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Stable circular orbits in higher-dimensional multi-black-hole spacetimes
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We consider the dynamics of particles, particularly focusing on circular orbits in the higher-dimensional
Majumdar-Papapetrou (MP) spacetimes with two equal mass black holes. It is widely known that in the SD
Schwarzschild-Tangherlini and Myers-Perry backgrounds, there are no stable circular orbits. In contrast,
we show that in the 5D MP background, stable circular orbits can always exist when the separation of two
black holes is large enough. More precisely, for a large separation, stable circular orbits exist from the
vicinity of horizons to infinity; for a medium one, they appear only in a certain finite region bounded by
the innermost stable circular orbit and the outermost stable circular orbit outside the horizons; for a small
one, they do not appear at all. Moreover, we show that in MP spacetimes in more than 5D, they do not exist

for any separations.
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I. INTRODUCTION

The dynamics of test free particles in curved spacetimes,
i.e., the geodesic structure, include important information
about the gravitational field and the geometry. In stationary
spacetimes, there can be stationary orbits of particles,
which are geodesics along timelike Killing fields.
Furthermore, if it is also axisymmetric, the stationary orbits
can be circular orbits. Such fundamental orbits associated
with spacetime symmetries are useful to understand various
observable phenomena (e.g., the stellar motion and black
hole shadow) around the black hole.

In the Schwarzschild black hole spacetime, there exist
both stable and unstable circular orbits of particles. Let r be
the circumference radius, and let M be the black hole mass.
We know that the stable circular orbits exist in the range
r > 6M, and the unstable circular orbits in the range
3M < r < 6M, where we have used geometrized units.
There exist the innermost stable circular orbit (ISCO) at
their boundary r = 6M and the unstable photon circular
orbit at the last circular orbit » = 3M. These are funda-
mentals of physical phenomena in the vicinity of a black
hole. In the Kerr black hole spacetime, both stable and
unstable circular orbits also appear [1].
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In the last two decades, higher-dimensional black holes
have also been actively studied [2], so that some of them are
parametrized by the spacetime dimension d. The para-
metrization allows us to distinguish between d-dependent/
independent properties and also tells us some special
properties in a specific d. Such dimensionality often
appears in the analysis of gravitational properties through
geodesic structure, which is the first step in the study of
black holes. Unlike the 4D case, in a higher-dimensional
static and spherically symmetric vacuum black hole, there
is no stable circular orbit because no stable balance is
formed between the gravitational and centrifugal forces [3],
which is a generic feature of higher-dimensional black
holes with a spherically symmetric horizon [4]. This
property carries over to circular orbits in the 5D Myers-
Perry black holes [5-7] and equatorial circular orbits in
the singly rotating Myers-Perry black holes in arbitrary
dimensions [8]. Though it was pointed out that stable
stationary/bound orbits can exist in the Myers-Perry black
holes [9] at least when there is no upper limit on the black
hole spin parameters (so-called the ultraspinning limit
[10]),! they tend not to appear for the higher-dimensional
Myers-Perry family in general due to the dimensional
dependence of the law of gravity.

However, there seems to be some exceptions to the
nature that stable circular/bound orbits are less likely to
appear under the diversity of higher-dimensional gravity.
As one of the rich properties of higher-dimensional space-
times, there is the topological variety of spatial cross

'In higher-dimensional AdS black holes, stable stationary
orbits can appear because of the asymptotic structure [11,12].
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sections of horizons. In 5D asymptotically flat, stationary,
and biaxisymmetric spacetimes, the allowed horizon top-
ology is not only the sphere S° but also the ring S' x §? and
the lens L(p, ¢) [13-16]. We are gradually learning that the
nontrivial horizon topologies of black objects can give rise
to a mechanism for the appearance of stable stationary
orbits that is different from the case of spherical black
holes. In 5D black ring spacetimes [17], stable stationary
orbits are absent in the fat regime, as is the spherical cases,
but appears in the thin regime [18-21]. The existence
of a nut” outside the horizon plays an essential role in the
existence of stable stationary orbits. Recently, even for
the black rings in more than 5D, the existence of stable
stationary orbits and their dimensionality have been
revealed using the blackfold approach [23,24]. In 5D black
lens spacetimes [25,26], stable circular orbits can also exist
[27]. Even in this phenomenon, it is also essential that the
centers (i.e., the nuts) are located outside the horizon.

Concerning a higher-dimensional black hole with
disconnected components of the horizon cross section,
we encounter a nontrivial question of whether stable
stationary/bound orbits exist and, if so, how they are
distributed. This paper aims to clarify how the many-body
nature of black holes in higher-dimensional spacetimes
affects the existence of test particles’ stationary orbits. To
explore this, we adopt the two-body black hole configu-
ration of the Majumdmar-Papapetrou (MP) geometry
[28-30], which is kept static by balancing the gravitational
and Coulomb force between the two with electric charges
of the same sign. Since this family has singularities on the
horizon but not outside it, we can examine the existence
of the timelike/null geodesic Killing orbits and their
stability throughout the domain of outer communication.
The geodesic structure of the 4D MP dihole spacetime has
been analyzed in detail in terms of circular/bound orbits
and their stability [31-38], chaos [39,40], and shadows
[41,42]. The particle dynamics in higher-dimensional
MP spacetimes were investigated in Ref. [43]. Since the
center is located outside the horizon in a higher-
dimensional two-body black hole spacetime, as well as
the black rings and black lenses, we can expect the
appearance of stable stationary orbits in the higher-
dimensional MP dihole spacetimes.

This paper is organized as follows. In Sec. II, we
introduce the MP dihole spacetime in d dimensions and
formulate particle dynamics on the spacetime. Focusing
specifically on stationary orbits, we identify the conditions
for their existence and clarify criteria to determine whether
they are stable. In Sec. IIl, for d =5, we clarify the
dependence of the sequences of stationary orbits on the
dihole separation parameter. In addition, based on these
results, we give some critical values for the separation

*This terminology is often used to denote an isolated fixed
point of one-parameter U(1) isometry [22].

parameter. We discuss these properties for d > 6 as well.
Section IV is devoted to a summary and discussions.
Throughout this paper we use units in which G =1
and ¢ = 1.

II. FORMULATION

We focus on the MP geometries in d dimensions (d > 4).
The metric and the gauge field are given by’

gudx'dx = —U2df* + U@ dr - dr, (2)

A, dxt = U-lde, (3)

2(d-3)

where yu, v are spacetime indices, and dr - dr is the (d — 1)-
dimensional flat metric, and U is a harmonic function
on R4! [28-30]. When U has two point sources, the
geometry represents a two-centered black hole spacetime.
Using a d-dimensional cylindrical coordinate system

(2.0 1y ... pa_z) on RY7! where z is a cylindrical and
Cartesian coordinate, p is a radial coordinate from the
z axis, and ¢, (a=1,...,d —3) are polar coordinates

orthogonal to the p — z plane, the metric of the MP dihole
spacetime is given by

Gudxtdxt = U2 + UY43)(d2? + dp? + p2dQ2 ),
(4)

M M_
U:1+d—+3+ a3 (5)
re r

re =4/(z+a)* +p% (6)

where M are masses of two extremal black holes placed
at z = Fa on the z axis, and dQ7_; is the metric on the
unit 973, We assume that the two black holes have equal
mass, M, = M_ = M, in what follows.

We focus on particle dynamics in the dihole spacetime.
Let p, be canonical momenta conjugate to coordinates, x*.
The Hamiltonian of a freely falling particle with unit/zero
mass is given by

>This is a solution in the d-dimensional Einstein-Maxwell
theory, whose action is given by

1
= dx/=g(R — F, F* 1
5= 1erg | AHVTTR = Fu®) (1

where R is the Ricci tensor, and F,, is the field strength of
the gauge field, and we have restored the d-dimensional Newton
constant G.
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1
H= Eg””p,,py

1 1
=_ |-U*p}+ U /() (pf + p2+ ;mebﬂ :

2
(7)

where ¢ is the inverse metric of g, and y“ is the inverse
of the metric on $%3. The momentum p, = —E is a
conserved energy because H is independent of time f.
The quadratic quantity y** p,p, = L? is also a constant of
motion associated with spherical symmetry on §9-3.

We consider stationary orbits on which a particle takes
constant z and p. The on-shell condition of geodesic motion
9" pup, + k= 0, where « is squared particle mass, yields

URA-A/=3) (32 4 2 Ly = E2, (8)
L? K
2y = - e
V(p,z;L*) = P2 UAA=2)/(d=3) * U*’ ©)

where the dots denote the derivatives with respect to an
affine parameter along the geodesic. We call V the effective
potential. Let us focus on particles with x = 1 staying in
stationary orbits. The conditions of the stationary orbits for
Vand V,:= 0,V (i =z, p) are written as

W, (d-2  L?
V,=- 7 <d— 3p72U2/(d‘3> +K> =0, (10)
212 2, (d-2 L2
Vo=—75 20d—2)/d=3) _ [/3 s aa) Tk =0,
PU U? \d -3 202/
(11)
V=E, (12)

respectively, where U, := 0;U (i = z, p) take the forms

Z+a z-a
UZ - —(d—3)M<?+ d—1 >, (13)
ry r_
1 1
Up:—(d—3)Mp ﬁdl_ﬁ s (14)
ry r_

respectively. Solving the condition (11) for L?, we have

(d _ 3)p3 UpUZ/(d—3)
(d=3)U+ (d=2)pU,"

L2:L(2):=—

(15)

Note that L3 must not be negative, which is a necessary
condition for the existence of a stationary orbit. From the
condition (12) together with L2, we obtain

(d=3)U+pU,
U*[(d=3)U + (d = 2)pU,]’
(16)

E?=E}:=V(p,z;L}) =

which also must not be negative. Note that if L% >0, we
have E} > 0. The condition (10) implies U. = 0, which
defines curves on the p —z plane. These curves are
distributed in the range |z|] <a and always include
z=0. Now we define a family of the curves on the
p — z plane satisfying L2 > 0,

7o = {(p.2)|U, = 0.L§ > 0} (17)

which provides the sequence of stationary orbits. If
evaluated at points on y, the quantities L, and E, give
the angular momentum and energy of a particle in sta-
tionary orbits, respectively. Note that all of the stationary
orbits we are considering here are circular orbits. This is
because, due to the spherical symmetry on S¢=3, particles in
stationary orbits always move geodesically along a certain
great circle on the sphere. Therefore, we will call the
stationary orbit a circular orbit.

Now we look for a subset of ¥, in which the stationary
orbits are stable. Let (V;;) be the Hessian matrix of V,
where V;; := 9,0;V. We define h and k as the determinant
and the trace of (V,;), ie., h(p,z;L?) =det(V;;) and
k(p.z;L*) = tr(V;;), respectively. In terms of & and k,
we define the region D in which the circular orbits are
stable as

D= {(p.2)lhy > 0.ky > 0,13 20}, (18)
where h, and k are defined by

hos= h(p. 25 L)y o, (19)

ko = k(p, Z§L6)|U,:0v (20)

respectively. The restriction denoted by U, = 0 means that
we have directly dropped the terms including U,. Thus, we
can visualize the sequence of stable circular orbits by y, and
D in the p — z plane. Thus, we can visualize the sequence of
stable circular orbits by the overlap of y, and D in the p — 7
plane. Note that D only serves to find the subset of y,.
Here, we summarize the quantities E,, L, hgy, and k
evaluated on z = 0. We introduce the (d — 2)-dimensional

radial coordinate defined by R := +/p? + a® for simplifi-
cation of both calculations and expressions, where note
that R > a. Let us use units in which M =1 in what
follows. The energy and angular momentum of a particle in
a circular orbit on z = 0 are given by
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RU4-3)(RI-T 4 242)

2 _
EO(:O’ 0) - (Rd_3 + 2)2f ’ (21)
2(d —3)(R? — a®)2(R3 1 2)2/(d-3)
L3(p.0) = 24 =3 aR)z( T )
f
respectively, where
f(R) :=R¥' =2(d-3)R* +2(d - 2)a*>. (23)

Note that f(R) must be always positive on y,. The
derivatives of Ey(p,0) and Ly(p,0) with respect to R are
given by

dEy(p.0) (d—3)g

— 24
dR R(R3 +2)(R* +2a2)f’ (24)
dR 2R(R3 +2)(R? — a®)f’
respectively, where
g(R) = 8(d —2)a* + [2(3d — 1)R!
+ (d = 1)R*94"2) — 8(d — 4)R?|a®
—6(d —3)R¥*! — (d - 5)R*41), (26)

The signs of these derivatives on y, are determined by that
of g(R). The quantities h, and k, evaluated on z = 0 are
given by

16(d — 3)2R*?49R? — (d — 1)a?]g

h()(p, 0) = (Rd_3 T 2)6f2 ) (27)
ko(/” 0)
_ 4(d = 3)R*4)[g+ R*(R?3 + 2)2[R? — (d — 1)a?]]
N (R +2)%f ’
(28)
respectively.

Now let us discuss some d-independent properties. One
property common to these systems is that the center of the
system (i.e., the center of the two black holes) is located
outside the horizon. This fact leads to a common property
in the structure of V. On z = 0, the expansion of V around
p = 0 is written as

G222
V(p.0) = (ad3 + 2)2d-2)/(@-3),

S+ 0(").  (29)

Note that the power of p in the leading term does not
depend on d. If L # 0, then V(p,0) diverges in the limit
p — 0, which shows the appearance of the centrifugal

barrier near the center. Since gravitational force acts
attractively, there always exists a stable balance between
the gravitational force and the centrifugal force in the p
direction near the center. In the z direction, V makes a
local maximum in the range a < R < av/d — 1 because
V.(p,0) =0 from the reflection symmetry, and
V..(p,0) > 0, where

sz(p’ 0) =

4[R* - (d—-1)a?] [(d—2)L>R*44
(R2 _ a2)(Rd—3 4 2)3 [(Rd_3 T 2)2/(d—3)

+ (d = 3)R?4=5)(R? — a2)} . (30)

Hence, V always makes a saddle point near the center,
so that no stable circular orbits appear there.

I1I. STABLE/UNSTABLE CIRCULAR ORBITS
A.d=5

We consider how the sequence of circular orbits varies as
the dihole separation gradually decreases from a suffi-
ciently large value in the 5D MP spacetime. We first check
the explicit forms of quantities evaluated on the symmetric
plane z = 0. From Egs. (21) and (22), E} and L3 ind = 5
are given by

_ RYR*+2a?%)

EXp,0) = —5—5 ", 31
4(R*-a®)*(R*+2)
Lp0)=="—%"—— ()
respectively, where
f(R) = R* — 4R? + 64°. (33)

From Egs. (24) and (25), the derivatives of Ey(p,0) and
Ly(p.,0) take the forms

dEy(p,0) _ 29 (34)
dR R(R* +2)(R* +2a*)f’
drR 2R(R* +2)(R* = a*)f’
respectively, where
g(R) = 4[(a* — 3)R® + R*(R? — 4a?)
+ (7> = 1)R* + 24*(R* +3a%)].  (36)

From Egs. (27) and (28), the quantities &, and k, take the
forms

084003-4



STABLE CIRCULAR ORBITS IN HIGHER-DIMENSIONAL ...

PHYS. REV. D 102, 084003 (2020)

64R*(R? — 4a*)g

hO(p’O): (R2+2)6f2 ’

(37)

8[g + R*(R* +2)*(R? — 4a?)]
(R? +2)*f '

ko(p.0) = (38)

respectively. Besides z = 0, there is the following branch of
U,=0:

z=29(R) == £\/R(2a — R), (39)

where a < R < 2a(i.e.,0 < p < v/3a). The particle energy
and angular momentum in a circular orbit on z = z; are
given by

4a*(R —a)*(4aR + 1)

EX(p,z0) = , 40
0P 20) = R =) £ 1PF (40)
2a(R—a) +1](R + a)?
L3 = [ 41
5(p:20) P . (4
respectively, where
F(R) = 4aR? — (4a* + 1)R - 3a. (42)

8a*(R — a)[8a*R* — 4a(4a® + 1)R3 + (8a* — 8a*> — 1)R* + 12a°R + 3d?

Note that F(R) must be always positive on y,. The
derivatives of E(p,zo) and Lg(p,zy) with respect to R
are given by

dEy(p. 20) G

e ~R-aaR-a @R+ F P
dL (p,Z ) o G

OdR : " 2(R+a)2a(R —a) + 1]F’ (44)

respectively, where

G(R) :=8a*(R — a)® — 4aR* — (284> + 1)R + a(8a> - 5).
(45)

The signs of these quantities on y, are determined by that of
G(R). The quantities h, and k, take the forms

a*>(R-a)*Qa -

ko(ﬂ, Zo) =

respectively. The sign of A (p, z9) on y, is also determined
by that of G(R).

For a > 1, the sequence of circular orbits is of a typical
form as shown in Fig. 1(a). The black solid line shows ),
and the blue shaded region shows the region D. On
z =0, stable circular orbits exist within the range of
V3a < p < oo because both hy(p,0) and ky(p,0) are
positive in this range [i.e., g(R) > 0]. The green point
(p.z) = (v/3a,0) corresponds to a marginally stable cir-
cular orbit (MSCO), where hq vanishes, i.e., g(R) =0.
Furthermore, stable circular orbits also appear on the
branch z = 7, and extend from the MSCO to the ISCOs,
which correspond to the red points, where A also vanishes,
i.e., G(R) = 0. On the sequences of stable circular orbits,
we have dEy/dR > 0 and dL,/dR > 0. The sequences y,
appearing outside the region D are those of unstable
circular orbits. They are distributed in 0 < p <+v/3a on
the z = O plane and in R; < R < 2a on 7 = 7, where Ry is
given as a solution to F' = 0,

1
Ris=o [4512 1+ 164* + 564> + 1}. (48)
a

R*[2a(R —a) + 1]*F

, (47)

|

The positions (R, z) = (Ry, zo(Ryr)) are shown by white
points in Fig. 1(a). Note that £} and L3 become infinite
here. This corresponds to photon circular orbits because the
divergence of the unit mass quantities indicates the mass-
less limit and the ratio L,/E, remains finite even in this
limit. Consequently, we find that the last circular orbits
correspond to unstable photon circular orbits.

As the value of a gradually decreases, the ISCOs
approach the MSCO. Eventually, they merge when a
reaches a specific value, a,, as shown in Fig. 1(b). Then
the two real roots of hy(p, zy) = 0 must be degenerate at
R =2a, ie.,

G(2a) = a(8a* — 64a* —7) = 0. (49)

As a solution to this equation, we define

1
a =3 16 +3v/30 = 2.8474 - - (50)

When a is within aq > a > a,, where

a, =3, (51)
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FIG. 1. Sequences of circular orbits in the 5D MP dihole spacetimes. Units are in which M = 1 are used. Each black solid line shows
70, Which is a sequence of circular orbits. Each blue shaded region shows D, in which circular orbits are stable. The boundaries of D are
determined by %, = 0. Points colored by red, green, and blue denote the ISCO, MSCO, and OSCO, respectively. Each white point
indicates an unstable photon circular orbit. (a) y, between the red and green points overlaps D. (b) y, between the red and white points
does not overlap D.
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the quantities i (p,0) and kq(p,0) are not negative in a
half-line region v/3a < p < o0," and hence, stable circular

orbits appear there. The point (p,z) = (v/3a,0) corre-
sponds to the ISCO, colored by red in Figs. 1(b) and 1(c),
where hy(p,0) = 0.

Let us now consider the reason why stable circular orbits
exist at infinity for a > a,. The asymptotic expansion of
V(p,0) at p — oo is given by

4-L17  4(a*-3)+6(4-L?)

2 4

V(p,0)—1=-
(p,0) p p

+0(p™°).

(52)

If L? <4, the leading term, the sum of the Newtonian
gravitational potential and the centrifugal potential, is
negative, and if 4(a*> — 3) + 6(4 — L?) > 0, the subleading
term is positive. Furthermore, if 0 < 4 — L? <« 1, then we
find a local minimum point of V(p,0) in the asymptotic
region,

(53)

In order for this value to be a nonzero real number, we have
a > a,. For the marginal case a = a., we also find a local
minimum point of V(p,0) in the asymptotic region,” and
therefore, stable circular orbits appear in 3 < p < oo [see
Fig. 1(c)]. This is why we can conclude that there exist
stable circular orbits even at infinity in the range a > a,.
Note that in the case of a 5D static and spherically
symmetric black hole, there is no stable circular orbit
[3,4]. This implies that the existence of stable circular orbits
is due to the dihole separation, and furthermore, in the
range of a > a,, its effects can be observed at infinity.

“If a>+/3, then g(R)>0 and f(R)>0 in the range
2a < R < 0.
The expansion (52) around a = a, is

V(p.0)=1=> V. Vi) = —€/p?,
=1

Vi =6e/p', Vi =142=3¢)/p%  (54)

where € = 4 — L? > 0. Comparing each term in the limit p — oo
and ¢ — 0, we have

Vw/Vl=007).  [Vg/Vel=0("p™),
Viey/Viay|l = 0(e™'p7?). (55)
If € and p satisfy ep* = O(1) in this limit, Vi) and V() are

dominant even in the asymptotic region, and V4 is negligible.
Then, we find a local minimum point of V(p, 0) in the asymptotic

region, p ~ v/84e~1/4,

When a < a,, there is no longer stable circular orbit at
infinity. However, for a, > a > a., where a. is determined
by the discussion below, a sequence of stable circular orbits
draws a segment with finite length on z = 0, as shown in
Fig. 1(d). The segment appears in the interval

Risco £ R < Roscos (56)

where Rigco := 2a and Rggco correspond to, respectively,
the radii of the ISCO and the outermost stable circular
orbit (OSCO), which solve hy(p,0) = 0 and are denoted,
respectively, by the red point and the blue point in Fig. 1(d).
Both radii of the ISCO and the OSCO monotonically
decrease as a decreases and are degenerate at a = a.,
where

V1
a. ==0+6\/§: 1.1289 -, (57)

which are determined by the degenerate condition of two
roots of hy(p,0) =0 at R = 24, i.e.,

g(2a) = 8a*(32a* —40a> — 1) = 0. (58)

The sequences of unstable circular orbits are distributed
to 0<R<2a and Rpsco <R <o on z=0 and to
Ry, <R £2aon z =g,

In the range a < a., there is no overlapping set of y, and
D, i.e., there is no stable circular orbit. Therefore, we focus
only on the a-dependent deformation of y,. As a decreases
from a, to a,, the outline of y, remains the same as that in
Fig. 1(e), where

e :=?: 0.8164- - (59)

When a = a,, the function f(R) in Eq. (33) vanishes
only at R = V2 (e., p= 2\/5/3), where E; and L,
diverge. This means that there exists an unstable circular
orbit not for massive particles but for massless particles,
which are shown by a white point on the z = 0 plane in
Fig. 1(f).

In the range a < a., the sequence of y, on z =0
separates into two parts. Note that the outer boundary of
the inner sequence and the inner boundary of the outer
sequence are unstable photon circular orbits, which are

located at R = [2 + 1/2(2 —3a?)]'/?. When a = a,, the
sequence of y, on z = zq vanishes at (R, z) = (2a,0), and
at the same time the inner boundary of the outer sequence
on the z =0 plane vanishes at the same point, i.e.,

Ry =2a =2+ +/2(2 —3a%)]"/?, where

10
a = { =0.7905 - - - (60)
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In a < a,, the sequence on z = 7, no longer appears, and
the inner and outer sequences on z = 0 only appear. In
the limit ¢ — 0, the geometry approaches the extremal
Reissner-Nordstrom black hole spacetime with mass 2.
Then the inner sequence on z = 0 disappears, and the
inner boundary of the outer sequence, the unstable
photon circular orbit, limits to (p,z) = (2,0) (see the
Appendix).

We summarize the dependence of characteristic radii
on a in Fig. 2.

B.d>6

We consider the dependence of sequences of circular
orbits on the separation in the 6D MP dihole spacetime. We
summarize several quantities associated with circular orbits
and their stability. From Egs. (21) and (22), E3 and L3 in
d = 6 are given by

RO(R® 4 2a?)

Ei(p,0) = — 55", 61
6(R2 _ a2)2(R3 + 2)2/3
L%(p, 0) = R2f ’ (62)
respectively, where
f(R) :== R5 — 6R* + 8a°. (63)

From Egs. (24) and (25), the derivatives of Ey(p,0) and
Ly(p,0) take the form

dEy(p,0) 3g

dR  R(R*+2)(R°+2a%)f’ (64)
dLo(p.0) _ g
dR  2R(R*+2)(R*-a*)f’ (65)
respectively, where
g(R) == =2(R? — &®)[SR*(R* + 2) + 2f]
- R*(R* - 5a°)(R® +2)%. (66)

From Egs. (27) and (28), the quantities &, and k, take the
forms

144R5(R? = 54%)g

ho(p.,0) = B 2072 (67)
2(R? — 2)ISRA(R
o) AR (R)[SR g +9 2] o

\(am \/gao)

aoo,Q/\[

6 1 2 3 4 5
a

FIG. 2. Dependence of characteristic radii on a in the 5D MP

dihole spacetime. Units are in which M = 1 are used. The curves

colored by green, red, and blue show the MSCO, ISCO, and

OSCO, respectively. Note that the OSCO appears only in the

range a. < a < a,. Dashed and dot-dashed curves colored by

black show unstable photon circular orbits on z = 0 and z = z,
respectively.

respectively. Besides z = 0, there exists the following
branch that satisfies U, = O:

z=zo(R). (69)

Unlike Eq. (39) in the case d =5, however, it is not
possible to write z, explicitly in this case because the
condition is given as an algebraic equation of the fifth
degree or more.

In the case a> 1, the sequences of circular orbits
typically show the shape depicted in Fig. 3(a), where black
solid curves are y,. The set y, contains z = 0 and a part of
z = zo. The angular momentum L} and energy Ej diverge
at the boundaries of y, on z = z, corresponding to the two
white points, where there exist unstable circular orbits for
massless particles rather than massive particles. As is seen
from the asymptotic expansion of V(p,0) at p — oo,

L 4 s
V(P,O)—lzp—z—;+0(ﬂ ), (70)

the leading term “the centrifugal potential” and the sub-
leading term “the Newtonian gravitational potential” do not
make a potential well, so that there is no stable circular
orbit in the asymptotic region. The nonexistence of stable
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R
.

1.0f

0.5f

() a=0.8

FIG. 3.
Each white point indicates an unstable photon circular orbit.

circular orbits is not only in the asymptotic region but in the
whole region. In fact, unlike in d = 4, 5, the region D does
not appear in d = 6. We can interpret that the centrifugal
force barrier at the center is ineffective to make a local
minimum of V.

When a takes the value

3
o = 75 V/720 = 0.8981 -+ (71)

there appears a (white) point on z =0 [corresponding
to R=R, :=12/5 (e, p=ps:=+v720/11/10]
such that f(R) vanishes, ie., E} and L3} diverge.
This indicates the appearance of an unstable photon
circular orbit.

As a is further decreasing, the outer boundary of the
inner sequence approaches the z axis, whereas the inner
boundary of the outer sequence goes away from the z axis
[see Fig. 3(c)], and at a = a,, where

1.0F
0.5f
N 0.0 O

-0.5

-1.0k ‘

0 1 2 3 4
I
(b) a =as = 0.8981---

1.0F
0.5¢

0 1 2 3 4
p
(d) a=a; =0.7328---

Sequences of circular orbits in the 6D MP dihole spacetimes. Units in which M = 1 are used. Each black solid line shows y,,.

/22+/5
a = Sf —=0.7328- -, (72)

it coincides with the point (p,z) = (2a;,0), where
p1 = 2a,. At the same time, the boundaries of y, on
7 =z also limits to the same point. In other words, the
three unstable photon circular orbits are degenerate there
[see Fig. 3(d)].

For a > ay, y, contains only two sequences on z = 0. In
the limit a — 0, the inner sequence vanishes at the origin,
and the inner boundary of the outer sequence limits to
(p,z) = (2,0) (see the Appendix).

Finally we comment on how the a dependence of the
sequences of circular orbits changes as d increases. At least
ford =17, 8,9, 10, we have checked that the change in the
sequences of circular orbits is qualitatively the same as in
the case of d = 6. Indeed, it can be seen from Figs. 4 that
the dependence of the radii of unstable photon circular
orbits on a is qualitatively the same for d = 6,7, ..., 10.
The critical values of the separation and the radius, a,, P,
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2.0F
.. (a172a1)
15 “o{ ___________________________________
QU 1.0 Qh(aoo’poo)
0.5}
0.0k
00 05 10 15 20 25 30
a
(a)d=6
2.0F
a Ta
1.5 /( 1 VTa)
L TP
QU 1.0
O<_(a00ap00)
0.5t
0.0k e
00 05 10 15 20 25 30
a
dd=9

20 2.0F
..... . (a1, V5ha) _
1.5 O/ __________________________________________ 1.5
Q1.0 Q 1.0
o‘_(aoozpoo)
05 0.5
0ok 0.0k
00 05 10 15 20 25 30 0.0
a
(byd=71
2.0F
150 /(a1,2\/§a1)
Qe
Q1.0
¢‘_(aooapoo)
0.5
00k
00 05 10 15 20 25 30

a
(e) d=10

©)d=8

FIG. 4. Dependence of characteristic radii on a in d = 6,7, ..., 10. Units in which M = 1 are used. Dashed and dot-dashed curves
colored by black show unstable photon circular orbits on z = 0 and z = z,, respectively.

ay, and p|, which are defined in the same sense asthe d = 6
case, are summarized in Table 1. Note that p; = v/d — 2a;.
This result suggests that the qualitative properties of stable/
unstable circular orbits are common in the MP dihole

spacetime in d > 6.

IV. SUMMARY AND DISCUSSIONS

We have considered the dynamics of particles, focusing
on circular orbits, in the d-dimensional MP dihole

spacetime (d >5). Using the on-shell conditions for
geodesic motion, we have clarified the conditions for the
existence of circular orbits in terms of a 2D effective
potential and have also provided a prescription for deter-

mining whether these orbits are stable. Applying this
formalism to the case of d =5, we have shown the
dependence of sequences of stable/unstable circular orbits
on the dihole separation. One of the most remarkable

features is the appearance of stable circular orbits because it
was shown in the previous works that they were not found

TABLE I. Critical values of a,, p;, a, and p,, ford =6, 7, 8, 9, 10.
d a) P1 Ao P
3 — L. 36 — L. Y —
6 VB _ 07328 - 2a; = 1.4656 33720 = 0.8981 VIOV — 0.9929 -
7 VAYST _ 0,6476 V5a, = 14481 - VIS0 — 0.9332--- VBRI = 08729
8 I3 _ 05769 V6a, = 1.4131 - - BBYVE _ 9517 .. SVTVET _ () 7848 - ..
10/77 21 12 V221
6 6,
9 97 _ 05210 Via; = 13786 - - 35— 0.9628 - - \E3Ye=07176. -
10 1010 — 04766 2V2a; = 1.3481 - - = 09701 BB — 0.6646 - -
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in single black holes with a spherical horizon [3,4].

Particularly for the large separation a > a, = /3, they
appear from the ISCO to infinity, whereas for
a.(=1.1289--+) < a < a,, they exist only in a restricted
region between the ISCO and the OSCO. Therefore, we can
interpret this phenomenon as a result caused by the
existence of two horizons. In other words, the center of
the system is shifted off the horizon, and as a result, the
effect of the centrifugal barrier near the center affects the
existence of stable circular orbits in the intermediate region.
Furthermore, the existence of the stable circular orbits in
the asymptotic region is also affected by the power law of
gravitational force specific to 5D. Let us note that as shown
in Ref. [33,37] for the 4D MP dihole spacetime, stable
circular orbits exist in the asymptotic region for arbitrary
separations. Therefore, we can conclude that the appear-
ance of the OSCO is a proper phenomenon of 5D.

In the cases of d = 6,7, ..., 10, we have found that there
is no stable circular orbit for any values of a. These results
suggest that stable circular orbits do not appear for d > 6 in
general. On the other hand, how the sequences of circular
orbits change by the separation a for d > 6 is qualitatively
the same as d = 5. We expect that this property is also
dimension independent in d > 6. It is worth noting that
though the existence of a stable photon circular orbit is one
of the specific geodesic structures in the 4D MP dihole
spacetime, it is absent in d > 5.

As seen in the Schwarzschild-Tangherlini and Myers-
Perry black hole backgrounds, stable circular orbits tend
not to appear for any dimensions of d > 5. This seems to be
a property common to black objects with a large value of d.
In fact, even in the MP dihole spacetime, we have found
that stable circular orbits tend to be absent for any
dimensions of d > 6. However, our results in 5D imply
that there is a mechanism for the existence of stable circular
orbits even in higher dimensions due to many-body effects,
1.e., the existence of the center outside the horizon.

In contrast to the fact that the metric is analytic on the
horizon of the 4D MP multi-black hole [44], the horizons of
higher-dimensional ones are generally not smooth [45,46].
For d = 5, the metric can be C2 on the horizon but cannot
be C? in general. For d > 5, the metric is not even C? on the
horizon, which leads to unavoidable curvature singularities.
Hence, it should be noted that the results we have obtained
in the case of d > 6 may include the effect of singularities.

For comparison with observations, we should discuss a
higher-dimensional model of the universe, e.g., a higher-
dimensional black hole spacetime in which the extra
dimensions are compactified. In particular, a 5D Kaluza-
Klein black hole spacetime with a twisted S! fiber behaves
as a 5D spacetime near the horizon (S° topology), whereas
it effectively behaves as a 4D flat spacetime (i.e., a 4D flat
spacetime with a compact dimension) in the asymptotic
region [47,48]. From this point of view, the 5D Kaluza-
Klein black holes connect 4D spacetimes and 5D

spacetimes as well as they have the feature of both 4D
and 5D. Therefore, we expect that the size of the extra
dimension should affect the sequence of stable circular
orbits. This is an interesting issue for the future.
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APPENDIX: UNSTABLE PHOTON
CIRCULAR ORBIT IN THE EXTREMAL
REISSNER-NORDSTROM SPACETIME

We review an unstable photon circular orbit in the
d-dimensional extremal Reissner-Nordstrom spacetime.
The metric is given in isotropic coordinates by

M \?
ds? =—(1+—= | dr?
#==(1+355)

M\ 2/(d-3)
+ (1 + F) (drf +r2dQ7,),  (Al)

where M is a mass parameter of the extremal black hole.
This metric is derived by choosing M , =M_=M/2,a=0,

and r, = \/z> + p? in Egs. (4)—(6). In the Schwarzschild
radial coordinate,

rd=3 =3 4 M, (A2)
the metric (Al) is written in the standard form
M \?2 M\ -2
d52:—<1—ﬁ) dt2+(l_ﬁ> dr2
+ r2[d6? + sin*0(d¢p? + sin2¢dQ§_4)]. (A3)

We consider the radial motion of a massless particle.
Without loss of generality, we assume that a particle is
confined to the equatorial plane, 0 = z/2, and has an
unique nonzero component of angular velocities ¢ # 0.
Let us introduce E = —(1 — M/r?3)?t, a conserved par-
ticle energy, and L = r2(}5, a conserved angular momentum.
From the on-shell condition for null geodesics,
G = 0, the radial equation in terms of these constants
is given by

i +V=(E/L),

1 M\?2
V=)

(A4)

(AS)
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where we have rescaled the affine parameter. The derivative
of the potential function V takes the form

2

Vi=——
r2d—3

(ri=3 = M)[ri3 — (d = 2)M]. (A6)

From V' =0, we find that an extremum point of V is
located at

r=vd=3(d-2)M. (A7)

Here exists an unstable circular orbit because V has a local
maximum point. In terms of p, the radius (A7) becomes

p=d-3(d-3)M. (A8)
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