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We complete our previous derivation, at the sixth post-Newtonian (6PN) accuracy, of the local-in-time
dynamics of a gravitationally interacting two-body system by giving two gauge-invariant characterizations
of its complementary nonlocal-in-time dynamics. On the one hand, we compute the nonlocal part of the
scattering angle for hyberboliclike motions; and, on the other hand, we compute the nonlocal part of the
averaged (Delaunay) Hamiltonian for ellipticlike motions. The former is computed as a large-angular-
momentum expansion (given here to next-to-next-to-leading order), while the latter is given as a small-
eccentricity expansion (given here to the tenth order). We note the appearance of ζð3Þ in the nonlocal part of
the scattering angle. The averaged Hamiltonian for ellipticlike motions then yields two more gauge-
invariant observables: the energy and the periastron precession as functions of orbital frequencies. We point
out the existence of a hidden simplicity in the mass-ratio dependence of the gravitational-wave energy loss
of a two-body system. We include a Supplemental Material that gives the explicit analytic form of a
scattering integral which we could only evaluate numerically.
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I. INTRODUCTION

A new strategy for deriving to higher post-Newtonian
(PN) accuracy the conservative dynamics of gravitationally
interacting two-body systems has been recently intro-
duced [1]. This strategy combines, in a new way, vari-
ous analytical approximation methods: post-Newtonian,
post-Minkowskian (PM), multipolar-post-Minkowskian,
effective-field-theory (EFT), gravitational self-force, effec-
tive one-body (EOB), and Delaunay averaging. In Ref. [2],
we have shown how to use this new methodology to
derive the two-body dynamics at the fifth post-Newtonian
(5PN), and fifth-and-a-half post-Newtonian (5.5PN) levels.
The latter results were then extended to the sixth post-
Newtonian (6PN) level in Ref. [3].
A basic aspect of our new method is to split the

Hamiltonian describing the dynamics of binary systems
into two separate parts: a local-in-time Hamiltonian, Hloc;f
(which starts at the Newtonian level), and a nonlocal-
in-time one, Hnonloc;f (which starts at the fourth post-
Newtonian, 4PN, level [4]). The total Hamiltonian,

Htot ¼ Hloc;f þHnonloc;f ; ð1:1Þ

is independent of the choice of the flexibility factor fðtÞ.
The latter enters the nonlocal Hamiltonian via a multipli-
cative renormalization of the time scale Δtf ¼ fðtÞΔth
used as ultraviolet cutoff in the (external) nonlocal tail
action, so that one has

Hnonloc;fðtÞ ¼ Hnonloc;hðtÞ þ Δf−hHðtÞ; ð1:2Þ

where Hnonloc;hðtÞ is (uniquely1) defined by choosing
the harmonic-coordinate cutoff Δth ¼ 2rh12=c (where rh12
denotes the two-body radial separation in harmonic coor-
dinates), while

Δf−hHðtÞ ¼ þ2
GH
c5

FGWðtÞ ln ðfðtÞÞ ð1:3Þ

is an additional contribution which involves the
gravitational-wave (GW) energy flux FGWðtÞ, and which
vanishes when fðtÞ ¼ 1. An element of our new method is
to choose a flexibility factor fðtÞ such that decomposition
(1.1) of the total Hamiltonian Htot into local and nonlocal
parts implies that the two corresponding parts of the total
scattering angle, say,

χtotðE; JÞ ¼ χloc;fðE; JÞ þ χnonloc;fðE; JÞ; ð1:4Þ

separately satisfy the simple mass-ratio dependence proven
in Ref. [7] for χtot. [Here, χ is considered as a function of
the center-of-mass (c.m.) energy, E, and c.m. angular
momentum, J, of the binary system.]

1We work here at the second-post-Newtonian (2PN) fractional
accuracy, where harmonic coordinates are uniquely defined and
lead to a finite higher-order action [5,6].
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In our previous work [3] we computed the local-in-time
part of the Hamiltonian, Hloc;f , at the 6PN accuracy. We
gave two gauge-invariant characterizations of Hloc;f . First,
we explicitly derived the 6PN-accurate contribution to the
scattering angle, say χloc;f6PNðE; JÞ, coming from Hloc;f .
Second, we computed the 6PN-accurate radial action,

Iloc;fR ðE; JÞ ¼ 1

2π

I
dRPR; ð1:5Þ

along ellipticlike motions (with energy E and angular
momentum J) described by Hloc;f.
The aim of the present work is to complete the results of

Ref. [3] by deriving the explicit 6PN-accurate values of the
complementary contributions, both to χ and to IR, coming
from the nonlocal-in-time dynamics, Hnonloc;f . More pre-
cisely, we shall compute here both χnonloc;f6PN ðE; JÞ and
IR

nonloc;f
6PN ðE; JÞ, such that the quantities

χtot6PNðE; JÞ ¼ χloc;f6PNðE; JÞ þ χnonloc;f6PN ðE; JÞ ð1:6Þ

and

ItotR6PNðE; JÞ ¼ Iloc;fR6PNðE; JÞ þ Inonloc;fR6PN ðE; JÞ ð1:7Þ

give the scattering angle (for hyperboliclike motions), and
the radial action (for ellipticlike motions) described by the
total Hamiltonian (1.1), considered at the 6PN accuracy.
Because of the nonlocal-in-time nature ofHnonloc;f , it seems
impossible to derive (for general motions) closed-form
expressions for χnonloc;f6PN ðE; JÞ and Inonloc;fR6PN ðE; JÞ. We will
compute them in the form of expansions in a relevant small
parameter. For hyperboliclike motions, the expansion
parameter is the inverse eccentricity 1

e, or equivalently
the inverse impact parameter 1

b, or the inverse angular
momentum 1

J. For ellipticlike motions, the expansion
parameter is the (unperturbed) squared eccentricity
e2locðE; JÞ, or, equivalently, the (unperturbed) radial action
IlocR ðE; JÞ. We will also give the 6PN-accurate value of the
energy, and of the periastron advance, along circular orbits.
Let us stress that both quantities Eqs. (1.6) and (1.7) are

gauge-invariant characteristics of the (6PN-accurate) two-
body dynamics. In addition, the left-hand sides of
Eqs. (1.6) and (1.7) are completely independent of the
choice of the flexibility factor f. It is only the decom-
position into the two parts (χloc;f versus χnonloc;f and Iloc;fR6PN

versus Inonloc;fR6PN ) which depends on the choice of fðtÞ.
Finally, we will derive below the explicit form of the
constraints that must be satisfied by fðtÞ, so that the specific
separability condition (between local and nonocal) that we
assumed in our previous work [3] is satisfied. The gauge-
invariant content of the corresponding Hamiltonian con-
tribution Δf−hH will be explicitly displayed.

The possibility of characterizing (in a gauge-invariant
manner) the conservative dynamics of binary systems by
means of the functional relation between the radial action,
IR, and the energy and angular momentum, E, J [or,
equivalently, the functional relation EðIR; IϕÞ, with
Iϕ ¼ 1

2π

H
Pϕdϕ ¼ J] is well known in classical mechanics

(particularly since the work of Delaunay on the averaging
of action-angle Hamiltonians), and was emphasized many
years ago in the general-relativistic context [8]. By contrast,
the possibility of fully characterizing (in a gauge-invariant
manner) the conservative dynamics of binary systems by
means of the functional relation between the (c.m.) scatter-
ing angle χ and E and J has only been recently emphasized
[9,10]. Many different aspects of the physics of classical
and quantum scattering (and of the relation between the
two) have been recently explored [7,11–52].
Let us summarize the current state of the art in the

theoretical knowledge of the conservative dynamics of
gravitationally interacting two-body systems. The PN-
expanded dynamics is fully known at the 4PN level
(corresponding to 1=c8 fractional corrections to the
Newtonian description) [4,53–59]. At the 5PN level, our
new method [1] has allowed us to derive, in a gauge-
invariant way, the full dynamics modulo two undetermined
numerical parameters, denoted d̄ν

2

5 and aν
2

6 . These co-
efficients parametrize terms of the (sketchy) form

ΔHloc
5PN∼ d̄ν

2

5

G5m3
1m

3
2

c10R5
p2
r þaν

2

6

G6m3
1m

3
2ðm1þm2Þ
c10R6

; ð1:8Þ

in the (c.m. frame) local 5PN Hamiltonian. Herem1 andm2

denote the two masses, R ¼ jx1 − x2j their radial distance,
while pr ¼ PR=μ denotes the radial momentum
PR ¼ n12 · P1 ¼ −n12 · P2, rescaled by the reduced mass
of the system μ≡m1m2=ðm1 þm2Þ. (Note that pr has the
dimension of a velocity, and, actually, is equal, in lowest
approximation, to the relative radial velocity dR=dt.)
Recent progress in the (EFT-based) computer-aided evalu-
ation of the PN-expanded interaction potential of binary
systems [59–62] gives hope that the two missing coeffi-
cients d̄ν

2

5 and aν
2

6 might be soon derived. This would lead to
a complete knowledge of the 5PN dynamics.
The 5.5PN Hamiltonian is entirely nonlocal, and it is

fully known [2]. At the 6PN level, our method has allowed
us to derive [3], in a gauge-invariant way, the full 6PN
dynamics modulo four undetermined numerical para-
meters, denoted qν

2

45, d̄
ν2
6 , a

ν2
7 , and aν

3

7 . These coefficients
parametrize terms of the (sketchy) form

ΔHloc
6PN∼qν

2

45

G5m3
1m

3
2

c12R5
p4
r þ d̄ν

2

6

G6m3
1m

3
2ðm1þm2Þ
c12R6

p2
r

þaν
2

7

G7m3
1m

3
2ðm1þm2Þ2
c12R7

þaν
3

7

G7m4
1m

4
2

c12R7
ð1:9Þ

in the (c.m. frame) local 6PN Hamiltonian.
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Besides this knowledge of the PN-expanded dynamics
(i.e., its expansion in powers of 1

c), one has also recently
acquired the knowledge of the first three terms in the
(conservative) PM-expanded dynamics, i.e., its expansion
in powers of the gravitational coupling constantG (keeping
the velocity dependence exact). Hamiltonian formulations
of the first post-Minkowskian [1PM, i.e., OðGÞ] dynamics
havebeen derived invarious gauges [9,63]. The second post-
Minkowskian [2PM, i.e., OðG2Þ] dynamics, whose equa-
tions of motion had been known for many years [64–66],
was expressed only recently in Hamiltonian form [10,18].
The third post-Minkowskian [3PM, i.e., OðG3Þ] dynamics
has been derived in Refs. [23,32] (see also Refs. [7,51]
for its simpler EOB formulation). Confirmations of the 3PM
dynamics of Refs. [23,32] have been obtained in Refs. [1]
(5PN level), [2,45,60] (6PN level), and [50] (3PM level).
Equations (1.8) and (1.9) clearly display the fact that the

parts of the 5PN and 6PN dynamics left undetermined by
our new method belong to the fifth, sixth, and seventh post-
Minkowskian (5PM, 6PM, 7PM) approximations. This
shows, in particular, that our current work leads to a
complete knowledge of the fourth post-Minkowskian
[4PM; OðG4Þ] dynamics up to the 6PN level included.
However, in order to explicate this knowledge (in a gauge-
invariant way) from our current results [2,3], one needs to
explicitly derive the (f-route) nonlocal contribution,
χnonloc;f6PN ðE; JÞ, to the total scattering angle, χtot6PNðE; JÞ,
Eq. (1.4), so as to complete the explicit expression for
the (f-route) local contribution χloc;f6PNðE; JÞ given in Ref. [3].
Our basic tool for deriving the nonlocal contribution to

the scattering angle will be the general, simple formula,
derived in Ref. [52], that computes the additional contri-
bution δχðE; JÞ to χðE; JÞ ¼ χ0ðE; JÞ þ δχðE; JÞ induced
by an additional contribution δH to the Hamiltonian
[Hðq; pÞ ¼ H0ðq; pÞ þ δHðq; pÞ], namely

δχðE; JÞ ¼ ∂
∂JWhypðE; JÞ þO½ðδHÞ2�; ð1:10Þ

where

WhypðE; JÞ≡
Z þ∞

−∞
dt δH ð1:11Þ

is integrated along the unperturbed hyperboliclike motion
(with energy E and angular momentum J) defined by the
unperturbed Hamiltonian H0. Note the important point that
Refs. [4,52,67] have shown that the relation (1.10), which is
easily derived for usual local Hamiltonians, holds also in
the present case of a nonlocal Hamiltonian.
Similarly, it is easy to relate the elliptic-motion analog of

(1.11), say

WellðE; JÞ≡
I

dt δH; ð1:12Þ

where, now, the integral is taken over one radial period of
an ellipticlike motion, to the (first-order) perturbation
δIRðE; JÞ of the radial action,

IRðE; JÞ ¼ I0RðE; JÞ þ δIRðE; JÞ; ð1:13Þ

corresponding to a general perturbation H ¼ H0ðq; pÞ þ
δHðq; pÞ of the Hamiltonian. Indeed, the fundamental
property of Delaunay averaging (for ellipticlike motions)
is that the perturbation δH̄ðIR; IϕÞ of the angle-averaged
Delaunay Hamiltonian,

H̄ðIR; IϕÞ ¼
1H
dt

I
dtH ¼ H̄0ðIR; IϕÞ þ δH̄ðIR; IϕÞ;

ð1:14Þ

is simply given by averaging the perturbation of the
Hamiltonian,2 so that

δH̄ðIR; IϕÞ ¼
1H
dt

I
dtδHðq; pÞ ¼ ΩR

2π

I
dtδHðq; pÞ

¼ ΩR

2π
½WellðE; JÞ�E↦H̄0ðIR;IϕÞ: ð1:15Þ

Here, ΩR ¼ 2π
TR

¼ ∂H̄ðIR; IϕÞ=∂IR denotes the radial angu-

lar frequency (TR ¼ H
dt denoting the radial period). Note

that in the last equation (1.15) one can use the leading-order
replacement E ↦ H̄0ðIR; IϕÞ to express δH̄ as a function of
IR, and Iϕ, instead of the natural variables E, J entering the
integrated actionWellðE; JÞ, (1.12). Writing that IRðE; JÞ is
the inverse function of H̄ðIR; IϕÞ, and using ΩR ¼
∂H̄ðIR; IϕÞ=∂IR, also leads to the result that the perturba-
tion δIRðE; JÞ of the radial action IRðE; JÞ ¼ I0RðE; JÞ þ
δIRðE; JÞ is simply given by

δIRðE; JÞ ¼ −
1

2π
WellðE; JÞ þO½ðδHÞ2�; ð1:16Þ

where WellðE; JÞ is again the integrated elliptic-motion
action defined in Eq. (1.12). Note in passing that by
combining the result (1.16) with the standard general result
for the periastron advance Φ (see, e.g., [8])

ΦðE; JÞ
2π

¼ −
∂IRðE; JÞ

∂J ; ð1:17Þ

one finds that the perturbation δΦðE; JÞ of the periastron
advance ΦðE; JÞ ¼ Φ0ðE; JÞ þ δΦðE; JÞ is given by

2This fundamental result of classical mechanics played an
important role in the development of quantum mechanics, where
it got transmuted into the well-known Hellman-Feynman theorem.
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δΦðE; JÞ ¼ þ ∂WellðE; JÞ
∂J : ð1:18Þ

In the present paper we shall apply the general results of
Eqs. (1.10)–(1.12), and (1.15), to the perturbed dynamics
H ¼ H0 þ δH with

H0 ¼ Hloc;f ;

δH ¼ Hnonloc;f ¼ Hnonloc;h þ Δf−hH: ð1:19Þ
As we have derived in Refs. [2,3] the contributions of
H0 ¼ Hloc;f both to the scattering angle, χloc;f6PNðE; JÞ (see
Sec. VIII in [3]), and to the Delaunay averaged Hamiltonian
Hloc;f

6PNðIR; IϕÞ, or equivalently Iloc;fR6PNðE; JÞ (see Tables X
and XI in [2] and Sec. IX in [3]), we only need now to
compute the complementary contributions

δχðE; JÞ ¼ χnonloc;f6PN ðE; JÞ ¼ ∂
∂JW

nonloc;f
hyp ðE; JÞ; ð1:20Þ

and

δH̄ðIR; IϕÞ ¼ H̄nonloc;f
6PN ðIR; IϕÞ

¼ ΩR

2π
½Wnonloc;f

ell ðE; JÞ�E↦H̄0ðIR;IϕÞ: ð1:21Þ

From the latter result, we shall then be able to deduce the
nonlocal contribution to the periastron advance

δnonloc;fΦðE; JÞ ¼ þ ∂Wnonloc;f
ell ðE; JÞ

∂J : ð1:22Þ

Our first task will then be to compute the f-route, nonlocal
perturbed action along hyperbolic motions, i.e.,

Wnonloc;f
hyp ðE; JÞ ¼

Z þ∞

−∞
dtHnonloc;fðtÞ: ð1:23Þ

In view of the linear decomposition (1.2) of the f-route
nonlocal Hamiltonian, Hnonloc;f , we have a corresponding
linear decomposition of Wnonloc;f

hyp ðE; JÞ, namely

Wnonloc;f
hyp ðE; JÞ ¼ Wnonloc;h

hyp ðE; JÞ þ Δf−h
hypWðE; JÞ; ð1:24Þ

where

Wnonloc;h
hyp ðE; JÞ ¼

Z þ∞

−∞
dtHnonloc;hðtÞ; ð1:25Þ

and

Δf−h
hypWðE; JÞ ¼

Z þ∞

−∞
dtΔf−hHðtÞ; ð1:26Þ

both integrals being evaluated along an hyperbolic motion
of H0 ¼ Hloc;f

6PN with energy E and angular momentum J.

Actually, as nonlocal effects start at the 4PN level, it is
enough to use as H0 in this calculation the 2PN-accurate
Hamiltonian (whose Delaunay form was given in [8]; see
Appendix A).
While Δf−h

hypWðE; JÞ can be (and will be) computed in
closed form, it does not seem possible to compute
Wnonloc;h

hyp ðE; JÞ in closed form. But, it will be enough for
our purposes to compute the first three terms in the large-J
(or large eccentricity) expansion of the function,
Wnonloc;h

hyp ðE; JÞ, namely

Wnonloc;h
hyp ðE; JÞ ¼ W4ðEÞ

ðGm1m2Þ4
J3

þW5ðEÞ
ðGm1m2Þ5

J4

þW6ðEÞ
ðGm1m2Þ6

J5
þO

�
G7

J6

�
: ð1:27Þ

As displayed here, this expansion in powers of 1
J is also a

PM expansion in powers of G. In view of Eq. (1.10), the
corresponding expansion for the (h-route) nonlocal con-
tribution to the scattering angle reads

χnonloc;hðE;JÞ¼−3W4ðEÞ
ðGm1m2Þ4

J4
−4W5ðEÞ

ðGm1m2Þ5
J5

−5W6ðEÞ
ðGm1m2Þ6

J6
þO

�
G7

J7

�
: ð1:28Þ

While we will be able to analytically compute closed-form
expressions for the first two expansion coefficients W4ðEÞ
and W5ðEÞ, we will only be able to write down integral
expressions for the third expansion coefficient W6ðEÞ. We
did not succeed in analytically computing the latter integral
expressions, but we could estimate then numerically.
Our next task will be to use the mass-ratio dependence of

the coefficientsW4ðEÞ,W5ðEÞ, andW6ðEÞ to constrain the
choice of the flexibility factor fðtÞ. Indeed, as recalled
above, the choice of fðtÞ is constrained, within our
method, by requiring that the two parts, χloc;f and χnonloc;f ¼
χnonloc;h þ χf−h of the total scattering angle χtot, Eq. (1.4),
separately satisfy the simple mass-ratio dependence proven
in Ref. [7] for χtot.
Finally, we will complete our 6PN-accurate description

of the dynamics of ellipticlike motions by computing the
elliptic analog of Eq. (1.24), namely

Wnonloc;f
ell ðE; JÞ ¼ Wnonloc;h

ell ðE; JÞ þ Δf−h
ell WðE; JÞ; ð1:29Þ

with

Wnonloc;h
ell ðE; JÞ ¼

I
dtHnonloc;hðtÞ; ð1:30Þ

and
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Δf−h
ell WðE; JÞ ¼

I
dtΔf−hHðtÞ; ð1:31Þ

both integrals being now evaluated along one radial period
of an elliptic motion, with given energy E and angular
momentum J of H0 ¼ Hloc;f

6PN . As before, it is enough to use
H0 ≈H2PN in this calculation.

A. Notation

We use a mostly plus signature. We define the symmetric
mass ratio ν as the ratio of the reduced mass μ≡
m1m2=ðm1 þm2Þ to the total mass M ¼ m1 þm2:

ν≡ μ

M
¼ m1m2

ðm1 þm2Þ2
: ð1:32Þ

We use several different measures of the total energy Etot ¼
Mc2 þ � � � of the binary system (considered in the c.m.
frame). Of particular importance is the EOB effective
energy, Eeff , which is defined by

Eeff ¼
E2
tot −m2

1c
4 −m2

2c
4

2ðm1 þm2Þc2
: ð1:33Þ

Equivalently, we have

Etot ¼ Mc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Eeff

μc2
− 1

�s

≡Mc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðÊeff − 1Þ

q
; ð1:34Þ

where

Êeff ≡ Eeff

μc2
: ð1:35Þ

We also use the dimensionless specific binding energy

Ē≡ Etot −Mc2

μc2
: ð1:36Þ

The total c.m. angular momentum J will often be measured
by its dimensionless rescaled version

j≡ cJ
Gm1m2

¼ cJ
GMμ

: ð1:37Þ

(The definitions used in the present work for Ē and j differ
by respective factors 1

c2 and c from those used in our last
work [3].) The latter equation shows that one can formally
consider that j ¼ OðcGÞ, so that a term or order 1

jn is of

order Gn

cn .
In the following, we shall often use the shorthand

notations

γ ≡ Êeff ; ð1:38Þ

p∞ ≡
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
; so that γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞

q
; ð1:39Þ

and

hðγ; νÞ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
: ð1:40Þ

We shall often find it convenient to work with dimensionless
rescaled orbital parameters, such as r12 ≡ c2rphys12 =ðGMÞ, or
a≡ c2aphys=ðGMÞ. The context should make it clear
whether we use physical or rescaled quantities.
Most of our final results will be expressed in terms of

dimensionless quantities, such as Ē, j, p∞, and a≡
c2aphys=ðGMÞ. In other words, we essentially use units
where c and G (and sometimes also GM) are set to unity.
However, in some formulas we indicate the powers ofG (or
GM) that they originally contain. Concerning the powers of
c, and the corresponding absolute PN order, we will not
explicitly keep track of them. However, we will keep track
of the fractional PN order of various contributions to PN-
expanded quantities by using η ∼ 1

c (to be set to one at the
end) as a bookkeeping device for PN orders beyond the
leading-order term in a quantity. For example, we will write
Q ¼ QLOð1þ η2q2 þ η4q4Þ for a quantity Q which is
expanded to fractional 2PN accuracy beyond its leading
order PN contribution. To help the reader keep track of the
absolute PN order of the quantities we shall compute, let us
note that (i) nonlocal effects in the dynamics start at the
absolute 4PN order, and (ii) one can use the formal scalings
1
j ¼ OðGcÞ, Ē ¼ Oð 1c2Þ ¼ γ − 1, and p∞ ¼ Oð1cÞ to recover
the powers of G and c.

II. BRIEF REMINDER ABOUT THE NONLOCAL
PART OF THE ACTION

Let us consider in more detail the structure of the
nonlocal part of the action, Snonloc;f . As discussed in
Ref. [2], at the 6PN accuracy the nonlocal action can be
linearly decomposed into its 4þ 5þ 6PN piece, and its
5.5PN piece,

S≤6PNnonloc;f ¼ S4þ5þ6PN
nonloc;f þ S5.5PNnonloc; ð2:1Þ

where each piece is a time-nonlocal functional of the two
worldlines (considered in the center-of-mass frame)

S4þ5þ6PN
nonloc;f ½x1ðs1Þ; x2ðs2Þ� ¼ −

Z
dtH4þ5þ6PN

nonloc;f ðtÞ; ð2:2Þ

and

S5.5PNnonloc½x1ðs1Þ; x2ðs2Þ� ¼ −
Z

dtH5.5PN
nonlocðtÞ: ð2:3Þ
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The two nonlocal HamiltoniansH4þ5þ6PN
nonloc;f ðtÞ andH5.5PN

nonlocðtÞ
are given by integrals over a shifted time t0 ≡ tþ τ. The τ
integral entering H4þ5þ6PN

nonloc;f ðtÞ is logarithmically divergent
when τ → 0, and is defined by introducing a specific
(Hadamard Partie finie, Pf) timescale Δtf ¼ 2rf12ðtÞ=c.
By contrast, the τ integral entering H5.5PN

nonlocðtÞ is convergent
when τ → 0, and therefore involves no regularization scale.
More precisely, the 4þ 5þ 6PN piece reads

H4þ5þ6PN
nonloc;f ðtÞ¼GM

c3
Pf

2rf
12
ðtÞ=c

Z
dt0

jt− t0jF
split
2PNðt; t0Þ: ð2:4Þ

Here, M denotes the total Arnowitt-Deser-Misner con-
served mass energy of the binary system;

rf12ðtÞ ¼ fðtÞrh12ðtÞ; ð2:5Þ

is a flexed version of the radial distance between the two
bodies (rh12ðtÞ denoting the harmonic-coordinate distance
and fðtÞ being a function of the instantaneous state of the
system), while F split

2PNðt; t0Þ is the time-split version of the
fractionally 2PN-accurate gravitational-wave energy flux
(absorbed and) emitted by the (conservative) system.
On the other hand, the 5.5 PN Hamiltonian is given by

the following nonlocal (second-order tail) expression

H5.5PN
nonlocðtÞ ¼

B
2

�
GM
c3

�
2
Z

∞

−∞

dτ
τ
½Gsplitðt; tþ τÞ

− Gsplitðt; t − τÞ�; ð2:6Þ

with B ¼ − 107
105

. Similarly to the first-order tail effect
entering H4þ5þ6PN

nonloc;f ðtÞ, this action involves a time-split
bilinear function of the multipole moments that is closely
linked to the gravitational-wave flux, namely

Gsplitðt; t0Þ ¼ G
5c5

Ið3Þij ðtÞIð4Þij ðt0Þ þ…: ð2:7Þ

At the present 6PN accuracy, it is enough to use the
leading-order version of the time-split function Gsplitðt; t0Þ,
obtained by keeping only the quadrupolar contribution
(neglecting higher multipole terms), and by evaluating
IijðtÞ at the Newtonian level.
Up to the 7PN-accuracy included, each piece of the

nonlocal action can be treated as a first-order perturbation
of the (local) 3PN dynamics, and their contributions to the
scattering angle can be treated separately, and then linearly
added together.
The 4þ 5þ 6PN nonlocal Hamiltonian can be further

decomposed into its purely harmonic, unflexed contribu-
tion H4þ5þ6PN

nonloc;h [defined by using Δth ¼ 2rh12ðtÞ=c as Pf
scale], and a contribution Δf−hHðtÞ proportional to ln fðtÞ:

H4þ5þ6PN
nonloc;f ðtÞ ¼ H4þ5þ6PN

nonloc;h þ Δf−h
5þ6PNHðtÞ: ð2:8Þ

Replacing M ¼ Etot
c2 ¼ H

c2 where H is the (2PN-accurate, as
needed for the present computation) Hamiltonian, and
introducing an intermediate length scale s, we have

H4þ5þ6PN
nonloc;h ðtÞ ¼ −

GH
c5

Pf2s=c

Z
dτ
jτjF

split
2PNðt; tþ τÞ

þ 2
GH
c5

F split
2PNðt; tÞ ln

�
rh12ðtÞ
s

�
; ð2:9Þ

and

Δf−h
5þ6PNHðtÞ ¼ þ2

GH
c5

F split
2PNðt; tÞ ln ðfðtÞÞ: ð2:10Þ

A. Scattering angle

As already mentioned the “f-route” local Hamiltonian
Hloc;f is defined so that

Htot ¼ Hloc;f þHnonloc;f ; ð2:11Þ

where Hnonloc;f is defined by Eqs. (2.8)–(2.10).
References [2,3] have determined Hloc;f at the 6PN accu-
racy. In order to complete the derivation of the f-route 6PN
dynamics we need to compute the h-route nonlocal part of
the scattering angle, say χnonloc;h, at the 6PN accuracy, i.e.,
at order 1

c≤12, and at the 6PM accuracy, i.e., at order G≤6.
Indeed, it is the ν dependence of χnonloc;h which constrains
the additional, f-dependent contribution χf−h needed to
render χnonloc;f ¼ χnonloc;h þ χf−h compatible with the par-
ticular ν dependence of χtot pointed out in Ref. [7].
The leading-order (LO) contribution to χnonloc;f is at the

4PN and 4PM levels (i.e., of order G4

c8 ). In view of the PN
and PM scalings of p∞ and 1

j recalled above, this means that

the LO contribution to χnonloc;f starts by a contribution

of order p4
∞
j4 . Beyond this order, we can [see Eq. (1.28),

which concerned χnonloc;h] write an expansion for χnonloc;f of
the type

1

2
χnonloc;fðp∞; j; νÞ ¼ ν

p4
∞

j4

�
A0ðp∞; νÞ þ

A1ðp∞; νÞ
p∞j

þA2ðp∞; νÞ
ðp∞jÞ2

þ � � �
�
; ð2:12Þ

where A0ðp∞; νÞ, A1ðp∞; νÞ, A2ðp∞; νÞ, etc., are further
PN-expanded in powers of p∞. Namely,

A0ðp∞;νÞ¼AN
0 þη2A1PN

0 þη4A2PN
0 þ���;

A1ðp∞;νÞ¼AN
1 þη2A1PN

1 þη3A1.5PN
1 þη4A2PN

1 þ���;
A2ðp∞;νÞ¼AN

2 þη2A1PN
2 þη3A1.5PN

2 þη4A2PN
2 þ���: ð2:13Þ
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Here the label N (standing for Newtonian) denotes a term of
order p0

∞, modulo a lnp∞ correction, while the label 1PN
(respectively, 1.5PN or 2PN) denotes a term of order p2

∞
(respectively, p3

∞ or p4
∞), modulo lnp∞ corrections. [As

explained in the Introduction, ηð¼ 1Þ is used as a book-
keeping parameter for counting the fractional PN orders.]
As we shall see the 1.5PN fractional corrections come from
the 5.5PN nonlocal action, and only contribute at orders 1

j≥5

(i.e., G≥5). We recall that the powers of 1
j count the powers

of G, i.e., the PM order. It should also be noted that the
product p∞j in the denominators entering Eq. (2.12) scales
like c0, i.e., is of Newtonian order. Actually, at the
Newtonian level, the quantity

eN ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞j2
q

ð2:14Þ

measures the eccentricity of the hyperbolic trajectory of a
scattering motion. The PM expansion in powers of 1

j ∼ G
used in Eq. (2.12) is also a large-eccentricity expansion.
As already explained in the Introduction, the combined

PN and PM expansion of χnonloc;f , Eq. (2.12), will be
obtained by computing the various contributions to the
integrated nonlocal action,

Wnonloc;f
hyp ðp∞; j; νÞ ¼

Z
∞

−∞
dtHnonloc;fðtÞ; ð2:15Þ

and then by differentiating it with respect to j. We can
rewrite Eq. (1.10) (setting c ¼ 1) as

χnonloc;fðp∞; j; νÞ ¼
1

GM2ν

∂Wnonloc;f
hyp ðp∞; j; νÞ

∂j : ð2:16Þ

In the following, we shall use the shorthand notation3

hHnonloc;Xi∞ ≡
Z

∞

−∞
dtHnonloc;XðtÞ ð2:17Þ

for the various time-integrated contributions to the nonlocal
Hamiltonian (where X is a label for these contributions).
The total nonlocal potential Wnonloc;f

hyp ðp∞; j; νÞ ¼
hPX Hnonloc;Xi∞ is then decomposed as

Wnonloc;f
hyp ¼ Wtail;h þWtail;f−h þW5.5PN; ð2:18Þ

where

Wtail;h ≡ hH4þ5þ6PN
nonloc;h i∞;

Wtail;f−h ≡ hΔf−hHðtÞi∞;
W5.5PN ≡ hH5.5PN

nonloci∞: ð2:19Þ

For brevity, we used the label “tail” to denote the
(4þ 5þ 6PN) first-order tail contribution of Eq. (2.4),
which is proportional to GM

c3 . The second-order tail con-
tribution of Eq. (2.6) [which is proportional to ðGMc3 Þ2] is
simply denoted by the label 5.5PN because it will be
evaluated at this accuracy.
In the following sections, we shall successively compute

Wtail;h, Wtail;f−h, and W5.5PN. Of particular importance will
be to control the ν dependence of these quantities. As the
split fluxes F splitðt; t0Þ and Gsplitðt; t0Þ contain an overall
factor ν2 (coming from Iij ¼ μxhixji þ � � �, etc.), each
contribution to Wnonloc;f will contain an overall factor ν2.
(This applies also to Wtail;f−h whose role is to compensate
some terms in Wtail;h.) We then see from Eq. (2.16) that
χnonloc;f contains an overall factor ν1, which has been
factored out in Eq. (2.12). The ν dependence of the
coefficients Anðp∞; νÞ entering the large-eccentricity
expansion (2.13) will then be generated by the ν depend-
ence of the solution of the hyperbolic motion xiðtÞ inserted
in the computation of the (ν-dependent) multipole moments
IijðtÞ, etc.

III. COMPUTATION OF Wtail;h ≡ hH4 + 5 + 6PN
nonloc;h i∞

Let us start with the computation of the time integral of
H4þ5þ6PN

nonloc;h ðtÞ along a 2PN-accurate hyperboliclike motion
in harmonic coordinates. The time-split version of the
fractionally 2PN-accurate gravitational-wave energy flux
F split

2PNðt; t0Þ emitted by the system can be written as

F split
2PNðt; t0Þ ¼

G
c5

½Fsplit
I2

ðt; t0Þ þ η2Fsplit
I3;J2

ðt; t0Þ

þη4Fsplit
I4;J3

ðt; t0Þ�; ð3:1Þ

where

Fsplit
I2

ðt; t0Þ ¼ 1

5
Ið3Þab ðtÞIð3Þab ðt0Þ;

Fsplit
I3;J2

ðt; t0Þ ¼ 1

189
Ið4ÞabcðtÞIð4Þabcðt0Þ þ

16

45
Jð3Þab ðtÞJð3Þab ðt0Þ;

Fsplit
I4;J3

ðt; t0Þ ¼ 1

9072
Ið5ÞabcdðtÞIð5Þabcdðt0Þ

þ 1

84
Jð4ÞabcðtÞJð4Þabcðt0Þ: ð3:2Þ

Here η≡ 1=c and the superscript in parenthesis denotes
repeated time derivatives. The multipole moments IL, JL
denote here the values of the canonical moments ML, SL

3Beware of distinguishing the use of the notation h� � �i∞ for a
hyperbolic-motion integral from the use of h� � �i for denoting an
elliptic motion average.
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entering the PN-matched [68–72] multipolar-post-
Minkowskian formalism [73], when they are reexpressed
as explicit functionals of the instantaneous state of the
binary system. These multipole moments parametrize (in a
minimal, gauge-fixed way) the exterior gravitational field
(and therefore the relevant coupling between the system
and a long-wavelength external radiation field).

A. The 2PN-accurate n-polar moments

At the 2PN accuracy, we need the 2PN-accurate value of
the quadrupole moment expressed in terms of the material
source [74,75]. The other moments (the electric octupole
moment Iijk, electric hexadecapole moment, Iijkl, the
magnetic quadrupole moment, Jij, and the magnetic octu-
pole moment, Jijk) need only to be known at the 1PN
fractional accuracy [69,70,76]. They have the following
explicit expressions (in the c.m. harmonic coordinate
frame) [77]:

Iij ¼ C1xhiji þ C2vhiji þ C3xhivji;

Iijk ¼ B1xhijki þ B2xhijvki þ B3xhivjki;

Iijkl ¼ νMð1 − 3νÞxhijkli;
Jij ¼ D1Lhixji þD2Lhivji;

Jijk ¼ νMð1 − 3νÞLhixjki; ð3:3Þ

where the various coefficients (as well as the notation) have
been summarized in Table I. [See also Refs. [2,3]. A
misprint (v2 instead of v4) in the third line of C1 in Table I
of Ref. [3] is corrected here.]

B. The harmonic-coordinate quasi-Keplerian
parametrization of the hyperbolic motion

We need also to use the 2PN-accurate dynamics of a
binary system in harmonic coordinates [5,6], and the
corresponding quasi-Keplerian parametrization [78] of

the hyperbolic motion [79] (which we checked against
the 2PN equations of motion given in Ref. [80]):

r ¼ ārðer cosh v − 1Þ;
l ¼ n̄ðt − tPÞ ¼ et sinh v − vþ ftV þ gt sinV;

ϕ̄ ¼ ϕ − ϕP

K
¼ V þ fϕ sin 2V þ gϕ sin 3V: ð3:4Þ

Here, we use adimensionalized variables (and c ¼ 1),
notably r¼ rphys=ðGMÞ, t¼ rphys=ðGMÞ, while V ¼ VðvÞ
is given by

V ¼ 2 arctan

�
Ωeϕ tanh

v
2

�
; ð3:5Þ

with the notation

Ωeϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
eϕ þ 1

eϕ − 1

s
: ð3:6Þ

The 2PN-accurate expressions of the orbital parameters n̄,
ār, K, et; er; eϕ, ft; gt; fϕ; gϕ are given in Appendix A as
functions of the specific binding energy Ē≡
ðEtot −Mc2Þ=ðμc2Þ, Eq. (1.36), and of the dimensionless
angular momentum j ¼ cJ=ðGMμÞ, Eq. (1.37), of the
system, and in harmonic coordinates (modified harmonic
coordinates, according to the notation of Ref. [77]). Note
that, as discussed in Ref. [79], the analytic continuation
from the ellipticlike to the hyperboliclike case (namely
from Ē < 0 to Ē > 0) cannot be performed in as simple a
way at 2PN than at 1PN [81]. As a consequence, the orbital
parameters entering the hyperbolic-motion representation
(3.4) (notably n̄, et, ft, and gt) are not directly related to the
analytic continuation in Ē of the orbital parameters,
denoted in a similar way (namely n, et, ft and gt), entering
the elliptic-motion quasi-Keplerian representation.

TABLE I. Coefficients entering the multipolar moments (3.3) used in the 2PN flux. Here, xi and vi ≡ dxi
dt denote

the harmonic-coordinate relative center-of-mass position and velocity of a two-body system, whereas Li ≡ ϵijkxjvk.
We assume m1 ≤ m2.

C1 1þ η2½29
42
ð1 − 3νÞv2 − 1

7
ð5 − 8νÞ GMr �

þη4½GMr v2ð2021
756

− 5947
756

ν − 4833
756

ν2Þ þ G2M2

r2 ð355
252

− 953
126

νþ 337
252

ν2Þ
þv2ð253

504
− 1835

504
νþ 3545

504
ν2Þ þ GM

r _r2ð− 131
756

þ 907
756

ν − 1273
756

ν2Þ�
C2 η2r2f11

21
ð1 − 3νÞ þ η2½GMr ð106

27
− 335

189
ν − 985

189
ν2Þ þ v2ð 41

126
− 337

126
νþ 733

126
ν2Þ þ _r2ð 5

63
− 25

63
νþ 25

63
ν2Þ�g

C3 2η2r_rf− 2
7
þ 6

7
νþ η2½v2ð− 13

63
þ 101

63
ν − 209

63
ν2Þ þ GM

r ð− 155
108

þ 4057
756

νþ 209
108

ν2Þ�g
B1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p f−1þ η2½GMr ð5
6
− 13

6
νÞ þ v2ð− 5

6
þ 19

6
νÞ�g

B2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p ð1 − 2νÞη2r_r
B3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p ð1 − 2νÞη2r2
D1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p f−1þ η2½GMr ð− 27
14
− 15

7
νÞ þ v2ð− 13

28
þ 17

7
νÞ�g

D2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4ν

p
r_rð− 5

28
− 5

14
νÞη2
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C. Wtail;h along hyperbolic orbits:
Computational details

Consider the h-route nonlocal Hamiltonian in units
G ¼ 1 ¼ c

H4þ5þ6PN
nonloc;h ðtÞ ¼ −HtotPf2s=c

Z
∞

−∞

dt0

jt − t0jF
split
2PNðt; t0Þ

þ 2HtotF
split
2PNðt; tÞ ln

�
rh12ðtÞ
s

�
; ð3:7Þ

where F split
2PNðt; t0Þ was defined above. We need to compute

the integral of H4þ5þ6PN
nonloc;h ðtÞ along a 2PN-accurate hyper-

bolic motion:

Wtail;hðE; jÞ ¼
Z

∞

−∞
H4þ5þ6PN

nonloc;h ðtÞdt: ð3:8Þ

Following the decomposition, displayed in Eq. (3.7), of
H4þ5þ6PN

nonloc;h ðtÞ in two terms, we correspondingly decompose
Wtail;hðE; jÞ in two integrals, namely

Wtail;hðE; jÞ ¼ Wtail;h
1 ðE; jÞ þWtail;h

2 ðE; jÞ; ð3:9Þ

where

Wtail;h
1 ðE; jÞ≡ −Htot

Z
∞

−∞
dtPf2s=c

×
Z

∞

−∞

dt0

jt − t0jF
split
2PNðt; t0Þ; ð3:10Þ

while

Wtail;h
2 ðE; jÞ≡ 2Htot

Z
∞

−∞
dtF split

2PNðt; tÞ ln
�
rh12ðtÞ
s

�
: ð3:11Þ

Let us consider first the termWtail;h
1 . A crucial role is played

by the measure

dMðt;t0Þ ≡ dtdt0

jt − t0j : ð3:12Þ

In order to compute the double integral
Pf
R
dMðt;t0ÞF

split
2PNðt; t0Þ, it is useful to replace the integral

over t and t0 by an integral over the variables

T ≡ tanh
v
2
; T 0 ≡ tanh

v0

2
; ð3:13Þ

where v is the hyperbolic eccentric anomaly entering the
quasi-Keplerian parametrization of the 2PN hyperbolic
motion given above. This change of variables maps the
original integration domain ðt; t0Þ ∈ R ×R onto the com-
pact domain ðT; T 0Þ ∈ ½−1; 1� × ½−1; 1�. It also transforms

the singular line t ¼ t0 into T ¼ T 0, together with a trans-
formation of the constant cutoff jt0 − tj ¼ 2s=c implied by
the Pf operation into a corresponding T-dependent cutoff
(see below).
We succeeded in computing, with 2PN accuracy, the first

three terms in the large-eccentricity expansion of Wtail, i.e.,

Wtail;h
1 ¼ W1

tail;h LO þW1
tail;hNLO

þW1
tail;hNNLO þOðe−6r Þ; ð3:14Þ

where we used the fact that the leading order (LO) term
W1

tail;h LO starts at orderOðe−3r Þ (see below). At the LO, and
the next-to-leading order (NLO) in 1

er
(and 1

p∞j), both
integrals in T 0 (with Pf) and in T can be analytically
performed. At the next-to-next-to-leading order (NNLO) in
1
er
, we could explicitly write down the integrand to be

integrated, but we could only analytically compute part of
the integral, and we had to resort to numerical integration to
evaluate the rest. During the various computational steps
we keep as fundamental eccentricity er, but, at the end, we
express the final result in terms of an expansion in powers
of 1

p∞j [as in Eq. (2.13)]. Some details follow.
The 2PN-exact relation t vs T is given by

tphys

M
≡ t ¼ 2

n̄

�
et

T
ð1 − T2Þ − arctanhðTÞ

þ ft arctan ðΩeϕTÞþgt
ΩeϕT

1þΩ2
eϕT

2

�
; ð3:15Þ

with a corresponding expression for t0 vs T 0. One then
forms jt − t0j, whose eccentricity expansion reads

jt − t0j ¼ jT − T 0j 1þ TT 0

ð1 − T2Þð1 − T 02Þ ā
3=2
r er

×

�
2 − ð1þ 2νÞ η

2

ār
þ 8ν2 − 8ν − 1

4

η4

ā2r

�

×

�
1þ 1

er
P1 þ

1

e2r
P2 þO

�
1

e3r

��
; ð3:16Þ

with P1 and P2 of the form

P1 ¼ P10ðT; T 0Þ þ P12ðT; T 0Þ η
2

ār
þ P14ðT; T 0Þ η

4

ā2r
;

P2 ¼ P24ðT; T 0Þ η
4

ā2r
: ð3:17Þ

The coefficients PnmðT; T 0Þ entering P1 and P2 read
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P10ðT; T 0Þ ¼ −
ð1 − T 02Þð1 − T2Þ
ðTT 0 þ 1ÞðT − T 0ÞKðT; T

0Þ;

P12ðT; T 0Þ ¼ −
1

8

ð1 − T 02Þð1 − T2Þð12ν − 32Þ
ðTT 0 þ 1ÞðT − T 0Þ KðT; T 0Þ;

P14ðT; T 0Þ ¼ −
1

8

ð1 − T 02Þð1 − T2Þ
ðTT 0 þ 1ÞðT − T 0Þ ð3ν

2 − 29νÞKðT; T 0Þ þ 1

8

ð−15þ νÞνðTT 0 − 1Þð1 − T 02Þð1 − T2Þ
ð1þ T 02Þð1þ T2ÞðTT 0 þ 1Þ ;

P24ðT; T 0Þ ¼ −
3

2

ð1 − T 02Þð1 − T2Þð−5þ 2νÞ
ðTT 0 þ 1ÞðT − T 0Þ κðT; T 0Þ

−
1

8ð1þ T 02Þ2ð1þ T2Þ2 ð16 − 2ν2T2 þ ν2T4 − 2ν2T 02 þ ν2T 04 − 172νT2T 02

− 26νT2T 04 − 26νT4T 02 − 43νT4T 04 − 43νT4 − 4ν2TT 0 − 26νT 02

− 43νT 04 − 26νT2 þ 60νTT 0 þ 4ν2T3T 0 þ 4ν2TT 03 − 4ν2T3T 03 þ ν2 − 43νþ 64T2T 02

þ 32T2T 04 þ 32T4T 02 þ 16T4T 04 þ 32T2 þ 16T4 þ 32T 02 þ 16T 04 þ 4ν2T2T 02 − 2ν2T2T 04

− 2ν2T4T 02 þ ν2T4T 04 − 60νTT 03 − 60νT3T 0 þ 60νT3T 03Þ: ð3:18Þ

Here, we used the notation

κðT; T 0Þ≡ arctanðTÞ − arctanðT 0Þ;
KðT; T 0Þ≡ arctanhðTÞ − arctanhðT 0Þ: ð3:19Þ

These relations imply for the reexpression of the measure,
Eq. (3.12), in the T − T 0 plane,4

dMðT;T 0Þ ¼
1

jtðTÞ − t0ðT 0Þj
dt
dT

dt0

dT 0 dTdT
0; ð3:20Þ

the following (schematic) expression

dMðT;T 0Þ ¼ 2erā
3=2
r

�
1 −

1þ 2ν

2ār
η2 −

1þ 8ν − 8ν2

8ā2r
η4
�

×
ð1þ T 02Þð1þ T2ÞdTdT 0

ð1 − T 02Þð1 − T2Þð1þ TT 0ÞjT − T 0j

×

�
1þM1

er
þM2

e2r
þO

�
1

e3r

��
; ð3:21Þ

where we have explicitly shown only the LO contribution
in the large-eccentricity expansion. The NLO and NNLO
contributions [described by the coefficientsM1ðT; T 0; ν; ηÞ
and M2ðT; T 0; ν; ηÞ] have large expressions that we
do not explicitly display here. Let us simply note that
M1ðT; T 0; ν; ηÞ involves the function KðT; T 0Þ linearly,
while M2ðT; T 0; ν; ηÞ involves KðT; T 0Þ, K2ðT; T 0Þ and
κðT; T 0Þ [defined in Eq. (3.19)].
Similarly to the measure dMðT;T 0Þ, we expand, in the

following, many quantities in inverse powers of the

eccentricity er. For instance, the first three terms of the
large-eccentricity expansion of the 2PN-accurate split-flux
integrand F split

2PNðT; T 0Þ will be denoted as

F split
2PNðT; T 0Þ ¼ FLO

2PN þ FNLO
2PN þ FNNLO

2PN þ � � � : ð3:22Þ

In the following, we reserve the notation LO, NLO, NNLO
to the first three terms in expansion in e−1r . Note that each
term in this expansion is itself PN-expanded in powers of
η ¼ 1

c up to the 2PN fractional accuracy, so that we have
(for n ¼ 0, 1, 2)

FNnLO
2PN ¼ FNnLO

0 þ η2FNnLO
2 þ η4FNnLO

4 þOðη6Þ: ð3:23Þ

The LO term in the eccentricity expansion ofF split
2PNðT; T 0Þ is

of order e−4r . Therefore, the full structure of the double
expansion in η ¼ 1

c and in e−1r of the split-flux reads

F split
2PNðT; T 0Þ ¼

X2
k¼0

X6
m¼4

η2ke−mr F ð2k;−mÞ; ð3:24Þ

where k ¼ 0, 1, 2 counts the (fractional) PN order, while
m ¼ 4, 5, 6 indicates the eccentricity order. Let us note in
passing that the 1PN terms F ð2;−mÞ are linear in ν, while the
2PN ones F ð4;−mÞ are quadratic in ν.
The structure of the expansion coefficients F ð2k;−mÞ ≡

F ð2k;−mÞðT; T 0Þ is described in Table II. The explicit

expressions of the polynomials Pðn;−mÞ
N ðT; T 0Þ, appearing

as coefficients in Table II, are given in Table III for the
Newtonian-level case (n ¼ 0). All these polynomials are
either symmetric in T, T 0, or antisymmetric when they
appear multiplied by κðT; T 0Þ.

4Note that the measure dMðT;T 0Þ is a symmetric function of T
and T 0.
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Multiplying dMðT;T 0Þ and F 2PNðT; T 0Þ yields an inte-
grand that we denote as

dMðT;T 0ÞF
split
2PNðT; T 0Þ ¼ GðT; T 0Þ dTdT 0

jT − T 0j ; ð3:25Þ

where the (2PN-accurate) function GðT; T 0Þ is expanded
only up to the (fractional) second order in e−1r , say

GðT; T 0Þ ¼ GLOðT; T 0Þ þ GNLOðT; T 0Þ
þ GNNLOðT; T 0Þ þ � � � : ð3:26Þ

As before, the notation LO, NLO, NNLO refers to the
expansion in powers of e−1r (starting at order e−3r and
extending up to order e−5r ).
The function GðT; T 0Þ [which should not be confused with

the time-split function entering Eq. (2.6)] is symmetric in T
and T 0. In addition, we recall that each term in Eq. (3.26) is
itself PN-expanded with fractional 2PN accuracy, so
that GNn LO ¼ GNn LO

0 þ η2GNn LO
2 þ η4GNn LO

4 þOðη6Þ.
The original integral was singular at t ¼ t0, i.e., along the

bisecting line of the t − t0 plane. This singular line becomes
the bisecting line in the plane T − T 0, but endowed with a
T-dependent slit, which is identified from the relation
dT ¼ fðTÞdt. Here, the Jacobian fðTÞ ¼ dT=dt admits

TABLE II. Structure of the terms F ðn;−mÞ ≡ F ðηn;e−mr Þ entering the large-eccentricity expansion of the 2PN-

accurate harmonic coordinate flux, Eq. (3.24). Here, Pðn;−mÞ
N ðT; T 0Þ denotes an N-degree polynomial in T and T 0

entering F ðn;−mÞ.

F ð0;−4Þ 32
15
ν2 ð1−T2Þ2ð1−T 02Þ2

ā5rð1þT2Þ5ð1þT 02Þ5 P
ð0;−4Þ
12 ðT; T 0Þ

F ð0;−5Þ − 64
5
ν2 ð1−T2Þ2ð1−T 02Þ2

ā5rð1þT2Þ6ð1þT 02Þ6 ½ðTT 0Þ2 − 1�Pð0;−5Þ
12 ðT; T 0Þ

F ð0;−6Þ 32
5
ν2 ð1−T2Þ2ð1−T 02Þ2

ā5rð1þT2Þ7ð1þT 02Þ7 P
ð0;−6Þ
20 ðT; T 0Þ

F ð2;−4Þ − 2
105

ν2 ð1−T2Þ2ð1−T 02Þ2
ā6rð1þT2Þ7ð1þT 02Þ7 P

ð2;−4Þ
20 ðT; T 0Þ

F ð2;−5Þ 16
105

ν2 ð1−T2Þ2ð1−T 02Þ2
ā6r ð1þT2Þ8ð1þT 02Þ8 P

ð2;−5Þ
24 ðT; T 0Þ

F ð2;−6Þ − 4
105

ν2 ð1−T2Þ2ð1−T 02Þ2
ā6rð1þT2Þ9ð1þT 02Þ9 ½P

ð2;−6Þ
27 ðT; T 0ÞκðT; T 0Þ þ Pð2;−6Þ

28 ðT; T 0Þ�
F ð4;−4Þ − 4

315
ν2 ð1−T2Þ2ð1−T 02Þ2

ā7rð1þT2Þ9ð1þT 02Þ9 P
ð4;−4Þ
26 ðT; T 0Þ

F ð4;−5Þ 8
945

ν2 ð1−T2Þ2ð1−T 02Þ2
ā7r ð1þT 02Þ10ð1þT2Þ10 P

ð4;−5Þ
32 ðT; T 0Þ

F ð4;−6Þ 2
2835

ν2 ð1−T2Þ2ð1−T 02Þ2
ā7r ð1þT2Þ11ð1þT 02Þ11 ½P

ð4;−6Þ
35 ðT; T 0ÞκðT; T 0Þ þ Pð4;−6Þ

36 ðT; T 0Þ�

TABLE III. Explicit expressions of the various polynomials Pðn;−mÞ
N ðT; T 0Þ parametrizing the structure displayed in Table II in the

Newtonian limit n ¼ 0. We have checked the symmetry property of these polynomials when exchanging T and T 0.

Pð0;−4Þ
12 ðT; T 0Þ sym ð−3 − 15T 04 þ 3T 06 þ 15T 02ÞT6 þ ð37T 05 þ 37T 0 − 52T 03ÞT5 þ ð−75T 02 − 15T 06 þ 15þ 75T 04ÞT4

þð−52T 0 − 52T 05 þ 76T 03ÞT3 þ ð75T 02 − 75T 04 − 15þ 15T 06ÞT2 þ ð37T 05 þ 37T 0 − 52T 03ÞT
þ3 − 15T 02 þ 15T 04 − 3T 06

Pð0;−5Þ
12 ðT; T 0Þ sym ð−10 − 22T 04 þ 3T 06 þ 25T 02ÞT6 þ ð−90T 03 þ 51T 05 þ 69T 0ÞT5 þ ð−122T 02 − 22T 06 þ 25þ 131T 04ÞT4

þð−90T 0 − 90T 05 þ 120T 03ÞT3 þ ð131T 02 − 122T 04 − 22þ 25T 06ÞT2 þ ð69T 05 þ 51T 0 − 90T 03ÞT
þ3 − 22T 02 þ 25T 04 − 10T 06

Pð0;−6Þ
20 ðT; T 0Þ sym ð20T 010 − 2þ 26T 02 − 182T 04 þ 290T 06 − 200T 08ÞT10

þð−128T 03 þ 21T 0 − 1024T 07 þ 904T 05 þ 443T 09ÞT9

þð−910T 06 þ 262T 02 þ 1420T 08 − 200T 010 þ 26 − 134T 04ÞT8

þð−1024T 09 − 128T 0 þ 1120T 05 − 1700T 03 þ 228T 07ÞT7

þð−134T 02 − 910T 08 þ 2388T 04 − 1740T 06 − 182þ 290T 010ÞT6

þð904T 09 þ 1120T 07 − 1728T 05 þ 1120T 03 þ 904T 0ÞT5

þð−182T 010 þ 2388T 06 − 134T 08 − 1740T 04 − 910T 02 þ 290ÞT4

þð−1024T 0 þ 1120T 05 − 128T 09 þ 228T 03 − 1700T 07ÞT3

þð−200 − 134T 06 þ 262T 08 þ 1420T 02 − 910T 04 þ 26T 010ÞT2

þð904T 05 þ 21T 09 − 1024T 03 − 128T 07 þ 443T 0ÞT
þ20þ 290T 04 − 182T 06 − 200T 02 þ 26T 08 − 2T 010

SIXTH POST-NEWTONIAN NONLOCAL-IN-TIME DYNAMICS OF … PHYS. REV. D 102, 084047 (2020)

084047-11



also an expansion in powers of e−1r , say fðTÞ ¼
fLOðTÞ þ fNLOðTÞ þ fNNLOðTÞ þOðe−4r Þ, where, for
example, the LO term in the expansion in e−1r reads

fLOðTÞ ¼ n̄
2er

ð1 − T2Þ2
1þ T2

: ð3:27Þ

Note that, because of our use of the quasi-Keplerian
representation, this Newtonian-looking Oðe−1r Þ expression
is PN exact. The fractional PN corrections only enter the
higher-order corrections in e−1r .
As explained in Ref. [2], when considering the partie-

finie integral giving the first partWtail;h
1 ofWtail;h, Eq. (3.9),

the width of the slit around the bisecting line T ¼ T 0
defined by the partie-finie procedure is dT ¼ fðTÞϵ where
ϵ is initially considered as being infinitesimal, before
replacing it by the finite value 2s=c at the end. This leads
to the following partie-finie integral

IðTÞ¼Pf2sfðTÞ=c

Z
1

−1
dT 0 GðT;T 0Þ

j−T 0 þTj
¼
Z

1

−1
dT 0GðT;T 0Þ−GðT;TÞ

j−T 0 þTj

þGðT;TÞ
�Z

T−ϵfðTÞ

−1

dT 0

T−T 0 þ
Z

1

TþϵfðTÞ

dT 0

T 0−T

�
ϵ↦2s=c

:

ð3:28Þ

Defining

qðT; T 0Þ ¼ GðT; T 0Þ − GðT; TÞ; ð3:29Þ

the above expression can be rewritten as

IðTÞ ¼
Z

1

−1
dT 0 qðT; T 0Þ

j − T 0 þ Tj

þ GðT; TÞ ln
�
1 − T2

ϵ2f2ðTÞ
�
; ð3:30Þ

where ϵ ¼ 2s=c. Note that qðT; T 0Þ is not [contrary to
GðT; T 0Þ] a symmetric function of T and T 0. As we are
going to integrate IðTÞ over a ðT; T 0Þ-symmetric domain,
one could replace qðT; T 0Þ by its symmetric part.
Further integration in T gives

J ≡
Z

1

−1
IðTÞdT

¼
Z

1

−1
dT

Z
1

−1
dT 0 qðT; T 0Þ

j − T 0 þ Tj − 2 ln

�
2s
c

�Z
1

−1
dTGðT; TÞ

þ
Z

1

−1
dTGðT; TÞ ln

�
1 − T2

f2ðTÞ
�
: ð3:31Þ

So far, we only discussed the first term Wtail;h
1 in Wtail.

The second term is easier to evaluate because it is given by
a simple integral, namely (using as above G ¼ 1 ¼ c)

Wtail;h
2 ¼ 2Htot

Z þ∞

−∞
dtF split

2PNðt; tÞ ln
�
rh12ðtÞ
s

�
: ð3:32Þ

Again, we use the quasi-Keplerian representation of the
hyperbolic motion, and therefore replace the integration
with respect to t by an integration with respect to T, using
the explicit functional link t ¼ FðTÞ given in Eq. (3.15).
Because of the presence of the logarithm of rh12ðtÞ, the

integral Wtail;h
2 , Eq. (3.32), cannot be computed as an exact

function of the energy and angular momentum. However,
like Wtail;h

1 , one can compute the first three terms in its
expansion in powers of e−1r , i.e.,

Wtail;h
2 ¼ W2

tail;h LO þW2
tail;hNLO

þW2
tail;hNNLO þOðe−6r Þ: ð3:33Þ

The LO term W2
tail;h LO starts at order Oðe−3r Þ.

In the next subsection we illustrate the results of the
computation of Wtail;h.

D. Value of Wtail;h up to the NNLO in e − 1r
and at the fractional 2PN accuracy

Let us recap the methodology used in the present section.
We have been considering the time integral of the first-
order-tail harmonic, nonlocal Hamiltonian,

Wtail;h ¼
Z þ∞

−∞
dtH4þ5þ6PN

nonloc;h ðtÞ

¼ Wtail;h
1 þWtail;h

2 ; ð3:34Þ

where the decomposition in the two contributions, Wtail;h
1

and Wtail;h
2 was defined in Eqs. (3.9)–(3.11).

Using the quasi-Keplerian representation of the hyper-
bolic motion, we could compute the first three terms in the
large-er expansion of Wtail;h, say

Wtail;h ¼ Wtail;hLO þWtail;hNLO

þWtail;hNNLO þOðe−6r Þ; ð3:35Þ

where each contribution,Wtail;hNn LO, is itself computed as a
fractionally 2PN-accurate expression:

Wtail;hNn LO ¼ Wtail;hNn LO
η0

þ η2Wtail;hNn LO
η2

þWtail;hNn LO
η4

þOðη6Þ: ð3:36Þ

The 2PN-accurate values of the two contributions to
Wtail;h at the LO in e−1r are easily computed. They read,
respectively,
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Wtail;hLO
1 ¼ 2

15

πMν2

e3r ā
7=2
r

Htot

�
100þ 37 ln

�
s

4erā
3=2
r

�
þ
�
685

4
−
1017

14
νþ

�
3429

56
−
37

2
ν

�
ln

�
s

4erā
3=2
r

��
η2

ār

þ
�
3656939

8064
−
18181

72
νþ 235453

4032
ν2 þ

�
114101

672
−
7055

112
νþ 111

8
ν2
�
ln

�
s

4erā
3=2
r

��
η4

ā2r

�
; ð3:37Þ

and

Wtail;hLO
2 ¼ 2

15

πMν2

e3r ā
7=2
r

Htot

�
−
85

4
− 37 ln

�
s

2erār

�
þ
�
−
9679

224
þ 981

56
νþ

�
−
3429

56
þ 37

2
ν

�
ln

�
s

2erār

��
η2

ār

þ
�
−
1830565

16128
þ 54899

1152
ν −

29969

4032
ν2 þ

�
−
114101

672
þ 7055

112
ν −

111

8
ν2
�
ln

�
s

2erār

��
η4

ā2r

�
: ð3:38Þ

It is easily seen that the intermediate scale s cancels between the two contributions. The same will hold at the NLO and
NNLO levels.
The extension of these results to the NLO level is significantly more involved (especially for the 1PN and 2PN

corrections). In fact, though the first integration over T 0 in the split-flux integrals is found to be relatively straightforward [in
spite of the presence of the transcendental functions KðT; T 0Þ and κðT; T 0Þ, Eq. (3.19)], the subsequent integration over T is
significantly more difficult because of the presence of polylogarithmic functions. However, we have been able to
analytically compute the 2PN-accurate NLO value of Wtail;h

1 . The 2PN-accurate NLO values of Wtail;h
1 and Wtail;h

2 read,
respectively,

Wtail;hNLO
1 ¼ 2

15

Mν2

e4r ā
7=2
r

Htot

�
2224

9
þ 1568

3
ln

�
4s

erā
3=2
r

�
þ
�
−
28072

225
−
38872

63
νþ

�
944

105
−
1136

3
ν

�
ln

�
4s

erā
3=2
r

��
η2

ār

þ
�
−
67489874

77175
−
3115726

3675
νþ 165086

315
ν2 þ

�
419036

735
−
3244

7
νþ 764

3
ν2
�
ln

�
4s

erā
3=2
r

��
η4

ā2r

�
; ð3:39Þ

and

Wtail;hNLO
2 ¼ 2

15

Mν2

e4r ā
7=2
r

Htot

�
2768

9
−
1568

3
ln

�
2s
erār

�
þ
�
−
64904

225
−
5992

45
νþ

�
−
944

105
þ 1136

3
ν

�
ln

�
2s
erār

��
η2

ār

þ
�
−
2925494

77175
−
542014

2205
νþ 145498

735
ν2 þ

�
−
419036

735
þ 3244

7
ν −

764

3
ν2
�
ln

�
2s
erār

��
η4

ā2r

�
: ð3:40Þ

By contrast, at the NNLO level, we encountered integrals of the type

Z
1

−1
dT

Z
1

−1

dT 0

jT − T 0j ½f2ðT; T
0ÞK2ðT; T 0Þ þ f1ðT; T 0ÞKðT; T 0Þ þ f0ðT; T 0Þ�; ð3:41Þ

where KðT; T 0Þ is defined in Eq. (3.19), and where the fjðT; T 0Þ are rather complicated rational functions of T and T 0.
For instance, even at the Newtonian level (i.e., the lowest order in η) we had to deal with the integrand qNðT; T 0Þ ¼
fN2 ðT; T 0ÞK2ðT; T 0Þ þ fN1 ðT; T 0ÞKðT; T 0Þ þ fN0 ðT; T 0Þwith rational coefficients fN2 ðT; T 0Þ, fN1 ðT; T 0Þ and fN0 ðT; T 0Þ given by

fN2 ðT; T 0Þ ¼ 64

15

ð1 − T 02Þ3ð1 − T2Þ3
ð1þ T2Þ4ð1þ T 02Þ4ðT − T 0Þ2ðTT 0 þ 1Þ3 P

f2
10ðT; T 0Þ;

fN1 ðT; T 0Þ ¼ −
128

15

ð1 − T2Þ2ð1 − T 02Þ2ðTT 0 − 1Þ
ð1þ T 02Þ5ð1þ T2Þ5ðT − T 0ÞðTT 0 þ 1ÞP

f1
12ðT; T 0Þ;

fN0 ðT; T 0Þ ¼ −
64

15

ð1 − T2Þ
ð1þ T 02Þ6ð1þ T2Þ7ðTT 0 þ 1ÞP

f0
24ðT; T 0Þ; ð3:42Þ
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where the polynomials Pf2
10ðT; T 0Þ, Pf1

12ðT; T 0Þ, and Pf0
24ðT; T 0Þ are displayed in Table IV. We had to resort to numerical

integration to evaluate some terms.
Our final results for the 2PN-accurate NNLO values of Wtail;h

1 and Wtail;h
2 read, respectively,

Wtail;hNNLO
1 ¼ 2

15

πMν2

e5r ā
7=2
r

Htot

�
5997

8
þ 2529

4
lnð2Þ − 15

2
c00 þ

843

2
ln

�
s

4erā
3=2
r

�

þ
�
−
400845

448
−
200997

224
lnð2Þ − 15

2
c20 þ

�
−
51711

112
−
5481

8
lnð2Þ − 15

2
c21

�
ν

þ
�
−
66999

112
−
1827

4
ν

�
ln

�
s

4erā
3=2
r

��
η2

ār

þ
�
−
165424487

96768
−
442237

896
lnð2Þ − 15

2
c40 þ

�
22110289

16128
þ 86205

64
lnð2Þ − 15

2
c41

�
ν

þ
�
−
321757

896
þ 13491

32
lnð2Þ − 15

2
c42

�
ν2 þ

�
−
442237

1344
þ 28735

32
νþ 4497

16
ν2
�
ln

�
s

4erā
3=2
r

��
η4

ā2r

�
; ð3:43Þ

and

Wtail;hNNLO
2 ¼ 2

15

πMν2

e5r ā
7=2
r

Htot

�
−
3419

8
−
843

2
ln

�
s

2erār

�

þ
�
103645

448
þ 56559

112
νþ

�
66999

112
þ 1827

4
ν

�
ln

�
s

2erār

��
η2

ār

þ
�
2467109

13824
−
3706175

5376
ν −

1577635

8064
ν2 þ

�
442237

1344
−
28735

32
ν −

4497

16
ν2
�
ln

�
s

2erār

��
η4

ā2r

�
: ð3:44Þ

The coefficients c00, c20, c21, c40, c41, and c42 entering Wtail;hNNLO
1 have been numerically computed. Our estimates of

their values are listed in Table V. From some numerical studies (increasing the working precision used in the computation),
and by comparing with the exact values of c00 and c21 given below, we estimate that the latter values have an absolute
numerical error of order 1 × 10−8. We accordingly cite eight digits after the decimal point.

TABLE IV. Polynomial expressions entering the Newtonian level integral of Eq. (3.42).

Pf2
10ðT; T 0Þ 3 − 15T2 þ 15T4 − 3T6 − 15T 02 þ 15T 04 − 3T 06 þ 37TT 0 þ 75T4T 04 − 15T6T 04 − 75T 04T2 þ 15T 06T2

−75T4T 02 þ 75T 02T2 − 15T4T 06 þ 3T6T 06 þ 76T3T 03 − 52T3T 0 − 52T5T 03 þ 15T6T 02 þ 37T5T 0 þ 37T5T 05
−52T 03T − 52T3T 05 þ 37T 05T�

Pf1
12ðT; T 0Þ 6 − 51T2 þ 60T4 − 27T6 − 51T 02 þ 60T 04 − 27T 06 þ 116TT 0 þ 318T4T 04 − 51T6T 04 − 291T 04T2

þ60T 06T2 − 291T4T 02 þ 318T 02T2 − 51T4T 06 þ 6T6T 06 þ 284T3T 03 − 218T3T 0 − 218T5T 03 þ 60T6T 02

þ170T5T 0 þ 116T5T 05 − 218T 03T − 218T3T 05 þ 170T 05T

Pf0
24ðT; T 0Þ 15 − 411T7T 013 þ 411T5T 013 − 207T3T 013 þ 42TT 013 þ 207T9T 013 − 42T11T 013 þ 117T2

þ180T4 − 579T6 þ 558T8 þ 630T 02 − 303T 04 þ 1836T 06 þ 153T 08 − 712TT 0 þ 12636T4T 04 − 9357T6T 04

þ651T 04T2 − 4836T 06T2 þ 1716T4T 02 − 4050T 02T2 − 1920T4T 06 − 8220T6T 06 − 4365T2T 08

þ10356T 08T4 − 2973T 08T6 − 1086T 04T8 þ 14280T 06T8 þ 432T 02T8 − 3366T8T 08

þ60T 012T4 þ 438T8T 012 þ 27T12T 012 − 102T10 þ 3T12 þ 318T 010 þ 39T 012 − 147T2T 012 − 243T 012T6

−366T 012T10 þ 630T10T 04 þ 106T11T 03 þ 4788T9T 03 − 68T11T 0 þ 513T9T 0 þ 272T 09T − 6157T7T 05
−12292T7T 07 − 876T 02T10 − 144T 06T10 þ 2556T 010T10 − 4650T 010T6 − 618T 010T2 þ 3056T 07T þ 326T7T 03
−1963T7T 0 − 66T12T 02 þ 477T12T 04 − 4911T9T 05 − 2846T11T 05 − 3181T7T 09 − 4386T10T 08 þ 1992T8T 010

þ2895T9T 09 þ 9804T9T 07 þ 933T12T 08 − 3428T11T 09 þ 3088T11T 07 − 996T12T 06 − 2626T7T 011 − 48T9T 011
−378T12T 010 þ 502T11T 011 þ 278T 011T þ 8212T5T 07 þ 3876T3T 07 þ 3276T4T 010 þ 3373T5T 09

−6651T3T 09 þ 4018T5T 011 − 1548T3T 011 − 1032T3T 03 þ 1083T3T 0 − 518T5T 03 − 282T6T 02 þ 571T5T 0

þ10237T5T 05 þ 3050T 03T − 8769T3T 05 − 3298T 05T
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E. Computation of Wtail;h(E; j) in the
frequency domain

So far, we have discussed the direct time-domain
approach to the computation of the integrated tail action
Wtail;hNNLO. It was shown in Ref. [52] that Wtail;h has a
simple expression in the frequency-domain. Let us now
briefly discuss the method we used to tackle, in parallel, the
computation of Wtail;hðE; jÞ in the frequency domain. The
use of this method allowed us to go beyond the results
obtained by the direct time-domain approach presented in
the previous subsection. In particular, we succeeded in
analytically computing two of the NNLO integrals entering
Wtail;hNNLO

1 (namely c00 and c21) by working in the
frequency domain, while we could not compute them in
the time domain. There remain four other integrals (one at
the 1PN level, and three at the 2PN level) inWtail;hNNLO

1 that
we were still unable to compute analytically.
Let us start by presenting the analytical values we

obtained for the two parameters c00 and c21, which could
only be numerically estimated in the time domain, but
which could be obtained in the frequency domain. Namely,

c00 ¼
1039

60
þ 843

10
lnð2Þ − 2079

20
ζð3Þ

¼ −49.2048410955697697167634473834… ð3:45Þ

and

c21 ¼ −
1827

20
lnð2Þ þ 21867

280
þ 612

5
ζð3Þ

¼ 161.909198574011907946235225245… : ð3:46Þ

Note the remarkable presence of ζð3Þ in these expressions.
These analytical results are in agreement (within
�1 × 10−8) with the numerical ones listed in Table V.
Let us now sketch our frequency-domain approach,

relegating most details to Appendixes B and C. We recall
that the tail potentialWtail;hðE; jÞ, Eq. (3.8), computed along
hyperbolic motion, can be split into two terms, Eq. (3.9),
namelyWtail;h

1 ðE; jÞ, Eq. (3.10), andWtail;h
2 ðE; jÞ, Eq. (3.11).

Both Wtail;h
1 ðE; jÞ and Wtail;h

2 ðE; jÞ can be evaluated in the
frequency domain, after Fourier-transforming the various

multipolar moments. This frequency-domain approach turns
out to be more convenient in the case ofWtail;h

1 ðE; jÞ because
the logarithmic term in Wtail;h

2 ðE; jÞ complicates matters.
The first step is to Fourier transform5 the multipolar

moments. For example,

IabðtÞ ¼
Z

dω
2π

e−iωtÎabðωÞ; ð3:47Þ

where

ÎabðωÞ ¼
Z

dt
dv

eiωtðvÞIabðtÞjt¼tðvÞdv; ð3:48Þ

with the associated PN expansion

ÎabðωÞ¼ ÎNabðωÞþη2Î1PNab ðωÞþη4Î2PNab ðωÞþOðη6Þ: ð3:49Þ

The PN expansion6 of the exponential term eiωtðvÞ gives

eiωtðvÞ ¼ eq sinh v−pvð1þ b2η2 þ b4η4Þ; ð3:50Þ

where

u≡ ωerā
3=2
r ; q≡ iu; p≡ q

er
¼ i

u
er

; ð3:51Þ

and

b2 ¼ −
iω

ffiffiffiffiffi
ār

p
2

½ð2νþ 1Þer sinh vþ ðν − 9Þv�;

b4 ¼
iω

8ðe2r − 1Þ ffiffiffiffiffi
ār

p

×

�
b40 þ b41 arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffi
er − 1

er þ 1

s
tanh

v
2

��
; ð3:52Þ

with

b40 ¼ ðe2r − 1Þ
�
−4i

ffiffiffiffiffi
ār

p
ω

b22 þ vðν2 þ 11ν − 15Þ

− νðν − 15Þer
sinh v

er cosh v − 1

�
þ 12vð4 − 7νÞ

þ 8er

��
ν2 − ν −

1

8

�
e2r − ν2 þ 9

2
ν −

15

8

�
sinh v;

b41 ¼ −48
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

q �
ν −

5

2

�
: ð3:53Þ

Moreover,

TABLE V. Detailed results from numerical integration. See,
however, below for the exact values of c00 and c21.

Coefficient Numerical value

c00 −49.20484109
c20 þ115.95128578
c21 þ161.90919858
c40 þ22.31105671
c41 −116.85535736
c42 −209.81006553

5In the following, we use GM ¼ 1, i.e., we work with
GM-rescaled time and frequency variables.

6We take er and ār, defined in Table II, as fundamental
variables.
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dt
dv

¼ ðer cosh v − 1Þā3=2r þ c2η2 þ c4η4; ð3:54Þ

with

c2 ¼ −
1

2

ffiffiffiffiffi
ār

p ½ð2νþ 1Þer cosh vþ ν − 9�;

c4 ¼
1

8
ffiffiffiffiffi
ār

p
�
ν2 þ 11ν − 15 − er cosh vð1þ 8ν − 8ν2Þ

− 4
4 − 7ν

e2r − 1
ðer cosh v − 3Þ þ ν2 − 39νþ 60

er cosh v − 1

þ νð15 − νÞðe2r − 1Þ
ðer cosh v − 1Þ2

�
: ð3:55Þ

The computation is done by using the integral representa-
tion of the Hankel functions of the first kind of order p and
argument q [with Eqs. (3.51)]

Hð1Þ
p ðqÞ ¼ 1

iπ

Z
∞

−∞
eq sinh v−pvdv: ð3:56Þ

As the argument q ¼ iu of the Hankel function is purely
imaginary, the Hankel function becomes converted into a
Bessel K function, according to the relation

Hð1Þ
p ðiuÞ ¼ 2

π
e−i

π
2
ðpþ1ÞKpðuÞ: ð3:57Þ

Note that the order p ¼ iu=er of the Bessel functions is
purely imaginary, and proportional to the (frequency-
dependent) argument u ¼ ωerā

3=2
r . However, the order

p tends to zero when er → ∞, which allows some integrals
to be explicitly computed when performing a large-
eccentricity expansion.
Actually, the computation gives rise to several Bessel

functions having the same argument u but various orders
differing by integers. However, standard identities valid for
Bessel functions allows one to reduce the orders to either p
or pþ 1. When taking the large-eccentricity expansion,
one then expands with respect to the order of the Bessel
functions. This gives rise, at LO, to K0ðuÞ, and K1ðuÞ, and
at NLO and NNLO to derivatives of K0ðuÞ, and K1ðuÞ with
respect to their orders. Such an expansion is explicitly
shown below in Eqs. (B12), while studying the Newtonian
limit, and several useful relations are listed in Appendix B.
Using (γ ¼ 0.577215…)

PfT

Z
∞

0

dτ
cosωτ

τ
¼ − lnðjωjTeγÞ; ð3:58Þ

we find (see Sec. V of Ref. [52] for details)

Wtail;h
1 ðE; jÞ ¼ G2Htot

πc5
2ν2

Z
∞

0

dωKðωÞ ln
�
ω
2s
c
eγ
�
;

ð3:59Þ

where

KðωÞ ¼ 1

5
ω6jÎabðωÞj2

þ η2
�
ω8

189
jÎabcðωÞj2 þ

16

45
ω6jĴabðωÞj2

�

þ η4
�
ω10

9072
jÎabcdðωÞj2 þ

ω8

84
jĴabcðωÞj2

�
: ð3:60Þ

Here, the frequency-domain multipole moments are also
given in a PN-expanded form, e.g.,

ÎabðωÞ ¼ ÎNabðωÞ þ η2Î1PNab ðωÞ þ η4Î2PNab ðωÞ
þOðη6Þ: ð3:61Þ

The expression, Eq. (3.59), for Wtail;h
1 ðE; jÞ is closely

related to the total energy flux emitted during the scattering
process

ΔEGW ¼ G2Htot

πc5
ν2

Z
∞

0

dωKðωÞ: ð3:62Þ

However, it crucially differs from it by the presence of the
logarithmic term ln ðω 2s

c e
γÞ, which is characteristic of the

tail in the frequency domain [82].
It is convenient to replace the integration over the

frequency ω by an integration over the variable u, using

ω ¼ u

erā
3=2
r

: ð3:63Þ

The result is the following

Wtail;h
1 ðE; jÞ ¼ G2Htot

πc5
2ν2

erā
3=2
r

Z
∞

0

duKðuÞ ln ðuαÞ; ð3:64Þ

with

KðuÞ ¼ KðωÞjω¼u=ðerā3=2r Þ; ð3:65Þ

and

α ¼ 2s

cerā
3=2
r

eγ: ð3:66Þ

The integral in Eq. (3.64) requires special care to
be performed, even in the Newtonian limit7 where

7At the Newtonian level, η → 0, all eccentricities agree:
et ¼ er ¼ eϕ ¼ e. However, we will continue to denote the
eccentricity as er to avoid confusion with the exponentials.
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½KðωÞ�η¼0 ¼ 1

5
ω6jÎNabðωÞj2: ð3:67Þ

In the Newtonian limit, η → 0, we have (in units
of G ¼ c ¼ 1, but putting back the appropriate power
of M)

Wtail;h;N
1 ðE;jÞ¼ 2

5

M2

π

ν2

e7r ā
21=2
r

Z
∞

0

duINðuÞ lnðuαÞ ð3:68Þ

with

INðuÞ≡ u6jÎNabðωÞj2jω¼u=ðerā3=2r Þ: ð3:69Þ

At this Newtonian level, INðuÞ can be given a very
compact form in terms of Bessel KνðuÞ functions

INðuÞ ¼
64ν2

p4
ā7ru2e−ipπ½AK2

pþ1ðuÞ

þ BKpðuÞKpþ1ðuÞ þ CK2
pðuÞ�; ð3:70Þ

where p ¼ iu=er and

A ¼ u2

2
ðp2 þ u2Þðp2 þ u2 þ 1Þ;

B ¼ −uðp2 þ u2Þ
��

p −
3

2

�
u2 þ pðp − 1Þ2

�
;

C ¼ u6

2
þ
�
2p2 −

3

2
pþ 1

6

�
u4 þ

�
5

2
p2 −

7

2
pþ 1

�
p2u2

þ p4ðp − 1Þ2: ð3:71Þ

Indeed, Eq. (3.70) implies that INðuÞ is quadratic inKpðuÞ,
and Kpþ1ðuÞ. Furthermore, p is purely imaginary and
enters both the coefficients A, B, C and the order of the
Bessel K functions.
However, even at this Newtonian order, the integration

variable (u) appears both in the argument (u) and in
the order (p ¼ iu=er) of the Bessel functions. The com-
putation proceeds then by expanding the integrand in the
large eccentricity limit, with the useful consequence of
removing, at leading order in 1

er
, the u dependence from the

orders of the Bessel functions, reducing them either to 0 or
to 1. At the NLO in 1

er
, there appears the first derivative of

KνðuÞ with respect to the order ν, around the two values
ν ¼ 0 and ν ¼ 1. Luckily, these first derivatives can be
explicitly computed, namely [see Eqs. (9.1.66)–(9.1.68) of
Ref. [83] ]

∂KνðuÞ
∂ν

				
ν¼0

¼ 0;
∂KνðuÞ
∂ν

				
ν¼1

¼ 1

u
K0ðuÞ: ð3:72Þ

However, at the NNLO in the 1
er
expansion, there appears

the second derivative of KνðuÞ with respect to the order ν.
Though there exist explicit representations for the latter
(see Appendix B), they introduce a level of complexity
which did not allow us to fully compute the NNLO
expansion of Wtail;h;N

1 ðE; jÞ, even at the presently discussed
Newtonian level, η → 0.
When going beyond the Newtonian level, the Fourier

transforms

eq sinh v−ðpþkÞv → 2e−i
π
2
ðpþkÞKpþkðuÞ ð3:73Þ

become replaced by Fourier transforms of vneq sinh v−ðpþkÞv

and eq sinh v−ðpþkÞvVðvÞ. The Fourier transforms of
vneq sinh v−ðpþkÞv lead to integrands involving

vneqsinh v−ðpþkÞv → 2ð−1Þn ∂n

∂pn ½e−i
π
2
ðpþkÞKpþkðuÞ�; ð3:74Þ

while the Fourier transforms of the terms eq sinh v−ðpþkÞvVðvÞ
would require one towork with the large-er expansion of the
V term [see Eq. (3.5)], i.e.,

VðvÞ ¼ 2 arctan

�
tanh

v
2

�

þ 1

er
tanhvþ sinh v

e2r cosh2 v
þOðe−3r Þ: ð3:75Þ

Unfortunately, we did not find a way to replace the
first, arctan ðtanh v

2
Þ, term by some uniform expansion in v

that could be integrated term-by-term. Keeping it as is
complicates matters. In some cases, we could overcome this
new difficulty by exchanging the order of the v and u
integrations, i.e., by integrating with respect to u first. This
has allowedus to analytically compute someof the remaining
integrals.
More details on our computations are given in

Appendixes B and C. From the practical point of view,
the main outcome of the frequency-domain approach has
been the analytical results (3.45) and (3.46). In addition,
this allowed us to analytically compute the first two terms
in the large-eccentricity expansion of the 5.5PN integrated
action W5.5PN, as discussed below.

IV. FINAL RESULTS FOR THE H-ROUTE
TAIL CONTRIBUTION TO THE

SCATTERING ANGLE

The results discussed in the previous section are
intermediate results towards our real aim which is to
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compute the nonlocal scattering angle as a function of
energy and angular momentum: χnonloc;fðp∞; j; νÞ. In view
of Eq. (2.16), the knowledge of χnonloc;fðp∞; j; νÞ is
equivalent to the knowledge of the integrated nonlocal
Hamiltonian, Wnonloc;f

hyp as a function of energy and angular
momentum. The total nonlocal potential Wnonloc

hyp ðp∞; j; νÞ
was decomposed in Eq. (2.18) into three terms,

Wnonloc
hyp ðp∞; j; νÞ ¼ Wtail;h þWtail;f−h þW5.5PN; ð4:1Þ

which were defined in Eq. (2.19). In the present section we
finish the discussion of the first contribution, Wtail;h ¼
Wtail;h

1 þWtail;h
2 .

The expression of Wtail;h as a function of energy and
angular momentum is obtained (besides adding together
Wtail;h

1 and Wtail;h
2 ) from the results described above (which

were expressed in terms of the quasi-Keplerian elements ār
and er) by reexpressing ār and er in terms of p∞ and j,
using the links given in Appendix A. Introducing [see
Eq. (2.14)]

eN ≡ eNðp∞; jÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞j2
q

; ð4:2Þ

we have

er ¼ eN þ 1

2

p2
∞

eN
½ðp2

∞j2 þ 1Þν − 4p2
∞j2 − 6�η2

−
p2
∞

8j2e3N
½p2

∞j2ðp2
∞j2 þ 1Þ2ν2

þ ðp2
∞j2 þ 1Þð9p4

∞j4 − 91p2
∞j2 − 112Þν

− 32p6
∞j6 − 36p4

∞j4 þ 64p2
∞j2 þ 64�η4;

ār ¼
1

p2
∞
þ 2η2 −

ð7ν − 4Þ
j2

η4: ð4:3Þ

The use of the new variables p∞ and j (instead of ār and er)
leads to a reshuffling of the large-eccentricity expansion.
Indeed,we are actually interested in expandingWtail;hðp∞; jÞ
in powers of 1

j. This changes the meaning of the decom-
position in LO, NLO, and NNLO terms. To clarify this
change of meaning we write the expansion in powers of 1j as

Wtail;hðp∞; jÞ ¼ Wtail;hLOjðp∞; jÞ þWtail;hNLOjðp∞; jÞ

þWtail;hNNLOjðp∞; jÞ þO

�
1

j6

�
; ð4:4Þ

where we have added a subscript j to the superscripts
NnLO, because we are now referring to an expansion of
Wtail;hLOjðp∞; jÞ in powers of 1

j.
For instance, at the leading order in 1

j, the combination,
and reexpression, of Eqs. (3.37) and (3.38) yields the result

Wtail;hLOjðp∞; jÞ ¼
2

15

M2ν2p4
∞π

j3

�
315

4
þ 37 ln

�
p∞

2

�
þ
�
2753

224
−
1071

8
νþ

�
1357

56
−
111

2
ν

�
ln

�
p∞

2

��
p2
∞η

2

þ
�
155473

1792
−
109559

8064
νþ 186317

1008
ν2 þ

�
27953

672
−
2517

112
νþ 555

8
ν2
�
ln

�
p∞

2

��
p4
∞η

4

�
: ð4:5Þ

As we see, the LOj term is ∝ 1
j3. Correspondingly,

the NLOj one will be ∝ 1
j4, and the NNLOj one ∝ 1

j5
. As

per Eq. (2.16), the corresponding contributions to the
scattering angle will be, respectively, ∝ 1

j4, ∝
1
j5
and ∝ 1

j6
.

Remembering that 1
j ¼ OðGÞ this will give us the value of

the scattering angle up to the sixth order in G. We display
below the explicit results for the 2PN-accurate scattering
angles associated with the LOj, NLOj, and NNLOj values
of Wtail;h.
Inserting Eq. (4.4) in Eq. (2.16) yields

χnonloc;f ¼ χtail;h þ χf−h þ χ5.5PN; ð4:6Þ

where the first (h-route) contribution is given by

1

2
χtail;h ¼ 1

2M2ν

∂
∂jW

tail;h

¼ χtail;h4 ðγ; νÞ
j4

þ χtail;h5 ðγ; νÞ
j5

þ χtail;h6 ðγ; νÞ
j6

þO

�
1

j6

�
; ð4:7Þ

with

χtail;h4

j4
¼ 1

2M2ν

∂
∂jW

tail;hLOj ;

χtail;h5

j5
¼ 1

2M2ν

∂
∂jW

tail;hNLOj ;

χtail;h6

j6
¼ 1

2M2ν

∂
∂jW

tail;hNNLOj : ð4:8Þ
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As already announced, this yields results for χtail;h that can
be written as

1

2
χtail;hðp∞; j; νÞ ¼ ν

p4
∞

j4

�
Atail;h
0 ðp∞; νÞ þ

Atail;h
1 ðp∞; νÞ

p∞j

þ Atail;h
2 ðp∞; νÞ
ðp∞jÞ2

þ � � �
�
; ð4:9Þ

where the 1
j coefficients Atail;h

0 ðp∞; νÞ, Atail;h
1 ðp∞; νÞ,

Atail;h
2 ðp∞; νÞ are themselves given by a 2PN-accurate

expansion in powers of p∞, say

A0ðp∞; νÞ ¼ Atail;h;N
0 þ Atail;h;1PN

0 þ Atail;h;2PN
0 þ � � � ;

A1ðp∞; νÞ ¼ Atail;h;N
0 þ Atail;h;1PN

1 þ Atail;h;2PN
1 þ � � � ;

A2ðp∞; νÞ ¼ Atail;h;N
2 þ Atail;h;1PN

2 þ Atail;h;2PN
2 þ � � � :

ð4:10Þ

Note that, in absence of the 5.5PN contribution, we
do not have here fractional 1.5PN contributions, as in
Eq. (2.13).
The LOj expressions given above yield

Atail;h;N
0 ¼ π

�
−
37

5
ln

�
p∞

2

�
−
63

4

�
;

Atail;h;1PN
0 ¼ π

��
−
1357

280
þ 111

10
ν

�
ln

�
p∞

2

�
−
2753

1120
þ 1071

40
ν

�
p2
∞;

Atail;h;2PN
0 ¼ π

��
−
27953

3360
þ 2517

560
ν −

111

8
ν2
�
ln

�
p∞

2

�
−
155473

8960
þ 109559

40320
ν −

186317

5040
ν2
�
p4
∞: ð4:11Þ

Our final results for the coefficients of the NLOj and NNLOj contributions to the tail part of the scattering angle
then read

Atail;h;N
1 ¼ −

6656

45
−
6272

45
ln

�
4
p∞

2

�
;

Atail;h;1PN
1 ¼

��
−
74432

525
þ 13952

45
ν

�
ln

�
4
p∞

2

�
þ 114368

1125
þ 221504

525
ν

�
p2
∞;

Atail;h;2PN
1 ¼

��
−
881392

11025
þ 288224

1575
ν −

21632

45
ν2
�
ln

�
4
p∞

2

�
þ 48497312

231525
−
5134816

23625
ν −

25465952

33075
ν2
�
p4
∞ ð4:12Þ

and

Atail;h;N
2 ¼ π

�
−122 ln

�
p∞

2

�
−
1633

24
þ 5

2
c00 −

843

4
lnð2Þ

�
;

Atail;h;1PN
2 ¼ π

��
44845

336
þ 5199

8
lnð2Þ þ 5

2
c21 þ

811

2
ln

�
p∞

2

�
− 5c00

�
ν

−
6379

192
þ 5

2
c20 −

13831

56
ln

�
p∞

2

�
þ 15

2
c00 −

74625

224
lnð2Þ

�
p2
∞;

Atail;h;2PN
2 ¼ π

��
5

2
c42 − 785 ln

�
p∞

2

�
−
97127

6048
þ 15

2
c00 − 5c21 −

39345

32
lnð2Þ

�
ν2

þ
�
−
2989465

48384
þ 5

2
c41 þ

75595

168
ln

�
p∞

2

�
þ 5

2
c21 þ

152459

448
lnð2Þ − 5c20 −

55

4
c00

�
ν

þ 5

2
c40 þ

986233

1536
þ 396481

2688
lnð2Þ þ 5

2
c20 þ

15

4
c00 þ

64579

1008
ln

�
p∞

2

��
p4
∞; ð4:13Þ
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respectively. Introducing the new set of parameters

d00 ¼
5

2
c00 −

1633

24
−
843

4
lnð2Þ;

d20 ¼
5

2
c20 þ

32813

192
þ 66999

224
lnð2Þ;

d21 ¼
5

2
c21 −

293

112
þ 1827

8
lnð2Þ;

d40 ¼
5

2
c40 þ

293499

512
þ 442237

2688
lnð2Þ;

d41 ¼
5

2
c41 −

4431841

48384
−
28735

64
lnð2Þ;

d42 ¼
5

2
c42 þ

1105777

6048
−
4497

32
lnð2Þ; ð4:14Þ

with numerical values listed in Table VI, the latter ex-
pressions can be rewritten as

Atail;h;N
2 ¼ π

�
−122 ln

�
p∞

2

�
þ d00

�
;

Atail;h;1PN
2 ¼ π

��
d21 − 2d00 þ

811

2
ln

�
p∞

2

��
ν

þ d20 þ 3d00 −
13831

56
ln

�
p∞

2

��
p2
∞;

Atail;h;2PN
2 ¼ π

��
d42 þ 3d00 − 2d21 − 785 ln

�
p∞

2

��
ν2

þ
�
d41 þ d21 − 2d20 −

11

2
d00

þ 75595

168
ln

�
p∞

2

��
ν

þ d40 þ
3

2
d00 þ d20 þ

64579

1008
ln

�
p∞

2

��
p4
∞:

ð4:15Þ

Among the numerical coefficients entering the NNLOj

quantity A2ðp∞; νÞ ¼ Atail;h;N
2 þ Atail;h;1PN

2 þ Atail;h;2PN
2 two

can be written down in analytical form (thanks to our
frequency-domain computation), namely, using Eqs. (3.45)
and (3.46),

d00 ¼ −
99

4
−
2079

8
ζð3Þ ð4:16Þ

and

d21 ¼
1541

8
þ 306ζð3Þ; ð4:17Þ

while the other ones are (only) known numerically (see
Table V). (See Ref. [84] for the analytical computation of
d20, d40, d41, and d42.)

V. SECOND-ORDER TAIL CONTRIBUTION TO
THE INTEGRATED ACTION AND TO THE
SCATTERING ANGLE: W5.5PN AND χ 5.5PN

Before finishing our discussion of the h-route tail
contribution, χtail;hðp∞; j; νÞ, to the scattering angle, and
of its ν dependence, let us recall that, at the 6PN accuracy
where we are working, the total scattering angle is made of
the following four contributions:

χtotðp∞; j; νÞ ¼ χloc;f þ χtail;h þ χ5.5PN þ χf−h: ð5:1Þ

Among these contributions two of them are directly linked
with nonlocal effects computed in harmonic coordinates:
indeed, χtail;h comes from the first-order tail (linear in
GM), while χ5.5PN comes from the second-order tail
(quadratic in GM). Before being able to discuss the
constraint that must be satisfied by the flexibility factor
fðtÞ entering the last contribution, χf−h, we must control the
structure (and, notably, the ν dependence) of the quadratic-
tail contribution χ5.5PN.
From Eq. (2.6), denoting B ¼ − 107

105
and

Hsplitðt; τÞ ¼ G
5c5

½Ið3Þij ðtÞIð4Þij ðtþ τÞ − Ið3Þij ðtÞIð4Þij ðt − τÞ�;
ð5:2Þ

the 5.5PN Hamiltonian reads

Hnonloc
5.5PN ¼ B

2

�
GM
c3

�
2
Z

∞

−∞

dτ
τ
Hsplitðt; τÞ: ð5:3Þ

Note that the function Hsplitðt; τÞ is odd in τ, so that
τ−1Hsplitðt; τÞ is even in τ (and regular at τ ¼ 0).
As usual the computation can be done either in the time

domain or in the Fourier domain. Working in the Fourier
domain we find

Wnonloc
5.5PN ¼ −B

�
GM
c3

�
2 G
5c5

Z
∞

0

dωω7jÎijðωÞj2: ð5:4Þ

At our present level of accuracy, it is enough to use the
Newtonian approximation to the Fourier transform ÎijðωÞ

TABLE VI. Numerical values of the coefficients (4.14).

Coefficient Numerical value

d00 −337.13453770
d20 þ668.10143447
d21 þ560.45441238
d40 þ743.05631726
d41 −694.94788994
d42 −439.10050487
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of the quadrupole moment. Using the relations given in
Appendix B we have then

Wnonloc
5.5PN ¼−B

�
GM
c3

�
2 G
5c5

Z
∞

0

dωω7jÎijðωÞj2

¼ 107

105

�
n̄
er

�
8
�
GM
c3

�
2 G
5c5

Z
∞

0

duuINðuÞ; ð5:5Þ

where the function INðuÞ was defined in Eq. (3.70).
As explained above, though the function INðuÞ is here

evaluated at the Newtonian level, it is quadratic in Bessel
functions KνðuÞ whose order is u dependent: either ν ¼ p
or ν ¼ pþ 1, with p ¼ iu=er. This makes it impossible to
compute Wnonloc

5.5PN in closed form. However, it is enough for
our purpose to compute the first two terms in the large-
eccentricity expansion of the integral (5.5). Thanks to the
relations (3.72), this computation only involves integrals
containing K0ðuÞ and K1ðuÞ. We find

WLOþNLO
5.5PN ¼ 107

105

�
n̄
er

�
8
�
GM
c3

�
2 G
5c5

ν232ā7re4r

×
Z

∞

0

duuF ðuÞ
�
1þ u

er
þO

�
1

e2r

��
; ð5:6Þ

where LO and NLO refer to the large-eccentricity expan-
sion, and where

F ðuÞ ¼
�
u2

3
þ u4

�
K2

0ðuÞ þ 3u3K0ðuÞK1ðuÞ

þ ðu2 þ u4ÞK2
1ðuÞ ð5:7Þ

denotes (as in Ref. [52], and in Appendix B) the
gravitational-wave energy spectrum in the Newtonian-level
“splash” approximation [85,86], i.e., at Newtonian order,
and at leading order in the large-eccentricity limit.
The NLO-accurate result WLOþNLO

5.5PN involves the
two nontrivial integrals fu ¼ R

∞
0 duuF ðuÞ, and fu

2 ¼R∞
0 duu2F ðuÞ. These integrals are computed in
Appendix B. This leads to the following explicit NLO
result for Wnonloc

5.5PN (using G ¼ 1 ¼ c):

WLOþNLO
5.5PN ¼ 32

5

107

105

p10
∞

e4r
M2ν2

�
49

9
þ 1

er

297

256
π2

þO

�
1

e2r

��
: ð5:8Þ

Replacing the eccentricity in terms of j finally leads to the
following explicit NLOj result for Wnonloc

5.5PN

WLOþNLO
5.5PN ¼ M2ν2

�
23968

675

p6
∞

j4
þ 10593

1400
π2

p5
∞

j5

þO

�
1

j6

��
: ð5:9Þ

Using the formula (2.16) we finally get

χLOþNLO
5.5PN ¼ −ν

�
95872

675

p6
∞

j5
þ 10593

280
π2

p5
∞

j6
þO

�
1

j7

��

¼ −ν
95872

675

p6
∞

j5

�
1þ 13365

50176

π2

p∞j

þO

�
1

j2

��
: ð5:10Þ

VI. ANALYSIS OF THE ν DEPENDENCE OF THE
HARMONIC-COORDINATE NONLOCAL

SCATTERING ANGLE χnonloc;h

Let us recall that a crucial tool of our method is to exploit
the special ν dependence [7] satisfied by the total scattering
angle χtotðp∞; j; νÞ. This structure is embodied in a
restricted ν-polynomial dependence of the energy-rescaled
PM-expansion coefficients of χtotðp∞; j; νÞ.
The total scattering angle χtotðp∞; j; νÞ is obtained as a

sum of partial contributions, namely

χtotðp∞; j; νÞ ¼ χloc;f þ χtail;h þ χ5.5PN þ χf−h: ð6:1Þ

Some of these contributions can fail to satisfy the special ν
dependence satisfied by χtotðp∞; j; νÞ. One ingredient of
our method is to assume that χloc;f does satisfy the latter
special ν dependence. We must, then, constrain the flex-
ibility factor f in such a way that the complementary,
nonlocal-related, contribution

χtail;h þ χ5.5PN þ χf−h ð6:2Þ

does satisfy the special ν dependence satisfied by
χtotðp∞; j; νÞ. This will be the task of the present section.
We will start by recalling what is the special ν structure we
are talking about. Then we will measure the extent to which
the sum of the two h-route nonlocal contributions, say
χnonloc;h ≡ χtail;h þ χ5.5PN fails to satisfy the latter special ν
dependence. This will finally allow us to constrain fðtÞ.

A. Reminder of the ν rule to be satisfied

Let us define precisely the ν rule to be satisfied. We
expand in powers of 1

j ¼ OðGÞ any partial contribution

χXðp∞; j; νÞ to the total scattering angle, χtot ¼
P

X χ
X, say

1

2
χXðp∞; j; νÞ ¼

X
n

χXn ðp∞; νÞ
jn

; ð6:3Þ
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and then define the energy-rescaled coefficients

χ̃Xn ðp∞; νÞ≡ hn−1ðγ; νÞχXn ðp∞; νÞ; ð6:4Þ
where we recall that

hðγ; νÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
; γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞η
2

q
; ð6:5Þ

that is

h ¼ 1þ 1

2
νp2

∞η
2 −

1

8
νð1þ νÞp4

∞η
4 þOðη6Þ: ð6:6Þ

The special ν structure says that

χ̃Xn ðp∞; νÞ ¼ PXγ
dðnÞðνÞ; ð6:7Þ

where PXγ
dðnÞðνÞ denotes a polynomial in ν, of degree

dðnÞ≡
�
n − 1

2

�
; ð6:8Þ

with γ-dependent coefficients. (Here, ½� � �� denotes the
integer part.) Let us analyze the ν structure Eq. (6.7) for
the case where the label X is equal to nonloc,h,in the sense
of the following definition of the sum of the two harmonic-
coordinate nonlocal contributions

χnonloc;h; tot ≡ χtail;h þ χ5.5PN: ð6:9Þ

Our results above have led to the determination of
χnonloc;h tot4 , χnonloc;h tot5 and χnonloc;h tot6 . More precisely, we
must, according to the definition, Eq. (6.9), add the 5.5PN
contribution Eq. (5.10) to the corresponding results for the 1

j

expansion of χtail;h given in Sec. IV.
Let us first remark that, in fact, the 5.5PN contribution

χ5.5PN separately satisfies the rule (6.7). Indeed, as we are at
the 5.5PN level, we can use h ≈ 1 so that χ̃5.5PNn ðp∞; νÞ≈
χ5.5PNn ðp∞; νÞ. Then, for the relevant exponents n ¼ 5, 6 of 1j,

the rule (6.7) says that χ̃5.5PNn ðp∞; νÞ should be at most
quadratic in ν. However, our explicit results Eq. (5.10) for the
χ̃5.5PNn ’s show that they are actually linear in ν.
In view of this structure of χ5.5PN, we can henceforth

focus only on the remaining h-route contribution to χ,
namely χtail;h. In the following, we shall use the notation

χnonloc;h ≡ χtail;h ð6:10Þ

to emphasize that this is the crucial additional h-route
contribution to the local piece χloc;f , to be eventually
modified by a suitable f-dependent piece χf−h.
We transform the results given in Sec. IV for χtail;h ¼

χnonloc;h into corresponding results for their energy-
rescaled versions χ̃nonloc;h4 ¼ h3χtail;h4 , χ̃nonloc;h5 ¼ h4χtail;h5 ,
and χ̃nonloc;h6 ¼ h5χtail;h6 . We find

χ̃nonloc;h4 ¼
�
−
63

4
−
37

5
ln

�
p∞

2

��
πνp4

∞ þ
�
−
2753

1120
−
1357

280
ln

�
p∞

2

�
þ 63

20
ν

�
πνp6

∞η
2

þ
�
−
27331

10080
ν2 þ 199037

40320
ν −

155473

8960
−
27953

3360
ln

�
p∞

2

��
πνp8

∞η
4;

χ̃nonloc;h5 ¼
�
−
6656

45
−
12544

45
lnð2Þ − 6272

45
ln

�
p∞

2

��
νp3

∞

þ
��

−
148864

525
lnð2Þ þ 114368

1125
−
74432

525
ln
�
p∞

2

��
þ
�
2816

45
lnð2Þ þ 198592

1575
þ 1408

45
ln
�
p∞

2

��
ν

�
νp5

∞η
2

þ
��

−
13888

225
lnð2Þ − 6944

225
ln

�
p∞

2

�
þ 283168

4725

�
ν −

2448608

33075
ν2

þ
�
48497312

231525
−
881392

11025
ln

�
p∞

2

�
−
1762784

11025
lnð2Þ

��
νp7

∞η
4;

χ̃nonloc;h6 ¼
�
−122 ln

�
p∞

2

�
þ d00

�
πνp2

∞

þ
��

−
13831

56
ln

�
p∞

2

�
þ d20 þ 3d00

�
þ
�
201

2
ln

�
p∞

2

�
þ 1

2
d00 þ d21

�
ν

�
πνp4

∞η
2

þ
��

−
30655

336
ln

�
p∞

2

�
þ d21 þ

11

8
d00 þ

1

2
d20 þ d41

�
νþ

�
1

2
d21 þ d42 −

1

8
d00

�
ν2

þ
�
64579

1008
ln

�
p∞

2

�
þ 3

2
d00 þ d20 þ d40

��
πνp6

∞η
4: ð6:11Þ
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We recall that the powers of η in Eqs. (6.11) denote
fractional (rather than absolute) PN corrections. Actually,
the leading-order contributions to χ̃nonloc;h4 , χ̃nonloc;h5 , and
χ̃nonloc;h6 are all at the 4PN level, so that the η2 (and η4) terms
denote 5PN (and 6PN) corrections, respectively.

B. On the ν structure of the logarithmic
contributions, and of the gravitational-wave

energy loss

The rule Eq. (6.7) says that χ̃X4 should be at most linear in
ν, while χ̃X5 and χ̃X6 should be at most quadratic in ν.
Let us first note that this rule is satisfied by all the

logarithmic contributions. This is a nontrivial check of the
validity of this rule because all the logarithmic contribu-
tions have a genuinely nonlocal origin, and could not be
compensated by additional (logarithmic-free) local terms.
Let us also note that the simple ν-polynomial structure of
the logarithmic (tail) contributions to χ̃nonloc;hn is rather
hidden in the structure of the multipole moments and,
thereby, in the structure of the total gravitational-radiation
energy loss. It is worth pausing a moment to comment more
on this structure.
From Eq. (2.9), one sees that the logarithmic contribu-

tions to8 Hnonloc;h are proportional to

GHtot

c5
F splitðt; tÞ ¼ GHtot

c5
FGWðtÞ; ð6:12Þ

where FGWðtÞ is the instantaneous flux of gravitational-
wave energy. Therefore, the logarithmic contributions to
Wnonloc;h ¼ R

dtHnonloc;h are proportional to

GHtot

c5

Z
dtFGWðtÞ ¼ GHtot

c5
ΔEGW; ð6:13Þ

where ΔEGW denotes the total energy radiated9 during an
hyperbolic encounter. Let us consider the functional
dependence of ΔEGW on γ (or, equivalently, p∞), j and
ν, and the expansion of ΔEGWðγ; j; νÞ in powers of 1

j:

ΔEGWðγ; j; νÞ ¼
X
n≥3

ΔEGW
n ðγ; νÞ
jn

: ð6:14Þ

The logarithmic contributions to Wnonloc;h have a 1
j

expansion proportional to h
P

n≥3
ΔEGW

n ðγ;νÞ
jn , so that the

logarithmic contributions to χnonloc;h ¼ 1
M2ν

∂Wnonloc;h=∂j
are proportional to

−
h
ν

X
n≥3

n
ΔEGW

n ðγ; νÞ
jnþ1

: ð6:15Þ

In order for the rule Eq. (6.7) to be separately satisfied by
the logarithmic contributions to the scattering angle, and
taking into account both the factor 1

ν in the previous
equation, and the fact that ΔEGW ∝ ν2, we conclude that
the coefficient of 1

jn in the gravitational-radiation loss
should satisfy the nontrivial rule

hnþ1ðγ; νÞΔE
GW
n ðγ; νÞ
ν2

¼ Pγ
½n−2
2
�ðνÞ for n ≥ 3: ð6:16Þ

We have confirmed the validity of this rule in two differ-
ent ways.
First, we note that the rule (6.16) states that the leading-

order contribution to ΔEGWðγ; j; νÞ in its expansion in
powers of 1

j, i.e., its leading-order PM contribution ∝ 1
j3 ¼

OðG3Þ must depend on ν as ∝ ν2=h4ðγ; νÞ. In view of the
relation [10]

GM
b

¼ p∞

hj
; ð6:17Þ

between j and the impact parameter b, this is equivalent to
saying that

hðγ; νÞΔEGWðγ; b; m1; m2Þ ¼ ðm1m2Þ2
�
G
b

�
3

EðγÞ

þOðG4Þ; ð6:18Þ

where the dimensionless factor EðγÞ depends only on γ and
not on the mass ratio. The validity of this statement to all
orders in the PN expansion is a nontrivial fact which
follows from the structure of the LO post-Minkowskian
gravitational Bremsstrahlung results of Refs. [87,88].
Indeed, the latter references have proven that the LO
PM gravitational wave form has three properties: (i) it
depends on the masses only through an overall factor
G2m1m2; (ii) it depends on time through two separate
timescales of the form bfAðγÞ, bfBðγÞ; and, (iii) it enjoys a
forward-backward symmetry in the center-of-velocity
frame S̃. These properties imply that the four-momentum
Pμ
GW radiated as gravitational waves10 is of the form

8As explained in the previous subsection, we henceforth label
as “nonloc, h” the crucial 4þ 5þ 6PN nonlocal contribution,
because the second-order tail contribution separately satisfies the
constraint we are studying.

9Actually, as we are considering a time-symmetric interaction,
à la Fokker-Wheeler-Feynman, this energy is first absorbed by
the system in the form of advanced waves, before being radiated
in the form of retarded waves.

10As we are discussing the time-symmetric dynamics, the
system “emits” both advanced and retarded waves and therefore
absorbs −Pμ

GW before emitting þPμ
GW.
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Pμ
GW ¼ ðm1m2Þ2

�
G
b

�
3

EðγÞ u
μ
1 þ uμ2
γ þ 1

þOðG4Þ; ð6:19Þ

where uμ1, u
μ
2 denote the incoming 4-velocities. Computing

from Eq. (6.19) the center-of-mass energy loss ΔEGW ¼
−Pμ

GWðp1μ þ p2μÞ=jp1 þ p2j [where paμ ¼ mauaμ and
jp1 þ p2j ¼ Mhðγ; νÞ] leads to Eq. (6.18).
Second, we have computed ΔEGW to the 2PN accuracy

(thereby generalizing the 1PN-accurate result of Blanchet
and Schäfer [89]). We give in Appendix D, Eqs. (D2) and
(D3), the 2PN-level contribution to ΔEGW when (following
Ref. [89]) it is expressed in terms of er ¼ ehr and j.
However, expressing ΔEGW in terms of er and j does
not help to reveal its hidden simple ν dependence
because ehr is itself a rather involved function of
Ē≡ ðEtot −Mc2Þ=μ ¼ ðhðγ; νÞ − 1Þ=ν, j and ν given by

ehr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ēj2

q
ð1þ e2η2 þ e4η4Þ; ð6:20Þ

where

e2 ¼
Ē

2ð2Ēj2 þ 1Þ ½ð5Ēj
2 þ 2Þν − 15Ēj2 − 12�;

e4 ¼
Ē

8ð2Ēj2 þ 1Þ2j2 ½Ē
2j4ð7Ēj2 þ 4Þν2

þ ð−210Ē3j6 þ 224þ 792Ēj2 þ 592Ē2j4Þν
þ 415Ē3j6 þ 200Ē2j4 − 280Ēj2 − 128�: ð6:21Þ

It is better to reexpress ΔEGW in terms of γ (or
equivalently p∞) and of the (gauge-invariant) eccentricity-
like variable11

e2hj ≡ 1þ ðγ2 − 1Þh2j2 ¼ 1þ p2
∞h2j2; ð6:22Þ

and of the related quantities

ϵ̄≡ 1

p∞hj
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2hj − 1
q ;

Bðϵ̄Þ≡ π

2
þ arctan ϵ̄ ¼ arccos

�
−

1

ehj

�
: ð6:23Þ

Note that j enters these quantities only in the combination
hðγ; νÞj. This leads to a 2PN-accurate result of the form

hðγ; νÞΔE
GWðp∞; ϵ̄; νÞ
Mν2

¼ ϵ̄3Ê3ðp∞; ϵ̄Þ þ νϵ̄4Ê4ðp∞; ϵ̄Þ
þ ν2ϵ̄6Ê6ðp∞; ϵ̄Þ þOðp13

∞Þ;
ð6:24Þ

where the functions Ênðp∞; ϵ̄Þ, with n ¼ 3, 4, 6, are given
in Table VII.
These functions have a smooth limit as ϵ̄ → 0 (equivalent

to ehj → ∞, or j → ∞), i.e.,

Ênðp∞; ϵ̄Þ ¼ Ên0ðp∞Þ þ ϵ̄Ên1ðp∞Þ
þ ϵ̄2Ên2ðp∞Þ þ � � � : ð6:25Þ

The error term Oðp13
∞Þ in (6.24) indicates a fractional 3PN

error level. Indeed, the leading PN contribution to Ê3ðp∞; ϵ̄Þ
is Oðp7

∞Þ (corresponding to the large-eccentricity
Newtonian-level energy loss ∼ϵ̄3p7

∞ ∼ e4hjj
−7). It is then

easily checked that the properties embodied in the expansion
of the expression (6.24) in powers of ϵ̄ ¼ 1=ðp∞hjÞ implies
that the expansion coefficients of hΔEGWðγ; j; νÞ=ν2 in
powers of 1

j satisfy the rule Eq. (6.16).
Let us also note that there is a simple link between the

total gravitational-wave energy loss along a hyperbolic
motion, and the gravitational-wave energy loss during one
radial period of an elliptic motion, namely

ΔEelliptic
GW ðγ; jÞ ¼ ΔEhyperbolic

GW ðγ; jÞ − ΔEhyperbolic
GW ðγ;−jÞ:

ð6:26Þ

This result is obtained by analytically continuing the quasi-
Keplerian representation of the hyperbolic motion used
above [79] back to the elliptic-motion case (expressing all

TABLE VII. Functions Ênðp∞; ϵ̄Þ (for n ¼ 3, 4, 6), Eq. (6.24), in terms of ϵ̄ and B≡ Bðϵ̄Þ, Eqs. (6.23).

Ê3ðp∞; ϵ̄Þ ½ð− 64579
2520

ϵ̄2 þ 11947909
3240

ϵ̄6 þ 19319
189

ϵ̄4 þ 5839651
1008

ϵ̄8 þ 27953
5040

ÞB
þ 5839651

1008
ϵ̄7 þ 79675961

45360
ϵ̄5 þ 64

5
ϵ̄

ð1þϵ̄2Þ2 þ 4309531
136080

ϵ̄3 − 8807569
58800

ϵ̄þ 1060
7

ϵ̄
ð1þϵ̄2Þ�p11

∞

þ½ð13831
140

ϵ̄2 þ 13447
20

ϵ̄6 þ 2259
4

ϵ̄4 þ 1357
420

ÞBþ 31509
700

ϵ̄ − 64
5

ϵ̄
ð1þϵ̄2Þ þ 13447

20
ϵ̄5 þ 10219

30
ϵ̄3�p9

∞

þ½ð244
5
ϵ̄2 þ 74

15
þ 170

3
ϵ̄4ÞBþ 1346

45
ϵ̄þ 170

3
ϵ̄3�p7

∞

Ê4ðp∞; ϵ̄Þ ½ð− 62813
168

ϵ̄3 − 1628347
360

ϵ̄5 − 258051
40

ϵ̄7 þ 6131
168

ϵ̄ÞB − 16546
105ð1þϵ̄2Þ −

427097
180

ϵ̄4 − 5912419
37800

ϵ̄2 þ 280502
1575

− 258051
40

ϵ̄6 − 64
5ð1þϵ̄2Þ2�p11

∞

þ½ð− 1127
3

ϵ̄5 − 910
3
ϵ̄3 − 201

5
ϵ̄ÞB − 128

9
þ 32

5ð1þϵ̄2Þ −
1127
3

ϵ̄4 − 1603
9

ϵ̄2�p9
∞

Ê6ðp∞; ϵ̄Þ ½ð5929
6

ϵ̄3 þ 485
4
ϵ̄þ 5481

4
ϵ̄5ÞBþ 2966

45
þ 5481

4
ϵ̄4 − 578

15ð1þϵ̄2Þ þ 6377
12

ϵ̄2 − 16
5ð1þϵ̄2Þ2�p11

∞

11The quantity ehj is a PN-acceptable measure of the eccen-
tricity in the range 0 < ehj < ∞, and the value ehj ¼ 1 does
describe parabolic motions (with zero binding energy). However,
e2hj does not vanish along circular orbits.
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quantities in terms of γ and j and analytically continuing γ
from γhyperbolic > 1 to γelliptic < 1). The result (6.26) is
consistent with the analytic-continuation link between
the scattering angle and the periastron precession [37],
as is easily seen in view of the link [52] used above between
the tail contribution to the scattering angle and the time
integral of the gravitational-wave energy loss. The func-
tional structure of ΔEelliptic

GW ðγ; jÞ is much simpler than that

of ΔEhyperbolic
GW ðγ; jÞ. In particular the arccos, or arctan,

factors present in ΔEhyperbolic
GW ðγ; jÞ are simply replaced by π

in ΔEelliptic
GW ðγ; jÞ. Finally, ΔEelliptic

GW ðγ; jÞ has a polynomial
structure in p∞ and ϵ̄.
Note also that our rule (6.16) about the special ν

dependence of the hyperbolic gravitational-wave energy
loss implies, via the link (6.26), that the same property
should be satisfied by the elliptic gravitational-wave energy
loss. In view of the odd dependence of ΔEelliptic

GW ðγ; jÞ on j
(and therefore ϵ̄) displayed in Eq. (6.26), this transforms the
result (6.24) into

hðγ; νÞΔEelliptic
GW ðp∞; ϵ̄; νÞ
Mν2

¼ ϵ̄3p7
∞½P2ðϵ̄2Þ þ p2

∞P3ðϵ̄2Þ
þ p4

∞P4ðϵ̄2Þ�
þ νϵ̄5p9

∞½P2ðϵ̄2Þ þ p2
∞P3ðϵ̄2Þ�

þ ν2ϵ̄7p11
∞P2ðϵ̄2Þ þOðp13

∞Þ;
ð6:27Þ

where each Pnðϵ̄2Þ denotes a different polynomial of order
n in ϵ̄2.
We have checked (using the elliptic 3PN results of

Refs. [77,90]) that the remarkable constraint on the ν

dependence ofΔEelliptic
GW ðγ; j; νÞ displayed in Eqs. (6.16) and

(6.27) is satisfied at the 3PN level [with the evident
generalization of the structure (6.27)]. In particular, the
Oðν3Þ contribution is of the form ν3ϵ̄9p13

∞P2ðϵ̄2Þ.

C. Contributions to χ̃nonloc;hn violating the
special ν structure

Let us now highlight the relatively small number of
contributions to χ̃nonloc;hn ¼ hn−1χnonloc;hn that do not satisfy
the rule (6.7) by separating them from those that satisfy the
rule:

χ̃nonloc;h4 ¼ ½χ̃nonloc;h4 �ν þ 63

20
ν2πp6

∞η
2

þ
�
199037

40320
ν2 −

27331

10080
ν3
�
πp8

∞η
4;

χ̃nonloc;h5 ¼ ½χ̃nonloc;h5 �νþν2 −
2448608

33075
ν3p7

∞η
4;

χ̃nonloc;h6 ¼ ½χ̃nonloc;h6 �νþν2 þDν3πp6
∞η

4: ð6:28Þ

In other words, there are only five terms violating the rule
(6.7) in χ̃nonloc;hn (n ¼ 4, 5, 6): (i) one term of fractional
order η2, i.e., at 5PN [Oðν2Þ term in χ̃nonloc;h4 ]; and (ii) four
terms of fractional order η4, i.e., at 6PN [Oðν2Þ term and
Oðν3Þ term in χ̃nonloc;h4 , and Oðν3Þ terms in χ̃nonloc;h5 and
χ̃nonloc;h6 ]. The coefficients of all those terms have been
analytically derived, apart from the last one which has been
only partially analytically derived. However, we have
evaluated it numerically:

D≡ 1

2
d21 þ d42 −

1

8
d00 ≈ −116.73148147: ð6:29Þ

Note that the contributions d21 and d00 to the coefficient D
are known analytically and contain ζð3Þ [see Eqs. (4.16)
and (4.17)]. The only integral we could not analytically
compute is d42 ≈ −439.10050487 (see Table VI). For
completeness, we give the explicit integral form of c42
[equivalent to d42, see Eq. (4.14)] in the Supplemental
Material [91] of this paper.

VII. DETERMINATION OF THE
FLEXIBILITY FACTOR f ðtÞ

Let us recall again the logic behind the introduction
of the flexibility factor fðtÞ. The total (local-plus-nonlocal)
scattering angle χtotðp∞; j; νÞ has been shown [7] to
have a special ν dependence at each PM order, i.e., at
each order in 1

j. However, if we were to decompose
χtotðp∞; j; νÞ in its harmonic-coordinate nonlocal contri-
bution χnonloc;hðp∞; j; νÞ and the complementary
harmonic-coordinate local contribution χloc;hðp∞; j; νÞ,
each contribution would not separately satisfy the
special ν dependence of their sum χtotðp∞; j; νÞ ¼
χnonloc;hðp∞; j; νÞ þ χloc;hðp∞; j; νÞ. This situation is
improved by slightly modifying the (conventional) defi-
nition of the nonlocal Hamiltonian, and thereby the
separation of χtotðp∞; j; νÞ into a flexed nonlocal piece,
χnonloc;fðp∞; j; νÞ, and a complementary flexed local
piece, χloc;fðp∞; j; νÞ, such that each contribution to
χtotðp∞; j; νÞ ¼ χnonloc;fðp∞; j; νÞ þ χloc;fðp∞; j; νÞ sepa-
rately satisfies the simple ν dependence satisfied by
χtotðp∞; j; νÞ. We have already determined in Ref. [3]
the structure of the flexed 6PN-accurate local
Hamiltonian by using the condition that its corresponding
local scattering angle χloc;fðp∞; j; νÞ satisfies the special ν
dependence of Ref. [7]. In the present section, we shall use
the results derived in the previous section for the harmonic-
coordinate nonlocal contribution χnonloc;hðp∞; j; νÞ as a tool
for determining the value of the flexibility factor f.
Specifically, by writing that the sum

χ̃nonloc;fðp∞;j;νÞ¼ χ̃nonloc;hðp∞;j;νÞþ χ̃f−hðp∞;j;νÞ ð7:1Þ
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satisfies the special ν dependence satisfied by χtotðp∞; j; νÞ
we are going to get some constraints on the value of f.
The determination of fðtÞ is done by going through

three successive steps: (i) explicit computation of the
few coefficients measuring to what extent the harmonic-
coordinate angle χnonloc;hðp∞; j; νÞ fails to satisfy the
special ν dependence; (ii) computation of the f − h addi-
tional contribution, χf−hðp∞; j; νÞ, to the nonlocal scatter-
ing angle; and (iii) determination of fðtÞ by the condition
that χf−hðp∞; j; νÞ compensates the rule-violating contri-
butions, Eq. (6.28), present in χ̃nonloc;hðp∞; j; νÞ. The step
(i) was already accomplished in the previous section. We
now go through steps (ii) and (iii).

A. Determination of Wf−h and χ̃ f−hðp∞;j; νÞ
The f-induced additional contributionWf−h toWnonloc ¼R
dtHnonloc is defined as

Wf−h ¼ þ2
GHtot

c5

Z
dtF split

2PNðt; tÞ lnðfðtÞÞ: ð7:2Þ

A simplification is that, as it is enough to look for a
flexibility factor of the type

fðtÞ ¼ 1þ η2f1ðtÞ þ η4f2ðtÞ þOðη6Þ; ð7:3Þ

we have

lnðfðtÞÞ ¼ η2f1 þ η4
�
f2 −

1

2
f21

�
þOðη6Þ; ð7:4Þ

so that it is enough to work at the 1PN fractional accuracy.
[Indeed, the factor 2 GHtot

c5
F split

2PNðt; tÞ in Eq. (7.2) starts at the
4PN order, while lnðfðtÞÞ ¼ Oð 1c2Þ, so that Wf−h starts at
the 5PN order, as appropriate to cancel the 5PNþ 6PN
rule-violating terms delineated in Eqs. (6.28).] Namely, we
can use in Eq. (7.2) the 1PN-accurate gravitational-wave
fluxFGW

1PNðtÞ ¼ F split
1PNðt; tÞ, and we can compute the integral

by using the 1PN-accurate quasi-Keplerian dynamics.
There are several possible ways to parametrize a general

1PN expression for the flexibility function fðtÞ. One could
use a direct parametrization in terms of harmonic-
coordinate positions and velocities. Here, we shall follow
our previous (Newtonian-accurate) determination of the
1PN term η2f1 [2] by parametrizing fðtÞ in terms of (1PN-
accurate) harmonic-coordinate relative positions x and
momenta p. (As in [2], we work with rescaled, dimension-
less positions and momenta.) We write

f1 ¼ ν

�
c1p2

r þ c2p2 þ c3
1

r

�
;

f2 ¼ ν

�
d1p4

r þ d2p4 þ d3
1

r2
þ d4p2p2

r þ d5
p2
r

r
þ d6

p2

r

�
:

ð7:5Þ

The coefficients ci used here differ from the corresponding
quantities in Ref. [2] by an overall factor ν: νcherei ¼ ctherei .
As a consequence, the cherei ’s can be chosen to be pure
numbers (independent of the value of ν). On the other hand,
in spite of a similar ν overall rescaling, the coefficients di
will be found to be linear functions of ν:

di ¼ d0i þ νd1i : ð7:6Þ

Equation (7.2) becomes

Wf−h¼ 2GHtot

Z
dtFGW

1PNðtÞ
�
f1þη2

�
f2−

1

2
f21

��
: ð7:7Þ

One should insert in Eq. (7.7) the expression of FGW
1PNðtÞ

[89] in terms of the 1PN-accurate momenta. It is derived in
Appendix A using classic results on the 1PN Lagrangian
for the (harmonic-coordinate) relative motion (see, e.g.,
Ref. [81]). See Eqs. (A1) and (A5).
It is straightforward to compute the integral (7.7), and

then to differentiate it with respect to j to obtain the
corresponding contribution to the scattering angle:

1

2
χf−h ¼ 1

2M2ν

∂Wf−hðp∞; j; νÞ
∂j : ð7:8Þ

The result of this computation is a contribution that starts at
the 5PN level, and that is fractionally 1PN accurate, say

1

2
χf−h ¼ 1

2
χf−h0 þ 1

2
η2χf−h2 : ð7:9Þ

The large-j expansion of the 5PN-level contribution, 1
2
χf−h0 ,

reads

1

2
χf−h0 ¼ −

1

10
ν2

p6
∞

j4
πð74c2 þ 13c1Þ

−
128

225
ν2

p5
∞

j5
ð343c2 þ 49c3 þ 51c1Þ

−
1

2
ν2

p4
∞

j6
πð63c1 þ 488c2 þ 122c3Þ þO

�
1

j7

�
;

ð7:10Þ

while that of the 6PN-level one, 1
2
χf−h2 , reads
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1

2
χf−h2 ¼ χf−h4;2

p8
∞

j4
þ χf−h5;2

p7
∞

j5
þ χf−h6;2

p6
∞

j6
þO

�
1

j7

�
; ð7:11Þ

with

χf−h4;2 ¼ 1

2240
ν2πð−10856c2 þ 41440νc2 þ 2383c1 þ 3572c1ν − 2912d4 þ 2912νc2c1

− 16576d2 þ 574νc21 þ 8288νc22 − 1148d1Þ;

χf−h5;2 ¼ þ 64

11025
ν2ð107024νc2 − 51669c2 þ 7864c1νþ 439c1 þ 10357νc3 − 4019c3

þ 6426νc2c1 − 2226d1 þ 714νc1c3 þ 21609νc22 − 4802d6 þ 4802νc2c3

− 714d5 þ 1113νc21 − 6426d4 − 43218d2Þ;

χf−h6;2 ¼ þ 1

336
ν2πð−12139c1 − 5460d1 þ 17640νc2c1 þ 3528νc1c3 − 136640d2 þ 2730νc21 þ 21580c1ν

þ 58740νc3 − 246374c2 þ 1708νc23 þ 68320νc22 þ 335600νc2 − 30454c3 − 3416d3 − 17640d4

− 3528d5 − 27328d6 þ 27328νc2c3Þ: ð7:12Þ

The quantities of most interest are the corresponding energy-rescaled coefficients of 1
jn in the scattering angle

1
2
χf−h ¼ P

n χ
f−h
n =jn, i.e.,

χ̃f−hn ¼ hn−1χf−hn ¼ χ̃f−hn;0 þ η2χ̃f−hn;2 þ � � � : ð7:13Þ

They read (at the fractional 1PN accuracy, and setting η ¼ 1)

π−1χ̃f−h4 ¼
�
−
13

10
c1−

37

5
c2

�
ν2p6

∞

þ
�
2383

2240
c1−

1357

280
c2−

41

80
d1−

37

5
d2 −

13

10
d4

þ
�
−
199

560
c1þ

37

5
c2þ

13

10
c2c1þ

41

160
c21þ

37

10
c22

�
ν

�
ν2p8

∞;

χ̃f−h5 ¼
�
−
2176

75
c1−

43904

225
c2 −

6272

225
c3

�
ν2p5

∞

þ
�
28096

11025
c1 −

367424

1225
c2−

257216

11025
c3−

6784

525
d1 −

6272

25
d2−

6528

175
d4 −

2176

525
d5−

6272

225
d6

þ
�
−
136448

11025
c1þ

2546944

11025
c2þ

16064

3675
c3þ

6528

175
c2c1þ

2176

525
c1c3þ

3136

25
c22

þ6272

225
c2c3þ

3392

525
c21

�
ν

�
ν2p7

∞;

π−1χ̃f−h6 ¼
�
−
63

2
c1− 244c2− 61c3

�
ν2p4

∞

þ
�
−
12139

336
c1−

123187

168
c2−

15227

168
c3−

65

4
d1−

1220

3
d2 −

61

6
d3−

105

2
d4 −

21

2
d5−

244

3
d6

þ
�
−
305

21
c1þ

8165

21
c2þ

625

28
c3þ

21

2
c1c3þ

244

3
c2c3þ

105

2
c2c1þ

65

8
c21þ

61

12
c23þ

610

3
c22

�
ν

�
ν2p6

∞: ð7:14Þ
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B. Reparametrization of the flexibility factor f(t),
and constraints on its parameters

Combining the results (6.28) and (7.14), we can now
write the condition that the sums χ̃nonloc;fn ¼ χ̃nonloc;hn þ χ̃f−hn
satisfy the ν dependence of χ̃totn , i.e.,

½χ̃nonloc;f4 �∼ ν; ½χ̃nonloc;f5 �∼ νþ ν2; ½χ̃nonloc;f6 �∼ νþ ν2:

ð7:15Þ

Remembering the ν independence of the ci’s, and the ν
linearity of the di’s, Eq. (7.6), these conditions yield five
equations. One equation (already discussed in Ref. [2])
comes from the 5PN level and reads

13

10
c1 þ

37

5
c2 ¼

63

20
: ð7:16Þ

The 6PN level yields four additional constraints, namely

ðaÞ 0 ¼ −
1357

56
c2 þ

2383

448
c1 − 37d02 −

13

2
d04 −

41

16
d01 þ

199037

8064
;

ðbÞ 0 ¼ 37c2 −
13

2
d14 þ

13

2
c2c1 − 37d12 þ

41

32
c21 þ

37

2
c22 −

199

112
c1 −

41

16
d11 −

27331

2016
;

ðcÞ 0 ¼ 2546944

441
c2 −

6784

21
d11 þ

2176

21
c1c3 −

136448

441
c1 −

6272

9
d16 þ

6272

9
c2c3 þ 3136c22 −

2176

21
d15 þ

3392

21
c21

þ 16064

147
c3 −

6528

7
d14 þ

6528

7
c2c1 − 6272d12 −

2448608

1323
;

ðdÞ 0 ¼ 65

8
c21 þ

610

3
c22 þ

625

28
c3 þ

105

2
c2c1 −

61

6
d13 þ

21

2
c1c3 −

65

4
d11 þ

244

3
c2c3 −

1220

3
d12 −

21

2
d15 þ

8165

21
c2

−
244

3
d16 þ

61

12
c23 −

105

2
d14 −

305

21
c1 þD; ð7:17Þ

where the constantD¼ 1
2
d21þd42−1

8
d00≈−116.73148147,

was already discussed above, see Eq. (6.29).
There are many ways to satisfy these constraints. Indeed,

at the 5PN level, we have one constraint, Eq. (7.16), for
three coefficients, c1, c2, c3, while at the 6PN level we have
4 constraints, Eqs. (7.17), for the 12 coefficients d01, d

1
1, d

0
2,

d12, d03, d13, d04, d14, d05, d15, d06, d16. We can, however,
streamline the discussion of these constraints by defining
a convenient reparametrization of the gauge-invariant con-
tent of the Hamiltonian contribution associated with the
flexibility factor fðtÞ, namely

Δf−hH5þ6PN ¼ 2HtotFGW
1PN lnðfÞ

¼ 2HtotFGW
1PNðp; pr; rÞ

�
f1 þ η2

�
f2 −

1

2
f21

��
:

ð7:18Þ

The latter flexibility-related Hamiltonian contains the three
5PN parameters ci, and the four 6PN parameters di entering
the flexibility factor fðtÞ, Eqs. (7.5). [Here, we count for
simplicity each di, i ¼ 1;…; 4, as one parameter, though
one must remember that each diðνÞ ¼ d0i þ νd1i actually
contains two numerical parameters.] Let us, however, show
that the flexibility described by fðtÞ can be parametrized by
three other 5PN parameters, C1, C2, C3, and only four 6PN
parameters D1, D2, D3, D4. [Each new 6PN parameter Di

will be again a linear function of ν,DiðνÞ ¼ D0
i þ νD1

i , and
actually contain two numerical parameters.]

Indeed, it is shown in Appendix E that the 6PN
flexibility contribution to the Hamiltonian, Eq. (7.18), is
canonically equivalent to the following (pr-gauge-type)
Hamiltonian:

Δf−hH0
5þ6PN ¼ Mν3

r4

�
C1p4

r þ C2

p2
r

r
þ C3

1

r2

þ η2
�
D1p6

r þD2

p4
r

r
þD3

p2
r

r2
þD4

1

r3

��
:

ð7:19Þ

The seven new parameters C1, C2, C3 and D1, D2, D3, D4

entering Eq. (7.19) are defined by the following explicit
functions of the original nine parameters ci, di:

C1 ¼
16

15
ð13c1 þ 74c2Þ;

C2 ¼
16

15
ð49c3 þ 121c2 þ 12c1Þ;

C3 ¼
64

5
ðc2 þ c3Þ; ð7:20Þ

and
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D1 ¼
�
−
328c21
75

−
1664c1c2

75
þ 38128c1

525
−
4736c22
75

þ 18944c2
75

�
ν −

15356c1
525

þ 3424c2
175

þ 656d1
75

þ 9472d2
75

þ 1664d4
75

;

D2 ¼
�
−
32c21
5

−
784c1c2

15
−
272c1c3

15
þ 1576c1

45
−
3496c22
15

−
5488c2c3

45
−
5584c2
105

þ 70808c3
315

�
ν

−
11212c1

63
−
28496c2

45
þ 12944c3

315
þ 64d1

5
þ 6992d2

15
þ 784d4

15
þ 272d5

15
þ 5488d6

45
;

D3 ¼
�
−
64c1c2

5
−
64c1c3

5
−
112c1
5

−
1928c22
15

−
464c2c3

3
−
8440c2
21

−
488c23
15

−
3048c3
35

�
ν

−
11708c1
105

−
18884c2

21
−
1724c3

3
þ 3856d2

15
þ 976d3

15
þ 64d4

5
þ 64d5

5
þ 464d6

3
;

D4 ¼
�
−
32c22
5

−
64c2c3

5
−
112c2
5

−
32c23
5

−
112c3
5

�
ν −

6332c2
105

−
11708c3
105

þ 64d2
5

þ 64d3
5

þ 64d6
5

: ð7:21Þ

The three Ci’s are in one-to-one correspondence with the
three ci’s, with the inverse relations ci ¼ fiðCjÞ given in
Eqs. (E6). On the other hand, the four Di’s capture the full
gauge-invariant content of the six di’s. [Two of the di’s
being pure gauge parameters; see Eqs. (E7).]
The five constraints discussed in the previous subsection

can be entirely reexpressed in terms of the parameters Ci

(i ¼ 1…3), and Di ¼ D0
i þ νD1

i (i ¼ 1…4). Indeed, the

scattering angle only depends on the time-integral (along a
hyperbolic motion) of Δf−hH6PN, which is equal to the time
integral of Δf−hH0

6PN. This ensures that the scattering angle
only depends on the Ci’s and Di’s. Alternatively, using
Eqs. (E6) and (E7), we could reexpress the energy-rescaled
scattering-angle coefficients (7.14) in terms the Ci’s and
Di’s. The results read

π−1χ̃f−h4 ¼−
3

32
C1ν

2p6
∞−

3

32

��
1

2
−3ν

�
C1þ

5

8
D1

�
ν2p8

∞;

χ̃f−h5 ¼−
8

5

�
C1þ

1

3
C2

�
ν2p5

∞−
8

5

��
43

14
−
41

14
ν

�
C1þ

�
1

6
−
2

3
ν

�
C2þ

5

7
D1þ

1

7
D2

�
ν2p7

∞;

π−1χ̃f−h6 ¼−
15

16

�
3

2
C1þC2þC3

�
ν2p4

∞

−
15

16

��
41

4
−
9

2
ν

�
C1þ

�
19

6
−
25

12
ν

�
C2þ

�
1

2
−ν

�
C3þ

5

4
D1þ

1

2
D2þ

1

6
D3

�
ν2p6

∞: ð7:22Þ

Comparing these (simplified) expressions with the five
contributions to χ̃nonloc;hn that do not satisfy the rule (6.7)
f which were written down in Eqs. (6.28)], we now get the
following simplified versions of the five constraints (7.16)
and (7.17).
At 5PN we have only one constraint, Eq. (7.16), which

now reads

C1 ¼
168

5
: ð7:23Þ

At 6PN, the four constraints, Eq. (7.17), now imply

D0
1 ¼

398074

4725
−
4

5
C1 ¼

271066

4725
;

D1
1 ¼ −

218648

4725
þ 24

5
C1 ¼

21736

189
;

D1
2 ¼ −

87428

945
−
7

2
C1 þ

14

3
C2 ¼ −

39712

189
þ 14

3
C2;

D1
3 ¼

65584

105
þ 3

2
C1 −

3

2
C2 þ 6C3 þ

32

5
D

¼ 70876

105
−
3

2
C2 þ 6C3 þ

32

5
D: ð7:24Þ

At the 5PN level, we have three flexibility parameters, C1,
C2, C3, and only one of them is determined, namely C1,
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Eq. (7.23). It was pointed out in Ref. [2] that the presence of
two unconstrained 5PN flexibility parameters (namely C2

and C3) is in one-to-one correspondence with the existence
of two 5PN-level undetermined coefficients in the local
Hamiltonian (namely d̄ν

2

5 and aν
2

6 ). More precisely, chang-
ing the values of C2 and C3 was shown to be equivalent to
shifting the values of d̄ν

2

5 and aν
2

6 [see Eqs. (8.21)–(8.22) of
Ref. [2] ]. Alternatively, one could uniquely fix C2 and C3,
i.e., uniquely fix the flexibility factor f, so as to reduce
Δf−hH to beminimal, in a pr-type gauge, i.e., to contain the
minimum number of terms needed to satisfy the scattering
constraints. This was formulated there in terms of the EOB
parametrization of the Hamiltonian. The result was that by
choosing [see Eqs. (8.24) of Ref. [2], here rescaled by ν as
we recall]

cmin
1 ¼ 189

4
;

cmin
2 ¼ −

63

8
;

cmin
3 ¼ 63

8
; ð7:25Þ

the f − h piece of the EOB effective Hamiltonian was
reduced to be fully contained in the following specific
(minimal) Q term:

ΔfQmin ¼ 336

5
ν2

p4
r

r4
: ð7:26Þ

Let us now show how these results can be generalized to the
6PN level.12 Let us first note that, when transcribing the
5PN-level minimal constraints (7.25) in terms of the new
parameters Ci, they are easily seen to simply correspond to
completing the constraint (7.23) by the additional simple
constraints

Cmin
2 ¼ 0;

Cmin
3 ¼ 0: ð7:27Þ

If we then insert the latter results in the four 6PN-level
constraints (7.24), we find that, among the eight 6PN
coefficients D0

i ; D
1
i , i ¼ 1;…; 4, four of them, namely D0

1,
D1

1,D
1
2, andD

1
3 are completely fixed by combining the 5PN

minimal choice (7.27) with the general 6PN constraints.
This lead us to define the following minimal solution of the
5þ 6PN constraints:

Cmin
1 ¼ 168

5
;

Cmin
2 ¼ 0;

Cmin
3 ¼ 0;

Dmin
1 ¼ 271066

4725
þ 21736

189
ν;

Dmin
2 ¼ −

39712

189
ν;

Dmin
3 ¼

�
70876

105
þ 32

5
D

�
ν;

Dmin
4 ¼ 0: ð7:28Þ

Starting from this minimal solution of the flexibility
constraints, we can decompose Δf−hH0

5þ6PN into two
parts, say

Δf−hH0
5þ6PN ¼ Δf−hH0min

5þ6PN þ Δf−hH0CD
5þ6PN: ð7:29Þ

Here, Δf−hH0min
5þ6PN denotes the part that is built with the

minimal solution (7.28), namely

Δf−hH0min
5þ6PN

M
¼ ν3

168

5

p4
r

r4
þ ν3

�
271066

4725
þ 21736

189
ν

�
p6
r

r4

− ν4
39712

189

p4
r

r5
þ ν4

�
70876

105
þ 32

5
D

�
p2
r

r6
:

ð7:30Þ

On the other hand, Δf−hH0CD
5þ6PN denotes the part that

involves the six flexibility parameters that are left uncon-
strained by thegeneral constraints (7.23) and (7.24), namely:
C2, C3, D0

2, D
0
3, and D4 ¼ D0

4 þ νD1
4. Explicitly, we have

Δf−hH0CD
5þ6PN

M
¼ C2

ν3p2
r

r5
þ C3

ν3

r6
þ
�
D0

2 þ
14

3
νC2

�
ν3p4

r

r5

þ
�
D0

3 þ ν

�
−
3

2
C2 þ 6C3

��
ν3p2

r

r6

þ ðD0
4 þ νD1

4Þ
ν3

r7
: ð7:31Þ

By using a suitable canonical transformation to transform
into standard EOB gauge the harmonic-type gauge to which
Δf−hH0CD

5þ6PN belongs,13 we can then transcribe the uncon-
strained f-dependentHamiltonian contributionΔf−hH0CD

5þ6PN

in EOB format, i.e., in terms of the potentials A, D̄, and Q
parametrizing a general effective Hamiltonian in pr gauge,
as in Eqs. (4.1) and (4.2) of Ref. [3]). One then finds that

12It can be shown that a similar result holds at higher PN
orders.

13Indeed, Δf−hH0CD
5þ6PN is a contribution to the total nonlocal

Hamiltonian Hnonloc;f which is expressed in terms of harmonic
coordinates.
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adding the Hamiltonian contribution Δf−hH0CD
5þ6PN,

Eq. (7.31), is equivalent to adding to the EOB potentials
entering the f-route local HamiltonianHnonloc;f the following
supplementary (5PN and 6PN) contributions:

ACD ¼ aCD6 u6 þ aCD7 u7;

D̄CD ¼ d̄CD5 u5 þ d̄CD6 u6;

Q̂CD ¼ qCD45 p4
ru5; ð7:32Þ

with 5PN-level terms,

aCD6 ¼ 2ν2C3;

d̄CD5 ¼ 2ν2C2; ð7:33Þ

and 6PN-level ones:

aCD7 ¼ 2ν2ðD0
4 þ νD1

4Þ þ ν2ð9 − νÞC3;

d̄CD6 ¼ ν2ð2D0
3 þ 17C2 − 8C3Þ − ν3ð2C2 þ 30C3Þ;

qCD45 ¼ ν2
�
2D0

2 þ
7

3
C2

�
−
28

3
ν3C2: ð7:34Þ

By comparing the expressions (7.33) and (7.34) to the
explicit form of the EOB potentials of the 6PN f-route local
HamiltonianHloc;f , as displayed in Table X of [3], it is easily
checked that the addition of the contributions (7.33) and
(7.34) [including their explicit Oðν3Þ terms] to Hloc;f is
equivalent to replacing the undetermined EOB coefficients

aν
2loc;f
6 ; d̄ν

2loc;f
5 ;… appearing in Hloc;fðaν2loc;f6 ; d̄ν

2loc;f
5 ;…Þ by

the following shifted values:

aν
2shifted
6 ¼ aν

2loc;f
6 þ 2C3;

d̄ν
2shifted
5 ¼ d̄ν

2loc;f
5 þ 2C2;

aν
2shifted
7 ¼ aν

2loc;f
7 þ 2D0

4 þ 9C3;

aν
3shifted
7 ¼ aν

3loc;f
7 þ 2D1

4 − C3;

d̄ν
2shifted
6 ¼ d̄ν

2loc;f
6 þ 2D0

3 þ 17C2 − 8C3;

qν
2shifted
45 ¼ qν

2loc;f
45 þ 2D0

2 þ
7

3
C2: ð7:35Þ

The first two (5PN-level) equations are equivalent to
Eqs. (8.20)–(8.21) of Ref. [2] (taking into account the fact

that we separated here the term ν3 168
5

p4
r

r4 ).
In Eqs. (7.35) the undetermined parameters aν

2loc;f
6 ;…,

appearing on the right-hand sides of the definitions of the
various shifted parameters depend on the choice of f (i.e.,
on the choice of the unconstrained Ci’s andDi’s), while the
shifted parameters aν

2shifted
6 ;…, on the left-hand sides do

not depend on the choice of f (because they parametrize the
Hamiltonian Htot −Hloc;h − Δf−hH0min

5þ6PN). Therefore, the
choice of the values of the unconstrained flexibility

parameters C2; C3; D0
2;… is a kind of gauge freedom that

has no effect on the physical consequences of the total
Hamiltonian [which only depends on the gauge-invariant
shifted parameters defined in Eqs. (7.35)]. In other words,
imposing the simple additional constraints

C2 ¼ 0;

C3 ¼ 0;

D0
2 ¼ 0;

D0
3 ¼ 0;

D0
4 ¼ 0;

D1
4 ¼ 0; ð7:36Þ

which leads to the minimal values (7.28) of the flexibility
parameters, is a “gauge choice” such that the corresponding
minimal values of the undetermined EOB parameters, say
aν

2 min
6 ;…, simply coincide with the general gauge-invariant

shifted values defined in Eqs. (7.35):

aν
2 min
6 ¼ aν

2shifted
6 ;

d̄ν
2 min
5 ¼ d̄ν

2shifted
5 ;

aν
2 min
7 ¼ aν

2shifted
7 ;

aν
3 min
7 ¼ aν

3shifted
7 ;

d̄ν
2 min
6 ¼ d̄ν

2shifted
6 ;

qν
2 min
45 ¼ qν

2shifted
45 : ð7:37Þ

In the following, we shall often use by default the
minimal fixing of the flexibility factor, and of the asso-
ciated Hamiltonians, defined by using Eqs. (7.28) [i.e.,
satisfying Eqs. (7.36)]. This leads, in particular, to the
specific value of Δf−hH0

5þ6PN given by Eq. (7.30). The
corresponding specific values of the original flexibility
parameters ci, di defining the flexibility factor fðtÞ are
discussed in Appendix E.

VIII. NONLOCAL DELAUNAY HAMILTONIAN,
H̄nonloc;f

4 + 5 + 6PNðIR;IϕÞ, RADIAL ACTION, Inonloc;fR4 + 5 + 6PNðE;JÞ,
AND PERIASTRON PRECESSION

As said in the Introduction, besides the scattering
angle, a second gauge-invariant characterization of the
f-route nonlocal dynamics can be given. It consists in
presenting the explicit form of the f-route nonlocal con-
tribution to the averaged (Delaunay) Hamiltonian,
H̄nonloc;fðIR; IϕÞ, or equivalently the corresponding contri-
bution, Inonloc;fR4þ5þ6PNðE; JÞ, to the radial action. The (gauge-
invariant) information contained in H̄nonloc;fðIR; IϕÞ or
Inonloc;fR4þ5þ6PNðE; JÞ is also nearly fully encoded in the corre-
sponding contribution to the periastron advance. Indeed,
we have the general identity

SIXTH POST-NEWTONIAN NONLOCAL-IN-TIME DYNAMICS OF … PHYS. REV. D 102, 084047 (2020)

084047-31



dH̄ðIR; IϕÞ ¼ ΩRdIR þ ΩϕdIϕ

¼ ΩRdIR þ KΩRdIϕ; ð8:1Þ

where

ΩR ¼ ∂H̄ðIR; IϕÞ
∂IR ¼

�∂IRðE; JÞ
∂E

�
−1

ð8:2Þ

denotes the radial frequency 2π=TR, while

K ≡ΦðE; JÞ
2π

¼ Ωϕ

ΩR

¼ −
∂IRðE; JÞ

∂J ¼ þ 1

ΩR

∂H̄ðIR; IϕÞ
∂Iϕ ð8:3Þ

denotes the periastron advance K ¼ 1þ k (where the value
1 would correspond to the absence of periastron advance).
We have given in Table XI of Ref. [2] the explicit, 5PN-

accurate, expression of the f-route local Delaunay
Hamiltonian, H̄loc;fðIR; IϕÞ. We gave also the explicit value
of the function Iloc;fR ðE; JÞ at the 5PN accuracy in Ref. [2].
Concerning the 6PN-accurate f-route local dynamics, we
gave in Ref. [3] the explicit expression of the radial action
as a function of the EOB effective energy Iloc;fR ðEeff ; JÞ. We
proved there that it had a remarkably simple structure.
Namely, it reads

Iloc;fr ðγ; jÞ
GMμ

¼ −jþ IS0ðγÞ þ
IS1ðγÞ
hj

þ I3ðγ; νÞ
ðhjÞ3

þ I5ðγ; νÞ
ðhjÞ5 þ I7ðγ; νÞ

ðhjÞ7

þ I9ðγ; νÞ
ðhjÞ9 þ I11ðγ; νÞ

ðhjÞ11 ; ð8:4Þ

where h ¼ hðγ; νÞ ¼ Etot=M as above; where the first two
coefficients, IS0ðγÞ, IS1ðγÞ, only depend on γ and have the
following very simple exact expressions:

IS0ðγÞ ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2

p ;

IS1ðγÞ ¼
3

4
ð5γ2 − 1Þ; ð8:5Þ

and where all the other coefficients I2nþ1ðγ; νÞ are poly-
nomials in ν of order n:

I2nþ1ðγ; νÞ ¼ IS2nþ1ðγÞ þ
Xn
k¼1

Iν
k

2nþ1ðγÞνk: ð8:6Þ

The explicit values of the coefficients I2nþ1ðγ; νÞ were
given (at the 6PN accuracy) in Table XIVof Ref. [3], while

the exact (“Schwarzschild”) values, IS2nþ1ðγÞ, of their test-
mass limit, ν → 0, were given in Eq. (9.5) there.
In view of the existence of efficient algebraic-

manipulation programs, there is no need to write down
here the 6PN-accurate f-route local effective Delaunay
Hamiltonian, H̄loc;f

eff ðIR; IϕÞ corresponding to the inversion
of the explicit expression for Iloc;fR ðEeff ; JÞ given in Ref. [3].
It might, however, be useful to emphasize again the relation
between the effective energy Eeff ¼ μc2 þ � � � and the total
energy Etot ¼ Mc2 þ � � � [see Eq. (1.34)]:

Etot ¼ Mc2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Eeff

μc2
− 1

�s

≡Mc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðÊeff − 1Þ

q
≡Mc2hðγ; νÞ; ð8:7Þ

where

Êeff ≡ Eeff

μc2
≡ γ: ð8:8Þ

Let us now complete the results of Ref. [3] by explaining in
detail how the results derived above allow one to explicitly
write down the complementary nonlocal contribution
H̄nonloc;f

4þ5þ6PNðIR; IϕÞ to the total Delaunay Hamiltonian

H̄tot
6PNðIR; IϕÞ ¼ H̄loc;f

6PNðIR; IϕÞ þ H̄nonloc;f
4þ5þ6PNðIR; IϕÞ: ð8:9Þ

It is the sum of three contributions

H̄nonloc;f
4þ5þ6PNðIR; IϕÞ ¼ H̄nonloc;h

4þ5þ6PNðIR; IϕÞ þ H̄nonloc;h
5.5PN ðIR; IϕÞ

þ Δf−hH̄5þ6PNðIR; IϕÞ: ð8:10Þ

The first contribution was computed in Ref. [3] [see
Eq. (3.31) there] in terms of the harmonic coordinate
semimajor axis ahr and eccentricity14 eht [as a power series
expansion up to the order Oððeht Þ10Þ included] and reads

H̄nonloc;h
4þ5þ6PN

M
¼ ν2

ðahr Þ5
½A4PNðeht Þ þ B4PNðeht Þ ln ahr �

þ ν2

ðahr Þ6
½A5PNðeht Þ þ B5PNðeht Þ ln ahr �

þ ν2

ðahr Þ7
½A6PNðeht Þ þ B6PNðeht Þ ln ahr �: ð8:11Þ

The explicit expressions of the 4PN and 5PN coefficients
A4PN, B4PN, A5PN, B5PN are written down in Table I of
Ref. [2], while the explicit expressions of the 6PN
coefficients A6PN, B6PN have been written down in
Table V or Ref. [3].

14Here, we are talking about ellipticlike orbital elements.
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The second contribution was computed in Ref. [2] and
reads15

H̄nonloc;h
5.5PN ¼ þ μ2

M
c2

6848

525

π

ðahr Þ13=2
φðeht Þ; ð8:12Þ

where the expansion of the function φðeÞ in powers of e (up
to the 16th order) is given in Eq. (12.7) there.
Let us clarify that the intermediate (ellipticlike) orbital

elements ahr and eht used as arguments in these expressions
acquire a gauge-invariant meaning when they are reex-

pressed as functions of Ē≡ Etot−Mc2

μ and j≡ J
GMμ. The

corresponding expressions are given in Eqs. (A7) (see also
Table III in Ref. [3]).
Note that the replacement of the latter functions16

arðE; JÞ, etðE; JÞ in the expressions (8.11) and (8.12)
would be appropriate for computing the corresponding
values of the radial action, namely

Inonloc;hR4þ5þ6PNðE; JÞ ¼ −
1

ΩR
H̄nonloc;h

4þ5þ6PNðIR; IϕÞ;

InonlocR5.5PNðE; JÞ ¼ −
1

ΩR
H̄nonloc

5.5PN ðIR; IϕÞ; ð8:13Þ

whereΩR ¼ 2π=TR denotes the radial frequency. The 2PN-
accurate expression of n≡GMΩR in terms of Ē and j is
given in Eq. (A12).
Indeed, E and J are the natural arguments for the radial

action. On the other hand, the natural variables for the
Delaunay Hamiltonian are, by definition, IR and Iϕ ≡ J.
Therefore we must use the (2PN-accurate) transformation
between E, J and IR, Iϕ. This transformation (first derived
in [8]) is given (in both directions), at the 2PN accuracy, in
Appendix A in terms of the rescaled action variables

ir ≡ IR
GMμ

;

iϕ ≡ Iϕ
GMμ

≡ j;

irϕ ≡ ir þ iϕ ≡ ir þ j: ð8:14Þ

Note the important point that the function e2t ðir; iϕÞ, given
in Eq. (A11), contains ir as an overall factor. In other
words, e2t vanishes like ir when ir → 0, keeping fixed iϕ.
This expresses the fact that the ellipticlike eccentricity17 et
is a good quasi-Keplerian eccentricity that vanishes along
circular motions (the latter being intrinsically defined by

the property ir ¼ 0). This property also ensures that the
expression we computed for the nonlocal Delaunay
Hamiltonian as a truncated expansion in powers of et
(up to e10t included) becomes transformed, when expressed
as a function of ir and iϕ ¼ j, as a truncated expansion in
powers of ir (up to i5r included). In turn, this ensures that,
for example, the corresponding contribution to the perias-
tron advance is obtained as an expansion in powers of ir (up
to i5r included).
So far we have discussed the explicit expressions of the

first two contributions to the nonlocal Delaunay
Hamiltonian, Eq. (8.10). It remains to discuss the third
contribution, namely Δf−hH̄ðIR; IϕÞ.
In view of Eq. (7.2), it is given by

Δf−hH̄ðIR; IϕÞ ¼
2π

ΩR
Wf−h

ell ; ð8:15Þ

where

Wf−h
ell ¼ þ2

GHtot

c3

I
dtF split

2PNðt; tÞ lnðfðtÞÞ

¼ 2
GHtot

c5

I
dtFGW

1PNðtÞ
�
f1 þ η2

�
f2 −

1

2
f21

��

¼
I

dtΔf−hH0
5þ6PN; ð8:16Þ

where Δf−hH0
5þ6PN is given by Eq. (7.19). Using the

2PN-accurate quasi-Keplerian representation of elliptic
motions in harmonic coordinates (see, e.g., Sec. III of
[3]), it is a straightforward matter to compute the elliptic
integral Wf−h

ell . Its exact expression in terms of ar and et
reads

Wf−h
ell ðar; etÞ ¼ Wf−h

ell 0 þ η2Wf−h
ell 2; ð8:17Þ

where

Wf−h
ell 0 ¼ 2πM2ν3

w0

½arð1 − e2t Þ�9=2
;

Wf−h
ell 2 ¼ 2πM2ν3

wν0
2 þ νwν1

2

½arð1 − e2t Þ�11=2
; ð8:18Þ

with

15After correcting a sign error on the right-hand side of
Eq. (12.6) in Ref. [2].

16For brevity, we henceforth omit the superscript h on ar,
and et.17Beware that it does not coincide with the analytic continu-
ation of its hyperboliclike counterpart.
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w0 ¼ C3 þ
�
3C3 þ

1

2
C2

�
e2t þ

3

8
ðC3 þ C2 þ C1Þe4t þ

1

16
C1e6t ;

wν0
2 ¼ 9

2
C3 þD0

4 þ
�
1

2
D0

3 þ 81C3 þ
21

4
C2 þ 5D0

4

�
e2t þ

�
371

16
C2 þ

3

4
D0

3 þ
3

8
D0

2 þ
99

16
C1 þ

1539

16
C3 þ

15

8
D0

4

�
e4t

þ
�
117

16
C3 þ

133

16
C2 þ

199037

7560
þ 339

32
C1 þ

1

16
D0

3 þ
3

16
D0

2

�
e6t þ

�
15

16
C1 þ

199037

60480

�
e8t ;

wν1
2 ¼ −

1

2
C3 þD1

4 þ
�
−
3

2
C2 þ

32792

105
þ 5D1

4 þ
16

5
Dþ 3

4
C1 − 25C3

�
e2t

þ
�
−
555

16
C3 −

15

2
C2 −

9

8
C1 þ

15

8
D1

4 þ
24

5
Dþ 273271

630

�
e4t

þ
�
−
105

32
C1 −

45

16
C3 þ

27331

3780
−
45

16
C2 þ

2

5
D

�
e6t þ

�
−
27331

15120
−

9

32
C1

�
e8t : ð8:19Þ

When using the minimal values, Eqs. (7.28), of the
flexibility parameters, this result takes the following
explicit form:

w0min ¼
63

5
e4t þ

21

10
e6t ;

wν0
2min ¼

2079

10
e4t þ

2890019

7560
e6t þ

2104157

60480
e8t ;

wν1
2min ¼

�
35438

105
þ 16

5
D

�
e2t þ

�
249457

630
þ 24

5
D

�
e4t

þ
�
−
194707

1890
þ 2

5
D

�
e6t −

34043

3024
e8t : ð8:20Þ

Similarly to the treatment above of H̄nonloc;h
4þ5þ6PN and

H̄nonloc;h
5.5PN we can then reexpress Wf−h

ell as a function of E
and J, and Δf−hH̄ as a function of IR, and Iϕ, by using the
2PN-accurate transformations explicitly given above.
As already mentioned, in view of the existence of

efficient algebraic-manipulation programmes there is no
need to write down here the long expressions obtained after
these transformations. Let us, instead, cite the explicit
forms of two of the simplest gauge-invariant quantities one
can derive from our results: the value of the nonlocal
contribution to the total energy along circular orbits, and
the value of the nonlocal contribution to the periastron
advance, also computed along circular orbits. They are
both obtained by taking the limit IR → 0, namely

Enonloc;X;circðJÞ ¼ ½H̄nonloc;XðIR; IϕÞ�IR¼0
;

Knonloc;X;circðJÞ ¼
�
1

ΩR

∂H̄nonloc;XðIR; IϕÞ
∂Iϕ

�
IR¼0

: ð8:21Þ

Here, X, is a label distinguishing the various contributions
to the nonlocal action. Following the decomposition (8.10)
we have

Enonloc;f;circðJÞ ¼ Enonloc;h;circ
4þ5þ6PN ðJÞ þ Enonloc;h;circ

5.5PN ðJÞ
þ Ef−h;circ

5þ6PN ðJÞ: ð8:22Þ

These three nonlocal contributions must be added to the
f-route local contribution, Eloc;f;circðJÞ, to obtain the total
circular energy

Etot;circðJÞ ¼ Eloc;f;circðJÞ þ Enonloc;f;circðJÞ: ð8:23Þ

Similarly, the total periastron advance along circular orbits
can be decomposed as

Ktot;circðJÞ ¼ Kloc;f;circðJÞ þ Knonloc;f;circðJÞ; ð8:24Þ

where

Knonloc;f;circðJÞ ¼ Knonloc;h;circ
4þ5þ6PN ðJÞ þ Knonloc;h;circ

5.5PN ðJÞ
þ Kf−h;circðJÞ: ð8:25Þ

Using rescaled variables, we find the following results for
these quantities:
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Eloc;f;circ
≤6PN ðjÞ

M
¼ 1 −

ν

2

η2

j2
þ
�
−
ν2

8
−
9ν

8

�
η4

j4
þ
�
−
ν3

16
þ 7ν2

16
−
81ν

16

�
η6

j6

þ
�
−
5ν4

128
þ 5ν3

64
þ
�
8833

384
−
41π2

64

�
ν2 −

3861ν

128

�
η8

j8

þ
�
−
7ν5

256
þ 3ν4

128
þ
�
41π2

128
−
8875

768

�
ν3 þ

�
989911

3840
−
6581π2

1024

�
ν2 −

53703ν

256

�
η10

j10

þ
��

aν
2

6

2
þ 29335π2

2048
−
1679647

3840

�
ν3 −

21ν6

1024
þ 5ν5

1024
þ
�
41π2

512
−
3769

3072

�
ν4

þ
�
3747183493

1612800
−
31547π2

1536

�
ν2 −

1648269ν

1024

�
η12

j12

þ
�
ν3
�
39aν

2

6

4
þ aν

2

7

2
−
1681π4

512
þ 10605841π2

24576
−
10727952929

1075200

�

þ ν4
�
aν

2

6

4
þ aν

3

7

2
−
21383π2

8192
þ 1007737

7680

�
−
33ν7

2048
−

7ν6

2048
þ
�
41π2

1024
−
2537

3072

�
ν5

þ
�
576215112401

29030400
þ 1322752463π2

3538944
−
2800873π4

524288

�
ν2 −

27078705ν

2048

�
η14

j14
; ð8:26Þ

Enonloc;h;circ
4þ5þ6PN ðjÞ

M
¼ 64

5
ν2

η10

j10

�
ln

�
4
eγ

j

�
þ
�
1

2
þ 3793

336
ln

�
4
eγ

j

�
−
155

12
lnð2Þ þ 1215

896
lnð3Þ

þ
�
1

2
−
7

4
ln

�
4
eγ

j

�
þ 155

28
lnð2Þ − 1215

224
lnð3Þ

�
ν

�
η2

j2

þ
�
982207

9072
ln

�
4
eγ

j

�
−
106783

9072
lnð2Þ þ 6075

448
lnð3Þ þ 5977

672

þ
�
−
79727

2016
ln

�
4
eγ

j

�
þ 211849

6048
lnð2Þ þ 5977

672
−
83835

1792
lnð3Þ

�
ν

þ
�
76319

1512
lnð2Þ − 5

8
þ 1

2
ln

�
4
eγ

j

�
−
13365

448
lnð3Þ

�
ν2
�
η4

j4

�
;

Enonloc;h;circ
5.5PN ðjÞ

M
¼ 6848

525
ν2π

η13

j13
;

Ef−h;circ
5þ6PN ðjÞ
M

¼ ν3
η12

j12

�
C3 þ ð24C3 þD4Þ

η2

j2

�
: ð8:27Þ

Note that the minimal version of Δf−hH0
5þ6PN, Eq. (7.30), leads to a vanishing value of Ef−h;circ

5þ6PN ðjÞ

Ef−h;circ
min ðjÞ ¼ 0: ð8:28Þ

On the other hand, if one does not use the minimal version ofΔf−hH0
5þ6PN, the total energy is easily checked to depend only

on the shifted versions of the undetermined parameters aν
2

6 , a
ν2
7 , and aν

3

7 defined in Eqs. (7.33)–(7.35).
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Similarly for the periastron advance

Kloc;f;circ
≤6PN ðjÞ ¼ 1þ 3

η2

j2
þ
�
45

2
− 6ν

�
η4

j4
þ
�
405

2
þ
�
−202þ 123

32
π2
�
νþ 3ν2

�
η6

j6

þ
�
15795

8
þ
�
185767

3072
π2 −

105991

36

�
νþ

�
−
41

4
π2 þ 2479

6

�
ν2
�
η8

j8

þ
�
161109

8
þ
�
−
18144676

525
þ 488373

2048
π2
�
νþ

�
−
1

2
d̄ν

2

5 −
15

2
aν

2

6 −
9225

32
π2 þ 21399

2

�
ν2

þ
�
−
1627

6
þ 205

32
π2
�
ν3
�
η10

j10

þ
�
3383289

16
þ
�
−
2299413173213

6350400
−
10107671003

1179648
π2 þ 7335303

65536
π4
�
ν

þ
�
−
361

2
aν

2

6 −
21

2
aν

2

7 − 9d̄ν
2

5 −
1

2
d̄ν

2

6 þ 85731

2048
π4 −

8043499

1024
π2 þ 1859633

8

�
ν2

þ
�
15

2
aν

2

6 þ 1

2
d̄ν

2

5 −
21

2
aν

3

7 þ 1290233

3072
π2 −

2190437

144

�
ν3 þ 75

2
ν4
�
η12

j12
;

Knonloc;h;circ
4þ5þ6PN ðjÞ ¼ −

64

10
ν
η8

j8

�
−11þ 157

6
ln

�
4
eγ

j

�
−
277

6
lnð2Þ þ 729

16
lnð3Þ

þ
�
−
59723

336
þ 9421

28
ln

�
4
eγ

j

�
−
11237

28
lnð2Þ þ 112995

224
lnð3Þ

þ
�
2227

42
−
617

6
ln

�
4
eγ

j

�
−
1957

2
lnð2Þ þ 54675

112
lnð3Þ

�
ν

�
η2

j2

þ
�
−
4446899

2016
þ 11076725

3024
ln

�
4
eγ

j

�
−
5347151

1008
lnð2Þ þ 10528947

1792
lnð3Þ þ 48828125

145152
lnð5Þ

þ
�
358987

252
−
363851

168
ln

�
4
eγ

j

�
−
10931765

1512
lnð2Þ þ 4626963

896
lnð3Þ − 48828125

24192
lnð5Þ

�
ν

þ
�
−
136369

1512
þ 775

6
ln

�
4
eγ

j

�
−
1315051

126
lnð2Þ þ 4333905

1792
lnð3Þ þ 48828125

16128
lnð5Þ

�
ν2
�
η4

j4

�
;

Knonloc;h;circ
5.5PN ðjÞ ¼ −

99938

315
νπ

η11

j11
;

Kf−h;circ
5þ6PN ðjÞ ¼ −ν2

η10

j10

�
15C3 þ C2 þ

�
903

2
C3 þ

53

2
C2 þ 21D0

4 þD0
3

þ
�
−
51

2
C3 þ

70876

105
− C2 þ 21D1

4 þ
32

5
D
�
ν

�
η2

j2

�
: ð8:29Þ

The minimal version of Δf−hH0
5þ6PN, (7.30), leads to the following simple value for Kf−h;circ

5þ6pn ðjÞ:

Kf−h;circ
min ðjÞ ¼ −

32

5
ν3

η12

j12

�
17719

168
þD

�
: ð8:30Þ

Again, if one does not use the minimal version ofΔf−hH0
5þ6PN, the total periastron advance is easily checked to depend only

on the shifted versions of the undetermined parameters d̄ν
2

5 ;… defined in Eqs. (7.33)–(7.35).
It is useful to express both the binding energy and the periastron advance along circular orbits in terms of the

dimensionless frequency variable x ¼ ðGMΩϕ=c3Þ2=3 by replacing j as a function of x. For simplicity, we henceforth use

BINI, DAMOUR, and GERALICO PHYS. REV. D 102, 084047 (2020)

084047-36



the minimal version, Eqs. (7.28), of the flexibility factor [corresponding to the explicit minimal Hamiltonian contribution
(7.30)]. (Accordingly, we replace the undetermined parameters by their minimal values.)
We then find the following explicit relation between j and x:

j ¼ 1ffiffiffi
x

p
�
1þ

�
1

6
νþ 3

2

�
xþ

�
1

24
ν2 −

19

8
νþ 27

8

�
x2

þ
�
135

16
þ 7

1296
ν3 þ 31

24
ν2 þ

�
41

24
π2 −

6889

144

�
ν

�
x3

þ
�
2835

128
−

55

31104
ν4 −

215

1728
ν3 þ

�
356035

3456
−
2255

576
π2
�
ν2

þ
�
−
128

3
γ −

6455

1536
π2 −

256

3
lnð2Þ − 64

3
lnðxÞ þ 98869

5760

�
ν

�
x4

þ
�
15309

256
−

1

768
ν5 −

55

768
ν4 þ

�
451

128
π2 −

25189

256

�
ν3

þ
�
1312

15
lnðxÞ þ 1944

7
lnð3Þ þ 21337

1536
π2 − 2aν

2 min
6 þ 6976

105
lnð2Þ þ 2624

15
γ −

341671

1440

�
ν2

þ
�
59112343

44800
þ 9976

105
lnðxÞ − 486

7
lnð3Þ þ 47344

105
lnð2Þ þ 19952

105
γ −

126779

768
π2
�
ν

�
x5 −

89024

1575
πνx11=2

þ
�
168399

1024
−

1729

6718464
ν6 −

3283

248832
ν5 þ

�
18298567

373248
−
173635

124416
π2
�
ν4

þ
�
−
41216

135
γ −

7

3
aν

3 min
7 −

4221791

110592
π2 þ 7

2
aν

2 min
6 þ 1134 lnð3Þ

−
20608

135
lnðxÞ þ 49890383

51840
−
240112

81
lnð2Þ

�
ν3

þ
�
99652

81
lnð2Þ − 7

3
aν

2 min
7 −

76581497731

14515200
−
11767

2304
π4

þ 54738593

110592
π2 −

166324

135
γ −

5751

2
lnð3Þ − 7

2
aν

2 min
6 −

83162

135
lnðxÞ

�
ν2

þ
�
247758680837

43545600
þ 178844

1215
lnðxÞ þ 357688

1215
γ −

47656

243
lnð2Þ

þ 19606111

786432
π4 þ 648 lnð3Þ − 5802762665

5308416
π2
�
ν

�
x6
�
:

ð8:31Þ

Using the latter relation, the binding energy as a function of x reads

Etot;circ
≤6PN ðxÞ ¼ Mc2 þ Etot;circ

≤4PN ðxÞ þ Etot;circ
5þ5.5þ6PNðxÞ; ð8:32Þ

where Etot;circ
≤4PN ðxÞ is given by Eq. (5.5) of Ref. [4], and where
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Etot;circ
5þ5.5þ6PNðxÞ¼−

μ

2
x

��
−
45927

512
þ
�
−
228916843

115200
−
23672

35
lnð2Þ−9976

35
γþ729

7
lnð3Þ−4988

35
lnðxÞþ126779

512
π2
�
ν�

1004021

2880
þ3aν

2min
6 −

2916

7
lnð3Þ−3488

35
lnð2Þ−21337

1024
π2−

656

5
lnðxÞ−1312

5
γ

�
ν2

þ
�
75567

512
−
1353π2

256

�
ν3þ 55

512
ν4þ 1

512
ν5
�
x5þ178048

1575
πνx11=2

þ
�
−
264627

1024
þ
�
9118627045

5308416
π2−

389727504721

43545600
−
7128

7
lnð3Þ−30809603

786432
π4−

3934568

8505
γ

−
1967284

8505
lnðxÞþ74888

243
lnð2Þ

�
ν

þ
�
18491

2304
π4þ11

2
aν

2min
6 −

86017789

110592
π2þ914782

945
lnðxÞþ63261

14
lnð3Þ

þ120889797143

14515200
þ11

3
aν

2min
7 −

156596

81
lnð2Þþ1829564

945
γ

�
ν2

þ
�
64768

135
γþ32384

135
lnðxÞ−11

2
aν

2min
6 −1782lnð3Þþ6634243

110592
π2

þ2641232

567
lnð2Þ−15582935

10368
þ11

3
aν

3min
7

�
ν3þ

�
272855π2

124416
−
28754891

373248

�
ν4þ 5159

248832
ν5þ 2717

6718464
ν6
�
x6
�
:

ð8:33Þ
Similarly, when using the minimal version of the flexibility factor, the periastron advance expressed in terms of x reads

Ktot;circ
≤6PN ðxÞ ¼ 1þ 3xþ

�
27

2
− 7ν

�
x2 þ

�
135

2
þ 7ν2 þ

�
−
649

4
þ 123

32
π2
�
ν

�
x3

þ
�
2835

8
þ
�
48007

3072
π2 −

1256

15
lnðxÞ − 275941

360
−
1458

5
lnð3Þ − 2512

15
γ −

592

15
lnð2Þ

�
ν

þ
�
−
451

32
π2 þ 5861

12

�
ν2 −

98

27
ν3
�
x4

þ
�
15309

8
þ
�
9477

35
lnð3Þ þ 3928

35
γ þ 1964

35
lnðxÞ − 1056789
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−
953995

2048
π2 −

26344
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�
ν

þ
�
19832

45
lnðxÞ − 1

2
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2 min
5 −

186997

2304
π2 þ 42385559
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−
15

2
aν
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þ 343408

45
lnð2Þ − 95742
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45
γ

�
ν2 þ

�
−
6512
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þ 1025

48
π2
�
ν3 þ 70

81
ν4
�
x5 −

99938

315
πνx11=2

þ
�
168399
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þ
�
343173600941

12700800
−
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lnð3Þ − 9765625

4536
lnð5Þ þ 12925966

945
lnð2Þ

−
10245894299

1179648
π2 þ 7335303

65536
π4 þ 1287518

945
γ þ 643759

945
lnðxÞ

�
ν

þ
�
−
185881
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π2 −

3

2
d̄ν

2 min
5 −
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2
aν

2 min
7 − 56aν

2 min
6 þ 388640863

20160

þ 943569

140
lnð3Þ þ 5043

2048
π4 þ 9765625
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lnð5Þ − 38699404

945
lnð2Þ − 86092

105
γ −

43046

105
lnðxÞ − 1

2
d̄ν

2 min
6

�
ν2

þ
�
−
10176

5
γ −

88248109

15120
−
9765625

504
lnð5Þ − 2930337

280
lnð3Þ þ 1499825

9216
π2 þ 20aν

2 min
6

þ 1836992
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lnð2Þ þ 4

3
d̄ν
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5 −

21

2
aν

3 min
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5
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D
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�
−
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�
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x6: ð8:34Þ
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The 4PN-level periastron advance (along circular orbits)
was first obtained in Refs. [55,67], and later rederived by a
different approach in Ref. [92]. Reference [67] also derived
the 5.5PN periastron advance. The terms Oðx5Þ and Oðx6Þ
corresponding to the 5PN and 6PN orders, respectively, are
computed here for the first time, modulo the undetermined
parameters d̄ν

2 min
5 ; aν

2 min
6 ;…, that enter the minimal version

defined in Eqs. (7.28). We recall that, when using nonzero
values of the unconstrained flexibility parameters, any
physical quantity will be given by the same expression
as the minimal one, with the qualification that the param-
eters aν

2 min
6 ;…, would be replaced by aν

2shifted
6 , etc., as

defined in Eqs. (7.35). By contrast, the linear-in-ν part of
these coefficients is fully determined, reproducing the
corresponding known terms [93] in the EOB function
ρðxÞ such that K−2ðxÞ ¼ 1–6xþ νρðxÞ þOðν2Þ.

IX. DISCUSSION

The recent renewed interest in the gravitational scattering
of a two-body system has led to further improvements in
the associated analytical modeling within PN-PM theory. In
this work we have raised the present knowledge of the
nonlocal-in-time part of the scattering angle at the 6PN
level, and at the next-to-next-to-leading order in the large
eccentricity of the orbital dynamics. The intricacy of the
NNLO level in the scattering angle shows up in the
appearance of ζð3Þ in some of the integrals making up
the final result, see Eqs. (3.45) and (3.46). It also shows up
in the fact that we could not compute analytically a third
integral [namely c42 or equivalently d42, Eq. (4.14),
Table VI] entering the final result, though we did evaluate
it numerically. Going beyond the NNLO in the large
eccentricity expansion remains a challenge for future
calculations. By considering the mass-ratio dependence
of the scattering angle, we discovered in passing a
hidden simplicity in the mass-ratio dependence of the
gravitational-wave energy loss of a two-body system
(see Sec. VII B). The mass-ratio dependence of the non-
local scattering angle allowed us to determine (in Sec. VII)
the contribution to the Hamiltonian linked to the flexibility
factor fðtÞ. In particular, we discussed a minimal way to fix
the residual gauge freedom present in the choice of fðtÞ,
see Eqs. (7.28) and (7.30).
Besides our results on the scattering angle at the 6PN

level, we gave several other gauge-invariant character-
izations of the nonlocal-in-time dynamics. We computed
the nonlocal part of the averaged (Delaunay) Hamiltonian
for ellipticlike motions up to the tenth order in eccentricity,
see Sec. IX and Appendix F. We then extracted from the
latter results two (partial but useful) physical observables:
the energy and the periastron precession along circular
orbits. We expressed the latter quantities both in terms of
the angular momentum and in terms of the orbital fre-
quency. Additional results and details are presented in

several appendixes. In particular, (i) the details of our
frequency-domain computations are presented in
Appendixes B and C, (ii) Appendix G completes the
information about the h-route nonlocal dynamics by giving
the explicit value of the Oðp8

rÞ part of the corresponding
EOB Q potential, while (iii) Appendix H gives the elliptic-
motion average of the lnðrh12=sÞ part of the Hamiltonian.
Though our results for the nonlocal dynamics are

complete, our method has allowed us to compute the
complementary local dynamics only modulo a small
number of undetermined numerical parameters. Namely,
two parameters at the 5PN level, and four at the 6PN level.
Recent progress in the computer-aided evaluation of the
5PN-level dynamics of binary systems [59–62] gives hope
that it might become soon possible to extract the two
missing 5PN coefficients (denoted d̄ν

2

5 and aν
2

6 ) by compar-
ing the observables deducible from a 5PN-accurate
Hamiltonian computed in (say) harmonic coordinates with
the gauge-invariant functions we presented above, thereby
completing the knowledge of the 5PN dynamics. However
several of the subtleties we had to cope with at 5PN might
stand in the way.
We have particularly in mind the fact that our method

uniquely determines all the terms quadratic in one mass in
the action by a matching between the near zone (potential
modes) and the wave zone (soft radiation modes) based on
the use of a global Green’s function (computed by means
of black-hole perturbation theory). This well-defined
nearzone-wavezone matching is similar to the one that
was used, at the 4PN level, in Ref. [4] by combining the
globally matched 4PN-level self-force result of Ref. [94],
with the 4PN near-zone computation of Ref. [53]. By
contrast, the EFT-based derivations of the full (local-plus-
nonlocal) 4PN dynamics in Refs. [58,59] have combined
the results of two different EFT-like computations (namely
a wave-zone EFT computation [95,96], and a near-zone
EFT one [57,59]) without showing in detail how this
combination comes out automatically by applying the
“strategy of regions” [97] to the original point-particle
action (i.e., by decomposing the original, PM-expanded,
but not PN-expanded, point-particle action into comple-
mentary contributions coming from two different regions
of momentum space). This absence of a detailed, ab initio
application of the strategy of regions at the 4PN level
makes us expect that it will be difficult for a direct EFT
computation of the action to unambiguously apply, in a
technically complete way, the strategy of regions at the
more intricate 5PN level.
Having this potential difficulty in mind, we therefore

suggest to use, within the EFT approach, an analog of the
strategy used in [4] at the 4PN level. Indeed, the basic fact
underlying the success (and completeness) of this strategy
is that the sole possible ambiguity in combining the near-
zone Hamiltonian with the wave-zone one comes from
combining the logarithmic infrared divergence entering the
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former computation, with the logarithmic ultraviolet diver-
gence enter the latter one. In other words, if we introduce
(like in the old-style computations of the Lamb shift) an
intermediate scale s (with r12 ≪ s ≪ c=Ωϕ), the former

computation contains a term 2 GH
c5

FGWðtÞ lnðrh12ðtÞsNZ
Þ while

the latter one contains a term 2 GH
c5

FGWðtÞ ln ðΩϕsWZ=cÞ.
Here, sNZ denotes the intermediate scale swhen it is used as
an infrared cutoff in a near-zone computation (involving
potential modes), while sWZ denotes the intermediate scale
s when it is used as an ultraviolet cutoff in a wave-zone
computation (involving radiation modes). In summing the
results of these two regions, the intermediate scale s should
disappear, but any ambiguity in the identification between
sNZ and sWZ will introduce an ambiguity in the total
Hamiltonian equal to

HC ¼ 2C
GH
c5

FGWðtÞ; ð9:1Þ

where

C ¼ ln

�
sWZ

sNZ

�
; ð9:2Þ

is some pure number. We emphasize here that the same
result [presence of the single-parameter ambiguity (9.2)]
holds also at the 5PN and 6PN levels because the only
delicate divergences18 entering the near-zone and wave-
zone computations are logarithmic, and have both the same,
known coefficient 2 GH

c5
FGWðtÞ.

At the 4PN level, Ref. [4] had introduced such a single
logarithmic ambiguity constant and had shown how the
sum of the near-zone (local19) Hamiltonian and the wave-
zone (tail-related) one, together with the use of the globally
matched self-force 4PN Hamiltonian [94], led to a unique
answer for the full (local-plus-nonlocal) Hamiltonian. The
advantage of this strategy is that it is enough to know three
partial results to apply it, namely, (i) a knowledge of the
near-zone (potential-modes) Hamiltonian restricted to
the scales r < sNZ, (ii) a knowledge of the wave-zone
Hamiltonian, restricted to the scales r > sWZ, and (iii) a
knowledge of the globally matched self-force result [which
unambiguously determines the Oðν2Þ part of the total
Hamiltonian]. Our method provides explicit (and complete)
results for the items (ii) and (iii), while it needs to be
completed by a near-zone computation for determining
the undetermined parameters aν

2

6 , etc., entering our local
Hamiltonian.

From the practical point of view, we are therefore
suggesting to compare (say at the 6PN level) the gauge-
invariant content of

HEFT;tot
6PN ¼ HEFT;loc;s

6PN þHC

−
GH
c5

Pf2s=c

Z
dτ
jτjF

split
2PNðt; tþ τÞ; ð9:3Þ

to that of our full Hamiltonian

Hour;tot
6PN ¼ Hloc;f

6PN þHnonloc;f
6PN

¼ Hloc;f
6PN þHnonloc;h

4þ5þ6PN þ Δf−hH5þ6PN: ð9:4Þ

As

Hnonloc;h
4þ5þ6PNðtÞ ¼ −

GHtot

c5
Pf2s=c

Z
dτ
jτjF

split
2PNðt; tþ τÞ

þ 2
GHtot

c5
FGW

2PNðtÞ ln
�
rh12ðtÞ
s

�
; ð9:5Þ

we see that the identification between the two Hamiltonians
boils down to identifying what one can call their near-zone
parts, namely, on the one hand,

HEFT;NZ
6PN ¼ HEFT;loc;s

6PN þHC; ð9:6Þ

where s denotes any scale used to regularize the infrared
divergence of HEFT;loc, and, on the other hand,

Hour;NZ
6PN ¼ Hloc;f

6PN þ Δf−hH5þ6PN

þ 2
GH
c5

FGW
2PNðtÞ ln

�
rh12ðtÞ
s

�
: ð9:7Þ

There are various ways to identify (in a gauge-invariant
manner) these two near-zone Hamiltonians. One can look
for a canonical transformation mapping on into the other
one, or one can identify gauge-invariant observables. We
have provided above (and in our previous papers [2,3])
several gauge-invariant functions that can be used in this
respect. However, as the last term on the right-hand side of
Eq. (9.7) has been incorporated in our recent developments
into the nonlocal part of the Hamiltonian, and was not
separately studied (in a gauge-invariant way), we decided
to complete our gauge-invariant characterization of the
near-zone dynamics by giving the value of its Delaunay
average, namely

hH4þ5þ6PN
nonloc;ln;hi ¼

1H
dt

I
2
GHtot

c5
F split

2PNðt; tÞ ln
�
rh12ðtÞ
s

�
dt:

ð9:8Þ

18We assume here that the (unphysical [98]) ultraviolet
divergences due to the use of a point-mass description
have been separately regularized; e.g., by using dimensional
regularization.

19Note that in Ref. [4] and in the present discussion the
meaning of “local” is different from the one used in our method.
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The explicit value of the latter 6PN-accurate Delaunay
average will be found in Appendix H as a function of ahr
and eht (up to the tenth order in eht ).
Summarizing, the identification between Eqs. (9.6) and

(9.7) yields, in our opinion, an efficient way (avoiding a full
use of the strategy of regions) to determine at once the
values of our undetermined parameters aν

2

6 ;…, and the
value of the single near-zone–wave-zone separation ambi-
guity constant C [which we have incorporated here in
Eq. (9.6)]. Our determination of most of the ν dependence
of the Hamiltonian will also provide many checks of the
computation of HEFT;NZ

6PN .
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APPENDIX A: COMPENDIUM OF USEFUL
PN RESULTS

We collect in this appendix some known results in PN
theory. When working at the 6PN level we often need only
fractionally 2PN-accurate results on the dynamics. In some
parts, we only need 1PN-level results such as the Einstein-
Infeld-Hoffmann-Fichtenholz 1PN Lagrangian for the rel-
ative motion (see, e.g., Ref. [81])

Lh
1PN

μ
¼ 1

2
v2 þGM

r
þ η2

�
1

8
ð1 − 3νÞv4

þGM
2r

�
ð3þ νÞv2 þ νðn · vÞ2 −GM

r

��
; ðA1Þ

where v2 ¼ _r2 þ r2 _ϕ2. This determines the corresponding
momenta

pr ¼
∂Lh

1PN

∂ _r ¼ Cr _r; pϕ ¼ ∂Lh
1PN

∂ _ϕ ¼ Cϕr2 _ϕ; ðA2Þ

with

Cr ¼ 1þ η2
�ð1 − 3νÞ

2
v2 þGM

r
ð3þ 2νÞ

�
;

Cϕ ¼ 1þ η2
�
1 − 3ν

2
v2 þ ð3þ νÞGM

r

�
; ðA3Þ

so that p2 ¼ p2
r þ p2

ϕ

r2 ¼ C2
r _r2 þ C2

ϕr
2 _ϕ2.

The corresponding 1PN-accurate Hamiltonian (expressed
in terms of p ¼ pphys=μ; and using c ¼ 1) reads

H1PNðr; pr; jÞ −M
μ

¼
�
1

2
p2 −

GM
r

�
þ η2

�
1

8
ð3ν − 1Þp4 −

GM
2r

ðνþ 3Þp2

−
GM
2r

νp2
r þ

ðGMÞ2
2r2

�
: ðA4Þ

We often rescale r according to rphys ¼ GMr.
We will also need the expression of the 1PN-accurate

gravitational-wave energy flux [89] in terms of r ¼
rphys=GM and p:

FGW
1PNðp; pr; rÞ ¼

8

15
ν2

ð12p2 − 11p2
rÞ

r4

þ η2ν2
�
1

r4

��
1374

35
−
248

7
ν

�
p4
r þ

�
−
5332

105
þ 248

7
ν

�
p2p2

r þ
�
898

105
þ 104

35
ν

�
p4

�

þ 1

r5

��
176

21
νþ 9568

105

�
p2
r þ

�
−
9472

105
−
1024

105
ν

�
p2

�
þ 1

r6

�
32

105
−
128

105
ν

��
: ðA5Þ

The parameters entering the quasi-Keplerian parametrization, Eq. (3.4), of the hyperbolic motion (in harmonic
coordinates) are listed in Table VIII, as functions of the variables

Ē≡ Etot −Mc2

μc2
; j≡ cJ

GMμ
: ðA6Þ

Let us also recall (from Table II in Ref. [3]) the expressions of the (harmonic-coordinates) rescaled semimajor axis and
time eccentricity entering the 2PN-accurate quasi-Keplerian representation of elliptic motion in terms of Ē and j:
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ar ¼
1

ð−2ĒÞ
�
1þ ð−2ĒÞ

4
ð−7þ νÞη2 þ ð−2ĒÞ2

16

�
1þ ν2 þ 16

ð−2ĒÞj2 ð7ν − 4Þ
�
η4
�
;

e2t ¼ 1þ 2Ēj2 þ ð−2ĒÞ
4

½−8ð1 − νÞ − ð−2ĒÞj2ð−17þ 7νÞ�η2

þ ð−2ĒÞ2
8

�
4ð3þ 18νþ 5ν2Þ − ð−2ĒÞj2ð112 − 47νþ 16ν2Þ

−
16

ð−2ĒÞj2 ð−4þ 7νÞ − 24
ffiffiffiffiffiffiffiffiffi
−2Ē

p
jð−5þ 2νÞ þ 24ffiffiffiffiffiffiffiffiffi

−2Ē
p

j
ð−5þ 2νÞ

�
η4: ðA7Þ

Beware that the latter elliptic definition of e2t is not equal
to the analytic continuation in Ē of its hyperbolic counter-
part, listed in Table VIII (while ār is the analytic continu-
ation of −ar). Using the rescaled action variables

ir ≡ cIR
GMμ

;

iφ ≡ cIφ
GMμ

≡ j;

irφ ≡ ir þ iφ ≡ ir þ j; ðA8Þ

with

ir ¼ −j −
1ffiffiffiffiffiffiffiffiffi
−2Ē

p þ
�
3

j
−
1

8
ðν − 15Þ

ffiffiffiffiffiffiffiffiffi
−2Ē

p �
η2

þ
�
−
5ð2ν − 7Þ

4j3
þ 3ð2ν − 5Þð−2ĒÞ

4j

−
1

128
ð3ν2 þ 30νþ 35Þð−2ĒÞ3=2

�
η4; ðA9Þ

the 2PN-accurate Delaunay Hamiltonian reads [8]

Ēðir; iϕÞ ¼ −
1

2i2rϕ

�
1þ 1

4

24ir þ ð9þ νÞiϕ
iϕi2rϕ

η2

−
1

8

20i3rð2ν − 7Þ þ 12i2riϕð10ν − 53Þ þ 72iri2ϕðν − 6Þ þ i3ϕð−ν2 þ 7ν − 81Þ
i3ϕi

4
rϕ

η4
�
: ðA10Þ

Using this transformation, we get the following explicit (2PN-accurate) expressions for the ellipticlike parameters ar and er
as functions of the action variables ir and iϕ:

TABLE VIII. Quasi-Keplerian representation of the hyperbolic 2PN motion (in harmonic coordinates). We use the variables
ν ¼ m1m2=ðm1 þm2Þ2, Ē, Eq. (1.36), and j, Eq. (1.37).

n̄ ð2ĒÞ3=2½1þ Ē
4
ð15 − νÞη2 þ Ē2

32
ð555þ 30νþ 11ν2Þη4�

ār 1
2Ē f1þ Ē

2
ð7 − νÞη2 þ Ē2

4
½1þ ν2 − 8

Ēj2 ð7ν − 4Þ�η4g
e2t 1þ 2Ēj2 þ Ē½−Ēj2ð−17þ 7νÞ þ 4ð1 − νÞ�η2 þ Ē2½2ð3þ 18νþ 5ν2Þ þ Ēj2ð112 − 47νþ 16ν2Þ þ 4

Ēj2 ð−4þ 7νÞ�η4
e2r 1þ 2Ēj2 þ Ē½−5Ēj2ð3 − νÞ þ 2ð−6þ νÞ�η2 þ Ē2½30þ 74νþ ν2 þ Ēj2ð80 − 45νþ 4ν2Þ þ 8

Ēj2 ð−4þ 7νÞ�η4
e2ϕ 1þ 2Ēj2 þ Ē½−Ēj2ð15 − νÞ − 12�η2 þ Ē2

4
½−416þ91νþ15ν2

2Ēj2 þ 2ð−20þ 17νþ 9ν2Þ þ 2Ēj2ð160 − 31νþ 3ν2Þ�η4
ft 3

2

ð2ĒÞ3=2
j ð5 − 2νÞη4

gt − ð2ĒÞ3=2
8j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ēj2

p
νð−15þ νÞη4

fϕ 1þ2Ēj2

8j4 ð1þ 19ν − 3ν2Þη4
gϕ 1

32

ð1þ2Ēj2Þ3=2
j4 νð1 − 3νÞη4

K 1þ 3
j2 η

2 þ 3
4j4 ½−2Ēj2ð−5þ 2νÞ þ 5ð7 − 2νÞ�η4
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ar ¼ i2rϕ − 2
3ir þ 2iϕ

iϕ
η2 þ 1

2

5i3rð2ν − 7Þ þ i2riϕð44ν − 95Þ þ 2iri2ϕð26ν − 35Þ þ 18i3ϕðν − 1Þ
i2rϕi

3
ϕ

η4;

e2t ¼
ir
i2rϕ

�
ir þ 2iϕ þ 2

irðν − 1Þ þ iϕð2ν − 5Þ
i2rϕ

η2

−
1

2

4i3rð7ν − 4Þ þ i2riϕð66νþ 25Þ − iri2ϕð6ν2 − 28ν − 207Þ − 2i3ϕð6ν2 − 18ν − 19Þ
i2ϕi

4
rϕ

η4
�
: ðA11Þ

Another useful 2PN-accurate quantity is the (adimensionalized) radial frequency. It reads

n ¼ GMΩR

c3

¼ ð−2ĒÞ3=2
�
1þ ð−2ĒÞ

8
ð−15þ νÞη2 þ ð−2ĒÞ2

128

�
555þ 30νþ 11ν2 þ 192ð−5þ 2νÞffiffiffiffiffiffiffiffiffi

−2Ē
p

j

�
η4
�

¼ 1

i3rϕ

�
1þ 1

2

ð3þ νÞiϕ þ 18ir
iϕi2rϕ

η2

−
3

8

−ð9þ 5νþ ν2Þi3ϕ þ 4iri2ϕð−37þ 5νÞ þ 6i2riϕð−59þ 10νÞ þ 10i3rð2ν − 7Þ
i3ϕi

4
rϕ

η4
�
: ðA12Þ

APPENDIX B: LARGE-ECCENTRICITY
EXPANSIONS OF THE FREQUENCY-DOMAIN,
NEWTONIAN-LEVEL ENERGY FLUX AND

INTEGRATED TAIL ACTION

This Appendix discusses the frequency-domain compu-
tation of the Newtonian-level energy flux, Eq. (3.62), and the
related integrated action, Eqs. (3.59) and (3.64). The fre-
quency-domain integrand (3.70) is of lowest (Newtonian)
order with respect to the PN expansion but is exact in its
eccentricity dependence. Let us consider its expansion in
inverse powers of the eccentricity at successive levels: LO,
NLO, NNLO, etc. For simplicity, we use 1 ¼ GM ¼ G ¼ c
in the following.

1. Newtonian flux at the LO in the
large-eccentricity expansion

The expression (3.70) can be easily evaluated at the LO
in the large eccentricity expansion where p ¼ i u

er
→ 0 [see

Eq. (3.51)]. This limit entails a big simplification (already
studied in the literature, see e.g., [52,85,86]) which leads to
the following expression:

ILO
N ðuÞ ¼ 32e4rν2ā7ru2½ðu2 þ 1ÞK2

1ðuÞ þ 3uK0ðuÞK1ðuÞ

þ 1

3
ð3u2 þ 1ÞK2

0ðuÞ�: ðB1Þ

Using the notation introduced in Ref. [52]

F ðuÞ ¼
�
u2

3
þ u4

�
K2

0ðuÞ þ 3u3K0ðuÞK1ðuÞ

þ ðu2 þ u4ÞK2
1ðuÞ; ðB2Þ

we find

ILO
N ðuÞ ¼ 32ν2e4r ā7rF ðuÞ; ðB3Þ

so that

ΔELO
GW ¼ 32

5π

n̄7ā7r
e3r

ν2
Z

∞

0

duF ðuÞ: ðB4Þ

When using the Newtonian-level relations

n̄ ¼ ðārÞ−3=2 ¼ p3
∞; ār ¼ p−2

∞ ; ðB5Þ

as well as

er ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2

∞j2
q

→ eLOr ¼ p∞j; ðB6Þ

one recovers the known result for the LO gravitational-
wave energy, or “splash radiation,”

ΔELO
GWN ¼ 32

5π

p4
∞

j3
ν2

Z
∞

0

duF ðuÞ

¼ 37

15
π
p4
∞

j3
ν2: ðB7Þ
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The tail potential WðtailÞLO
1N instead turns out to be

WðtailÞLO
1N ¼ 64

5π

p4
∞

j3
ν2

Z
∞

0

duF ðuÞ lnðᾱuÞ

¼ 2

15

πν2

e3r ā
7=2
r

�
100þ 37 ln

�
s

4erā
3=2
r

��
: ðB8Þ

Let us then pass to the extension of these results at the
higher NnLO levels of approximation in the large-eccen-
tricity expansion.

2. Working at the NNLO accuracy in 1
er

Expanding the quantity (3.70) for large er up to the
NNLO leads to

INðuÞ ¼ ILO
N þ INLO

N þ INNLO
N þO

�
ILO
N

e3r

�
; ðB9Þ

where

ILO
N

32ā7re4rν2
¼ F ðuÞ; INLO

N

32ā7re3rν2π
¼ uF ðuÞ;

INNLO
N

16ā7re2rν2
¼ C00ðuÞ þ C20ðuÞ ∂

2KνðuÞ
∂ν2

				
ν¼0

þ C21ðuÞ ∂
2KνðuÞ
∂ν2

				
ν¼1

; ðB10Þ

where

C00ðuÞ ¼ −2u2½ð3u2 þ 1ÞK2
0ðuÞ þ 7uK0ðuÞK1ðuÞ

þð1þ 2u2ÞK2
1ðuÞ� þ

π2

u4
F ðuÞ;

C20ðuÞ ¼ −
u4

3
½2ð3u2 þ 1ÞK0ðuÞ þ 9uK1ðuÞ�;

C21ðuÞ ¼ −
u4

3
½3uK0ðuÞ þ 2ðu2 þ 1ÞK1ðuÞ�; ðB11Þ

and where the Bessel functions KpðuÞ and Kpþ1ðuÞ have
been Taylor-expanded around p ¼ 0 to second order in p,

KpðuÞ ¼ K0ðuÞ þ p
∂KνðuÞ
∂ν

				
ν¼0

þ 1

2
p2

∂2KνðuÞ
∂ν2

				
ν¼0

þOðp3Þ

¼ K0ðuÞ þ
1

2
p2

∂2KνðuÞ
∂ν2

				
ν¼0

þOðp3Þ;

Kpþ1ðuÞ ¼ K1ðuÞ þ p
∂KνðuÞ
∂ν

				
ν¼1

þ 1

2
p2

∂2KνðuÞ
∂ν2

				
ν¼1

þOðp3Þ

¼ K1ðuÞ þ
p
u
K0ðuÞ

þ 1

2
p2

∂2KνðuÞ
∂ν2

				
ν¼1

þOðp3Þ: ðB12Þ

In Eqs. (B12) above we have used the known results [see
Eqs. (9.1.66)–(9.1.68) of Ref. [83]]

∂KνðuÞ
∂ν

				
ν¼0

¼ 0;
∂KνðuÞ
∂ν

				
ν¼1

¼ 1

u
K0ðuÞ: ðB13Þ

Moreover, in what follows the derivatives of Kν with
respect to the order will only enter integrals of the type

Fða; μÞ ¼
Z

∞

0

duuaKμðuÞ
∂2KνðuÞ
∂ν2

				
ν¼0;1

: ðB14Þ

These integrals can be evaluated by considering the master
integral

Gða; μ; νÞ ¼
Z

∞

0

duuaKμðuÞKνðuÞ

¼ 2a−2

Γðaþ 1ÞΓ1Γ2Γ3Γ4; ðB15Þ

where

Γ1 ¼ Γ
�
1

2
ða − μ − νþ 1Þ

�
;

Γ2 ¼ Γ
�
1

2
ðaþ μ − νþ 1Þ

�
;

Γ3 ¼ Γ
�
1

2
ða − μþ νþ 1Þ

�
;

Γ4 ¼ Γ
�
1

2
ðaþ μþ νþ 1Þ

�
; ðB16Þ

the resulting expression being valid when the four con-
ditions Re½a� μ� ν� > −1 are all satisfied. Taking two
derivatives of (B15) with respect to ν and evaluating the
result at ν ¼ 0, 1 allows one to compute the integral (B14).
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One can rewrite Eq. (B9) in various ways. For example,

INðuÞ
32ā7re4rν2

¼ F ðuÞ
�
1þ πu

er
þ 1

2

�
πu
er

�
2
�

−
GðuÞ þHðuÞ

e2r
; ðB17Þ

where F ðuÞ is defined in Eq. (B2), and where we defined

GðuÞ≡u2½ð3u2þ1ÞK2
0ðuÞþ7uK0ðuÞK1ðuÞ

þð1þ2u2ÞK2
1ðuÞ�;

HðuÞ≡H0ðuÞ
∂2KνðuÞ
∂ν2

				
ν¼0

þH1ðuÞ
∂2KνðuÞ
∂ν2

				
ν¼1

; ðB18Þ

with

H0ðuÞ≡ u4
��

u2 þ 1

3

�
K0ðuÞ þ

3

2
uK1ðuÞ

�
;

¼ −
C20ðuÞ

2
;

H1ðuÞ≡ u4
�
3

2
uK0ðuÞ þ ðu2 þ 1ÞK1ðuÞ

�

¼ −
C21ðuÞ

2
: ðB19Þ

The functions GðuÞ;H0ðuÞ;H1ðuÞ are such that

GðuÞ ¼ 3F ðuÞ
− u2½2uK0ðuÞ þ ð2þ u2ÞK1ðuÞ�K1ðuÞ ðB20Þ

and

H0ðuÞK0ðuÞ þH1ðuÞK1ðuÞ ¼ u2F ðuÞ: ðB21Þ

We list in Table IX the integrals needed in order to compute
both the gravitational-wave energy ΔEGW and the tail
potential Wtail

1 at the NNLO level in e−1r (but still at the
Newtonian level, η0).
The integral ofHðuÞ can be written as the sum of the two

pieces

h ¼
Z

∞

0

HðuÞdu ¼ ∂2h0ðνÞ
∂ν2

				
ν¼0

þ ∂2h1ðνÞ
∂ν2

				
ν¼1

; ðB22Þ

where

h0ðνÞ ¼
Z

∞

0

duH0ðuÞKνðuÞ;

h1ðνÞ ¼
Z

∞

0

duH1ðuÞKνðuÞ: ðB23Þ

We find

∂2h0ðνÞ
∂ν2

				
ν¼0

¼ 2007π4

8192
−
179π2

80
;

∂2h1ðνÞ
∂ν2

				
ν¼1

¼ 2745π4

8192
−
7527π2

2560
; ðB24Þ

so that

h ¼ 297π4

512
−
2651π2

512
: ðB25Þ

The integral ofHðuÞ ln u can be computed in the same way

hln ¼
Z

∞

0

HðuÞ ln udu

¼ −
π2

6144
½49896ζð3Þ þ 53437þ 132γð27π2 − 241Þ

− 95436 logð2Þ þ 36π2ð297 logð2Þ − 350Þ�: ðB26Þ

Finally, from

Z
∞

0

INðuÞdu ¼ 32ā7re4rν2
��

fþ π

er
fu þ 1

2

�
π

er

�
2

fu
2

�

−
1

e2r
g −

1

e2r
h
�
þO

�
1

e3r

�
; ðB27Þ

we have that the first- and second-order eccentricity
corrections to the (Newtonian-level) splash radiation
energy (B7) read

ΔELOþNLOþNNLO
GWN ¼ ν2

e3r ā
7=2
r

�
37π

15
þ1568

45er
þ281π

10e2r
þO

�
1

e3r

��
:

ðB28Þ

Similarly,

TABLE IX. Integrals needed for the Newtonian-level
gravitational-wave energy ΔEGW, and the tail potential Wtail

1 ,
at the NNLO level in e−1r .

Expression Value

f
R
∞
0 duF ðuÞ 37

96
π2

fln
R∞
0 duF ðuÞ ln u 1

96
π2½100 − 37γ − 111 lnð2Þ�

fu
R
∞
0 duuF ðuÞ 49

9

fu ln
R
∞
0 duuF ðuÞ ln u 1

54
½139 − 294γ þ 294 lnð2Þ�

fu
2

R
∞
0 duu2F ðuÞ 297

256
π2

fu
2 ln

R
∞
0 duu2F ðuÞ ln u 3

256
π2½350 − 99γ − 297 lnð2Þ�

g
R
∞
0 duGðuÞ 403

512
π2

gln
R
∞
0 duGðuÞ ln u 1

2048
π2½4591 − 1612γ − 4836 lnð2Þ�
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WðtailÞLOþNLOþNNLO
1N ¼ 2

15

ν2

e3r ā
7=2
r

�
π

�
100þ 37 ln

�
s

4erā
3=2
r

��
þ 1

er

�
2224

9
þ 1568

3
ln

�
4s

erā
3=2
r

��

þ π

e2r

�
2479

4
þ 6237

8
ζð3Þ þ 843

2
ln

�
s

4erā
3=2
r

��
þO

�
1

e3r

��
: ðB29Þ

This result allows one to fix the previously defined
parameter c00 [see Eq. (3.45)] which could not be com-
puted in the time domain.

3. Going at N3LO in the energy flux

The next term in the e−1r expansion of Eq. (B17) is the
following:

INðuÞ
32ā7re4rν2u6

¼…þ 1

e3r

�
−
π

u5
H0ðuÞ

∂2KνðuÞ
∂ν2

				
ν¼0

−
π

u5
H1ðuÞ

∂2KνðuÞ
∂ν2

				
ν¼1

þ π3

6u3
F ðuÞ− π

u5
GðuÞ

�

¼…þ 1

e3r

�
−
π

u5
HðuÞþ π3

6u3
F ðuÞ− π

u5
GðuÞ

�
:

ðB30Þ

Multiplying both sides by u6 one has then

INðuÞ
32ā7re4rν2

¼ F ðuÞ
�
1þ πu

er
þ 1

2

�
πu
er

�
2

þ 1

6

�
πu
er

�
3
�

−
GðuÞ þHðuÞ

e2r

�
1þ πu

er

�
; ðB31Þ

that is the Oð 1e3rÞ-accurate truncation of the compact

expression

INðuÞ
32ā7re4rν2

¼ eπu=er
�
F ðuÞ − GðuÞ þHðuÞ

e2r

�				
Oð 1

e3r
Þ
: ðB32Þ

Equation (B28) is then extended as

ΔELOþ���þN3LO
GWN ðār; erÞ ¼

ν2

e3r ā
7=2
r

�
37π

15
þ 1568

45er

þ 281π

10e2r
þ 7808

45e3r

þO

�
1

e4r

��
: ðB33Þ

Expressing er and ar in terms of p∞ and j the above
(Newtonian-level) expression becomes

ΔELOþ���þN3LO
GWN ðp∞; jÞ ¼ ν2

�
37

15
π
p4
∞

j3
þ 1568

45

p3
∞

j4

þ 122

5
π
p2
∞

j5
þ 4672

45

p∞

j6

þO

�
1

j7

��
: ðB34Þ

No special, additional difficulties arise for the Newtonian
energy flux when going up to higher orders in the large
eccentricity expansion in the frequency domain.

APPENDIX C: ECCENTRICITY EXPANSION OF
THE 1PN-ACCURATE FREQUENCY-DOMAIN

ENERGY FLUX AND TAIL ACTION

Let us now consider the 1PN corrections (∝ η2) to the
(frequency-domain) energy flux and tail action. The cor-
responding integrands are linear in ν (after factoring out an
overall factor). In this case Eq. (3.75) should be used, and
complications arise already at the NLO as we are going to
show. We have been able to compute the NNLO level too,
but the associated expressions are very long and will not be
displayed below.
Let us write (1 ¼ GM ¼ G ¼ c) the 1PN contribution to

the energy flux as follows:

ΔE1PN ¼ 1

πerā
3=2
r

Z
∞

0

duF 1PN
GW ðuÞ; ðC1Þ

with a subsequent large-eccentricity expansion:

F 1PN
GW ¼ ν2

e2r ā3r

�
F 1PN;LO

GW þ 1

er
F 1PN;NLO

GW

þ 1

e2r
F 1PN;NNLO

GW þO

�
1

e3r

��
: ðC2Þ

We recall that, at 1PN, each term F 1PN;NnLO
GW depends on ν

linearly, i.e.,

F 1PN;NnLO
GW ¼ F 1PN;NnLO

GW;ν0
þ νF 1PN;NnLO

GW;ν1
: ðC3Þ

We then find the explicit expressions
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F 1PN;LO
GW;ν0

¼ −
8

105
u2½ð−10u4 þ 82u2 þ 156ÞK0ðuÞ2

− 4uð−43þ 61u2ÞK0ðuÞK1ðuÞ
þ ð−10u4 − 45u2 − 300ÞK2

1ðuÞ�;

F 1PN;LO
GW;ν1

¼ −
8

105
u2½ð−16þ 40u4ÞK2

0ðuÞ
þ ð−48u3 − 64uÞK0ðuÞK1ðuÞ
þ ð−4u2 þ 40u4ÞK2

1�;

F 1PN;NLO
GW;ν0 ¼ −

64

21
u3
�
−
u4

4
þ 23

2
u2 þ 141

20

�
K2

0ðuÞ

þ 128

35
u4
�
61

12
u2 −

653

24

�
K0ðuÞK1ðuÞ

−
64

21
u3
�
−
u4

4
þ 333

40
u2 þ 39

20

�
K2

1ðuÞ

−
24

5
iu4½ðAðuÞ þ uBðuÞÞK0ðuÞ

þ ðBðuÞ þ 2uAðuÞÞK1ðuÞ�;

F 1PN;NLO
GW;ν1

¼ π

�
−
64

21
u3
�
u4 −

21

20
u2 −

3

4

�
K2

0ðuÞ

þ 128

35
u4
�
u2 þ 95

24

�
K0ðuÞK1ðuÞ

−
64

21
u3
�
u4 −

23

20
u2 −

21

20

�
K2

1ðuÞ
�
; ðC4Þ

where

A ¼ −
i
2
ðG2ðuÞ þG�

2ðuÞÞ þ
i
2
ðG−2ðuÞ þ G�

−2ðuÞÞ
¼ −i½GS

2ðuÞ −GS
−2ðuÞ�

¼ −2iGS
½2�ðuÞ;

B ¼ −
1

4
ðG3ðuÞ −G�

3ðuÞÞ þ
1

4
ðG−3ðuÞ −G�

−3ðuÞÞ

þ 5

4
ðG1ðuÞ − G�

1ðuÞÞ þ
5

4
ðG−1ðuÞ − G�

−1ðuÞÞ

¼ −
1

2
GA

3 ðuÞ −
1

2
GA

−3ðuÞ þ
5

2
GA

1 ðuÞ þ
5

2
GA

−1ðuÞ
¼ −GA

ð3ÞðuÞ þ 5GA
ð1ÞðuÞ: ðC5Þ

Here we introduced the notation

GnðuÞ≡
Z

∞

−∞
dv arctan

�
tanh

v
2

�
eiu sinh v−nv; ðC6Þ

as well as GS
nðuÞ¼ 1

2
ðGnðuÞþG�

nðuÞÞ, GA
n ðuÞ ¼ 1

2
ðGnðuÞ−

G�
nðuÞÞ and the symmetry-related expressions

GS
ðnÞðuÞ¼1

2
ðGS

nðuÞþGS
−nðuÞÞ, GS

½n�ðuÞ¼1
2
ðGS

nðuÞ−GS
−nðuÞÞ,

GA
ðnÞðuÞ ¼ 1

2
ðGA

n ðuÞ þGA
−nðuÞÞ, and GA

½n�ðuÞ ¼ 1
2
ðGA

n ðuÞ−
GA

−nðuÞÞ. Due to parity reasons

GS
ðnÞðuÞ≡ 0≡GA

½n�ðuÞ: ðC7Þ

This, however, has no effect on A and B which only contain
GS

½n�ðuÞ and GA
ðnÞðuÞ.

Going to the NNLO, the energy flux also contains terms
involving the derivatives of the Bessel K functions with
respect to the order. Furthermore, integrals over v enter the
term F 1PN;NNLO

GW;ν0
. All integrations can be done analytically,

leading to

ΔE1PN
GW ¼ ν2

e3r ā
9=2
r

��
1143

280
−
37

30
ν

�
π þ 1

er

�
944

1575
−
1136

45
ν

�

þ 1

e2r

�
−
22333

560
−
609

20
ν

�
π

�
: ðC8Þ

By contrast, W1 can be analytically computed (in the
frequency domain) only at the LO. Indeed, consider for
instance the NLO term W1PN;NLO

1 , which we have suc-
ceeded to compute in the time domain [see Eq. (3.39)], with
the result

W1PN;NLO
1 ¼ 2

15

ν2

e4r ā
9=2
r

Htot

�
−
28072

225
−
38872

63
ν

þ
�
944

105
−
1136

3
ν

�
ln

�
4s

erā
3=2
r

��
: ðC9Þ

By contrast, the computation of W1PN;NLO
1 in the frequency

domain yields the expression

W1PN;NLO
1 ¼ 2

15

ν2

e4r ā
9=2
r

Htot

�
−
1768

9
−
38872

63
ν

þ 6144

5
γ −

6144

5
lnð2Þ þ 15

2
X

þ
�
944

105
−
1136

3
ν

�
ln

�
4s

erā
3=2
r

��
; ðC10Þ

where the quantity X denotes the following double integral:

X ¼ 48

π

Z
∞

0

du
Z

∞

−∞
dvu4Xðu; vÞ arctan

�
tanh

v
2

�
lnðuÞ;

ðC11Þ

with

Xðu; vÞ ¼ αðuÞ
�
−
1

5
coshð3vÞ þ coshðvÞ

�
Sðu; vÞ

−
4

5
βðuÞ sinhð2vÞCðu; vÞ: ðC12Þ
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Here, to shorten the expression, we denoted αðuÞ≡
uK0ðuÞ þ K1ðuÞ, βðuÞ≡ 1

2
K0ðuÞ þ uK1ðuÞ, as well as

½Sðu; vÞ; Cðu; vÞ� ¼ ½sinðu sinhðvÞÞ; cosðu sinhðvÞÞ�.
When attempting to compute X, one can first integrate

over u by replacing lnðuÞ → ua, taking then a derivativewith
respect to a, before finally setting a → 0. Unfortunately, this
method of integration generates derivatives of hypergeomet-
ric functions with respect to the parameters, which did not
allow us to compute the integral over v in closed form.
However, direct comparison with the time-domain result
(C9) yields the following simple result for X:

X ¼ 3584

375
−
4096

25
γ þ 4096

25
lnð2Þ: ðC13Þ

Going to the NNLO, one can similarly extract a Fourier
space representation for the missing coefficients c20 and
c21. A straightforward calculation shows that

c20 ¼ −
599223

560
lnð2Þ þ 1637641

3360
þ 99837

160
ζð3Þ

−
1584

5
γ −

1

π2
ðY1 þ Y2Þ; ðC14Þ

where

Y1 ¼ 48

Z
∞

0

du
Z

∞

−∞
dvu4

�
π

2
uXðu; vÞ þ Yðu; vÞ

�

× arctan

�
tanh

v
2

�
lnðuÞ;

Y2 ¼ 24

Z
∞

0

du
Z

∞

−∞
dvu4Xðu; vÞ tanh v lnðuÞ; ðC15Þ

with

Yðu; vÞ ¼ Aðu; vÞCðu; vÞ þ Bðu; vÞSðu; vÞ; ðC16Þ

and

Aðu; vÞ ¼ −αðuÞuv
�
−
1

5
coshð3vÞ þ coshðvÞ

�

þ 2βðuÞ
�
1

5
sinhð3vÞ þ sinhðvÞ

�
;

Bðu; vÞ ¼ −2αðuÞ
�
1þ 1

5
coshð2vÞ

�

−
4

5
βðuÞuv sinhð2vÞ: ðC17Þ

These Fourier-domain expressions did not allow us to
compute c20. By contrast, we could analytically compute
their analogs for the 1PN coefficient c21 [see Eq. (3.46)].

APPENDIX D: GRAVITATIONAL WAVE
ENERGY EMITTED DURING A SCATTERING

PROCESS AT THE 2PN ACCURACY

The total gravitational-wave energy emitted during a
scattering process

ΔEGW ¼ ΔEN
GW þ ΔE1PN

GW þ ΔE2PN
GW þ � � � ðD1Þ

was computed long ago at the 1PN accuracy by Blanchet
and Schäfer [see Eq. (5.7) of Ref. [89] ]. Let us extend their
result by giving here the 2PN term, ΔE2PN

GW , when ΔEGW is
expressed in terms of er ¼ ehr and j, as in Ref. [89]:

ΔE2PN
GW ðer; jÞ ¼

2

15

ν2

j11

�
E1 arccos

�
−

1

er

�
þ E2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2r − 1

q �
;

ðD2Þ

with

E1 ¼
1636769

189
þ 2380852

189
e2r þ

596996

63
e4r þ

494977

48
e6r þ

1615745

672
e8r

þ ν

�
−
74435

21
−
23953

3
e2r −

527659

28
e4r −

1775713

112
e6r −

120745

56
e8r

�

þ ν2
�
48þ 1463

2
e2r þ

31215

8
e4r þ

10155

2
e6r þ 518e8r

�

E2 ¼
307844062

19845
þ 1280690597

158760
e2r þ

1596923303

158760
e4r þ

76924511

7840
e6r

þ ν

�
−
281551

45
−
25157339

2520
e2r −

104242423

5040
e4r −

3209299

280
e6r

�

þ ν2
�
453

4
þ 10777

8
e2r þ

10765

2
e4r þ 3434e6r

�
: ðD3Þ

BINI, DAMOUR, and GERALICO PHYS. REV. D 102, 084047 (2020)

084047-48



In the parabolic orbit limit er → 1 we find (see Ref. [89])

ΔE2PN term er→1
GW

¼ 2π

15

ν2

j11

�
29198255

672
−
774153

16
νþ 82215

8
ν2
�
: ðD4Þ

In the main text we study the 2PN-accurate expression of
ΔEGW when it is expressed in terms of the energy and the
angular momentum (and more precisely in terms of p∞ and
hj, where h ¼ Etot=M).

APPENDIX E: REPARAMETRIZATION
AND MINIMAL VALUE OF THE

FLEXIBILITY FACTOR

The proof of the canonical equivalence of the two
flexibility-related Hamiltonians Δf−hH6PNðr; pr; jÞ,
Eq. (7.18), and Δf−hH0

6PNðr0; p0
r; jÞ, Eq. (7.19), [with

p0
ϕ ¼ j ¼ pϕÞ], i.e.,

Δf−hH0
5þ6PN ¼ Δf−hH5þ6PN − fg;H1PNg; ðE1Þ

is obtained by a direct construction of the generating
function gðr; p0

r; jÞ of the canonical transformation

r0 ¼ rþ ∂gðr; p0
r; jÞ

∂p0
r

; pr ¼ p0
r þ

∂gðr; p0
r; jÞ

∂r ; ðE2Þ

with the 1PN (harmonic-coordinate) Hamiltonian [recalled
in Eq. (A4)]. Using the 1PN-accurate gravitational-wave
energy flux given in Eq. (A5), one can solve for all the
unknowns, i.e., the Ci’s and theDi’s as functions of the ci’s
and di’s [see Eqs. (7.20) and (7.21)], as well as the
coefficients gi, ni entering gðr; pr; jÞ:

gðr; pr; jÞ ¼
ν3pr

r3

�
g1

1

r
þ g2

j2

r2
þ g3p2

r

þ η2
�
n1

1

r2
þ n2

j4

r4
þ n3p4

r

þ n4
j2

r3
þ n5

p2
r

r
þ n6

j2p2
r

r2

��
: ðE3Þ

We found the explicit results

g1 ¼
64

5
ðc2 þ c3Þ;

g2 ¼
64

5
c2;

g3 ¼
16

45
ð12c1 þ 73c2Þ; ðE4Þ

and

n1 ¼
�
−
32c22
5

−
64c2c3

5
−
112c2
5

−
32c23
5

−
2096c3
105

�
ν −

4988c2
105

−
3476c3
35

þ 64d2
5

þ 64d3
5

þ 64d6
5

;

n2 ¼
�
−
32c22
5

−
48c2
7

�
νþ 2468c2

105
þ 64d2

5
;

n3 ¼
�
−
32c21
25

−
176c1c2

25
þ 8216c1

525
−
4696c22
225

þ 67888c2
1575

�
ν −

1268c1
225

þ 33832c2
1575

þ 64d1
25

þ 9392d2
225

þ 176d4
25

;

n4 ¼
�
−
32c22
5

−
64c2c3

5
−
4112c2
105

−
48c3
7

�
ν −

3252c2
35

þ 2468c3
105

þ 64d2
5

þ 64d6
5

;

n5 ¼
�
−
64c1c2
15

−
64c1c3
15

−
2096c1
315

−
1448c22
45

−
272c2c3

9
−
2968c2
45

þ 1592c3
45

�
ν

−
3476c1
105

−
15752c2
105

þ 1144c3
63

þ 2896d2
45

þ 64d4
15

þ 64d5
15

þ 272d6
9

;

n6 ¼
�
−
64c1c2
15

−
16c1
7

−
872c22
45

þ 1472c2
315

�
νþ 2468c1

315
þ 2680c2

63
þ 1744d2

45
þ 64d4

15
: ðE5Þ

Let us note that, while the three Ci’s are in one-to-one correspondence with the three ci’s, with the inverse
relations

SIXTH POST-NEWTONIAN NONLOCAL-IN-TIME DYNAMICS OF … PHYS. REV. D 102, 084047 (2020)

084047-49



c1 ¼
456

32
C1 þ

90656

1536
C3 −

1856

128
C2;

c2 ¼ −
31856

3072
C3 þ

656

256
C2 −

156

64
C1;

c3 ¼ −
656

256
C2 þ

34256

3072
C3 þ

156

64
C1; ðE6Þ

one cannot express the six di’s in terms of the four Di’s. However, Eqs. (7.21) can be inverted to express the first four di’s,
namely d1;…; d4, in terms of d5, d6, and of the new parameters Ci and Di:

d1 ¼
�
356325C2

1

616448
−
1409225C2C1

1232896
þ 67026425C3C1

14794752
−
146435C1

8428
þ 16657175C2

2

29589504
þ 5345155025C2

3

608698368
þ 390545C2

28896

−
789897575C2C3

177537024
−
161067325C3

4854528

�
νþ 1235525C1

134848
−
3774345C2

539392
þ 37456235C3

1078784

−
181445

4816
þ 11175D1

4816
−
1815D2

1204
þ 10275D3

4816
−
208925D4

19264
þ 8d5
301

−
944d6
129

;

d2 ¼
�
10275C2

1

2465792
−
34925C2C1

4931584
þ 1251725C3C1

59179008
−
476265C1

539392
þ 329225C2

2

118358016
þ 22825775C2

3

2434793472
þ 715625C2

924672

−
9696425C2C3

710148096
−
174415025C3

77672448

�
νþ 716985C1

2157568
−
1500925C2

8630272
þ 303139985C3

310689792

þ 225D1

2408
−
615D2

9632
þ 3805D3

38528
−
232105D4

462336
−
32d5
301

−
137d6
129

;

d3 ¼
�
−
10275C2

1

2465792
þ 34925C2C1

4931584
−
1251725C3C1

59179008
þ 476265C1

539392
−

329225C2
2

118358016
−
15395375C2

3

2434793472
−
715625C2

924672

þ 9696425C2C3

710148096
þ 185034305C3

77672448

�
νþ 1305735C1

2157568
−
7264195C2

8630272
þ 1196779135C3

310689792

−
225D1

2408
þ 615D2

9632
−
3805D3

38528
þ 268225D4

462336
þ 32d5

301
þ 8d6
129

;

d4 ¼
�
−
675C2

1

19264
þ 225C2C1

4816
−
57075C3C1

616448
þ 5362055C1

539392
−
2925C2

2

308224
þ 1229725C2

3

4227072
−
7298675C2

924672

−
80125C2C3

2465792
þ 1425084095C3

77672448

�
ν −

7428725C1

2157568
þ 13974505C2

8630272
−
3276924925C3

310689792

−
3375D1

2408
þ 9225D2

9632
−
54065D3

38528
þ 3297965D4

462336
þ 179d5

301
þ 384d6

43
: ðE7Þ

We introduced in the text a minimal way, namely Eqs. (7.28), of fixing the values of the gauge-invariant parameters Ci
and Di associated with some flexibility factor fðtÞ. However, this unique choice of the Ci and Di still leaves some gauge
freedom in the choice of the flexibility factor fðtÞ itself. If ever one wants to have also a specific value for the flexibility
factor fðtÞ itself, [i.e., specific values of the original flexibility parameters ci, di entering Eq. (7.5)] one needs, in addition to
the explicit values (7.25), to insert the minimal values Eqs. (7.28) in the relations (E7) expressing the di’s in terms of the
Ci’s, the Di’s and of d5 and d6. This yields
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dmin
1 ¼

�
4110D
301

þ 1269775907

606816

�
νþ 33448631

75852

þ 8d5
301

−
944d6
129

;

dmin
2 ¼

�
761D
1204

þ 159864493

2427264

�
νþ 13371067

809088

−
32d5
301

−
137d6
129

;

dmin
3 ¼

�
−
761D
1204

−
159864493

2427264

�
νþ 12115205

809088

þ 32d5
301

þ 8d6
129

;

dmin
4 ¼

�
−
10813D
1204

−
34223993

33712

�
ν −

52885925

269696

þ 179d5
301

þ 384d6
43

: ðE8Þ

In these expressions, d5 and d6 can be given arbitrary
values.

APPENDIX F: 6PN-ACCURATE F-ROUTE
LOCAL DELAUNAY HAMILTONIAN

The 6PN-accurate f-route local effective Delaunay
Hamiltonian [expressed in terms of I2 ≡ j and I3 ≡
ir þ j≡ irϕ, see Eqs. (A8)] is given by

H6PN;loc;f
eff ðI2; I3; νÞ

μc2
¼ η−2 þ

X6
k¼0

η2kĒ2k
effðI2; I3; νÞ þOðη14Þ:

ðF1Þ

The coefficients up to the 5PN order [i.e.,Oðη10Þ] are listed
in Table XI of Ref. [3]. We complete this result by adding
the 6PN coefficient Ē12

eff (see Table X below).

TABLE X. 6PN coefficient Ē12
eff entering the PN expansion of the Delaunay effective Hamiltonian (F1).

Ē12
eff ½ν2ð1911aν

2

6

32
þ 63aν

2

7

16
þ 273d̄ν

2

5

32
þ 21d̄ν

2

6

32
þ 9qν

2

45

32
− 529515π4

65536
þ 179354853π2

65536
− 2062272503

22400
Þ

þν3ð− 315aν
2

6

32
− 63d̄ν

2

5

32
þ 63aν

3

7

16
− 24980025π2

65536
þ 978061

64
Þ þ 819ν5

256
þ ð38745π2

2048
− 428085

512
Þν4

þð3236467169
30240

þ 188085303629π2

50331648
− 350055909π4

8388608
Þν − 14196819

256
� 1
I11
2
I3
3

þ½ν2ð315aν
2

6

16
þ 63d̄ν

2

5

16
− 45387π4

32768
þ 5648989π2

4096
− 2795413

48
Þ − 117ν4

2
þ ð48355

8
− 16113π2

128
Þν3

þð255513551
1920

− 55414387π2

32768
Þν − 16298667

256
� 1
I10
2
I4
3

þ½ν2ð− 1225aν
2

6

16
− 35aν

2

7

8
− 245d̄ν

2

5

16
− 35d̄ν

2

6

32
− 21qν

2

45

32
þ 176505π4

32768
− 346823785π2

98304
þ 13914839443

115200
Þ

þν3ð525aν
2

6

32
þ 133d̄ν

2

5

32
− 35aν

3

7

8
þ 1057777π2

1536
− 16220123

576
Þ − 3465ν5

256
þ ð3398185

1536
− 50225π2

1024
Þν4

þð− 34107960371
345600

− 590940624077π2

113246208
þ 387365405π4

8388608
Þνþ 9066235

256
� 1
I9
2
I5
3

þ½ν2ð− 225aν
2

6

8
− 75d̄ν

2

5

8
þ 25215π4

16384
− 12455065π2

4096
þ 3386395

24
Þ þ 300ν4 þ ð22755π2

64
− 75595

4
Þν3

þð170705335π2
32768

− 822324589
2688

Þνþ 33326145
256

� 1
I8
2
I6
3

þ½ν2ð1095aν
2

6

32
þ 15aν

2

7

16
þ 365d̄ν

2

5

32
þ 15d̄ν

2

6

32
þ 15qν

2

45

32
− 25215π4

65536
þ 14759815π2

8192
− 50590683

1120
Þ

þν3ð− 225aν
2

6

32
− 85d̄ν

2

5

32
þ 15aν

3

7

16
− 49631575π2

98304
þ 23365741

1152
Þ þ 2835ν5

128
þ ð21525π2

512
− 532105

256
Þν4

þð− 22549379339
423360

þ 161199909365π2

75497472
− 81987555π4

8388608
Þνþ 41670225

512
� 1
I7
2
I7
3

þ½ν2ð63aν
2

6

16
þ 63d̄ν

2

5

16
− 11767π4

32768
þ 8802269π2

4096
− 21668549

180
Þ − 462ν4 þ ð67123

4
− 14637π2

64
Þν3

þð8093748209
28800

− 590358503π2

98304
Þν − 11382315

128
� 1
I6
2
I8
3

þ½ν2ð− 25aν
2

6

8
− 25d̄ν

2

5

8
− d̄ν

2

6

32
− 3qν

2

45

32
− 26480553π2

32768
þ 130268403

44800
Þ

þν3ð15aν
2

6

32
þ 15d̄ν

2

5

32
þ 1432335π2

8192
− 438383

64
Þ − 2205ν5

128
þ ð219555

256
− 12915π2

1024
Þν4

þð2754048127363
25401600

þ 12817445435π2

12582912
− 135909π4

8388608
Þν − 11393277

64
� 1
I5
2
I9
3

þ½270ν4 þ ð3321π2
128

− 12231
2

Þν3 þ ð188409
4

− 1471401π2

4096
Þν2 þ ð57005721π2

32768
− 3445375221

22400
Þνþ 3686445

256
� 1
I4
2
I10
3

þ½1575ν5
256

þ ð1435π2
2048

− 268555
1536

Þν4 þ ð449845
384

− 915845π2

65536
Þν3 þ ð51899359

67200
þ 7988539π2

65536
Þν2

þð− 8318335583
176400

− 27753064819π2

50331648
Þνþ 76277895

256
� 1
I3
2
I11
3

þ½− 99ν4

2
þ 8415ν3

8
− 10395ν2 þ 4058505ν

64
− 34218855

128
� 1
I2
2
I12
3

þ½− 189ν5

256
þ 9975ν4

512
− 15825ν3

64
þ 1047627ν2

512
− 6699213ν

512
þ 47435571

512
� 1
I2I133

− 24188177
2048

1
I14
3
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In the case of circular motions, the f-route, local contribution to the 6PN-accurate effective energy Ēeff ≡ ðEeff − μÞ=μ is
found to be

Ēcirc
eff ¼ −

1

2j2
−
9

8

η2

j4
þ
�
−
81

16
þ ν

�
η4

j6
þ
�
−
3861

128
þ
�
−
41

64
π2 þ 157

6

�
ν

�
η6

j8

þ
�
−
53703

256
þ
�
−
6581

1024
π2 þ 8357

30

�
νþ

�
−
275

12
þ 41

64
π2
�
ν2
�
η8

j10

þ
�
−
1648269

1024
þ
�
15592753

6300
−
31547

1536
π2
�
νþ

�
−
4725

8
þ 1

2
aν

2

6 þ 2337

128
π2
�
ν2 þ 2ν3

�
η10

j12

þ
�
−
27078705

2048
þ
�
−
2800873

524288
π4 þ 298273237

14175
þ 1322752463

3538944
π2
�
ν

þ
�
−
1681

512
π4 þ 39

4
aν

2

6 þ 1389451

3072
π2 −

3321439

288
þ 1

2
aν

2

7

�
ν2

þ
�
−
615

64
π2 þ 1369

4
þ 1

2
aν

3

7

�
ν3
�
η12

j14
: ðF2Þ

The relation between Ēeff and the specific binding energy Ē, Eq. (1.36), is given by

Ē ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νĒeff

p
− 1

ν
; ðF3Þ

so that in the circular case we get

Ēcirc
loc;f ¼ −

1

2j2
þ
�
−
ν

8
−
9

8

�
η2

j4
þ
�
−
ν2

16
þ 7ν

16
−
81

16

�
η4

j6
þ
�
−
5ν3

128
þ 5ν2

64
þ
�
8833

384
−
41π2

64

�
ν −

3861

128

�
η6

j8

þ
�
−
7ν4

256
þ 3ν3

128
þ
�
41π2

128
−
8875

768

�
ν2 þ

�
989911

3840
−
6581π2

1024

�
ν −

53703

256

�
η8

j10

þ
��

aν
2

6

2
þ 29335π2

2048
−
1679647

3840

�
ν2 −

21ν5

1024
þ 5ν4

1024
þ
�
41π2

512
−
3769

3072

�
ν3

þ
�
3747183493

1612800
−
31547π2

1536

�
ν −

1648269

1024

�
η10

j12

þ
�
ν2
�
39aν

2

6

4
þ aν

2

7

2
−
1681π4

512
þ 10605841π2

24576
−
10727952929

1075200

�
þ ν3

�
aν

2

6

4
þ aν

3

7

2
−
21383π2

8192
þ 1007737

7680

�

−
33ν6

2048
−

7ν5

2048
þ
�
41π2

1024
−
2537

3072

�
ν4 þ

�
576215112401

29030400
þ 1322752463π2

3538944
−
2800873π4

524288

�
ν −

27078705

2048

�
η12

j14
:

ðF4Þ
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The f-route, local 6PN-accurate periastron advance (along arbitrary eccentric orbits), expressed in terms of Ē and j, reads

KðĒ; jÞloc;f ¼ 1þ 3

j2
η2 þ

��
15

2
− 3ν

�
Ē
j2

þ
�
105

4
−
15ν

2

�
1

j4

�
η4

þ
��

3ν2 −
15ν

4
þ 15

4

�
Ē2

j2
þ
�
45ν2

2
þ
�
123π2

64
− 218

�
νþ 315

2

�
Ē
j4

þ
�
105ν2

8
þ
�
615π2

128
−
625

2

�
νþ 1155

4

�
1

j6

�
η6

þ
��

15ν2

4
− 3ν3

�
Ē3

j2
þ
�
−45ν3 þ

�
4045

8
−
615π2

128

�
ν2 þ

�
35569π2

2048
−
20323

24

�
νþ 4725

16

�
Ē2

j4

þ
�
−
525ν3

8
þ
�
35065

16
−
615π2

16

�
ν2 þ

�
257195π2

2048
−
293413

48

�
νþ 45045

16

�
Ē
j6

þ
�
−
315ν3

16
þ
�
132475

96
−
7175π2

256

�
ν2 þ

�
2975735π2

24576
−
1736399

288

�
νþ 225225

64

�
1

j8

�
η8

þ
��

ν2
�
−
15aν

2

6

4
−
15d̄ν

2

5

4
−
1203065π2

2048
þ 310189

12

�
þ 1575ν4

8
þ
�
35055π2

256
−
240585

32

�
ν3

þ
�
4899565π2

4096
−
33023719

840

�
νþ 315315

32

�
Ē2

j6

þ
�
ν2
�
−
105aν

2

6

4
−
35d̄ν

2

5

4
−
12964665π2

8192
þ 549451

8

�
þ 2205ν4

16
þ
�
121975π2

512
−
271705

24

�
ν3

þ
�
16173395π2

8192
−
30690127

240

�
νþ 765765

16

�
Ē
j8

þ
�
3ν4 −

15ν3

4
þ 15ν2

16

�
Ē4

j2

þ
�
75ν4 þ

�
1107π2

128
−
7113

8

�
ν3 þ

�
9689

6
−
35569π2

1024

�
ν2 þ

�
15829π2

256
−
12160657

8400

�
νþ 3465

16

�
Ē3

j4

þ
�
ν2
�
−
315aν

2

6

16
−
63d̄ν

2

5

16
−
15796431π2

16384
þ 5156991

128

�
þ 3465ν4

128
þ
�
90405π2

1024
−
127995

32

�
ν3

þ
�
1096263π2

1024
−
61358067

640

�
νþ 2909907

64

�
1

j10

�
η10
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þ
��

−3ν5 þ 15ν4

4
−
15ν3

16

�
Ē5

j2
þ
�
−
225ν5

2
þ
�
2737

2
−
861π2

64

�
ν4 þ

�
462397π2

8192
−
247189

96

�
ν3

þ
�
25148189

11200
−
47487π2

512

�
ν2 þ

�
104950259π2

1048576
−
25669261

29400

�
νþ 3465

64

�
Ē4

j4

þ
�
ν2
�
−
25aν

2

6

2
−
25d̄ν

2

5

2
−
5d̄ν

2

6

4
−
15qν

2

45

4
−
8648125π2

2048
þ 58338869

480

�

þ ν3
�
15aν

2

6 þ 15d̄ν
2

5 þ 6795375π2

4096
−
2255935

32

�
−
3675ν5

8
þ
�
601625

32
−
89175π2

256

�
ν4

þ
�
−
39123984017

635040
−
3128795225π2

1572864
−
679545π4

1048576

�
νþ 525525

32

�
Ē3

j6

þ
�
ν2
�
−
735aν

2

6

2
−
105aν

2

7

4
−
245d̄ν

2

5

2
−
105d̄ν

2

6

8
−
105qν

2

45

8
þ 176505π4

16384
−
28607145π2

1024
þ 890209513

960

�

þ ν3
�
735aν

2

6

4
þ 70d̄ν

2

5 −
105aν

3

7

4
þ 392482055π2

49152
−
48508187

144

�
−
2205ν5

4
þ
�
9492035

192
−
1083425π2

1024

�
ν4

þ
�
−
36266340619

60480
−
749028566195π2

18874368
þ 573912885π4

2097152

�
νþ 16081065

64

�
Ē2

j8

þ
�
ν2
�
−
17325aν

2

6

16
−
315aν

2

7

4
−
3465d̄ν

2

5

16
−
315d̄ν

2

6

16
−
189qν

2

45

16
þ 1588545π4

16384
−
446396685π2

8192
þ 12054492193

6400

�

þ ν3
�
4725aν

2

6

16
þ 1197d̄ν

2

5

16
−
315aν

3

7

4
þ 11337249π2

1024
−
7270879

16

�
−
31185ν5

128
þ
�
10090605

256
−
452025π2

512

�
ν4

þ
�
−
31568079821

19200
−
551913398477π2

6291456
þ 3486288645π4

4194304

�
νþ 101846745

128

�
Ē
j10

þ
�
ν2
�
−
21021aν

2

6

32
−
693aν

2

7

16
−
3003d̄ν

2

5

32
−
231d̄ν

2

6

32
−
99qν

2

45

32
þ 5824665π4

65536
−
1972903383π2

65536
þ 22684997533

22400

�

þ ν3
�
3465aν

2

6

32
þ 693d̄ν

2

5

32
−
693aν

3

7

16
þ 274780275π2

65536
−
10758671

64

�
−
9009ν5

256
þ
�
4708935

512
−
426195π2

2048

�
ν4

þ
�
−
35601138859

30240
−
2068938339919π2

50331648
þ 3850614999π4

8388608

�
νþ 156165009

256

�
1

j12

�
η12:

In the circular case this reduces to Eq. (8.29).

APPENDIX G: COMPLETING THE INFORMATION ON THE H-ROUTE,
NONLOCAL q8 EOB POTENTIAL

One of the intermediate steps of our analysis is to transform the h-route (i.e., rh12-scaled) nonlocal Hamiltonian,
H4þ5þ6PN

nonloc;h ðtÞ, defined in Eq. (2.9), into its gauge-equivalent EOB potentials, Anonloc;hðrÞ, D̄nonloc;hðrÞ, and Q̂nonloc;hðr; prÞ.
We have listed the PN-expansion coefficients of these potentials in Table IVof [2] (for the 4þ 5PN-level contributions), and
in Table VI of [3] (for the 6PN-level contributions). However, we did not include in Table IV of [2] the values of the
4þ 5PN-level coefficients entering the q8 EOB potential, i.e., the coefficients denoted qnonloc81 and qnonloc82 in the last line of
Eq. (2.22) in [2]. The aim of this appendix is to remedy this gap by giving the 6PN-accurate values of the PN expansion
coefficients of the Oðp8

rÞ part of Q̂nonloc;h
4þ5þ6PNðr; pr; νÞ, namely

½Q̂nonloc;h
4þ5þ6PNðr; pr; νÞ�p8

r
¼ p8

rq8ðu; νÞ ¼ p8
rðqnonloc;h81 ðνÞuþ qnonloc;h82 ðνÞu2 þ qnonloc;h83 ðνÞu3Þ: ðG1Þ
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As indicated here, the coefficients qnonloc;h81 (4PN level), qnonloc;h82 (5PN level), and qnonloc;h83 (6PN level) depend only on ν, i.e.,

they do not involve any ln u contribution. [The logarithmic contributions come from the 2 GH
c5

F split
2PNðt; tÞ lnðr

h
12
ðtÞ
s Þ term in

Eq. (2.9) and start contributing to q8 at the 7PN level.]
Although we have already given qnonloc;h83 ðνÞ in Table VI of [3], let us, for clarity, list here all the PN coefficients of q8

qnonloc;h81 ðνÞ ¼
�
21668992

45
lnð2Þ þ 6591861

350
lnð3Þ − 27734375

126
lnð5Þ − 35772

175

�
ν

qnonloc;h82 ðνÞ ¼
�
703189497728

33075
lnð2Þ þ 869626

525
þ 332067403089

39200
lnð3Þ − 468490234375

42336
lnð5Þ − 13841287201

4320
lnð7Þ

�
ν2

þ
�
5788281

2450
−
16175693888

1575
lnð2Þ − 393786545409

156800
lnð3Þ þ 875090984375

169344
lnð5Þþ 13841287201

17280
lnð7Þ

�
ν

qnonloc;h83 ðνÞ ¼
�
−
154862

21
þ 57604236136064

99225
lnð2Þ þ 10467583300341

39200
lnð3Þ − 73366198046875

381024
lnð5Þ

−
7709596970957

38880
lnð7Þ

�
ν3

þ
�
−
1746293

70
−
177055674739808

297675
lnð2Þ − 43719724468071

156800
lnð3Þ þ 366449151015625

1524096
lnð5Þ

þ 26506549233199

155520
lnð7Þ

�
ν2

þ
�
−
709195549

132300
þ 5196312336176

35721
lnð2Þ þ 17515638027261

313600
lnð3Þ − 63886617280625

1016064
lnð5Þ

−
29247366220639

933120
lnð7Þ

�
ν: ðG2Þ

For completeness, let us also mention that our self-force computation of the full (local-plus-nonlocal) q8 potential has given
the result

qlocþnonloc
8;≤6PN ¼ νðB1uþ B2u2 þ B3u3Þ þOðν2Þ; ðG3Þ

where

B1 ¼ −
27734375

126
lnð5Þ þ 6591861

350
lnð3Þ þ 21668992

45
lnð2Þ − 35772

175
;

B2 ¼
13841287201

17280
lnð7Þ − 393786545409

156800
lnð3Þ − 16175693888

1575
lnð2Þ þ 875090984375

169344
lnð5Þ þ 5790381

2450
;

B3 ¼ −
29247366220639

933120
lnð7Þ − 63886617280625

1016064
lnð5Þ þ 5196312336176

35721
lnð2Þ

þ 17515638027261

313600
lnð3Þ − 2843819611

529200
: ðG4Þ

The difference,

Δq8;≤6PN ¼ qlocþnonloc
8;≤6PN − qnonloc;h8;≤6PN ; ðG5Þ

was one of our sources of information for deriving the local part of the Hamiltonian, and is equal to

Δq8;≤6PN ¼ ν

�
6

7
u2 −

7447

560
u3
�
þOðν2Þ: ðG6Þ
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APPENDIX H: COMPUTING THE DELAUNAY
NEAR-ZONE NONLOCAL HAMILTONIAN
ASSOCIATED WITH THE lnðrh12=sÞ TERM

ALONG ELLIPTICLIKE MOTION

Let us consider the 4þ 5þ 6PN nonlocal, h-route
(unflexed) Hamiltonian (2.9). We compute here the
Delaunay-average (along an ellipticlike motion) of the
lnðrh12=sÞ contribution to Hnonloc;h, i.e.,

hHnonloc;ln;h
4þ5þ6PN i ¼

1H
dt

I
2
GH
c5

F split
2PNðt; tÞ ln

�
rh12ðtÞ
s

�
dt;

ðH1Þ

where

H ¼ Mc2ð1þ νĒη2Þ ðH2Þ

and

Ē ¼ −
1

2ahr
−
1

2

�
−
7

4
þ 1

4
ν

�
η2

ðahr Þ2
þOðη4Þ: ðH3Þ

It can be written as

hH4þ5þ6PN
nonloc;ln;hi ¼

ν2

ðahr Þ5
�
A4PN

ln ðeht Þ þ B4PN
ln ðeht Þ ln

�
ahr
s

��

þ ν2

ðahr Þ6
�
A5PN

ln ðeht Þ þ B5PN
ln ðeht Þ ln

�
ahr
s

��

þ ν2

ðahr Þ7
�
A6PN

ln ðeht Þ þ B6PN
ln ðeht Þ ln

�
ahr
s

��
:

ðH4Þ

Here the nonlogarithmic coefficients, AnPN
ln , were obtained

as expansions in powers of eht up to the order Oððeht Þ10Þ
included,

A4PN
ln ðeht Þ ¼ −

176

5
ðeht Þ2 −

2681

15
ðeht Þ4 −

90017

180
ðeht Þ6 −

306433

288
ðeht Þ8 −

18541327

9600
ðeht Þ10;

A5PN
ln ðeht Þ ¼

�
18964

105
νþ 2539

35

�
ðeht Þ2 þ

�
55521

35
ν −

524087

840

�
ðeht Þ4 þ

�
456341

72
ν −

11468869

2520

�
ðeht Þ6

þ
�
2526889

144
ν −

140341413

8960

�
ðeht Þ8 þ

�
251185649

6400
ν −

1320019027

33600

�
ðeht Þ10;

A6PN
ln ðeht Þ ¼

�
−
9448

27
ν2 −

907927

630
νþ 2489

45

�
ðeht Þ2 þ

�
−
44830903

7560
ν2 −

3709639

1680
νþ 460759

4536

�
ðeht Þ

4

þ
�
−
1067440939

30240
ν2 þ 56364713

2016
ν −

1114216909

68040

�
ðeht Þ6

þ
�
−
699238489

5376
ν2 þ 28209572539

161280
ν −

76207852937

725760

�
ðeht Þ8

þ
�
−
586193581933

1612800
ν2 þ 325106833717

537600
ν −

76717484827

201600

�
ðeht Þ10; ðH5Þ

whereas the logarithmic coefficients, BnPN
ln , are given by the following closed-form expressions:

B4PN
ln ðeht Þ¼

1

ð1−e2t Þ7=2
�
64

5
þ584

15
ðeht Þ2þ

74

15
ðeht Þ4

�
;

B5PN
ln ðeht Þ¼

1

ð1−e2t Þ9=2
�
−
11708

105
−
112

5
νþ

�
−
5308

15
νþ1378

7

�
ðeht Þ2þ

�
−
1857

5
νþ8941

10

�
ðeht Þ4þ

�
−
74

3
νþ12539

140

�
ðeht Þ6

�
;

B6PN
ln ðeht Þ¼

1

ð1−e2t Þ11=2
�
32

5
ν2þ179234

315
νþ1445692

2835
þ
�
13547

15
ν2þ821056

315
ν−

10378222

2835

�
ðeht Þ2

þ
�
220447

60
ν2þ3723539

1890
−
1062751

105
ν

�
ðeht Þ4þ

�
9393

5
ν2þ15416687

1260
−
7764587

840
ν

�
ðeht Þ6

þ
�
4979519

5040
−
204661

420
νþ74ν2

�
ðeht Þ8þð−96þ1060ðeht Þ2þ1863ðeht Þ4þ148ðeht Þ6Þ

�
1−

2

5
ν

�
ð1−e2t Þ1=2

�
: ðH6Þ

The latter coefficients are related via BnPN
ln ðeht Þ ¼ −2BnPNðeht Þ þOððeht Þ11Þ to those entering the full Delaunay-averaged

h-route nonlocal Hamiltonian (2.9) [see Eq. (8.11)].
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rayonnement en relativité générale, C. R. Acad. Sci. Paris,
Sér. II 294, 1355 (1982).

[7] T. Damour, Classical and quantum scattering in post-
Minkowskian gravity, Phys. Rev. D 102, 024060 (2020).

[8] T. Damour and G. Schäfer, Higher order relativistic Peri-
astron advances and binary pulsars, Nuovo Cimento B 101,
127 (1988).

[9] T. Damour, Gravitational scattering, post-Minkowskian
approximation and effective one-body theory, Phys. Rev. D
94, 104015 (2016).

[10] T. Damour, High-energy gravitational scattering and the
general relativistic two-body problem, Phys. Rev. D 97,
044038 (2018).

[11] D. Bini, A. Geralico, and J. Vines, Hyperbolic scattering of
spinning particles by a Kerr black hole, Phys. Rev. D 96,
084044 (2017).

[12] D. Bini and T. Damour, Gravitational spin-orbit coupling
in binary systems, post-Minkowskian approximation and
effective one-body theory, Phys. Rev. D 96, 104038
(2017).

[13] J. Vines, Scattering of two spinning black holes in post-
Minkowskian gravity, to all orders in spin, and effective-
one-body mappings, Classical Quantum Gravity 35, 084002
(2018).

[14] D. Bini and T. Damour, Gravitational spin-orbit coupling in
binary systems at the second post-Minkowskian approxi-
mation, Phys. Rev. D 98, 044036 (2018).

[15] D. Bini and A. Geralico, High-energy hyperbolic scattering
by neutron stars and black holes, Phys. Rev. D 98, 024049
(2018).

[16] N. J. Bjerrum-Bohr, P. H. Damgaard, G. Festuccia, L. Plant,
and P. Vanhove, General Relativity from Scattering Ampli-
tudes, Phys. Rev. Lett. 121, 171601 (2018).

[17] A. K. Collado, P. Di Vecchia, R. Russo, and S. Thomas, The
subleading eikonal in supergravity theories, J. High Energy
Phys. 10 (2018) 038.

[18] C. Cheung, I. Z. Rothstein, and M. P. Solon, From Scattering
Amplitudes to Classical Potentials in the Post-Minkowskian
Expansion, Phys. Rev. Lett. 121, 251101 (2018).

[19] S. Caron-Huot and Z. Zahraee, Integrability of black hole
orbits in maximal supergravity, J. High Energy Phys. 07
(2019) 179.

[20] D. A. Kosower, B. Maybee, and D. O’Connell, Amplitudes,
observables, and classical scattering, J. High Energy Phys.
02 (2019) 137.

[21] J. Vines, J. Steinhof, and A. Buonanno, Spinning-black-hole
scattering and the test-black-hole limit at second post-
Minkowskian order, Phys. Rev. D 99, 064054 (2019).

[22] A. Guevara, A. Ochirov, and J. Vines, Scattering of spinning
black holes from exponentiated soft factors, J. High Energy
Phys. 09 (2019) 056.

[23] Z. Bern, C. Cheung, R. Roiban, C. H. Shen, M. P. Solon,
and M. Zeng, Scattering Amplitudes and the Conservative
Hamiltonian for Binary Systems at Third Post-Minkowskian
Order, Phys. Rev. Lett. 122, 201603 (2019).

[24] A. Koemans Collado and S. Thomas, Eikonal scattering in
Kaluza-Klein gravity, J. High Energy Phys. 04 (2019) 171.

[25] Y. F. Bautista and A. Guevara, From scattering amplitudes to
classical physics: Universality, double copy and soft theo-
rems, arXiv:1903.12419.

[26] A. Koemans Collado, P. Di Vecchia, and R. Russo,
Revisiting the second post-Minkowskian eikonal and the
dynamics of binary black holes, Phys. Rev. D 100, 066028
(2019).

[27] A. Cristofoli, N. Bjerrum-Bohr, P. H. Damgaard, and P.
Vanhove, Post-Minkowskian Hamiltonians in general rela-
tivity, Phys. Rev. D 100, 084040 (2019).

[28] A. Cristofoli, Post-Minkowskian Hamiltonians in modified
theories of gravity, Phys. Lett. B 800, 135095 (2020).

[29] J. Plefka, C. Shi, J. Steinhof, and T. Wang, Breakdown of
the classical double copy for the effective action of dilaton-
gravity at NNLO, Phys. Rev. D 100, 086006 (2019).

[30] B. Maybee, D. O’Connell, and J. Vines, Observables and
amplitudes for spinning particles and black holes, J. High
Energy Phys. 12 (2019) 156.

[31] A. Guevara, A. Ochirov, and J. Vines, Black-hole scattering
with general spin directions from minimal-coupling ampli-
tudes, Phys. Rev. D 100, 104024 (2019).

[32] Z. Bern, C. Cheung, R. Roiban, C. H. Shen, M. P. Solon,
and M. Zeng, Black hole binary dynamics from the double
copy and effective theory, J. High Energy Phys. 10 (2019)
206.

[33] N. Bjerrum-Bohr, A. Cristofoli, P. H. Damgaard, and H.
Gomez, Scalar-graviton amplitudes, J. High Energy Phys.
11 (2019) 148.

[34] P. H. Damgaard, K. Haddad, and A. Helset, Heavy black
hole effective theory, J. High Energy Phys. 11 (2019) 070.

[35] N. Siemonsen and J. Vines, Test black holes, scattering
amplitudes and perturbations of Kerr spacetime, Phys. Rev.
D 101, 064066 (2020).

[36] G. Kälin and R. A. Porto, From boundary data to bound
states, J. High Energy Phys. 01 (2020) 072.

[37] G. Kälin and R. A. Porto, From boundary data to bound
states. Part II. Scattering angle to dynamical invariants (with
twist), J. High Energy Phys. 02 (2020) 120.

[38] N. Bjerrum-Bohr, A. Cristofoli, and P. H. Damgaard, Post-
Minkowskian scattering angle in Einstein gravity, J. High
Energy Phys. 08 (2020) 038.

[39] J. Blümlein, A. Maier, P. Marquard, G. Schäfer, and C.
Schneider, Frommomentumexpansions to post-Minkowskian
Hamiltonians by computer algebra algorithms, Phys. Lett. B
801, 135157 (2020).

SIXTH POST-NEWTONIAN NONLOCAL-IN-TIME DYNAMICS OF … PHYS. REV. D 102, 084047 (2020)

084047-57

https://doi.org/10.1103/PhysRevLett.123.231104
https://doi.org/10.1103/PhysRevD.102.024062
https://doi.org/10.1103/PhysRevD.102.024062
https://doi.org/10.1103/PhysRevD.102.024061
https://doi.org/10.1103/PhysRevD.102.024061
https://doi.org/10.1103/PhysRevD.89.064058
https://doi.org/10.1103/PhysRevD.89.064058
https://doi.org/10.1103/PhysRevD.102.024060
https://doi.org/10.1007/BF02828697
https://doi.org/10.1007/BF02828697
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.94.104015
https://doi.org/10.1103/PhysRevD.97.044038
https://doi.org/10.1103/PhysRevD.97.044038
https://doi.org/10.1103/PhysRevD.96.084044
https://doi.org/10.1103/PhysRevD.96.084044
https://doi.org/10.1103/PhysRevD.96.104038
https://doi.org/10.1103/PhysRevD.96.104038
https://doi.org/10.1088/1361-6382/aaa3a8
https://doi.org/10.1088/1361-6382/aaa3a8
https://doi.org/10.1103/PhysRevD.98.044036
https://doi.org/10.1103/PhysRevD.98.024049
https://doi.org/10.1103/PhysRevD.98.024049
https://doi.org/10.1103/PhysRevLett.121.171601
https://doi.org/10.1007/JHEP10(2018)038
https://doi.org/10.1007/JHEP10(2018)038
https://doi.org/10.1103/PhysRevLett.121.251101
https://doi.org/10.1007/JHEP07(2019)179
https://doi.org/10.1007/JHEP07(2019)179
https://doi.org/10.1007/JHEP02(2019)137
https://doi.org/10.1007/JHEP02(2019)137
https://doi.org/10.1103/PhysRevD.99.064054
https://doi.org/10.1007/JHEP09(2019)056
https://doi.org/10.1007/JHEP09(2019)056
https://doi.org/10.1103/PhysRevLett.122.201603
https://doi.org/10.1007/JHEP04(2019)171
https://arXiv.org/abs/1903.12419
https://doi.org/10.1103/PhysRevD.100.066028
https://doi.org/10.1103/PhysRevD.100.066028
https://doi.org/10.1103/PhysRevD.100.084040
https://doi.org/10.1016/j.physletb.2019.135095
https://doi.org/10.1103/PhysRevD.100.086006
https://doi.org/10.1007/JHEP12(2019)156
https://doi.org/10.1007/JHEP12(2019)156
https://doi.org/10.1103/PhysRevD.100.104024
https://doi.org/10.1007/JHEP10(2019)206
https://doi.org/10.1007/JHEP10(2019)206
https://doi.org/10.1007/JHEP11(2019)148
https://doi.org/10.1007/JHEP11(2019)148
https://doi.org/10.1007/JHEP11(2019)070
https://doi.org/10.1103/PhysRevD.101.064066
https://doi.org/10.1103/PhysRevD.101.064066
https://doi.org/10.1007/JHEP01(2020)072
https://doi.org/10.1007/JHEP02(2020)120
https://doi.org/10.1007/JHEP08(2020)038
https://doi.org/10.1007/JHEP08(2020)038
https://doi.org/10.1016/j.physletb.2019.135157
https://doi.org/10.1016/j.physletb.2019.135157


[40] P. Di Vecchia, A. Luna, S. G. Naculich, R. Russo, G.
Veneziano, and C. D. White, A tale of two exponentiations
in N ¼ 8 supergravity, Phys. Lett. B 798, 134927 (2019).

[41] P. Di Vecchia, S. G. Naculich, R. Russo, G. Veneziano, and
C. D. White, A tale of two exponentiations in N ¼ 8

supergravity at subleading level, J. High Energy Phys. 03
(2020) 173.

[42] D. Bini, T. Damour, and A. Geralico, Scattering of tidally
interacting bodies in post-Minkowskian gravity, Phys.
Rev. D 101, 044039 (2020).

[43] S. Abreu, F. Febres Cordero, H. Ita, M. Jaquier, B. Page, M.
Ruf, and V. Sotnikov, Two-Loop Four-Graviton Scattering
Amplitudes, Phys. Rev. Lett. 124, 211601 (2020).

[44] M. Z. Chung, Y. t. Huang, J. W. Kim, and S. Lee, Complete
Hamiltonian for spinning binary systems at first post-
Minkowskian order, J. High Energy Phys. 05 (2020) 105.

[45] C. Cheung and M. P. Solon, Classical gravitational scatter-
ing atOðG3Þ from Feynman diagrams, J. High Energy Phys.
06 (2020) 144.

[46] A. Cristofoli, P. H. Damgaard, P. Di Vecchia, and C.
Heissenberg, Second-order post-Minkowskian scattering
in arbitrary dimensions, J. High Energy Phys. 07 (2020)
122.

[47] Z. Bern, A. Luna, R. Roiban, C. H. Shen, and M. Zeng,
Spinning black hole binary dynamics, scattering amplitudes
and effective field theory, arXiv:2005.03071.

[48] J. Parra-Martinez, M. S. Ruf, and M. Zeng, Extremal
black hole scattering at OðG3Þ: Graviton dominance,
eikonal exponentiation, and differential equations, arXiv:
2005.04236.

[49] G. Kälin and R. A. Porto, Post-Minkowskian effective
field theory for conservative binary dynamics, arXiv:
2006.01184.

[50] G. Kälin, Z. Liu, and R. A. Porto, Conservative dynamics of
binary systems to third post-Minkowskian order from the
effective field theory approach, arXiv:2007.04977.

[51] A. Antonelli, A. Buonanno, J. Steinhoff, M. van de Meent,
and J. Vines, Energetics of two-body Hamiltonians in
post-Minkowskian gravity, Phys. Rev. D 99, 104004
(2019).

[52] D. Bini and T. Damour, Gravitational scattering of two black
holes at the fourth post-Newtonian approximation, Phys.
Rev. D 96, 064021 (2017).

[53] P. Jaranowski and G. Schäfer, Derivation of local-in-time
fourth post-Newtonian ADM Hamiltonian for spinless
compact binaries, Phys. Rev. D 92, 124043 (2015).

[54] L. Bernard, L. Blanchet, A. Bohé, G. Faye, and S. Marsat,
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