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Einstein-Cartan theory is an extension of the standard formulation of general relativity characterized by a
nonvanishing torsion. The latter is sourced by the matter fields via the spin tensor, and its effects are
expected to be important at very high spin densities. In this work, we analyze in detail the physics of
Einstein-Cartan theory with Dirac and Maxwell fields minimally coupled to the spacetime torsion. This
breaks the U(1) gauge symmetry, which is suggested by the possibility of a torsion-induced phase
transition in the early Universe. The resulting Dirac-like and Maxwell-like equations are nonlinear with
self-interactions as well as having fermion-boson nonminimal couplings. We discuss several cosmological
aspects of this theory under the assumption of randomly oriented spin densities (unpolarized matter),
including bounces, acceleration phases, and matter-antimatter asymmetry in the torsion era, as well as late-
time effects such as the generation of an effective cosmological constant, dark energy, and future bounces

within cyclic solutions.
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I. INTRODUCTION

The standard model of particles and interactions is an
extremely successful theoretical construction, being able to
describe the phenomena that we observe with current
detectors in particle accelerator collisions and in cosmic
rays. It rests deeply on (i) (quantum) gauge field theories,
which reveal a fundamental role of symmetry principles in
the physics of interactions, and (ii) on the rigid four-
dimensional flat (Minkowski) spacetime background of
special relativity, and as such, it does not include gravity.
The physics of particles and interactions of the early
Universe is extrapolated from the success of this paradigm
to describing the phenomena up to very high densities and
temperatures at the electroweak scale. In the very early
Universe, one should incorporate strong-field gravitational
effects, which requires new ideas in order to unveil the
nature of the gravitational interaction on such scales.

Einstein’s theory of general relativity (GR) rests on a
fundamental geometrical principle according to which
gravity is deeply connected to spacetime and, in particular,
to its geometry. Built upon this principle, GR has passed
many tests from the Solar System to binary pulsars [1],
stellar orbits around the central galactic black hole [2],
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gravitational waves (GWs) from coalescing compact
objects [3-7], the indirect observation of the black hole’s
horizon (through its effects on surrounding radiation and
plasma) with the Event Horizon Telescope [8], and to some
extent, the cosmological observations [9]. Indeed, the
topics of dark matter and dark energy as well as the initial
conditions and big bang singularity are still fundamental
open questions that drive extensive research efforts. In
many cases, such efforts involve extensions of GR, which
have been confronted against the first results from GW
astronomy [10]. Several relevant reviews of these theories
and related phenomenology can be found, for instance, in
Refs. [11-19].

Both the amazing successes of symmetry principles in
the physics of interactions and the geometrical methods in
gravity can be consistently combined by extending the
gauge principle to gravity. Gauge theories of gravity reveal
indeed a deep connection between spacetime symmetries
and spacetime (non-Euclidean) geometries. Relevant
groups of spacetime transformations (changes in spacetime
coordinates) such as the Poincaré P(1,3), the Weyl W(1,3),
the conformal C(1,3), the general linear GL(4, i), and the
affine A(4,0) groups lead to different spacetime geom-
etries and of theories of gravity. This is done by imposing
the local symmetry of the matter Lagrangian upon the
acting of such transformations and by constructing the
gravitational Lagrangian with the (invariant) field strengths
corresponding to the gravitational gauge potentials. These
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field strengths turn out to be well-known geometrical
objects such as curvature, torsion, and nonmetricity.
Theories of gravity with richer spacetime geometries can
predict new physics beyond GR in strong gravity regimes
and also at the linearized weak-field limits. For detailed
reviews on gauge theories of gravity and their applications,
see [20-22].

In the early Universe, the standard model of particles and
interactions leads to the ideas of symmetry breaking phase
transitions and Higgs-like mechanisms depending on some
critical parameters, such as the temperature. Similarly,
different symmetries in the gauge theories of gravity can
be unified into higher symmetry groups or broken into
smaller ones. For instance, the conformal group includes
the Poincaré group together with scale transformations
(Weyl rescaling) and proper conformal transformations,
and can be broken into the Poincaré group. In these
symmetry breakings, the corresponding phase transitions
affect both the gravitational and matter field degrees of
freedom [23]. Indeed, phase transitions in the early
Universe, induced by these theories of gravity, are expected
to leave imprints, for instance, in the particle physics of the
quark-gluon-lepton plasma [24]. These imprints could be
probed by cosmological GWs [25], neutrino [26], and
radiation (CMB) [27] backgrounds. This may have a
profound impact on scale-invariance regimes and its
symmetry breaking, parity breaking [20-22], CP breaking
and matter/antimatter asymmetries [28,29], U(1)-gauge
breaking [30], Higgs-like mechanisms, etc.

It is reasonable to assume that classical gauge theories of
gravity such as the metric-affine theories or Poincaré gauge
theories of gravity (PGTG [28,31]) are effective, low-
energy limits of a more fundamental quantum gravity
theory. The PGTG class is fundamental (given the impor-
tance of the Poincaré symmetries in relativistic field
theories) and the most general quadratic Lagrangian
(a la Yang-Mills) contains parity breaking terms induced
by the richer Riemann-Cartan (RC) geometry with curva-
ture and torsion [28]. The simplest PGTG is Einstein-
Cartan-Sciama-Kibble (ECSK) theory [20-22], which
predicts torsion effects at very high energy densities via
an algebraic relation between the spin density of matter
fields and spacetime torsion. The latter affects the Einstein-
like equations for the metric but also the dynamics of
fermions and bosons coupled to gravity. Although the
effects upon the metric are expected to be relevant only at
extreme densities, such as those found in the early Universe
or inside black holes, the effects on the matter fields can be
important in the deep interior of compact objects such as
magnetars or hypothetical quark stars. In cosmology, these
effects are relevant for the physics around the grand
unification phase transition scale and beyond, and one
speaks of a torsion era, where the corresponding energy
density is expected to scale with ~a~°. Indeed, theories
with torsion in cosmological scenarios have been

thoroughly studied in the literature for decades, with a
large pool of applications [32-41], as well as for their f(7')
extensions [42-50].

In a previous work [30], we considered an extension of
the ECSK theory by adding a minimal coupling to
fermionic (Dirac) and bosonic (Maxwell) fields in the
RC geometry. The resulting Einstein-Cartan-Dirac-
Maxwell (ECDM) model contains new nonlinear general-
ized Dirac-Hehl-Data and electromagnetic equations with
nonminimal interactions between fermionic and bosonic
fields. While the coupling to Dirac fields has been
considered previously in the literature, for instance, within
particle physics [51-56], the minimal coupling of Maxwell
fields to torsion breaks the U(1) gauge symmetry, and
therefore, it is usually assumed that torsion simply does not
couple to electromagnetic fields. Any new physics in
extreme environments, linked to a U(1) symmetry breaking
phase transition induced by torsion is therefore unexplored,
and as far as we know, there are no observational con-
straints in the literature, though we point out that ECSK
leaves the vacuum dynamics unaffected, implying its
consistency with Solar System experiments. In general,
cosmological torsion effects are expected to dominate
when Cartan’s density, pc ~ 10°* g/cm® is approached,
and therefore, the ECDM model allows us to implement a
valid physical mechanism to generate cosmological phase
transitions during the torsion era [30].

The main aim of the present paper is therefore to derive
the cosmological equations governing the geometry and the
matter fields within ECDM theory, and to study thoroughly
their consequences for the dynamics of the Universe. The
latter involve the existence of cosmological bounces and
the generation of an effective cosmological constant, which
were already present in the usual ECSK theory, as well as
some novelties under the form of acceleration/desaccelera-
tion phases, matter-antimatter asymmetry, and late-time
effects including the existence of cyclic cosmologies with a
desacceleration period ended in a bounce and followed by a
new acceleration period. These findings highlight the
richness of the theories with torsion in yielding new
features of interest not present in the A cold dark matter
concordance model.

This paper is organized as follows. In Sec. II, mostly
supported on the results of Ref. [30], we introduce ECDM
gravity, paying special attention to the minimal couplings
between torsion and matter represented by classical
fundamental bosonic and fermionic fields and deriving
the gravitational field equations. Section III contains the
core results of this work, including the modified Friedman
equations and related phenomenology of interest within
different cosmological regimes, as well as the dynamics of
bosonic (Maxwell) and fermionic (Dirac) fields in the
cosmological framework. Finally, in Sec. IV, we summa-
rize our findings and further discuss and interpret our
results.
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II. EINSTEIN-CARTAN-DIRAC-MAXWELL
THEORY

A. Einstein-Cartan-Sciama-Kibble theory

The ECSK theory and its ECDM extension considered in
this work are endowed with a Riemann-Cartan (RC)
geometry (see [20,22]), i.e., with curvature and torsion
r¢,, =I",,, and its action can be written as

1
SEcsk —ﬁ/d“x\/—gR—l—/d“x\/—gﬁm, (1)

with the following definitions and conventions: k> = 87G,
where G is Newton’s constant, g is the determinant of the
spacetime metric g,,, the curvature scalar R = g, R* is
constructed out of the Ricci tensor R, (I') = R%,,, (T"), and
the matter Lagrangian £,, = L,,(g,,.T.w,,) depends on
the metric and the matter fields y,, and also on contortion
Koy =Ty + 27T (), via the covariant derivatives of the
matter fields. We note that in the above action, the fact that
the RC connection, I';, = [";, + K7,,' has an antisymmet-
ric part, yields new contributions to the standard Einstein
equations and to the dynamical equations for the matter
fields.

From the perspective of a gauge formulation of gravity
and the metric-affine approach, the theory is consistently
formulated with the tetrads and spin (Lorentz) connection
variables (9%, w,;,) representing the gravity or geometric
degrees of freedom, which are associated to the usual
spacetime metric and affine connection variables. The field
equations are obtained by independent variation of the
above action with respect to metric and contortion (or,
equivalently, with respect to the tetrads and the Lorentz spin
connection) and the matter fields. The corresponding
Einstein-like equations can then be cast as

Gﬂy = K'ZTZf/f, (2)
where G‘W is the usual Finstein tensor, and Tf};f =T, +
U, 1s the effective energy-momentum tensor composed of
the usual dynamical energy-momentum piece 7, while
the U, term emerges from the quadratic torsion corrections
to the Ricci tensor and introduces corrections quadratic in
the contortion (or torsion). It is important to note that in
ECSK theory, torsion does not propagate and obeys the
Cartan equations,

T, + 65T, —6;Ts = Kzs“ﬁy, (3)
or

'Unless stated otherwise, in this work, all quantities with a
tilde represent the corresponding expressions computed in GR
(curved, pseudo-Riemann spacetime).

Taﬂy = K'Z(Saﬂy + 5%,5‘},]), (4)

L, . .
where s™ = 5‘3{—"1 is the spin tensor of matter, with
pva

dimensions of energy/area or spin/volume. Since in the
absence of matter the spin density tensor vanishes, this
implies that ECDM theories does not propagate additional
degrees of freedom beyond the two polarizations of the
gravitational field of GR, and as consequence, it is ghost-
free and not affected by any of the associated instabilities
(for a detailed analysis of this question for general metric-
affine theories see [57]).

B. Matter Lagrangian and torsion from
fundamental fermionic and bosonic fields

In this subsection, we shall briefly summarize the main
steps to derive the matter field dynamics and discuss the
most salient features at the Lagrangian level, in order to
pave the ground for the new results obtained in this work.
For a more detailed derivation, see Ref. [30]. Thus, we
consider a minimal coupling between torsion and matter,
the latter represented here by classical bosonic (four-vector)
and fermionic (four-spinor) fields. This can be directly
implemented at the level of the matter Lagrangian as

L, = Lp+ Ly + j*A,, (5)
where j* = qyy*y is Dirac’s four current, and
‘CD = Z:D + Kaﬁﬂs%aﬁ (6)

is the Dirac Lagrangian with minimal coupling to the
geometry of RC spacetime,2 and sDaﬂy = %eaﬂMﬂ is the
totally antisymmetric Dirac spin tensor, expressed in terms
of the axial (spin) vector 3% = 2yyyy.

Similarly, bosons are represented by the generalized
Maxwell Lagrangian in a RC spacetime written as

*This expression is derived from the Dirac Lagrangian density,

ih ) _
Lpirae = > (@y*Dyy — (D) y*y) — mypny,

for spinors y and their adjoints 7 = yy°, where the covariant
derivatives are defined as

- 1
Dul// = Dﬂl// + ZKaﬁﬂyayﬁW’

~ 1
Dﬂl/_/ = D,ul/_/ - ZKa/f;tl/_lyayﬂa

with D, and Dﬂ being the (Fock-Ivanenko) covariant derivatives
built with the Cartan connection and the Levi-Civita connection,
respectively, and y# are the induced Dirac-Pauli matrices, which
obey {y*,y"} = 2¢"I, where I is the 4 x 4 unit matrix. Taking
Lp, we get the expression for Dirac’s Lagrangian in curved
spacetime.
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A
Ly = 1 F P, (7)
where 1 is a coupling parameter setting the system of units.
The generalized field strength tensor is defined as

Fo,=V,A -V,A, =F, +2K", A,

where V, is the covariant derivative in RC spacetime
constructed with the Cartan connection, while F w =
d,A,—9,A, is the standard field strength tensor when
torsion is neglected. More explicitly, Eq. (7) can be
expressed as

Ly = Ly + A(THT7 A, + THF, A (8)

We see that the torsion contribution explicitly breaks the
U(1) symmetry of (Maxwell) massless four-vector fields
coupled to (Dirac) fermions. For this matter Lagrangian,
the Cartan equations (3) become

D a _|_sMa

T%, =K*(s" ¢, 5%,sM), 9)

51
where we have broken down the total spin s,,5 = s%ﬁ—l-
sﬁxﬂ, in terms of its electromagnetic,

v OL"

S SKHA

- j'A[/JFU]/l
= MALF,); +24,T7,A,).  (10)

and Dirac contributions (to be explicitly computed on each
case). After some algebra, Cartan’s equations (9) yield
torsion as a function of the fermionic and bosonic fields as

T%, =K |5Mg, + 5P + 202 sP %PANA,
2 5% <M y) 2A(1A M 11
t o aew G — Ay ()

with §;,5 = iA[(,F s and §, = 5%,,. A particular case of this
expression is the one of fermionic torsion,

1

2 Eeaﬁy/lgi’ (12)

D _
Tﬂr_Ks Br ST apy =

that is, torsion being exclusively the result of fermionic
spin, neglecting the contribution from bosonic fields to the
spin tensor. Under this condition, we simply have 7%, =
K®g,. We will consider this simplified regime later in some
applications.

In general, from the contortion contributions to the Dirac
Lagrangian (6), only the (completely) antisymmetric part
survives, giving

‘CDlrac - ‘CDlrac + 3Tﬁsi ’ (13)

where the axial vector part of torsion, in the full regime,
reads

. 1
T/l = 8 AaﬂyTaﬁy

0 7
=2 {— 5+ geﬂﬂ?”l@xzstAy]Ap + A[/;Fﬂr])} (14)

and is computed from Eq. (11), and we have omitted the D
symbol in the Dirac axial spin vector to shorten notation.
We therefore arrive at

- 352
Lp = Lp — 5,5 (% + AK4A2> + k(A - 3)?

Ac? HPYAS E
+7€ S/lA[ﬂFﬂy]? (15)

where we have introduced the notation 32 = §%5,, A =

A’A; and § - A = §*A,. The first term of Eq. (15) is Dirac’s
Lagrangian on a (pseudo) Riemann spacetime, while the
other terms come from the corrections of a RC geometry,
including spin-spin self-interactions and nonminimal cou-
plings with the bosonic fields.

As for the generalized Maxwell Lagrangian, in the
regime of random fermionic spin distributions (zero aver-
age, macroscopic spin), where we retain only the terms
quadratic with the Dirac spin quantities, we obtain

LY, ~ 2 PARFVE, A,
2MCE

T aear S (- eAY)
+ Pt AVFVRALF, A A
4 AFZIAS,
+ (ZTZA@[#)J [1 — ACA2(2 — Ix2A%))
) 4
- % 4252 — (A - 3)2). (16)

The first four terms correspond to self-interactions, while
the last one depends on the spinors via the Dirac axial
vector § and represents nonminimal boson-fermion
interactions.

Let us note that in the simplified regime of fermionic
torsion, the Dirac Lagrangian boils down to

~ 3k2
Ly =Lp - 7 (17)

and the electromagnetic one to
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Lu= Iy @A - a2 -Sps). a8)

where we have introduced the (axial) vector,
P =e"rAF,, (19)

and the corresponding term can be neglected under the
assumption of the random spin distribution.

From the matter Lagrangian in (5), using (15) and (16),
as well as (17) and (18), the corresponding dynamical
energy-momentum tensors, which enter in the gravitational
equations, can be obtained, as well as the matter fields
equation of motion.

C. Gravitational field equations

To cast the effective Einstein equations (2) under a
suitable form, we first note that the Ricci scalar of a RC
spacetime geometry is related to the Riemann one in terms
of the expression,

R=R—2V'Ky + (K"K gy — KWK o)

One can then compute the torsion-induced piece of the

effective energy-momentum tensor, U,, = — \/L—_g é(gC)’
from the definition,
1

C=———5 (K"Kl )3+ KK p,). (20)

22

This yields quadratic corrections in torsion, U ~ k=272, or
in the spin variables, U ~ k%52, via Cartan’s equations. On
the other hand, the dynamical energy-momentum tensor,
T, =-— \/%_ges({:—i(;z:) is computed as usual from the matter
Lagrangian, which yields the explicit result,

T

uw — pr - 4](/4Au) + lelg/w + H%im + :Dulm? (21)

where T = TDlrac + T%ax, is the energy-momentum ten-

sor for the matter fields in a Riemannian spacetime. In the

\/2_985931" arises from

the (second term in the) bosonic Lagrangian (8) and
|

above expression, the term HM““ =

chf - 4.]( A v) + j/lAﬂg/w

— 20%[A%S% — (A 5)?]] + A3, (A - 5)AK4 (4(2 — PA?) — 16) — [:8&2 (— +

Akt

+ 512 - WA (A% ~ (A 5)?) -

includes nonminimal boson-fermion interactions (induced

by torsion) and also bosonic self-interactions. Similarly,
=Dint _

”E,}m comes from the Dirac Lagrangian, ie., B,
2 dﬁ“}", where LD = 373D and it corresponds to
\/_g 0¢" corr A

nonminimal fermion-boson interactions (induced by tor-
sion) and also spin-spin fermionic self-interactions.

To illustrate these expressions, let us consider the ansatz
F,, =0, corresponding to a spacetime with A, = (¢(2),
0, 0,0)). In this case, we find 3% = 0, and the last two
terms in Eq. (21) read

It Zhint — 6(k? + Ak*A?)5,5,
— 16k*(A - 5)A,5

)
1

5l (A 5)? - 82

+ 6Ac*5?A A,

(3% + 2k*A%)] g,

(22)

while Eq. (20) yields (by substituting the torsion compo-
nents by spin quantities using Cartan’s equations)

2
K
C = DY [S'ls/l + sﬂﬂ(sz/ﬂﬂ + Siw + SIM”)]' (23)

From this expression, we can compute the torsion-induced
contribution to the energy-momentum tensor (due to the
Ricci scalar in a RC spacetime) as

U,, =x*{A,A,22*[5*(2 — 1x?A?)
— MK2[A%2 — (A-5)]
+ 5,5, [242A% (2 - A*A%) = 3]}
+ 42 (2 = A% (A - 5)AS,) + Cg (24)

with

2

C= —% W22 — CA2) (A28 — (A - 5)?) — (25)

N W
A
8]

The effective energy-momentum tensor is therefore given
by the expression,

— 5,5,K2[=3 = APA(1 4 2(Ak*A?))] + A, A, Ak [52[6 + 2(2 — A*A?)]

3 kA2
4 2

(A : 3,)2] Guv- (26)
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Another simplifying scenario is when torsion exclusively
results from the spin tensor of fermions, neglecting the
bosonic contribution to the Cartan equations. Furthermore,
let us keep only terms quadratic in the Dirac spin variables,
with the linear ones vanishing upon averaging for random
distributions of spin. Under these assumptions, using
Cartan’s equations (12), we get

3
U[ll/ = K'2 (ZS‘ZQW/ _3§ﬂ‘§b>’ (27)

and

[derived from Eq. (17)], and
I, = ax* [§2AﬂAy + A%5,5, —4(3 - A)3 A,
G ; (2e 9
- % (A%5%2 — (A - s)z)} , (29)

[derived from (18)]. Thus, the final result reads

T =T, —4j,A) + A9 — K25,3,(=3 + A*A?)
+ HALA S — 44,5, (A - 3)]

3kt y
- Tsz + -5 (A%5% — (A - s)2)} Guw- (30)

III. COSMOLOGICAL DYNAMICS

The full set of gravitational, electromagnetic, and fer-
mionic equations of the ECDM model can be derived from
the action (1) with the matter Lagrangian (5), which
implement the minimal coupling between torsion and
matter fields. This results in torsion-induced nonminimal
couplings between fermions and bosons and also in self-
interactions [30]. In this section, we shall study the
cosmological dynamics associated to this framework, under
the assumption of randomly oriented spin densities (unpo-
larized matter).

A. Fluid description and Friedman equations

Let us assume a homogeneous and isotropic Universe,
which is described by the Friedman-Lemaitre-Robertson-
Walker (FLRW) metric, given by the line element,

2

ds* = dt* — a2(t)( + rdeQ), (31)

1 — kr?

where a(t) is the scale factor and k denotes the curvature of
space. As usual, matter is described by a perfect fluid with

an energy-momentum tensor 7#, = diag(p, —p, —p, —p),
where p and p are the energy density and pressure,
respectively. For the sake of this section, we shall consider
both (relativistic) fermionic matter and radiation coupled to
spacetime torsion.

One of the most common approaches to cosmology with
spin is to consider the Weyssenhof spin fluid (see Ref. [22],
for details), which can be seen as the classical approxi-
mation of a fluid of fermionic matter with macroscopic spin
effects. In this paper, however, we shall take instead the
approach from fundamental Dirac spinors. To this end,
it is usual to consider that for comoving observers the
spin (axial) vector is spatial, i.e., $*u, = 0, where u® =
(1,0,0,0) is the fluid’s unit four-velocity field.
Nevertheless, since fermionic fields are appropriately
represented by four spinors, which can be regarded as
fundamental quantum fields, in order to establish a (macro-
scopic) fluid description, we will adopt the correspondence
principle approach, through the definitions,’

g

' rwprrw)). (32)

Accordingly, in the expressions for the effective energy
densities and pressures, all (fermionic) spin quantities
should be regarded as expectation values. Moreover,
throughout the rest of this paper, we shall assume that
the cosmological fluid has vanishing macroscopic intrinsic
spin on average (§=~0), under the unpolarized matter
assumption. However, quantities quadratic in spin do not

. 92 kke w oiv
average to zero. Thus, by taklng_s = "5 5 and 3'5; ~
diag(5,519"''5,5,0°°538397) ~ 6,5%/3, invoking isotropy,
we assume that for fermions we have (on average)

P )

=25
3

2 =pni(r), ¥ . (33)

i.
J
where n(t) ~a=® and |B| ~h>. We therefore neglect
possible anisotropic pressure contributions from the
5'3; terms.

As for the bosonic vector potential, we use two different
ansatze: (i) A, = (¢(1).0,0,0), therefore, F,w =0 and

53791 =0, and ii) A= (OZ(t)) (with its orientation

30One can see that

M2 M2
= rymrv)) = 5 rrv@rary)),
should scale as 3% ~ ((y)?) ~ n%(t), where n is the number
density of fermions. Here, @ = 0, 1, 2, 3 and the usual constant
Pauli-Dirac matrices y¢, which obey {y¢, y*} = 251, are related
to the y* matrices via y*e?, =y, where e?, are the tetrads
satisfying g,, = n,,e% ", and e e, = 5%, ¢, e = & and 5,
is the Minkowski metric.
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randomly distributed to respect isotropy), therefore, X ~0,
and we have A¥A, = A” # 0 and take AA; ~ 5}132/3, again
invoking isotropy.

1. Friedman equations

The generalized Einstein equations (2) can be written, in
the FLRW background (31), for isotropic pressure, as

a\2 k2 k
(z) =3+ B34)
a K2
— == B+ + (o), (35)

where as usual dots over functions mean time derivatives.
Here, peff :p+pc0ﬂ and pcorr =p° +ps—A +,0A_A with
the corrections to GR corresponding to the spin-spin
interaction energy, the nonminimal interactions between
fermionic spin and the bosonic four potential, as well as
bosonic self-interactions, and the same apply to the
pressure contributions. We shall split now our analysis
in four different cases.
(i) Case I: Under the ansatz of random fermionic spin
and A, = (¢(1),0,0,0), using Eq. (26), we get for
the correction densities and pressures,

3 7 17
COIT ~, _ ,2%2 |~ 242 2 2.2 42
PO ~ KS|:4+1K¢<2/1K¢ 2)} (36)

) 1 1 1 .
COIT i~y 2¢2 2402 - " 9,242 i
p 6j_—Ks[4+iK¢<6—6iK¢)]5j, (37)

respectively.
(i) Case II: Under the ansatz of A, to be spatial

and randomly oriented, A = (OA(I)) the Maxwell
Lagrangian in (16) can be written as

o o
LM = F(A)FOFARAT — % [A%52 — (A - 5)2].

Using now Eq. (15), we obtain
3 U :
P = 252 (§+4K2A2> — F(A) FouFo A%+ pg,
(39)

with f(A) given by

083509-7

F(4) = 22Kk [MCA (4 + A% (APA? — 1)) + 2
2 (2 + 2K2A2)?
+ AK*A? — 2} . (40)
Here, p7™ is the contribution coming from the U,

tensor, which gives a quite cumbersome and far from
illuminating expression, and the other terms come
from the corrections to the T, tensor. Since the
relevant torsion-induced corrections coming from
the tensor U,, are quadratic in the contortion, by
taking into account Eq. (11) and neglecting terms
that scale linearly with §, we obtain (approximately)
a similar expression,

PO & 52(C + (h + bA?)A?) + h(A)A;AAIAL,
(41)

with h(A) some expression of A with dimensions of
22k?. The first term includes spin-spin fermion self-
interactions and fermion-boson nonminimal cou-
plings, while the last term represents the energy
density from bosonic self-interactions, although
other self-interactions of the form ~A2k*x(A)F?A®
can also be present.

As for the pressure corrections, p®", neglecting
anisotropic stresses, we arrive at a similar (approxi-
mate) expression,

Pl & [$2(D+ (q+ cA?)A?) +1(A)A ;A AT AN,
(42)

The anisotropic stresses are present, in general,
coming, for instance, from a term of the form
FOkAkFO(,-Aj) in the effective energy momentum

tensor, which can be written as ~F;F;A> using
AA; zPé}/ 3. The corresponding stresses 7% can
be recast into the (averaged) isotropic form

. . 2 k . . . .k—. ~
~A"A,,A &}, by making the approximation A"A; ~

AmAmﬁf /3. In this case, the final expression would

be approximately isotropic, having exactly the same
functional form as in the equation above. The second

term can be simplified, using again A’A i~ ? 5;/ 3

and A*A; ~ A™A,,5%/3, which yields

1 .
P P (C+ (h+ bAD)A?) + 5 h(A)A’A,  (43)
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and

corr Sk~
p 5m ~

52(D + (q + cA?)A?) +

(ii1) Case III (fermionic torsion): Let us now consider the
regime in which the bosonic spin tensor does not
contribute to torsion, i.e., bosonic fields are influ-
enced by spacetime torsion and affect the cosmo-
logical dynamics but do not backreact on torsion. In
this case, using the ansatz A, = (¢(1),0,0,0), from
Eq. (30), we find

pcorr ~— <i + /1L¢2> (45)

corr(siN 221 K2 2 51’ 46
sy - ) (46)

(iv) Case IV (fermionic torsion): Under the ansatz
A, = (0,A(7)), we get

3 kT -
pcorr:_22<4+ 3A>, (47)
) 1 22
TS o —i25 <4 3K )5! (48)

A slight modification of this case occurs when,
instead of the approximations Ak_A, w?éf /3, and
ﬁ% §285/3, we consider Mm?&k and
553 e szék This way, we arrive at the following
expressions:

3 -
PO o~ 252 (Z - /1K2A2) , (49)

9 -\ .
PO = k7§ <4 + /11<2A2> 5. (50)

In all these cases, we used 52 = B,n?(t) = a,a™%, which
means that in the very early Universe the spin-spin effects
start to strongly dominate over the usual energy density and
pressure of the relativistic fluid. The 5 ~ a~% behavior is
usually considered in cosmological applications of ECSK
theory for fluids with spin. It follows directly from a
conserved fluid component corresponding to the spin-spin
interaction, with an effective stifflike equation of state,
w* = p*/p* = 1. It is also a natural result from the theory
of fermionic Dirac spinors. In ECSK theory, it is the
negative value of p that acts as a repulsive effect. In the

present ECDM model, the other contributions (p,_,) may
affect the early Universe dynamics by reinforcing or
counteracting this repulsive phenomena, depending on
the sign and strength of these extra terms.

In order to explore the solutions of the dynamics in this
torsion era we need to evaluate the time dependence of the
bosonic four potential or equivalently, its behavior with the
cosmological scale factor. Besides the Friedman equations
we have at our disposal also the effective energy-

momentum conservation equation, Vﬂ Tt = 0, the gener-
alized electromagnetic equations and the corresponding
effective charge conservation. Beyond the fluid approach,
one needs to consider the dynamics of fundamental
fermionic degrees of freedom, that is, the Dirac equation

in the FLRW cosmological framework.

2. Effective conservation equation

Let us thus consider the generalized energy-momentum
conservation,

et + 3H (pesr + Perr) = 0, (51)

with per = p + peor AN Pefr = p + Peor- For simplicity,
we shall consider the different contributions to the effective
energy density as different fluid components which are
independently conserved. These components correspond to
the usual relativistic fluid (“radiation”) term, the torsion-
induced spin-spin interaction, an additional term represent-
ing the nonminimal interaction between the fermionic
spin and the bosonic potential, as well as bosonic self-
interactions (both also induced by the spin-torsion Cartan
relation), i.e.,

pet = p + 7"+ p A+ pAA (52)

and analogously for the pressures. From now on, we will
focus our attention in cases I, III, and IV, neglecting in this
way the bosonic self interactions p*~4. Therefore, inde-
pendent conservation implies

lbs—A + 3H(ps—A + ps—A) =0. (53)

This can be solved in order to provide the A, () dependence

or, alternatively, to get the dependence with the scale factor
Ala) as

dp,_ 3

WA +—(Wea + 1o =0, (54)
which yields the solution p,_4 ~ a2t for con-
stant w,_,.
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3. Torsion due to fermionic spin, neglecting the
contribution from the bosonic spin tensor

As a specific example, let us consider the cases IIl and IV
above. We have w* = —5/3 and w'™ = -2, respec-
tively, and therefore, p*4 ~ a” and p*~4 ~ a3, respectively,
which in turn implies that ¢ ~ a* and A;A/ = (A;)* ¢/ ~
a’, respectively. In the last case, since ¢/ ~ a2, we get
A; ~ a''/?. More rigorously, for p,_, = C¥*¢?, (as in case
IIT) with C a constant and p,_,/p,_4 = w,_4 also constant,
we obtain

d¢2
da

a ds?

1
( Weea Tt e

>“2¢2 =0, (55)
which yields the solution,
¢(a> ~ a_3(W3—A_1)/2_ (56)

This is compatible with the previous conclusion that for
we_s = —5/3 we get ¢ ~a*. Analogously, for p,_, =
C32A* (as in case 1V) with p,_,/ps_a4 = w,_4 constant,
we obtain

A% ~ g 30D, (57)
and therefore,

A2 ~ g 30wat1-2)+2
J

, (58)
which for w,_, = =2, provides A; ~ a!!/2,

Let us summarize the main conclusions so far. Under the
simplifying assumption that the energy contributions from
the masses of relativistic fermions and bosons, from the
spin-spin interaction, and from the fermion-boson non-
minimal interactions are separately conserved, with no
energy exchanges between them, the terms representing the
nonminimal interactions scale with p*~4 ~ —Ax*h%a? or
p*~A ~ Jk*h?a® depending on the ansatz for the bosonic
four potential. In the alternative derivation of case IV, we
get instead p*~4 ~ —Ak*A?a® (W4 = —1). This means that
at least when torsion is exclusively due to fermionic spin,
the nonminimal couplings induced by the U(1) symmetry
breaking should not introduce major deviations from the
usual ECSK theory in the torsion era of the early Universe.
This follows from the p* ~ a~% behavior that dominates the
early-Universe dynamics. However, interesting late-time
effects can occur, as we shall see.

4. Torsion due to the spin tensor of fermions and bosons

In this scenario, for case I, we have
P = C5*¢? (h + bep?), (59)

Pt = C8?¢*(d + c¢?). (60)

Assuming that w,_,(a) = p*=/p*~ ~ constant, we get

ps—A ~ a_3(wy—A+]>' (61)
Moreover, in this case, we can take the approximation

ws_a(a) =c/b=—1/24, that gets progressively more
accurate for larger values of ¢, and we have

Pt O(a2), (62)

again not competing with the a=® behavior of the spin-spin
energy density. The evolution for ¢p(a) can be then inferred
from

¢* (h + bg?*) ~ O(a7271), (63)

which implies that ¢ ~ O(a®78) or, alternatively, from the
conservation equation, leading to

2 b¢2 d¢2
>¢ (h+bg?) da
(64)

d¢2
da

- 1
<W5 A + +3V2 da

which yields the solution,

PSR N B

with w=w,_, — 1.
More rigorously, if we do not assume w,_,(a) =
p*™/p*~ to be constant, then we get

d¢? bop? 3 (d+ cg?
) ()
:_2<1+ a_di >¢2 (66)

352 da
which yields the following solution:

h
) ~esol 3

+ chjtan”'[(Vb — c$)/V'h — ]}

| [b(h=2d) +
3vVb — c(h - d)3?

(67)

For the values of &, b, d, ¢ given in the expression of case I,
we obtain a specific biparametric family of curves (depend-
ing on the parameter A and an integration constant), which
show ¢ increasing with an increasing scale factor in the
domains where the function is invertible. We obtain a
similar solution for case II, with p*4 ~ C5?A2(h + bA?) if
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we neglect the ~(A A7)* term by replacing ¢ — A and h, b
by the corresponding coefficients.

As a final comment, let us mention that, as usual, the
cosmological solutions for the evolution of the scale factor
can be derived from the expression (da/dn = a>H),

da
/2( 20 (a)/3 — k/a)l/zz/d'l+c7 (68)

where 7 is the usual conformal time, dt = adn.

B. Bouncing cosmology

1. Nonsingular solutions

In principle, the minimum of the scale factor, which is
present in the ECSK theory, should change in the ECDM
model presented here. The Friedman equations can be
combined as

K2

a [arada

3 ka™,  (69)

Y~k laa® + pA(a)] -

H?(a) =
with p*(a) =—«k*a,a=®, a;,>0, and p*~(a) = Ap*f(A(a)).
By simplicity, let us take the choice k = 0, and by looking
for the zeroes of H?(a) = 0, we get the equation,
2 6 s—A
I e C) (70)
Arad Qrad

In the standard ECSK theory (ps‘A switched off), we obtain
the value of the scale factor at the bounce,

K

(71)

ay = .
Arad

For the ECDM model considered in this work, the exact
value for the scale factor at the bounce will depend on the
parameters a,, a,; as well as on the parameter A and on the
value of p** at some reference time We can take
the general case with p*™ = a,_,a’, and for the cases
we have seen above (for instance, b = —2.88, b = 2, and
b = 0), the corresponding expressions for the scale factor at
the bounce can be obtained.

To this end, let us consider first the Friedman equation
without the (dust) matter term, which can be written as

H?(x) = HA(QRx™ + Q3x~0 + Q5 4xP + Qfx72), (72)

with x = a/a, and the parameters,

o' = =3k *H3Q8al, a™ = 3k 2H2QM at,

a\ —6-b
ot = s (2) "

A = SK‘ZH%Q“Aaa”,
ap

and |Q| ~ K2A2QMny, with ng ~ (ng/ni " )nf™® being

the present fermion density number as a functlon of the
ratio of fermions to CMB photons. In the expression,
Q= Af(A)Q ()70, one can see that f(A) ~a®"",
which is compatible with p*~(a) = Ap°f(A) = a*~4ab. If
we include now the matter term, for different Values of b
(positive or negative), one gets a bounce in the early
Universe just like in the usual ECSK cosmology, where
the scale factor and the energy densities remain finite. To
illustrate this idea, in the case, p*A(a) ~a™* (b = —4)
with k = 0, we get

K2 aS

__ K& (73
QArad + |as—A | )

ay =

For the specific case of spherical spatial hypersurfaces of
constant cosmic time, k = 1, we have the following two
solutions:

2
ap = [g (Oaq + |ts_al)

1 1/2
F o120 K (| - @) (74)

Finally, for hyperbolic spatial hypersurfaces of constant
cosmic time, k = —1, we arrive at the following two
solutions:

2
= | sl + )

1 1/2
+ g \/12’(2&‘? + K4(arad + |as—A|)2 . (75)

These expressions can be compared with the corresponding
solutions for the ECSK model: for £ = 1, we have

2 — 12«2
ay = \/K Qpag F rad K~ Qg (76)

and for k = —1,

-2 12x2
ay = \/ K" Oag F rad + 12k7a; (77)

For ECDM theory with b = —2, we get similar expres-
sions, for flat geometries, k = 0,

a, = \/arad + \/arzad - 4K2as‘a.s'—A|

s

2|as—A |

two solutions for spherical geometries, k = 1,
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K2g £ /oty — 12k ag — 4bag|ag_y|

ayny =
b 6 + 2K2|ax—A|

. (78)

and also two solutions for the hyperbolic geometries,
k=-1,

Ktg £ /KA a?y + 12k ay — 4ba|ag_y|

—6 + 2K2|aty_y |

ay =

(79)

For the other values of b, one gets similar results, although
the expressions are quite more cumbersome. We emphasize
the fact that the presence of a minimum value of the scale
factor in the early hot big bang implies the finiteness of
geometrical quantities at the bounce, such as the Ricci
curvature and torsion of the RC spacetime. For instance, in
the ansatz A, = (¢(1),0,0,0), one has

Top, = K (sk, + 2/1K2sf[ﬁ|pAy]A” ). (80)

Since s, is totally antisymmetric, then K* = 27* = 0, so
that using Eq. (25), we have

R=R-«* /1K2(2—/1K2¢2)¢2§2—%§2 . (81)

In case I1I, ¢(a) ~ a* and in general, s ~ 5 ~ n(t) ~ a3,
therefore,

R(ay) ~ R(ay) — 2ax%a2 + p2*k8a)l +ya;®,  (82)

where a, f, y are constants and a, is the scale factor at the
bounce. Similarly, the torsion components also remain
finite. Let us note that the second and third terms in the
expression above scale with ~a®> and ~a'?, respectively,
which could imply a cosmological future singularity,
occurring asymptotically when the scale factor goes to
infinity.

2. Early acceleration and cyclic cosmology

One can show that, for any 4 # 0, in the cases studied
above for b = —2.88, b =2, b = 3, and b = 0 (a variation
of case 1V), besides the minimum of the scale factor at the
big bang, there is a period of acceleration where the Hubble
parameter increases until it reaches a maximum and starts
decreasing (period of deceleration). This is valid for the
spherical, flat, and hyperbolic spatial geometries. The effect
of increasing the strength of the corrections to progressively
higher values of A are different. For b = —2.88 (case I) and
for the three spatial geometries, both the value of the scale
factor at the bounce and the “instant” of transition from
positive acceleration towards deceleration tend to move
into later times. On the other hand, in the cases b = 2 (case

III) and b =0 (variation of case IV) and also for
b = -2.88, an increasing A reveals the relevance of a
negative contribution to the energy density at later times.
Indeed, for a critical value of such a contribution, there will
be a value of the scale factor for which the Hubble
parameter vanishes (the deceleration and the expansion
itself stops), and above that value, it becomes imaginary,
H?*(a) < 0.

The case of a constant energy density contribution
(b = 0) is particularly illuminating on this issue. From
the Friedman equations (69), the late-time cosmology of a
positive constant energy density dominating asymptotically
leads to the convergence of the Hubble parameter into a
constant value of H(a), but if the contribution from a
negative energy density component starts to dominate, then
the Hubble parameter is not well defined from the Friedman
equations, as it becomes imaginary. This transition (when
H = 0) could be interpreted as a future bounce, and it is
compatible with the idea of nature obeying, at least, the
dominant energy condition p > |p| (which implies the
weak condition p >0, p 4+ p > 0), an interpretation that
becomes quite clear in the flat case, k = 0. Furthermore,
due to the symmetry of the underlying Friedman equations,
this future bounce would be followed by a contraction,
H(a) <0, gradually accelerated, then the contraction
would move towards a decelerated contraction phase [since
H(a) has a local minimum] until finally reaching the
minimum of the scale factor. At that point, the energy
conditions and the requirement of a nonimaginary (real)
Hubble parameter imply a nonsingular behavior and the
new cycle of accelerated expansion followed by decelerated
expansion would start.

This contracting behavior is a natural path for the
solution at the future bounce since there are two real
solutions, H(a) = £+/p(a) — k/a?, corresponding to
two branches of the possible cosmic history, in this case,
joined together at the two bounces. In both the early
accelerated expansion (in branch 1) and in the sudden halt
of the accelerated contraction (in branch 2) into a period of
decelerated contraction, the effects due to the contribution
of the dominant spin-spin (torsion induced) interaction will
prevent a cosmic singularity. This cyclic behavior is what
happens in cases I, III, and IV (variation), as well as in
several other models corresponding to different values of b.
We summarize this discussion in Table I, and depict
these behaviors in Figs. 1 and 2. We point out that this
dynamics could be further explored by explicitly introduc-
ing a positive cosmological constant, though we shall deal
in the next section with an effective cosmological constant
out of the spin-spin interaction of fermionic vacuum
condensates.

C. Effective cosmological constant and dark-energy

Let us now present three different results relevant for the
cosmological constant/dynamical dark energy problem [41]
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FIG. 1. Evolution of the Hubble parameter H (a) with the scale factor a/a for the ECDM model without (ECSK model, left) and with

(right) the nonminimal couplings in the matter fields induced by torsion. These corrections to the effective energy density p*~4 ~
P f(A) ~ ab give raise to late-time effects, whereas p* ~ —k?5? is the spin-spin interaction term that is responsible for the nonsingular
behavior in the early Universe. The plot on the right shows a typical solution with a future bounce, a nonsingular behavior at the
minimum of the scale factor, and a period of early accelerated expansion. All models we analyzed, except case IV (b = 3, p*™4 > 0),
show a typical cosmological behavior as illustrated on the right plot, for the three spatial geometries k = —1, 0, 1. The parameters used
are Q, = 0.7, Q,, = 0.32, Q, = —-0.02, H, = 68, ; = 0.01, a,_4, = —0.08, b = 2.

within ECDM theory. We begin by noting that one can

easily show that if instead of ¥'§; ~§%6/3 and A’A; ~

225§/3, we take §'3; ~ 3265 and A'A; ~ 225;'-, then case IV
corresponds to w,_, = —1, and A; ~a*, with p,_, ~
constant (b = 0). This yields an effective cosmological
constant with an energy density scale set by Ak*h?n’ A%,
where 7, is the fermion number density at some reference

cosmic time. Indeed, in this case, we have

it -
P =i = %ﬁsnzflz — const, (84)

with 3, ~ A%. As we saw previously, since A’ < 0, instead
of having a positive cosmological constant effect and the
resulting late-time acceleration, one gets a future bounce
with a transition from decelerated expansion into a period
of accelerated contraction, in the cyclic scenario dis-
cussed above.

The second interesting solution corresponds to b = 3 in

3 . the first version of case IV. Here, we have p* A ~
PO~ 252 (2 - AA” ), (83) b 1 72
4 —K“S TA > (0 and
-6 3
where P —aamt +ag_pa, a4 >0, (85)
H
H 800 |-
500 |- 600 |-
a 400
05 10 15 20 a,
200 |-
-500 | a
PR R S E S S S EE S S S S S S S R S S S S
0.5 1.0 1.5 2.0 2.5 3.0 ap

FIG. 2. On the left figure, we can see the cyclic behavior of ECDM model explicitly, with the two branches in H(a) =
++/p"(a) — k/a* smoothly joined together at the bounces. A period of early accelerated expansion is followed by decelerated
expansion, bounce, and accelerated contraction, decelerated contraction and again the bounce at the minimum of the scale factor, with
the repetition of the cosmological cycle. On the right, we have the relevant case IV (b = 3, p* > 0), where a late-time accelerated
phase is also present. The parameters used are (left) Q, = 0.7, Q,, =0, Q, = -0.02, H, = 68, Q;, = -0.01, a,_4, = —0.08, b = 0;
(right) Q, =0.7, Q,, =0, , = -0.02, Hy = 68, Q; = -0.01, a,_4, = 1.8, b =3.
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TABLE L

In this table, one can see the main dynamical features of various cosmological scenarios studied in this paper. The

cosmological dynamics is determined by the Friedman equations with spin-spin and nonminimal couplings effects (in the matter fields)

induced by torsion. The late-time effects are dominated by the nonminimal interactions p*~4 ~ a®.

b

Case I Case III Case IV Case IV (var)

b=-2288 b=2 b=3 b=0
A” d~ a0 78 d~ a* Aj ~qll/2 Aj ~a*
piA <0 <0 >0 <0
w4 ~—1/24 -5/3 -2 -1
Early bounce (a,;,) Yes Yes Yes Yes
Early acceleration Yes Yes Yes Yes
Future bounce (dy,y) Yes Yes e Yes
Late-time acceleration e Yes e

representing a nonsingular cosmology with early acceler-
ation (as in the other cases), but it also predicts a late-time
accelerated expansion phase. This behavior is driven by an
effective dark energy effect supported by the term p ~ a?
and arising from a nonminimal coupling in the matter fields
induced by torsion, which starts dominating at later times.

The third result is motivated by the possibility of quark
condensates in vacuum predicted by QCD, i.e., the effects
of nonzero vacuum expectation values (0|yy|0). Indeed,
in ECDM theory, we can generalize the effective cosmo-
logical constant obtained in the literature of ECSK theory
[55] as

3 2
pET % (0]52]0) + A*[(e + CAx2A2)(0]52]0) A2

+(p+ 8/1K2A2)(O|§”§”|0>AMA,,}, (86)
with a, , ¢, € constants, which depend on the above spin
density vacuum expectation values and on the electromag-
netic four potential. Since we are considering fermions, we
will assume that these can form a condensate in vacuum
and use the Shifman-Veinshtein-Zakharov vacuum state
approximation, as in Ref. [55]. In such an approximation,
the following expression is valid:

_ _ 1
(O[T Ty |0) = 2 (alyuly — (1))

x ({Olw|0))?,

where Ty, T, are any matrix from the set {I,y,yliy/],
7>, 7’7"}, Then, for quarks, QCD predicts a nonzero
expectation value of iy in vacuum,

(Olpw|0) ~ /%CD ~ —(230 MeV)?, (87)
in geometrical system of units. We then get the general
result,

PR~ (54 meV)*+ f(A)((Opy]0))%,  (88)

where the second term is the modification in the prediction
of the ECSK theory of fermions.

1. Fermionic torsion

From the expression Tﬁf =T, +U,, for the case of

>
fermionic torsion, we have
A KA 00 e oy L3 2w
TW:_T(AS —(s-A))+ZKss,1 G (89)

where we recall that $* = 2yy#ySy. Therefore, we get an
additional term contributing to an effective cosmological
constant beyond the usual one coming from the spin-spin
interaction already present in the ECSK model. We can
then compute the expression for dark energy, in the ansatz

A, =(0,A), as

i 3k?2 4 4) .
pA = == (015,3710) = 5= ((013,57]0) A%

— (O]*37[0)AA). (90)
and after some algebra, we obtain
K*An? _
PR~ —(54 meV)* + ({0lipy|0))?
20 1 2 2 2
X [5A2 = g [(A) + (402 + (47| 1)

In the ansatz A, = (¢,0,0,0), we get instead
. 3k? . 4) .
T = =5 (0155710) + 5= ((0[33710)¢%). (92)
therefore,

2 _
R =(54 meV)* = AR S 7 x (0 |0)). (93)

These expressions extend the results from the standard
ECSK theory [55] by adding a dynamical dark energy term
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which depends on the four potential (¢ ~ a* in case III and
A; ~a'"? in case IV), during the U(1)-breaking symmetry
phase induced by torsion. Let us point out that, as long as
the minimal coupling between torsion and the bosonic four
potential takes place, the dynamical dark energy term is
present. In other words, in the regimes in which the U(1)
breaking term in the bosonic Lagrangian (8) is non-
negligible, the four potential will evolve with the scale
factor as it is explored in this work. Note that should 4 be
considered as a scalar field then it would govern the
transition for a (spontaneous) symmetry breaking regime,
rather than having an explicit symmetry breaking as in the
case where A is considered to be a constant coupling factor.

In the absolute value, the result from the simple ECSK
theory is much better than the ~120 order of magnitude
discrepancy from observations (assuming GR with cosmo-
logical constant) with respect to the predictions from
quantum field theory. In the ECDM model, and from the
expressions above, in principle, this result could be further
improved depending on the ansatz taken for the four
potential.

2. Full approach including the bosonic spin tensor

Let us now consider the most general case in which
torsion not only couples to the bosonic sector, but it is also a
result of the contribution from the total spin density
including the spin density of bosons. Indeed, in such a
case one has to consider Egs. (8) and (11). Let us begin by
isolating the following piece of the energy-momentum
tensor (26):

(3 A2 At
TngA = —[K2SZ<Z+ > ) +7

x [(2 - m?A%)(A%8? = (A-5)7) = (A~ 3)°] | g

(94)

which was derived in the ansatz A, =
can write

(¢,0,0,0). So, we

3 /1K2¢2 4
Tt = [2 2<4+ 5 >+ 5 (2= 4¢%)9°5 | g

(95)

and therefore,
£f 4 K 2 242 w2
PR~ —(54 meV)*t === (1 + (2 = ) (0[5°]0),

leading to

TABLEII. In this table, we illustrate that even though torsion is
expected to decay, the U(l)-breaking Lagrangian does not
necessarily decay too (see case III above). Note that, as explained
in the text, in the ansatz A, = (¢,0,0,0), from Eq. (11), one can
see that T ~ «k?sP + Jx* D¢2, and while the first term always
decays, the second might not if ¢ ~ a™ with m > 3/2. This is
what happened in the alternative version of case I, where from
charge current arguments, it was found that ¢ ~ a?, therefore
implying a nonzero constant background torsion in homogeneous
cosmologies.

Case I Case III
b =-2.88 b=2
Torsion T ~ k2sP 4 Jic*sP p? T ~i2sP
-0 -0
U(l) - ‘CUI NJ.K43'2¢2 ‘CUl N2K4§2¢2
Lagrangian -0 ~a®

eff ~ —(54 meV)*

- 4/1f12§¢2[1+(2—/1K2¢2)](<0|¢1W|0>)2- (96)

Moreover, from Eq. (11), we see that T ~ k?s? + Ax*sP¢?,
(since § =0). While the first term always decays, the
second might decay or not (if ¢ ~a™ with m > 3/2).
However, the predicted behavior for ¢ rests on the validity
of the extended Maxwell Lagrangian. As one can see in
Eq. (8), the first term in the U(1)-breaking term scales as
AT?¢?, and therefore if m > 3, it does not decay.

In case I, we obtained the approximate solution
¢ ~ a8, so that the dark energy effect above is valid
only during the transient U(1) broken phase since in this
case the U(1)-breaking term in Eq. (8), AT?¢?, decays with
the increasing scale factor (see Table II). Note that the ¢ ~
a®"® behavior was deduced from a simplified and not very
robust approximation and, as we shall show below, the
generalized charge conservation equation seems to suggest
that ¢ ~ a® also in this case. If so, then interestingly the
torsion tensor T ~ k%s” + Ax*sP¢? does not decay to zero,
leaving a constant torsion background. Moreover, as can be
seen in Eq. (8), the first term in the U(1)-breaking term
AT?¢? also remains constant.

D. Coupling to Maxwell dynamics

By varying Eq. (7), together with the minimal coupling
term j“A,, with respect to A,, one gets

v, =, (97)

where j¥ = qy*y is the Dirac charge current four vector.
This equation can be conveniently rewritten as

VP =7+ ), (98)
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where we have defined the torsion-induced four current,

J¥ = —A2(KY, K" + KK A, + K, PR
+ K, F% 42V, (KA, (99)

with K, = K%,,.*
On the other hand, the generalized conservation equation
can be written as

V,j* ==V, J", (101)
or, alternatively, as
V., ¥ = % V..V, |F*, (102)
where
V,,V, F* =R, F* + R, F*+ 217, NV F* (103)

is the commutator of covariant derivation of an antisym-
metric (0,2) tensor in RC spacetime. This expression is
valid for the RC spacetime geometry, and the only require-
ment is a Maxwell-like bosonic field minimally coupled to
the RC geometry.

The induced four-current correction term J* is due to the
presence of nonminimal couplings between A, and the
spinors y, y and bosonic self-interactions, both effects
induced by torsion. It can be obtained by substituting the
Cartan equations in (100), or by direct variation of the
effective Maxwell Lagrangian (16). This torsion-induced
current J is given by

*As can be seen in the expression for the Lagrangian in Eq. (8),
or in the field equations above, the terms quadratic in the
contortion or, equivalently, in the spin density, resemble
Proca-like terms. From this analogy, the coupling between the
electromagnetic four potential and the spacetime torsion provides
an effective mass for the photon m? ~ AT? in physical conditions
where torsion is non-negligible and the U(1)-breaking phase
transition takes place. The generalized current can also be
written as

= —A[2(T",, T + 2T, T"*)A
+ T3, F" 4+ 2T, Fv 42V

4

V(T A,)], (100)

where we have used the fact that contortion is antisymmetric in
the first two indices and also that K|, = 7", and K, = 2T).

J¥ = M2[F 5 (AACFPY 1 2A03 AV X (A))
+ 2Fv5(FP A" + 25PY (A))
_,'_/12 Z(AyFa/lA +A2Fa”
+ (A¥3% = 25%(A -3))Z(A
+ AY(A%3? = (A-5)?)W(A)

AV

)ay
)

N M
— KA = (A 5))]) -V, <&
a(V,A,)

p

>, (104)

where the last term is computed as

OLGw 2.2 Fula 7
O — 22K (AWFRA, 4 FekAYIA
Ja(V,A,)
— Fl AVAPY 4 4062 AlrsY) ﬂ
p 2 + A2A?

+ Br*A2Fly, AY AT (105)

and we have introduced the definitions,

61
A =——F——,
( ) (2+1K2A2)2
1 — 2A?
YA) =————
( ) 2 + kA%’
2k2(1 — (2 — A2A2
24y = 1= Q= ia?)
2 4 A=A
W(A) = [4/11<2((2 + /1K2A2)(AK2A2 -1),

— (1 = ACA2(2 = MK2A%)))]/ (2 + AK2A2)3.

These highly involved expressions can be interpreted as
nonlinear electrodynamics with nonminimal couplings
between fermionic matter (spinors) and electromagnetic
fields induced by the RC spacetime geometry.

1. Maxwell fields in fermionic background torsion

In the case of fermionic torsion (neglecting the contri-
bution from the spin tensor of the bosonic field), the
bosonic Lagrangian is simplified to (18). Under the
assumption of the random spin distribution, we obtain

TV = =k A(PAY = (5- A)3). (106)

Since we take §* to be spatial, we then have J° = —x*15¢
and J' =0 for A, = (¢,0,0,0), while /=0 and J' =
—K*A(32AT — (5 - A)§') for A, = (0,A). In the last expres-
sion, using the previous assumptions after an average
procedure, i.e., §'§; = ¥25,/3, we obtain J' = —%k*AF?Al.
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2. Full approach, including the bosonic spin tensor

In this case, we will again consider matter with a random
distribution of fermionic spins, where we neglect all
quantities linear in the Dirac spin, leaving only the
quadratic ones, which do not vanish after macroscopic
averaging. Taking the ansatz A, = (¢,0,0,0), we find

JY = —* [Av3?

— (A3, (107)

with JO = —k*A32¢ and J? = 0, just as we had in the case of
a background fermionic torsion. Then, using the conserva-
tion equation (101), we are led to JO ~ a~3, with ¢ ~ a’.
Since this seems to be a more robust result than the ¢ ~
a®"8 previously used, if we go back to the fluid description
in case I, we then get p*™* ~ B+ Ca® with B and C
negative constants. This fluid component manifests its
effects in the evolution of the Hubble rate at late times
implying an anticipation of the future bounce into earlier
times, in comparison with the other cosmological solutions
with a future bounce.

On the other hand, taking into account the ansatz

A, = (O,A), Maxwell’s equations can be written as

A+ HA; = 27'(j + J7), (108)

and we can take j' ~ 0, on average. Alternatively, we have

H 3 J;
_) + Ai — l_l !

w) @ am 19

1
Al 4 A} (— +
a
where H = H(a), and here, the prime denotes a derivative
with respect to the scale factor. In this case, this equation
together with the Friedman equation,

2
H2(a) =5 (g = Ra,a™ +p~(a)) — ka2, (110)
determine the dynamics for the relevant degrees of freedom
in the early Universe.

E. Generalized Hehl-Datta (Dirac) equation in a
cosmological context and matter/antimatter asymmetry

1. Fermionic torsion

The full cosmological dynamics is contained in the
Friedman equations (34) and (35), the equation for the
four potential (109), and the Dirac equation in a FLRW
background. To derive such dynamics, consider first the
Dirac action in a RC spacetime given by the Lagrangian
density in Eq. (6), for the case of fermionic torsion (12).
This yields the Fock-Ivanenko-Heisenberg-Hehl-Datta
equation [58],

32h?
g Wrrvinrv.

ihy* Dy — my = (111)

For cosmological applications it is useful to consider the
comoving time variable diy = dt/a(n), and the FLRW
metric in its conformally flat expression,’

G = @ (1)1 (112)
Then, we can use the identity,
7Dy = a3 (n)r 0, (@ (n)y). (113)

with b =0, 1, 2, 3, to arrive at the Hehl-Datta (Dirac)
equation in a FLRW background,

32 h? B
g a (i vy

ihy%y' = may +
where

x)=amy.  pm=a@my.  (114)

and the derivative is now performed with respect to the
conformal time 7.

Analogously, the generalized Hehl-Datta (Dirac) equa-
tion, including the nonminimal interaction with the electro-
magnetic four potential, in the case of fermionic torsion,
can be easily derived from Eqgs. (17) and (18) and is
given by6

. - K2R
lfl}’”D”l/I + <qyﬂA;¢ - TfﬂyPys - m> "4
K*Ah? 3K°h?
= A2
< 2 Ty
K*AR?
2

> )y

WP w)rr wAzAL, (115)

and in the background of a FLRW cosmological metric, it
becomes

K2k
iy’ + <q7/"A,, - Pr,r° — m) ay
_ K Ah? A2 4 3Kk2h?
2 8
K An?
2

> a2 vy

a2 (e’ vy rAsAL, (116)

with a similar dynamical (diffusionlike) cubic equation for
- In these equations, y, = e’ uvp and y¥ = e 'y“, where the

>Note that, as explicitly shown in [59-62], it is possible to find
a system of coordinates where this formula is valid even for the
open (k = —1) and closed (k = 1) FLRW scenarios, since the
Weﬁyl tensor vanishes in all these cases.

Note, however, that if one performs the variational principle
from £,, without substituting the torsion tensor via Cartan relations
(12) and only make such a replacement after the derivation of the
dynamical equations, then in this case of fermionic torsion, one
arrives again at the usual Hehl-Datta equation.
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tetrads in our coordinates become e”, =8”,a and
e’ =6La”"!, which follows from e e’ s = Gup
(a, b, c =0, 1, 2, 3) and its inverse relation. We have
also assumed homogeneous fields, so that each variable
depends only on the conformal time. Accordingly, f* is
given by Eq. (19), where the only nonvanishing compo-
nents of the Faraday tensor in this system of coordinates
are F()J(T]) = a”AJ = a(n)AJ
In the ansatz of A, = (¢(1).0,0,0), we get

iy’ + (g’ — m)ay

K*An? 3k2h? _

=< 5 P+ g >a‘20ﬂ”y51)m5)(
kAR
2

a2 P> (W rx)ror’y. (117)

with ¢ ~ a* (case III) yields

ihy’' + (qy°Ca* — m)ay

32, K*An? _
=g WOy ——Ca @ Yy

(118)

where C is an integration constant.

2. Full approach including the bosonic spin tensor

To consider the general case, i.e., taking into account the
bosonic contribution to the spin tensor and therefore to the
torsion, we start from the general expression of the Dirac
equation minimally coupled to the RC geometry,

o 3h
ihy" Dy + (qr" Ay —=m)y = == T'y;°y. (119)

We now simply substitute the axial torsion vector in (14),
derived from the full Cartan equations (11). After some
algebra, we obtain the following extended Dirac (cubic)
equation’:

iy D,y + (qr*A, — m)y
= f(A) @y ryw)r.rw

+ a(A) @y Yy + BHA e, (121)
"If we consider instead the total matter Lagrangian,
L:m = ED +£M +j”Aw (120)

with Lp given by (15) and Ly = Ly + LM, with LM as
in Eq. (16), i.e., if we substitute Cartan’s equations at the
Lagrangian level and then vary with respect to spinors, we arrive
at a similar Dirac equation with more complicated functions of A
and F.

where we have defined

3P th?

A A?
a%(A) = - h?A° A,
- Ah -
PHAE) = == Fy. (122)
Therefore, in the context of FRLW cosmology,
iy + lgr*A, — (A, F)y,y° — mlay
= f(A)a>@r Y rrx
+ P A)a™ ey g’ 1ar° 1 (123)
and in the ansatz A, = (¢(1),0,0,0), we have
3K2h% Akt h? )
A2kt
() ==,
B =0, (124)

which yields the result,

iy’ + (qr’p — m)ay = f()a™>(Ger' v’ x)rur’x
+a®(p)a(eror’x)ror’x.
(125)

Using the result derived from the generalized charge
conservation, ¢(a) ~ a’, we then get f(¢) ~ const + ab,
and a® ~ —a®. The equation above is coupled to the
equation for the adjoint spinors,

ing'y? — az(qy’p —m) = —f(d)a >y v’y )v.2r’
—a®(P)a(zror’x)roxy’.
(126)

Under a charge conjugation (C) operation y — —iy*y* =
we", corresponding to the Dirac equation for antiparticles,

we have instead

iny (") = (ar’p + m)ay"
=—f(®)a (" rx "y

—a®(P)a” (" ror’a Mo’ x . (127)

Since the dynamics for (homogeneous) spinors repre-
senting fermions and antifermions are different (the cubic
terms have changed signs) and are therefore related to
different decay laws, this is highly relevant for the topic
of matter/antimatter asymmetry in the early Universe.
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To illustrate this idea qualitatively, one could simply
consider two different orbits in the space (y’, y) for different
values of # in the following dynamical scenario: y'(y;7n) =
y[Bn'/? £ (Cy* + Dy~ ")y?], which is motivated from the
above equations. Such a simplified but quite general

behavior can be obtained by considering a ~ ¢2/G+3%*™)

and w¥™ = 1 for the dominant fluid in the early Universe,
leading to pd™ ~a= a~t'/3 p~i33, t~p¥?, and
therefore, a ~n'/?. Of course in our model, things are
more complicated since we have four component spinors,
but the trajectories associated to the + and — sign above
(corresponding to fermions and antifermions, respectively)
already illustrate how a matter/antimatter asymmetry could
be generated in the torsion era of the early Universe.
Although there are no parity-breaking terms in our model
(which is one of the Zakharov requisites, together with C
breaking, for a successful mechanism generating matter/
antimatter asymmetry), our model does include an explicit
C-symmetry breaking. One could go beyond the minimal
coupling of fermions and torsion to include such parity-
breaking terms, as these appear naturally in some quadratic
models of Poincaré gauge theory of gravity.

It has been shown (see [29] and references therein) that
by solving the Dirac-Hehl-Datta equation, in the approxi-
mation of zero curvature and constant background torsion,
the energy levels are different for fermions and antifer-
mions. This can have consequences for the matter/
antimatter asymmetries in the context of baryogenesis.
Another interesting consequence is the fact that, depending
on whether a fermion has its spin aligned or antialigned
with the background spin (torsion) density field, its energy
is different and transitions between these levels can produce
emission/absorption lines with a kind of hyperfine struc-
ture. This is reminiscent of the Zeeman effect, with the
background torsion acting as the external magnetic field.
We expect a generalization of these effects, in the case of
our extended nonlinear Dirac equation, to be relevant for
the particle physics of the early Universe or inside ultra-
compact astrophysical objects.

IV. DISCUSSION AND CONCLUSION

In this work, we have studied the Einstein-Cartan-Dirac-
Maxwell model implementing the U(1)-symmetry break-
ing and discussed its cosmological applications. The
theoretical foundations of this model rely on fermionic
(spinors) and bosonic (vector) fields minimally coupled to
torsion of a Riemann-Cartan spacetime geometry. In this
framework, one is led to the Cartan equations relating the
torsion tensor to the fundamental matter fields via the total
matter spin tensor. Substituting torsion as a function of the
matter field variables, one obtains generalized Einstein-
like, Dirac-like, and Maxwell-like equations. This induces
nonlinear Dirac and electromagnetic dynamics with self-
interactions (fermion-fermion, and boson-boson) and

nonminimal fermion-boson interactions, and the resulting
energy-momentum contributions for the gravitational
equations.

Regarding cosmology, the ECDM model presented here
gives rise to generalized Friedman dynamics coupled to
bosonic and fermionic fields. The model is simplified if one
takes an effective fluid description without needing to solve
for the (generalized) Hehl-Datta-Dirac equation on a
FLRW background. The resulting model predicts non-
singular cosmologies with a bounce, similarly as in the
original ECSK theory. In the U(1)-broken phase and
neglecting bosonic self-interactions, there is an effective
fluid component with energy density scaling as
PO ~ pb + p*~A where p* ~ —k23> ~n?> ~a~® is a (neg-
ative) contribution from the spin-spin self interaction, and
P’ ~k*5?f(A) comes from the nonminimal interactions
(induced by torsion) between fermionic and bosonic fields.
The latter can also introduce a negative contribution to the
energy density depending on the f(A) contribution [and
therefore on the evolution of the bosonic four vector A(a)].
We considered two different ansatze for the four potential,
namely A, = (¢,0,0,0) and A, = (OX) A typical exam-
ple is f(A) ~ Ax*>A?, in the approximation, where torsion is
exclusively due to the spin tensor of fermions (cases III and
IV), although A?k*A* terms can also be present in the case
where the bosonic spin tensor also contributes to torsion
(cases I and II). In all cases, we get a nonsingular early
Universe description in terms of a minimum value for the
scale factor at which H(a) =0 for all possible spatial
curvature values k= —1, 0, 1, due to the (negative)
contribution from the spin-spin interaction. Moreover,
these solutions show an accelerated expansion period after
the bounce until H(a) reaches a maximum value, followed
by a decelerated expansion.

Regarding the effects of the nonminimal interactions
induced by torsion, in the variation of case IV, we get
p*~4 ~ constant < 0, which has no significant effect on the
early dynamics, but it can give rise to a halt of the decelerated
expansion period at some future value of the scale factor, that
is, H(apay) = 0. In fact, most cases manifest this late-time
behavior for non-negligible values of 1. By considering the
two branches of the family of solutions for the Hubble
parameter, H(a) = +1/k*/3(p + p*") — k/a?, and the
physical requirement of matter obeying the weak or dom-
inant energy conditions, one is naturally led to interpret such
future behavior as a bounce (continuously) bridging a
decelerated expansion phase to an accelerated contraction
phase. Then, following this negative solution of the square
root above, the accelerated contraction also reaches a
maximum (absolute) value when the Hubble parameter
reaches a (negative) minimum and the contraction pro-
gresses in a decelerated manner until it reaches another
minimum of the scale factor. At that instant, again the
Hubble parameter H(a) vanishes, and the solution transits
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from the negative root to the positive root branch, in
accordance with the physical energy (weak) conditions.
This is another bounce, linking a decelerated contraction
phase to an accelerated expansion, and the cycle repeats over
and over (see Fig. 2). This cyclic behavior depends on both
the existence of the strong spin-spin (negative energy) effect
and on the (negative) energy contribution from the non-
minimal couplings, which only becomes relevant in the late-
time decelerated expansion phase. The strength of such a
term depends on the single free parameter of the model, 1.
The cyclic Universes are more intuitive for models, where
f(A) ~ a" withn > 6 (butare not exclusive to these), as long
as p®°" < 0.

It is pertinent to briefly comment on the existence of
negative energy densities in the ECDM model. Firstly, in
the Friedmann equations (34), the energy density p of the
relativistic fluid in the radiation era (the quark-gluon-lepton
plasma) is positive. It is the corrections induced by torsion
i.e., the spin-spin (fermion-fermion) self-interaction and the
fermion-boson nonminimal couplings, that can be negative.
The spin-spin energy density is always negative (also
present in the Weyssenhof fluid of ECSK cosmology),
and the induced fermion-boson nonminimal coupling can
also be negative in some cases. As mentioned earlier, the
first one is responsible for preventing the initial cosmic
singularity and decays very rapidly with ~a~%, while the
second one can give rise to late-time effects and in
particular, to the occurrence of a future cosmic bounce,
with the corresponding transition from an expansion phase
into a contraction one. The effective energy density should
not be considered as a sum of different fluid components
(since no extra fields are assumed) but rather as a single
relativistic fluid with spin, that contains certain torsion-
induced interaction energies within its fermionic and
bosonic fields. Although these interactions can have
negative energy densities associated to it, the analysis of
cosmological perturbations of the Einstein-Cartan-Dirac-
Maxwell theory is beyond the scope of the paper and might
be addressed in a future work. The analysis of cosmological
perturbations of the Weyssenhof spin fluid in ECSK, which
also has spin-spin negative energy densities induced by
torsion, has already been carried out (see, for exam-
ple, [63]).

One of the solutions found (case IV) is particularly
interesting as it is a nonsingular cosmology with an early
acceleration period followed by a decelerated expansion
and finally, by a late-time accelerated epoch (see Fig. 2). In
general, all these late-time effects seem surprising, since
usually one takes the torsion effects on the metric to be
significant at or above Cartan’s density 10?* gcm™.
Although this is true for the (axial-axial) four-fermion
spin-spin self-interaction effects induced by torsion, the
effects due to the nonminimal couplings in the matter fields
induced by torsion can be relevant for late-time cosmology.
The emergence in the same solution of bouncing early-time

behavior, an early period of accelerated expansion, a
deceleration phase, and a late-time period of acceleration
is a fantastic example of the richness of the cosmological
dynamics of an extremely simple theory as the Einstein-
Cartan theory with matter fields minimally coupled to the
RC spacetime geometry.

The ECDM model predicts a negative cosmological
constant in the variation of case IV with an energy density
scale set by Ax*h2n% A2 . Such a constant is responsible for
a cyclic cosmological behavior as described above. On the
other hand, if one takes a semiquantum approach in the
quark-gluon plasma and consider the presence of quark
condensates in vacuum as predicted by QCD, i.e., the
nonvanishing vacuum expectation value of (0| |0), then
the model predicts the existence of an effective cosmo-
logical constant and a dynamical dark energy contribution.
The first term comes from the spin-spin energy interaction
of vacuum (of fermionic quark fields) which enters the
ECSK equations, and the second term is due to the
(nonminimal) interaction between this vacuum term and
the bosonic fields, taken here as classical fields. These
results extend those of standard ECSK theory [55], by
adding a dynamical dark energy term, which depends on
the four potential and which cannot be neglected during the
U(1)-broken symmetry phase induced by torsion. As long
as the minimal coupling between torsion and the bosonic
four potential takes place, the dynamical dark energy term
will be there. In other words, in the regimes in which the
U(1)-breaking term in the bosonic Lagrangian (8) is non-
negligible, the four potential will evolve with the scale
factor as derived from the corresponding Maxwell-like
equations or from the generalized continuity equations.

It is pertinent to ask when does the torsion ceases to be
important and becomes negligible. The answer depends on
the case: for instance, in the usual ECSK theory with
torsion coupled only to fermions, one gets o5, ~ ksky, ~
a~? and the metric torsion effects scale with ~a~°, leading
to a torsion era in the very early Universe. Now, when
torsion couples also to vector bosonic fields, but it is only
sourced by fermion spin density, then the U(1)-symmetry
breaking Lagrangian term in (8) can in principle decrease
until it becomes negligible or not (see Table II). In the most
general case, when torsion not only couples to the bosonic
sector but it is also a result of the contribution from the total
spin density including the spin density of bosons, the
situation is similar to the case where torsion is due to
fermionic spin densities, but there are situations in which a
nonvanishing constant torsion background is predicted
(variation of case I). This topic requires further research
since it needs to be carefully addressed in a quantum field
theory context within a RC spacetime and strong-gravity
regime.

From a more theoretical point of view, one can discuss
the validity of using a description of matter in terms of
fundamental fields (fermionic/bosonic) in the context of
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homogeneous and isotropic cosmologies and in the
Einstein-Cartan theory and its extensions. On one hand,
it should be reminded that the Weyssenhof fluid description
can only be compatible with the cosmological principle
upon some appropriate macroscopic averaging. On the
other hand, it follows from a careful analysis of the
paradigm changes that are required to consistently interpret
the gauge theories of gravity with non-Riemann geom-
etries, that Cartan equations are more appropriately inter-
preted as valid in microscopic scales.

One should also mention that the energy-momentum
tensor terms derived from the nonminimal couplings in the
matter Lagrangian could give rise to an effective fluid
description, which introduces anisotropic stresses. This
should affect the dynamics via the Raychaudhuri equation
and/or the conservation equation. We did not take into
account such effects in the present work since we used

the assumptions A’A; ~ A*6} and §'§; ~ 52/, to simplify the
analysis. Again, this is reminiscent of the studies of the
Weyssenhof fluid, which is not fully compatible with
the cosmological principle but can still be considered in
the context of FLRW models by invoking macroscopic
averaging arguments [22]. Similarly, by exploring this idea,
our model calls for a more self-consistent cosmological
approach, for instance, within Bianchi spacetimes. Alter-
natively, if one maintains the FLRW models at the back-
ground level, the perturbations should incorporate the
anisotropic stresses, which might be important for the
generation of cosmological GWs induced by spin density
fluctuations (with nonzero, time varying quadrupole
moment) in the early Universe. One should also expect
the production of GWs from the transitions between the
primordial phases: from the U(1)-broken phase to the
U(1)-restored phase (in particular, if this symmetry break-
ing is spontaneously induced rather than explicit) and from
the usual torsion-dominated phase to the radiation phase.

These transitions can contribute to a stochastic GW back-
ground of cosmological origin, with possible imprints from
the physics beyond the standard model.

To conclude, in our view, there are good motivations to
keep with the analysis of gravitational models where non-
Riemannian geometries, fermionic spin densities, and
phase transitions become important, which can be tested
with astrophysical and cosmological GW observations in
the near future. Work along these lines is currently
underway.
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