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We calculate contributions to the one-loop renormalization in the spinor sector of the minimal
Lorentz-violating extended QED in the second order in Lorentz-breaking parameters. From the
renormalizability viewpoint, we show that the inclusion of some of the Lorentz-breaking terms in the
model is linked to the presence of others. We also demonstrate that the Ward identities are satisfied up to
this order.

DOI: 10.1103/PhysRevD.102.075017

I. INTRODUCTION

Nowadays, there is a consensus that the Standard
Model of elementary particles is a low-energy effective
theory for a more fundamental model. The search for this
fundamental theory encompasses the study of Standard
Model extensions that show physical meaning and
whose low-energy limits respect the known experimental
results. The Standard Model extension (SME) [1], in its
minimal version, is obtained by adding, to the minimal
Standard Model, all possible Lorentz-breaking terms that
could emerge from spontaneous symmetry breaking at
very high energy, which incorporate constant tensors as

vacuum expectation values in the process. The upper limit
for the magnitude of these background tensors must be
fixed by experiments (see Ref. [2] for experimental
results) and, as a consequence, should be very tiny.
The SME is to be understood as an effective description
of Lorentz violation at low energy. It is relevant that the
SME preserves SUð3Þ × SUð2Þ × Uð1Þ gauge symmetry
and renormalizability [3–6].
In the papers of Samuel and Kostelecký [7,8], the

possibility of Lorentz symmetry violation was first
discussed as a natural process when the perturbative
string vacuum is unstable. Later, Carroll, Field, and
Jackiw presented a first CPT- and Lorentz-violating
extension of QED with the inclusion of a Chern-
Simons–like term in the photon sector [9]. The
Carroll-Field-Jackiw (CFJ) model was exhaustively
studied in the subsequent years, mainly concerning its
quantum induction from a CPT-odd axial term added to
the fermionic part [10]. The so studied CFJ term is a part
of the extended QED, which is the subset of the minimal
SME that takes care of the Lorentz-violating QED. The
extended QED is well established at the tree level and, as
mentioned before, was proven to be renormalizable.
Besides, a very important subject of study is its quantum
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dynamics, since the inclusion of these parts in the
classical action may cause the radiative induction of
new terms. Many papers were dedicated to the inves-
tigation of the quantum corrections to the minimal
extended QED action with interesting results and
discussions, as in the case of the ambiguity of the
induced CFJ term. However, these discussions were held
almost always up to the first order in the Lorentz-
breaking parameters.
Actually, this focus on the first-order correction in the

background tensors is justified by the fact that the
extended QED corrections to the known results should
be very small, so that they can be encompassed by the
current experimental error. It is also true, however, that
the first-order corrections in some of these parameters are
null. In these cases, one must pay attention to the lowest-
order non-null correction. It is also necessary to verify the
nature of the null corrections: do they just eventually
vanish in that order, or is there some underlying deeper
reason? In Ref. [11], the one-loop corrections to the
photon sector of the extended QED at second order in the
background tensors were calculated. It is possible to
argue that some of the parameters do not induce quantum
corrections at all, while others contribute depending on
the order of calculation. It is interesting, for example, to
note the cases of the vector eμ and the axial vector fμ,
which do not contribute in the first-order calculation.
The one-loop second-order calculations in eμ and fμ,
however, give divergent contributions both to the
Maxwell and to the CPT-even aether (that is, the
κμνλρFμνFλρ) terms. This has relevant implications for
the renormalization of extended QED. A first-order one-
loop calculation that included only the Lorentz-violating
terms with eμ and fμ might lead us to conclude that the
presence in action of an aetherlike term is unnecessary.
When the second-order results are considered, we see
that the aether term must be introduced in the action from
the beginning.
This is a compelling observation towards a more complete

study of the one-loop renormalization of the extended QED.
In the present paper, we carry out the renormalization of the
fermionic sector of the model up to the second order in
Lorentz violation parameters and investigate the role of the
different background tensors in the beta functions. The paper
is divided as follows: in Sec. II, we present the model and
discuss the previous results; in Sec. III, we perform the
calculation of the fermion self-energy and the vertex
correction and check the Ward identities; the beta functions
are calculated in Sec. IV; and we discuss our results and
present our conclusions in Sec. V.

II. THE MODEL AND GENERAL DISCUSSION ON
RENORMALIZATION AT ONE-LOOP ORDER

The minimal Lorentz-breaking extended QED, in its
most general and renormalizable form, is described by the
following classical Lagrangian density [3]:

L ¼ ψ̄ðiΓνDν −MÞψ −
1

4
FμνFμν −

1

4
κμνλρFμνFλρ

þ 1

2
εμνλρðkAFÞμAνFλρ; ð1Þ

in which

Γν ¼ γν þ cμνγμ þ dμνγμγ5 þ eν þ ifνγ5 þ
1

2
gλμνσλμ ð2Þ

and

M ¼ mþ im5γ5 þ aμγμ þ bμγμγ5 þ
1

2
Hμνσμν: ð3Þ

The covariant derivative is given byDμ ¼ ∂μ þ iqAμ, with q
being the coupling constant. The constant tensors (or
pseudotensors) κμνλρ, ðkAFÞμ, aμ, bμ, cμν, dμν, eμ, fμ,
gλμν, and Hμν are responsible for the Lorentz symmetry
violation. Concerning cμν and dμν, here they are treated as
symmetric and traceless tensors. The null trace is justified by
the fact that the tensors can be redefined so that the traces are
absorbed in the Lorentz-invariant part. The simplification of
considering cμν and dμν symmetric is based on the hypoth-
esis that only these parts of the tensors contribute to physical
results. As for the tensor gμνα, it is antisymmetric in the
two first indices. Here, for simplicity, we use a particular
form of gμνλ, given by the completely antisymmetric tensor
gμνλ ¼ εμνλρhρ. The aμ vector can be eliminated from the
action by a suitable redefinition of the fields. All these
considerations about the background tensors were discussed
in Ref. [12], in which it was shown that some parameters can
be removed from the Lagrangian by using an appropriate
redefinition of the spinor field components.
In Ref. [11], this model was used to study the one-loop

second-order contribution in these parameters to the
photon two-point function. We proceed now to the
definition of the renormalization and normalization con-
ditions in the model for the purpose of performing an
investigation of its second-order one-loop quantum cor-
rections to the fermion two-point function and to the
interaction term (three-point function). We write below the
Lagrangian for the quantum model, in which the renorm-
alization constants were introduced:
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L ¼ −
Z3

4
FμνFμν −

Z3

4
ðZκÞμναβρσλθκμναβF

ρσFλθ þ Z2ψ̄iγμ∂μψ − Z2Zmmψ̄ψ − Z1qψ̄γμψAμ

þ iZ2ψ̄

�
ðZcÞνμ αβc

αβγν þ ðZdÞνμ αβd
αβγ5γν þ ðZeÞναeα þ iðZfÞμαfαγ5 þ

1

2
ðZgÞλνμαβγgαβγσλν

�
∂μψ

− Z1qψ̄
�
ðZcÞνμ αβc

αβγν þ ðZdÞνμ αβd
αβγ5γν þ ðZeÞναeα þ iðZfÞμαfαγ5 þ

1

2
ðZgÞλνμαβγgαβγσλν

�
ψAμ: ð4Þ

Note that the Lorentz violation (LV) parameters of M
are not being considered here. We are restricting our
analysis to the parameters contained in Γμ and to the κμναβ

tensor of the CPT-even term of the gauge sector. The
latter is necessary, as it receives divergent contributions
from several of the Γμ parameters, as shown in Ref. [11].
Besides, it contributes to the beta function of the

parameter cμν already at first order [3]. Note also that,
in principle, we do not assume any relationship between
the renormalization constants from the Ward identities,
such as Z1 ¼ Z2. We have left for the next section the
explicit verification of this identity at one loop and up to
second order in the Lorentz violation parameters. We
define the counterterm Lagrangian by

Lct ¼ −
δ3
4
FμνFμν −

1

4
ðδκÞμναβρσλθκμναβF

ρσFλθ þ δ2iγμψ̄∂μψ − δmmψ̄ψ − δ1qðψ̄γμψÞAμ

þ iψ̄

�
ðδcÞνμαβcαβγν þ ðδdÞνμαβdαβγ5γν þ ðδeÞμαeα þ iðδfÞμαfαγ5 þ

1

2
ðδgÞλνμαβγg

αβγσλν

�
∂μψ

− qψ̄

�
ðδ̄cÞνμαβcαβγν þ ðδ̄dÞνμαβdαβγ5γν þ ðδ̄eÞμαeα þ iðδ̄fÞμαfαγ5 þ

1

2
ðδ̄gÞλνμαβγg

αβγσλν

�
ψAμ; ð5Þ

where

δ1 ¼ Z1 − 1; δ2 ¼ Z2 − 1; δ3 ¼ Z3 − 1; δm ¼ Zm − 1;

ðδcÞνμαβ ¼ Z2ðZcÞνμαβ − δναδ
μ
β; ðδdÞνμαβ ¼ Z2ðZdÞνμαβ − δναδ

μ
β; ðδeÞμα ¼ Z2ðZeÞνα − δνα;

ðδfÞμα ¼ Z2ðZfÞνα − δνα; ðδgÞλνμαβγ ¼ Z2ðZgÞλνμαβγ − δλαδ
ν
βδ

μ
γ ;

ðδ̄cÞνμαβ ¼ Z1ðZcÞνμ αβ − δναδ
μ
β; ðδ̄dÞνμαβ ¼ Z1ðZdÞνμ αβ − δναδ

μ
β; ðδ̄eÞμα ¼ Z1ðZeÞνα − δνα;

ðδ̄fÞμα ¼ Z1ðZfÞνα − δνα and ðδ̄gÞλνμαβγ ¼ Z1ðZgÞλνμαβγ − δλαδ
ν
βδ

μ
γ :

The Ward identity, if respected, will set Z1 ¼ Z2 and
ðδxÞJ ¼ ðδ̄xÞJ, in which x represents the Lorentz-breaking
parameter and J indicates the appropriate set of Lorentz
indices.
Wewrite below in this section the general expressions for

the fermion two-point function and vertex correction and
leave the explicit results for subsequent sections. The
renormalized two-point function of the fermion field can
be written as

iΣRðpÞ ¼ iΣðpÞ þ iΣctðpÞ; ð6Þ
in which iΣðpÞ has the general form

iΣðpÞ ¼ Ilogðλ2Þ
�
Aψ=pþ Ammþ Aμ

epμ þ iAμ
fγ5pμ

þ Aμν
c γμpν þ Aμν

d γ5γμpν þ
1

2
Aαβμ
g σαβpμ

�
ð7Þ

and iΣctðpÞ is the contribution from the counterterms. The
coefficients AJ

x, at one-loop order, are given by

AJ
x ¼ fðρ0ÞJx þ ðρ1ÞJx þ ðρ2ÞJx þ � � �gq2; ð8Þ

where ðρiÞJx is the term of AJ
x of ith order in the parameters

ðxJ11 ; xJ22 …Þ. Here we are using the notation of implicit
regularization [13],

Ilogðλ2Þ ¼
Z

Λ d4k
ð2πÞ4

1

ðk2 − λ2Þ2 ; ð9Þ

for the logarithmic divergence, in which we assume the
presence of a regularization, indicated by the superscript Λ,
and λ2 is a mass parameter which can be introduced by
means of the scale relation
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Ilogðλ2Þ ¼ Ilogðm2Þ − i
16π2

ln

�
λ2

m2

�
: ð10Þ

Up to second order in the parameters xJi , we have

iΣðpÞ ¼ iΣð0ÞðpÞ þ iΣð1ÞðpÞ þ iΣð2ÞðpÞ; ð11Þ

whose contributions can be extracted from the expansion
up to second order in the parameters of a unique graphic
with vertices −iqΓμ and the modified propagators for the
fermion and the photon. Alternatively, the terms with the
background tensors can be treated as vertices which are
inserted in the graphs. For example, the second-order
fermion two-point function is obtained after the summation
of the Feynman diagrams of Fig. 1. The counterterms that
cancel the logarithmic divergences in Eq. (7) are contained
in iΣctðpÞ, which is built from Eq. (5) and reads

iΣctðpÞ ¼ iδ2=p − iδm þ iðδeÞμαeαpμ − ðδfÞμαfαγ5pμ

þ iðδcÞνμαβcαβγμpν þ iðδdÞνμαβdαβγ5γνpμ

þ i
2
ðδgÞλνμαβγg

αβγσλνpμ: ð12Þ

The renormalized vertex correction at the one-loop order
is written as

−iqΛμ
R ¼ −iqΛμ − iqΛμ

ct: ð13Þ

The first term, −iqΛμ, on the right-hand side of the
equation above, has the general form

−iqΛμ ¼ Ilogðm2Þ
�
Bψγ

μ þ Bμ
e þ iBμ

fγ5 þ Bνμ
c γν

þ Bνμ
d γ5γν þ

1

2
Bλνμ
g σλν

�
ð14Þ

and, from Eq. (5), the amplitude for the counterterms,
−iqΛμ

ct, is given by

−iqΛμ
ct ¼ −iq

�
δ̄6qγ

μ þ ðδ̄eÞμαeα þ iðδ̄fÞμαfαγ5 þ ðδ̄cÞνμαβcαβγν

þ ðδ̄dÞνμαβdαβγ5γν þ
1

2
ðδ̄gÞλνμαβγg

αβγσλν

�
: ð15Þ

The coefficients BJ
x, at one-loop order, are given by

BJ
x ¼ fðσ0ÞJx þ ðσ1ÞJx þ ðσ2ÞJx þ � � �gq3; ð16Þ

in which ðσiÞJx is the term of BJ
x of ith order in the

parameters ðxJ11 ; xJ22 …Þ. Up to second order in the
Lorentz-breaking parameters, we have

− iqΛμðp; p0Þ ¼ −iqΛð0Þ
μ ðp; p0Þ − iqΛð1Þ

μ ðp; p0Þ
− iqΛð2Þ

μ ðp; p0Þ: ð17Þ

For example, the second-order contribution −iqΛð2Þ
μ is

obtained by the calculation of the Feynman diagrams
shown in Fig. 2. The coefficients AJ

x and BJ
x must be such

that the Ward identity

ðp − p0ÞλΛλ
1loop ¼ Σ1loopðpÞ − Σ1loopðp0Þ ð18Þ

is respected (l ¼ p − p0 is the momentum of the outgoing
photon). In particular, from Eqs. (7), (12), (14), and (15),
we can see that the renormalization constants Z1 and Z2,
if we adopt a subtraction scheme that cancels only the
Ilogðλ2Þ’s, are given by

Z1¼1− iBψq−1Ilogðλ2Þ and Z2¼1þ iAψ Ilogðλ2Þ: ð19Þ

FIG. 2. Diagrammatic representation of the one-loop, three-
point function at second order in the parameters. The wavy and
solid lines represent the photon and fermion propagators,
respectively, and the crosses indicate the insertions of the back-
ground tensors.

FIG. 1. Diagrammatic representation of the two-point function
at second order in the Lorentz violation parameters. The wavy
and solid lines represent the photon and fermion propagators,
respectively, and the crosses indicate the insertions.
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As we shall see in the next section, the explicit calculation
of the diagrams will give us the expected result

Aψ ¼ −q−1Bψ ; ð20Þ

so that we have that, up to the second order in the
parameters, the identity Z1 ¼ Z2 still holds in the minimal
Lorentz-violating extension of QED. We also obtain, for
the other renormalization constants,

Z2ðZxÞJJ0xJ
0 ¼ xJ þ iAJ

xIlogðλ2Þ ð21Þ

and

Z1ðZxÞJJ0xJ
0 ¼ xJ − iq−1BJ

xIlogðλ2Þ: ð22Þ

From the equations above, we have the conditions

AJ
x ¼ −q−1BJ

x: ð23Þ

In the next section, we present the explicit calculations of
the divergent parts of the fermion self-energy and the vertex
correction, as well as exhibiting the results for the vacuum
polarization tensor.

III. TWO- AND THREE-POINT FUNCTIONS

In this section, we will present explicit results for the
amplitudes given by the summation of the diagrams in
Figs. 1 and 2 (two- and three-point functions, respectively).
The gauge field propagator in the Feynman gauge, repre-
sented by the wavy lines, and the fermion propagator,
drawn with solid lines in the diagrams, are given, respec-
tively, by

Δμν
0 ðpÞ ¼ −

iημν

p2
ð24Þ

and

S0ðpÞ ¼
i

=p −m
; ð25Þ

in which the subscript “0” is used to indicate the zeroth-
order contribution in the Lorentz violation parameters and
the adopted metric is ημν ¼ ð1;−1;−1;−1Þ. Since we are
treating perturbatively the background tensors, they will
appear as vertices in the Feynman diagrams. So, a cross
appearing in the diagrams stands for

ipμΓ
μ
1 ð26Þ

in the bilinear ψ̄ψ vertex,

−iqΓμ
1 ð27Þ

in the trilinear vertex ψ̄ψAμ, and

−2ipαpβκ
αμβν ð28Þ

in the bilinear AμAν vertex. Besides,

Γν
1 ¼ cμνγμ þ dμνγμγ5 þ eν þ ifνγ5 þ

1

2
gλμνσλμ ð29Þ

is the Lorentz-violating part of Γμ.
With the help of the Feynman rules [Eqs. (24)–(28)], we

calculate all the divergent diagrams which contribute at the
second order in the parameters cμν, dμν, eμ, fμ, and gμνρ to
the fermion two-point function and to the vertex correction
in the extended QED.

A. Self-energy of ψ

Let us first consider the corrections at second order in the
parameters. We have contributions with insertions of Γ1

both in the fermion line and in the vertex ψ̄Aμψ , whereas
the tensor κμναβ is inserted only in the photon propagator.
The diagrams which contribute are displayed in Fig. 1, and
the corresponding amplitudes are given below:

iΣð2Þ
1 ðpÞ ¼ q2

Z
d4l
ð2πÞ4

ðp − lÞαγμð=p − =lþmÞΓα
1ð=p − =lþmÞΓ1μ

l2½ðp − lÞ2 −m2�2 ;

iΣð2Þ
2 ðpÞ ¼ q2

Z
d4l
ð2πÞ4

ðp − lÞαΓμ
1ð=p − =lþmÞΓα

1ð=p − =lþmÞγμ
l2½ðp − lÞ2 −m2�2 ;

iΣð2Þ
3 ðpÞ ¼ −q2

Z
d4l
ð2πÞ4

ðp − lÞαðp − lÞβγμð=p − =lþmÞΓα
1ð=p − =lþmÞΓβ

1ð=p − =lþmÞγμ
l2½ðp − lÞ2 −m2�3 ;

iΣð2Þ
4 ðpÞ ¼ −q2

Z
d4l
ð2πÞ4

Γμ
1ð=p − =lþmÞΓ1μ

l2½ðp − lÞ2 −m2� ;

iΣð2Þ
5 ðpÞ ¼ −4q2κλαδβκτσθβ

Z
d4l
ð2πÞ4

γαð=p − =lþmÞγσlλlδlθlτ
l6½ðp − lÞ2 −m2� ;
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iΣð2Þ
6 ðpÞ ¼ 2q2κμανβ

Z
d4l
ð2πÞ4

γνð=p − =lþmÞΓ1μlαlβ
l4½ðp − lÞ2 −m2� ;

iΣð2Þ
7 ðpÞ ¼ 2q2κμανβ

Z
d4l
ð2πÞ4

Γ1νð=p − =lþmÞγμlαlβ
l4½ðp − lÞ2 −m2� ;

iΣð2Þ
8 ðpÞ ¼ −2q2κμανβ

Z
d4l
ð2πÞ4

ðp − kÞργνð=p − =lþmÞΓρ
1ð=p − =lþmÞγμlαlβ

l4½ðp − lÞ2 −m2�2 : ð30Þ

After the calculation of the Feynman integrals, we obtain the divergent second-order contributions as

iΣð2eÞðpÞ ¼ −
1

3
q2Ilogðλ2Þfe2ð=pþ 9mÞ − 4=eðe · pÞg; ð31Þ

iΣð2fÞðpÞ ¼ −
1

3
q2Ilogðλ2Þff2=p − 4=fðf · pÞg; ð32Þ

iΣð2hÞðpÞ ¼ −
1

3
q2Ilogðλ2Þfh2ð=pþ 9mÞ − 4=hðh · pÞg; ð33Þ

iΣð2cÞðpÞ ¼ 1

6
q2Ilogðλ2Þf−8mcμνcμν þ 3cμνcμν=p − 12cμσcσνpμγνg; ð34Þ

iΣð2dÞðpÞ ¼ 1

6
q2Ilogðλ2Þf16mdμνdμν þ 3dμνdμν=p − 12dμσdσνpμγνg; ð35Þ

iΣð2κÞðpÞ ¼ −
1

24
q2Ilogðλ2Þκλαδβκτσθβf½ð−3=pþ 4mÞηασ þ 6γαpσ�ηðλδηθτÞ þ ηασpðλγδηθτÞg; ð36Þ

in which the indices limited by parentheses must be exchanged symmetrically without the factor 1=n!. With the results
above, discarding for awhile the crossed terms, we obtain the total divergent part of the second-order correction to the
fermion self-energy:

iΣð2ÞðpÞ ¼ iΣð2cÞðpÞ þ iΣð2dÞðpÞ þ iΣð2eÞ þ iΣð2fÞðpÞ þ iΣð2gÞðpÞ þ iΣð2κÞðpÞ: ð37Þ

The zeroth- and first-order divergent corrections are given by

iΣð0ÞðpÞ ¼ q2Ilogðλ2Þð=p − 4mÞ ð38Þ

and

iΣð1ÞðpÞ ¼ 1

6
q2Ilogðλ2Þf6eμðpμ − 3mγμÞ þ 6iðf · pÞγ5 − 10cνμγνpμ − 10dνμγνγ5pμ

þ 3iελβραhαγλγβðpρ −mγρÞ þ 8γαpβκρ
βραg: ð39Þ

For example, the coefficient Aψ , which is needed for obtaining the renormalization constant Z2, is given by

Aψ ¼ q2
�
1 −

1

24
ð8e2 þ 8f2 þ 8h2 − 12cμνcμν − 12dμνdμν − 3ηðλδηθτÞκβδαλκβθα

τÞ
�
: ð40Þ

The other coefficients are found to be

Am ¼ −q2
�
4þ 1

2
ð6=eþ iελβραhαγλγβγρÞ þ

1

6
ð18e2 þ 18h2 þ 8cμνcμν − 16dμνdμν þ ηðλδηθτÞκβδαλκθτβαÞ

�
; ð41Þ

Aμν
c ¼ 1

3
q2fð−5cμν þ 4κμθνθ Þ þ f4eμeν þ 4fμfν þ 4hμhν − 6cμσcνσ − 6dμσdνσ þ GμνðκÞgg; ð42Þ
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Aμ
e ¼ q2eμ; Aμ

f ¼ q2fμ;

Aμν
d ¼ −

5

3
q2dμν; and Aμνα

g ¼ q2gμνα; ð43Þ

with

GμνðκÞ¼−
1

4
½3κμλδβκντθβ ηðλδηθτÞ þ2κμανβκθαθβþ4κμαθβκναθβ�:

ð44Þ

Note that the coefficients Aμ
e, A

μ
f, A

μν
d , and Aμνα

g do not have
second-order contributions.

B. Three-point vertex function ψ̄ψAμ

The one-loop Feynman diagrams that contribute to the
vertex function at second order in the Lorentz violation
parameters are shown in Fig. 2. As for the fermion self-
energy amplitudes presented before, the background ten-
sors are considered as vertices inserted in the diagrams,
represented by crosses. The sum of the diagrams which
contribute at second order in each one of the parameters
reads

−iqΛð2eÞλ ¼ 1

3
q3Ilogðλ2Þfγλe2 − 4eλ=eg; ð45Þ

−iqΛð2fÞλ ¼ 1

3
q3Ilogðλ2Þfγλf2 − 4fλ=fg; ð46Þ

−iqΛð2hÞλ ¼ 1

3
q3Ilogðλ2Þfγλh2 − 4hλ=hg; ð47Þ

−iqΛð2cÞλ ¼ −
1

2
q3Ilogðλ2Þfγλcμνcμν − 4γσcμλcμσg; ð48Þ

−iqΛð2dÞλ ¼ −
1

2
q3Ilogðλ2Þfγλdμνdμν − 4γσdμλdμσg; and

ð49Þ

−iqΛð2κÞλ ¼ 1

24
q3Ilogðλ2Þκγστδκθνλδ fησνδμðλγθητσÞ

þ 3ð2γσδμν − γμησνÞηðθλητγÞg; ð50Þ

while the total second-order one-loop vertex correction,
excluding the crossed terms, is written as the sum

−iqΛð2Þ
μ ¼ −iq

�
Λð2cÞ
μ þ Λð2dÞ

μ þ Λð2eÞ
μ

þ Λð2fÞ
μ þ Λð2gÞ

μ þ Λð2κÞ
μ

	
: ð51Þ

We also need the zeroth- and first-order contributions,
given by

−iqΛð0Þ
μ ¼ −q3Ilogðλ2Þγμ ð52Þ

and

−iqΛð1Þ
μ ¼ 1

6
q3Ilogðλ2Þf−6eμ − 6ifμγ5 þ 10cρμγρ

þ 10dρμγργ5 − 3iεσβμαhαγσγβ − 8κθμθ
σγσg:

ð53Þ

From the above results, we obtain

Bψ ¼ −q3
�
1 −

1

24
ð8e2 þ 8f2 þ 8h2 − 12cμνcμν

− 12dμνdμν − 3ηðλδηθτÞκβδαλκβθα
τÞ
�

ð54Þ

and

Bμν
c ¼ −

1

3
q3fð−5cμν þ 4κμθνθÞ þ f4eμeν þ 4fμfν

þ 4hμhν − 6cμσcνσ − 6dμσdνσ þGμνðκÞgg: ð55Þ

The other coefficients are just of first order:

Bμ
e ¼ −q3eμ; Bμ

f ¼ −q3fμ; Bμν
d ¼ 5

3
q3dμν;

and Bμνα
g ¼ −q3gμνα: ð56Þ

All the coefficients are such that BJ
x ¼ −qAJ

x, as argued in
the last section as the conditions for having the Ward
identity [Eq. (18)] satisfied.

C. General results

There is another approach to the renormalization of
extended QED that is more general and compact. Let us
write the fermionic part of the quantum Lagrangian density
in the form

Lψ ¼ iZ2ψ̄ðZΓÞμνΓν∂μψ − Z1qψ̄ðZΓÞμνΓνψAμ − Z2Zmmψ̄ψ ;

ð57Þ

with the corresponding counterterm Lagrangian given by

Lψct ¼ iψ̄ðδΓÞμνΓν∂μψ − qψ̄ðδ̄ΓÞμνΓνψAμ − δmmψ̄ψ ; ð58Þ

in which

ðδΓÞμν ¼Z2ðZΓÞμν−δμν and ðδ̄ΓÞμν ¼Z1ðZΓÞμν−δμν : ð59Þ

The fermion self-energy and the three-point function will
then be written as
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iΣðpÞ ¼ Ilogðλ2ÞðAμ
Γpμ þ AmmÞ ð60Þ

and

−iqΛμ ¼ Ilogðλ2ÞBμ
Γ: ð61Þ

It is possible to carry out the calculations of the divergent part of the graphs without the explicit form of Γμ
1. For the four first

and the last three graphs of Fig. 1, one obtains, respectively,

iΣð2Þ
1−4ðpÞ ¼

q2

96
Ilogðλ2Þ½8pðμηνρÞðΓα

1γ
ρfΓμ

1; γ
νgγα þ γαγ

ρfΓμ
1; γ

νgΓα
1 þ γαΓρ

1fΓμ
1; γ

νgγα þ γαγρΓμ
1Γν

1γαÞ
þ −pðμηνρησθÞγαγθfΓμ

1; γ
νgfΓρ

1; γ
σgγα − 48pμðΓα

1γ
μΓ1α þ Γα

1Γ
μ
1γα þ γαΓμ

1Γ1αÞ
þ 4m½6ðΓα

1fΓμ
1; γμgγα þ γαfΓμ

1; γμgΓ1α þ γαΓμ
1Γ1μγαÞ − 24Γα

1Γ1α − γαfΓμ
1; γ

νgfΓρ
1; γ

σgγαηðμνηρσÞ�� ð62Þ

and

iΣð2Þ
6−8ðpÞ ¼

q2

48
Ilogðλ2Þκθατβ½8Γ1β½3ð=pþmÞηθτ − 2γρpðθητρÞ�γα þ 8γβ½3ð=pþmÞηθτ − 2γρpðθητρÞ�Γ1α

þ γβγ
ρfΓμ

1; γ
νgγα½3pσηðμνηθτηρσÞ þ 4pθηðτμηνρÞ þ 4pτηðθμηνρÞ� þ 4mγβfΓμ

1; γ
νgγαηðμνηθτÞ�; ð63Þ

in which fA;Bg stands for the anticommutation of the matrices A and B. The result for the fifth graph is that of Eq. (36). In
the first order, we have

iΣð1ÞðpÞ ¼ q2

12
Ilogðλ2Þ½pðμηνρÞγαγρfΓμ

1; γ
νgγα − 6pμð−γμγαΓα

1 − Γα
1γαγ

μ þ γαfΓμ
1; γαgÞ

þ 3m½γαfΓμ
1; γμgγα − 4fΓμ

1; γμg� þ 16γαpβκρ
βρα�: ð64Þ

Collecting the results above, we obtain, for the coefficient Aμ
Γ, up to the second order in the parameters,

Aμ
Γ ¼ ðγμ þ ρμ1 þ ρμ2Þq2; ð65Þ

with

ρμ1 ¼
1

12
½δμðθηνρÞγαγρfΓμ

1; γ
νgγα þ 6ðγμγαΓα

1 þ Γα
1γαγ

μ − γαfΓμ
1; γαgÞ þ 16γακρ

μρα� ð66Þ

and

ρμ2 ¼
1

96
½8δμðβηνρÞðΓα

1γ
ρfΓμ

1; γ
νgγα þ γαγ

ρfΓμ
1; γ

νgΓα
1 þ γαΓρ

1fΓμ
1; γ

νgγα þ γαγρΓμ
1Γν

1γαÞ þ−δμðβηνρησθÞγ
αγθfΓμ

1; γ
νgfΓρ

1; γ
σgγα

− 48ðΓα
1γ

μΓ1α þ Γα
1Γ

μ
1γα þ γαΓμ

1Γ1αÞ þ 2κθατβ½8ð3ðΓ1βγ
μγα þ γαγ

μΓ1βÞηθτ − 2ðΓ1βγ
ργα þ γαγ

ρΓ1βÞδμðθητρÞÞ
þ γβγ

ρfΓλ
1; γ

νgγαð3ημσηðλνηθτηρσÞ þ 4δμθηðτληνρÞ þ 4δμτ ηðθληνρÞÞ− 4κγστδκθνλδðησνδμðλγθητσÞ þ 3ð2γσδμν − γμησνÞηðθλητγÞÞ��:
ð67Þ

The calculations for −iqΛμ are so that Bμ
Γ ¼ −qAμ

Γ and ðδÞμν ¼ ðδ̄Þμν , as required by the Ward identity of Eq. (18). In the
next section, we carry out the study of the beta functions for the model, based on the above results.

IV. BETA FUNCTIONS

In this section, we intend to study the beta-functions associated with the Lorentz violation parameters. First, we present
the general procedure to be adopted. The relationship between a bare (left-hand side) and a renormalized (right-hand side)
coupling constant in the minimal extended QED is written as follows:
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xJB ¼ ðZxÞJJ0xJ
0
; ð68Þ

in which xJB and ðZxÞJJ0 stand for

xJB ¼ fcμνB ; dμνB ; eμB; f
μ
B; g

μνρ
B g ð69Þ

and

ðZxÞJJ0xJ
0 ¼ fðZcÞνμαβcαβ; ðZdÞνμαβdαβ; ðZeÞναeα;

ðZfÞναfα; ðZgÞλνμαβγg
αβγg: ð70Þ

Above, J and J0 represent the free Lorentz indices asso-
ciated with each one of the elements in the sets. The beta
functions for the couplings are defined by

βJx ¼ 2λ2
dxJ

dðλ2Þ ; ð71Þ

where λ is the renomalization group scale, which is
represented by the argument of the basic divergence
Ilogðλ2Þ defined in Sec. II. The renormalization constant
ðZxÞJJ0 can be obtained, using the definitions of Eq. (7), by

ZxZ2x ¼ xþ iAxIlogðλ2Þ; ð72Þ

with

Z2 ¼ 1þ iAψ Ilogðλ2Þ; ð73Þ

in which we omit the J indices for simplicity. The one-loop
coefficients Ax are represented as series in the Lorentz-
breaking parameters. We write

Aψ ¼ ðα0 þ α1 þ α2 þ � � �Þq2 and

Ax ¼ fρx0 þ ρx1 þ ρx2 þ � � �gq2; ð74Þ

in which αi and ρxi are of ith order in the Lorentz violation
parameters. So, we have

xB ¼ Zxx ¼ f1 − iAψIlogðλ2Þgfxþ iAxIlogðλ2Þg
¼ xþ if½ρx1 − xα0� þ ½ρx2 − xα1�gq2Ilogðλ2Þ þ � � �

ð75Þ

up to the order q2x2. We then apply 2λ2 d
dλ2 in both sides of

the equation above to find

βJx ¼ −
1

8π2
fðρJx1 − xJα0Þ þ ðρJx2 − xJα1Þg: ð76Þ

Let us then calculate the specific results for the beta
functions. In the last section, we obtained the expressions
displayed in Eqs. (40)–(43), up to second order in the
Lorentz violation parameters, for the coefficients AJ

x. It is to

be noted that, among the Lorentz-breaking parameters,
only cμν has contributions of second order to the corre-
sponding Aμν

c . Consequently, if the crossed terms are not
considered, only the beta function for cμν will have a
nonzero second-order contribution in the parameters. For
the beta functions, we obtain, with the use of Eq. (76),

βμe ¼ βμf ¼ βμh ¼ 0; βμνd ¼ q2

3π2
dμν;

βμνc ¼ q2

12π2

�
2ð2cμν − κμθνθ Þ þ

�
3cμσcνσ þ 3dμσdνσ − 2eμeν

− 2fμfν − 2hμhν −
1

2
GμνðκÞ

��
: ð77Þ

The first-order result is known from Ref. [3]. The
difference in our result for βμναg is due to the fact that
we have considered a case of the completely antisymmetric
tensor gμνα ¼ εμναβhβ.
The results above for the beta functions do not take

crossed terms into account. An alternative way to obtain the
total second-order value for the beta function is to use the
approach developed in Sec. III C and calculate

βμΓ ¼ 2λ2
dΓμ

dλ2
: ð78Þ

We start from the following equation:

Γμ
B ¼ ðZΓÞμνΓν ¼ f1 − iAψIlogðλ2ÞgfΓμ þ iAμ

ΓIlogðλ2Þg
¼ Γμ þ iðAμ

Γ − AψΓμÞIlogðλ2Þ
¼ Γμ þ ifγμ þ ðρμ1 − Γμα0Þ þ ðρμ2 − Γμα1Þgq2Ilogðλ2Þ;

ð79Þ

with ρμ1 and ρμ2 given by Eqs. (66) and (67), respectively. If
now we apply the operator 2λ2d=dλ2 on both sides of the
above equation, and take in consideration that α0 ¼ 1 and
α1 ¼ 0, we get

βμΓ ¼ −
1

8π2
fðρμ1 − ΓμÞ þ ρμ2g: ð80Þ

With the equation above, we can get all the crossed terms.
Noting that Aμ

Γ ¼ Aμ
Γ1
þ Aψγ

μ, such that

ρμi ¼ ρ̃μi þ αiγ
μ; ð81Þ

with ρ̃μi the coefficients of the expansion of AΓ1
, all the beta

functions discussed before can be recovered by means of
the following decomposition:

βμΓ −
1

8π2
α2γ

μ ¼ βμe þ iβμγ5 þ βμνc γν þ βμνd γ5γν þ
1

2
βαβμg σαβ:

ð82Þ
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The second-order result brings us new conclusions. The
inclusion of some of the Lorentz-breaking terms is linked to
the presence of others. For example, a model with terms
involving eμ, fμ, gμνα, or κμναβ and without the cμν term is
inconsistent from the renormalizability viewpoint, since the
cμν term receives divergent contributions from other terms.
This conclusion is also valid for the Lorentz-violating
CPT-even term in the photon sector: it is needed if one
includes at least one of the terms in eμ, fμ, gμνα, and cμν.
As the explicit results for the crossed terms shown in
Appendix B make evident, all the parameters receive
divergent contributions at second order.

V. CONCLUSION

We carried out a study of the one-loop corrections to the
minimal extended QED up to second order in the Lorentz
violation parameters. At first glance, such an investigation
might seem unnecessary, considering the very low upper
limit for the magnitude of such background vectors
imposed by experimental results. This is the reason why
almost all articles devoted to the Standard Model extension
are focused on the study of first-order quantum corrections
effects. However, as pointed out in the Introduction, there
are some subtleties, which were clarified in the present
paper, that, in a way, suggest some care in the under-
standing of the model as a whole.
First of all, the first-order corrections in some of these

parameters are null. In these cases, it is advisable to take a
look at the lowest-order non-null correction. In a previous
paper [11], the second-order one-loop corrections to the
photon sector of the extended QED were studied, including
finite parts. It was shown that some of the parameters do not
cause quantum inductions in the photon sector at all, whereas
others contribute depending on the order of calculation.

In that study, the cases of the parameters eμ and fμ, which do
not contribute in the first order calculation, are constructive.
At the second order, however, eμ and fμ furnish divergent
amplitudes that affect both the Maxwell and the Lorentz-
violating CPT-even (also called here aether) terms.
In this paper, we went deeper in the analysis of the model

up to second-order contributions. It is meaningful that
various of the background tensors are linked to each other.
When someone selects a single term to formulate a simplified
Lorentz-breaking extension of QED, for example, it will
likely also be necessary to include, for consistency, one or
more other terms.And that view can be limited by an analysis
that takes into account only first-order corrections.
The second-order results obtained in the present paper

enforce the previous conclusions. As we already noted
above, a model with terms proportional to eμ, fμ, or gμνα but
without one proportional to cμν is inconsistent, since the cμν

term receives divergent contributions depending on eμ, fμ,
or gμνα. This conclusion is also valid for the Lorentz-
violating CPT-even term in the photon sector: it is needed
if one includes at least one of the terms involving eμ, fμ,
gμνα, and cμν. Our calculation of the beta functions also
demonstrates how these parameters are connected. Besides,
the preliminary calculations of the crossed terms show that
even more connections can be found, mainly if higher-order
corrections are considered. A more complete study of these
mixed terms is left for future studies.
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APPENDIX A: FEYNMAN INTEGRALS FOR THE VERTEX QUANTUM CORRECTIONS

Λð2Þμ
1 ¼ −q3

Z
d4k
ð2πÞ4

γαð=p0 − =kþmÞΓμ
1ð=p − =kþmÞΓ1α

k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA1Þ

Λð2Þμ
2 ¼ −q3

Z
d4k
ð2πÞ4

Γα
1ð=p0 − =kþmÞΓμ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA2Þ

Λð2Þμ
3 ¼ q3

Z
d4k
ð2πÞ4

ðp − kÞργαð=p0 − =kþmÞΓμ
1ð=p − =kþmÞΓρ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2�2 ; ðA3Þ

Λð2Þμ
4 ¼ q3

Z
d4k
ð2πÞ4

ðp0 − kÞργαð=p0 − =kþmÞΓρ
1ð=p0 − =kþmÞΓμ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�2½ðp − kÞ2 −m2� ; ðA4Þ
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Λð2Þμ
5 ¼ −q3

Z
d4k
ð2πÞ4

ðp0 − kÞρðp − kÞσγαð=p0 − =kþmÞΓρ
1ð=p0 − =kþmÞγμð=p − =kþmÞΓσ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�2½ðp − kÞ2 −m2�2 ; ðA5Þ

Λð2Þμ
6 ¼ q3

Z
d4k
ð2πÞ4

ðp − kÞρΓα
1ð=p0 − =kþmÞγμð=p − =kþmÞΓρ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2�2 ; ðA6Þ

Λð2Þμ
7 ¼ q3

Z
d4k
ð2πÞ4

ðp0 − kÞργαð=p0 − =kþmÞΓρ
1ð=p0 − =kþmÞγμð=p − =kþmÞΓ1α

k2½ðp0 − kÞ2 −m2�2½ðp − kÞ2 −m2� ; ðA7Þ

Λð2Þμ
8 ¼ q3

Z
d4k
ð2πÞ4

ðp0 − kÞρΓα
1ð=p0 − =kþmÞΓρ

1ð=p0 − =kþmÞγμð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�2½ðp − kÞ2 −m2� ; ðA8Þ

Λð2Þμ
9 ¼ q3

Z
d4k
ð2πÞ4

ðp − kÞργαð=p0 − =kþmÞγμð=p − =kþmÞΓρ
1ð=p − =kþmÞΓ1α

k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2�2 ; ðA9Þ

Λð2Þμ
10 ¼ −q3

Z
d4k
ð2πÞ4

Γα
1ð=p0 − =kþmÞγμð=p − =kþmÞΓ1α

k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA10Þ

Λð2Þμ
11 ¼ −q3

Z
d4k
ð2πÞ4

ðp − kÞρðp − kÞσγαð=p0 − =kþmÞγμð=p − =kþmÞΓρ
1ð=p − =kþmÞΓσ

1ð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2�3 ; ðA11Þ

Λð2Þμ
12 ¼ −q3

Z
d4k
ð2πÞ4

ðp0 − kÞρðp0 − kÞσγαð=p0 − =kþmÞΓρ
1ð=p0 − =kþmÞΓσ

1ð=p0 − =kþmÞγμð=p − =kþmÞγα
k2½ðp0 − kÞ2 −m2�3½ðp − kÞ2 −m2� ; ðA12Þ

Λð2Þμ
13 ¼ −4q3κγσθδκθνλδ

Z
d4k
ð2πÞ4

γσð=p0 − =kþmÞγμð=p − =kþmÞγνkθkλkτkγ
k6½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA13Þ

Λð2Þμ
14 ¼ 2q3κλανβ

Z
d4k
ð2πÞ4

γνð=p0 − =kþmÞγμð=p − =kþmÞΓ1λkαkβ
k4½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA14Þ

Λð2Þμ
15 ¼ −2q3κλανβ

Z
d4k
ð2πÞ4

ðp − kÞργνð=p0 − =kþmÞγμð=p − =kþmÞΓρ
1ð=p − =kþmÞγλkαkβ

k4½ðp0 − kÞ2 −m2�½ðp − kÞ −m2�2 ; ðA15Þ

Λð2Þμ
16 ¼ −2q3κλανβ

Z
d4k
ð2πÞ4

ðp0 − kÞργνð=p0 − =kþmÞΓρ
1ð=p0 − =kþmÞγμð=p − =kþmÞγλkαkβ

k4½ðp0 − kÞ2 −m2�2½ðp − kÞ −m2� ; ðA16Þ

Λð2Þμ
17 ¼ 2q3κλανβ

Z
d4k
ð2πÞ4

γνð=p0 − =kþmÞΓμ
1ð=p − =kþmÞγλkαkβ

k4½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� ; ðA17Þ

Λð2Þμ
18 ¼ 2q3κλανβ

Z
d4k
ð2πÞ4

Γ1νð=p0 − =kþmÞγμð=p − =kþmÞγλkαkβ
k4½ðp0 − kÞ2 −m2�½ðp − kÞ2 −m2� : ðA18Þ

APPENDIX B: SOME CROSSED-TERM CONTRIBUTIONS FOR TWO-POINT FUNCTIONS

Here, we present, for completeness, some results for the crossed terms of the two-point function [amplitudes depicted
in Eq. (30)]:

iΣð2efÞ ¼ −3q2imIlogðλ2Þðe · fÞγ5; ðB1Þ

iΣð2ehÞ ¼ −
1

3
iq2Ilogðλ2Þf2=pϵαμνβγμγνeαhβ þ =eϵαμνβγμγνpαhβ − ϵαμνβγμpαeνhβ − ϵμναβγμγνγαhβðe · pÞg; ðB2Þ
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iΣð2fhÞ ¼ −
1

8
q2Ilogðλ2Þϵμναβhβγ5

�
1

3
γμγνγα=e=f − 4mγμγαfν þ

1

3
=pγμγνfα − 6γμfνpα − =fγνγαpμ −

1

3
γμγνγαðf · pÞ

�
; ðB3Þ

iΣð2ceÞ ¼ −
1

3
q2Ilogðλ2Þcμνf8eμpν −meμγνg; ðB4Þ

iΣð2cfÞ ¼ −
8

3
iq2γ5cμνfμpν; ðB5Þ

iΣð2deÞ ¼ 1

3
q2Ilogðλ2Þdμνγ5

�
2pμeν − 5mγμeν þ pμ=eγν −

1

2
eμ=eγν

�
; ðB6Þ

iΣð2dfÞ ¼ 1

3
iq2Ilogðλ2Þdμνf2pμfν þ pμ

=fγν − 3fν=pγμg; ðB7Þ

iΣð2cdÞ ¼ −Ilogðλ2Þγ5
�
3mcμνdμν þ 2cμαdνμpαγν þ cμνdαμpαγν −

11

12
cμνdμν=p −

1

6
cμνdαν=pγμγα

�
; ðB8Þ

iΣð2eκÞ ¼ q2Ilogðλ2Þκμναβγαγνeμpβ; ðB9Þ

iΣð2fκÞ ¼ 1

3
iq2Ilogðλ2Þκμανβγμγνfαpβ; ðB10Þ

iΣð2hκÞ ¼ 1

2
iq2Ilogðλ2Þϵβανσγμ

�
ðmhβκμανσ þ γσκλναμhβpλÞ þ 1

4
iγμγνϵλαβσðmhλγσκμανβ þ hλpσκμανβÞ

�
; ðB11Þ

iΣð2cκÞ ¼ 1

3
q2Ilogðλ2Þfmcαβγμγνκμανβ þ cαβ=pκμανβ þ 5cμαγνκαβμνpβ þ 3cαμγνκμβναpβ − cαμγνκνβμαpβg; ðB12Þ

iΣð2dκÞ ¼ 1

3
q2Ilogðλ2Þ

�
2dμνγαγ5κναμβpβ þmdαμγβγνγ5κμανβ þ

1

2
dαβ=pγμγνγ5κμβνα − dμνγαγ5κμναβpβ

�
: ðB13Þ
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