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We study the cosmic microwave background (CMB) in the framework of the degenerate higher-order
scalar-tensor (DHOST) theory to test gravity theories. This theoretical framework includes the wide class of
dark energy models such as the Horndeski theory and its extensions as certain limits, and the general
relativity can be also recovered. In this study, to test gravity theories with CMB, we formulate the linear
perturbations of gravity and matter in the theory and their effective description parametrized by time-
dependent effective field theory (EFT) parameters, αi (i ¼ B, K, T,M,H, L) and βi (i ¼ 1, 2, 3). Based on
the resultant DHOST framework, we develop a numerical code to solve Boltzmann equations consistently.
We then show that the angular power spectra of the CMB temperature anisotropies, E-mode, and lensing
potential as a demonstration and find that the parameter characterizing the DHOST theory, β1, provides the
larger modifications of the spectra, compared with other EFT parameters. We also show the results in the
case of a specific model in which the cosmic expansion and the EFT parameters are consistently
determined.
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I. INTRODUCTION

The nearly simultaneous detection of the gravitational
event GW170817 and its optical counterpart GRB170817A
has put a strong constraint on the speed of gravitational
waves propagating from a neutron star binary such that
it should not deviate from that of light, jcgw − cj ≤ 10−15

[1–3], which forbids any extensions of general relativity
(GR) predicting a large deviation of cgw. This measurement
can therefore put constraints on scalar-tensor theory as
alternative to dark energy [4–8]. To explore the theories of
gravity beyond GR, the degenerate higher-order scalar-
tensor (DHOST) theory [9,10] (see [11] for review and
references therein) is useful since most of known theories
of gravity so far, such as the Horndeski theory [12–14] and
the beyond-Horndeski theory [15,16], are included. The
DHOST theory has eight arbitrary functions of the scalar
field ϕ and X ¼ ∂μϕ∂μϕ, dubbed as Pðϕ; XÞ; Qðϕ; XÞ;
f2ðϕ; XÞ, and aiðϕ; XÞ with i ¼ 1;…; 5. There are three
degeneracy conditions eliminating the unwanted higher-
order time-derivative terms. The measurement of
GW170817 strongly implies that the propagation speed
of gravitational waves and the speed of light strictly coin-
cide, that is, cgw ¼ c. Even when imposing this condition,
a certain subclass of type-I quadratic DHOST theory
survived [7,8]. This theory is still phenomenologically

interesting because the Vainshtein screening mechanism
is successfully implemented outside matter, whereas its
partial breaking occurs inside [8,17–20]. This pheno-
menon can be used to put the additional constraints on
the DHOST theory. Moreover, several theoretical con-
straints on the DHOST theory have been discussed in
the literatures [21,22].
However, the propagation of gravitational waves from

GW170817 as well as the local measurement of gravity can
put any constraints on gravity theories at the relatively low
redshift, z≲ 0.01. In this sense, there is still a large viability
of extended gravity theories whose deviation from GR
emerges at high redshift, say, z≳ 1. One of the well-
established experiments at such a high redshift is the cosmic
microwave background (CMB). As of the Planck experi-
ments, we know that the Λ-Cold Dark Matter (ΛCDM)
model can well describe our Universe [23]. Hence, the
extended gravity theories are required to satisfy that the
background evolution should be almost the same as ΛCDM.
We then need to explore the dynamics of linear perturbations
of gravity and matter contents in the extended theories of
gravity with keeping the background the fiducial one.
In this paper, we investigate the time evolutions of

the metric perturbations, density/velocity perturbations
of fluid components, and the perturbation of the scalar
field after reheating. To do so, we employ the effective
description of the DHOST theory, following the approach
called the effective field theory (EFT) of dark energy
[24–32]. The EFT describing the DHOST theory has nine
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time-dependent parameters, and the degeneracy conditions
mentioned later reduce them to six parameters, αiðtÞ with
i ¼ K, B, T, M, H and β1ðtÞ, which are defined as the
coefficients of terms such as δKijδKij and δKδR in the
ADM Lagrangian and vanish in GR. The EFT parameters
are frequently assumed to scale as (e.g., [26])

αiðtÞ ¼ αi;0
ΩDEðtÞ
ΩDE;0

; β1ðtÞ ¼ β1;0
ΩDEðtÞ
ΩDE;0

; ð1Þ

where ΩDEðtÞ and ΩDE;0 denote the fractional energy
density of the dark energy and its present value.
Following this parametrization, the EFT parameters are
negligible in the early Universe where ΩDEðtÞ is quite
small, recovering GR. Therefore, we do not need to
consider the modification of the initial perturbations in
solving the Boltzmann equation from very high redshift.
Then we compute the angular power spectra of the CMB
temperature anisotropies (CTT

l ), E-mode polarization
(CEE

l ), and the lensing potential (Cϕϕ
l ).

The EFT approach is useful to for us to know the impacts
of modification of each term in the Lagrangian on the time
evolution of the perturbations in the fixed background.
Strictly speaking, however, the background geometry is
not consistently treated in the EFT approach. In the DHOST
theory, the time evolution of background scalar field _ϕ0ðtÞ
modifies the Friedmann equation and determines how the
EFT parameters evolve in time. To demonstrate a consistent
way to describe both the background and the perturbations,
we also solve the set of equations with the EFT parameters
and the cosmic expansion history computed from the
DHOST theory with the parametrization of the arbitrary
functions therein proposed by Crisostomi and Koyama [33].
This paper is organized as follows. In Sec. II, we derive

the evolution equations of the background and linear
perturbations in the DHOST theory. In Sec. III, we derive
them in the effective description of the type-I DHOST
theory and explicitly show the relations between the EFT
parameters, αi and β1, and the scalar field. In Sec. IV, we

briefly explain the setup for the numerical calculations.
In Sec. V, we show the angular power spectra and how
precisely we can estimate the EFT parameters according to
the Fisher analysis. In Sec. VI, we demonstrate a consistent
treatment of the background geometry and the perturba-
tions with a specific model. Finally, we conclude in
Sec. VII. Since the derived equations are too long to show
in the main text, the Appendixes supplement the main text.
Throughout the paper, we use the unit with c ¼ ℏ ¼ 1, and
M−2

pl ≔ 8πG where G is the usual Newton constant.

II. DHOST THEORY

A. Basics

We consider the quadratic DHOST theory, whose action
is given as [9]

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
LDHOST þ

Z
d4x

ffiffiffiffiffiffi
−g

p
Lm; ð2Þ

where we assume that the Lagrangian for matter, Lm,
minimally couples to gravity, and

LDHOST ≔ Pðϕ; XÞ þQðϕ; XÞ□ϕþ f2ðϕ; XÞð4ÞR

þ
X5
i¼1

aiðϕ; XÞLi; ð3Þ

with P;Q; f2, and ai being arbitrary functions of ϕ and
X ≔ ∂μϕ∂μϕ. The Lagrangians for derivative couplings of
the scalar field are described as

L1 ≔ ϕμνϕ
μν; L2 ≔ ð□ϕÞ2; L3 ≔ ð□ϕÞϕμϕμνϕ

ν;

L4 ≔ ϕμϕμρϕ
ρνϕν; L5 ≔ ðϕμϕμνϕ

νÞ2; ð4Þ

with ϕμ ≔ ∇μϕ and ϕμν ≔ ∇μ∇νϕ. In this paper, we
consider the type-I degeneracy condition to avoid the
ghost instability, which is given by the following three
conditions [9]:

a2 ¼ −a1;

a4 ¼
1

8ðf2 þ a2XÞ2
½16Xa22 þ 4ð3f þ 16XfXÞa22 þ ð16X2fX − 12XfÞa3a2 − X2fa23

þ 16fXð3f þ 4XfXÞa2 þ 8fðXfX − fÞa3 þ 48ff2X�;

a5 ¼
ð4fX þ 2a2 þ Xa3Þð−2a22 þ 3Xa2a3 − 4fXa2 þ 4fa3Þ

8ðf þ Xa2Þ2
; ð5Þ

where the subscripts ϕ and X denote the derivatives with respect to them. Since the DHOST theory contains the higher-
order derivatives, it is useful to introduce the following quantity as the variation of the Lagrangian in the gravity sector with
a variable A:

EA ≔
1ffiffiffiffiffiffi−gp

X
j¼0

ð−1Þj∂μ1 � � � ∂μj

δð ffiffiffiffiffiffi−gp
LDHOSTÞ

δ∂μ1 � � � ∂μjA
: ð6Þ
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B. Background equations

We assume that the background metric is a flat
Friedmann-Lemaître-Robertson-Walker metric (FLRW),

ds2 ¼ −N2dt2 þ a2δijdxidxj: ð7Þ

By the use of the quantity defined in Eq. (6), one can easily
write the background equation-of-motion for the lapse, the
scale factor, and the scalar field. The explicit expressions
for EN; Ea; Eϕ are shown in Appendix A. With this, the
governing equation of the scalar field is simply written as

Eϕ ¼ 0: ð8Þ

To get the evolution equation in the gravity sector, we have
to take into account the matter content. We assume that the
matter content is described as fluids. Hence, the energy-
momentum tensor is given as

Tμν ¼ 2ffiffiffiffiffiffi−gp δ
ffiffiffiffiffiffi−gp

Lm

δgμν
¼

X
I¼B;C;γ;ν

ðρI þ pIÞuμI uνI þ pIgμν;

ð9Þ

where ρI and pI are the energy density and pressure of
I ¼ b (baryon), c (CDM), γ (photon), ν (massless neu-
trinos), and uμI is the 4-velocity of I, uμI ≔ ðu0I ; viI=aÞ with
the velocity perturbation viI . The zeroth order of the energy-
momentum tensor is calculated as

T00 ¼ ρs ≔
X
I

ρI; Tij ¼ δij
a2

ps; ps ≔
X
I

pI;

ð10Þ

which satisfy the conservation law, _ρs þ 3Hðρs þ psÞ ¼ 0,
where a dot denotes the derivative with respect to t.
Because the variations with respect to N and a can be
rewritten in terms of those with respect to metric, δ=δN ¼
−2δ=δg00 and δ=δa ¼ 2aδijðδ=δgijÞ, we obtain the
extended Friedmann equation and acceleration equation
in the DHOST theory,

EN ¼ ρs; −
a
3
Ea ¼ ps; ð11Þ

where the left-hand sides are defined in Eqs. (A1) and (A2).

C. Euler-Lagrange equations for perturbations

In this subsection, we briefly discuss the Euler-Lagrange
equation derived from the full DHOST Lagrangian Eq. (3).
Focusing on the scalar perturbations, we consider the
metric perturbations in the Newton-gauge form, which is
defined as

ds2 ¼ −ð1þ 2ΨÞdt2 þ 2a2∂iξdtdxi

þ a2
�
ð1þ 2ΦÞδij þ

�
∂i∂i −

1

3
δij△

�
η

�
dxidxj

ð12Þ

and the perturbation of the scalar field as

ϕðt; xÞ ¼ ϕ0ðtÞ þ δϕðt; xÞ: ð13Þ

The Euler-Lagrange equation (6) for the perturbed varia-
bles, fΨ;Φ; ξ; η; δϕg, can be derived by expanding the full
action Eq. (3) up to the second order and varying the
second-order action with respect to each variable. Although
we do not show the explicit expression for each EA, we
use the resultant Euler-Lagrange equations to determine
the relation between the DHOST functions, fPðϕ; XÞ;
Qðϕ; XÞ; f2ðϕ; XÞ; aiðϕ; XÞg and the EFT parameters,
fαiðtÞ; βiðtÞg to be introduced in the later section.

III. LINEAR PERTURBATIONS IN EFFECTIVE
DESCRIPTION OF DHOST

In this section, we reformulate the linear perturbations of
gravity and matter in the DHOST theory, following the
approach called the effective field theory of dark energy
[24–32].

A. Effective quadratic action and EFT parameters

In the context of the EFT, the metric is usually written in
the ADM form,

ds2 ¼ −N2dt2 þ hijðdxi þ NidtÞðdxj þ NjdtÞ: ð14Þ

To study the linear perturbations for gravity and matter,
we need to expand the action up to the second order around
the flat FLRW background given in Eq. (7) with the
gauge N ¼ 1. In the unitary gauge, the perturbed variables
are the lapse δN ≡ N − 1, the extrinsic curvature δKij ¼
Kij −Hhij and the three-dimensional Ricci curvature
ð3ÞRij. To describe the effective action for the DHOST in
the EFT language, we need to introduce the time and space
derivatives of δN in the effective Lagrangian. The effective
quadratic action in gravity sector is given as [24]

Sð2Þ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p
Lð2Þ; ð15Þ

with
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Lð2Þ ≔
M2

2

�
δKijδKij −

�
1þ 2

3
αL

�
δK2

þ ð1þ αTÞ
�

ð3ÞR
δ

ffiffiffi
h

p

a3
þ δ2

ð3ÞR
�

þH2αKδN2 þ 4HαBδKδN þ ð1þ αHÞRδN

þ 4β1δK _δN þ β2 _δN2 þ β3
a2

ð∂δNÞ2
�
; ð16Þ

where H is the Hubble parameter,M is the effective Planck
mass, and δ2 extracts the second-order terms of the
metric perturbations. We have introduced the eight time-
varying parameters characterizing the effective quadratic
Lagrangian, labeled as fαL; αT; αK;αB; αH; β1; β2; β3g. In
addition to them, we introduce a parameter characterizing
the time variation of the effective Planck mass,

αM ¼ 1

HM2

dM2

∂t : ð17Þ

With these nine EFT parameters, we can fully specify
the linear perturbations in the DHOST class of gravity
theories. In the unitary gauge, the scalar perturbations can
be defined as

δN ¼ N − 1; Ni ¼ δij∂iψ ;

hij ¼ a2e2ζδij þ a2
�
∂i∂i −

1

3
δij△

�
η: ð18Þ

It would be convenient to change the gauge to compare the
results derived in the previous section where the scalar
perturbation, δϕðt; xÞ, is exposed. To recover the scalar
degree of freedom, we perform the time-coordinate trans-
formation t → tþ πðt; xÞ. In general, the infinitesimal
coordinate transformation, xμ → x̄μ ¼ xμ þ ϵμ, for the
metric perturbation δgμν is given as

δgμνðx̄Þ ¼ δgμνðxÞ −∇μϵν −∇νϵμ: ð19Þ

For the infinitesimal time translation, t → t̄ ¼ tþ πðt; xÞ,
the displacement vector is given as ϵμ ¼ ðπ; 0Þ, and its dual
vector is ϵμ ¼ gμνϵν ¼ ð−π; 0Þ, where we truncate the
expansion at the first order of the perturbations. Hence,
the gauge transformation implies the relation between
Eqs. (12) and (18) as

δN ¼ Ψþ _π; ζ ¼ ΦþHπ; ψ ¼ ξ −
1

a2
π; ð20Þ

where η leaves unchanged under the gauge transformation.
Rewriting the quadratic Lagrangian (16) in terms of the
new perturbative quantities, we have

Lð2Þ ¼ Lð2Þ
0 þ 1

a2
Lð2Þ
2 þ 1

a4
Lð2Þ
4 ; ð21Þ

where Lð2Þ
i are shown in Appendix B.

As a result of the time-coordinate transformation, the
homogeneous scalar field in the unitary gauge acquires the
spatial dependence, ϕðtÞ → ϕ0ðtÞ þ δϕðt; xÞ. Thus, we can
identify the spatial fluctuation as [34]

π ≔ −
δϕ
_ϕ0

: ð22Þ

B. Euler-Lagrange equations for perturbations
with EFT parameters

Varying Eq. (21) with respect to Ψ, Φ, ξ, η, and π, we
obtain the Euler-Lagrange equations for them in the
Newton gauge. Respecting the relation Eq. (22), these
Euler-Lagrange equations in the EFT can describe those
derived from the original DHOST action without the
degeneracy conditions in Eq. (5). Comparing the coeffi-
cients of these equations in the two difference approaches,
one can easily find the correspondence between the EFT
parameters, fαiðtÞ; βiðtÞg, and the functions in the DHOST
theory, fPðϕ; XÞ; Qðϕ; XÞ; f2ðϕ; XÞ; aiðϕ; XÞg. We found
the following relations:

M2 ¼ 2ðf2 þ a1 _ϕ
2
0Þ; ð23Þ

M2β1 ¼
1

2
_ϕ2
0ð−2a2 − 4f2X þ a3 _ϕ

2
0Þ; ð24Þ

M2β2 ¼ 2 _ϕ2
0ða1 þ a2 − ða3 þ a4Þ _ϕ2

0 þ a5 _ϕ
4
0Þ; ð25Þ

M2β3 ¼ 2 _ϕ2
0ð−2a1 þ 4f2X þ a4 _ϕ

2
0Þ; ð26Þ

M2αL ¼ −3ða1 þ a2Þ _ϕ2
0; ð27Þ

M2αH ¼ 2ð2f2X − a1Þ _ϕ2
0; ð28Þ

HM2αM ¼ 2 _ϕ0ðf2ϕ þ a1ϕ _ϕ
2
0 þ 2ða1 − f2X − a1X _ϕ

2
0Þϕ̈0Þ;

ð29Þ

M2αT ¼ −2a1 _ϕ2
0; ð30Þ

2HM2αB ¼ 2f2ϕ _ϕ0 − 2Hð2a1 þ 3a2 − 2f2XÞ _ϕ2
0

− 2ð2f2ϕX þQXÞ _ϕ3
0

þHð−3a3 þ 4a1X þ 12a2XÞ _ϕ4
0

þ ð2ða1 − 2a2 − 6f2XÞ _ϕ0

þ ð3a3 − 2a4 þ 4a2X þ 8f2XXÞ _ϕ3
0

þ 2ða5 − a3XÞ _ϕ5
0Þϕ̈0; ð31Þ
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and

M2H2αK ¼ 2ð3H2ða1 − 4f2X − 3K1ða2 þ 2f2XÞÞ − PX þQϕÞ _ϕ2
0 þ 6Hð−3a2ϕ þ 2QXÞ _ϕ3

0

þ ð3H2ð9a3 − 10a1X − 18a2X þ 16f2XX þ K1ð5a3 þ 4a2X þ 8f2XXÞÞ þ 4PXX − 2QϕXÞ _ϕ4
0

þ 3Hð4a2ϕX þ 5a3ϕ − 4QXXÞ _ϕ5
0 − 6H2ð−2a1XX − 6a2XX þ ð3þ K1Þa3XÞ _ϕ6

0 − 6Ha3ϕX _ϕ
7
0

þ 4 _ϕ0ð−3ða1 þ a2ÞH − 2ða1ϕ þ a2ϕÞ _ϕ0 þ 3Hð2ða3 þ a4Þ þ a1X þ a2XÞ _ϕ2
0

þ ða1ϕX þ a2ϕX þ 3ða3ϕ þ a4ϕÞÞ _ϕ3
0 − 3Hð3a5 þ a3X þ a4XÞ _ϕ4

0 − ða3ϕX þ a4ϕX þ 4a5ϕÞ _ϕ5
0

þ 3Ha5X _ϕ
6
0 þ a5ϕX _ϕ

7
0Þϕ̈0

þ ð4ða1 þ a2Þ þ 2ð3ða3 þ a4Þ þ 5a1X þ 5a2XÞ _ϕ2
0 − 2ð12a5 þ 2a1XX þ 2a2XX þ 9a3X þ 9a4XÞ _ϕ4

0

þð4a3XX þ 4a4XX þ 26a5XÞ _ϕ6
0 − 4a5XX _ϕ

8
0Þϕ̈2

0

þ ð−8ða1 þ a2Þ _ϕ0 þ 4ð3ða3 þ a4Þ þ a1X þ a2XÞ _ϕ3
0 − 4ð4a5 þ a3X þ a4XÞ _ϕ5

0 þ 4a5X _ϕ
7
0Þ⃛ϕ0: ð32Þ

Here, all the functions are evaluated at the background
values, that is, ϕ ¼ ϕ0ðtÞ and X ¼ − _ϕ2

0ðtÞ, and we defined
the dimensionless time derivatives of the Hubble parameter,

Kn ≔
1

Hnþ1

dnH
dtn

: ð33Þ

Before showing the Euler-Lagrange equations for the
perturbed variables in terms of the EFT parameters, we
should discuss the dependence on the background energy
density ρs and pressure ps, which are related to the
background Euler-Lagrange quantities, EN and Ea, through
Eq. (11). Even when the above relations, Eqs. (23)–(32),
are taken into account, one finds that there are several
residuals in the equations derived in the full DHOST

Lagrangian (3), compared with those from Eq. (21).
Following the EFT point of view, these residuals should
be rewritten in terms of the background quantities. We
actually confirm that all the residuals can be identified to be
a function of ρs, ps and their time derivatives, and the
results of the full DHOST can be consistently reproduced.1

The explicit expression of the Euler-Lagrange equations
with the background term corrections is summarized in
Appendix C.
Let us consider the type-I degeneracy condition in the

context of the effective description of the DHOST theory.
In the EFT language, the fully nonlinear type-I degeneracy
condition Eq. (5) reduces to the simpler conditions for the
EFT parameters as

αL ¼ 0; β2 ¼ −6β21; β3 ¼ −2β1½2ð1þ αHÞ þ β1ð1þ αTÞ�; ð34Þ

reducing the number of the free EFT parameters to six. With this reduced degeneracy conditions, the Euler-Lagrange
equations for Ψ, Φ, ξ, η, and π in the Newton gauge are given as

−
1

M2
EΨ ¼ −6β21Ψ̈ − 6Hβ1

�
ð3þ αMÞβ1 þ

2

H
_β1

�
_Ψ −

2

a2
β1ð2þ 2αH þ ð1þ αTÞβ1Þ△Ψ

þH2

�
6þ 12αB − αK − 6ð3þ K1 þ αMÞβ1 −

6_β1
H

þ 2ρs
H2M2

�
Ψþ 6β1Φ̈

þ 6H

�
−ð1þ αB − ð3þ αMÞβ1Þ þ

_β1
H

�
_Φþ 2

a2
ð1þ αHÞ△Φ − 6β21

⃛π þ 6Hβ1

�
1 − ð3þ αMÞβ1 −

2

H
_β1

�
π̈

þH2ð6αB − αK þ 6K1β1Þ _π −
2

a2
β1ð1þ 2αH þ ð1þ αTÞβ1Þ△ _π þ 2H

a2

�
−αB þ αH þ β1 þ αMβ1 þ

_β1
H

�
△π

þ 6H3

�
−K1ð1þ αBÞ þ ðK2 þ K1ð3þ αMÞÞβ1 þ

K1

H
_β1 þ

_ρs
6H3M2

�
π; ð35Þ

1We expect that the above equations including these missing terms can be consistently derived from the full EFT action taking into
account the terms describing the background [27,28].
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−
1

M2
EΦ ¼ 6β1Ψ̈þ 6H

�
1þ αB þ ð3þ αMÞβ1 þ

_β1
H

�
_Ψþ 2

a2
ð1þ αHÞ△Ψ

þ 6H2

�
ð1þ αBÞð3þ K1 þ αMÞ þ

_αB
H

−
ps þ ρs
2H2M2

�
Ψ − 6Φ̈ − 6Hð3þ αMÞ _Φþ 2

a2
ð1þ αTÞ△Φ

−
6ps

M2
Φþ 6β1 ⃛π þ 6H

�
αB þ ð3þ αMÞβ1 þ

_β1
H

�
π̈ þ 2

a2
αH△ _π þ 2

a2
Hð−αM þ αTÞ△π

þ 6H2

�
K1ð−1þ αBÞ þ αBð3þ αMÞ þ

_αB
H

−
ps þ ρs
2H2M2

�
_π − 6H3

�
K2 þ K1ð3þ αMÞ þ

_ps

2H3M2

�
π; ð36Þ

−
1

M2
Eξ ¼ 2β1△ _Ψþ 2Hð1þ αBÞ△Ψ − 2△ _Φþ 2β1△π̈ þ 2HαB△ _π − 2H2

�
K1 þ

ps þ ρs
2H2M2

�
△π; ð37Þ

−
1

M2
Eη ¼ −

1

3a2
½ð1þ αHÞ△△Ψþ ð1þ αTÞ△△Φþ αH△△ _π −HðαM − αTÞ△△π�; ð38Þ

and

−
1

M2
Eπ ¼ 6β21

⃛Ψþ 6Hβ1

�
1þ 2ð3þαMÞβ1þ

4_β1
H

�
Ψ̈þ 6H2

�
−αBþ

1

6
αK þ β1ð6þK1þ 2αM

þð3þαMÞð3þK1þαMÞβ1Þþ
1

H
ðβ21 _αM þ 2ð1þ 2ð3þαMÞβ1Þ _β1Þþ

2

H2
ð_β21þ β1β̈1Þ

�
_Ψ

þ 2

a2
β1ð1þ 2αH þð1þαTÞβ1Þ△ _Ψþ 2H

a2

�
−αBþαH þ 2ð1þαHÞð1þαMÞβ1þð1þαMÞð1þαTÞβ21

þ β1
H
ð2_αH þ β1 _αTÞþ

2

H
ð1þαH þ β1þαTβ1Þ _β1

�
△ΨþH3

�
_ρs

M2H3
þðαK − 6αBÞð3þαMÞ

þ 6ðK2þð3þαMÞ2Þβ1þ 2K1ð−3− 9αBþαK þ 9ð3þαMÞβ1Þ

−
6

H
_αBþ

_αK
H

þ 6

H
β1 _αM þ 12

H
ð3þK1þαMÞ _β1þ

6

H2
β̈1

�
Ψ− 6β1 ⃛Φþ 6H

�
αB − 2ð3þαMÞβ1−

2_β1
H

�
Φ̈

þ 6H2

�
psþ ρs
2H2M2

þK1þ 3αBþK1αBþαBαM − ð3þαMÞð3þK1þαMÞβ1þ
_αB
H

−
β1 _αM
H

−
2

H
ð3þαMÞ _β1−

β̈1
H2

�
_Φ

−
2

a2
αH△ _Φ−

2H
a2

�
αM þαHð1þαMÞ−αT þ

_αH
H

�
△Φþ 6β21 π⃜þ 12β1H

�
ð3þαMÞβ1þ

2_β1
H

�⃛
π

þH2

�
αK þ 6β1ð−2K1þð3þαMÞð3þK1þαMÞβ1Þþ

6β1
H

ðβ1 _αM þ 4ð3þαMÞ _β1Þþ
12

H2
ð_β21þ β1β̈1Þ

�
π̈

þH3

�
αKð3þ 2K1þαMÞ− 12ðK2þK1ð3þαMÞÞβ1þ

_αK
H

−
12

H
K1

_β1

�
_π

þ 2

a2
β1ð2αH þð1þαTÞβ1Þ△π̈þ 1

a2

�
2β1ðHð1þαMÞð2αH þð1þαTÞβ1Þþ 2_αH þ β1 _αTÞ

þ 4ðαH þð1þαTÞβ1Þ_β1
�
△ _πþ 2H2

a2

�
K1þð1þK1þαMÞðαB−αHÞ−αM þαT

− ð1þαMÞð1þK1þαMÞβ1þ
1

H
ð _αB − _αH − β1 _αM − 2ð1þαMÞ _β1Þ−

β̈1
H2

þ psþ ρs
2H2M2

�
△π

þ 6H4ðK2αB − ðK3þ 2K2ð3þαMÞÞβ1þK1ð3þαMÞðαB− ð3þαMÞβ1ÞþK2
1ð1þαB − ð3þαMÞβ1Þ

þ 1

H

�
K1ð _αB− β1 _αMÞ− 2ðK2þK1ð3þαMÞÞ _β1Þ−

K1

H2
β̈1−

_psþ _ρs
2H3M2

−
ρ̈s

6H4M2

�
π; ð39Þ
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where ρs and ps are evaluated through the background
evolution equations Eq. (11). Plugging Eqs. (23)–(32) and
Eq. (11) into Eqs. (35)–(39), one can straightforwardly
reproduce the Euler-Lagrange equations derived from the
full DHOST theory.

C. Perturbed matter energy-momentum tensor

The perturbations of the energy-momentum tensor given
in Eq. (9) are calculated as

δT00 ¼
X
I

ρIðδI − 2ΨÞ; δTij ¼ 1

a2
X
I

ðδpI − 2pIΦÞδij;

T0i ¼ 1

a

X
I

ðρI þ pIÞviI: ð40Þ

For the baryons and CDM, the pressure and its perturbation
satisfy pb;c ¼ δpb;c ¼ 0, whereas those for the photons and
neutrinos satisfy pγ;ν ¼ ργ;ν=3 and δpγ;ν ¼ δργ;ν=3. Then,
performing the Fourier transformation for Eqs. (35)–(38),
we find

−
1

M2
EΨ ¼ SΨ ≔ −3H2ðΩcδc þ Ωbδb þ Ωγδγ þΩνδνÞ

þ 2ρs
M2

Ψ; ð41Þ

−
1

M2
EΦ ¼ SΦ ≔ 3H2ðΩγδγ þΩνδνÞ −

6ps

M2
Φ; ð42Þ

−
1

M2
Eξ ¼ Sξ

≔ kaH2ð3ΩcVc þ 3ΩbVb þ 4ΩγVγ þ 4ΩνVνÞ;
ð43Þ

−
1

M2
Eη ¼ Sη ≔ 4H2k2ðΩγΘγ2 þΩνΘν2Þ; ð44Þ

whereΩI ≔ ρI=3M2H2 and EA are given in Eqs. (35)–(38).
In the last equation, Θγl and Θνl are the multipoles of
the temperature fluctuations of photons and neutrinos,
respectively, and in the first three equations, δγ ¼ 4Θγ0

and Vγ ¼ −3Θγ1 where we define the velocity potential
VI ≔ −ikiviI=k.
As for the scalar field, the governing equation is given as

−
1

M2
Eπ ¼ 0 ð45Þ

with Eq. (39).

D. Reduction of higher-derivative equations

For later convenience, we define Ẽξ ≔ k−2Eξ=M2, Ẽη ≔
−k−4Eη=M2, and Ẽi ≔ −Ei=M2 for other equations, and

S̃ξ ≔ −
1

k2
Sξ

¼ −a
H2

k
ð3ΩcVc þ 3ΩbVb þ 4ΩγVγ þ 4ΩνVνÞ; ð46Þ

S̃η ≔
1

k4
Sη ¼ 4

H2

k2
ðΩγΘγ2 þΩνΘν2Þ ð47Þ

in the Fourier space. Then the evolution equations become
simpler form, ẼA ¼ S̃A for A ¼ Ψ;Φ; ξ; η, and Ẽπ ¼ 0.
This equation, however, contains time derivatives of Ψ, Φ,
and π up to the fourth order as given in Eq. (39). As the
kinetic matrix of the highest derivatives of Ψ, Φ, and π are
degenerated, we can eliminate such higher-order derivative
terms. To do so, we define

ẼG ≔ −Ẽπ þ β1
_̃EΦ þ ðHð−αB þ ð3þ αMÞβ1Þ þ 2_β1ÞẼΦ;

ð48Þ
which reads

ẼG ¼ 2

a2
ðαH þ ð1þ αTÞβ1Þð△ _Φ − β1△ _Ψ − β1△π̈Þ þ 6

M2
ðHpsðαB − 3β1Þ − β1 _ps − 2ps

_β1ÞΦ

þ 2H
a2

ð−αBð1þ αTÞ þ γ3Þ△Φ −
2H
a2

ðαBαH þ β1γ3Þ△ _π −
2H
a2

ðαHð1þ αBÞ þ β1ð1þ γ3 þ αTÞÞ△Ψ

þ 6H3

�
−γ1 þ γ2 þ

2_αB _β1
H2

þ β1α̈B
H2

þ
�
αB − 3β1 −

2_β1
H

�
ps þ ρs
2H2M2

− β1
2 _ps þ _ρs
2H3M2

�
_π

þ 6H3

�
K1ð1þ αBÞ − γ1 þ γ2 þ

_αB
H

þ 1

H2
ð2_αB _β1 þ β1α̈B − β̈1Þ − β1

_ps þ _ρs
2H3M2

þ
�
1þ αB − 3β1 −

2_β1
H

�
ρs þ ps

2H2M2

�
Ψ

− 6H2

�
K1ð1þ αBÞ þ

_αB
H

−
β̈1
H2

þ ð1þ 2β1Þ
ps

2H2M2
þ ρs
2H2M2

�
_Φ
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þ 2H2

a2

�
γ3 − K1ð1 − αH þ αB − ð1þ αTÞβ1Þ − αBð1þ αTÞ −

1

H
_αB þ β̈1

H2
−
ps þ ρs
2H2M2

�
△π

− 6H2

�
α2B þ 1

6
αK − K1β1ð1þ 2αBÞ − αBð3þ αMÞβ1 −

1

H
ð2β1 _αB þ αB _β1Þ þ

β1β̈1
H2

þ β1
ps þ ρs
2H2M2

�
ðπ̈ þ _ΨÞ

− 6H4

�
K2

1ð1þ αBÞ þ
K1

H
_αB −

K1

H2
β̈1 −

�
1þ αB − 3β1 −

2_β1
H

�
_ps

2H3M2
−

_ρs
2H3M2

−
ρ̈s − 3β1p̈s

6H4M2

�
π; ð49Þ

where

γ1 ≔
�
α2B þ 1

6
αK

�
ð3þ αMÞ − αBðK2 þ ð3þ αMÞ2Þβ1 þ

K1

3

�
αK þ 3αBð−1þ αB − 3ð3þ αMÞβ1Þ

�
; ð50Þ

γ2 ≔
1

H

�
2ð3þ K1 þ αMÞβ1 _αB −

1

6
_αK − αBð _αB − β1 _αM − 2ð3þ K1 þ αMÞ_β1Þ

�
; ð51Þ

γ3 ≔ αM − αT þ ð1þ αMÞðαH þ ð1þ αTÞβ1Þ þ
1

H
ð _αH þ β1 _αT þ 2ð1þ αTÞ _β1Þ: ð52Þ

This expression will be used after the Fourier transforma-
tion. The corresponding source term is given as S̃G ≔
β1

_̃SΦ þ ðHð−αB þ ð3þ αMÞβ1Þ þ 2_β1ÞS̃Φ. The resultant
field equations for Ψ, Φ, and π contain the time derivatives
up to the second order for π and the first order for Ψ and Φ.
We note that the highest order of the derivative depends on
the gravity theory of interest.

E. Evolution equations to solve

In what follows, we explain how to solve the set of
equations in the type-I DHOST theory. As the unknown
variables in the gravity sector are Ψ, Φ, and π, we need
three independent equations. In this study, we choose

ẼηðΦ;Ψ; _π; πÞ ¼ S̃ηðΘr2Þ; ð53Þ

Ẽξð _Φ; _Ψ; π̈;Ψ; _π; πÞ ¼ S̃ξðVIÞ; ð54Þ

ẼGð _Φ; _Ψ; π̈;Φ;Ψ; _π; πÞ ¼ S̃GðΦ; δI; VIÞ; ð55Þ

where the right-hand sides of the first two equations are
defined in Eqs. (46) and (47), and we shortly write δI ¼
fδb; δc; δγ; δνg, VI ¼fVb;Vc;Vγ;Vνg, and Θri¼fΘγi;Θνig.
The first time derivative of Eq. (53) becomes

_̃Eηð _Φ; _Ψ; π̈;Φ;Ψ; _π; πÞ ¼ _̃SηðVI;Θr2;Θr3Þ; ð56Þ

where we have used the Boltzmann equation for Θγ2 and

Θν2. Since the coefficient matrix of _Φ; _Ψ, and π̈ in
Eqs. (54)–(56) is invertible, we can solve these equations
with respect to _Φ, _Ψ, and π̈, and obtain

_Φ ¼ FΦðΦ;Ψ; _π; π; δI; VI;Θr2;Θr3Þ; ð57Þ

_Ψ ¼ FΨðΦ;Ψ; _π; π; δI; VI;Θr2;Θr3Þ; ð58Þ

π̈ ¼ F πðΦ;Ψ; _π; π; δI; VI;Θr2;Θr3Þ: ð59Þ

These equations can be straightforwardly derived, though
the right-hand sides of these equations are too long to show
here. Once one solves this set of equations numerically, one
can obtain the time evolution of Φ, Ψ, π. Unfortunately,
however, it is failed since the equation for _Ψ seems to be
unstable at late time. The easiest way to avoid the numerical
instability is to replace Eq. (58) by a constraint equation
Eq. (53), and we computeΨ from Eq. (53) after updatingΦ
and π by solving Eqs. (57) and (59).

IV. NUMERICAL SETUP

We developed a Boltzmann solver implementing the
framework of the DHOST theory. Our numerical code
CMB2ND2 solves the Boltzmann equations for photons,Θγl,
and massless neutrinos, Θνl, the continuity equations and
the Euler equations for baryons and CDM, δb, Vb, δc, Vc,
the modified Einstein equations for Ψ, Φ in the conformal
Newtonian gauge, and the field equation for π given in
Eqs. (57) and (59) with Eq. (53). One can find the basic
equations in the matter sector in a standard textbook,
e.g., Ref. [37].

2This Boltzmann code is not public yet, but we have confirmed
that the numerical results with it precisely agree with those from
CAMB (https://camb.info/). See also Refs. [35,36] in which one
of the authors of this paper used the same code.
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Respecting the scaling of the EFT parameters in Eq. (1),
we can totally neglect the scalar field and its influence on
the metric perturbations in the early time. Hence, we can
impose the same initial conditions for the perturbative
quantities as those given in GR,

Ψ ¼ −
10

4fν þ 15
ζ; Φ ¼ −

4fν þ 10

4fν þ 15
ζ;

Θν2 ¼ −
1

12fν þ 45

k2

H2
ζ; π ¼ 0; ð60Þ

where ζ is the curvature perturbation generated during
inflation and fν ¼ ρν=ðργ þ ρνÞ.
To follow the same setup as in Ref. [26], we assume the

ΛCDM background as a demonstration and αB;0; αT;0 < 0,
β1;0; αH;0;αM;0 > 0, and αK;0 ¼ 1. The choices of signature
of the EFT parameters and their values are restricted to a
certain range arising from the avoidance of the super-
luminality, ghost instability, and gradient instability of the
scalar perturbation [24] (see also [26] in the GLPV theory).
To put constrains on these parameters from the real
observations, we have to take care of the appropriate range.
Our aim in the present study, however, is to demonstrate the
impact of these parameters on the angular power spectra.
Hence, we adopt the above weak assumptions on the EFT
parameters.
At this stage, we can freely choose the present values of

the EFT parameters, αi;0 for i ¼ K, B, T, M, H and β1;0.
However the time-dependent functions αiðtÞ and βiðtÞ
are primarily described by the arbitrary functions
fPðϕ; XÞ; Qðϕ; XÞ; f2ðϕ; XÞ; aiðϕ; XÞg introduced in the
original DHOST Lagrangian [see Eq. (3)], and thus the
EFT parameters should be related with each other. As we
shall explain later, we also demonstrate this situation by
adopting a model proposed by Crisostomi and Koyama
[33] (CK) in which there is a cosmological solution
exhibiting the late-time self-acceleration regime. In this
model, αi for i ¼ K, B, M, H and β1 are described by four
constants c2; c3; c4; β, while αT is fixed to be 0.

V. RESULTS IN EFT FRAMEWORK

In Fig. 1, we show the angular power spectra of the CMB
temperature anisotropies, CTT

l (left), E-mode CEE
l (middle),

and the lensing potential Cϕϕ
l (right). The gray band

indicates the cosmic variance. To magnify the changes
from the ΛCDM case, we also show the power spectra
divided by those in ΛCDMmodel in Fig. 2. From the top to
bottom, we show the parameter dependence on β1;0, αH;0,
αM;0, αT;0, and αB;0. We vary αi;0 with the order of Oð0.1Þ
and β1;0 with that of Oð0.01Þ. In the present parametriza-
tion, a small change of β1 yields a significant effect on the
power spectra.
We find that these parameters affect the angular power

spectrum of the temperature anisotropies only on the large

scales through the integrated Sachs-Wolfe (ISW) effect as
expected. In contrast, as the scalar metric perturbations do
not directly couple to the photon’s E-mode polarization
with l ¼ 2, the changes of CEE

l are highly suppressed. In
this sense, the information from the E-mode does not
improve the constrains on the EFT parameters as far as we
focus on the scalar metric perturbations. Taking a look at
the power spectrum of the lensing potential provided in the
top-right panel in Fig. 2 and the panel below this, the large
influences from the two beyond-Horndeski parameters, αH
and β1, appear on the different scales; nonzero αH yields the
significant deviation from ΛCDM at l ∼ 30, while β1 does
at l ∼ 3.
To understand the behavior ofCTT

l andCϕϕ
l with nonzero

β1 or αH, we show the time evolution of the gravity
potential, Ψ, in Fig. 3. The time derivative of the gravity
potentials, _Ψ − _Φ, sources the ISW effect. In the late time,
as we can completely neglect the contribution of the
anisotropic stress induced by the photons and massless
neutrinos, Φ ≈ −Ψ is achieved and therefore _Ψ − _Φ ≈ 2 _Ψ
in this regime. Hence, the ISW effect on the CMB photons
is characterized by _Ψ as [37]

ΘISW
l ðk; η0Þ ≈ 2

Z
η0

0

_Ψðk; ηÞjl½kðη0 − ηÞ�dη; ð61Þ

where η0 is the present conformal time and jlðxÞ is the
spherical Bessel function. In the same time, the lensing
potential, ϕ, is also determined by Ψ −Φ ≈ 2Ψ in the
integration with respect to time [38],

ϕlðk; η0Þ ≈ −2
Z

χLSS

0

χLSS − χ

χLSSχ
Ψðk; ηÞ jlðkχÞ

kχ
dχ; ð62Þ

where χ ¼ η0 − η is the comoving distance measured from
the observer and χLSS is that to the last-scattering surface.
In the case with nonzero β1 (upper panels), the gravity

potential does not deviate from that in the ΛCDM case for
k ¼ 0.001 hMpc−1 (upper left), while it rapidly tends to be
zero at the low redshift for k ¼ 0.01 hMpc−1 (upper right).
Hence, the time derivative, j _Ψj, becomes larger than that in
the ΛCDM case, which significantly enhances the angular
power spectrum of the temperature anisotropy, CTT

l ,
through the ISW effect as shown in Fig. 2 (top-left panel).
Regarding with the lensing potential which is determined
by Ψ instead of _Ψ, the decay of the potential suppresses the
lensing potential in the case with nonzero β1 comparing
with that in the ΛCDM case. This property can be observed
in the top-right panel of Fig. 2.
On the other hand, in the case with nonzero αH (lower

panels in Fig. 3), one can find the almost same degree of the
deviation from the ΛCDM case on both the large scale
(lower left) and the intermediate scale (lower right). The
distinctive feature in this case is that the deviation from the
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FIG. 1. Angular power spectra with varying β1;0, αH;0, αM;0, αT;0, and αB;0 from top to bottom. From left to right, we show the angular
power spectra of temperature (CTT

l ), E-mode (CEE
l ), and lensing potential (Cϕϕ

l ). The gray band indicates the cosmic variance (CV).
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FIG. 2. The same power spectra in Fig. 1 divided by those in ΛCDM.
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ΛCDM case begins at relatively high redshift, z ∼ 5, and
the potential decays in the similar manner to the above case.
However, at z≲ 1, the potential grows again, and its
absolute value finally becomes larger than that in the
ΛCDM case. It can be clearly seen for αH;0 ¼ 0.24, 0.48
(blue and magenta lines, respectively) at z ¼ 0. The time
derivative of the potential, j _Ψj, is larger than that in the
ΛCDM case over its whole life, enhancing CTT

l in the same
manner of the previous case, though the enhancement is not
so significant as shown in the second from top and left
panels in Fig. 2. Regarding with Cϕϕ

l , the decay of the
gravity potential comparing with that in the ΛCDM case
basically suppresses Cϕϕ

l in the whole range of l in the
second from top and right panels. However, the regrowth of
the potential at the late time promotes the recovery of the
lensing potential to the ΛCDM case on the angular large
scale, say l≲ 30. For the smaller angular scales, this
recovery property does not work, since the spherical
Bessel function with a relatively large l is exponentially
suppressed for the small argument kχ. As a result, there is a
clear peak in the second from top and right panels in Fig. 2.
This fact indicates that, in principle, we can distinguish

the effect from β1 with that from αH using the lensing
potential, whereas it is difficult to do it only from the
temperature anisotropies since the two effects on CTT

l are
quite similar as shown in the left panels in Fig. 2. Note that
the angular power spectra, CTT

l and Cϕϕ
l , depending on αH;0

(the second panels from the top) and αB;0 (the bottom
panels) in Figs. 1 and 2 reproduce the results in the
pioneering work by D’Amico et al. [26] (and see also [39]).
To understand the suppression of Cϕϕ

l with β1 > 0 on
large scales in a different way, we define the following
quantity [25,26]:

μWL ≔
2∇2ðΨ −ΦÞ
3a2H2Ωmδm

: ð63Þ

Here we focus on the case that matter is nonrelativistic:
Ωmδm ≈ Ωbδb þΩcδc with Ωm ≈Ωb þ Ωc Since μWL ¼ 2
for the case of the ΛCDM, μWL − 2 characterizes the
deviation from the ΛCDM in weak lensing observations.
To evaluate this quantity, we study the quasistatic evolution
of the perturbations inside the sound horizon scale. Under
such approximation, it is enough to consider the highest
spatial derivative contributions in Eqs. (41), (42), and (45).
Combining the governing equation of the density fluctua-
tions, δ̈M þ 2H _δM − 1

a2 ∇2Ψ ¼ 0, we obtain μWL as a
function of αi and β1 in addition to Ωm.
If αH is nonzero and the others set to be zero, we recover

the result in Ref. [26],

μWL − 2 ¼ αHð8 − 9Ωmð1þ ΩmÞÞ
2þ 3Ωmð1 − αHÞ

; ð64Þ

FIG. 3. The time evolution of Ψ with nonzero β1 (upper) and with nonzero αH (lower). In each case, we show the modes with
k ¼ 0.001 hMpc−1 (left) and k ¼ 0.01 hMpc−1 (right).
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where we have assumed _δm ≈Hδm for simplicity. When the denominator of the right-hand side is close to zero, the
deviation from the ΛCDM, μWL − 2, can be very large. However, it is the case only if αH ∼Oð1Þ.
The situation drastically changes in the case with β1 ≠ 0. If β1 is the only nonzero parameter, we obtain

μWL − 2 ¼ 6β1½2ð1 −ΩmÞð2þ 3Ωmð11 − 45ΩmÞÞ − 9β1Ω2
mð22þ Ωmð19þ 3ΩmÞÞ�

½−2þ 3Ωmð3þ 3Ωmð−3þ β1Þ þ 8β1Þ�½−2þ 9Ωmð1 − 3Ωm þ ð3þ ΩmÞβ1Þ�
: ð65Þ

In this case, μWL − 2 can be very large even if β1 ∼Oð0.1Þ.
That is why small β1 has a large impact on Cϕϕ

l comparing
with the other cases as shown in Fig. 2.
Next, we estimate the 1-sigma uncertainty in estimating

the EFT parameters in the Fisher analysis. In the present
study, we do not aim at putting constraints on the EFT
parameters by assuming a realistic setup such as Planck
or CMB-S4, but quantify the significance of the changes
from the ΛCDM case. So we compute the Fisher matrix for
each EFT parameter in the cosmic-variance-limited casewith
fsky ¼ 1. Besides, we fix the other cosmological parameters
according to the Planck 2015 data best fit, h2ΩCDM ¼ 0.120,
h2Ωb ¼ 0.0222, τ ¼ 0.078, h ¼ 0.673, As ¼ 2.14 × 10−9

at k ¼ 0.05 Mpc−1, and ns ¼ 0.967 [40]. This treatment
will certainly give the minimum values of the 1-sigma
uncertainties. We here consider CTT

l , CTE
l , and CEE

l . The
inclusion of Cϕϕ

l would possibly improve the forecast.
However, we have to take care of the error arising from
the reconstruction of the lensing potential. For simplicity, we
here do not use Cϕϕ

l to estimate the 1-sigma uncertainties.
The Fisher matrix for an EFT parameter at the present

time, θ ¼ αB;0; αT;0; αM;0; αH;0; β1;0, is defined as

F ¼
X
XY

Xlmax

l

∂CX
l

∂θ ðC−1l ÞXY ∂C
Y
l

∂θ ; ð66Þ

where X; Y ¼ TT; TE; EE and

Cl ¼ 2

2lþ 1

0
B@

ðCTT
l Þ2 CTE

l CTT
l ðCTE

l Þ2
CTE
l CTT

l CTE;TEl CEE
l CTE

l

ðCTE
l Þ2 CEE

l CTE
l ðCEE

l Þ2

1
CA; ð67Þ

with

Cab;cdl ≔
1

2
ðCab

l Ccd
l þ Cac

l Cbd
l Þ: ð68Þ

As the major change on the angular power spectra in Figs. 1
and 2 appears on the large scales, we fix lmax ¼ 1000.
The 1-sigma uncertainty of each parameter is given by
Δθ ¼ F−1=2. The derivative ∂CX

l=∂θ is computed as

∂CX
l

∂θ
				
θ¼0

≈
−CX

l ð2δθÞ þ 4CX
l ðδθÞ − 3CX

l ð0Þ
2δθ

; ð69Þ

where the fiducial value in our study is θ ¼ 0. If the
1-sigma uncertainty of an EFT parameter, Δαi;0 or Δβ1;0, is
small, the corresponding EFT parameter has strong impacts
on the angular power spectra. In other words, even small
αi;0 or β1;0 results in the significant change of angular
power spectra on the large scale from the ΛCDM case. In
Table I, we show the 1-sigma uncertainties in estimating
αi;0 for i ¼ B, T, M, H and β1;0 with keeping αK;0 ¼ 1.
Then we find that β1 could be constrained stronger than αH,
and that, if β1 < Oð0.1Þ, the deviation from the ΛCDM
case is too small to be observed from the large-scale CMB
observations.
As we mentioned before, we do not use Cϕϕ

l . The
estimation of Δαi;0;Δβ1;0 when we take into account
Cϕϕ
l is beyond the scope of our present study, since

it highly depends on how we reconstruct the lensing
potential. Note that the values in the table scale as
Δαi;0;Δβ1;0 ∝ f−1=2sky . On the large scales, the noise source
is dominated by the cosmic variance, and thus the instru-
mental noise depending on observatories is not important.
Hence, one can roughly reproduce the 1-sigma uncer-
tainties of the EFT parameters with, for example, the
Planck observations (fsky ¼ 0.75) [23] and CMB-S4
(fsky ¼ 0.4) [41].

VI. DEMONSTRATION IN A SPECIFIC MODEL
IN DHOST THEORY

A. Background evolution and EFT parameters

Up to here, we treat the EFT parameters as free functions
of time. In the DHOST theory, however, these parameters
are described by the arbitrary functions Pðϕ; XÞ; Qðϕ; XÞ;
f2ðϕ; XÞ, and aiðϕ; XÞ for i ¼ 1;…; 5. They are thus

TABLE I. The 1-sigma uncertainties for the estimation of the
EFT parameters, Δαi;0 and Δβ1;0, in the cosmic-variance-limited
case with fsky ¼ 1. The fiducial model is ΛCDM. The values in

this table scale roughly as Δαi;0;Δβ1;0 ∝ f−1=2sky .

Parameter TT TTþ pol

β1 0.17 0.13
αH 0.92 0.56
αM 0.66 0.47
αT 0.73 0.29
αB 0.15 0.12
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related with each other, and the cosmic expansion history
also depends on these functions. We demonstrate the case
in which the arbitrary functions are parametrized so that
the resultant cosmic expansion is self-accelerated at late
time. To do it, we adopt a parametrization proposed by
Crisostomi and Koyama where the propagation speed of
gravitational waves strictly coincides with the speed of
light, αT ¼ 0. [33].
To solve Eqs. (8) and (11), we fix the arbitrary functions,

P,Q, f2, and ai. The condition, αT ¼ 0, reads a1 ¼ a2 ¼ 0
from the first condition in Eqs. (5) and (30) [8]. Respecting
this additional condition and the degeneracy condition
given in Eq. (5), one finds that the remaining free functions
are P;Q; f2, and a3. In Ref. [33], the authors propose the
following parametrization:

P ¼ c2X; Q ¼ c3
Λ3

X; f2 ¼
M2

pl

2
þ c4

X2

Λ6
;

B1 ≔
X
4f2

ð4f2X þ a3XÞ ¼ −
X2

M2
pl

2
þ c4 X2

Λ6

β

4Λ6
: ð70Þ

This model has the shift symmetry, ϕ → ϕþ const., and is
parametrized by four constants, c2, c3, c4, and β. The new
energy scale Λ is given as Λ ¼ ðMplH2Þ1=3.
Rescaling the time coordinate and the scalar field as

t → M1=2
pl Λ−3=2t and ϕ0 → Mplϕ0, we can reduce the

equations (8) and (11) to those without any scales. The
acceleration equation in Eq. (11) can be solved with res-
pect to _H. Using this, we can eliminate _H and Ḧ in Eqs. (8)
and (11). Eventually, these equations can be expressed
in a simpler form as U1ðχ; aÞ_χ þU2ðχ; aÞ ¼ 0; _a=a ¼
U3ðχ; aÞ where χ ≔ _ϕ0. We do not explicitly show Ui,
but they are given as functions of the cosmological
parameters as well as the model parameters ci; β. The
initial value of χ is not sensitive to the final results since χ
follows its attractor solution in the later time. After solving
these equations, we can then rewrite the EFT parameters,
αiðtÞ and β1ðtÞ, in terms of χðtÞ, ci, and β.
The time evolution of αi, β1, and χ are depicted in Fig. 4.

As is shown in this figure, the EFT parameters become
significant only at small z. In particular, in this model, β1 ¼
ðβ=16c4ÞαH is always satisfied. In the present case, β1; αH,
and αK are monotonically growing in time, while αM and
αB are not. The nonmonotonic behavior of the EFT
parameters has been pointed out in Ref. [42], where β1
is “oscillated” at low z.

B. Angular power spectra

The angular power spectra, CTT
l ; CEE

l , and Cϕϕ
l , in the

CK model with ðc2; c3; c4; βÞ ¼ ð3.0; 5.0; 1.0;−5.3Þ are
shown in Figs. 5 and 6. Although β1 and αH deviate from
zero more than the range that we show in Fig. 1, CTT

l and
CEE
l are not significantly deviated from those in ΛCDM on

large scales. That is because these parameters are correlated
so that the large negative αH cancels the large positive β1.
In contrast, one can observe the large deviation from

ΛCDM on small scales. The choice of parameters, c2, c3,
c4, and β, in this demonstration recovers the cosmic
expansion history in ΛCDM as reported in Ref. [33].
There is, however, a small change of expansion history

FIG. 4. Time evolution of β1, αi with i ¼ H, M, B, K (solid
line) and χð¼ _ϕ0Þ (dashed line) in the CK model with
ðc2; c3; c4; βÞ ¼ ð3.0; 5.0; 1.0;−5.3Þ. As αK is an order of mag-
nitude larger than the others, we multiply it by 1=10.

FIG. 5. Angular power spectra in CK model. From left to right, we show the angular power spectra of temperature (CTT
l ), E-mode

(CEE
l ), and lensing potential (Cϕϕ

l ).
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around the beginning of the dark energy epoch at z≲ 1.
This fact induces a small change of the angular diameter
distance of the horizon scale at the last scattering surface
measured from us, and thus the peak location of the
acoustic oscillations on small scales is a little bit shifted.
The small change of the angular diameter distance

significantly affects Cϕϕ
l over the whole range of l that

can be observed in the present time. However, it does not
immediately lead to the observability of these signals, since
we cannot directly observe Cϕϕ

l , but it is reconstructed from
the combination of other observations such as the large-
scale structure. We thus envisage that a large error induced
from the reconstruction process makes it difficult to
constrain the CK model only from Cϕϕ

l . Our present study
does not intend to mention how well we can constrain
the CK model from these angular power spectra. Hence,
we leave the detail analysis for the observability for
future study.

VII. CONCLUSION

In the present study, we have investigated the impact of
the deviation from GR on the angular power spectra of
CMB anisotropies using the type-I DHOST theory. We first
formulated the linear perturbations in the DHOST theory
and their effective description parametrized by time-vary-
ing EFT parameters, resulting in the governing equation of
the metric perturbation Φ in Eq. (57) and that of the scalar
perturbation π ≔ −δϕ= _ϕ0 in Eq. (59). Based on the
effective description, we developed a Boltzmann solver
implementing the DHOST theory. Solving the equations
for the scalar perturbation, baryon, CDM, photon, massless
neutrinos, and the metric perturbations in the conformal
Newtonian gauge, we particularly focused on the impact of
the EFT parameter characterizing the DHOST theory, β1,
on the angular power spectra.
We then obtain the angular power spectra of the CMB

temperature anisotropies (CTT
l ), E-mode polarization

(CEE
l ), and the lensing potential (Cϕϕ

l ) using the para-
metrization given in Eq. (1). In Figs. 1 and 2, we show these
angular power spectra and those normalized by the spectra
in ΛCDM model as our main results. In Eq. (65), we

derived the deviation in weak lensing observations from the
ΛCDM model, μWL − 2, when β1 ≠ 0 and the other EFT
parameters are set to be zero. From this, we found that the
deviation becomes significant even if β1 is small. The top-
right panel in Fig. 2 clarifies this fact from our numerical
computation, and the large change of growth history of the
metric perturbations gives a significant impact on the CMB
temperature anisotropies as shown in the top-left panel in
Fig. 2. On the other hand, the E-mode polarization is not so
sensitive to this, since the polarization mode does not
directly couple to gravity but is affected only through the
quadrupole moment of the temperature anisotropy. To
quantify the impact of the EFT parameters on the angular
power spectra, we estimate the 1-sigma uncertainty in
estimating them by computing the Fisher matrix assuming
the ΛCDM model as the fiducial model. The results in the
cosmic-variance-limited case are summarized in Table I.
We found that, in principle, we can reach β1 ∼Oð0.1Þ from
the large-scale CMB observations.
Finally, we demonstrate a specific model proposed by

Ref. [33] which is a subclass of the DHOST theory with
αT ¼ 0. In our EFT approach, the background is fixed to
be ΛCDM, while in this specific model all of the EFT
parameters as well as the cosmic expansion history are
consistently determined from the time evolution of the
background scalar field ϕ0ðtÞ. The resultant angular power
spectra with ðc2; c3; c4; βÞ ¼ ð3.0; 5.0; 1.0;−5.3Þ, a param-
eter set proposed in Ref. [33] realizing the self-accelerating
Universe, are shown in Figs. 5 and 6. As there are
degeneracies among the EFT parameters, the parameters
can vary in a larger range keeping the cosmic expansion
history similar to that in ΛCDM model as shown in Fig. 4.
This is not the case when only one of the parameters can be
varied with αK;0 ¼ 1. In this specific model, we find the 8%
suppression from ΛCDM in the temperature anisotropies
on large scales, and Oð10Þ% deviation on small scales
caused by the small change of the angular diameter distance
to the last-scattering surface due to the tiny change of the
cosmic expansion history around the transition to the dark
energy domination epoch. As for the lensing potential,
there are huge deviation from the ΛCDM model over the
whole range of angular scales. However, this fact does not

FIG. 6. The same power spectra in Fig. 5 divided by those in ΛCDM.
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immediately conclude that it is easy to put a strong
constraint on the deviation from ΛCDM, since the lensing
potential should be reconstructed through a statistical
process. In addition, it depends on how to parametrize
the arbitrary functions in the DHOST theory to put
constrains on the deviation from ΛCDM. Hence, we leave
the quantitative study for the future.
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APPENDIX A: EULER-LAGRANGE EQUATIONS
FOR THE BACKGROUND VARIABLES

The variations of the Lagrangian in the gravity sector
defined in Eq. (6) with respect to N, a, and ϕ are
computed as

EN ≔ Pþ 6f2H2 þ 6Hf2ϕ _ϕ0 þ ð−9a1H2 þ 2PX −Qϕ þ 12f2Xð2H2 þ _HÞ þ a2ð−9H2 þ 6 _HÞÞ _ϕ2
0

þ 6Hða2ϕ −QXÞ _ϕ3
0 þ ð6H2ða1X þ 3a2XÞ − 3a3ð3H2 þ _HÞÞ _ϕ4

0 − 3Ha3ϕ _ϕ
5
0

þ ð6Hða1 − 2f2XÞ _ϕ0 þ 2ða1ϕ þ a2ϕÞ _ϕ2
0 − 3ða3 þ 2a4ÞH _ϕ3

0 − 2ða3ϕ þ a4ϕÞ _ϕ4
0 þ 6a5H _ϕ5

0 þ 2a5ϕ _ϕ
6
0Þϕ̈0

þ ð−a1 − a2 þ ð−a3 − a4 − 2ða1X þ a2XÞÞ _ϕ2
0 þ ð3a5 þ 2ða3X þ a4XÞÞ _ϕ4

0 − 2a5X _ϕ
6
0Þϕ̈2

0

þ ð2ða1 þ a2Þ _ϕ0 − 2ða3 þ a4Þ _ϕ3
0 þ 2a5 _ϕ

5
0Þ⃛ϕ0; ðA1Þ

−
a
3
Ea ≔ −P − 2f2ð3H2 þ 2 _HÞ − 4Hf2ϕ _ϕ0 þ ð−2f2ϕϕ −Qϕ þ ða1 þ 3a2Þð3H2 þ 2 _HÞÞ _ϕ2

0 þ 2Hða1ϕ þ 3a2ϕÞ _ϕ3
0

þ ð−2f2ϕ þ 4Hða1 þ 3a2 þ 2f2XÞ _ϕ0 þ 2ða2ϕ þ 4f2ϕX þQXÞ _ϕ2
0 − 4Hða1X þ 3a2XÞ _ϕ3

0 − a3ϕ _ϕ
4
0Þϕ̈0

þ ð−a1 þ a2 þ 4f2X þ ð−2a3 þ a4 − 4ða2X þ 2f2XXÞÞ _ϕ2
0 þ ð−a5 þ 2a3XÞ _ϕ4

0Þϕ̈2
0

þ ð2ða2 þ 2f2XÞ _ϕ0 − a3 _ϕ
3
0Þ⃛ϕ0; ðA2Þ

and

Eϕ ≔ Pϕ þ 6f2ϕð2H2 þ _HÞ þ 6ð12H3f2X þHPX −HQϕ þ 14Hf2X _H − a1ð3H3 þ 2H _HÞ þ 2f2XḦþ a2ð3H _H þ ḦÞÞ _ϕ0

þ ð2PϕX − 3H2ða1ϕ − 9a2ϕ − 8f2ϕX þ 6QXÞ−Qϕϕ − 6ð−2ða2ϕ þ f2ϕXÞ þQXÞ _HÞ _ϕ2
0

þ ð6Hða2ϕϕ −QϕX þ ða1X þ 3a2XÞð3H2 þ 2 _HÞÞ− 3a3ð9HðH2 þ _HÞ þ ḦÞÞ _ϕ3
0

þ ð6H2ða1ϕX þ 3a2ϕX − 3a3ϕÞ− 6a3ϕ _HÞ _ϕ4
0 − 3Ha3ϕϕ _ϕ

5
0 þ ð2ðPX −Qϕ þ 3a1ð2H2 þ _HÞ þ 6f2Xð2H2 þ _HÞ

þ a2ð9H2 þ 6 _HÞÞ þ 6Hð2a1ϕ þ 5a2ϕ − 2QXÞ _ϕ0 þ ð30H2a1X þ 2ða1ϕϕ þ a2ϕϕ − 2PXX þQϕXÞ
þ 6a2Xð9H2 − 2 _HÞ− 24f2XXð2H2 þ _HÞ − 3ð5a3 þ 2a4Þð3H2 þ _HÞÞ _ϕ2

0 þ 3Hð−9a3ϕ − 4ða2ϕX þ a4ϕÞ þ 4QXXÞ _ϕ3
0

þ ð6H2ð−2a1XX − 6a2XX þ 3a3XÞ− 2ða3ϕϕ þ a4ϕϕÞ þ 6a3X _H þ 6a5ð3H2 þ _HÞÞ _ϕ4
0

þ 6Hða3ϕX þ 2a5ϕÞ _ϕ5
0 þ 2a5ϕϕ _ϕ

6
0Þϕ̈0 þ ð3ða1ϕ þ a2ϕÞ − 18Hða3 þ a4 þ a1X þ a2XÞ _ϕ0 − 3ð2ða1ϕX þ a2ϕXÞ

þ 3a3ϕ þ 3a4ϕÞ _ϕ2
0 þ 18Hð2a5 þ a3X þ a4XÞ _ϕ3

0 þ ð6ða3ϕX þ a4ϕXÞ þ 15a5ϕÞ _ϕ4
0 − 18Ha5X _ϕ

5
0 − 6a5ϕX _ϕ

6Þϕ̈2
0

þ ð−2ða3 þ a4 þ a1X þ a2XÞ þ 2ð6a5 þ 2ða1XX þ a2XXÞ þ 5a3X þ 5a4XÞ _ϕ2
0 − 2ð2ða3XX þ a4XXÞ

þ 9a5XÞ _ϕ4
0 þ 4a5XX _ϕ

6
0Þϕ̈3

0 þ ð12ða1 þ a2ÞHþ 4ða1ϕ þ a2ϕÞ _ϕ0 − 12ða3 þ a4ÞH _ϕ2
0 − 4ða3ϕ þ a4ϕÞ _ϕ3

0

þ 12a5H _ϕ4
0 þ 4a5ϕ _ϕ

5
0 þ ð−8ða3 þ a4 þ a1X þ a2XÞ _ϕ0 þ 8ð2a5 þ a3X þ a4XÞ _ϕ3

0 − 8a5X _ϕ
5
0Þϕ̈Þ⃛ϕ0

þ ð2ða1 þ a2Þ− 2ða3 þ a4Þ _ϕ2
0 þ 2a5 _ϕ

4
0Þϕ⃜0; ðA3Þ

where we set N ¼ 1, and the subscripts ϕ and X stand for the derivative with respect to them. Here all the functions are
evaluated at the background values, ϕ ¼ ϕ0ðtÞ and X ¼ − _ϕ2

0ðtÞ.
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APPENDIX B: QUADRATIC LAGRANGIAN IN NEWTONIAN GAUGE

The quadratic Lagrangian defined in Eq. (21) after π is recovered by the coordinate transformation t → tþ πðt; xÞ is
given as

2

M2
Lð2Þ
0 ¼ −H2ð12αB − αK þ 6ð1þ αLÞÞΨ2 − 12Hβ1 _ΨΨþ 12H2K1β1 _Ψπ þ 2H2ð−6αB þ αKÞ _πΨ

þ 12H3K1ð1þ αB þ αLÞπΨþH2αK _π
2 þ 12Hð1þ αB þ αLÞ _ΦΨþ 12β1 _Φ _Ψþβ2 _Ψ

2 − 12Hβ1π̈Ψ

þ 2β2π̈ _Ψ−6ð1þ αLÞ _Φ2 þ 12HαB _Φ _π −12H2K1ð1þ αLÞ _Φπ þ 12β1 _Φ π̈

þ 4

�
−Hð1þ αB þ αLÞΨ − β1 _Ψþ ð1þ αLÞ _Φ −

αL
6
△ξ −HαB _π þH2K1ð1þ αLÞπ − β1π̈

�
△ξ

þ 1

6
ð△_ηÞ2 − 2

3
△ξ△_ηþ 12H3K1αB _ππ þ β2π̈

2 þ 12H2K1β1π̈π − 6H4K2
1ð1þ αLÞπ2; ðB1Þ

2

M2
Lð2Þ
2 ¼ −β3½Ψ△Ψþ 2Ψ△ _π þ _π△ _π� − 2½2ð1þ αHÞΨþ 2ð1þ αHÞ _π þ ð1þ αTÞΦþ 2ð1þ αTÞHπ�△Φ

þ 2

3

�
ð1þ αTÞ△ΦþHð1þ αTÞ△π −

1

12
ð1þ αTÞ△△ηþ ð1þ αHÞ△Ψþ ð1þ αHÞ△ _π

�
△η

þ
�
4ð−1þ αB − αHÞH _π − 4ð1þ αLÞ _Φþ 4ðαB − αH þ αLÞHΨ

−2ð1þ 2K1ð1þ αLÞ þ αTÞH2π þ 4β1π̈ þ 4β1 _Ψþ 4αL
3

△ξþ 2

3
△_η

�
△π; ðB2Þ

2

M2
Lð2Þ
4 ¼ −

2

3
αLð△πÞ2; ðB3Þ

where we integrate by part with respect to the spatial coordinates.

APPENDIX C: EULER-LAGRANGE EQUATIONS FOR METRIC AND SCALAR PERTURBATIONS

Varying the effective quadratic Lagrangian Eq. (16) with respect to Ψ, Φ, ξ, η, and π, and taking into account the terms
describing the background, we obtain the Euler-Lagrange equations,

−
1

M2
EΨ ¼ β2 ⃛π þ β2Ψ̈þ 6β1Φ̈þ ðHð6β1 þ ð3þ αMÞβ2Þ þ _β2Þπ̈ þ ðHð3þ αMÞβ2 þ _β2Þ _Ψ

þ 6ð−Hð1þ αB þ αLÞ þHð3þ αMÞβ1 þ _β1Þ _ΦþH2ð6αB − αK þ 6K1β1Þ _π

þ
�
H2ð6þ 12αB − αK þ 6αL − 6ð3þ K1 þ αMÞβ1Þ þ

2ρs
M2

− 6H _β1

�
Ψþ 1

a2
ð2β1 þ β3Þ△ _π

þ 1

a2
β3△Ψþ 2

a2
ð1þ αHÞ△Φþ 2

a2
ðHð−αB þ αH − αL þ β1 þ αMβ1Þ þ _β1Þ△π

þ
�
6H2ðHð−K1ð1þ αB þ αLÞ þ ðK2 þ K1ð3þ αMÞÞβ1Þ þ K1

_β1Þ þ
_ρs
M2

�
π; ðC1Þ

−
1

M2
EΦ ¼ 6β1 ⃛π þ 6β1Ψ̈ − 6ð1þ αLÞΦ̈þ 6ðHðαB þ ð3þ αMÞβ1Þ þ _β1Þπ̈ þ 6ðHð1þ αB þ αL þ ð3þ αMÞβ1Þ þ _β1Þ _Ψ

þ ð−6Hð1þ αLÞð3þ αMÞ − 6_αLÞ _Φþ
�
6HðHðK1ð−1þ αB − αLÞ þ αBð3þ αMÞÞ þ _αBÞ −

3ðps þ ρsÞ
M2

�
_π

þ 2

a2
ðαH − αLÞ△ _π þ 2

a2
ð1þ αHÞ△Ψþ 2

a2
ð1þ αTÞ△Φ −

2

a2
ðHðαM þ αLð1þ αMÞ − αTÞ þ _αLÞ△π

þ
�
6HðHð1þ αB þ αLÞð3þ K1 þ αMÞ þ _αB þ _αLÞ −

3ðps þ ρsÞ
M2

�
Ψ −

6ps

M2
Φ

− 6H3

�
ð1þ αLÞðK2 þ K1ð3þ αMÞÞ þ

1

H
K1 _αL þ _ps

2H3M2

�
π; ðC2Þ
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−
1

M2
Eξ ¼ 2β1△π̈ þ 2β1△ _Ψ − 2ð1þ αLÞ△ _Φþ 2HαB△ _π þ 2Hð1þ αB þ αLÞ△Ψ −

2

3a2
αL△△π

þ
�
−2H2K1ð1þ αLÞ −

ps þ ρs
M2

�
△π; ðC3Þ

−
1

M2
Eη ¼ −

1

3a2
½αH△△ _π þ ð1þ αHÞ△△Ψþ ð1þ αTÞ△△Φ −HðαM − αTÞ△△π�; ðC4Þ

and the equation for π becomes

−
1

M2
Eπ ¼ −β2 π⃜ − β2 ⃛Ψ − 6β1 ⃛Φ − 2ðHð3þ αMÞβ2 þ _β2Þ ⃛π þ ð6Hβ1 − 2Hð3þ αMÞβ2 − 2_β2ÞΨ̈

þ ð6HðαB − 2ð3þ αMÞβ1Þ − 12_β1ÞΦ̈

þH2

�
αK − 12K1β1 − ð3þ αMÞð3þ K1 þ αMÞβ2 −

1

H
β2 _αM −

2

H
ð3þ αMÞ_β2 −

β̈2
H2

�
π̈

−H2

�
6αB − αK − 6ð6þ K1 þ 2αMÞβ1 þ ð3þ αMÞð3þ K1 þ αMÞβ2

þ 1

H
ðβ2 _αM − 12_β1 þ 2ð3þ αMÞ _β2Þ þ

β̈2
H2

�
_Ψ

þ 6H2

�
ð3þ αMÞðαB − ð3þ αMÞβ1Þ þ K1ð1þ αB þ αL − ð3þ αMÞβ1Þ

þ 1

H
ð _αB − β1 _αM − 2ð3þ αMÞ _β1Þ −

β̈1
H2

þ ps þ ρs
2M2H2

�
_Φ

þH2ðHðαKð3þ 2K1 þ αMÞ − 12ðK2 þ K1ð3þ αMÞÞβ1Þ þ _αK − 12K1
_β1Þ _π þ 2αL

3a4
△△π

−
1

a2
ð4β1 þ β3Þ△π̈ −

1

a2
ð2β1 þ β3Þ△ _Ψ −

2

a2
ðαH − αLÞ△ _Φ −

1

a2
ðHð1þ αMÞð4β1 þ β3Þ þ 4_β1 þ _β3Þ△ _π

−
1

a2
ðHð2ðαB − αH þ αLÞ þ ð1þ αMÞβ3Þ þ _β3Þ△Ψ −

2

a2
ðHðαM þ αHð1þ αMÞ − αTÞ þ _αHÞ△Φ

þ 2H2

a2

�
K1 þ ð1þ K1 þ αMÞðαB − αHÞ þ 2K1αL − αM þ αT − ð1þ αMÞð1þ K1 þ αMÞβ1

þ 1

H
ð _αB − _αH − β1 _αM − 2ð1þ αMÞ _β1Þ −

β̈1
H2

þ ps þ ρs
2M2H2

�
△π

þH3

�
ðαK − 6αBÞð3þ αMÞ þ 6ðK2 þ ð3þ αMÞ2Þβ1 þ 2K1ð−3 − 9αB þ αK − 3αL þ 9ð3þ αMÞβ1Þ

þ 1

H
ð−6_αB þ _αK þ 6β1 _αM þ 12ð3þ K1 þ αMÞ_β1Þ þ

6

H2
β̈1 þ

_ρs
M2H3

�
Ψ

þ 6H4

�
K2αB − ðK3 þ 2K2ð3þ αMÞÞβ1 þ K1ð3þ αMÞðαB − ð3þ αMÞβ1Þ þ K2

1ð1þ αB þ αL − ð3þ αMÞβ1Þ

þ 1

H
ðK1ð _αB − β1 _αMÞ − 2ðK2 þ K1ð3þ αMÞÞ_β1Þ −

K1

H2
β̈1 −

_ps þ _ρs
2M2H3

−
ρ̈s

6M2H4

�
π: ðC5Þ
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