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In present work, we explore and experiment with an alternative approach to studying resonance
properties in a finite volume. By analytic continuing the finite lattice size L into a complex plane, the
oscillating behavior of the finite volume Green’s function is mapped onto an infinite volume Green’s
function that is corrected by exponentially decaying finite volume effect. The analytic continuation
technique thus can be applied to study resonance properties directly in finite volume dynamical equations.
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I. INTRODUCTION

The Dalitz plot is a powerful tool in particle physics to
extract information from processes involving three-particle
final states. For instance, the u- and d-quark mass differ-
ence can be extracted by the Dalitz analysis of η → 3π
[1–7]. Since many resonances emerge in few-hadron
systems, the Dalitz plot also plays an important role in
the study of resonance dynamics from experimental data,
e.g., the coupled-channel analysis of ρ and K� resonances
dynamics in [8,9].
On the theory side, lattice quantum chromodynamics

(LQCD) has been one of the promising ab initiomethods to
provide understanding of few-hadron dynamics from the
Standard Model. In past few years, many progresses have
been made in LQCD calculations towards understanding
multihadron systems [10–27]. However, LQCD normally
puts out discrete energy spectra of few-hadron systems,
because of the finite volume inherent to the method, rather
than reaction amplitudes, which are needed to generate the
Dalitz plot. Lattice QCD calculations are usually performed
with the spatial periodic boundary condition. In the two-
body sector, connections between infinite-volume reaction
amplitudes and energy levels in a cubic box under periodic
boundary condition can be constructed in a compact and
elegant equation, normally referred as the Lüscher formula
[28], and it has since been extended to cases including
moving frames and coupled channels [29–39].

Various approaches to finite-volume three-particle dyna-
mics exist [40–69], such as the relativistic all-orders
perturbation theory [45–49], the effective theory based
approach [40–42,50,51,70], and the Faddeev type equation
based variational approach [65–69]. As pointed out in
Ref. [71], though the quantization conditions are formu-
lated in different ways depending on a specific approach,
all approaches share the same strategy and similar features.
The infinite-volume reaction amplitudes are in fact not
directly extracted from lattice data. Only subprocess
interactions or associated subprocess amplitudes are
obtained from the quantization condition, and the total
infinite volume reaction amplitudes have to be computed in
a separate step. Two-step procedures seem like a compro-
mise solution, and one may hope to have an ultimate
formalism that grants the user direct access to infinite-
volume reaction amplitudes from the LQCD energy levels,
independently of interhadron interaction models. But
deriving such relations beyond two-body systems poses
great challenges. With two-step procedures, the finite-
volume and infinite-volume physics can be dealt separately,
eventually linked by interhadron interactions at one’s
proposal. Therefore, the quantization condition is free of
infinite-volume reaction amplitudes, and it is more straight-
forward to implement in the practical data analysis of the
LQCD results. The model dependence of the interhadron
potential can be assessed by how well it fits to the LQCD
energy levels. However, scattering observables, such as the
Dalitz plot, must be computed in a separate step.
In the present work, we aim to explore and experiment

with an alternative approach by fully taking advantage of
Faddeev type integral equations in a finite volume. By the
analytic continuation of a box size L into a complex plane,
the mapping relation of a finite volume Green’s function in
different energy domains can be established as the conse-
quence of global spatial symmetry. Therefore, in a finite
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volume, L may be used as a tunable parameter to turn an
oscillating finite volume Green’s function into the infinite
volume Green’s function with some exponentially decaying
finite volume corrections. Hence, the resonance shows up
as a peak as well in finite volume scattering amplitudes,
even for small L values.
The paper is organized as follows. The analytic con-

tinuation technique is explained and demonstrated in Sec. II
with the one-dimension case. We summarize the findings in
Sec. III.

II. ANALYTIC CONTINUATION OF FINITE
VOLUME AMPLITUDES

The finite-volume Green’s function is qualitatively
different from its infinite-volume counterpart in that one
has poles in the complex energy plane corresponding to
discrete levels, and the other has branch cuts corresponding
to a continuous spectrum. So a very large cubic box must be
used if one would like to approximate scattering states in
finite volume. However, as wewill show in this section, if L
is analytically continued to its complex plane, finite-
volume amplitudes can resemble quite well the actual
reaction amplitudes, even for relatively small values of
L. To keep the technical discussion at a manageable level,
our presentation in what follows will be only limited to a
nonrelativistic few-body system in one-dimensional space.
The physical application of such a technique, such as the
Dalitz plot of η; η0 → 3π, will be presented in a sepa-
rate work.

A. Finite volume amplitude and Lüscher formula

Let us start the discussion with two-body interactions in
finite volume. One of the major tasks of investigating finite-
volume dynamics is to look for the discrete eigenenergies
of few-body systems in a periodic box. These energy
eigenstates are stationary and are described by a homo-
geneous Lippmann-Schwinger (LS) equation in the two-
body case,

ϕLðEÞ ¼ GLðEÞVϕLðEÞ; ð1Þ

where GL and ϕL stand for the finite volume Green’s
function and wave function, respectively, and V denotes the
interaction potential of particles. Equivalently, the homo-
geneous LS equation can be rewritten as

tLðEÞ ¼ VGLðEÞtLðEÞ; ð2Þ

where

tLðEÞ ¼ −VϕLðEÞ:

The energies of stationary states are those letting the
following determinant vanish:

det ½I − VGLðEÞ� ¼ 0; E ∈ fE1;…; En;…g: ð3Þ

It is useful to introduce an operator τLðEÞ that satisfies
the inhomogeneous LS equation,

τLðEÞ ¼ −V þ VGLðEÞτLðEÞ: ð4Þ

The solution of Eq. (4) is symbolically given by

τLðEÞ ¼ −
1

1
V − GLðEÞ

; ð5Þ

which will be used in the three-body finite-volume LS
equations. The poles of the τLðEÞ amplitude also yield
eigenenergy solutions of a stationary state of the few-body
finite volume system, which is consistent with the quan-
tization condition given by Eq. (3).
The matrix element of τLðEÞ between two plane waves

defines the finite-volume transition amplitude, which could
be on shell or off shell. Using 1D as the example, the off
shell finite-volume amplitude in the plane wave basis is
given by

τLðk;E; k0Þ ¼ hkjτLðEÞjk0i; ð6Þ

where

ðk; k0Þ ∈ 2πn
L

; and n ∈ Z: ð7Þ

Equation (4) thus yields

τLðk;E; k0Þ ¼ −Ṽðk − k0Þ
þ
X
p

Ṽðk − pÞG̃Lðp;EÞτLðp;E; k0Þ; ð8Þ

where the two-body finite-volume Green’s function in the
center of mass (CM) frame is given by

G̃Lðp;EÞ ¼
1

L
1

mE − p2
: ð9Þ

Equation (8) resembles the LS equation in an infinite
volume for scattering states, hence discrete ðk0; kÞ ≠ ffiffiffiffiffiffiffi

mE
p

may be interpreted as off shell incoming and outgoing
momenta, respectively.
Considering the short-range interaction approximation,

Ṽðk − k0Þ ≃ Ṽð0Þ ¼ V, the solution to Eq. (8) is thus
dominated primarily by diagonal terms of off shell ampli-
tudes, τLðk;E; kÞ ≃ τLðEÞ, which are normally also referred
to as on shell approximation; see Refs. [31,72]. Hence,
Eq. (8) is reduced to a algebra equation, and the solution is
given by
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τLðEÞ ¼ −
1

1
V −GLð0; EÞ

; ð10Þ

where

GLð0; EÞ ¼
1

L

X
p¼2πn

L ;n∈Z

1

mE − p2
¼ cot

ffiffiffiffiffi
mE

p
2

L

2
ffiffiffiffiffiffiffi
mE

p : ð11Þ

The potential term 1
V is related to the scattering phase shift

and infinite volume Green’s function,

1

V
¼ −

1

2
ffiffiffiffiffiffiffi
mE

p ½cot δðEÞ − i� þ G∞ð0; EÞ; ð12Þ

where

G∞ð0; EÞ ¼
Z

dp
2π

1

mE − p2
¼ −

i

2
ffiffiffiffiffiffiffi
mE

p : ð13Þ

Thus, Eq. (10) can be rewritten in the form that is associated
to the Lüscher formula,

τLðEÞ ¼
1

2
ffiffiffiffiffiffiffi
mE

p 1

cot δðEÞ −MLðEÞ
; ð14Þ

where MLðEÞ is Lüscher’s zeta function,

MLðEÞ ¼ iþ 2
ffiffiffiffiffiffiffi
mE

p
½G∞ð0; EÞ −GLð0; EÞ�: ð15Þ

The pole of τLðEÞ yields the Lüscher formula,

cot δðEÞ −MLðEÞ ¼ 0: ð16Þ

Although the expression of τLðEÞ in Eq. (10) has a
similar structure as its infinite volume counterpart, the on
shell two-body scattering amplitude,

τ∞ðEÞ ¼ −
1

1
V −G∞ð0; EÞ

¼ 1

2
ffiffiffiffiffiffiffi
mE

p 1

cot δðEÞ − i
; ð17Þ

τLðEÞ and τ∞ðEÞ behave significantly different due to
superficially divergent analytic appearance of finite volume
and infinite volume Green’s functions. In finite volume,
GLð0; EÞ is a periodic oscillating real function, compared
with the infinite volume counterpart G∞ð0; EÞ, which
is purely imaginary. The difference between GLð0; EÞ
and G∞ð0; EÞ may be understood from the analytic
properties of Green’s functions; in infinite volume,
Green’s function is determined by the branch cut lying
on positive real axis,

G∞ð0; EÞ ¼
1

2π

Z
∞

0

ds0

ffiffiffi
1
s0

q
mE − s0

: ð18Þ

For the values of mE taken slightly above the real axis by
mEþ iϵ, the principle part of the above interactionvanishes;
only the absorptive part survives and that yields the
imaginary part − i

2
ffiffiffiffiffi
mE

p . However, in finite volume, the

branch cut dissolves into discrete poles lying on the real
axis; therefore, for the values of mE not overlapping with
pole positions, only the principle part contributes. It is also
interesting to see that for finite iϵ, both GLð0; EÞ and
G∞ð0; EÞ becomes complex, and the sharp oscillating
behavior of GLð0; EÞ is smoothed out and starts matching
withG∞ð0; EÞwhen L ≫ 1=

ffiffiffi
ϵ

p
; see Fig. 1 as a example. In

other words, as ϵ → 0, τLðEÞ and τ∞ðEÞ indeed behaves
significantly different for finiteL, and τLðEÞ → τ∞ðEÞ only
whenL → ∞. Therefore, τLðEÞ for finiteL normally are not
considered as a useful tool for the identification of a sharp
resonance that on the contrary appears as a peak in τ∞ðEÞ.
Next, we will explain how the analytic continuation

technique may allow one to have finite volume amplitude
that resembles the behavior of an infinite volume amplitude
for even finite L and realmE values with ϵ → 0. It turns out
that the analytic continuation technique is the direct
consequence of the global symmetry of Green’s function
in complex space.

FIG. 1. The comparison of GLð0; EÞ and G∞ð0; EÞ with the
complex argument mEþ iϵ, where ϵ ¼ 0.1 and L ¼ 10 (blue),
100 (black), and ∞ (red).
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B. Global symmetry and analytic continuation
of Green’s function

Using again a 1D nonrelativistic few-body system as an
example, in infinite volume, a two-body Green’s function
satisfies

�
mEþ d2

dx2

�
G∞ðx; EÞ ¼ δðxÞ; ð19Þ

where the physical value of the position x is defined on a
real axis. Now, let us extend x to the complex plane by
multiplying a phase factor eiθ,

x → xeiθ;

where θ ∈ ½0; π�. We remark that the method of extension
of x to complex plane is also known as the complex scaling
method in nuclear and atomic physics; see Refs. [73–75]. In
complex space, Eq. (19) yields

�
mEei2θ þ d2

dx2

�
½e−iθG∞ðxeiθ; EÞ� ¼ δðxÞ: ð20Þ

One can conclude that the Green’s function equation is
invariant under the global rotation of space in a complex
plane, and e−iθG∞ðxeiθ; EÞ is related to the solution of
Eq. (19) on a real axis with the eigenenergy of mEei2θ;
hence,

G∞ðxeiθ; EÞ ¼ eiθG∞ðx; Eei2θÞ: ð21Þ

For θ ¼ π
2
; thus,

G∞ð0; EÞ ¼ iG∞ð0;−EÞ: ð22Þ

This is indeed consistent with the analytic expression in
Eq. (13). That is to say that the Green’s function in a
physical region ðE > 0Þ is mirrored to an unphysical region
(E < 0) by Eq. (22) as the consequence of global spatial
symmetry. In infinite volume, E is the only tunable
parameter in G∞ð0; EÞ that can be used to cross from
physical region to unphysical region or vice versa.
The finite volume two-body Green’s function is given by

�
mEþ d2

dx2

�
GLðx; EÞ ¼

X
n∈Z

δðxþ nLÞ: ð23Þ

Similarly, we want to extend the finite system to the
complex plane by a global spatial rotation, x → xeiθ and
also L → Leiθ; thus, we find

�
mEei2θþ d2

dx2

�
½e−iθGLeiθðxeiθ;EÞ� ¼

X
n∈Z

δðxþnLÞ:

ð24Þ

Equation (24) yields a useful relation,

GLeiθð0; EÞ ¼ eiθGLð0; Eei2θÞ: ð25Þ

A key observation is that because of the extra tunable
parameter L in a finite volume, now, Eq. (25) allows one to
navigate freely between the physical and unphysical
regions of a finite volume Green’s function with a fixed
value of E.
It is also worth noting that though GLð0; EÞ and

G∞ð0; EÞ are significantly different for E > 0 with finite
L, below the physical threshold (E < 0),

GLð0; E < 0Þ ¼ −
coth

ffiffiffiffiffiffiffi
jmEj

p
L

2

2
ffiffiffiffiffiffiffiffiffiffijmEjp ; ð26Þ

quickly approaches its infinite volume counterpart
G∞ð0; E < 0Þ ¼ − 1

2
ffiffiffiffiffiffiffi
jmEj

p as increasing L, due to the fact

that

coth

ffiffiffiffiffiffiffi
mE

p

2
L¼1þ2e−

ffiffiffiffiffi
mE

p
Lþ2e−2

ffiffiffiffiffi
mE

p
Lþ��� ⟶L→∞

1: ð27Þ

Now, using relation in Eq. (25), simply rotating L → iL, we
find

GiLð0; EÞ ¼ −i
coth

ffiffiffiffiffi
mE

p
2

L

2
ffiffiffiffiffiffiffi
mE

p ¼ G∞ð0; EÞ coth
ffiffiffiffiffiffiffi
mE

p

2
L:

ð28Þ

Therefore, in the physical region E > 0, GiLð0; EÞ behaves
just asG∞ð0; EÞ with exponential decaying corrections due
to the finite volume effect; see Fig. 2.

C. Resonance in iL space

With the continuation L → iL, the finite-volume on shell
amplitude,

τiLðEÞ ¼
1

2
ffiffiffiffiffiffiffi
mE

p 1

cot δðEÞ −MiLðEÞ
; ð29Þ

approximates very well τ∞ðEÞ in the physical region of E,
differing only by powers of e−

ffiffiffiffiffi
mE

p
L,

MiLðEÞ¼ ið1þ2e−
ffiffiffiffiffi
mE

p
Lþ2e−2

ffiffiffiffiffi
mE

p
Lþ�� �Þ ⟶L→∞

i: ð30Þ

We will illustrate how this helps identify resonances as a
peak of τiLðEÞ, just as in the infinite-volume case.
We propose a resonance model by replacing V by

mV0 þ
gρ

mðE −mρÞ
;
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where gρ and mρ are the coupling constant and mass of the
resonance, respectively, and mV0 can be used to para-
metrize the background contribution. The infinite-volume
scattering amplitude is thus given by

τðresÞ∞ ðEÞ ¼ −
1

1

mV0þ gρ
mðE−mρÞ

þ i
2
ffiffiffiffiffi
mE

p ; ð31Þ

to be compared with the analytically continued finite-
volume amplitude,

τðresÞiL ðEÞ ¼ −
1

1

mV0þ gρ
mðE−mρÞ

þ i
2
ffiffiffiffiffi
mE

p coth
ffiffiffiffiffi
mE

p
2

L
: ð32Þ

The comparison of τðresÞ∞ ðEÞ and τðresÞiL ðEÞ for a resonance
model is plotted in Fig. 3.
In infinite volume, the resonance pole position is

given by

1

mV0 þ gρ
mðE−mρÞ

þ i

2
ffiffiffiffiffiffiffi
mE

p ¼ 0; ð33Þ

and in finite volume, the pole position of τðres;0ÞiL ðEÞ is
shifted,

1

mV0 þ gρ
mðE−mρÞ

þ i
coth

ffiffiffiffiffi
mE

p
2

L

2
ffiffiffiffiffiffiffi
mE

p ¼ 0: ð34Þ

Figure 4 depicts the resonance pole of τðres;0ÞiL ðEÞ for various
values of L and the pole of τðresÞ∞ ðEÞ. It shows clearly how
rapidly the finite-volume pole approaches its infinite-
volume limit.

FIG. 2. Plot of ReGLð0; EÞ (black solid) and ImGiLð0; EÞ (red
solid) with L ¼ 10 vs ImG∞ð0; EÞ (dashed green) and
ReG∞ð0; EÞ (dashed magenta).

FIG. 3. The comparison of τðres;0ÞiL ð0; EÞ (solid black) and

τðres;0Þ∞ ð0; EÞ (dashed red) with L ¼ 10, mV0 ¼ 0, gρ ¼ 0.04,
and mmρ ¼ 0.3.

FIG. 4. The trajectory of the resonance pole position as the
function of L with the parameters of a resonance model:
mV0 ¼ 0, gρ ¼ 0.04, and mmρ ¼ 0.3. An arrow indicates in-
creasing L direction.
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D. Inhomogeneous three-particle Faddeev
type equation in finite volume

The idea presented in previous sections can now be
applied into three-body systems. In finite volume, the
stationary solutions of a three-body system may be
described by an homogeneous Schrödinger equation,

ΦL ¼ GLðEÞðV12 þ V23 þ V31ÞΦL; ð35Þ

where the subscript of Vαβ is used to describe the interaction
among different pairs. The Eq. (35) can be converted into
homogeneous Faddeev type coupled dynamical equations;
see [66–69]. In a simple case with three identical particles
interacting through only a pairwise interaction, only one
dynamical equation is required; symbolically, it is given by

TLðEÞ ¼
2

1
V −GLðEÞ

GLðEÞTLðEÞ; ð36Þ

where TLðEÞ ¼ −VΦLðEÞ stands for the finite volume
Faddeev three-body amplitude. Homogeneous Eqs. (36)
or (35) thus yield the quantization condition,

det

�
I −

2
1
V − GLðEÞ

GLðEÞ
�
¼ 0; ð37Þ

which determines the discrete eigenenergy of stationary
solutions that satisfies the periodic boundary condition in a
finite volume. In addition to establishing the quantization
condition and obtaining eigenenergies, the finite volume
wave function may also be computed from the dynamical
equations, Eqs. (36) and (35); the technical details of
extracting a few-body finite volume wave function are
presented in Appendix A.
To compare with infinite volume scattering amplitudes,

let us introduce a three-body operator T LðEÞ that satisfies
the inhomogeneous three-body equation,

T LðEÞ ¼ −
1

1
V −GLðEÞ

þ 2
1
V −GLðEÞ

GLðEÞT LðEÞ; ð38Þ

the poles of T LðEÞ correspond to the stationary solutions
that are also described by the homogeneous equation,
Eq. (36). The off shell finite volume amplitude in a plane
wave basis that resembles the scattering amplitude in
infinite volume may be introduced by

T Lðk1; k2;E; k01; k02Þ ¼ hk1; k2jT LðEÞjk01k02iL; ð39Þ

where ðk1; k2Þ and ðk01; k02Þ ∈ 2π
L n; n ∈ Z represent out-

going and incoming two independent momenta of particles.
While considering only the pairwise contact interaction,
T Lðk1; k2;E; k01; k02Þ depends only on a single outgoing
momentum, e.g., in a (13) channel,

T Lðk1; k2;E; k01; k02Þ ¼ −
Z
L
dr13dr23e−ik1r13e−ik2r23

×mV0δðr13ÞϕLðr13; r23; k01; k02Þ
¼ T Lðk2;E; k01; k02Þ: ð40Þ

The off shell inhomogeneous three-body LS equation for a
pairwise contact interaction is thus given in a compact
form,

T Lðk;E;k01;k02Þ
¼ τðkÞL ðEÞhkjk01k02iL
−2τðkÞL ðEÞ

X
p¼2πn

L ;n∈Z

LG̃Lðk;p;EÞT Lðp;E;k01;k02Þ; ð41Þ

where

hkjk01k02iL ¼ L½δk;k0
2
þ δk;k0

1
þ δk;k0

3
�: ð42Þ

The three-body finite volume Green’s function is given by

G̃Lðp1; p2;EÞ ¼
2

L2

1

2mE −
P

3
i¼1 p

2
i
; ð43Þ

and the two-body amplitude τðkÞL ðEÞ in a moving frame is
defined by

τðkÞL ðEÞ ¼ −
1

1
mV0

−
P

pLG̃Lðk; p;EÞ

¼ −
1

1
mV0

− cot

ffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
−k
2

2
Lþcot

ffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
þk
2

2
L

4
ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
: ð44Þ

The k and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2

q
in τðkÞL ðEÞ represent the total and the

relative momenta of the two-particle pair, respectively.
Instead of solving the off shell LS equation, Eq. (41), it

may be more convenient to introduce a half off shell
amplitude that only depends on the outgoing momenta of
particles by the sum over all the initial momenta ðk01; k02Þ,

T Lðk;EÞ ¼
1P

k0
1
;k0

2
hkjk01k02iL

X
k0
1
;k0

2

T Lðk;E; k01; k02Þ; ð45Þ

thus, Eq. (41) is converted into

T Lðk;EÞ¼τðkÞL ðEÞ−2τðkÞL ðEÞ
X

p¼2πn
L ;n∈Z

LG̃Lðk;p;EÞT Lðp;EÞ:

ð46Þ

The T Lðk;EÞ amplitude may be used to describe the decay
process. Equation (46) thus resembles an isobar model in
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the dispersion approach [1,3,5,6,76], where τðkÞL ðEÞ may be
interpreted as a naive isobar pair term, and the second term
in Eq. (46) thus corresponds to the isobar corrections due to
the rescattering effect among different isobar pairs. Just as a
two-body finite volume amplitude, for a finite value of L
and real E, T Lðk;EÞ is a real and oscillating function that
may not be in the suitable form for the task of the
identification of resonance.

E. Analytic continuation of three-particle Faddeev type
equation in finite volume and solutions in iL space

The inhomogeneous three-body dynamical equation,
Eq. (46), can be analytically continued into iL space as
well,

T iLðk;EÞ
¼τðkÞiL ðEÞ−2τðkÞiL ðEÞ

X
p¼2πn

iL ;n∈Z

ðiLÞG̃iLðk;p;EÞT iLðp;EÞ;

ð47Þ

where

G̃iLðp1; p2;EÞ ¼
2

ðiLÞ2
1

2mE −
P

3
i¼1 p

2
i
; ð48Þ

and

τðkÞiL ðEÞ ¼ −
1

1
mV0

þ i coth
ffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
−k
2

2
Lþcoth

ffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
þk
2

2
L

4
ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
: ð49Þ

Now, it will be illustrated in what follows that the solution
of Eq. (47), T iLðk;EÞ, will behave similar to its counterpart
in infinite volume, T ∞ðk;EÞ, which is given by

T ∞ðk;EÞ

¼ τðkÞ∞ ðEÞ−2τðkÞ∞ ðEÞ
Z

dpð2πÞG̃∞ðk;p;EÞT ∞ðp;EÞ;

ð50Þ

where

G̃∞ðp1; p2;EÞ ¼
2

ð2πÞ2
1

2mE −
P

3
i¼1 p

2
i
; ð51Þ

and

τðkÞ∞ ðEÞ ¼ −
1

1
mV0

þ i
2

ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p : ð52Þ

In addition to finding solutions of Eq. (47) in iL space for
discrete momenta values, Eq. (47) also allows us to

analytically continue the argument k in T iLðk;EÞ into real
continuous values that can be used to compute a Dalitz
plot etc.
First of all, Eq. (47) can be solved for k ∈ 2πn

iL ; n ∈ Z by
matrix inversion,

T iLðp;EÞ ¼
X
k

½D−1
iL ðEÞ�p;kτðkÞiL ðEÞ; ð53Þ

where ðk; pÞ ∈ 2πn
iL ; n ∈ Z, and DiLðEÞ matrix are given by

½DiLðEÞ�p;k ¼ δp;k þ 2τðkÞiL ðEÞðiLÞG̃iLðk; p;EÞ: ð54Þ

Next, plugging Eq. (53) into Eq. (47), therefore, the
T iLðk;EÞ with a real continuous k argument is now
obtained by

T iLðk;EÞ ¼ τðkÞiL ðEÞgiLðk;EÞ; ð55Þ

where

FIG. 5. The comparison of T iLðk;EÞ (solid black), τðres;kÞiL ðEÞ
(solid blue), and T ∞ðk;EÞ with fixed mE ¼ 0.8, L ¼ 10,
mV0 ¼ 0, gρ ¼ 0.04, and mρ ¼ 0.3.
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giLðk;EÞ
¼ 1−2

X
ðp;p0Þ¼2πn

iL ;n∈Z

ðiLÞG̃iLðk;p;EÞ½D−1
iL ðEÞ�p;p0τ

ðp0Þ
iL ðEÞ:

ð56Þ

The second term in the giL function describes the correction
to the isobar model from crossed channels due to the
rescattering effect.
Again, with a simple resonance model of a two-body

amplitude by replacement mV0 → mV0 þ gρ
mE−3

4
k2−mmρ

, and
τðkÞðEÞ → τðres;kÞðEÞ in both finite and infinite volumes, for
instance,

½τðres;kÞiL ðEÞ�−1 ¼ −
1

mV0 þ gρ
mE−3

4
k2−mmρ

− i
coth

ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
−k
2

2
Lþ coth

ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
þk

2

2
L

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2

q ;

ð57Þ

the comparison of numerical solutions of T iLðk;EÞ given
by Eq. (55), and its counterpart in infinite volume,
T ∞ðk;EÞ, given by Eq. (50), is shown in Fig. 5.
We remark that the cusp effect in T iLðk;EÞ for a real k is

a pure finite volume artifact; also see Figs. 6–8 for the plot
of T iLðk;EÞ with multiple L’s andmE’s. The finite volume
cusp originates from the analytic continuation of the finite
volume three-body Green’s function with real arguments,X
p¼2πn

iL ;n∈Z

ðiLÞG̃iLðk; p;EÞ

¼ 1

iL
1

mE − k2
þ 1

iL

X
p¼2πn

iL ;n≠0

1

mE − p2 − pk − k2
: ð58Þ

Now, we can clearly see the pole term in a finite volume
Green’s function, 1

mE−k2, which appears to cause trouble for

the real k values near � ffiffiffiffiffiffiffi
mE

p
. In fact, this singular term

shows up in giLðk;EÞ that is defined in Eq. (56) as a pole
singularity; however, it also shows up in

τðkÞiL ðEÞ ¼ −
1

1
mV0

−
Pn∈Z

p¼2πn
iL
ðiLÞG̃iLðk; p;EÞ

∝ ðmE − k2Þ

FIG. 6. The comparison of T iLðk;EÞ and T ∞ðk;EÞ (blue) with
multiple L’s: L ¼ 5 (pink), 10 (black), 20 (green), 40 (magenta).
Model parameters are fixed withmE ¼ 0.6,mV0 ¼ 0, gρ ¼ 0.04,
and mρ ¼ 0.3.

FIG. 7. The comparison of T iLðk;EÞ and T ∞ðk;EÞ (blue) with
a fixed mE ¼ 0.8 and multiple L’s: L ¼ 5 (pink), 10 (black),
20 (green), 40 (magenta).
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as zero, see the red dashed curves in Fig. 5. Therefore,

the finite volume three-body amplitude T iLðk;EÞ ¼
τðkÞiL ðEÞgiLðk;EÞ is free of a singularity in the end.
Although the singularity is canceled out, the finite volume
effect still shows up as a cusp, which is absent in infinite
volume amplitudes. We also notice that the finite volume
cusp is located at k ∼� ffiffiffiffiffiffiffi

mE
p

, while the location of a two-
body resonance is around mE − 3

4
k2 ∼mmρ. Hence, the

cusp may start interfering with the shape of resonance when
E ∼ 4mρ; see Figs. 6–8 as an example.

III. SUMMARY AND DISCUSSION

In summary, we explore and experiment with an alter-
native approach of studying resonance properties in a finite
volume. As the consequence of the global symmetry of a
Green’s function in the complex spatial plane, by analytic
continuation of L into iL, the oscillating behavior of a finite
volume Green’s function can be mapped into an infinite
volume Green’s function with corrections of an exponen-
tially decaying finite volume effect. Using the finite volume
size L as a tuning knob, the finite volume scattering
amplitude may behave similarly to an infinite volume
amplitude in iL space. A cusp in the three-body finite
volume amplitude due to a finite volume effect is also
observed; it may start interfering with and distorting the

shape of a resonance while the total energy E is in certain
range. Nevertheless, the resonance peak is still clearly
visible even in a small box. Hence, the resonance properties
may be computed directly from the finite volume dynami-
cal equations.
The analytical continuation technique presented in the

paper may be useful in visualizing resonances from
finite volume dynamical equations, in processes such as
η; η0 → 3π. In order to describe a three-particle resonance, a
three-body short-range interaction must be included as
well. A simple model that may be used to describe a three-
particle resonance is sketched in Appendix B.
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APPENDIX A: MULTIPARTICLE WAVE
FUNCTION IN FINITE VOLUME

The total multiparticle wave function is related to the
total finite volume amplitude by

ΦL ¼ −GLðEÞT tot
L ðEÞ: ðA1Þ

The total amplitude T tot
L ðEÞ is usually given by the sum of

multiple terms, for instance, in a three-body interaction
with only a pairwise interaction; thus,

T tot
L ðEÞ ¼

X3
γ¼1

TðαβÞ
L ðEÞ; α ≠ β ≠ γ; ðA2Þ

where TðαβÞ
L ðEÞ satisfies coupled homogeneous equations,

such as

Tð12Þ
L ðEÞ ¼ 1

1
V12

−GLðEÞ
GLðEÞ½Tð23Þ

L ðEÞ þ Tð31Þ
L ðEÞ�:

ðA3Þ
For three identical particles, the coupled homogeneous

equations are reduced to Eq. (36) and TðαβÞ
L ðEÞ ¼ TLðEÞ.

Therefore, finding eigensolutions of a finite volumeFaddeev
amplitude becomes a key step for computing the wave
function.
In general, the dynamical equations of finite volume

Faddeev amplitudes may be casted as a matrix equation in a
linear form,

FIG. 8. The comparison of T iLðk;EÞ and T ∞ðk;EÞ (blue) with
a fixed mE ¼ 0.8 and multiple L’s: L ¼ 5 (pink), 10 (black),
20 (green), 40 (magenta).
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TiðEÞ ¼
X
j

Ki;jðEÞTjðEÞ; ðA4Þ

where the vector TðEÞ stands for the energy dependent
amplitude that also depends on the discrete momenta, and
the matrix KðEÞ represents the energy dependent kernel
function. In a finite volume, due to the periodic boundary
condition, the Eq. (A4) can be satisfied only for some
discrete energies, fE1;…; En;…g. Equation (A4) has
nontrivial solutions only if

det ½I − KðEÞ� ¼ 0; E ∈ fEng: ðA5Þ

In order to find the eigenvector solution of Eq. (A4), let us
consider the subtracted equation of Eq. (A4),

TiðEÞ ¼ Ti0ðEÞ þ
X
j

½Ki;jðEÞ − Ki0;jðEÞ�TjðEÞ; ðA6Þ

where Ti0ðEÞ stands for the i0th element of a TðEÞ vector
we choose for the subtraction. Ti0ðEÞmay also be used as a
normalization factor and is a constant value for a fixed E.
Hence, the solution of a subtracted Eq. (A6) is obtained by
a matrix inversion,

TðEÞ ¼ 1

I − KðEÞ þ K0ðEÞ
T0ðEÞ; ðA7Þ

where T0ðEÞ ¼ Ti0ðEÞ vector is a constant for a fixed E,
and ½K0�i;jðEÞ ¼ Ki0;jðEÞ. The expression in Eq. (A7) is
indeed the eigenvector solution of Eq. (A4) when
E ∈ fEng, since TðEnÞ ¼ KðEnÞTðEnÞ and so is
T0ðEnÞ ¼ K0ðEnÞTðEnÞ. The subtracted homogeneous
dynamical equations hence can be used to find eigenvector
solutions of finite volume Faddeev type equations.
Next, we will just use a simple example to illustrate the

above described approach. Let us consider three non-
relativistic identical bosons interacting with contact inter-
actions in 1D. The wave function is given in terms of a
finite volume Faddeev amplitude by

ϕLðr13; r23Þ ¼ −
X
p1;p2

eip1r13eip2r23G̃Lðp1; p2;EÞ

× ½TLðp1;EÞ þ TLðp2;EÞ þ TLðp3;EÞ�;
ðA8Þ

where ðp1; p2Þ ∈ 2π
L n; n ∈ Z, and p3 ¼ −p1 − p2. rij are

relative coordinates between ith and jth particles. The
TLðEÞ satisfies the integral equation,

TLðk;EÞ ¼ −2τðkÞL ðEÞ
X
p

LG̃Lðk; p;EÞTLðp;EÞ; ðA9Þ

where ðk; pÞ ∈ 2π
L n; n ∈ Z. The eigenenergies are obtained

by a quantization condition,

det ½δk;p − Kðk; p;EÞ� ¼ 0; ðA10Þ

where the kernel function is

Kðk; p;EÞ ¼ −2τðkÞL ðEÞLG̃Lðk; p;EÞ: ðA11Þ

Once eigenenergies are determined, the eigenvector can be
found by the matrix inversion of the subtracted Eq. (A9),

X
p

½δk;p − Kðk; p;EÞ þ Kðk0; p;EÞ�TLðp;EÞ ¼ TLðk0;EÞ;

ðA12Þ

where k0 is the subtraction point and can be chosen
arbitrarily, and TLðk0Þ may be treated as a normalization
factor.

1. Multiparticle energy spectrum of a resonance model

To make it more interesting, let us propose a resonance
model with the following replacement in the contact
interaction:

mV0 → mV0 þ
gρ

mE − 3
4
k2 −mmρ

; ðA13Þ

where ðgρ; mρÞ stand for the coupling constant and mass of
resonance, respectively. Therefore, the two- and three-
particle energy spectrum in the CM frame are determined
by a two-body quantization condition,

1

mV0 þ gρ
mðE−mρÞ

−
cot

ffiffiffiffiffi
mE

p
2

L

2
ffiffiffiffiffiffiffi
mE

p ¼ 0; ðA14Þ

and a three-body quantization condition,

det

�
δk;p þ

1

L
2τðres;kÞL ðEÞ

mE − k2 − kp − p2

�
¼ 0; ðA15Þ

respectively, where

½τðres;kÞL ðEÞ�−1 ¼ −
1

mV0 þ gρ
mE−3

4
k2−mmρ

− i
coth

ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
−k
2

2
Lþ coth

ffiffiffiffiffiffiffiffiffiffiffiffi
mE−3

4
k2

p
þk

2

2
L

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mE − 3

4
k2

q :

ðA16Þ

The two- and three-particle energy spectra are shown in
Figs. 9 and 10, respectively. The resonance shows up at
the mE2b ¼ 0.3 location and flattens up the curves of
the two-body energy spectrum as the function of L near
mE2b ¼ 0.3. A similar pattern is observed in the three-body
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energy spectrum; however, the situation in the
three-body sector is slightly more sophisticated. The
energy spectrum of free particles shows the degeneracy
for some levels, such as the blue curve in the middle
that has a double degeneracy for ðp1; p2Þ ¼ 2π

L ð1; 1Þ and
ðp1; p2Þ ¼ 2π

L ð2;−1Þ; hence, three blue free three-body
energy spectrum curves in fact represent four energy levels.
The degeneracy in the second and third levels in the middle
is removed by interaction; see the splitting in the two red
curves in the middle of Fig. 10.

2. Three particles wave function of a resonance model

With the resonance model proposed in Sec. A 1, we can
thus apply the technique described previously to compute a

three particles wave function. The three-body finite volume
TL amplitude is solved by matrix inversion and is given by

TLðp;EÞ ¼
X
k

½D−1ðk0; EÞ�p;kTLðk0;EÞ; ðA17Þ

where k0 is an arbitrary subtraction point, and the D matrix
is given by

Dk;pðk0;EÞ ¼ δk;p − Kðk; p;EÞ þ Kðk0; p;EÞ: ðA18Þ

Using TLðp;EÞ as input, the three-body wave function can
be computed by Eq. (A8); see Fig. 11 as an example with
mE3b as a near resonance mass.

APPENDIX B: THREE-PARTICLE
RESONANCE MODEL

In order to describe a three-particle resonance decay or
scattering process, the three-body short-range interaction
must be included. In this section, we present a simple three-
body contact interaction model that may be useful to
describe a process such as η → 3π. When the three-body
short-range interaction is included, all the discussion
presented in Sec. II D must be extended by including a
three-body amplitude Tð3bÞ. Thus, Eq. (38) is replaced by
coupled equations,

T LðEÞ¼ τLðEÞ−τLðEÞGLðEÞ½2T LðEÞþT ð3bÞ
L ðEÞ�; ðB1Þ

and

T ð3bÞ
L ðEÞ ¼ τð3bÞL ðEÞ − τð3bÞL ðEÞGLðEÞ3T LðEÞ; ðB2Þ

where τð3bÞL is related to the three-body interaction V123 by

FIG. 9. The CM frame two particles energy spectrum (solid red)
for a resonance model with parameters:mV0 ¼ 0, gρ ¼ 0.04, and
mmρ ¼ 0.3. The free particles energy spectrum (dashed blue) is

also plotted as a reference with mEðfreeÞ
2b ¼ ð2πnL Þ2, n ∈ Z.

FIG. 10. The CM frame three particles energy spectrum (solid
red) for a resonance model with parameters:mV0 ¼ 0, gρ ¼ 0.04,
andmmρ ¼ 0.3. The free particles energy spectrum (dashed blue)

is also plotted as a reference with mEðfreeÞ
3b ¼ p2

1 þ p1p2 þ p2
2,

ðp1; p2Þ ∈ 2πn
L ; n ∈ Z.

FIG. 11. Three-body wave function jϕLðr13; r23Þj2 for a reso-
nance model with parameters: mV0 ¼ 0, gρ ¼ 0.04, mmρ ¼ 0.3,
L ¼ 16, and mE3b ¼ 0.3046 ∼mmρ.
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τð3bÞL ðEÞ ¼ −
1

1
V123

−GLðEÞ
: ðB3Þ

With the same convention, τL is related to the two-body
pairwise interaction V by

τLðEÞ ¼ −
1

1
V − GLðEÞ

: ðB4Þ

Eliminating T ð3bÞ
L in Eq. (B1), we thus find

T LðEÞ¼ τLðEÞ½1−GLðEÞτð3bÞL ðEÞ�
− τLðEÞGLðEÞ½2−3τð3bÞL ðEÞGLðEÞ�T LðEÞ: ðB5Þ

The quantization condition Eq. (37) is thus replaced by

det ½I þ τLðEÞGLðEÞð2 − 3τð3bÞL ðEÞGLðEÞÞ� ¼ 0;

ðB6Þ

where the three-body term τð3bÞL ðEÞ may be modeled to
describe the impact of the three-body resonance to the
spectrum of a three-body system.
In a momentum basis with a short-range three-body

interaction, Eq. (B5) is thus given by

T Lðk;EÞ ¼ τðkÞL ðEÞ
�
1 −

�X
p0

LG̃Lðk; p0;EÞ
�
τð3bÞL ðEÞ

�

− τðkÞL ðEÞ
X
p

�
2LG̃Lðk; p;EÞ

− 3

�X
p0

LG̃Lðk; p0;EÞ
�

× τð3bÞL ðEÞ
�X

p00
LG̃Lðp00; p;EÞ

��
T Lðp;EÞ;

ðB7Þ

where

τð3bÞL ðEÞ ¼ −
1

1
mV123

−
P

k;pG̃Lðk; p;EÞ
: ðB8Þ

The three-particle resonance may be modeled by replacing
V123 by

mV123 þ
g123

mðE −m123Þ
;

where g123 and m123 represent the coupling strength and
mass of three-body resonance.
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