to macroscopic causality violation after a long
enough time. Since there is no restriction on how long we
can wait, then we must conclude that standard relativistic
causality imposes the strict requirement that®

cg < 1.

(3.4)

Our central claim is that the same argument does not apply
to the low-energy speed in a curved spacetime or gravi-
tational setting for a number of reasons. As we have already
alluded to, in gravitational theory (in a setup that sponta-
neously breaks Lorentz invariance), the question is more
subtle for two reasons: first, the notion of low-energy speed
(i.e., any speed inferred from a low-energy effective theory)
is not frame independent and second, due to the nature of
the spacetime in question, it may not be possible to
integrate up a small departure in speed to make a macro-
scopic effect. In other words, the would-be superluminality
may not be resolvable. When this is the case we cannot

¥This is more subtle for inhomogeneous configurations where
local time advances can be canceled by neighboring local time
delays to lead to a net time delay.

necessarily legitimately conclude that there is any causality
violation in the regime of validity of the effective theory. In
fact we will see that in the two most interesting curved
spacetimes, namely FLRW and Schwarzschild, this is
exactly what happens.

When computed from the leading terms in a low-energy
EFT, the low-energy speed may not manifest any explicit
frequency dependence. This occurs in particular if only at
most second order derivative terms have been included in
the low-energy EFT and any other higher derivative term
has been considered as irrelevant, as was the case in the
P(X) EFT considered previously in (3.1). We stress
however that this is always an artifact of the truncation
to the leading EFT interactions. However from the very
definition of a low-energy EFT, (3.2) can only give an
appropriate description for c, at low energies, in this case at

frequencies of at most @ < M?/|¢|. Beyond the regime of
validity of the low-energy EFT, the computation of the
speed is simply not valid. Even if the formula does not
appear to break down mathematically at that order, it does
break down physically when flowing to higher energy as
higher order irrelevant operators ought to be taken into
account, until ultimately the theory ought to be traded for
its higher energy counterpart, explicitly including heavier
modes. See Ref. [65] for a discussion.

B. Decoupling limit

In many situations, in a given gravitational effective field
theory, it may be possible to take a decoupling limit®
Mp — oo, keeping some other interaction scale M in the
system fixed, for which the helicity-2 gravitational degrees
of freedom decouple from all other degrees of freedom
while maintaining the interactions that arise at the lowest
energy scale M. Whenever this is possible, the resulting
decoupled effective theory can be analyzed from the
perspective of an interacting field theory on a fixed
(Minkowski or other curved) background, and in this
situation the above argument (3.4) is expected to be valid.
With this in mind we may then declare that if in the field
frame for which the decoupling limit is well defined

lim ¢, <1,
}W_Plﬁm'
fixed M

(3.5)

for all species then causality is (expected to be) satisfied.
The condition on the field frame is crucial as we will see in
Sec. III C. More precisely we will see that rate to which the
effect goes to zero as Mp — oo is crucial, and a more
refined version of this statement is the bound (3.8).

’A decoupling limit field theory should not be confused with
the original Lagrangian simply evaluated on a Minkowski
background. See for instance Refs. [60,66] for discussions on
the physical meaning of a decoupling limit.
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1. Superluminal speed in the decoupling limit

As a first example, we may consider the gravitational
version of our canonical example in the previous Sec. III A.
Promoting the previous example to a gravitational effective
field theory

L= \/“< "'R+X+ﬁx2) (3.6)
it is straightforward to take the limit Mp; — oo with g, =
Ny + Ny /Mp) keeping the scale M fixed. In this limit, we
are left with two decoupled sectors, on one side a free
massless spin-2 degree of freedom £, and on the other side
an interacting P(X) scalar field theory on Minkowski
identical to that considered in Sec. III A to which the

usual superluminality and positivity bounds violation argu-
ments apply.

2. Luminal speed in the decoupling limit
On the other hand, we may now consider a modification
to the low-energy speed that is parametrically suppressed
by powers of M?/M3, relative to the previous effect, take
for instance

jalg’
M3 M?

=1+ + ... (3.7)

As we shall see, this is closer to the typical situation for
the low-energy speed of GWs with corrections as in [45]. In
this case it is not possible to take the limit Mp — oo
and have ¢, differ from unity without something else
blowing up. For instance we may try to scale M ~
1/Mp; but with the understanding that M sets the scale
of other irrelevant operators in the effective theory, this
would inevitably lead to a break down of the low-energy
EFT at arbitrarily low scales, invalidating the calculation of
the speed.

Our central claim is that whenever a situation like (3.7)
occurs where M is related to the cutoff of the low-energy
EFT in which the speed has been computed (or to the scale
of irrelevant operators), then the condition (3.5) is actually
satisfied and it would then not be legitimate to demand that
¢y < 1 for all degrees of freedom away from the decoupling
limit (i.e., at finite Mp). Specifically we will see that in
actual examples, the low-energy speed c, is typically
expected to be superluminal without leading to any macro-
scopic violation of causality. The key to this is the small-
ness of the effect, and this is in turn tied to the fact that the
speed is luminal in the limit Mp — co. As long as (3.5)
continues to hold, we do not anticipate any violation of
causality. More precisely we shall see that if

— ~ —a
Mlpllr—r>loolc 1] ~ My,

(3.8)

again in the field frame for which the decoupling limit is
well-defined, with a > 2, there will be no macroscopic
observable effects. A single Mp, suppression would not be
sufficient, however all gravitational induced corrections to
the sound speed arise at a minimum with a M3, suppression
(in a local theory).

C. Macroscopic superluminality
allowed by analyticity

In order to illustrate the subtleties that emerge when
dealing with superluminalities in a gravitational theory, we
give here an example of an effective theory for which
superluminal GWs are required by analyticity. Consider the
effective Lagrangian of the form

M? M3
EEFT_\/_Q(TPIR-F i PGV, ¢V, — (V¢)2+_,,>,

(3.9)

which includes a nonminimal coupling between gravity and

the scalar. It is straightforward to show that on considering

perturbations around a cosmological solution sourced by a

time-dependent scalar ¢(¢), the GWs propagate superlumi-

nally if @ > 0 and subluminally if @ < 0. Furthermore this

effect is a macroscopically observable one since
e

2
ACS NQW'

(3.10)
Surely then, since this superluminality is macroscopically
observable, causality/analyticity considerations will demand
that a < 07 In fact it is straightforward to see that this is not
the case and the precise opposite actually holds. Indeed, one
can change frame so that the Lagrangian (3.9) exactly
matches (3.6) by the simple redefinition

Vﬂrpquﬁ (3.11)

gb_)gﬂb+a

where standard positivity bounds following from analyticity
impose that a > 0 as the ‘“causal” choice. In terms of
the canonical normalized gravitational fluctuations g,, =
Nuw + N/ Mpy this is

hy, — h

Pl
=h AR

W + A (3.12)

Hv

This example nicely illustrates two points: (a) the ambiguity
of speed under field redefinitions and (b) the importance of
causality constraints being imposed in the frame in which
the decoupling limit is well defined. Indeed, unlike the
field frame implicit in (3.6) for which the decoupling limit
Mp — oo is well defined, the Lagrangian (3.9) does not have
a well-defined decoupling limit. Indeed in taking the limit
Mp, — oo in this frame we would have
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: M12>1 TAVAPAY, Mpi
lim “H GV, gV, ~ "5 00h0pop — 0. (3.13)

Mp—c0

Stated equivalently, the field redefinition (3.12) blows up in
the decoupling limit explaining the inequivalence of the two
frames. We can make (3.12) and (3.13) finite in the limit
My — oo by scaling M = M/*(A)*/* keeping A fixed, but
then the effect (3.10) vanishes as Mp; — 0.

The lesson to learn from this is that simply demanding
that for a given EFT the speed of propagation of fields is
(sub)luminal in a given field frame is not only unjustified, it
may even explicitly violate the requirements that do come
from causality. For this reason, the only safe requirement to
impose on the EFT is that given in (3.5) which only applies
in a field frame for which a decoupling limit exists.

IV. COSMOLOGY IN THE EFT OF GRAVITY
A. Speed of gravity in cosmology

Let us now focus our discussion on the specific case of
cosmological spacetimes. As reviewed in Appendix A, the
leading corrections to the low-energy EFT for gravity may
be expressed in the form

M2
LY = /=g (2"1 R+ CRR* + Ci, Wiy, + CGBGB>

+ higher derivative terms, (4.1)
where GB designates the Gauss-Bonnet term and W the
Weyl tensor. In addition when matter is included, we may
allow for nonminimal matter curvature interactions, as for
example RF? terms in the case of Einstein-Maxwell. In
order to focus on the genuine gravitational interactions, we
shall not consider these nonminimal matter interactions in
what follows (including them can lead to additional sources
of superluminalities that can be dealt with in a more
standard way). Within the low-energy EFT, one cannot
determine the sign of the coefficients C;Rz 2 but as argued

in Appendix A the positivity of the RG flow (A11) implies

IR v
CwZ > Clv{/i’

CIR > VY, (4.2)
and in what follows we shall make the a priori not-so-
unreasonable assumption that CB;Z may be positive (see
Ref. [63] for a more precise discussion and potential caveats).

Given a covariant action of the local form (4.1) encoding
the EFT corrections, it is straightforward to compute the
corrections to the equation of motion for tensor fluctuations
on a cosmological background as done in [45]. Identifying
what we mean by speed is however slightly subtle since the
truncated equation of motion contains higher time deriv-
atives. These may be removed with field redefinitions and
traded for space derivatives just as in the conversion from
(2.10) to (2.11). After this is done, the equation of motion

for tensor GWs on FLRW may, by virtue of symmetry, be
put in the following form:

== p, (k. (43)
n=0

where we work in conformal time ds? =a(5)?(—dy? +dx?).
The previous relation may be rearranged and express in the
form
O2h + m2eh + & (k.n)k*h = 0, (4.4)
where m2; = fy(n) is an effective mass and &2(k,n) =
® . B,(n)k*% an effective k-dependent sound speed.
We then define the low-energy sound speed to be
c2(n) = ¢%(0,n) = B (n), namely the speed of propagation
implied by the truncated equation
Ozh + m2zh + c2(n)k*h = 0. (4.5)
Explicit calculation using (A19) gives the low-energy
speed [45]

A=1-—w (4.6)

Since the null energy condition requires H <0, then
Cy2 > 0 would imply that this low-energy speed is slightly
superluminal. Note that we do not include the effective
background-generated mass m.y in consideration of the
speed of propagation, because what is relevant is the causal
support of the retarded propagator. If (4.5) were the exact
equation this would be determined by c?(n) alone [67].
This is in agreement with what is typically meant by the
low-energy speed. If the retarded propagator for the exact
equation (4.3) is determined as a perturbative expansion in
spatial derivatives, with the (up to) two derivative terms
(4.5) taken as the leading part, then at any finite order in
perturbations the causal support for the retarded propagator
will be determined by (4.5). Clearly the relevant question
is, when is this a good indication of the true causal support
of the exact retarded propagator?

B. Validity of EFT in FLRW

Before proceeding, we need to address the conditions for
the validity of the EFT, e.g., the validity of Eq. (4.3) to
describe the evolution of GWs. In the application of the
Wilsonian effective theory with cutoff M we can only
describe momenta for which covariant operators are small
relative to the cutoff scale, e.g., [J < M? and R < M>.
In the cosmological context, since Lorentz invariance is
broken by the background, this means we can only use the
effective theory to describe the evolution of modes in the
region where
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|H (1)~ < M*,

(1)*

ie., k/a(r) < A.(t) where A, = M?/V—H. In the typical
situation in which H ~ O(H?) this may be stated as

k2
4.7
o (4.7)

H(1)||k
HOE _
a(t

(4.8)
Note that this scale is much higherlo than that typically
considered in trans-Planckian type arguments where it
would be argued that the EFT breaks down when k ~
a(t)M [68,69]. The reason being is that we assume the
underlying theory is Lorentz invariant, and so we require a
locally Lorentz invariant combination to be comparable to
M?. In the cosmological context where only time trans-
lations are broken, we may for example decompose the
Ricci tensor in the manner
R, = Q%g,, + KK, (4.9)
where k,, is a non-normalized timelike vector (since we are
dealing with cosmology here). Given an on-shell wave of
momentum k,, for which k,k* ~ 0, then (4.8) is the locally
Lorentz invariant bound
Ktk | < M?. (4.10)
This may be taken together with the requirement that
Kkk* < M? and |Q| <M which require H> < M? and
|| < M?. Indeed the argument for why (4.7) is the more
general condition and not (4.8) is that de Sitter invariance in
the limit H — 0 is sufficient to ensure validity of EFT at
arbitrarily on-shell high momenta.

To clarify this, let us think of a typical example EFT
organized in the standard manner where all irrelevant
operators are suppressed by the common scale M to the
appropriate power. Schematically the effective action takes
the form''

M [
SEFT:T d*xy/=g
V\ 2¢ /Ri b
c(rewe e (3) (F) ).

(4.11)

'9Assuming the much tighter requirement & ~ a(1)M typically
considered in trans-Planckian arguments would only help with
our following argumentation.

"This is, for example, the schematic form of curvature
dependence in the low-energy EFT for string theory in which
M is the string scale 1/+v/a’ which is parametrically below the
Planck scale [70,71].

with the usual understanding that we allow for all local
scalar operators constructed out of the appropriate number
of powers of the Riemann tensor and covariant derivatives
in any order. Given the underlying locality and Lorentz
invariance, any term in the effective dispersion relation for
GWs around a curved background not of the local Lorentz
invariant form (w? — k?/a®) will necessarily come sup-
pressed by some power of the background curvature
quantities H?, H and derivatives thereof. Since these terms
spontaneously break Lorentz invariance they may come
together with k%>/a*> and ®” terms and so will naturally
package in dimensionless combinations of the form

Hk*/a* Ho?

For example these will arise from terms in (4.11) with
factors of M~*R*V,V,. Terms with the same number of
powers of curvature, but higher powers of k such as %
will necessarily only arise is the quasi-Lorentz invariant
combination

HKk?/a?
M6

(w? — k*/a?), (4.13)
as for example coming from terms like M~°R*V, V,[]
(acting for instance on the scalar curvature). This is in
essence due to index contraction, if we limit ourselves to a
fixed number of powers of curvature, since Weyl is zero for
FLRW, once the Ricci tensor indices have been contracted,
all remaining indices must be contracted with the metric
which locally takes a Lorentz invariant form. Thus sche-
matically the effective form of the dispersion relation will
be (in terms of the physical momentum k = k/a)

2 _ 2 _ 2 g2
@ = k" —mg/a

@ =K\ 1 P\ H d\e
0 S| () (rae) o)

() ()" (2 (Y] <o

The condition that the EFT remains under control requires
that at a minimum the S corrections are small or more
precisely that the f series is at least convergent in an
asymptotic series sense. Since we are allowed arbitrary
integer powers of the a;, this will only be true if each of the
dimensionless ratios in brackets are kept smaller than
unity. Hence in addition to the expected requirements that
the curvature remains small, H> < M2 and |H| < M2, we
infer that

HP (K
M M

< 1. (4.15)
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This implies that in the typical situation for which
H ~ O(H?), the momentum cutoff appropriate for an on-
shell state, i.e., a propagating gravitational wave, is there-
fore as specified in (4.8). Due to redshifting in the
cosmological context of an expanding Universe, the bound
(4.7) is strongest at the earliest times which is where we
shall make use of it.

C. Causality constraint

While it is known and observed that in many media the
low-energy phase and group velocities may temporarily
become superluminal, this is only in conflict with causality
if the superluminality may be integrated up to a macro-
scopic effect for which the light cone is clearly larger than
the Lorentzian light cone. One way to characterize this in
asymptotically flat spacetimes is to ask whether there is an
“asymptotic superluminality” [23,55]. In practice, this
amounts to asking whether there can be an integrated time
advance in a scattering event, which would imply that the
signal from a scattering process could arrive before that of
an unscattered wave—in a Lorentz invariant theory this
would then be associated to some type of acausality. In the
cosmological context (or any other curved geometry which
is not asymptotically flat), we do not have such a clean tool,
and any S-matrix calculation of this form would only be
approximately valid at subhorizon scales. We can however
ask, by virtue of the symmetry of the FLRW spacetime,
how much larger the light cone of propagation is emanating
from some event after many Hubble times. On first sight,
we may imagine that even the tiniest amount of super-
luminality in the low-energy phase could be integrated up
to some large observable effect over the entire age (or even
future) of the Universe. Crucially, this is not the case as we
now explain.

Let us work with the effective metric seen by GWs in the
EFT of gravity, i.e., an effective metric with speed c,(¢) as
in (4.6). We now consider the future light cone emanating
from a spacetime event at time #; as determined with respect
to this effective metric. If Cy2 > 0 then at a given time
t > t; this light cone is larger than the usual FLRW light
cone by a radial distance Ar

t dr

Ar(t) = a(t)[ M(cs(t’) -1). (4.16)

Using (4.6) at leading order in the EFT expansion this
distance is

Ar(t) = a(t)/litac(h;) (— 8CV1V‘24§<’/)> .

In an expanding Universe, the integrand on the right-hand
side is bounded by

(4.17)

Ar(1) Saa((tt,.)) Idz’(—%) Fo (418)
This implies
8Cy2 a(r) 8Cy2 a(r)
Ar() < St S e~ o) < S S ),
(4.19)

given H(t) < H(t;) for ¢t > t;, assuming the null energy
condition is satisfied.

1. Postinflation period

For a mode of a given comoving momentum k, the earliest
time at which we can trust the EFT calculation of the speed is
set by (4.8) to be such that [assuming that for most of cosmic

history H ~ O(H?) which is true postinflation]

H(t;) M?
() —, (4.20)
a(t;y) |kl
from which we infer
8C 1) 4Cy2M?>
Ar(t) < ZVZ@« W), (421)
Mg k My,

where A(7) = 2za(t)/k is the physical wavelength. Finally
the cutoff of the EFT should be at most M? < M3,/ Cyy2, so
the bound essentially becomes
Ar(r) < A1). (4.22)
We recall that Ar represents the distance that low-energy
GWs may propagate outside the light cone set by the FLRW
background metric (i.e., the light cone seen by minimally
coupled fields) if Cy2 > 0. For any GW this distance is
always much less than the actual physical wavelength 4 of
the GW (if we ensure that we remain within the regime of
validity of the low-energy EFT). This distance is therefore
not resolvable, and if it ever were resolvable, one would not
be able to trust the result as it would rely on applying the low-
energy EFT beyond its regime of validity. Thus causality
remains intact provided we limit ourselves to asking ques-
tions that are fully within the regime of validity of the EFT.

2. Quasi-inflationary period

The situation is only slightly more subtle when there is a
quasi-inflationary (or late-time acceleration) period for
which |H| < H?. Consider for example a constant equation
of state w = —1 for which the scale factor takes the form
a(t) = a(t,)(t/1,)*C0+®)  The additional contribution to
the comoving displacement coming from an inflationary
epoch t, >t > 1, is
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/ze dr ( SCWZH)
y a(t') M5,
_ SCW2 1 1 <1 _ <t_b> <§<ﬁ‘2>)
Mg (1431 +w))a(t)t, I,

_8Cye AT+ w)/2 \/-H(1)

T oMy (143(1+w)  alty)

(4.23)

This is further suppressed by /1 + @ relative to the
previous estimate, and so on applying the condition
(4.7) at the beginning of inflation we are led to the same
conclusion (4.22).

D. Suppression is key

The key as to why causality is not being violated by the
superluminal speed here is the smallness (H /M3)) of the
effect, i.e., the gravitational suppression. To clarify this let
us return to the case of a genuinely acausal example as in
the “wrong” sign P(X) model with a = —|a| [64], i.e.,

L= 09~ 0y~ V@),

Ve (4.24)

then the speed of propagation for the scalar about say a
time-dependent background ¢(7) is given in (3.2).
Although the departure from unity for the speed is small
in an EFT sense, its macroscopic secular effect can be
arbitrary large, even on an FLRW background. To illustrate
this, let us suppose that this scalar is also the dominant
source for the background expansion, then the leading
order Raychaudhuri equation is H = —¢/(2M3) + - -
and so
T\ 172
2 = 14 8la) M. (4.25)
Assuming order unity Wilson coefficient a ~ O(1), the
departure from luminality is larger by a factor of M3 /M>
compared to the previous example. We infer a maximal
displacement of the light cone of order
M3,
Ar(t) ~ W/l(t)' (4.26)
Whenever M <« Mp; we can engineer a situation where
there is an observable violation for causality with
Ar(t) > A(t), justifying the inherent acausality of the
wrong sign P(X) model. By comparison, in the low-energy
EFT for gravity, the corrections to the speed is suppressed
by an additional factor of M?/M3, [or in the BH case of
Sec. V by a factor (M/Mp)*] relative to (4.25), which is
precisely what makes the displacement unobservable. It is
clear from (4.26) that we need at least two powers of Mp,
suppression to ensure the unobservability of this effect
(3.8), justifying the claim made in (3.8).

E. Secular effects

To restate the previous results slightly differently, sup-
pose we tried to infer the retarded Green’s function
describing the response of a field to a source. From the
exact equation (4.4) the momentum space retarded Green’s
function may be defined by

[0 + m; + Ak n)P|Gre(n. ') = 6(n —n').  (4.27)
Ideally this equation would be solved exactly; however, we
only know its form within the context of an EFT expansion.
The picture closest to the classical one is where we infer the
propagator by means of a WKB approximation as dis-
cussed for example in [72]. The exact retarded propagator
is given by
Gret(1.:1') = O =1 )il () hi () = b (Y ()], (4.28)
where hy(n) are the normalized “positive frequency”
solutions of (4.4). If we implicitly resum the secular

contribution from the sound speed, these will be built
out of modes of the WKB form

1 o Tik [ e )
2wy (n)

. 1 1 ges(l)
1 e:szf ares)

hi(n) ~

~ —

\/260](
ﬂFikf’ d w
e a(r') Fik fdt/(_y(l/)*]
= W [6 f a(r) ] (429)

The resulting propagator will have causal support on
the light cone determined by the speed c, in the exponent
of the exponentials. However, the secular resummation
implicit in (4.29) only makes sense if the argument of the
exponential in square brackets becomes of order unity or
larger, otherwise this effect is clearly a perturbative one.
However, as we have seen previously, provided we demand
the EFT bound (4.7) then

o[t es(f) =1
lk/ dl‘w

and so in the calculation of the Green’s function we may
always treat the exponential perturbatively

:Fikffd—li /

e a(?) Lt e =1

h ~——1 k| df 2+ .
<) V2w [ :Fl/ a(?) -

When computed in this manner, the resulting Green’s
function will have at any finite order the same light cone
structure as the FLRW background metric as determined by

<1, (4.30)

] (4.31)

. . ikxFik [0 L
the leading exponential e’ ik [ «’). We can only justify
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the resummation of the terms that arise from expanding the
exponential if those were the only terms to arise from the
EFT expansion. But this is of course not the case, they
represent only a subset of contributions and since their
individual contribution remains perturbative we have no
reason to expect that for example the term of quadratic

order in (ik [*d7 c“tgt(;),)_l) is any larger than other term that
arise at the same order in the EFT expansion.

The implication of (4.7) is that since (4.30) is satisfied, it
implies that (4.27) is best solved as a perturbation series
defined by iterating the equation

[8% + mgff + kZ]Gret(’/h 7],)

=6 —n') = (ci(k,n) = DEG(n,)  (4.32)

that is

Gt (1) = GO (n. 1)

- / " " GO\ (k”) — KRG ("7
rl/

T (4.33)

for which [02 + m2; + kK*]Go(n.n') = 8(n — ') has the
causal support of the background metric. This is legitimate
as long as the there is no secular growth in the perturbative
expansion, which amounts to the requirement (4.30) which
in the EFT of gravity follows from (4.7). We see that the
EFT validity condition (4.7) is crucial to understanding
how causality is preserved. It is the presence or absence of
secular growth in the perturbative expansion that tells us
whether or not the sound speed departure from unity is
physical or not.

V. BLACK HOLES IN THE EFT OF GRAVITY

A. Speed of gravity near black holes
in the EFT of gravity

As a second class of configurations that spontaneously
breaks Lorentz invariance, we consider D = 4 BH types of
solutions and focus on static and spherically symmetric
Ricci-flat vacuum configurations. This situation is not only
particulary interesting phenomenologically, it also provides
an explicit asymptotically flat example where S-matrix
arguments can be applied. In this vacuum flat case the R?
operators in the EFT of gravity affect neither the back-
ground solution nor the propagation of GWs to first order in
curvature corrections. Instead, the leading contributions
arising from the dimension-6 operators of the form

1
Lpe = W[
+ dSRRﬂmﬂ + dﬁwa + d7R””RaﬂRﬂmﬂ
+ dgR¥ R 1, R, T + doR,y PRy R,

+diR," R R,

d\ROR + d,R,,00R* + d3R® + dyRR,,

(5.1)

where M is the “naive” cutoff of the EFT. We consider
the background solution to be that solution which is
Schwarzschild if the R® operators were absent, i.e., that
of a corrected nonrotating black hole. In Schwarzschild
coordinates, the equation of motion for the odd and even
polarizations of the GWs £ is the same and governed by an
effective metric Z,, [46]

2D, D,h+Vh =0, (5.2)
where the effective metric is expressed as
Z,,dxtdxt = =Z,d* + Z;'dr? + Zor?dQ?,  (5.3)

and the corrected metric functions are

2

Z,=7,=1-"04__s |:6(4d5+d8)(5&—4r_g>
r r r

2MEMB P

r 1”2
—4dy(72-171-2+ 942
r r

r, r;
—djo| 144 =297 =+ 152*2
r r

+ O(MMpr2)™, (5.4)
and
_ "y Ty
+ (’)(MMPlré)_4. (55)

Here r, is the Schwarzschild radius of the BH solution in
GR without the corrections from the EFT. In this EFT, the
BH horizon r, is slightly displaced by an amount propor-
tional to (MMpr2)™® < 1 and is necessarily the same for
every species, no matter how they couple to gravity. This is
likely linked to the horizon theorem proven in [73] within
the context of QED (see also [38,74]).

We can show that on the background of BH-like
solutions, the speed of GWs can be both superluminal
or subluminal depending on the signs of the EFT of gravity.
Typically when the angular speed is subluminal, the radial
speed is superluminal, as is the case if we think of this EFT
as arising from integrating out a spin-1/2 field. Generically,
the radial speed is given in terms of the coupling constants
dg 1o as follows [46],
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ci(r) =1+ Aci(r),

|\
e hh

2dy + d
with A(r) = —144-22 200 (4 T
M=Mz,ry r

+ O((MMpr3)™),

~

(5.6)

and is superluminal whenever 2dy + d;y < 0. In the past,
these types of arguments have been used to constraint
EFTs. We emphasize here that this would be the wrong
approach. First the choice 2dy + d;¢ > 0 would still lead to
superluminalities in other configurations (e.g., superlumi-
nal angular low-energy speed), and second as in the case of
the EFT of gravity in cosmological settings, the amount of
low-energy superluminality is so suppressed that it can
never lead to any macroscopic violation of causality as we
explain below.

B. Validity of EFT in BH spacetime

The discussion of the validity of the EFT in a BH
spacetime is closely analogous to that in FLRW in
Sec. IV B. One crucial difference however is that the leading
order background geometry has vanishing Ricci tensor.
Thus corrections to the propagation equations will be
governed by the Weyl tensor and its covariant derivatives.
Given an on-shell mode of momentum &, with k,k* ~ 0, the
naive highest order in k,, tensor we can construct that is linear
in curvature is W ,,.,k*k”k¢k?, but this vanishes by virtue of
the symmetries of the Weyl tensor. Hence the tensor with the
highest powers of k is

Aab - Wacbdkckd, (57)

and by symmetry of the Weyl tensor we therefore have
Akt = kPA,, = A% = 0. In a general EFT expansion, we
anticipate all scalar local operators to arise suppressed by the
cutoff scale. This includes operators that are combinations of
A, contracted with the metric and with itself. Hence
following a reasoning identical to that in Sec. IV B, the
highest possible on-shell momenta is determined by (at
least) the EFT requirements

Tr[A"] < M*", (5.8)

for integer n. In addition, we must require the more obvious
curvature requirement |W ;WY < M* and related
covariant derivative requirements.

Since the Schwarzschild metric is time translation
invariant,on-shell modes are best characterized in terms
of their frequency w ~ i0,. For a transverse wave k, =
(=,0,0, £wr'/?sin@/ /1 - r,/r) with k,k* = 0 the ten-
sor A, is given by

2 2
- 3w r
A pdxdxt = —2dr? — g

253 2r3(1 - rg/r)2
30%r

+ o — Q2

2P (1 —r,/r)

dr?
(5.9)

and the bounds (5.8) amount to the single condition

2
ry o 4
S << M". (5.10)
P (1=r,/r)
Interestingly, due to the symmetry of the spacetime, for a

radial traveling wave k, = (—w,:l:ﬁ,O, 0), the sit-
g

uation is then more subtle. We then have
Apdede =~ (drs—1 ) (501
ab S T (1=ry/r) ' ’

Since for such a radial mode A,, x k,k;,, then the
conditions (5.8) are automatically satisfied. This does
not mean that @ can be arbitrarily large, but rather that
we should look more closely at the higher derivative
bounds such as

AN A gy < MB, (5.12)
and
((K*V,)PAP)((k*V,)PA,p) < MBT4P, (5.13)
as well as
(kN )P (WPDW ) << MAF2P (5.14)

These last two conditions are seen to be strongest in
the limit p — oo, and amount to k*V, < M?, i.., to the
relation

o < M?r. (5.15)
This is significantly stronger than (5.10), except near the
black hole horizon, but applies only for modes with a
significant radial component for which &V, = +@0, +- -
picks out the radial dependence of the background
geometry.

C. Causality and time delay

We now focus on the case of a superluminal radial
velocity where Ac?(r) given in (5.6) is positive for r > r,,
(2dy + dyg < 0). As a warmup let us consider the simple
analysis of a radial moving trajectory. If we were to
simultaneously send an outgoing radial photon and a
GW with wavelength A from a distance ro > r, > Mp/!
just outside the BH horizon, the GW will arrive in advance
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of the photon at infinity by an amount AT,;,, whose
maximal value is

o dr 0 dr
ATav:/ 7 _/ 7
Y R ) Ry A S TS )

o drAc?
N/ rac Ty (5.16)
W 201-2) " MM

0

Remaining within the regime of validity of the EFT and
being able to trust this answer requires the bound (5.15) to
be satisfied at the distance ry, leading to the requirement

r r
S <Moo 4. (5.17)

o o

This leads to the upper bound
r 1 r

AT, gy ~—S—— 4 o l'<w!, (518
WRMEME, T ry MR (5.18)

—~——

<1 <1

where we have used the requirement W? < My,
Consequently the would-be scattering time advance is
smaller that the physical wavelength of this mode and is
therefore not resolvable. This result remains true regardless
of how close to the horizon the initial wave starts out [so
long as we only consider waves of frequencies that are
within the regime of validity of the EFT at that point as
dictated by (5.15)]. We see in fact that the effect described
by (5.18) is even further suppressed relative to the FLRW

effect by a factor —25 which is consistent with the fact that

Mgy
we are here relying on curvature-cubed (dimension-6)
operators rather than curvature-squared (dimension-4)
operators.

Moving beyond radial trajectories, let us consider the
scattering time delay induced by the black hole background.
By symmetry the retarded propagator may be determined in
an angular momentum eigenbasis with angular momentum
¢ for which the Eisenbud-Wigner time delay [48,50,75] as

shown in Appendix B applied to the metric (5.3) is

o 1
AT, _2/ dr< = — 1) = 2r,
i Z\Z,(Z7 - Z5' )

(5.19)

where r, is the turning point where the denominator vanishes
r*Zo = Z,b*. As discussed in Sec. C 2 on asymptotically
Schwarzschild spacetimes, this is logarithmically divergent
in D = 4, but this need not concern us as the time delay
correction to the usual GR Shapiro time delay is well defined

S 1
ATEFT — 2/ dr( )
0 ZnZ(Z7' - Z5' k)
_2/00 dr( ! >,
WO N (1= f()

with f(r) = 1 —r,/r and r,(0) the usual GR turning point.
Following the approach given in Appendix D at leading
order in the EFT expansion this is

1 ) dSR(r)

(5.20)

ATEFT =2 /  dr ,
‘ , dr

© <f(r) (1-f(r)%)

where the function 6R is defined in (D7). At leading order in
an r,/b expansion is

dSR(r) (4b% — 1?)
and yields at leading order in /b a time delay
480 r
ATEFT = —— (d\o + 2dy) > (5.22)
c MM, b*

As expected when dy( + 2dy < 0, for which radial modes
are superluminal, this corresponds to a time advance
ATEFT < 0. However we may follow a reasoning similar
to that in (5.18) to see that this time advance remains
unresolvable within the EFT. Indeed even if we content
ourself with the weaker EFT condition (5.10) we would find
for r,/b <1

T T 1
ATET |~ — L <« \/E o' <o,
M2M12,lb4 b Mlz,]b2
e

<1 <1

(5.23)

and it is for this reason that causality is not being violated.

D. Failure of the Eikonal/semiclassical
approximation
Since the contribution to the scattering phase shift is
essentially ASET ~ 2w ATEFT the condition (5.23) is equiv-
alent to the statement that the EFT contribution to the phase
shift remains perturbatively small in the regime of validity

of the EFT,
r 1
AT « ([ —— < 1.
| 14 | \/; M}Z)lbz

Indeed not only is it smaller than unity, even if we were to
take the extreme limit b — O(r,), it would still be para-

metrically suppressed by (Mpb)~2 Specifically terms of

(5.24)
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order (ASEFT)? will be of the same order as other EFT
contributions that come in at the order (Mpb)~*. This
brings us to the essential point: it is implicit in the eikonal
resummation (for example that performed in [23]) that the
t-channel exchange ladder diagrams dominate over other
Feynman diagrams in the perturbative expansion so that it
is consistent to resum them into the exponentiated form

5,(t — channel) + higher order ladder diagrams

N l (eZi(S(»(t—channel) _ 1) (525)

2i
This is a well-justified procedure for the GR contributions
which give rise to the Shapiro time delay, and indeed since
the Shapiro time delay is of order r, times a logarithmic
factor, there is no problem engineering a situation for which
8% > 1 or equivalently ATY > »~! by having @ > r,!,
which is not in conflict with any consistency requirement of
pure GR.

By contrast, since the EFT contributions to the t-channel
exchange are perturbatively small, it is not legitimate to
resum them while neglecting other Feynman diagrams that
can arise at the same order. We see that the situation of the
low-energy EFT of gravity on a Schwarzschild background
is closely analogous to that in FLRW. Performing an
eikonal resummation of the contribution 55T is equivalent
to the resummation of the would-be secular terms implicit
in (4.29) and (4.31). In both cases this resummation is
simply not justified at least as an indicator of causal
support. Here, this shows up for us in the fact that the
EFT correction to the scattering time delay is not resolvable
within the approximation used to calculate the time delay,
in analogy with the support of the FLRW light cone.

We stress that our condition for resolvability is not the
same as that sometimes required in the literature, namely
that the magnitude of the time delay is large in comparison
to the naive cutoff, e.g.,

r, 1 1
A TEFT g
| I~ \/; bM zﬂM]%1
—— N —

<1 <1

M < M1? (5.26)

<l

While we need to ensure that the scattering state/wave
remains within the regime of validity of the EFT throughout
its trajectory so as to be able to use the low-energy EFT to
determine its time advance, nothing demands that the time
advance itself should be measured within the low-energy
EFT. By itself, the bound (5.26) is therefore irrelevant.
Moreover, 1/M is not the cutoff for time measurements
within the EFT because the time delay is not a Lorentz
invariant quantity. This is why we are careful in Secs. IV B
and VB to identify the appropriate cutoff based on
locally Lorentz invariant combinations. Resolvability here
means whether it can be consistently computed in the

semiclassical/eikonal approximation, and at its heart the
latter assumes frequencies and wavelengths that are large in
comparison to the scales of variation of the background
quantities.

VI. QED IN CURVED SPACETIME

A. Low-energy EFT for QED below
the electron mass

It is helpful at this point to compare the above discussion
with the classic case of superluminal speeds in a low-
energy EFT, that of QED in curved spacetime first pointed
out by Drummond and Hathrell [33] and extended in [34].
The result of [33] is particularly clean in that it does not
require gravity to be dynamical, i.e., it would be obtained in
a decoupling limit Mp; — oo for fixed background curva-
ture. Furthermore on the same background, different polar-
izations of light can be shown to have low-energy speeds
which are both superluminal and subluminal. This gives
rise to gravitational birefringence [33] and from higher
order operators gravitationally induced dispersion of light
[34]. The causal implications of this result for the photon
have been discussed extensively in the literature [35-42].

For our present purposes it is sufficient to note that the
leading effect from an effective action is of the form

L= /—< —F,, F" +ﬁRabch“bF“d+...>, (6.1)

which is the relevant part of the low-energy effective action
for QED on a curved spacetime where M is the electron
mass. The operator RFF leads to polarization-dependent
corrections to the low-energy sound speed. For a trans-
verse-traveling wave (with momentum in the angular
direction) on a Schwarzschild background, the low-energy
sound speed is of the form [33]

Pr 72
MZ Z+O<M4 6)

where f3p is an order unity polarization-dependent constant.
Specifically for radially polarized light fp > 0, while
pp < 0 for angular polarization. Interestingly were (6.1)
the exact Lagrangian, we see that the equations for the
electromagnetic field remain second order, and this speed
would be the group/phase and front velocity. In practice this
is not the case due to dispersion from higher order operators
in the EFT not included [34]. At this level, the low-energy
speed (6.2) includes no frequency dependence [none of the

=1+

(6.2)

higher order terms (- e 6) in (6.2) would include any
frequency dependence], yet higher-order operators that
have not been included in the low-energy EFT (6.1) would
affect the speed at high energy and (6.2) can certainly not
be the speed of light at arbitrarily high energy.
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B. Unresolvable time advance

As noted in [33] the propagation of a photon can be
understood in terms of evolution in an effective metric of
the form

1
Z,,dx*dx" = < f;z g) <—f(r)d12 + mdﬂ)
+ r*d’Q, (6.3)

with the standard f(r) = (1 —2). Using the results of
Appendix B for the effective metric (6.3) the naive
expression for the Eisenbud-Wigner scattering time delay is

ATf_z/ ( ! —1>
VL= F0)( -+ i)

- 2rt<ﬁP>’ (6'4)

where r,(fp) is the turning point as computed in the EFT
with parameter fp. Again in D = 4 this is logarithmically
divergent due to slow Coulomb 1/r falloff in four dimen-
sions but what is relevant is the extra time delay relative to
scattering in the Schwarzschild metric with fp = 0, i.e.,

ATEFT 2//3,, (f \/1 +ﬂp g))
o dr<f(r) —':—if<r>>’

which is a finite expression. As shown in Appendix D,
using (D8) to first order in fp this is given by

(6.5)

2ﬂprg

EFT _
AT =~ M2

1
/rf<0> F(r)\/1=5f(r)

(6.6)

For large12 impact parameter in comparison to the
Schwarzschild radius b > r, we have to leading order
in an expansion in r;/b

g

"2We note that the integral on the right-hand side of (6.5) does
become arbitrarily large as r,(0) approaches 3r,/2 which is when
b— 3\/§rg /2. However this is purely an artifact of the fact that
this is the peak of the effective potential (B19), and is the point at
which we may easily transmit across the potential barrier. As
such, the boundary conditions used for the solutions to derive
(6.5) are not appropriate.

2rgﬁP
b*M*’

ATET = _ (6.7)

in the large 7 limit and to leading order in r,/b. As
expected, this is a time advance for fp > 0.

At the point of closest approach, the wave is purely
transverse and the bound (5.10) applies. Again to leading
order in r,/b, we infer that for the EFT to remain valid at
the impact parameter, the frequency should satisfy

<< MZ\/Eb.
Ty

Putting this together the time advance is bounded by

1
15 = 25y () e < [ 0 (69)

from which we again conclude that while the low-energy
superluminality pointed out by Drummond and Hathrell in
the context of the EFT for QED below the electron mass on
a curved Schwarzschild background does technically lead
to a time advance AT, < 0, this advance is not resolvable.
In fact since in this example we know the UV completion
we can calculate exactly the phase shift, and as shown in
[43] in the shockwave limit the contribution to the phase
shift is always small ensuring the time delay is indeed
unresolvable. In addition it is shown in [43] that in the limit
of high frequencies lim,,_,o, ATZT(w) = 0. This confirms
the underlying Lorentz invariant causality of the UV
completion, but is secondary to the resolvability criterion
in understanding how the low-energy EFT is consistent
with causality.

(6.8)

VII. CASE OF A RESOLVABLE PHYSICAL
TIME ADVANCE

In the previous sections we have seen how well-known
examples such as QED in curved spacetime and the EFT
of gravity lead to time advances that are nevertheless
unresolvable and hence not in tension with causality. To
demonstrate that the time-delay analysis is not without
content, we consider here an example of the opposite case,
an EFT which does lead to a resolvable time advance and
can therefore be concluded to be in tension with causality.
For this we need to put ourselves in the situation where the
bound (3.5) is violated in the decoupling limit for which it
is sufficient to return to our canonical example of a P(X)
scalar field minimally coupled as in (3.6) with the negative
parameter a = —|a.

In order to parallel the previous Schwarzschild discus-
sion we consider sourcing the scalar field in the manner

s

*Csource = M—H¢T (71)
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where T is the trace of the stress-energy tensor of all
other matter fields present in that spacetime and f is a
dimensionless coefficient which may be taken parametri-
cally larger than unity. In particular if we consider a
situation similar to that of the previous sections, with a
Schwarzschild geometry generated by a mass M, located at
r = 0, with Schwarzschild radius r, = 2M,. /M3, so that T
itself is a delta function source. Ignoring for now the
backreaction of the scalar field onto the geometry (i.e.,
working in the field theory on curved spacetime limit), the
background profile ¢ (r) for the scalar field is determined
by the solution of!

. / 2 ﬂ M
30| 1+ lalptn | D 02
so that in the weak field regime,
, __ﬂrgMpl "52le2>1>>
by = 2727 0r) (1+0< 2—r4M4 . (7.3)

To remain within the safe region of the EFT we require
|X| < M* and so

luminal while the radial speed is not only superluminal for
a <0,

ﬁzMPl 57
“2(ru®

2

A2=1- (7.5)

the departure from luminality is enhanced by a factor of
(M3,/M?)(r,/r) as compared with that in QED (6.2) [and
by a factor of (M3,/M?)(Myr2)(r/r,) >> 1 as compared
to the EFT of gravity (5.6)]. More precisely the effective
metric for the fluctuations of the scalar field d¢ to leading
order in the EFT expansion is of the form

2002 2
p~Myry

Z,dx"dx" = [ 1 —
" (1-+1e 370

) (=f(r)de* + r*d*Q)
+ L g (7.6)
——dr. .
f(r)
Once again following the approach of Appendix D, the
leading EFT correction to the time delay relative to the

Schwarzschild metric is

2M2 o
ﬂl% < 1. (74)  ATEFTPX) =23 / dr ! doR(r) . (1.7)
Jior "0 f1-B0) 9
Considering fluctuations about this background, ¢ =
do(r) + 6¢(t, r, ), the angular speed of 5¢p waves remain ~ where here
|
dSR(r) aﬂzM%1r§(2b4(3r —5r,)(r—r,)? - 4r6rg + b*r* (=2r* + 8rr, = 5r7)) (7.8)
dr 2MAP3 (b*(2r — Sry)(r—ry) + 2r3rg)2 ’ '

This simplifies considerably in the limit of large impact
parameter b > r, to be

d6R(r)  ap*Myry(3b* —1?)
dr A M4t ’

(7.9)

which gives to leading order in /b the time delay correction

EFT P(X 1
/ 2

af* My ri(3b* - r?)

A2 MA
aﬂszlrgﬂ
T (7.10)

which as expected is a time advance for a < 0.

We stress it is not important that there is a global solution of
this equation for all r, as we are working with a truncated EFT
and the solution can only be trusted in the regime given typically
by (7.4).

[

Now turning back to establishing the regime of validity of
the EFT, since the angular speed is luminal, in this case the
time delay is maximal at small angular momentum. Unlike
the previous discussion in Sec. V B already for aradial wave

of the form k, = (—w,twf(r)~'(1 t+ak )00) the
bounds (5.8) are nontrivial when the curvature 0f the effective
metric Z,, is used and leads to the requirement

B My

b > Plya)2

e (7.11)

Using this bound in the time advance, we geta bound in terms
of the inverse frequency

NﬂzMﬁlré
b3M*

EFT.P(X) |

|AT, < |pI\/ M3r b (7.12)

Remarkably we are now here in a situation where this
bound can be satisfied with a resolvable time advance
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|AT, e P |>>a) solong as M3, r,b ~ M, b > 1 whichis

extremely easy to satisfy. Taking the sun for instance
at its Schwarzschild radius b ~ r, would lead to a factor

\/M%,]rgb NM*/MPI ~ 1038.

However (5.8) is only one possible EFT condition and
we should also check that this effect survives for example
(5.15) or (5.10). Applying the more conservative criterion
(5.15) to be safe we would be led to

PMyr;
b3 M*

2
M12>l l/ —1
w22 ?

ATE ) <pH (7.13)
Again we can engineer a resolvable time advance
with |f|Mpr, > Mb and (7.4) can still be satisfied for
b > M~'. The simplest way to achieve this is to make
|#| > 1. Indeed, since the theory defined by (3.6) has a
well-defined decoupling limit as Mp — oo, the time
advance has no relationship to gravity per se. The coef-
ficient 3 is the source coupling (7.1) and may equally well
have been defined as = fMp/M so that the coupling
(7.1) survives in the limit Mp — oo for fixed source mass.
Then the bound (7.13) may equally well be written as

2

M4b2

EFT.P(X

ATE

| <l (7.14)

In terms of scattering amplitudes, this can be related to a
phase shift of order

2

EFT,P(X
|A5f M4b2 )

\ <l (7.15)

which may easily be engineered to be \A(SEFT PX \ > 1, by

taking M?/M? > M*b* while maintaining b > M~! to
ensure (7.4). For such a phase shift, the implicit summation
that goes into the semiclassical/eikonal approximation is
justified as the ladder diagrams dominate over other con-
tributions at each order in loops. This situation is orthogonal
to that of the EFT of gravity and that of QED below the
electron mass and as discussed in Sec. IV D is due to the lack
of suppression of the speed correction, a consequence of the
fact that (3.5) is violated.

VIII. DISCUSSION

To summarize, when dealing with a gravitational effec-
tive theory, superluminal low-energy speeds (with respect
to the metric out of which it is constructed) is not only
possible, but is sometimes demanded by underlying cau-
sality and analyticity criteria. Indeed this has been well
known since the work of [33,34] for QED in curved
spacetime [35-42], and more recently noted in [45,46]
for GWs. Relativistic causality nevertheless remains intact
because the causal support of the retarded propagator
vanishes outside of the light cone of the metric, defined

in the field frame with a well-defined decoupling limit. This
apparent contradiction is resolved in the examples of the
FLRW and Schwarzschild geometries and we have dis-
cussed it by identifying the regime of validity of the
effective theory, and asking—given the low-energy form
of the retarded propagator—whether it is possible to
influence events outside of the metric light cone? When
the propagator is computed perturbatively, this can only
happen when there are secular terms in the perturbative
expansion which need to be resummed, and it is this
resummation that extends the support of the light cone.
This is exactly what happens in known pathological cases
where relativistic causality is violated [6,64]. Here we have
shown that in the case of EFT corrections discussed in
[45,46], the condition for the validity of the EFT auto-
matically precludes any secular behavior and hence rela-
tivistic causality is left intact, despite explicitly
superluminal low-energy speeds.

With this in mind, faced with a given gravitational
effective theory, how should we apply causality require-
ments in the absence of clean S-matrix requirements? As
stated in the introduction many works in the literature
simply demand that around a given background, the speed
of propagation of all modes is (sub)luminal relative to the
metric out of which the theory is constructed. This is a
demonstrably false criterion as it is not invariant under field
redefinitions as the example in Sec. III C clearly demon-
strates. As noted above, the issue about field frame
dependence can be partially resolved by working in a
frame in which it is possible to consistently take a
decoupling limit Mp; — oo for which gravitational effects
decouple (see Sec. III B for clarifications on what is meant
by a decoupling limit). It is then consistent to demand that
the resulting Minkowski spacetime field theory respects all
of the standard causality/analyticity/positivity require-
ments. In particular this leads to the condition (3.5).
Once this is done, this implies that all effects that lead
to mild superluminalities are in this frame Myp, suppressed
effects.

The next question is how do we impose causality away
from the decoupling limit, at finite Mp,, or in situations in
which there is no clean decoupling limit? Once again,
simply demanding c¢; <1 for all perturbations around a
given background is an incorrect criterion, as the known
examples illustrate [33,34,45,46]. Ideally we may just
appeal to the full UV theory to demonstrate that the exact
retarded propagator is causal [35-42]; however, we rarely
have that luxury, and furthermore in time-dependent space-
times such as FLRW such analyticity methods are not
applicable. We can however cleanly answer this equation
within the low-energy effective theory itself provided that
we appropriately identify its regime of validity. Indeed
causality resolution should entirely lie within the purview
of the low-energy EFT as by construction it gives the large
distance macroscopic description of the theory, and this is
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where any causality violation will become apparent. If the
superluminal speed were physical, it would lead to a
macroscopic consequence, specifically an enlarged support
for the retarded propagator. Since at zeroth order in the EFT
expansion we assume that the retarded propagator has the
support implied by the usual metric light cone, and since we
can structure the calculation of the corrected retarded
propagator as a perturbative expansion around this, the
telltale sign for a modified causal structure is secular
behavior in the perturbative expansion that needs to be
resummed. We have shown explicitly that in the cases
considered in [45,46] this secular behavior is absent
provided we restrict ourselves to effects which can be
consistently calculated in the regime of validity of the EFT
in question. Concretely in FLRW validity of the EFT
imposes a cutoff in on-shell momenta of the form

K] M>
— <A, = =
vV—-H

a(t)
This cutoff is parametrically higher than the invariant cutoff
M due to the underlying assumption of Lorentz invariance
of the UV completion. +

The entire discussion for cosmological spacetimes paral-
lels exactly the more straightforward case of scattering in
asymptotically flat/Schwarzschild geometries. There we may
use the positivity of the Eisenbud-Wigner scattering time
delay as a clean criterion for causality. However any com-
puted time advance from EFT corrections can only be
interpreted as a macroscopic causality violation if it is
resolvable meaning if ATEFT > @~!. In all the known cases
of time advances arising from consistent UV completions, the
time advance is not resolvable and its associated contribution
to the scattering phase shiftis less than unity |AS%T| < 1 and
ATEFT < »~!. Hence the eikonal/semiclassical resumma-
tion, which is the parallel of the secular resummation of the
retarded propagator, is not justified as an indicator of causal
properties. Explicit UV completions show that the high
energy behavior of the corrections to the phase shift are very
different, and generically we expect lim,,_,, ATE T (w) — 0,
equivalent to the expectation that in an underlying Lorentz
invariant theory lim,,_,, ¢,(w) — 1. We stress again however
that we are not using these expectations to resolve the naive
causality issue with the low-energy EFT.

In using causality to constraint EFTs, in the end the issue
is not just about the signs of Wilson coefficients in an
effective action, but also crucially about their sizes. If a
given operator induces a large superluminal effect that is
both (a) nonzero in the decoupling limit, and (b) leads to
secular behavior within the regime of validity, then we can
safely conclude that this would violate the traditional
requirements of relativistic causality as in the case of the

(8.1)

“Since causality is clearly very different for fundamentally
Lorentz violating theories, we do not discuss them here.

“wrong sign” P(X) model. However, if a given operator
leads to a small superluminal speed which is insufficient to
give rise to any secular growth in the regime of validity of
the EFT, then we cannot conclude any conflict with
relativistic causality. Although we have not emphasized
this here, there is a strong interplay between these require-
ments and the application of positivity bounds in a
gravitational setting as discussed in [45]. This weaker
requirement of “signs” of EFT coefficients likely connects
with weaker requirements for positivity bounds in the
presence of a massless graviton as discussed in [63,76].

In view of the previous discussion, one may be tempted
to hastily conclude that superluminalities in a low-energy
EFT could potentially be allowed so long as they are
bounded to be highly suppressed, along the lines of ¢ <
1 + O(M5?) and such considerations are hence irrelevant
for realistic observations. Such a conclusion would be
incorrect. As emphasized in Sec. 11, great care ought to be
given to dealing with superluminalities in the gravitational
setup and the bound (3.8) only makes sense if and in a
frame where the decoupling limit Mp; — oo can be taken
appropriately. What this implies in practice depends on
context and on the precise frame in which the bounds are
determined, but in many EFTs for inflation and dark energy
this often implies that the correct bound to be imposed on
the speed of gravitational waves following from causality is
in fact in the regime in which they are strictly superluminal
rather than subluminal. Biasing data with a subluminal
speed of gravitational wave prior can often turn out to be in
direct tension with causality.

ACKNOWLEDGMENTS

The work of A. J. T. and C. d. R. is supported by an STFC
Grant No. ST/P000762/1. C. d. R. thanks the Royal Society
for support at Imperial College London through a Wolfson
Research Merit Award. C.d.R. is supported by the
European Union’s Horizon 2020 Research Council Grant
No. 724659 MassiveCosmo ERC-2016-COG and by a
Simons Foundation Grant No. 555326 under the Simons
Foundation’s Origins of the Universe initiative, “Cosmology
Beyond Einstein’s Theory.” A.J.T. thanks the Royal
Society for support at ICL through a Wolfson Research
merit award.

APPENDIX A: LOW-ENERGY
EFT FOR GRAVITY

1. Graviton dispersion relation

The leading modification to the dispersion relation of a
gravitational wave in a curved background can be deter-
mined by first inspecting the effect in Minkowski space-
time. That is because diffeomorphism invariance may be
used to covariantize the Minkowski answer and the
ambiguities in this procedure turn out to be subleading
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corrections. With this in mind let us first determine the form
of the graviton propagator or two point function in
Minkowski spacetime. At the linear level this may be
described by a Lorentz tensor h, which transforms
under linear diffeomorphisms as 4, —h,, +30,&,+0,&,.
Although nonlinearly we cannot construct local gauge
invariants for gravity, at the linear level we can by means
of introducing a conserved external source T, for which
0,T" =0, and considering the “7T7 amplitude” that
describes the interaction between two sources (equivalently
the free field connected generating function)

! 5 /d4x
2My,

x / T (x) O[Ty (Dhas (V[0 TP(3). (A1)

ASTT -

Following standard arguments, causality, unitarity and
Lorentz invariance fix the form of this amplitude to be

d*k
ASrr = / 27)° T””(—k)Gﬂmﬂ(k)T“ﬂ(k), (A2)
where formally
1z Py 1 [w P2
Guuan(K) = 5y s+ i [ o) 2
e 2ME K MY o p+ k2
1 [o P
+or [ d — A3
78 /0 Mﬂo(ﬂ)ﬂ e (A3)
and where the polarization tensors are given by
2,0 1
P,uva[} = E (nﬂanuﬁ + Nuvallyp — nyynaﬁ)’ (A4)
2 1 2
P/waﬂ - 5 ﬂya’hﬁ + ﬂya’/lyﬂ - grlﬂyrlaﬂ ’ (AS)
PO = Mullap- (A6)

In writing this expression we assume that this is the true
propagator and so is independent of UV cutoffs or RG
sliding scales used in computing loops. The first term in
(A3) is the usual massless graviton pole which must arise
by diffeomorphism invariance uncorrected other than by a
wave function renormalization.”” The second and third
terms come from the exchange of intermediate massive
states of spin-2 and spin-0 which may arise from either tree

BAs famously noted in [77] we can have Z=0 and
hence mass with gauge invariance. This is realized explicitly
in the DGP model where the massless graviton mode is non-
normalizable [78].

level exchange or loop corrections. Unitarity here comes
from the strict positivity requirement that

p2(u) >0 and po(u) > 0. (A7)

2. Renormalization group without renormalization

In practice however (A3) is only valid if the integrals
(oo dupy(u)p~" and [ dupo(u)u~" converge for some
finite py > 0, i.e., provided they converge in the UV. In
general they do not and their divergence is directly related
to the renormalization of the curvature squared terms in the
effective action. As such on dimensional grounds we expect
them to be logarithmically divergent, which is borne out by
explicit calculation at one-loop [45].
To deal with this we perform one subtraction defined at
an arbitrary scale p to give

2,0
_1.Z Py Calmo)
2M3 K M3,

H _k2 o0 Pzzx(z}
+MA dﬂﬂz(ﬂ)( pef

Co(ﬂo)Po

G}ll/(lﬂ (k) M?)l /u/a[}

2
p uvaf +

M, p+ o) (e + k2)

(1o = K2) /w Pyap

+0 2 dupy () ——P (A8
s Jy W e (Y

Since the propagator cannot depend on the arbitrary
subtraction scale p, we obtain the dispersion relation
analog of the renormalization group equations

#odiﬂocs(#o) = —Am d/tps(ﬂ)(L (A9)

i o)

the right-hand side being finite if our assumption about the
overall number of subtractions are correct. We stress
though that x4, should not be confused with any UV cutoff
or sliding scale used in computing loops; it is however clear
that it plays a similar role. The integration constants that
arise in the solution of the equation are the undetermined
subtraction constants. It is natural to define the IR values of
these constants at yy = M7, and the UV at some high-
energy scale uy = M3y Integrating the RG equation we
have

0 M2 _ M2 )
Cst=C5¥ + / dups(u) Moy M) (A10)
SO T e T (i M) (u + M)
and so we clearly have by unitarity
CR > CyV. (A11)

Thus the dispersion relation demands positivity of the flow
from the UV to the IR. It does not however guarantee
that CIR > 0.
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3. Low-energy effective field theory

Let us now make an assumption similar to that described
in Sec. II A that the dominant contribution to the spectral
densities comes from energies for which u > M?, where M
is viewed as the cutoff of the low-energy effective theory. In
other words we assume that there is a weakly coupled low-
energy effective theory for which the loop contributions
from light fields are small relative to the effects from heavy
fields whose masses satisfy M; > M. This is quite natural
here for situations in which the number of heavy fields with
masses greater than M is much larger than the number of
light fields, precisely because each field at one-loop
contributes logarithmically to Cj.

In this case the propagator may be split up as

G;wa/}(k) = GEFT (k) + G/I}f/aﬂ(k)’

nvaf (Al 2)

where the IR part comes exclusively from loops of light
fields of masses smaller than M, and is thus parametrically
suppressed if the low-energy effective theory is weakly
coupled

_k2 m? sza
Gﬂﬁaﬂk)—(ﬂo )/O dﬂpz(ﬂ>( s

My, W+ o) (1 + K)
(:uO - kz) /Mz Pguaﬁ
+ WK M )t
My, Jo O+ o) (e + K2

(A13)

and the remaining part is that which will essentially be
described by the tree level low-energy effective theory

20
_1Zz Puas | Ca(po) Co(mo) po

2My KB My Mg,
(1o = k) /oo Phap

dup, (u)
My e T (o) (e + )

(o = k*) /°° Pﬁmﬂ
—_— dupo(p) ————F—>~.
My e ol )(ﬂ+ﬂo)(ﬂ+k2)

(Al14)

Gy (k)

Prop T
+

+

The IR part G},
loops of light fields, in particular those of the graviton itself.
For example if p(,(u) are approximately constant over the

range 0 < u < M? then we have approximately

(k) is generically nonlocal since it includes

1 po(M? + k?)
G}Eaﬂ(k) ~ EPZ (O)P;zwaﬂ In <0

M k2 (M? + pg)
1 po(M? + k?)
+—po(0)P°, ln<7 . (A15)
Mg, POl NG (M )

By contrast Gy,

|k?| << M?. In other words we may perform a standard EFT
expansion in the form

(k) is local when viewed at energies

L1 P, Colio) po —, Coli)
EFT - uvaf 2\Ho) o 0#o) 5o
G;waﬁ(k) ~ EM—I%I 12 + M?)] P uvaf + Mél P uvaf
o 2
(ﬂO - k2)n /00 P/waﬂ
+ B S dup, (ﬂ) T \n2
”Z; My, M? (1 + o)™
> (/’lO B kZ)n /oo P2w1/1
+ T E— dup, (/") T \n+2 -
2 e G
(A16)

Furthermore taking py = M3 ~0, then in the region
M3, < |k*| < M?* we may approximate this as

IR IR

CZ PZ p + CO PO p
7 ” I

My ™7 My M

> (_kz)n «© sz
+y dups (1) ﬂﬁf

0

> (_kZ)n /oo P/w(l/i
+) dup, (1) ~
M‘I-E’l 2 /«ln+2

This is the standard form of the a tree level effective theory
description of the propagator as a local derivative expan-
sion, and is the direction analog of (2.7).

P
f
G (k) ms—7Z i/ A

(A17)

4. 1PI and Wilson effective action

In performing the decomposition (A12), we are implic-
itly assuming that the light loops are computed through a
unitarity cut method, consistent with the dispersion rela-
tion. In short, rather than computing the loop process
through standard means, we compute its imaginary part,
and then infer its remaining contribution through its
dispersion relation. With this proviso, we then recognize
that G;/;(k) will be the two point function computed
from the Wilsonian effective action valid below the
scales [k*| < M?, and  Guqp(k) = GiI(k) 4 GIR (k)
will be the result of the 1PI effective action. As always
this split is arbitrary here depending on the subtraction
scale y, which hence we take as some IR scale y, = M.

Assuming we only compute loops of heavy fields (not
the graviton itself), then the 1PI effective action and
Wilsonian effective actions will be diffeomorphism invari-
ant. We may thus write a local covariant action which can

reproduce the propagator G, (k) which is found to be

M} 1
LEFT = /=g <7P1R + CRR* + CR (RMR/“’ - 5RZ))

+ higher derivative terms. (A18)
The higher derivative terms are relevant for BH solutions,
but these cannot be inferred from our above argument and
must be computed explicitly as done in [45,46]. However
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they do have the virtue of being prescription independent.
We can also add to this action a Gauss-Bonnet term which
cannot be inferred from our calculation. Indeed up to a
Gauss-Bonnet term (A19) may equivalently be written as

M2
LEFT _ \/:“Q(TP‘R + CfR%RZ + Cﬂ,izW,%mp + CGBGB)

+ higher derivative terms, (A19)

where

1
CWZ — ECZ CRZ — Co. (AZO)

The virtue of writing this covariantly is that assuming that
matter remains minimally coupled to this metric then we
may infer the effect of these additional corrections on other
backgrounds such as FLRW. The positivity of the flow
(A11) then implies

1R UV
CwZ > CwZ ’

CR > CYY. (A21)

The covariant form of the 1PI effective action being
nonlocal is more complicated (see [79-87]), but it is
sufficient to note that the following covariant expression
reproduces the desired 77 amplitude and is consistent with

the Wilsonian effective action

M3 1
£ = =g (R o) (R R = LR + Colhh + Conlo) R

o + [
+ R A ps ) —L0 )

wo [ po +U11
—|—R”F’A dupcs (#) Lo )

The last term is a nonlocal extension of the Gauss-Bonnet
whose coefficient cannot be inferred from the arguments
made so far. In particular we cannot assume that
pce(#) > 0. As a special case, a nonlocal action of this
form is used for example in [88] for the specific form of
p2(u) and p;(u) that arises from one-loop integrals of
massive and massless states. We stress again that despite
appearances, (A22) is independent of the arbitrary sub-
traction scale p.

APPENDIX B: SEMICLASSICAL PHASE SHIFT
AND TIME DELAY

1. Langer approach

The scattering phase shift o, in the semiclassical (WKB)
approximation for scattering in a spherically symmetric
background is easily computed and we sketch the essential
result here. We will assume that the equation of motion
of the propagating degrees of freedom may be put in the
form of a scalar field living on an effective metric Z,,, as is
the case in all the discussed examples. Although generi-
cally this equation will have an effective mass, this
mass term makes a negligible contribution to the
scattering phase shift for high frequencies; consequently
it is sufficient to consider a massless scalar for the purposes
of our discussion. To accommodate the behavior of modes
with Z small we follow the approach of Langer [89]. The
fluctuations of the effective scalar in a D-dimensional
spherically symmetric background expressed in the
form

G+ o) —00) (Rm/ - %QWR> +R Aoo dupo () (

W+MWHD)WJ+””

(uo +00)
H+ po) (1 —0J)

(A22)

Z,dxtdxt = =Z,d* + Z;'dr? 4+ P ZodQf,_,  (BI)

can be expressed in terms of D — 2 dimensional generali-
zation of spherical harmonics, i.e., eigenstates of V%_z =
—¢(¢+ (D —3)) and satisfies a wave equation for a
given ¢

1 0 _ 0
Zzw2¢f+ﬁa ("D 2Zr8r¢f)
£(¢+D-3
—( 5 )¢f:07

I%

- Z, (B2)

where 2,=\/Z,2;'2y) 77, 2, = /2,22 V"2,

and Zo = /2,2, 722751,

We will initially assume that Z,, has no singularity, and
no horizon. In this case a naive application of the WKB
approximation to the equation in this form will result in an
expression that does poorly for low #, although gives the
correct classical phase shift at large #. The origin of this
problem as first noted by Langer [89] is that the scattering
process here is defined on the line r > 0, and the behavior
of the solutions near » = 0 is not well approximated by
WKB. This problem is easily resolved performing a
coordinate transformation r = e¢” which maps the origin
at r = 0 to p = —o0. The correct asymptotic solution near
p = —oo is now the exponentially decaying WKB solution.
To proceed we change variables
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Zwp, + e—(D-l)ﬂg eD-3)p z 245/
p "op

- ZQ/(/ + D — 3)6_2p¢f = O (B3)

and then define ¢, = e~(P=3/2(Z )~1/2y, which puts the
equation in the canonical form

& Xe _
-W B4
p? cPhxe(p). (B4)
where
', 2 -2
Wf(p):§e P Z,w* — 2o (€ + D —3)e |
2
(D=32 1057 103G+
1 T4z)7 2 z,

X ([ "
T </ VWedp+ 4)

In the usual case for whichD =4 and Z2, = Z, = Z5 =1
this gives

4z 1 1\2
W2=HE=l = 2002 — £(£ 4 1) 1= e¥w? — (f—i-E) .

(BS)

As pointed out by Langer, this corresponds to using the
standard WKB formula with the replacement £(Z + 1) —
(¢ 4+ 1/2)* which is relevant at low 7.

The turning point, i.e., what is interpreted classically as
the point of closest approach, is defined by W, (p,) = 0. For
p < p, we have W, < 0 and the desired WKB solution is
one that decays exponentially as p - —oo

Le_ f/f"\/—wfdﬂ
(=Wp)'/ 7
for some normalization constant y. Using the WKB
matching formula this matches onto p > p,,

Xe ™ (B6)

7 rl1 £+ (D=3)/2?% 1
NN e e |

where r, is the turning point expressed in terms of r and

Pr(r) = (D—3)2(1_%) _,

r

(B7)
022 ((D-2)rP 4 P2
Zi’r)z +2 g (B8)

In the idealized case in which all components Z; asymptote to unity faster than 1/r, then the scattering phase shifts are
determined by requiring that this solution has the asymptotic form

Xe &

(eZiéfeiwr 4 eiﬂ(D—2)/2€i7rfe—iwr>.

(B9)

Performing the comparison we obtain the standard WKB formula for the partial wave phase shifts

%Zﬁ,ﬂ)) —w) — or, +%(£+ (D-3)/2). (B10)

s = [ d(\/zi (20~ 2aCF @I

The total Eisenbud-Wigner time delay for each partial wave is then given by

B 06,(w)
AT, =2-2" (B11)
—2 / < 20 ) 2 (B12)
ry.
\/Z Zw? — Zo PRI 1z 6 ()

This simplifies in the limit of large ¢, fixed apparent impact parameter b = (£ + (D — 3)/2)/w, so that fr(r) may be

neglected and we find
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2

ATf_z/oo

2

—1|dr-2r, (B13)

Z,(2,- 2o5)

which is the “classical” time-delay result for a particle
moving along a null geodesic in the metric Z,,.

2. Dealing with a horizon

To deal with spacetimes with a horizon, it is necessary to
modify the Langer transformation and instead of taking
r = 0 to —oo, we map the horizon to —oo. This is achieved
by defining an analog of the tortoise coordinates for which
the two-dimensional r, t metric is conformally flat, i.e., for
which

~1/2,-1/2 .

Z;°Z; ' dr = dr, (B15)

so that the metric takes the form ds? = Z,(—df* + di?) +

Zor*dQ?. The integration constant in this change of
variables can be fixed at infinity for D > 4 as

7

—r- /°° dr(z,"?z;'2 =1).  (Bl6)

For D = 4 there is a logarithmic divergence in this integral
and an arbitrary finite comparison scale must be chosen
has is explained in section C2. Then with the choice

by = Z;z(D_z)/ *p=(D-2)/2), the wave equation becomes

2

VEA(Z - 2o5)

(B14)

0o 1
dr—2/ —dr,
b /1_@
[

with y = Z72/4(D-2/2 1n the familiar case of the D = 4
Schwarzschild solution this is

)

The asymptotic form of the mode functions is in these new
coordinates conventional

Ty

Veie(7) = (1 r3)' (B19)

P (eZifoeiw? _ (—l)fe_"‘b’), (B20)
which gives the phase shift
o) = [ 7 ar(y (0 = Varli) ~ 0) - o,
+g(zf+(D—3)/2). (B21)

In deriving this we assume that r, is sufficiently larger than

dy, ) N the peak of the potential V¢ (7), which for example in D =
dp? + o = Ver(Plre =0, (B17) 4 occurs at approximately r = 3r /2 for large ¢, so that
. ) ) there is sufficient barrier that (B6) is approximately the
with the effective potential solution inside the potential barrier. Clearly as the turning
5 point approaches the top of the barrier we must take
Vie(7) = Z,2 £(6+ (D =3)) + 1d }2’ 7 (B18)  appropriate consideration of the absorbed waves [90,91].
Zor y dF Translated back into the original coordinates this is
|
. o 1 ) ¢+ (D-=-3)) 1 n
os(w) = di| |5 | 20” = Zq——F5—"" =5 Zpu(r) | —o | —or,+5 (£ + (D -3)/2), (B22)
r Z, r 4r 2
which gives a time delay
o Z
AT, =2 / dr i 1| =2r, (B23)
o \VE(Ee - 2, 1R 7 ()
084048-26



CAUSALITY IN CURVED SPACETIMES: THE SPEED OF ...

PHYS. REV. D 102, 084048 (2020)

where now

4t 1dYy

Pu(r) = AT (B24)

This expression is to be compared with (B12). The two
differ only in the subleading semiclassical contribution
which accounts for the different boundary conditions
describing the two different physical situations.

APPENDIX C: EIKONAL AS A LIMIT
OF SEMICLASSICAL PHASE SHIFTS

Since many discussions of causality in effective field
theories are phrased in the eikonal or shockwave (Penrose
limit) approximation (see for example Refs. [23,27,92]), it
is worth showing here that the eikonal approximation can
be obtained straightforwardly as a limiting case of the
semiclassical approximation, and hence the latter may be
regarded as more general. We begin with the phase shift
relevant to the 2D conformally flat coordinates 7 (B21). We
split the potential in the form of the usual centrifugal
potential plus corrections

b2w?

Vst (7) :?—2+ Uesr (7), (C1)

with b = (¢ + (D — 3)/2)w™". The eikonal approximation
corresponds to assuming a high energy limit @?>> |U 4 (7)|
so that we may treat Uy (7) perturbatively. In the present
relativistic context this limit is more subtle than it is in
nonrelativistic quantum mechanics since Uy (7) itself
scales with @?. Nevertheless its different radial dependence
ensures there is always a regime in which we may imagine
@* > U.(7). Naively we can just perturb the square root
in (B21); however, this becomes problematic since the
point of closest approach 7, is itself dependent on the
potential U (7) and a naive expansion will lead to an ill-
defined expression. The solution is to use the relation
between b and 7,

o )
Sf(a)):/ d?’<\/<w2_rf;20 _

which admits a well-defined expansion to any order, for which the first order term in Ug(7) is

22 2

@(@:K@( (a)z_’r;) ) _w> _w?,+g(f+(D—3)/2)

Now from (C2)

A2 D A
N ri@w A Iy N
b—7¥ = bi7, Ues (7,) 2—w2Ueff(rt)’ (Co)
and so substituting in (C5) we have
Sp(w) = ——— [T — U () + ()
=—-— 7
¢ 20 - eff
—#

To put this in a recognizable form we define 7> = 7> + z?
and notice that to this order we may replace 7, with the
apparent impact parameter b to give

b2a?
e + Uep(7) = o?, (C2)
t

to rewrite (B21) in the form

R N .7
Ueff(r)_Ueff(rt)?_z - —a’rt+§(f+(D—3)/2)’ (C3)

R N

et (7) = Ueff(rt)?_z +.. (C4)

22

(V) - Verli) ) (©5)

~ . 1 )
5s(w) = 63 (w) = _E/ dzUs(Vb* +7%), (C8)

which is clearly the eikonal result. This same expression
may be derived in a more covariant manner by recognizing
that in the classical limit the phase shift § is one-half the
difference between the action of a relativistic particle in
the curved spacetime Z,,, and in Minkowski spacetime with
the same asymptotic momenta. Writing the action for a
massless relativistic particle in phase space form
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then perturbing around Minkowski we have

1 ©
Z/ dT((SZ/wp”py)

1 dr
=— | dr—(sZ,p"p
2L rd( WP DY),

where the momentum p# and velocity are their solutions in
Minkowski spacetime written in radial coordinates, i.e.,

%:w 1-b2/7, pl=w, p " =w\/1-b*/r, p’=
wb/r* which for a spherically symmetric background in

2D conformally flat coordinates

Seik

Q

(C10)

e 1 [ o’b?
5611( — d
4o —00 ¢ b2 + Zz
x (5zt (\/b2 n z2> 67, (\/b2 n z2)), (C11)
which is consistent with (C8) given U (?) = 24 (8Z,(7)—

7

8Zq (7)) for large ¢ from (B13).

1. Shapiro time delay in D > 4

To illustrate the applicability of the above formula let us
compute the D dimensional Shapiro delay. We begin with
the Schwarzschild-Tangherlini metric in D dimensions

ds? = —f(r)de® + f(r)~'dr* + r2dQ3,_,,

with f(r) =1—p/rP=3
source mass M, by

(C12)

and u related to the physical

162GM,

B (D-2)Qp,’ (C13)

with Qp_, = 22P~V/2/T[(D - 1)/2]. We define the 2D
conformal (tortoise) coordinate 7 via

(C14)
hence to leading order in y the metric is
ds? ~ (1 ——> (=d#? + di?)
7

2 .
+ <1 +m?D_2) rdeQD_z, (CIS)

from which we infer the effective potential

(D -2)

b2 2
EE

u
D

Ueff(?) == 1 (Cl6)

Hence the leading order contribution to the phase shift from
(C8) is

D=2 © 1
6f(a)) = ﬁbza}%/_w dZW (C17)
_ (D=2 >

uo o T
— b2 —b4 D
D-4)" "4 \/’_IF[DT*]

GM . D -4
= . . C18
2(D=4/2p,D=4 [ 2 ] (C18)
Denoting the Mandelstam invariant s =—p2 =
(M, + w)* — @* % 2M , for large w this is
sG D-4
bs(w) = S D AAD4 F[ 5 ] . (C19)

In this Lorentz invariant form we may easily translate it into
the boosted Penrose limit form considered for example in
[23],16 and so we see the shockwave calculation reproduced
precisely the leading term in the semiclassical expansion.
Given the phase shift we may now define the time delay for
fixed impact parameter b as

_ 95 (0)

AT,
b ow

_2M.G D-4
~ (D=4)/2p,D=4 D)

] . (C20)

b

which is the conventional classical Shapiro delay. However,
quantum mechanically what is more meaningful is the
delay for fixed ¢, which is the usual definition of the
Eisenbud-Wigner time delay for partial waves

05,(w)

AT, =2
‘ ow

(C21)

_2M.G(D-3) {D - 4} '

,  aP-4/2pD-4 D)

Both expressions are finite and positive and the former
plays a crucial role in the discussion in [23].
An alternative derivation of this result is to consider

ATf—2/ W /F (C22)

and following the approach described in Appendix D to
leading order in an expansion in G this is

1
AT,;~2/ dr——— ;,22192 =

362(D—4) -2 (D—6)]

(C23)

DD 2 AP
ARy

2(D-4)/2 D=4 D)

(C24)

2GM,(D-3) {D—ﬂ ’

"®Note our definition of 8,(w) differs by a factor of 2.
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which agrees with (C21). Strictly speaking the integral = massless nature of the graviton. This dimensionality
(C23) is only convergent for D > 6 but the final result is ~ dependence may be related to that of Schwarzschild

finite and correct for D > 4. causality established in [93]. The resolution is to account
for the attractive Coulomb distortion of the asymptotic
2. Shapiro time delay in D=4 wave functions by modifying (B9) to
The result (B13) only applies if the effective metric I o
asymptotes to Minkowski faster than 1/r to ensure con-  x, o (€% giortioanor) _ (_ 1) g=ior=ioalnQor)) = (C25)

vergence of the integral. In four-dimensional GR this is
never the case and (B13) is divergent, a result of the which replaces (B10) with the finite phase shift
|

1

8, (w) = lim { / g dr\/ Zi <Z,w2 _ 2, “*r—i/z)z - mzrﬂw)) +2(641/2) - oR — oa ln(ZwR)} (C26)

for regular geometries. For geometries with a horizon, the analog of (B22) is replaced by [91]

b5s(w) = 1;1_?010 [/R d%<\/zL <le2 — 29@_#Zrﬁb{(}’)> - a)> — wr, —|—g (f—i—%) - a)aln(Za)R)], (C27)

where the Coulomb distortion scale « is defined by up to fluctuations at the scale w~'. The implication is that
unlike in higher dimensions, the black hole acts like

. |r/Z scattering off of a hard sphere with an Z-dependent radius

o= rlir?o {E <Z_ 1)}’ (C28) of order r, However this is also at the scale of the

ambiguity in the definition of the phase due to the

which in the standard case of an asymptotically Schwarzs- ~ divergence from the Coulombic behavior, i.e., the loga-

child geometry is the Schwarzschild radius a = r,. In rithmic term included in (C27) and so we should be careful

particular evaluating (C27) on the Schwarzschild metric to ~ not to read too much into this. Indeed in defining the
leading order in an expansion in r,/b gives [91] tortoise coordinates analogous to (C14) we are faced with a
logarithmic divergence which must be cut off at a scale C

c
?’:r—/ dr 1,
r 1__'(/

r

=r=rgn((r=ry)/(C=ry)). (€32)

N

os(w) = —wr,In(¢ +1/2)

1 1
_5%(1 +m> 4o (C29)

Unlike the result in dimensions D > 4 (C23), this corre-
sponds to a time advance

In a pure Schwarzschild metric, C is usually fixed to be 2r,
but in a spacetime which is only asymptotically Schwarzs-
1 child there is no requirement for this particular choice. The

AT, =-r, (21n(f +1/2)+ (1 +—2> ) (C30)  inherent logarithmic ambiguity in the # coordinate trans-
(#+1/2) lates into the same ambiguity in the phase shift and hence

time delay. As such we will content ourselves with
determining time delays relative to the asymptotic
Schwarzschild metric for which the ambiguity related to
the definition of the phase shift cancels out. This corre-
sponds to the classical criterion [55]. It is noteworthy that
these issues are entirely avoided in higher dimensions.
Another way to understand these subtleties is to introduce
an IR regulator through an effective mass u by replacing the
Coulombic r,/r with a Yukawa form r e ™ /r. This
renders the naive phase shift definition (B10) and (B22)
finite, and gives a time delay logarithmically sensitive to
the IR cutoff. This divergence will cancel in considering

We should not interpret this as any violation of causality
though. Firstly, even in nonrelativistic quantum mechanics
time advances do occur, as is well known in the example of
scattering from a hard sphere where, for a sphere of radius
a, the scattered wave of speed v is reflected at a time a/v
before a free wave would reach the center at r = 0 and so is
reduced in travel time by 2a/v. For this reason, Wigner’s
original causality condition for S-wave scattering is stated
as [48,52]

ATf:() Z —261/’[], (C31)
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time delay differences as we do throughout, allowing us to
take the limit y — O.

Alternatively, from a classical point of view we can
regulate the divergence by asking for the time delay for a
trajectory that begins and ends at finite radii r, and r,
respectively relative to the same result in Minkowski
spacetime with impact parameter b

T, Z re 1
AT,f:/ dr L —/ dr———
n W 2(2-205) T 1=k
r Z r 1
N -
o E(EZE) T 15

(C33)

with f(r) =1 —r,/r which to first order in r,/r, is"’?

Evaluating this for a Schwarzschild geometry we have the
well-known Shapiro time delay written in terms of coor-
dinate time ¢ [51]

[y 1
AT”ﬂ/r: ! <f(r) <r>>
rp 1
+ dr
/r, (f(r) 1—}r’—§f(r)>

(=B (- b) 2,

(C34)

ATg—rln<r+‘ >+rln n —r, r—r, o = 1t
+r, r, +r;

H (=) (=)' = (2 -

e

- )2+ O(r2/r,). (C35)

APPENDIX D: TIME-DELAY CORRECTIONS

We are generally interested in corrections to the time delay from EFT corrections to the effective background geometry

and hence consider the geometry (B1) with now Z,, - Z,, + 6Z,

.- In terms of the corrected factors Z; — Z; + 62Z; as

defined below the wave equation (B2), the correction to the time delay is defined by

Z,+ 62,

2

ATEFT = 2 / ” dr(
o \/(Zr +0Z,)(2,+ 62, -

)-2[ o
(Zq +062q) %2) n Z2.(2, - ZQI:_;

)), (1)

where r, is the turning point in GR [where Z,(r,)r? = Zo(r,)b*] and r, + 5r, is the turning point associated with the

effective metric Z,,, + 6Z,,,.

For simplicity, we shall denote the integrant in GR as A and that in the EFT as A + 6.A,

2

A(r) =

(D2)

Z,(2,-2o5)

1.A3

SA(r) = 5
t

To determine the correction ATEFT, we perform in each
integral a distinct coordinate transformation » — p. For the
second integral in (D1) we perform a change of variable
defined as r = R(p) so that the relation (D4) below is

""This result is more often quoted as the total time signaling
time back and forth between r, and r, in the proper time of
an observer at r, which in our notation is A7, .., =
21 =1,/ 1) (72 = B) 4 (7 = b)V2 + ATY).

b2
(Z (2,62, — 2,62,) — (2,2002, — 22,2002, + 2,2,620) —2> .
r

(D3)

satisfied and for the first integral in (D1) we perform a
change of variable r = R(p) + 6R(p) defined by

1

Ir:1 _;: A_2<r)|r:R(p) (D4)

1
liil =25 = (Al + SA(r) | =rp)+orip) (D)
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in terms of which the time delay correction is

p déR(p))‘ D6

© d
ATEFT:2
‘ [ \/1—1/p2< dp

To first order in 6Z,,, the function 6R(p) is determined by

perturbing (DS5), giving

_SA(r)
A'(r)

Substituting this expression back into (D6) and using (D4)
to change variables back to r gives

ATHFT = 2 / ” drA(r)% <‘Z,l(<:))) (D8)

5R(p) = (D7)

r=R(p)
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