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With the deeper study of Higgs particle, Higgs precision measurements can be served to probe new
physics indirectly. In many new physics models, vectorlike quarks TL, TR occur naturally. It is important to
probe their couplings with standard model particles. In this work, we consider the singlet TL, TR extended
models and show how to constrain the Tth couplings through the h → γZ decay at high-luminosity LHC.
First, we derive the perturbative unitarity bounds on jytTL;Rj with other couplings set to be zeros simply. To
optimize the situation, we take mT ¼ 400 GeV and sL ¼ 0.2 considering the experimental constraints.
Under this benchmark point, we find that the future bounds from h → γZ decay can limit the real parts of
ytTL;R in the positive direction to be O(1) because of the double enhancement. For the real parts of ytTL;R in the
negative direction, it is always surpassed by the perturbative unitarity. Moreover, we find that the top quark
electric dipole moment can give stronger bounds (especially the imaginary parts of ytTL;R) than the
perturbative unitarity and h → γZ decay in the off-axis regions for some scenarios.

DOI: 10.1103/PhysRevD.102.075035

I. INTRODUCTION

The standard model (SM) of elementary particle physics
was proposed in the 1960s [1], and it has been verified up to
now to be quite successful. However, there are still many
problems beyond the ability of SM, for example, Higgs
mass naturalness, gauge coupling unification, fermion mass
hierarchy, electroweak vacuum stability, dark matter, mat-
ter-antimatter asymmetry, and so on. Thus, new physics
beyond the SM (BSM) are motivated in the high-energy
physics community. Many of these BSMmodels predict the
existence of heavy fermions, for example, composite Higgs
models [2,3], little Higgs models [4,5], grand unified
theories [6], and extra-dimension models [7]. In these
models, there can be a heavy up-type quark T, which
interacts with the SM particles through TbW; TtZ; Tth
interactions. Analyses on these couplings may tell us some
clues about the new physics. TbW coupling can be con-
strained from single production of T quark, but there are
always many assumptions for most of the current con-
straints. It will be hard for the detection of the flavor-
changing neutral (FCN) couplings TtZ; Tth because T
productions from tZ; th fusion are highly suppressed.

If there exist other new decay channels for the T quark,1

even the bounded TbW coupling can be saturated. Since
the discovery of Higgs boson at the LHC [8], it can also be
a probe to such new physics.
Currently, all the main production and decay channels of

the Higgs boson have been discovered at the LHC. Then,
the next step is to measure the observed channels more
accurately. At the same time, attention should be paid to the
undiscovered channels. Precision measurements of the
Higgs particle may help us decipher the nature of electro-
weak symmetry breaking (EWSB) [9] and open the door to
new physics [10]. hVV and hff couplings inferred from
the observed channels are SM-like now, while there can
still be large deviations for the rare decay modes, for
example, h → γZ; μþμ−. The γZ decay mode has drawn
much attention of this community. It can be used to detect
CP violation [11–13] and many new physics scenarios
[14–16]. Here, we will show how to constrain the FCN
Yukawa (FCNY) couplings through the h → γZ decay
mode indirectly. The constraints from h → γZ do not
depend on the total width of T quark, namely, in spite
of other decay modes.
In this paper, we build the framework of FCN couplings

in Sec. II first. Section III is devoted to the theoretical
and experimental constraints on the simplified model.
In Sec. IV, we compute the new physics contributions to
the partial decay width of h → γZ. Then, we perform the
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numerical constraints on the FCNY interactions in
Sec. V. Finally, we give the summary and conclusions
in Sec. VI.

II. FRAMEWORK OF FLAVOR-CHANGING
NEUTRAL COUPLINGS

A. UV-complete model

It is strongly constrained for the mixings between heavy
particles and the first two generations because of the
bounds from flavor physics [17–19]. What is more, the
third generation is more likely to be concerned with
new physics, theoretically owing to the mass hierarchy.
For convenience and simplicity, we only take into
account the mixings between the third generation and
heavy quarks.
Based on the SM gauge group SUCð3Þ ⊗ SULð2Þ ⊗

UYð1Þ, we can enlarge the SM by adding new particles with
different representations. Usually, we extend the SM
fermion sector by introducing vectorlike particles to avoid
the quantum anomaly. The minimal extension of quark
sector is to add one pair of vectorlike quarks (VLQs)
[20,21]. For the nonminimally extended models, the scalar
sector can also be augmented. Besides the VLQs, we can
also plus a real gauge singlet scalar [22–24], a Higgs
doublet [25], and even both the singlet-doublet scalars at
the same time [25,26]. In these models, other decay
channels can exist [27,28].
FCN couplings TtZ and Tth show different patterns in

different models. For simplicity, we will only consider the
case where there is one pair of VLQs TL and TR.

2 In the
following, we will give two specific examples: the minimal
extension with a pair of singlet quarks TL, TR [gauge group
representation (3, 0, 2=3)] and the model further enlarged
by an extra real singlet scalar [gauge group representation
(1, 0, 0)].

1. Minimal vectorlike quark model

Let us start with the model by adding a pair of singlet
fermions TL, TR to the SM, which is dubbed as the VLQT
model. The Lagrangian can be written as [21]

L ¼ LSM þ LYukawa
T þ Lgauge

T ;

LYukawa
T ¼ −Γi

TQ̄
i
LΦ̃TR −MTT̄LTR þ H:c:;

Lgauge
T ¼ T̄LiDTL þ T̄RiDTR; ð1Þ

where Φ̃ ¼ iσ2Φ� and the covariant derivative is defined as
Dμ ¼ ∂μ − ig0YTBμ. YT and QT are the UYð1Þ and electric

charge of the T quark, respectively. The Higgs doublet is
parametrized as ΦT ¼ ½ϕþ; vþhþiχffiffi

2
p �.

It is easy to obtain the mass terms of t and T quarks3:

Lmass ⊃−
�
t̄L T̄L

�� 1ffiffi
2

p Γ33
t v 1ffiffi

2
p Γ3

Tv

0 MT

��
tR
TR

�
þH:c: ð2Þ

Here, Γ3
T and Γ33

t are the gauge eigenstate Yukawa
couplings in front of Q̄3

LΦ̃TR and Q̄3
LΦ̃tR individually.

The t and T quarks can be rotated into mass eigenstates by
the following transformations:

�
tL
TL

�
→

�
cos θL sin θL
− sin θL cos θL

��
tL
TL

�
;

�
tR
TR

�
→

�
cos θR sin θR
− sin θR cos θR

��
tR
TR

�
: ð3Þ

Then, we have the following mass eigenstate Yukawa
interactions:

LYukawa⊃−mtt̄t−mTT̄T−
mt

v
c2Lht̄t−

mT

v
s2LhT̄T

−
mT

v
sLcLhðt̄LTRþT̄RtLÞ−

mt

v
sLcLhðT̄LtRþ t̄RTLÞ:

ð4Þ

Here, sL, cL, sR, cR are short for sin θL; cos θL; sin θR; cos θR,
respectively. Similarly, we abbreviate sin θ; cos θ as sθ, cθ
in the following context. In this model, we have two
independent extra parameters mT and θL. There are
two relations between the mixing angles and t, T quark
masses:

tan θR ¼ mt

mT
tan θL; M2

T ¼ m2
Tc

2
L þm2

t s2L: ð5Þ

For the singlet TL and TR quarks, the gauge eigenstate
t, T quarks will interact with Z, W bosons through the
following form:

Lgauge ⊃
g
cW

Zμ

�
t̄Lγμ

�
1

2
−
2

3
s2W

�
tL −

2

3
s2Wt̄Rγ

μtR

−QTs2WðT̄Lγ
μTL þ T̄Rγ

μTRÞ
�

þ gffiffiffi
2

p ðWþ
μ t̄LγμbL þW−

μ b̄LγμtLÞ: ð6Þ

2Of course, one can build one model with more TL, TR quarks,
but the mass matrix may be equal to and even greater than three
dimensions, which are quite complex.

3Although the mass mixing term T̄LtR can appear, it will be
removed via field redefinition [29,30].
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Here, t and T quarks can be rotated into mass eigenstates by the transformations in Eq. (3); thus, we have the following mass
eigenstate gauge interactions:

Lgauge ⊃
g
cW

Zμ

��
1

2
c2L −

2

3
s2W

�
t̄LγμtL þ

�
1

2
s2L −

2

3
s2W

�
T̄Lγ

μTL þ 1

2
sLcLðt̄LγμTL þ T̄Lγ

μtLÞ

−
2

3
s2Wt̄Rγ

μtR −
2

3
s2WT̄Rγ

μTR

�
þ gcLffiffiffi

2
p ðWþ

μ t̄LγμbL þW−
μ b̄LγμtLÞ þ

gsLffiffiffi
2

p ðWþ
μ T̄Lγ

μbL þW−
μ b̄LγμTLÞ: ð7Þ

2. Vectorlike quark and one singlet scalar model

Now, let us consider the model with SM extended by a
pair of singlet VLQs TL, TR and a real singlet scalar S,
which is named as VLQTþ S. The Lagrangian can be
written as [23,31]

L ¼ LSM þ LYukawa
T þ Lgauge

T þ LS;

LYukawa
T ¼ −Γi

TQ̄
i
LΦ̃TR −MTT̄LTR − ySTST̄LTR þ H:c:;

Lgauge
T ¼ T̄LiDTL þ T̄RiDTR;

LS ¼
1

2
∂μS∂μS − VΦS;

VΦS ¼ μΦSΦ†ΦSþ λΦSΦ†ΦS2 þ tSSþm2
SS

2

þ μSS3 þ λSS4: ð8Þ

Note that the Lagrangian form is invariant after shifting S;
thus, we can set hSi ¼ 0 through redefinition of the
scalar field S [32–37]. Here, h can mix with S, so we
should transform them into mass eigenstates via following
rotations:

�
h

S

�
→

�
cos θ sin θ

− sin θ cos θ

��
h

S

�
: ð9Þ

The mass terms of t and T quarks are exactly the same as
those in Eq. (2); thus, they can be rotated into mass
eigenstates by the same transformations of Eq. (3).
There is one extra Yukawa term −ySTST̄LTR compared to
the model VLQ, so the Yukawa interactions in this model
are more complex. Then, we have the following mass
eigenstate Yukawa interactions:

LYukawa ⊃ −mtt̄t −mTT̄T −
�
mt

v
c2Lcθ − ReðySTÞsLsRsθ

�
ht̄t −

�
mT

v
s2Lcθ − ReðySTÞcLcRsθ

�
hT̄T

−
�
mT

v
sLcLcθ þ ReðySTÞsLcRsθ

�
hðt̄LTR þ T̄RtLÞ −

�
mt

v
sLcLcθ þ ReðySTÞcLsRsθ

�
hðT̄LtR þ t̄RTLÞ:

þ iImðySTÞsLsRsθht̄γ5tþ iImðySTÞcLcRsθhT̄γ5T
− iImðySTÞsLcRsθhðt̄LTR − T̄RtLÞ − iImðySTÞcLsRsθhðT̄LtR − t̄RTLÞ: ð10Þ

The gauge interactions for t and T quarks are fully the same as those in Eqs. (6) and (7). In this model, there are four
interesting parameters θL;mT; θ; yST . The other parameters in scalar potential do not have relation with the h → γZ; γγ
processes.

B. Simplified model

Here, we will adopt one more general and model-independent framework [38]. For simplicity, we only consider the
singlet TL;R case. In the simplified model case, we can write down the related mass eigenstate state interactions generally,

L ⊃ −mtt̄t −mTT̄T − eAμ

X
f¼t;T

Qff̄γμf þ eZμ½t̄γμðgtLω− þ gtRωþÞtþ T̄γμðgTLω− þ gTRωþÞT

þ t̄γμðgtTL ω− þ gtTR ωþÞT þ T̄γμðgtTL ω− þ gtTR ωþÞt� −
mt

v
ht̄ðκt þ iγ5κ̃tÞtþ hT̄ðyT þ iγ5ỹTÞT

þ ht̄ðytTL ω− þ ytTR ωþÞT þ hT̄ððytTL Þ�ωþ þ ðytTR Þ�ω−Þtþ
gcLffiffiffi
2

p ðWþ
μ t̄LγμbL þW−

μ b̄LγμtLÞ

þ gsLffiffiffi
2

p ðWþ
μ T̄Lγ

μbL þW−
μ b̄LγμTLÞ; ð11Þ

where ω� are the chirality projection operators ð1� γ5Þ=2 and the gauge couplings are listed as follows:
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gtL ¼ 1

sWcW

�
1

2
c2L −

2

3
s2W

�
; gTL ¼ 1

sWcW

�
1

2
s2L −

2

3
s2W

�
;

gtTL ¼ sLcL
2sWcW

; gtR ¼ −
2sW
cW

;

gTR ¼ −
2sW
cW

; gtTR ¼ 0: ð12Þ

Here, mT; θL; θR; κt; κ̃t; yT; ỹT are all real parameters,4

while ytTL ; ytTR can be complex numbers. From now on,
we will turn off the parameters κ̃t and ỹT for simplicity.
In Table I, we give the expressions of κt; yT; ytTL ; ytTR in

three models. In Table II, we also give the expressions of
gtTL ðytTL Þ�; gtTR ðytTR Þ�; gtTL ðytTR Þ�; gtTR ðytTL Þ� in the VLQT and
VLQTþ S models. Here, we want to show the feasibility to
constrain the FCNY couplings through the h → γZ decay
channel; thus, it is better to avoid drowning in elaborate
theoretical calculations and collider phenomenology
details. Although the FCNY couplings ytTL;R are not free
parameters in the mentioned VLQT and VLQTþ S mod-
els, they can be free in more complex models because of
enough degrees of freedom. For example, we can extend
the SM by one pair of VLQs TL, TR and many real singlet
scalars. Here, we want to make a general analysis naively,
so we take them to be free.

III. CONSTRAINTS ON THE MODEL

A. Perturbative unitarity bound

From theoretical point of view, large couplings may
cause the problem of perturbative unitarity violation. One
famous example is the upper limit of Higgs self-coupling

(or the Higgs mass) in the SM [39]. For the scatterring
amplitude, we can perform the partial wave expansion:
M ¼ 16π

P∞
l¼0ð2lþ 1ÞalðsÞPlðcos θÞ. Then, the partial

l-wave amplitude is alðsÞ ¼ 1
32π

R
1
−1 dðcos θÞPlðcos θÞM.

Especially, we have a0ðsÞ ¼ 1
32π

R
1
−1 dðcos θÞM, which

should satisfy jReða0Þj ≤ 1
2
. When you consider the

two-to-two Higgs and longitudinally polarized vector
boson scattering processes, S-wave unitarity will lead to
the bound.
Similarly, we can bound the Yukawa couplings ytTL;R from

fermion scattering [40–43]. Then, we need to consider the
two-to-two scattering processes with fermions. Obviously,
there are two kinds of fermion processes: two-fermion
and four-fermion processes. Actually, we only need to
consider the neutral initial and final states. To simplify the
analysis, we keep the ytTL ; ytTR couplings but turn off
the other couplings. After tedious computations, we get
the following constraints (more details are given in
Appendix A):

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjytTL j2þjytTR j2Þ2þ12jytTL j2jytTR j2

q
þjytTL j2þjytTR j2 ≤ 16π:

ð13Þ

In Fig. 1, we plot the parameter space region allowed
by Eq. (13).

B. Constraints from direct search

In the minimal extensions, the decay final states of T are
bWþ; tZ; th. According to the Goldstone boson equiva-
lence theorem, the partial decay widths satisfy the identity
ΓðT → tZÞ≈ ΓðT → thÞ≈ 1

2
ΓðT → bWÞ approximately [or

BrðT → tZÞ ≈ BrðT → thÞ ≈ 25%;BrðT → bWÞ ≈ 50%].

TABLE II. Patterns of the multiplication of FCN couplings in VLQT and VLQTþ S.

gtTL ðytTL Þ� gtTR ðytTR Þ� gtTL ðytTR Þ� gtTR ðytTL Þ�
General 1

2sWcW
sLcLðytTL Þ� 0 1

2sWcW
sLcLðytTR Þ� 0

VLQT − mt
v

s2Lc
2
L

2sWcW
0 − mT

v
s2Lc

2
L

2sWcW
0

VLQT þ S sLc2L
2sWcW

ð− mt
v sLcθ − ySTsRsθÞ 0 s2LcL

2sWcW
½− mT

v cLcθ − ðySTÞ�cRsθ� 0

TABLE I. Patterns of Yukawa coefficients in SM, VLQT, and VLQTþ S. There is no T quark in SM, so we use
the symbol × for T couplings.

SM VLQT VLQTþ S

κt 1 c2L c2Lcθ −
vsLsRsθ

mt
ReðySTÞ

yT × − mT
v s2L − mT

v s2Lcθ þ ReðySTÞcLcRsθ
ReðytTL Þ × − mt

v sLcL − mt
v sLcLcθ − ReðySTÞcLsRsθ

ReðytTR Þ × − mT
v sLcL − mT

v sLcLcθ − ReðySTÞsLcRsθ
ImðytTL Þ × 0 ImðySTÞcLsRsθ
ImðytTR Þ × 0 −ImðySTÞsLcRsθ

4Just as that we show in the above two models, θL, θR may be
not independent rotation angles in specific models [21].
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For the pair production of VLQs, the cross section is
determined by the strong interaction. It will give us the
model-independent bound on the T quark mass, but we
cannot get the information of T quark couplings. Assuming
BrðT → tZÞ þ BrðT → thÞ þ BrðT → bWÞ ¼ 1, the T
quark mass below 700 GeV ∼ TeV is excluded at 95% con-
fidence level (CL) [44,45]. The T quark can also be singly
produced through TbW coupling. In the singlet T quark
case, current constraints are jsLj ≤ 0.2 [46].
Current experiments give strong constraints on minimal

VLQ models, but it will be relaxed in models with
additional states. The mass can be light as 400 GeV if
there exists an additional state mediated decay channels
[28]. For the more complicated flavor and scalar sectors,
there can be more than one mixing angle. The mixing angle
is allowed to be larger.

C. Constraints from electroweak
precision measurements

The singlet VLQ TL, TR will contribute to the S,T
parameters [47,48]. The oblique corrections are mainly
from the modification of SM gauge couplings and new
particle loops. Their analytical expressions have been
calculated in previous studies [19,49,50],

ΔS≡ S− SSM

¼ −
NC

t s2L
18π

�
−2 log rtT þ c2L

5− 22r2tT þ 5r4tT
ð1− r2tTÞ2

þ c2L
6ð1þ r2tTÞð1− 4r2tT þ r4tTÞ

ð1− r2tTÞ3
logrtT

�
;

ΔT≡ T − TSM

¼ NC
t m2

t s2L
16πs2Wm

2
W

�
−1− c2L þ

s2L
r2tT

−
4c2L

1− r2tT
log rtT

�
; ð14Þ

with rtT ≡ mt
mT
. Now, let us define the Δχ2 as

Δχ2 ≡ X
i; j¼1;2

ðOi −Oexp
i Þðσ2Þ−1ij ðOj −Oexp

j Þ; ð15Þ

where Oi ∈ fΔS;ΔTg; ðσ2Þij ¼ σiρijσj. Their values are
listed as follows [51]:

ΔSexp¼0.02; σΔS¼0.07; ΔTexp¼0.06; σΔT ¼0.06;

ρ¼
�

1 0.92

0.92 1

�
; σ2¼

�
σΔS 0

0 σΔT

�
ρ

�
σΔS 0

0 σΔT

�
:

ð16Þ

In this paper, we choose the parameters to be mZ ¼
91.1876 GeV, mW ¼ 80.387 GeV, mh ¼ 125.09 GeV,
mt ¼ 172.74 GeV,GF ¼ 1.1664 × 10−5 GeV−2, and cW ¼
mW=mZ [51]. In Fig. 2, we get the constraints from the
global fits of S, T parameters.5

D. Constraints from top physics

There are also constraints from the tbW anomalous
coupling [52], which gives the bound Vtb ≥ 0.92 at
95% CL assuming Vtb ≤ 1 [53]. Then, we have
sL ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Vtb

p
≈ 0.3.

E. Constraints from Higgs physics

In Appendix B, we give the exhaustive computations and
analyses in both the SM and new physics model. When

FIG. 1. The allowed region from perturbative unitarity in the
plane of jytTL j − jytTR j. FIG. 2. The constraints on mT , sL from χ2-fit of the S, T

parameters. Here, the green and red areas are allowed at 1σ; 2σ
CL, respectively.

5t-T mixing will also enter into Zbb̄ coupling through one-
loop correction, but here we will not consider them anymore.
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we take κt ¼ c2L and yT ¼ − mT
v s2L naively, the following

expressions are obtained:

μγγ ≡ σðgg → hÞΓðh → γγÞ
σSMðgg → hÞΓSMðh → γγÞ

¼ Γðh → ggÞΓðh → γγÞ
ΓSMðh → ggÞΓSMðh → γγÞ

¼
���c2L þ s2L

FfðτTÞ
FfðτtÞ

���2

×
jNC

t Q2
t ½c2LFfðτtÞ þ s2LFfðτTÞ� þ FWðτWÞj2
jNC

t Q2
t FfðτtÞ þ FWðτWÞj2

: ð17Þ

In Fig. 3, we show the contour plot of ðμγγ − 1Þ in the
parameter space of mT , sL. We find that the typical
deviation ðμγγ − 1Þ is at the level of −0.5% ∼ −5%, which
is within the precision of current measurements [54]. As
with the results in Ref. [50], the constraints from Higgs
signal strength are quite loose.

F. Constraints from EDM

If there exists CP violation in the FCN interactions, it
will contribute to the electron electric dipole moment

(EDM). The neutron EDM and chromo EDM (CEDM)
will also be affected. Then, the imaginary parts of ytTL;R can
be constrained. Here, CP violation is only from the FCNY
interactions.
First, the FCN couplings can alter the electron EDM

through Barr-Zee diagrams at two-loop level [55] (see the
left and middle diagrams of Fig. 4). Here, the contributions
originate from the Z boson because there are no FCN
couplings for the photon. Because of the C invariance, only
vectorial couplings can contribute [55]. Now, we can make
a sketchy estimation. Compared to the photon diagram,
Z boson mediated Barr-Zee diagrams are suppressed by

λ2 ≡ gtTL þgtTR
2Qt

1−4s2W
4sWcW

∼ 0.01. The CP-violated htt coupling has
been bounded as jκ̃tj < 0.01 [56], which comes from
the ACME experiment with the electron EDM limit
jdej < 8.7 × 10−29 e · cm [57]. Currently, the limit is
improved to be jdej < 1.1 × 10−29e · cm [58]; then, we
can rescale the limit of κ̃t as jκ̃tj < 1.26 × 10−3. From a
naive analog, the constraints on FCNY couplings are
typically 1.26 × 10−3=λ2 ∼ Oð0.1Þ. But this argument is
not persuasive because the two-loop results are unknown
for these FCN coupling mediated diagrams. Therefore, we
need to resort to other methods.
Second, the FCN couplings can be constrained from top

quark EDM and CEDM. The top quark EDM is constrained
to be jdEDMt j < 5 × 10−20 e · cm at 90% CL [59–63] with
the ACME results [57]. Similarly, we can rescale the limit
of the top quark EDM to be jdEDMt j < 6.3 × 10−21e · cm or
jmtdEDMt =ej < 5.5 × 10−5 with the improved data [58].
The severe constraint on top quark CEDM is inferred from
the neutron EDM with the magnitude of jdCEDMt j < 2.1 ×
10−19 cm or jmtdCEDMt j < 1.9 × 10−3 at 90% CL [61–66].
In the right diagram of Fig. 4, we show the Feynman
diagram contributing to the top quark EDM. When the
photon is replaced by a gluon, we can get the contribution
to top CEDM. The interactions induced at one loop have
the following form:

L ⊃ −
i
2
dEDMt t̄σμνγ5tFμν −

igs
2
dCEDMt t̄σμνtaγ5tGa

μν: ð18Þ

The expressions of dEDMt and dCEDMt are computed as

FIG. 4. The Barr-Zee diagrams contributing to the electron EDM (left, middle) and the Feynman diagrams contributing to the top
quark EDM (right). For the fermion loops, counterclockwise diagrams should be included.

FIG. 3. The contour plot of the Higgs signal strength deviation
for the gg → h → γγ channel in the mT − sL plane.
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dEDMt ¼ eQTmT ½ytTR ðytTL Þ� − ytTL ðytTR Þ��
16π2

C1;

dCEDMt ¼ mT ½ytTR ðytTL Þ� − ytTL ðytTR Þ��
16π2

C1; ð19Þ

where C1 is defined as

C1 ¼
1

4m2
t
½B0ðm2

t ; m2
T; m

2
hÞ − B0ð0; m2

T; m
2
TÞ

þ ðm2
T −m2

t −m2
hÞC0ðm2

t ; 0; m2
t ; m2

h; m
2
T; m

2
TÞ�:

½ytTR ðytTL Þ� − ytTL ðytTR Þ�� can also be rewritten as
2iðReytTL ImytTR − ReytTR ImytTL Þ; thus, dEDMt ; dCEDMt will van-
ish if the imaginary parts of ytTL;R are both turned off. If we

take mT ¼ 700 GeV, top EDM and CEDM set the upper
limits of jytTR ðytTL Þ� − ytTL ðytTR Þ�j to be 0.21 and 4.9, respec-
tively. If we take mT ¼ 400 GeV, the corresponding upper
limits of jytTR ðytTL Þ� − ytTL ðytTR Þ�j are 0.12 and 2.8, respec-
tively. Thus, top quark EDM will give much stronger
constraints than top CEDM.

IV. PARTIAL DECAY WIDTH FORMULA
OF h → γZ

A. SM result

There are contributions from top and W loops for the
h → γZ decay. In Fig. 5, we show the Feynman diagrams
drawn by JaxoDraw [67]. The partial decay width in SM is
computed as [68–72]

ΓSMðh → γZÞ ¼ GFα
2m3

h

64
ffiffiffi
2

p
π3

�
1 −

m2
Z

m2
h

�
3
����
X
f

ð2NC
fQfÞ

If3 − 2Qfs2W
sWcW

Afðτf; λfÞ þ AWðτW; λWÞ
����
2

: ð20Þ

Here, τi and λi are defined as

τf ¼
4m2

f

m2
h

; τW ¼ 4m2
W

m2
h

; λf ¼
4m2

f

m2
Z
; λW ¼ 4m2

W

m2
Z
; ð21Þ

and the Af, AW are defined as

Afðτf; λfÞ≡ I1ðτf; λfÞ − I2ðτf; λfÞ;

AWðτW; λWÞ≡ 1

tW

���
1þ 2

τW

�
t2W −

�
5þ 2

τW

��
I1ðτW; λWÞ þ 4ð3 − t2WÞI2ðτW; λWÞ

	
;

I1ðτ; λÞ ¼
τλ

2ðτ − λÞ þ
τ2λ2

2ðτ − λÞ2 ½fðτÞ − fðλÞ� þ τ2λ

ðτ − λÞ2 ½gðτÞ − gðλÞ�;

I2ðτ; λÞ ¼ −
τλ

2ðτ − λÞ ½fðτÞ − fðλÞ�: ð22Þ

Here, fðτÞ is given in Appendix B and gðτÞ is defined as

gðτÞ≡
8<
:

ffiffiffiffiffiffiffiffiffiffi
τ − 1

p
arcsin



1ffiffi
τ

p
�
; for τ ≥ 1

1
2

ffiffiffiffiffiffiffiffiffiffi
1 − τ

p h
log 1þ ffiffiffiffiffiffi

1−τ
p

1−
ffiffiffiffiffiffi
1−τ

p − iπ
i
; for τ < 1

: ð23Þ

The fermionic part is dominated by the top quark because of the largest Yukawa coupling. Numerically, we can get

ð2NC
t QtÞ I

t
3
−2Qts2W
sWcW

Afðτt; λtÞ ∼ −0.65; AWðτW; λWÞ ∼ 12.03, which means the gauge boson contributions are almost 18.5 times
larger than the fermionic ones. It is obvious that the fermionic part and gauge boson part interfere destructively in the SM.

FIG. 5. Typical Feynman diagrams contributing to h → γZ decay in the SM. For the fermion loops, counterclockwise diagrams should
be included.
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B. New physics result

h → γZ decay has already been considered in many
models, for example, composite Higgs models [73,74],
minimal supersymmetric standard model (MSSM) [75,76],
next-to-minimal supersymmetric standard model [76,77],
extended scalar sector models [14,78,79], and other new
physics models [80]. In VLQ models, there are additional
fermion contributions: pure new quark loops, loops with
both SM and new quarks (see Fig. 6). The latter will be
induced by the FCN interactions. Such off-diagonal con-
tributions are always ignored in most studies [70,73]
because they are small compared to the diagonal terms.

As a second thought, this channel can be sensitive to large
nondiagonal couplings. Here, we do not enumerate models
with more fermions, where the effects of nondiagonal
couplings will be diluted or concealed. Besides, we only
focus on the cases in which the scalar sector is extended
with real gauge singlet scalars. In more complex scalar
sector models, the charged Higgs contributions will also
attenuate the flavor off-diagonal contributions.
Now, let us consider the partial decay width of h → γZ

with the general interactions in Eq. (11). Because of
UEMð1Þ gauge symmetry, the h → γZ amplitude possesses
the tensor structure6

iM ¼ iϵμðp1Þϵνðp2Þ½ðpμ
2p

ν
1 − p1 · p2gμνÞAþ ϵμνp1p2B�ðϵμνp1p2 ≡ ϵμνρσp1;ρp2;σÞ;

A≡ e2

8π2v
ðAW þAt þAT þAtTÞ; B≡ e2

8π2v
BtT ; ð24Þ

where AW;At;AT;AtT denote the contributions from W boson, top quark, T quark, and t − T mixed loops, respectively.
Their expressions are given as

AW ¼ AWðτW; λWÞ;

At ¼ 2NC
t QtðgtL þ gtRÞκtAfðτt; λtÞ ¼ 2NC

t Qtκt
1
2
c2L − 4

3
s2W

sWcW
Afðτt; λtÞ;

AT ¼ −2NC
TQT

yTv
mT

ðgTL þ gTRÞAfðτT; λTÞ ¼ −2NC
TQT

yTv
mT

1
2
s2L − 4

3
s2W

sWcW
AfðτT; λTÞ;

AtT ¼ −4NC
TQTgtTL

v
m2

h −m2
Z

�
mtReðytTL Þ

��
m2

h −m2
Z

2
−m2

t

�
C0ð0; m2

Z;m
2
h; m

2
t ; m2

t ; m2
TÞ

−m2
TC0ð0; m2

Z;m
2
h;m

2
T; m

2
T; m

2
t Þ −m2

Z
B0ðm2

h; m
2
t ; m2

TÞ − B0ðm2
Z;m

2
t ; m2

TÞ
m2

h −m2
Z

− 1

�

þmTReðytTR Þ
��

m2
h −m2

Z

2
−m2

T

�
C0ð0; m2

Z;m
2
h; m

2
T; m

2
T; m

2
t Þ

−m2
t C0ð0; m2

Z;m
2
h; m

2
t ; m2

t ; m2
TÞ −m2

Z
B0ðm2

h; m
2
t ; m2

TÞ − B0ðm2
Z;m

2
t ; m2

TÞ
m2

h −m2
Z

− 1

�	
: ð25Þ

Similarly, the expression of BtT is given as

BtT ¼ −2NC
TQTgtTL v½mtImðytTL ÞC0ð0; m2

Z;m
2
h; m

2
t ; m2

t ; m2
TÞ −mTImðytTR ÞC0ð0; m2

Z;m
2
h; m

2
T; m

2
T; m

2
t Þ�: ð26Þ

FIG. 6. Possible new fermion contributions to the h → γZ decay. For the fermion loops, counterclockwise diagrams should be
included.

6During the calculations, we have used FeynCalc to simplify the results [81,82].

SHI-PING HE PHYS. REV. D 102, 075035 (2020)

075035-8



Taking the mass of t, T quarks to be infinity, At, AT can be expanded as

At ≈ −
2

3
NC

t Qtκt
1
2
c2L − 4

3
s2W

sWcW

�
1þ 7m2

h þ 11m2
Z

120m2
t

þO
�
m4

h; m
2
hm

2
Z;m

4
Z

m4
t

��
;

AT ≈ −
2

3
NC

TQT

�
−
yTv
mT

� 1
2
s2L − 4

3
s2W

sWcW

�
1þ 7m2

h þ 11m2
Z

120m2
T

þO
�
m4

h; m
2
hm

2
Z;m

4
Z

m4
T

��
;

At þAT ≈ −
2NC

TQT

3sWcW

�
κt

�
1

2
c2L −

4

3
s2W

��
1þ 7m2

h þ 11m2
Z

120m2
t

�
þ
�
−
yTv
mT

��
1

2
s2L −

4

3
s2W

��
1þ 7m2

h þ 11m2
Z

120m2
T

��
: ð27Þ

For the 1
m2

t;T
suppressed contributions, we can get 7m

2
hþ11m2

Z

120m2
t

≈ 5.5%; 7m
2
hþ11m2

Z

120m2
T

≲ 1% if mT ≳ 400 GeV. The expansion of AtT

is a little bit complicated:

AtT ≈ −4NC
TQTgtTL

v
m2

h −m2
Z

�
mtReðytTL Þ

�
m2

h −m2
Z

m2
T

ð1 − r2tTÞð3 − r2tTÞ þ 2 log r2tT
4ð1 − r2tTÞ3

þO
�
m4

h; m
2
hm

2
Z;m

4
Z

m4
t ; m2

t m2
T; m

4
T

��

þmTReðytTR Þ
�
m2

h −m2
Z

m2
T

2r4tT log r
2
tT − ð1 − r2tTÞð1 − 3r2tTÞ
4ð1 − r2tTÞ3

þO
�
m4

h; m
2
hm

2
Z;m

4
Z

m4
t ; m2

t m2
T; m

4
T

��	

≈ −NC
TQTgtTL

v
m2

T
½mtReðytTL Þð3þ 2 log r2tTÞ −mTReðytTR Þ�: ð28Þ

Similarly, we can expand BtT as

BtT ≈ −2NC
TQTgtTL

v
m2

T

�
mtImðytTL Þ

�
1þ log r2tT þm2

h þm2
Z

m2
T

5þ 2ð1þ 2r2tTÞ log r2tT
4

�

þmTImðytTR Þ
�
1þ r2tT log r

2
tT þm2

h þm2
Z

m2
T

1þ 4r2tT log r
2
tT

4

�	
: ð29Þ

In Table III, we list the expressions of At þ AT; AtT; BtT in
three models, where we have neglected the 1

m2
t;T
suppressed

terms but keep the log r2tT enhanced terms.
The partial decay width formula is computed as

Γðh → γZÞ

¼ GFα
2m3

h

64
ffiffiffi
2

p
π3

�
1 −

m2
Z

m2
h

�
3

× ½jAt þ AT þ AtT þ AWðτW; λWÞj2 þ jBtT j2�: ð30Þ

C. Comments from the viewpoint
of low-energy theorem

As a matter of fact, we can also understand some
behaviors of the h → γZ amplitude resorting to the low-
energy theorem [83,84]. Just as the calculation of h → γγ
amplitude from photon self-energy contribution [85,86],
we may get the h → γZ amplitude through γ − Z mixed
self-energy contribution [87]. But what confuses us is that
there seems no off-diagonal fermion contributions to the
γ − Z two-point function because photon can only couple

TABLE III. The expressions of Āt þ ĀT ; ĀtT ; B̄tT in the SM, VLQT, and VLQTþ S. Here, we extract the common

factor − NC
TQT

3sWcW
for convenience, that is, redefinition of AðBÞ with − NC

TQT

3sWcW
ĀðB̄Þ. We take ĀT ¼ 0 naively in the SM

because of the absence of a T quark.

Āt þ ĀT ĀtT B̄tT

SM 1 − 8
3
s2W × ×

VLQT 1 − 8
3
s2W − 2s2Lc

2
L

3
2
s2Lc

2
L½1 − r2tTð3þ 2 log r2tTÞ� 0

VLQT þ S cθð1 − 8
3
s2W − 2s2Lc

2
LÞ þ

vReðyST Þ
mT

sθcR
cL

ð8
3
s2W − 2s2Lc

2
LÞ

3
2
sLcL½sLcLcθð1 − r2tTð3þ 2 log r2tTÞÞ þ
vReðyST Þ

mT
sθðsLcR − rtTð3þ 2 log r2tTÞsRcLÞ�

− 3v
mT

s2LcLcRsθImðySTÞ
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to the same flavor particle. The reason is that off-diagonal
couplings are proportional to the mixing angle, which is
suppressed by the heavy fermion mass. Thus, off-diagonal
contributions to the h → γZ amplitude vanish in the limit of
ph → 0, consistent with the corollary of low-energy theo-
rem. In other words, this channel will give looser con-
straints on off-diagonal couplings once one flavor of the
loop particles becomes heavier.

V. NUMERICAL RESULTS AND
CONSTRAINT PROSPECTS

Just similarly to the VLQTmodel, we take κt ¼ c2L; yT ¼
− mT

v s2L for simplicity but let ReðytTL Þ, ReðytTR Þ, ImðytTL Þ,
ImðytTR Þ be free. Then, we can choose several benchmark
scenarios and estimate the constraints on the magnitude and
sign of the FCNY couplings.
Since the branching ratio of h → γZ is about 1.5 × 10−3,

the modification of hγZ partial decay width will cause
negligible effects on the Higgs total width. At the high
luminosity LHC (HL-LHC), hγZ coupling can be measured
accurately [88,89]. The expected 1σ uncertainty of
Brðh → γZÞ is 19.1% [88], which gives the following
constraint:

jΓðh → γZÞ=ΓSMðh → γZÞ − 1j ≤ 19.1%: ð31Þ

It means jðjAj2 þ jBj2Þ=jASMj2 − 1j ≤ 19.1%. From now
on, we will choose mT ¼ 400 GeV and sL ¼ 0.2. As
mentioned above, there are four interesting parameters:
ReðytTL Þ;ReðytTR Þ; ImðytTL Þ; ImðytTR Þ. In the following, we
will plot the reached two-dimensional parameter space
by setting two of them to be zeros or imposing two
conditions.
In Fig. 7, we plot the parameter space regions allowed by

perturbative unitarity in Eq. (13) and the expected con-
straints at HL-LHC in Eq. (31) in different scenarios. The
reach regions are shown in blue at 1σ CL, and the 2σ
bounds in h → γZ decay are weaker than the unitarity
constraints. When evaluating the scalar loop functions,
LoopTools is employed [90]. In the first plot, we can find
that h → γZ decay gives a little stronger constraints than
perturbative unitarity in the first and third quadrants in
the case of vanishing imaginary parts of ytTL ; ytTR . In the
presence of imaginary part, the real part can be constrained
to be less than 3 roughly in the positive direction, while it
will give a looser bound than the unitary constraints in the
negative direction. In the case of vanishing real parts of
ytTL ; ytTR , the imaginary parts can only be constrained by
unitarity. When the couplings are pure left or pure right, the
real parts are also constrained to be less than 3 roughly in
the positive direction. For the cases of equal or conjugate
ytTL ; ytTR , the real parts can be bounded to be less than 1.5 in
the positive direction and greater than −3 in the negative
direction.

As a matter of fact, the behaviors in Fig. 7 can be
explained by the results in Sec. IV B qualitatively. In
jAt þ AT þ AtT þ AWðτW; λWÞj2, AtT can interfere con-
structively or destructively with AWðτW; λWÞ, while
jBtT j2 always enhances the partial width. It will give strong
constraints for the constructive case because of double
enhancement from AtT; BtT . AtT is proportional to real parts
of ytTL;R, while BtT receives the contribution from the
imaginary parts of ytTL;R. Thus, real parts of y

tT
L;R are more

tightly constrained than the imaginary parts because of the
interference with the large AWðτW; λWÞ term. If AtT > 0 (or
½mTReðytTR Þ − ð3þ 2 log r2tTÞmtReðytTL Þ� > 0), it will inter-
fere constructively with AWðτW; λWÞ. The appearance of
BtT will enhance the partial width further; thus, this case is
more strongly bounded. If AtT < 0, there will be some
cancellation between the destructive interference with
AWðτW; λWÞ and the enhancement from BtT . Thus, this
case is more loosely bounded.
Although the mtytTL term is suppressed by the factor mt

mT

compared to the mTytTR term, it is log r2tT enhanced. Thus,
we should take both of them into account. Because of
AtT ∼ ½mTReðytTR Þ − ð3þ 2 log r2tTÞmtReðytTL Þ�, the regions
of ReðytTL Þ;ReðytTR Þ with same sign are more strongly
bounded than those with opposite sign. Because of
BtT ∼ ½mtð1þ log r2tTÞImðytTL Þ þmTImðytTR Þ�, the regions
of ImðytTL Þ; ImðytTR Þ with opposite sign are more strongly
bounded than those with same sign [compare ytTL ¼ ytTR
case with the ytTL ¼ ðytTR Þ� case in Fig. 7].
Although the attempts show that the constraints are quite

loose, it is still worth investigating the FCNY couplings
through the h → γZ decay mode. The contributions of FCN
couplings are suppressed by both sL and

v
mT
. If sL is not very

small, it can give considerable constraints on the FCNY
couplings. When sL becomes very small (say, sL ¼ 0.1),
h → γZ decay will lose the power to constrain FCNY
couplings (looser than the perturbative unitarity bound).
When mT becomes very heavy (say TeV), it will also lose
the power to constrain FCNY couplings.
In Sec. III F, we have illustrated that the top quark

EDM may give some bounds on the FCNY couplings.
Because we have the identity ytTR ðytTL Þ� − ytTL ðytTR Þ� ¼
2iðReytTL ImytTR − ReytTR ImytTL Þ, the blind directions from
top EDM are ytTL ¼ 0, ytTR ¼ 0, ytTL ¼ ytTR , ImytTL ¼
ImytTR ¼ 0, and ReytTL ¼ ReytTR ¼ 0. For the three cases
ImðytTL Þ¼ReðytTR Þ¼0, ReðytTL Þ ¼ ImðytTR Þ ¼ 0, and ytTL ¼
ðytTR Þ�, the top quark EDM can give strong constraints. In
Fig. 7, we also show the allowed regions from top quark
EDM at 90% CL and perturbative unitarity (yellow) for
these three scenarios. From these plots, we can find that the
off-axis regions are strongly bounded by top EDM, while it
loses the constraining power in the near axis regions.
By the way, h → γγ depends only on the same flavor

Yukawa couplings, while h → γZ decay is also controlled
by the FCN couplings. By combing h → γγ; γZ together, it
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is possible to disentangle the FCNY couplings from the
same flavor Yukawa couplings. For the doublet and triplets
VLQ cases, there are extra heavy quarks besides the TL;R.
The new heavy quarks can contribute to the h → γZ decay;
thus, the FCNY coupling constraints will be quite loose.
Certainly, the FCN couplings can show up in other
processes, too. For example, we can search for new
physics through the di-Higgs production [91–93], while
the gg → hh process suffers from the anomalous hhh
coupling. The eþe− → hγ production at electron-positron
colliders is also an interesting process, and it has drawn

much attention of the community. It can also be a probe
of the anomalous hγZ and hγγ couplings. The SM
analysis for this process is given in Refs. [94–96]. There
are also some works on this process in many new physics
models, for example, the MSSM [96–99], extended
scalar sector models [100,101], VLQ models [102], effec-
tive field theory framework [103–106], and simplified
scenarios [107]. Besides, we can also probe the FCNY
couplings through direct production processes pp →
Tth; Tt; ThW; Thj. But they suffer from a low event rate.
Although the FCNY couplings may also be constrained

FIG. 7. The reach regions of ytTL ; ytTR in several scenarios. In the above plots, we take ImðytTL Þ ¼ ImðytTR Þ ¼ 0 (upper left), ImðytTL Þ ¼
ReðytTR Þ ¼ 0 (upper central), ReðytTL Þ ¼ ImðytTR Þ ¼ 0 (upper right), ReðytTL Þ ¼ ReðytTR Þ ¼ 0 (middle left), ytTR ¼ 0 (middle central),
ytTL ¼ 0 (middle right), ytTL ¼ ytTR (lower left), and ytTL ¼ ðytTR Þ� (lower right), respectively. Here, only the three scenarios
ImðytTL Þ ¼ ReðytTR Þ ¼ 0, ReðytTL Þ ¼ ImðytTR Þ ¼ 0, and ytTL ¼ ðytTR Þ� can be constrained by the top quark EDM constraints. The blue
region means that it can be reached by the h → γZ decay at 1σ CL and allowed by the unitarity bounds, and the yellow region means that
it is allowed by the EDM at 90% CL and unitarity bounds.
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from other processes, the detailed analyses in these
channels are beyond the scope of this work.

VI. CONCLUSIONS

There can exist FCN interactions between the top quark
and new heavy quark. To unravel the nature of flavor
structure and EWSB, it is of great importance to probe such
couplings. Unfortunately, it is difficult to constrain the FCN
couplings at both current and future experiments. Here, we
show how to bound the FCNY couplings in simplified
singlet TL, TR extended models generally.
In this paper, we have summarized the main constraints

from theoretical and experimental viewpoints. By turning
off other couplings naively, we get the perturbative unitarity
bounds on jytTL;Rj. After considering the constraints from
direct search, S, T parameters, top physics, and Higgs
signal strength, we take mT ¼ 400 GeV and sL ¼ 0.2 as
the benchmark point to get the optimal situation. Under this
benchmark point, we consider the future bounds from
h → γZ decay at HL-LHC numerically. The real parts of
ytTL;R in the positive direction can be limited to be less than
1.5 ∼ 3 because of the double enhancement. For the real

parts of ytTL;R in the negative direction, they are mainly
bounded by the perturbative unitarity. Finally, we find that
top quark EDM can give stronger bounds (especially the
imaginary parts of ytTL;R) than the perturbative unitarity and
h → γZ decay in the off-axis regions for some scenarios.
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APPENDIX A: PERTURBATIVE
UNITARITY ANALYSIS

1. Two-fermion process analysis

For the two-fermion process, we take the tt̄ → hh
process as an example. In Fig. 8, we give the Feynman
diagrams.7 The amplitude with general helicity can be
written as

iMρσðtt̄ → hhÞ ¼ −iv̄σðp2ÞðytTL ω− þ ytTR ωþÞ
�

1

p1 − =k1 −mT
þ 1

p1 − =k2 −mT

�
½ðytTR Þ�ω− þ ðytTL Þ�ωþ�uρðp1Þ

¼ −iv̄σðp2Þ
�
mTðjytTL j2ω− þ jytTR j2ωþÞ þmTðytTL ðytTR Þ�ω− þ ytTR ðytTL Þ�ωþÞ − ðjytTL j2ω− þ jytTR j2ωþÞ=k1

ðp1 − k1Þ2 −m2
T

þmTðjytTL j2ω− þ jytTR j2ωþÞ þmTðytTL ðytTR Þ�ω− þ ytTR ðytTL Þ�ωþÞ − ðjytTL j2ω− þ jytTR j2ωþÞ=k2
ðp1 − k2Þ2 −m2

T

�
uρðp1Þ:

ðA1Þ

In the high-energy limit p0
1;2 → ∞, it can be approximated as

iMρσðtt̄ → hhÞ ≈ iv̄σðp2ÞðjytTL j2ω− þ jytTR j2ωþÞ
�

=k1
ðp1 − k1Þ2 −m2

T
þ =k2
ðp1 − k2Þ2 −m2

T

�
uρðp1Þ: ðA2Þ

To calculate the above amplitude, we need to choose a reference frame. In the c.m. frame of initial particles, we can
parametrize the momenta p1, p2, k1, k2 and spinors as follows [41,108]:

pμ
1 ¼ ðEp; 0; 0; jp⃗jÞ; pμ

2 ¼ ðEp; 0; 0;−jp⃗jÞ;
kμ1 ¼ ðEk; jk⃗j sin θ; 0; jk⃗j cos θÞ; kμ2 ¼ ðEk;−jk⃗j sin θ; 0;−jk⃗j cos θÞ;
s ¼ ðp1 þ p2Þ2 ¼ ð2EpÞ2; t ¼ ðp1 − k1Þ2; u ¼ ðp1 − k2Þ2;

uþðp1Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ep − jp⃗jp
ξþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ep þ jp⃗jp
ξþ

�
; u−ðp1Þ ¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep þ jp⃗jp

ξ−ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep − jp⃗jp

ξ−

�
; ξþ ¼

�
1

0

�
; ξ− ¼

�
0

1

�
;

vþðp2Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ep þ jp⃗jp
ηþ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep − jp⃗jp

ηþ

�
; v−ðp2Þ ¼

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep − jp⃗jp

η−

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ep þ jp⃗jp

η−

�
; ηþ ¼

�−1
0

�
; η− ¼

�
0

−1

�
: ðA3Þ

7The diagrams mediated by s-channel Higgs propagator vanish in the high-energy limit because of the 1
ðp1þp2Þ2−m2

h
suppression.
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In the high-energy limit, we have

pμ
1 ≈ ðE; 0; 0; EÞ; pμ

2 ≈ ðE; 0; 0;−EÞ;
kμ1 ≈ ðE;E sin θ; 0; E cos θÞ; kμ2 ≈ ðE;−E sin θ; 0;−E cos θÞ;
s ≈ ð2EÞ2; t ≈ −2E2ð1 − cos θÞ; u ≈ −2E2ð1þ cos θÞ:

uþðp1Þ ≈
ffiffiffiffiffiffi
2E

p �
0⃗

ξþ

�
; u−ðp1Þ ≈

ffiffiffiffiffiffi
2E

p �
ξ−

0⃗

�
; vþðp2Þ ≈

ffiffiffiffiffiffi
2E

p �
ηþ

0⃗

�
; v−ðp2Þ ≈

ffiffiffiffiffiffi
2E

p �
0⃗

−η−

�
: ðA4Þ

Thus, we derive the following results:

iMþþðtt̄ → hhÞ ≈ −ijytTR j2
�

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1 − cos θÞ −

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1þ cos θÞ

�
;

iMþ−ðtt̄ → hhÞ ≈ −ijytTL j2 sin θ
�

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1 − cos θÞ −

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1þ cos θÞ

�
;

iM−þðtt̄ → hhÞ ≈ −ijytTR j2 sin θ
�

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1 − cos θÞ −

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1þ cos θÞ

�
;

iM−−ðtt̄ → hhÞ ≈ ijytTL j2
�

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1 − cos θÞ −

1

ðm2
h þm2

t −m2
TÞ=ð2E2Þ − ð1þ cos θÞ

�
: ðA5Þ

As we can see, there is no S-wave in this channel, namely,

aþþ
0 ðtt̄ → hhÞ ≈ a−−0 ðtt̄ → hhÞ ≈ aþ−

0 ðtt̄ → hhÞ
≈ a−þ0 ðtt̄ → hhÞ ≈ 0: ðA6Þ

Of course, there are many other two-fermion processes
(for example, tT̄ → hh; Tt̄ → hh; TT̄ → hh; tt̄ → WþW−;
tt̄ → ZZ; tt̄ → Zh) depending on the initial and final state
particles. Actually, all the two-fermion processes do not
contribute to the S-wave [40].

2. Four-fermion process analysis

For the four-fermion processes, we take the tt̄ → TT̄
process as an example. In Fig. 9, we give the Feynman
diagram. The amplitude with general helicity can be
written as

iMρσαβðtt̄ → TT̄Þ

¼ −
i

ðp1 − k1Þ2 −m2
h

ūαðk1ÞððytTR Þ�ω− þ ðytTL Þ�ωþÞ

× uρðp1Þv̄σðp2ÞðytTL ω− þ ytTR ωþÞvβðk2Þ: ðA7Þ

In the c.m. frame of initial particles, the representations of
spinors are listed as follows:

uþðp1Þ ≈
ffiffiffiffiffiffi
2E

p �
0⃗

ξþ

�
; u−ðp1Þ ≈

ffiffiffiffiffiffi
2E

p �
ξ−

0⃗

�
;

vþðp2Þ ≈
ffiffiffiffiffiffi
2E

p �
ηþ

0⃗

�
; v−ðp2Þ ≈

ffiffiffiffiffiffi
2E

p �
0⃗

−η−

�
;

uþðk1Þ ≈
ffiffiffiffiffiffi
2E

p �
0⃗

ξ̃þ

�
; u−ðk1Þ ≈

ffiffiffiffiffiffi
2E

p �
ξ̃−

0⃗

�
;

vþðk2Þ ≈
ffiffiffiffiffiffi
2E

p �
η̃þ

0⃗

�
; v−ðk2Þ ≈

ffiffiffiffiffiffi
2E

p �
0⃗

−η̃−

�
;

ξþ ¼
�
1

0

�
; ξ− ¼

�
0

1

�
; ηþ ¼

�−1
0

�
;

η− ¼
�

0

−1

�
; γ5 ¼

�−I2×2 0

0 I2×2

�
;

ξ̃þ ¼
�
cos θ

2

sin θ
2

�
; ξ̃− ¼

�− sin θ
2

cos θ
2

�
;

η̃þ ¼
�− cos θ

2

− sin θ
2

�
; η̃− ¼

�
sin θ

2

− cos θ
2

�
: ðA8Þ

Then, we can get the polarized amplitudes:FIG. 9. Feynman diagram for the tt̄ → TT scattering process.

FIG. 8. Feynman diagrams for the tt̄ → hh scattering process.
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iMþþþþðtt̄ → TT̄Þ ≈ iMþþþ−ðtt̄ → TT̄Þ
≈ iMþþ−þðtt̄ → TT̄Þ ≈ 0;

iMþþ−−ðtt̄ → TT̄Þ ≈ isytTR ðytTL Þ� sin2 θ
2

ðp1 − k1Þ2 −m2
h

;

iMþ−þþðtt̄ → TT̄Þ ≈ iMþ−þ−ðtt̄ → TT̄Þ
≈ iMþ−−−ðtt̄ → TT̄Þ ≈ 0;

iMþ−−þðtt̄ → TT̄Þ ≈ −
isjytTL j2 sin2 θ

2

ðp1 − k1Þ2 −m2
h

;

iM−þþþðtt̄ → TT̄Þ ≈ iM−þ−þðtt̄ → TT̄Þ
≈ iM−þ−−ðtt̄ → TT̄Þ ≈ 0;

iM−þþ−ðtt̄ → TT̄Þ ≈ −
isjytTR j2 sin2 θ

2

ðp1 − k1Þ2 −m2
h

;

iM−−þþðtt̄ → TT̄Þ ≈ isytTL ðytTR Þ� sin2 θ
2

ðp1 − k1Þ2 −m2
h

;

iM−−þ−ðtt̄ → TT̄Þ ≈ iM−−−þðtt̄ → TT̄Þ
≈ iM−−−−ðtt̄ → TT̄Þ ≈ 0: ðA9Þ

In general, the initial and final states both can be
tt̄; tT̄; Tt̄; TT̄. Thus, the coupled channel matrix is
16 × 16 (four states plus four helicity cases) even if we
do not consider the color degrees of freedom. To make the
problem as simple as possible, we only turn on the ytTL ; ytTR
couplings. Under this consideration, the nonzero coupled
channel amplitudes are

Mþþ−−ðtt̄ → TT̄Þ ≈ sytTR ðytTL Þ�sin2 θ
2

ðp1 − k1Þ2 −m2
h

;

Mþ−−þðtt̄ → TT̄Þ ≈ −
sjytTL j2sin2 θ

2

ðp1 − k1Þ2 −m2
h

;

M−þþ−ðtt̄ → TT̄Þ ≈ −
sjytTR j2sin2 θ

2

ðp1 − k1Þ2 −m2
h

;

M−−þþðtt̄ → TT̄Þ ≈ sytTL ðytTR Þ�sin2 θ
2

ðp1 − k1Þ2 −m2
h

: ðA10Þ

The corresponding S-wave amplitudes are calculated to be

aþþ−−
0 ðtt̄→TT̄Þ≈−

ytTR ðytTL Þ�
16π

; aþ−−þ
0 ðtt̄→TT̄Þ≈ jytTL j2

16π
;

a−þþ−
0 ðtt̄→TT̄Þ≈ jytTR j2

16π
; a−−þþ

0 ðtt̄→TT̄Þ≈−
ytTL ðytTR Þ�

16π
:

ðA11Þ

In the basis of þþ;þ−;−þ;−−, we can get the following
coupled channel matrix for this process:

a0ðtt̄→TT̄Þ¼ 1

16π

2
6664

0 0 0 −ytTR ðytTL Þ�
0 0 jytTL j2 0

0 jytTR j2 0 0

−ytTL ðytTR Þ� 0 0 0

3
7775:

ðA12Þ

Similarly, we can get the following coupled channel
matrices for the other processes in the basis of þþ;þ−;
−þ;−−:

a0ðTT̄→ tt̄Þ¼ 1

16π

2
6664

0 0 0 −ytTR ðytTL Þ�
0 0 jytTR j2 0

0 jytTL j2 0 0

−ytTL ðytTR Þ� 0 0 0

3
7775;

ðA13Þ

a0ðtT̄→ tT̄Þ¼ 1

16π

2
6664

−jytTL j2 0 0 ytTR ðytTL Þ�
0 0 0 0

0 0 0 0

ytTL ðytTR Þ� 0 0 −jytTR j2

3
7775; ðA14Þ

a0ðtT̄ → Tt̄Þ ¼ 1

16π

2
6664
−ðytTL Þ�ðytTR Þ� 0 0 0

0 0 ðytTL Þ�ðytTR Þ� 0

0 ðytTL Þ�ðytTR Þ� 0 0

0 0 0 −ðytTL Þ�ðytTR Þ�

3
7775; ðA15Þ

a0ðTt̄→ tT̄Þ ¼ 1

16π

2
6664
−ytTL ytTR 0 0 0

0 0 ytTL ytTR 0

0 ytTL ytTR 0 0

0 0 0 −ytTL ytTR

3
7775;

ðA16Þ

a0ðTt̄→Tt̄Þ¼ 1

16π

2
6664

−jytTR j2 0 0 ytTR ðytTL Þ�
0 0 0 0

0 0 0 0

ytTL ðytTR Þ� 0 0 −jytTL j2

3
7775: ðA17Þ
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In the basis of tt̄; TT̄; tT̄; Tt̄, we can get the following coupled channel matrix for all the four-fermion processes without
regard to the quark color:

a0 ¼

2
6664

04×4 a0ðtt̄ → TT̄Þ 04×4 04×4

a0ðTT̄ → tt̄Þ 04×4 04×4 04×4

04×4 04×4 a0ðtT̄ → tT̄Þ a0ðtT̄ → Tt̄Þ
04×4 04×4 a0ðTt̄ → tT̄Þ a0ðTt̄ → Tt̄Þ

3
7775: ðA18Þ

In the above, we write the coupled channel matrix in the block form. Obviously, this square matrix is 16 × 16. Then, we
can get the eigenvalues of a0 as,8

λþ1 ¼ 1

16π
jytTL j2; λ−1 ¼ −

1

16π
jytTL j2; λþ2 ¼ 1

16π
jytTR j2; λ−2 ¼ −

1

16π
jytTR j2;

λþ3 ¼ 1

16π
jytTL jjytTR j; λ−3 ¼ −

1

16π
jytTL jjytTR j;

λþ4 ¼ 1

32π


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjytTL j2 þ jytTR j2Þ2 þ 12jytTL j2jytTR j2

q
− jytTL j2 − jytTR j2

�
;

λ−4 ¼ 1

32π



−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjytTL j2 þ jytTR j2Þ2 þ 12jytTL j2jytTR j2

q
− jytTL j2 − jytTR j2

�
; ðA19Þ

where λ−1 ; λ
−
2 are doubly degenerate and λþ3 ; λ

−
3 are fourfold degenerate. S-wave unitarity requires that all the eigenvalues

must satisfy jReðλiÞj ≤ 1
2
. It will lead to the following constraints9:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjytTL j2 þ jytTR j2Þ2 þ 12jytTL j2jytTR j2

q
þ jytTL j2 þ jytTR j2 ≤ 16π: ðA20Þ

Note that jytTL j ≤ ffiffiffiffiffiffi
8π

p
, jytTR j ≤ ffiffiffiffiffiffi

8π
p

, and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jytTL jjytTR j

p
≤

ffiffiffiffiffiffi
8π

p
hold automatically in the above bound.

APPENDIX B: h → γγ CHANNEL ANALYSIS

1. SM result

The partial decay width of h → γγ for SM is given in Refs. [69,71],

ΓSMðh → γγÞ ¼ GFα
2m3

h

128
ffiffiffi
2

p
π3

j
X
f

NC
fQ

2
fFfðτfÞ þ FWðτWÞj2

�
τf ¼ 4m2

f

m2
h

; τW ¼ 4m2
W

m2
h

�
; ðB1Þ

with the Ff, FW defined by

FfðτfÞ≡ −2τf½1þ ð1 − τfÞfðτfÞ�; FWðτWÞ≡ 2þ 3τW þ 3τWð2 − τWÞfðτWÞ;

fðτÞ≡

8>><
>>:

arcsin2



1ffiffi
τ

p
�
; for τ ≥ 1

− 1
4

�
log 1þ ffiffiffiffiffiffi

1−τ
p

1−
ffiffiffiffiffiffi
1−τ

p − iπ

�
2

; for τ < 1
: ðB2Þ

For the fermionic part, the top quark is dominated because of the largest Yukawa coupling. Numerically, we can get
NC

t Q2
t FfðτtÞ ∼ −1.84; FWðτWÞ ∼ 8.32. This means the gauge boson contributions are almost 4.5 times larger than the

fermionic ones.

8When we take the quark color into account further, the matrix will become 48 × 48. Although the unitarity bounds may be improved,
the matrix will be quite large and complex to deal with.

9Remember that the bounds are just a rough estimation. If we turn on the other couplings (say yT, κt), these constraints may be altered.
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2. New physics result

Because of UEMð1Þ gauge symmetry, the h → γγ ampli-
tude possesses the following tensor structure:

iM ¼ iϵμðp1Þϵνðp2Þðpμ
2p

ν
1 − p1 · p2gμνÞAγ;

Aγ ≡ e2

8π2v
ð−FWðτWÞ þAγ

t þAγ
TÞ: ðB3Þ

The expressions of Aγ
t ;A

γ
T are given as

Aγ
t ¼−NC

t Q2
t κtFfðτtÞ; Aγ

T ¼NC
TQ

2
T
yTv
mT

FfðτTÞ: ðB4Þ

Taking the mass of t, T quarks to be infinity, they can be
expanded as

Aγ
t ≈−NC

t Q2
t κt

�
−
4

3
−
7m2

h

90m2
t

�
;

Aγ
T≈NC

TQ
2
T
yTv
mT

�
−
4

3
−

7m2
h

90m2
T

�
;

Aγ
t þAγ

T≈
4

3
NC

t Q2
t

��
κt−

yTv
mT

�
þκt ·

7m2
h

120m2
t
−
yTv
mT

·
7m2

h

120m2
T

�
:

ðB5Þ

The partial decay width formula is computed as10

Γðh→ γγÞ

¼ GFα
2m3

h

128
ffiffiffi
2

p
π3

jAγ
t þAγ

T −FWðτWÞj2

¼ GFα
2m3

h

128
ffiffiffi
2

p
π3

����NC
t Q2

t

�
κtFfðτtÞ−

yTv
mT

FfðτTÞ
�
þFWðτWÞ

����
2

:

ðB6Þ
In Table IV, we list the expressions of Aγ

t þ Aγ
T in several

models, where we have neglected the 1
m4

t;T
suppressed terms.

We can see that the Aγ
t þ Aγ

T in VLQT and VLQTþ S
models are close to those in SM. In fact, it is difficult to
detect VLQ in the hγγ decay channel [21].

APPENDIX C: ASYMPTOTIC BEHAVIORS OF THE LOOP FUNCTIONS

The B0 function is defined as [108]

B0ðk2; m2
0; m

2
1Þ≡ ð2πμÞ4−D

iπ2

Z
dDq

1

ðq2 −m2
0Þ½ðqþ kÞ2 −m2

1�

¼ Δϵ −
Z

1

0

dx log
xm2

1 þ ð1 − xÞm2
0 − xð1 − xÞk2

μ2

�
Δϵ ¼

1

ϵ
− γE þ log 4π; D ¼ 4 − 2ϵ

�
: ðC1Þ

In the limit of k2 ≪ m2
0; m

2
1, the B0 function can be expanded as

B0ðk2; m2
0; m

2
1Þ ¼ B0ð0; m2

0; m
2
1Þ þ

∂B0ðk2; m2
0; m

2
1Þ

∂k2
����
k2¼0

k2 þO
�
k4

m4
0

;
k4

m2
0m

2
1

;
k4

m4
1

�

¼ Δϵ þ 1 −
m2

0 log
m2

0

μ2
−m2

1 log
m2

1

μ2

m2
0 −m2

1

þ
m4

0 −m4
1 þ 2m2

0m
2
1 log

m2
1

m2
0

2ðm2
0 −m2

1Þ3
k2 þO

�
k4

m4
0

;
k4

m2
0m

2
1

;
k4

m4
1

�
: ðC2Þ

The C0 function is defined as

TABLE IV. The expressions of Āγ
t þ Āγ

T in the SM, VLQT, and
VLQTþ S under the heavy quark limit. Here, we extract the
common factor NC

t Q2
t for convenience, that is, redefinition of Aγ

with NC
t Q2

t Āγ . We take Āγ
T ¼ 0 naively in the SM because of the

absence of a T quark.

Āγ
t þ Āγ

T

General 4
3

h
ðκt − yTv

mT
Þ þ κt ·

7m2
h

120m2
t
− yTv

mT
· 7m2

h
120m2

T

i
SM 4

3
ð1þ 7m2

h
120m2

t
Þ

VLQT 4
3
ð1þ c2L ·

7m2
h

120m2
t
þ s2L ·

7m2
h

120m2
T
Þ

VLQTþ S 4
3

h
cθ − v

mT
ReðySTÞsθ cR

cL
þ

ðc2Lcθ − v
mT

ReðySTÞsθ s2LcR
cL

Þ · 7m2
h

120m2
t
þ

ðs2Lcθ − v
mT

ReðySTÞsθcLcRÞ · 7m2
h

120m2
T

i

10The h → gg partial decay width is similar to the fermionic part in the γγ decay.
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C0ðk21;k212; k22;m2
0;m

2
1;m

2
2Þðk12≡ k1 − k2Þ≡ ð2πμÞ4−D

iπ2

Z
dDq

1

ðq2−m2
0Þ½ðqþ k1Þ2−m2

1�½ðqþ k2Þ2−m2
2�

¼−
Z

1

0

Z
1

0

Z
1

0

dxdydz
δðxþ yþ z− 1Þ

ðyk1þ zk2Þ2þ xm2
0þ ym2

1þ zm2
2 − yk21 − zk22

: ðC3Þ

Then, we have

C0ð0; m2
Z;m

2
h;m

2
t ; m2

t ; m2
TÞ ¼ C0ð0; m2

Z;m
2
h; m

2
T; m

2
t ; m2

t Þ

¼ −
Z

1

0

Z
1

0

Z
1

0

dxdydz
δðxþ yþ z − 1Þ

½yp1 þ zðp1 þ p2Þ�2 þ ðxþ yÞm2
t þ zm2

T − yp2
1 − zðp1 þ p2Þ2

¼ −
Z

1

0

Z
1

0

Z
1

0

dxdydz
δðxþ yþ z − 1Þ

yzðm2
h −m2

ZÞ þ z2m2
h þ ðxþ yÞm2

t þ zm2
T − zm2

h

: ðC4Þ

In the limit of mh;mZ ≪ mf, the C0ð0; m2
Z;m

2
h; m

2
f; m

2
f; m

2
fÞ function can be expanded as

C0ð0; m2
Z;m

2
h; m

2
f; m

2
f; m

2
fÞ ¼ −

1

2m2
f

�
1þm2

h þm2
Z

12m2
f

þO
�
m4

h;m
2
hm

2
Z;m

4
Z

m4
f

��
: ðC5Þ

In the limit of mh;mZ ≪ mt;mT , the C0ð0; m2
Z;m

2
h; m

2
t ; m2

t ; m2
TÞ function can be expanded as

C0ð0; m2
Z;m

2
h; m

2
t ; m2

t ; m2
TÞ ¼ C0ð0; 0; 0; m2

t ; m2
t ; m2

TÞ þ
∂C0ð0; m2

Z;m
2
h;m

2
t ; m2

t ; m2
TÞ

∂m2
h

����
ðmh¼0;mZ¼0Þ

m2
h

þ ∂C0ð0; m2
Z;m

2
h; m

2
t ; m2

t ; m2
TÞ

∂m2
Z

����
ðmh¼0;mZ¼0Þ

m2
Z þO

�
m4

h; m
2
hm

2
Z;m

4
Z

m6
t ; m4

t m2
T; m

2
t m4

T; m
6
T

�
; ðC6Þ

with

C0ð0; 0; 0; m2
t ; m2

t ; m2
TÞ ¼ C0ð0; 0; 0; m2

T; m
2
t ; m2

t Þ ¼
1

m2
T

1 − r2tT þ log r2tT
ð1 − r2tTÞ2

�
rtT ¼ mt

mT

�
;

∂C0ð0; m2
Z;m

2
h; m

2
t ; m2

t ; m2
TÞ

∂m2
h

����
ðmh¼0;mZ¼0Þ
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2
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2
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Z

����
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m4
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4ð1 − r2tTÞ4

: ðC7Þ

Thus, we have

C0ð0; m2
Z;m

2
h; m

2
t ; m2

t ; m2
TÞ ≈

1

m2
T

�
1þ log r2tT þm2

h þm2
Z

m2
T

5þ 2ð1þ 2r2tTÞ log r2tT
4

�
: ðC8Þ

For the case of C0ð0; m2
Z;m

2
h; m

2
T; m

2
T; m

2
t Þ, we can get the corresponding results via the replacement mt ↔ mT . For

example, we have

C0ð0; m2
Z;m

2
h; m

2
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2
T; m

2
t Þ ≈ −

1
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�
1þ r2tT log r

2
tT þm2
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Z
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1þ 4r2tT log r
2
tT

4

�
: ðC9Þ

Here, we also give the heavy mf expansion of the functions

fðτfÞ ¼
m2

h

4m2
f

þ m4
h

48m4
f

þO
�
m6

h

m6
f

�
; FfðτfÞ ¼ −

4

3
−

7m2
h

90m2
f

þO
�
m4

h

m4
f

�
ðC10Þ
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and

Afðτf; λfÞ ¼
m2

f

m2
h −m2

Z

�
ðm2

h −m2
Z − 4m2
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f
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4
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In the following, we list some special limits of the loop integrals:

lim
τf→0

FfðτfÞ ¼ 0; lim
τf→∞

FfðτfÞ ¼ −
4

3
;

lim
τW→0

FWðτWÞ ¼ 2; lim
τW→∞

FWðτWÞ ¼ 7;

lim
λ→∞

I1ðτ; λÞ ¼
τ2

2
fðτÞ − τ

2
; lim

λ→∞
I2ðτ; λÞ ¼

τ

2
fðτÞ;

lim
λf→∞

Afðτf; λfÞ ¼
τf
2
½ðτf − 1ÞfðτfÞ − 1� ¼ 1

4
FfðτfÞ;

lim
λW→∞

AWðτW; λWÞ ¼
1

2tW
½ð5 − t2WÞτWð2 − τWÞfðτWÞ þ 2þ 5τW − t2Wð2þ τWÞ�: ðC12Þ
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