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One- and two-zero textures for the flavor neutrinomassmatrix have been successful in explainingmixing in
the neutrino sector. Conservatively, six cases of one-zero textures and seven cases of two-zero textures are
compatiblewith observations.We show that one casemaybe themost natural in the one- and two-zero textures
schemes if tiny neutrino masses are generated by the type-II seesaw mechanism in triplet Higgs models.
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I. INTRODUCTION

The origin of the tiny masses and flavor mixing of
neutrinos is a long-term mystery in particle physics. The
seesaw mechanism is one of the leading theoretical
mechanisms for generating tiny neutrino masses. There
are three types of seesaw mechanisms [1].

1. Type I: Right-handed singlet neutrinos are intro-
duced in the standard model [2–6].

2. Type II: A triplet scalar (triplet Higgs boson) is
introduced in the standard model [7–12].

3. Type III: Triplet fermions are introduced in the
standard model [13].

To solve the origin of flavor mixing of neutrinos, there
have been various discussions on the texture zeros approach
for flavor neutrino masses [14]. In this approach, we assume
that the flavor neutrino mass matrix has zero elements.
In the one-zero texture scheme, there are the following

six cases for the flavor neutrino mass matrix:

G1∶

0
B@

0 × ×

− × ×

− − ×

1
CA; G2∶

0
B@

× 0 ×

− × ×

− − ×

1
CA;

G3∶

0
B@

× × 0

− × ×

− − ×

1
CA; G4∶

0
B@

× × ×

− 0 ×

− − ×

1
CA;

G5∶

0
B@

× × ×

− × 0

− − ×

1
CA; G6∶

0
B@

× × ×

− × ×

− − 0

1
CA: ð1Þ

All six cases of one-zero textures are consistent with
observations [15].
In the two-zero texture scheme, there are 15 possible

combinations of two vanishing independent elements in the
3 × 3 Majorana flavor neutrino mass matrix. The neutrino
oscillation data allow only 7 out of the 15 cases [16–20],

A1∶

0
B@

0 0 ×

− × ×

− − ×

1
CA; A2∶

0
B@

0 × 0

− × ×

− − ×

1
CA;

B1∶

0
B@

× × 0

− 0 ×

− − ×

1
CA; B2∶

0
B@

× 0 ×

− × ×

− − 0

1
CA;

B3∶

0
B@

× 0 ×

− 0 ×

− − ×

1
CA; B4∶

0
B@

× × 0

− × ×

− − 0

1
CA;

C∶

0
B@

× × ×

− 0 ×

− − 0

1
CA: ð2Þ

If neutrinoless double beta decay is observed in future
experiments, the A1 and A2 cases should be excluded
[21,22]. Moreover, Singh shows only B2 and B4 are
compatible with recent data at 2σ [23]. In this paper, all
seven cases of two-zero textures in Eq. (2) are included in
our study in a conservative manner.
The origin of such texture zeros is discussed in

Refs. [24–32]. The phenomenology of one-zero and two-
zero textures is studied in, for example, Refs. [33–39] and
Refs. [16,17,20,40–52], respectively.
In this paper, we demonstrate that all six cases of

one-zero textures (G1;G2;…;C6) and all seven cases of
two-zero textures (A1;A2;B1;…;B4;C) are excluded if
the following two conditions are satisfied:
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C1: Neutrino masses are generated by the type-II seesaw
mechanism in triplet Higgs models.

C2: The three lepton flavor violating processes μ → ēee,
τ → μ̄μμ, and τ → ēee are all explicitly forbidden
either experimentally or theoretically.

Moreover, we show that the G6 case is viable only if the
condition C1 as well as the following conditions is satisfied:
C3: The three lepton flavor violating processes μ → ēee,

τ → μ̄μμ, and τ → ēee are all observed experimen-
tally or undoubtedly are predicted theoretically.

Even if part of these three lepton flavor violating processes is
allowed, such as BRðμ → ēeeÞ ≠ 0, BRðτ → μ̄μμÞ ¼ 0, and
BRðτ → ēeeÞ ¼ 0, other cases of one- and two-zero textures
may be allowed; however, we show that the G6 case may be
the most natural in the one- and two-zero textures schemes.
We also show that this conclusion becomes more

rigid by including other four lepton flavor violating
processes, τ → μ̄ee, τ → μ̄eμ, τ → ēμμ, and τ → ēeμ in
our discussions.
The paper is organized as follows. In Sec. II, we present a

brief review of the triplet Higgs model. In Sec. III, we show
that the G6 case may be the most natural in the one- and
two-zero textures schemes if the neutrino masses are
generated by the type-II seesaw mechanism in triplet
Higgs models. Section IV is devoted to a summary.

II. TRIPLET HIGGS MODEL

We assume that neutrino masses are generated by the
type-II seesaw mechanism in triplet Higgs models. In triplet
Higgs models [7–12], an SUð2Þ triplet scalar field

Δ ¼
�
ξþ=

ffiffiffi
2

p
ξþþ

ξ0 −ξþ=
ffiffiffi
2

p
�

ð3Þ

is introduced into the particle contents of the standard
model. This triplet of scalar fields yields a Majorana mass
of the neutrinos via the following Yukawa interaction:

L ¼ yijψT
iLCiτ2Δψ jL þ H:c:; ð4Þ

where yij ði; j ¼ e; μ; τÞ is the ði; jÞ element of the complex
and symmetric Yukawa coupling matrix, C is the charge
conjugation, τ2 is a Pauli matrix, and ψ iL ¼ ðνi;liÞTL is a
standard model left-handed lepton doublet. After ξ0 devel-
ops a nonzero vacuum expectation value vΔ ¼ hξ0i,
Majorana neutrino masses Mij are generated.
One of the most important relations in triplet Higgs

models is the one-to-one correspondence between the flavor
neutrino masses Mij and Yukawa couplings yij [53–55]:

yij ¼
Mijffiffiffi
2

p
vΔ

: ð5Þ

These Yukawa matrix elements yij are also related to
lepton flavor violating processes [53–58]. For example, the

virtual exchange of doubly charged Higgs bosons induces
an effective interaction of four charged leptons for lm →
l̄iljlk decay at tree level. The branching ratios for the
lepton flavor violating decays μ → ēee and τ → l̄iljlk are
given by

BRðμ → ēeeÞ ¼ jyμej2jyeej2
4G2

FM
4
��

BRðμ → eν̄νÞ ð6Þ

and

BRðτ → l̄iljlkÞ ¼
Sjyτij2jyjkj2
4G2

FM
4
��

BRðτ → μν̄νÞ; ð7Þ

where S ¼ 1ð2Þ for j ¼ k (j ≠ k),GF is the Fermi coupling
constant, andM�� denotes the mass of the doubly charged
Higgs bosons [55].
Thanks to the one-to-one correspondence between the

flavor neutrino masses and Yukawa couplings, the branch-
ing ratios of the lepton flavor violating decay lm → l̄iljlk
directly connect with the neutrino flavor masses,

BRðμ → ēeeÞ ∝ jMeμj2jMeej2;
BRðτ → μ̄μμÞ ∝ jMμτj2jMμμj2;
BRðτ → ēeeÞ ∝ jMeτj2jMeej2; ð8Þ

as well as

BRðτ → μ̄eeÞ ∝ jMμτj2jMeej2;
BRðτ → μ̄eμÞ ∝ jMμτj2jMeμj2;
BRðτ → ēμμÞ ∝ jMeτj2jMμμj2;
BRðτ → ēeμÞ ∝ jMeτj2jMeμj2: ð9Þ

These simple relations between the branching rations and
the flavor neutrino mass matrix in Eqs. (8) and (9) are
useful for testing the availability of the zero texture of the
flavor neutrino mass matrix. For example, we can test the
availability of a texture which has Mee ¼ 0 by using a
branching ratio which is proportional to Mee such as
BRðμ → ēeeÞ ∝ jMμτj2jMeej2.
Wewould like to note again that the origin of these simple

relations inEqs. (8) and (9) is the one-to-one correspondence
between Mij and yij [Eq. (5)] in the type-II seesaw
mechanism. In the type-I and -III seesaw mechanisms, we
obtain more complicated correspondences betweenMij and
yij, such as the Casas-Ibarra parametrization [59,60] for the
type-I seesaw mechanism. This is the reason why we chose
the type-II seesawmechanism, not type I or III, to explain the
neutrino mass along with texture zeros.
In the next section, we use these branching ratios of the

lepton flavor violating processes to test the availability of
the one- and two-zero textures. First, we will include only
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three branching ratios in Eq. (8) in our discussion to show
our strategy. Then we include the remaining four branching
ratios in Eq. (9) in our discussion to complete this paper.

III. TEXTURE ZEROS

A. BRðμ → 3e;τ → 3μ;τ → 3eÞ= 0 case

In this subsection, we assume that the three lepton flavor
violating processes μ → ēee, τ → μ̄μμ, and τ → ēee are all
explicitly forbidden either experimentally or theoretically.
In this case, at least the branching ratio BRðμ → ēeeÞ, as

well as Mee and/or Meμ, should vanish. If we require the
conditions of Mee ¼ 0 and/or Meμ ¼ 0 for the G3 case in
the one-zero textures scheme

G3∶

0
B@

× × 0

− × ×

− − ×

1
CA; ð10Þ

the following three flavor neutrino mass matrix are
obtained:

0
B@

0 × 0

− × ×

− − ×

1
CA;

0
B@
× 0 0

− × ×

− − ×

1
CA;

0
B@

0 0 0

− × ×

− − ×

1
CA: ð11Þ

However, the one-zero textures assumption is violated in
these matrices by an additional vanishing entry. Therefore,
the G3 case in the one-zero textures scheme should be
excluded if the lepton flavor violating process μ → ēee is
explicitly forbidden. In the same manner, we can exclude
the following G4, G5, and G6 cases,

G4∶

0
B@

× × ×

− 0 ×

− − ×

1
CA; G5∶

0
B@

× × ×

− × 0

− − ×

1
CA;

G6∶

0
B@

× × ×

− × ×

− − 0

1
CA; ð12Þ

if the lepton flavor violating process μ → ēee is explicitly
forbidden. Moreover, the following B1, B4, and C cases in
the two-zero textures scheme,

B1∶

0
B@

× × 0

− 0 ×

− − ×

1
CA; B4∶

0
B@

× × 0

− × ×

− − 0

1
CA;

C∶

0
B@

× × ×

− 0 ×

− − 0

1
CA; ð13Þ

are also excluded if we require the conditions of Mee ¼ 0
and/or Meμ ¼ 0 (the two-zero textures assumption should
be violated by this requirement).
Consequently, the G3, G4, G5, and G6 cases of one-zero

textures and B1, B4, and C cases of two-zero textures
should be excluded if the lepton flavor violating process
μ → ēee is explicitly forbidden.
In addition to the lepton flavor violating process μ → ēee,

we can use other two lepton flavor violating processes
τ → μ̄μμ and τ → ēee to test the compatibility of the one-
and two-zero textures. Table I shows the compatibility
of the cases in the one- and two-zero textures schemes
with the vanishing branching ratios BRðμ → ēeeÞ ¼ 0,
BRðτ → μ̄μμÞ ¼ 0, and BRðτ → ēeeÞ ¼ 0. The symbol ×
indicates that the corresponding case should be excluded.
We conclude that all six cases of one-zero textures

(G1;G2;…;C6) and all seven cases of two-zero textures
(A1;A2;B1;…;B4;C) should be excluded if the neutrino
masses are generated by the type-II seesaw mechanism in
the triplet Higgs models, and the three lepton flavor
violating processes μ → ēee, τ → μ̄μμ, and τ → ēee are
all explicitly forbidden.

B. BRðμ → 3e;τ → 3μ;τ → 3eÞ ≠ 0 case

In this subsection, we assume that the three lepton flavor
violating processes μ → ēee, τ → μ̄μμ, and τ → ēee are all
observed experimentally or undoubtedly are predicted
theoretically.
In this case, at least the branching ratio BRðμ → ēeeÞ, as

well as Mee and Meμ, cannot vanish. The nonvanishing
elements Mee and Meμ (Mee ≠ 0 and Meμ ≠ 0) are incon-
sistent with the G1, G2, A1, A2, B2, and B3 cases in the one-
and two-zero textures scheme:

TABLE I. Compatibility of the cases in the one- and
two-zero textures scheme with the vanishing branching ratios
BRðμ → ēeeÞ ¼ 0, BRðτ → μ̄μμÞ ¼ 0, and BRðτ → ēeeÞ ¼ 0.
The symbol × indicates that the corresponding case should be
excluded.

BRðμ → 3eÞ ¼ 0 BRðτ → 3μÞ ¼ 0 BRðτ → 3eÞ ¼ 0

G1 ×
G2 × ×
G3 × ×
G4 × ×
G5 × ×
G6 × × ×

A1 ×
A2 ×

B1 ×
B2 × ×
B3 ×
B4 × ×

C × ×
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G1∶

0
B@

0 × ×

− × ×

− − ×

1
CA; G2∶

0
B@

× 0 ×

− × ×

− − ×

1
CA;

A1∶

0
B@

0 0 ×

− × ×

− − ×

1
CA; A2∶

0
B@

0 × 0

− × ×

− − ×

1
CA;

B2∶

0
B@

× 0 ×

− × ×

− − 0

1
CA; B3∶

0
B@

× 0 ×

− 0 ×

− − ×

1
CA: ð14Þ

Therefore, the G1, G2, A1, A2, B2, and B3 cases in the
one- and two-zero textures scheme should be excluded
if the lepton flavor violating processes μ → ēee are
observed experimentally or undoubtedly are predicted
theoretically.
Addition to the lepton flavor violating process μ → ēee,

the other two lepton flavor violating processes τ → μ̄μμ and
τ → ēee are available for evaluation of the viability of the
one- and two-zero textures. Table II shows the compati-
bility of the cases in the one- and two-zero textures schemes
with the nonvanishing branching ratios BRðμ → ēeeÞ ≠ 0,
BRðτ → μ̄μμÞ ≠ 0, and BRðτ → ēeeÞ ≠ 0. The symbol ×
indicates that the corresponding case should be excluded.
We conclude that only G6 case is viable in one- and two-

zero textures of the flavor neutrino mass matrix if the
neutrino masses are generated by the type-II seesaw
mechanism in triplet Higgs models and the three lepton
flavor violating processes μ → ēee, τ → μ̄μμ, and τ → ēee
are all observed experimentally or undoubtedly are pre-
dicted theoretically.

C. Hybrid cases for μ → 3e, τ → 3μ, τ → 3e

Based on the above discussion, it turned out that if the
neutrino masses are generated by the type-II seesaw
mechanism in the triplet Higgs models and the three lepton
flavor violating processes μ → ēee, τ → μ̄μμ, and τ → ēee
are all forbidden, there is no room for one- and two-zero
textures. On the other hand, if all three processes exist, only
the G6 case is viable in one- and two-zero textures.
If parts of these three lepton flavor violating processes

are allowed, such as

BRðμ → ēeeÞ ≠ 0; BRðτ → μ̄μμÞ ¼ 0;

BRðτ → ēeeÞ ¼ 0; ð15Þ

other cases of one- and two-zero texturesmay be allowed. For
example, in the case shown inEq. (15), theG6 case is ruled out
and only the B1 case is allowed. Similarly, in the cases

BRðμ → ēeeÞ ¼ 0; BRðτ → μ̄μμÞ ≠ 0;

BRðτ → ēeeÞ ¼ 0 ð16Þ

and

BRðμ → ēeeÞ ¼ 0; BRðτ → μ̄μμÞ ¼ 0;

BRðτ → ēeeÞ ≠ 0; ð17Þ

the allowed cases of one- and two-zero textures are G1, A1,
A2, and B3, respectively.
Table III shows the allowed cases in the one- and

two-zero textures schemes for μ → 3e, τ → 3μ, and
τ → 3e. The abbreviation “NZ” indicates a nonzero value
for the branching ratio. It is remarkable that the each
of G1;G2; � � � ;C cases appears only once in Table III.
Therefore, we can predict the allowed combination of
nonvanishing branching ratios by the one- and two-zero
flavor neutrino mass matrix textures.
Although whether or not the three lepton flavor violating

processes μ → ēee, τ → μ̄μμ, and τ → ēee are forbidden is
still undetermined, we can suggest that either

TABLE II. Compatibility of the cases in the one- and two-zero
textures scheme with the nonvanishing branching ratios
BRðμ → ēeeÞ ≠ 0, BRðτ → μ̄μμÞ ≠ 0, and BRðτ → ēeeÞ ≠ 0.
The symbol × indicates that the corresponding case should be
excluded.

BRðμ → 3eÞ ≠ 0 BRðτ → 3μÞ ≠ 0 BRðτ → 3eÞ ≠ 0

G1 × ×
G2 ×
G3 ×
G4 ×
G5 ×
G6

A1 × ×
A2 × ×

B1 × ×
B2 ×
B3 × ×
B4 ×

C ×

TABLE III. Allowed cases in the one- and two-zero textures
scheme for μ → 3e, τ → 3μ, and τ → 3e. The abbreviation “NZ”
indicates a nonzero value for the branching ratio.

BRðμ → 3eÞ BRðτ → 3μÞ BRðτ → 3eÞ Allowed cases

0 0 0 � � �
0 NZ 0 G1, A1, A2

0 0 NZ B3

0 NZ NZ G2, B4

NZ 0 0 B1

NZ NZ 0 G3, B4

NZ 0 NZ G4, G5, C
NZ NZ NZ G6
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BRðμ→ ēeeÞ¼BRðτ→ μ̄μμÞ¼BRðτ→ ēeeÞ¼ 0 ð18Þ

or

BRðμ→ ēeeÞ≠BRðτ→ μ̄μμÞ≠BRðτ→ ēeeÞ≠ 0 ð19Þ

may be the most natural case. Otherwise, the appropriate
selection mechanisms for lm → l̄iljlk decay at tree level
are required in the models.
We can conclude that if the tiny neutrino masses are

generated by the type-II seesaw mechanism, only the G6

case may be most natural in one- and two-zero textures
schemes. This conclusion becomes more rigid in the next
subsection.

D. τ → μ̄ee, τ → μ̄eμ, τ → ēμμ, and τ → ēeμ

In the last subsection, we include only three branching
ratios in Eq. (8) in our discussion to show our strategy. Now
we include the remaining four branching ratios in Eq. (9) in
our discussion to complete this paper.
According to the same method as in the last subsection,

we estimate the compatibility of the cases in the one- and
two-zero textures schemes with four branching ratios in
Eq. (9). The results are shown in Tables IV–VI.
Table IV shows the compatibility of the cases in the

one- and two-zero textures schemes with the vanishing
branching ratios BRðτ → μ̄eeÞ ¼ 0, BRðτ → μ̄eμÞ ¼ 0,
BRðτ → ēμμÞ ¼ 0, and BRðτ → ēeμÞ ¼ 0. We see that
all six cases of one-zero textures (G1;G2;…;C6) and all
seven cases of two-zero textures (A1;A2;B1;…;B4;C)

TABLE IV. Compatibility of the cases in the one- and two-zero textures schemes with the vanishing branching
ratios BRðτ → μ̄eeÞ ¼ 0, BRðτ → μ̄eμÞ ¼ 0, BRðτ → ēμμÞ ¼ 0, and BRðτ → ēeμÞ ¼ 0. The symbol × indicates
that the corresponding case should be excluded.

BRðτ → μ̄eeÞ ¼ 0 BRðτ → μ̄eμÞ ¼ 0 BRðτ → ēμμÞ ¼ 0 BRðτ → ēeμÞ ¼ 0

G1 × × ×
G2 × ×
G3 × ×
G4 × × ×
G5 × ×
G6 × × × ×

A1 ×
A2 ×

B1 × ×
B2 × ×
B3 ×
B4 × ×

C × × ×

TABLE V. Compatibility of the cases in the one- and two-zero textures schemes with the vanishing branching
ratios BRðτ → μ̄eeÞ ≠ 0, BRðτ → μ̄eμÞ ≠ 0, BRðτ → ēμμÞ ≠ 0, and BRðτ → ēeμÞ ≠ 0. The symbol × means the
corresponding case should be excluded.

BRðτ → μ̄eeÞ ≠ 0 BRðτ → μ̄eμÞ ≠ 0 BRðτ → ēμμÞ ≠ 0 BRðτ → ēeμÞ ≠ 0

G1 ×
G2 × ×
G3 × ×
G4 ×
G5 × ×
G6

A1 × × ×
A2 × × ×

B1 × ×
B2 × ×
B3 × × ×
B4 × ×

C ×
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should be excluded if the neutrino masses are generated by
the type-II seesaw mechanism in triplet Higgs models and
all four lepton flavor violating processes τ → μ̄ee,
τ → μ̄eμ, τ → ēμμ, and τ → ēeμ are explicitly forbidden.
Table V shows the compatibility of the cases in the one-

and two-zero textures scheme with the nonvanishing
branching ratios BRðτ → μ̄eeÞ ≠ 0, BRðτ → μ̄eμÞ ≠ 0,
BRðτ → ēμμÞ ≠ 0, and BRðτ → ēeμÞ ≠ 0. We see that
only the G6 case is viable in one- and two-zero textures
of the flavor neutrino mass matrix if the neutrino masses are
generated by the type-II seesaw mechanism in triplet Higgs
models and all four lepton flavor violating processes
τ → μ̄ee, τ → μ̄eμ, τ → ēμμ, and τ → ēeμ are observed
experimentally or undoubtedly are predicted theoretically.
Table VI shows the allowed cases in the one- and two-

zero textures schemes for τ → μ̄ee, τ → μ̄eμ, τ → ēμμ, and
τ → ēeμ. The abbreviation “NZ” indicates a nonzero value
for the branching ratio. As in Sec. III C, although whether
or not the three lepton flavor violating processes τ → μ̄ee,
τ → μ̄eμ, τ → ēμμ, and τ → ēeμ are forbidden is still
unknown, we can suggest that either

BRðτ → μ̄eeÞ ¼ BRðτ → μ̄eμÞ
¼ BRðτ → ēμμÞ
¼ BRðτ → ēeμÞ ¼ 0 ð20Þ

or

BRðτ → μ̄eeÞ ≠ BRðτ → μ̄eμÞ
≠ BRðτ → ēμμÞ
≠ BRðτ → ēeμÞ ≠ 0 ð21Þ

may be the most natural case.

According to the combined results in the last subsection
and this subsection, we conclude that if the tiny neutrino
masses are generated by type-II seesaw mechanism, only
the G6 case may be the most natural in the one- and two-
zero textures schemes. This is the main result of this paper.

E. Numerical calculations

Although the main result of this paper was already
obtained in Sec. III D, an additional numerical study may
be required to improve our discussions. According to the
conclusion in Sec. III D, the G6 case may be the most
natural in the one- and two-zero textures schemes if the tiny
neutrino masses have been generated by the type-II seesaw
mechanism. In this subsection, we present the phenom-
enology for the G6 case.
First, we give brief reviews of the neutrino mixings,

useful relations for the one-zero textures, and observed data
from neutrino experiments as a preparation for our numeri-
cal calculations. Then we show some predictions for the
G6 case.

1. Neutrino mixings

The flavor neutrino mass matrix M is related to the
diagonal neutrino mass matrix

M ¼ Udiagðm1e2iα1 ; m2e2iα2 ; m3ÞUT; ð22Þ

where mi (i ¼ 1, 2, 3) is a neutrino mass eigenstate and

U ¼

0
B@

Ue1 Ue2 Ue3

Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

1
CA; ð23Þ

with

Ue1 ¼ c12c13; Ue2 ¼ s12c13; Ue3 ¼ s13e−iδ;

Uμ1 ¼ −s12c23 − c12s23s13eiδ;

Uμ2 ¼ c12c23 − s12s23s13eiδ; Uμ3 ¼ s23c13;

Uτ1 ¼ s12s23 − c12c23s13eiδ;

Uτ2 ¼ −c12s23 − s12c23s13eiδ; Uτ3 ¼ c23c13; ð24Þ

denotes the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixing matrix [61–64]. We use the abbreviations cij ¼
cos θij and sij ¼ sin θij (i, j ¼ 1, 2, 3), where θij is a
neutrino mixing angle. The Dirac CP phase is denoted by δ
and the Majorana CP phases are denoted by α1 and α2. In
this paper, we assume that the mass matrix of the charged
leptons is diagonal and real (some comments for this
assumption will be noted in Sec. IV).

TABLE VI. Allowed cases in the one- and two-zero textures
schemes for τ→ μ̄ee, τ→ μ̄eμ, τ → ēμμ, and τ → ēeμ. The abbre-
viation “NZ” indicates a nonzero value for the branching ratio.

BRðτ→μ̄eeÞ BRðτ→μ̄eμÞ BRðτ→ēμμÞ BRðτ→ēeμÞ
Allowed
cases

0 0 0 0 � � �
0 0 0 NZ � � �
0 0 NZ 0 A1

0 0 NZ NZ G5

0 NZ 0 0 A2

0 NZ 0 NZ � � �
0 NZ NZ 0 � � �
0 NZ NZ NZ G1

NZ 0 0 0 B3

NZ 0 0 NZ � � �
NZ 0 NZ 0 G2,B2

NZ 0 NZ NZ � � �
NZ NZ 0 0 G3,B1,B4

NZ NZ 0 NZ G4, C
NZ NZ NZ 0 � � �
NZ NZ NZ NZ G6
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2. Useful relations for one-zero textures

The requirement of Mij ¼ 0 for one-zero textures yields

A1m1 þ A2m2 þ A3m3 ¼ 0; ð25Þ

where

A1 ¼ Ui1Uj1e2iα1 ; A2 ¼ Ui2Uj2e2iα2 ;

A3 ¼ Ui3Uj3: ð26Þ

This condition leads to (for examples, see Refs. [34,65])

m2

m1

¼ ReðA1ÞImðA3Þ − ReðA3ÞImðA1Þ
ReðA3ÞImðA2Þ − ReðA2ÞImðA3Þ

ð27Þ

and

m3

m1

¼ ReðA2ÞImðA1Þ − ReðA1ÞImðA2Þ
ReðA3ÞImðA2Þ − ReðA2ÞImðA3Þ

: ð28Þ

The ratio of two squared mass differences is given by

Δm2
21

jΔm2
31j

¼ ðm2=m1Þ2 − 1

jðm3=m1Þ2 − 1j ; ð29Þ

where the squared mass difference is defined by Δm2
ij ¼

m2
i −m2

j . Equations (27), (28), and (29) are useful when we
search the allowed parameter sets under the requirement
that Mij ¼ 0.

3. Observed data

Although the neutrino mass ordering (either the so-called
normal mass ordering m1 ≲m2 < m3 or the inverted mass
orderingm3 < m1 ≲m2) has not been determined, a global
analysis shows that the preference for normal mass order-
ing is due mostly to neutrino oscillation measurements
[21,66]. Upcoming experiments for neutrinos will be able
to solve this problem [67]. In this paper, we assume the
normal mass hierarchical spectrum for the neutrinos.
A global analysis of current data shows the following

best-fit values of the squared mass differences and the
mixing angles for the normal mass ordering [68]:

Δm2
21

10−5 eV2
¼ 7.39þ0.21

−0.20 ð6.79 → 8.01Þ;
Δm2

31

10−3 eV2
¼ 2.528þ0.029

−0.031 ð2.436 → 2.618Þ;
θ12=° ¼ 33.82þ0.78

−0.76 ð31.61 → 36.27Þ;
θ23=° ¼ 48.6þ1.0

−1.4 ð41.1 → 51.3Þ;
θ13=° ¼ 8.60þ0.13

−0.13 ð8.22 → 8.98Þ;
δ=° ¼ 221þ39

−28 ð144 → 357Þ; ð30Þ

where� signs denote the 1σ region and parentheses denote
the 3σ region. Moreover, the following constraints,

X
mi < 0.12–0.69 eV; ð31Þ

from a cosmological observation of cosmic microwave
background radiation [21,69–72] as well as

jMeej < 0.066–0.155 eV; ð32Þ

from the neutrinoless double beta decay experiments
[21,22] are obtained.

4. Phenomenology for the G6 case

Now we make some predictions for the G6 case using
numerical calculations.
In our numerical calculation, we require that the squared

mass differences Δm2
ij, mixing angles θij, and Dirac CP

violating phase δ are varied within the 3σ experimental
ranges, the Majorana CP violating phases α1 and α2 are
varied within their full possible ranges, and the lightest
neutrino mass is varied within 0.01–0.1 eV. We also require
that the constraints jMeej < 0.155 eV and

P
mi <

0.241 eV (TT, TE, EEþ LowEþ lensing [23,69]) are
satisfied. As predictions for the one-zero textures, we
estimate the ratios

R1 ¼
BRðτ → μ̄μμÞ
BRðτ → ēeeÞ ¼

jMμτj2jMμμj2
jMeτj2jMeej2

;

R2 ¼
BRðμ → ēeeÞ
BRðτ → ēeeÞ ¼

jMeμj2
jMeτj2

BRðμ → eν̄νÞ
BRðτ → μν̄νÞ ;

R3 ¼
BRðμ → ēeeÞ
BRðτ → μ̄μμÞ ¼

jMeμj2jMeej2
jMμτj2jMμμj2

BRðμ → eν̄νÞ
BRðτ → μν̄νÞ ; ð33Þ

whereBRðμ→eν̄νÞ≃100% andBRðτ→μ̄ννÞ≃17.39% [64].
We show an example of the results of our numerical

calculations for the G6 case. A point set

ðθ12; θ23; θ13; δÞ ¼ ð33.82°; 48.6°; 8.60°; 221°Þ;
ðα1; α2Þ ¼ ð90.03°; 89.2°Þ;

m1 ¼ 0.0580 eV ð34Þ

yields the following neutrino flavor masses

Mee ¼ −0.0567 − 0.00125i;

Meμ ¼ −0.0115þ 0.00191i;

Meτ ¼ −0.00979þ 0.000647i;

Mμμ ¼ 0.0165 − 0.000176i;

Mμτ ¼ 0.0661 − 0.00120i;

Mττ ¼ 0; ð35Þ
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as well as

m2 ¼ 0.0586 eV; m3 ¼ 0.0768 eV;

Δm2
21 ¼ 6.95× 10−5 eV2; Δm2

31 ¼ 2.53 × 10−3 eV2;X
mi ¼ 0.193 eV; jMeej ¼ 0.0567 eV: ð36Þ

These results are consistent with observations. The pre-
dicted ratios [Eq. (33)] are

ðR1; R2; R3Þ ¼ ð3.85; 8.12; 2.11Þ: ð37Þ

Figure 1 shows that the predictions for R1, R2, and R3 for
the lightest neutrino massm1 for the G6 case. Currently, we
have only the upper limits of BRðτ → μ̄μμÞ < 2.1 × 10−8,
BRðτ→ ēeeÞ<2.7×10−8, and BRðμ→ ēeeÞ<1.0×10−12

from observations [64]. If these branching ratios are
determined in future experiments,

R1 ≃ 0.6–3234;

R2 ≃ 0.07–542;

R3 ≃ 0.004–11; ð38Þ

support is given to the G6 case within the type-II seesaw
generation of the neutrino masses in triplet Higgs models.
Finally, we would like to mention the very recently

reported tension between NOvA and T2K in the measure-
ment of δ and sin2 θ23 for the normal mass ordering of
neutrinos [73,74]. Both experiments favor the upper octant
of θ23; however, the NOvA data show δ < π, which is
contrary to the T2K result δ > π. In this paper, until now,
we have used the data from the global analysis shown in
Eq. (30) for our numerical calculations. The 3σ data in
this global analysis, the upper octant of θ23, and δ > π are
roughly favored.
If the mixing angle θ23 and the CP phase δ are

varied within their full range (e.g., 0° ≤ θ23 ≤ 90° and
0° ≤ δ ≤ 360°) to try to obtain insight into the tension
between NOvA and T2K; unfortunately, we could not
obtain a significant prediction for this tension. Figure 2
shows the allowed parameter space of sin2 θ23 and δ for the
G6 case with the normal mass ordering of neutrinos. The
upper octant of θ23 is favored in the G6 case. It is consistent
with NOvA and T2K observations; however, the broad
region is allowed for the Dirac CP phase δ in the G6 case.
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FIG. 1. Predictions for R1, R2, and R3 for the lightest neutrino
mass m1 for the G6 case within the type-II seesaw generation of
the neutrino masses in triplet Higgs models.
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FIG. 2. Allowed parameter space of θ23 and δ for the G6 case
with the normal mass ordering of neutrinos.
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IV. SUMMARY

One- and two-zero textures for the flavor neutrino mass
matrix have been successful in explaining mixing in the
neutrino sector. In this paper, we have shown that all cases
of one- and two-zero textures are excluded if the tiny
neutrino masses are generated by the type-II seesaw
mechanism in triplet Higgs models and the three lepton
flavor violating processes μ → ēee, τ → μ̄μμ, and τ → ēee
are all explicitly forbidden experimentally or theoretically.
We have also shown that if all three of these lepton flavor
violating processes exist, only the G6 case is viable within
the one- and two-zero textures.
Even if parts of these three lepton flavor violatingprocesses

are allowed, such as BRðμ → 3eÞ ≠ 0, BRðτ → 3μÞ ¼ 0,
and BRðτ → 3eÞ ¼ 0, we can suggest that the most natural
case is either BRðμ→3eÞ¼BRðτ→3μÞ¼BRðτ→3eÞ¼0
or BRðμ→3eÞ≠BRðτ→3μÞ≠BRðτ→3eÞ≠0. Otherwise,
the appropriate selection mechanisms for lm → l̄iljlk

decay at tree level are required in the models. Therefore
we have concluded that if the tiny neutrino masses are
generated by the type-II seesaw mechanism in the triplet
Higgsmodels, theG6 casemay be themost natural in the one-
and two-zero textures schemes. We have also shown that this
conclusion becomesmore rigid by including four other lepton
flavor violating processes, τ → μ̄ee, τ → μ̄eμ, τ → ēμμ, and
τ → ēeμ, in our discussions.
Moreover, some predictions for the G6 case have been

made. The ratios R1 ¼ BRðτ → μ̄μμÞ=BRðτ → ēeeÞ, R2 ¼
BRðμ → ēeeÞ=BRðτ → ēeeÞ, and R3 ¼ BRðμ → μ̄μμÞ=
BRðτ → ēeeÞ should be R1 ≃ 0.6–3234, R2 ≃ 0.07–542,
and R3 ≃ 0.004–11, respectively, for the G6 case within the
type-II seesaw generation of the neutrino masses in the
triplet Higgs models. In light of recent tension between
NOvA and T2K in the measurement of δ and sin2 θ23 for
the normal mass ordering of neutrinos, we have estimated
the allowed parameter space of θ23 and δ for the G6 case;
however, we have no significant prediction for this tension.
Finally, we would like to mention the role of the charged

lepton mixings. In general, the lepton mixing (PMNS)
matrix U is obtained as [75]

U ¼ U†
lUν; ð39Þ

where

UlðνÞ ¼

0
BB@

UlðνÞ
11 UlðνÞ

12 UlðνÞ
13

UlðνÞ
21 UlðνÞ

22 UlðνÞ
23

UlðνÞ
31 UlðνÞ

32 UlðνÞ
33

1
CCA; ð40Þ

with

UlðνÞ
11 ¼ clðνÞ12 clðνÞ13 ; UlðνÞ

12 ¼ slðνÞ12 clðνÞ13 ;

UlðνÞ
13 ¼ slðνÞ13 e−iδlðνÞ ;

UlðνÞ
21 ¼ −slðνÞ12 clðνÞ23 − clðνÞ12 slðνÞ23 slðνÞ13 eiδlðνÞ ;

UlðνÞ
22 ¼ clðνÞ12 clðνÞ23 − slðνÞ12 slðνÞ23 slðνÞ13 eiδlðνÞ ;

UlðνÞ
23 ¼ slðνÞ23 clðνÞ13 ;

UlðνÞ
31 ¼ slðνÞ12 slðνÞ23 − clðνÞ12 clðνÞ23 slðνÞ13 eiδlðνÞ ;

UlðνÞ
32 ¼ −clðνÞ12 slðνÞ23 − slðνÞ12 clðνÞ23 slðνÞ13 eiδlðνÞ ;

UlðνÞ
33 ¼ clðνÞ23 clðνÞ13 : ð41Þ

We use the abbreviations clðνÞij ¼ cos θlðνÞij and slðνÞij ¼
sin θlðνÞij (i, j ¼ 1, 2, 3), where θlðνÞij is a mixing angle in
the charged lepton (neutrino) sector. δlðνÞ denotes the CP
violating phase in the charged lepton (neutrino) sector.
As the observables, the sine and cosine of the three

mixing angles of the PMNS matrix U are given by

s212 ¼
jUe2j2

1− jUe3j2
; s223 ¼

jUμ3j2
1− jUe3j2

; s213 ¼ jUe3j2;

c212 ¼
jUe1j2

1− jUe3j2
; c223 ¼

jUτ3j2
1− jUe3j2

: ð42Þ

For example, since we obtain the following relations,

Ue3 ¼ Ul�
11U

ν
13 þ Ul�

21U
ν
23 þUl�

31U
ν
33;

Uμ3 ¼ Ul�
12U

ν
13 þ Ul�

22U
ν
23 þUl�

32U
ν
33; ð43Þ

the lepton mixing angle θ23 depends not only on the mixing
angles in the neutrino sector but also on the mixing angles
in the charged lepton sector. Thus, the predicted sin2 θ23 in
Fig. 2 should be modified if the charged lepton mixing
matrixUl is no longer the identity matrix. The detail of this
modification depends on the models of the charged lepton
mixings.
In this paper, we have assumed that the mass matrix of

the charged leptons is diagonal and real. In this case,
we obtain U ¼ Uν for Ul ¼ I, where I denotes the identity
matrix; however, once condition C3 or Eq. (21) is allowed,
then the charged lepton mass matrix is no longer diagonal
and Ul is no longer an identity matrix, and hence
U ¼ U†

lUν.
Our assumption, U ¼ Uν, should be interpreted as

U ∼ Uν with Ul ∼ I. In this case, the contribution coming
from the charged lepton sector should be negligible, which
is possible only if the branching ratios of the lepton flavor
violating processes are far below the experimental limits;
this nearly leads to the C2 condition. Thus, the abbreviation
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“NZ” in Tables III and VI indicates nonvanishing but tiny
values.
If the branching ratios have measurable magnitudes

for experiments in the near future, a more significant

contribution of the charged leptons to the lepton
mixing matrix may be necessary. We would like to
discuss the details of this topic in a separate work in the
future.
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