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We study the most recently observed excited Bc states with the Dyson-Schwinger equation and the
Bethe-Salpeter equation approach of continuum QCD. The obtained MBþ

c ð2SÞ ¼ 6.813ð16Þ GeV,
MB�þ

c ð2SÞ ¼ 6.841ð18Þ GeV and the mass splitting MBþ
c ð2SÞ −Mrec

B�þ
c ð2SÞ ≈ 0.039 GeV agree with the

observations very well. Moreover we predict the leptonic decay constant fBþ
c ð2SÞ ¼ −0.165ð10Þ GeV,

fB�þ
c ð2SÞ ¼ −0.161ð7Þ GeV, respectively.

DOI: 10.1103/PhysRevD.102.074010

I. INTRODUCTION

Recently, two excited Bc mesons, Bþ
c ð2SÞ and B�þ

c ð2SÞ,
were observed in the mass spectrum of Bþ

c π
þπ− for the

first time by the CMS experiment at
ffiffiffi
s

p ¼ 13 TeV [1].
The mass of Bþ

c ð2SÞ is determined to be MBþ
c ð2SÞ ¼

6871.0� 1.2ðstatÞ � 0.8ðsystÞ � 0.8ðBþ
c Þ MeV, while the

mass difference MBþ
c ð2SÞ −Mrec

B�þ
c ð2SÞ ¼ 29.0� 1.5ðstatÞ�

0.7ðsystÞ MeV, where Mrec
B�þ
c ð2SÞ is the reconstructed mass,

defined by

Mrec
B�þ
c ð2SÞ ¼ MB�þ

c ð2SÞ − ðMB�þ
c ð1SÞ −MBþ

c ð1SÞÞ: ð1Þ

The above results are then confirmed by the LHCb
experiment with 8.5 fb−1 proton-proton (pp) colli-
sion data [2], being MBþ

c ð2SÞ ¼ 6872.1� 1.3ðstatÞ �
0.1ðsystÞ � 0.8ðBþ

c Þ MeV and MBþ
c ð2SÞ −Mrec

B�þ
c ð2SÞ ¼

31.0� 1.4ðstatÞ MeV, respectively.
Investigating the open flavor states such as the Bþ

c family
of ðcb̄Þ mesons could enrich our understanding of the
strong interaction (see, e.g., Ref. [3] and references therein
for the contemporary statements). Exploring the excited
states relies on detailed understanding of the long range
behavior of strong interaction and encounters plenty
difficulties due to the intrinsic complexity. The quark
model has been widely applied to study hadron spectrum
and, by using a phenomenological nonrelativistic potential
model, the mass spectrum and decay property of ðcb̄Þ
mesons have been explored (see, e.g., Refs. [4,5]).

However, investigations based on an ab initio approach
of strong interaction, quantum chromodynamics (QCD),
are still challenges. The predictions of charm-bottom
ground state from lattice QCD (LQCD) [6] has been rele-
ased recently with the masses MBþ

c
¼ 6276ð3Þð6Þ MeV

and MBþ�
c

¼ 6331ð4Þð6Þ MeV. Studying the masses of the
excited states in LQCD are more difficult than determining
those of the ground states [7,8] and the leptonic decay
constants of excited Bþ

c states have not yet been touched.
For details of the difficulties to study the decay constant in
LQCD simulations please refer to Refs. [9,10], where trials
of calculating the decay constant of the first radial excited
pion are carried out with the inspiration of a continuum
theory prediction [11].
As a continuum functional method of QCD, the Dyson-

Schwinger (DS) equation and Bethe-Salpeter (BS) equation
(DSBSE) [12–14] approach is complementary to LQCD
and a covariant way to bridge the hadron physics and the
fundamental degree of QCD. The difficulty of investigating
the open flavor hadrons within this approach has been
reported in Ref. [15] and that for exotic and radial excited
states has been displayed in Ref. [16]. Then some efforts
have been made (e.g., Refs. [17–19]). Using an algebraic
model, the mass of B�þ

c , which is consistent with the world
average value, has been obtained [20]. However it is not
possible to predict the decay constants and the properties of
the radial excited states in that framework, because the
interaction lacks the relative momentum dependence. An
extrapolation method has been developed in Ref. [21].
Therein the obtained masses and decay constants of the
ground state mesons are comparable to experimental
measurements and LQCD simulation results, showing
the success of the rainbow ladder (RL) approximation.
What is more important, taking into account the flavor

*leichang@nankai.edu.cn
†muyang@nankai.edu.cn
‡yxliu@pku.edu.cn

PHYSICAL REVIEW D 102, 074010 (2020)

2470-0010=2020=102(7)=074010(6) 074010-1 © 2020 American Physical Society

https://orcid.org/0000-0002-4339-2943
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.074010&domain=pdf&date_stamp=2020-10-16
https://doi.org/10.1103/PhysRevD.102.074010
https://doi.org/10.1103/PhysRevD.102.074010
https://doi.org/10.1103/PhysRevD.102.074010
https://doi.org/10.1103/PhysRevD.102.074010


dependence of the quark-quark interaction, we have given a
successful description of the ground states of the open
flavor mesons and quarkonia [22]. Our results of the heavy
mesons deviate from the experiment and LQCD results
only about 1% for the ground state masses and less than 7%
for the decay constants.
To study the excited states of Bþ

c and B�þ
c in the

continuum QCD approach directly, one should develop a
scheme by extending those given in Refs. [21,22]. In the
extension, one should maintain the parameters as the same
as the ones which produce the masses and decay constants
of the ground states successfully. In this Letter, we describe
the new scheme and report the obtained masses and decay
constants of the first excited states, Bþ

c ð2SÞ and B�þ
c ð2SÞ,

via the continuum QCD approach. Our obtained mass of
the excited states agree with the experimental observations
very well. The obtained decay constants are also quite
reasonable.

II. DSBSE APPROACH

Here we present the RL truncated DSBSE approach
which takes into account the flavor dependence of the
quark-quark interaction. This model has been introduced in
Ref. [22]. Herein we provide an overview for completeness
to implement the approach to describe the masses of the
newly observed radial heavy flavor mesons Bþ

c ð2SÞ and
B�þ
c ð2SÞ, and predict their decay constants.
The meson Bethe-Salpeter amplitude (BSA), Γfg, can be

obtained by solving the BS equation,

½Γfgðk;PÞ�αβ ¼
Z

Λ

dq
½Kfgðk; q;PÞ�αδσβ½χfgðq;PÞ�σδ ; ð2Þ

where ½Kfgðk; q;PÞ� is the quark-antiquark scattering
kernel, and α, β, σ, and δ are the Dirac indexes. χfgðq;PÞ ¼
SfðqþÞΓfgðq;PÞSgðq−Þ is the BS wave function. SfðqþÞ
and Sgðq−Þ are the quark propagators, satisfying the DS
equation generally,

S−1f ðkÞ ¼ Z2ðiγ · kþmfðΛÞÞ

þ 4

3
Z2

Z
Λ

dq
g2Dμνðk − qÞγμSfðqÞΓf

νðq; kÞ: ð3Þ

Herein the f and g label the quark flavor, f, g ∈
fu; d; s; c; bg. k and P are the relative and total momentum
of the meson. qþ ¼ qþ ιP=2, q− ¼ q − ð1 − ιÞP=2, ι is
the partition parameter describing the momentum partition
between the quark and antiquark, which does not affect
physical observables.

R
Λ
dq ¼

R
Λ d4q=ð2πÞ4 stands for the

Poincaré invariant regularized integration, with Λ as the
regularization mass scale. The regularization will be
removed by taking Λ → ∞ in the final stage of calculation.
mfðΛÞ is a Λ-dependent, current-quark bare mass, Z2 is the

renormalization constant of quark field depending onΛ and
ζ. We adopt a flavor independent renormalization scheme
and choose ζ ¼ 2 GeV.
Generally the full quark-gluon vertex, Γf

νðq; kÞ, is
involved in the quark DS equation and depends on the
quark flavor. For example, most recent calculation of
solving the coupled quark and quark-gluon vertex DS
equations manifests explicitly the flavor dependence of
Γf
νðq; kÞ [23]. Truncating the equations at RL level [22],

one can transfer the flavor dependence of the vertex,
combined with the flavor independent gluon propagator,
into the effective interaction g2DμνðlÞΓf

νðq;kÞ¼Z2D̃
f
μνðlÞγν

(l¼k−q), and the corresponding quark-antiquark scatter-
ing kernel

½Kfgðk; q;PÞ�αδσβ → −
4

3
Z2
2D̃

fg
μνðlÞ½γμ�ασ ½γμ�βδ : ð4Þ

In the case of flavor symmetric mesons, RL truncation
preserves the Ward-Takahashi identity exactly. As g ¼ f,
the effective interaction “D̃ff

μν ðlÞ” is in fact D̃f
μνðlÞ. While

in the case of open flavored mesons, the D̃fg
μν is related to

each of the flavors, i.e., the D̃f
μν and D̃g

μν, by an integral
equation involving the quark propagators [22]. A promised
way to build a consistent representation can be traced to
Refs. [14,24].
Herein we use a model for the effective interaction,

which has been introduced in Ref. [22]. The effective
interaction can be expressed as, D̃fg

μνðlÞ ¼ TμνGfgðl2Þ
(where Tμν ¼ δμν − lμlν=l2). Gfg is decomposed into an
infrared (IR) part and an ultraviolet (UV) part. Since the
UV part is usually very weakly dependent on the flavor, the
flavor dependence can then be attributed to the IR part. We
then have

GfgðsÞ ¼ Gfg
IRðsÞ þ GUVðsÞ; ð5Þ

where s ¼ l2.
The flavor dependent IR part is obtained by extending

the expression for the flavor symmetric case [16,25],

Gf
IRðsÞ¼Gff

IR ðsÞ¼8π2
D2

f

ω4
f
e−s=ω

2
f ¼8π2

DfDf

ω2
fω

2
f
e−s=ωfωf [22,23],

Gfg
IRðsÞ ¼ 8π2

Df

ω2
f

Dg

ω2
g
e−s=ðωfωgÞ: ð6Þ

The flavor independent UV part takes the commonly used
form,

GUVðsÞ ¼
8π2γmF ðsÞ

ln½τ þ ð1þ s=Λ2
QCDÞ2�

; ð7Þ

where F ðsÞ¼½1−expð−s2=½4m4
t �Þ�=s, γm¼12=ð33−2NfÞ,

with mt ¼ 1.0 GeV, τ ¼ e10 − 1, Nf ¼ 5, and ΛQCD ¼
0.21 GeV. The values ofmt and τ are chosen different from
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the commonly taken ones in previous works [16,25] so that
the GUVðsÞ is well suppressed in IR region and the dressed
function Gfg

IRðsÞ is qualitatively right in the limitmf → ∞ or
mg → ∞. This change doesn’t affect the ultraviolet behav-
ior in the gap and Bethe-Salpeter equations, see Fig. 1.
Though the flavor dependent part, Eq. (6), is not the

exact form of the scattering kernel for the open flavored
mesons, the parameters,Df;g andωf;g, are fixed by physical
observables. Three groups of parameters corresponding to a
varying of the interaction width and preserving the Ward-
Takahashi identity with high precision have been given in
Ref. [22]. The parameters of the charm and beauty system
are listed in Table I.
The current-quark bare mass that appears in Eq. (3),

mfðΛÞ, depends on the regularization scale. To report a
regularization-scale independent current quark mass, we
consider the quark mass function Mfðp2Þ in the quark

propagator SfðpÞ ¼ Zfðp2;ζ2Þ
iγ·pþMfðp2Þ that is renormalization-

point and regularization-scale independent. The quark mass
function in ultraviolet region is dominated by the current
quark mass and evolves as

Mfðp2Þ ¼largep2 m̂f

ð1
2
ln p2

Λ2
QCD

Þγm
; ð8Þ

under the present truncation [26]. In Eq. (8), m̂f is the
renormalization-group-invariant current quark mass, with

which we can extract the one-loop evolved current quark
mass on the mass shell in Euclidean space as

m̌f ¼ m̂f

ð1
2
ln½p2=Λ2

QCD�Þγm
����
p2¼m̌2

f

: ð9Þ

We get then m̌c ¼ 1.31 GeV and m̌b ¼ 4.27 GeV, which
are commensurate with those given by PDG [27]. The
slight difference arises from the dynamical chiral symmetry
breaking effect involved in the evolution.

III. EXTRAPOLATION

The quark propagators in Eq. (2) are functions of the
complex momenta q2� that lie in parabolic regions. Any
singular structure in the quark propagator indicates the
upper bound of the maximum bound state mass obtainable
directly, P2 > −M2

max;d, where −M2
max;d defines the contour

border of the parabolic region. Due to color confinement,
the quark propagators indeed have such singularities. The
existing nodes in the Schwinger function of the charm and
bottom quark propagators reveal the information of the
complex conjugate poles [28,29]. The ground states are
within the parabolic region and the masses and the leptonic
decay constants can be obtained directly. However, the
radial excited states are outside the parabolic region, hence
we must adopt proper extrapolation scheme to determine
the masses and the decay constants (see, e.g., Ref. [30]).
The BS equation can be viewed as a P2-dependent

eigenvalue problem,

λfgðP2Þ½Γfgðk;PÞ�αβ ¼
Z

Λ

dq
½Kðk;q;PÞ�αδσβ½χfgðq;PÞ�σδ ; ð10Þ

where ½Kðk; q;PÞ�αδσβ ¼ − 4
3
½Z2�2D̃fg

μνðk − qÞ½γμ�ασ ½γν�δβ, and
α, β, σ, and δ are the Dirac indexes. The meson mass is
determined by λfgðP2 ¼ −M2Þ ¼ 1. An extrapolation to
the physical bound state mass should be implemented if the
state mass is larger than the contour border Mmax;d. We
make use of a Padé approximation

1

λfgðP2Þ ¼
1þPNo

n¼1 anðP2 þ s0Þn
1þPNo

n¼1 bnðP2 þ s0Þn
; ð11Þ

to fit the λfgðP2Þ, with No as the order of the series, and s0,
an, and bn as the parameters.
The leptonic decay constant of the pseudoscalar meson

(0−) and vector meson (1−) are defined by

ffg0−ðP2ÞPμ ¼ Z2Nctr
Z

Λ

dk
γ5γμχ

fg
0−ðk;PÞ; ð12Þ

ffg1−ðP2Þ
ffiffiffiffiffiffiffiffiffi
−P2

p
¼ Z2Nc

3
tr
Z

Λ

dk
γμχ

fg
1−;μðk;PÞ; ð13Þ

FIG. 1. The ultraviolet part of the interaction GuvðsÞ with τ ¼
e2 − 1 (red dashed line) and τ ¼ e10 − 1 (black solid line).

TABLE I. The three sets of parameters ωf andDf (in unit GeV)
of charm and bottom quarks [22].

Flavor ωf D2
f ωf D2

f wf D2
f

c 0.690 0.645 0.730 0.599 0.760 0.570
b 0.722 0.258 0.766 0.241 0.792 0.231
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with tr as the trace of the Dirac index. ffgðP2Þ is generally
fitted by

ffgðP2Þ ¼ f0 þ
PNo

n¼1 cnðP2 þM2Þn
1þPNo

n¼1 dnðP2 þM2Þn ; ð14Þ

where f0, cn, and dn are parameters, andM2 is the square of
the mass. The physical decay constant is ffgð−M2Þ ¼ f0.
Notice that Eqs. (11) and (14) are general forms of

most functions. The error due to the extrapolation could
be estimated by comparing the results obtained with
No ¼ 1; 2; 3;…, in the equations. The parameters are fitted
with the least square method, i.e., by finding the minimum

of the quantity δ ¼ 1
Np

PNp

i¼1ðFðP2
i Þ − ViÞ2, where Np is the

number of the P2 value calculated, FðP2
i Þ ¼ 1

λfgðP2
i Þ

or

ffgðP2
i Þ, Vi the corresponding calculated values.

IV. RESULTS

An illustration of the mass extrapolation is given by
Fig. 2, which is the case of Bþ

c . The black circles show the
1=λbcðP2Þ of the ground state Bþ

c ð1SÞ. The mass, MBþ
c ð1SÞ,

lies in the parabolic region defined by the singularities of
the quark propagator, so it is obtained directly. The red
diamonds show the 1=λbcðP2Þ of the first radial excited
state Bþ

c ð2SÞ.MBþ
c ð2SÞ lies outside the parabolic region, and

its value is extrapolated and presented by the blue star. The
series Eq. (11) converges very fast, a good fitting is
obtained for No ¼ 1, with δNo¼1 ≈ 1 × 10−6. Higher orders
in Eq. (11) affect the fitting result very slightly, for
example, δNo¼2 ≈ 4 × 10−7, δNo¼3 ≈ 2 × 10−7, which

means that the corrections from higher orders are much
less than that from the varying of the parameters. The open
circles and diamonds stands for the results of varying the
parameters shown in Table I, which give the source of our
uncertainty listed in Table II. The other excited states,
ηcð2SÞ, ψð2SÞ, ηbð2SÞ, ϒð2SÞ, and B�þ

c ð2SÞ, are analyzed
by the same method.
The obtained masses of the first radial excited state of the

charm-beauty system are listed in Table II [in addition, we
haveMBþ�

c ð1SÞ ¼ 6.357ð3Þ GeV]. The average of the results
with the three sets of parameters is quoted as final result and
the uncertainties are set from the difference between the
average and the largest and smallest value respectively. The
excited meson masses increase with the value of parameter
ω, showing more sensitivity than the ground state as being
pointed out by others (see, e.g., Ref. [31]). The relative
errors of our results to the experimental date are within 1%.
What is more, the mass differences of the vector meson and
pseudoscalar meson,Mψð2SÞ−Mηcð2SÞ andMϒð2SÞ−Mηbð2SÞ,
are also comparable with the experimental values. The
mass splitting, MBþ

c ð2SÞ −Mrec
B�þ
c ð2SÞ, is consistent with the

recent measurement [2]. There is no experimental mea-
surements of MBþ�

c ð1SÞ and MBþ�
c ð2SÞ hitherto, our predica-

tions wait for future experimental verification.
In addition, it is known that to the first order in the

violation of unitary symmetry SUfð5Þ, the masses obey the
equal spacing rule [32,33]:

ðMηcð2SÞ þMηbð2SÞÞ=2 ¼ MBþ
c ð2SÞ; ð15Þ

ðMψð2SÞ þMϒð2SÞÞ=2 ¼ MB�þ
c ð2SÞ: ð16Þ

Our results show that the two sides of Eqs. (15) and (16)
differ by only 0.05 GeV which is also consistent to the
proposal of the mass inequality in Ref. [34].
An illustration of the extrapolation of the decay constants

is displayed in Fig. 3, which is the case of Bþ
c . The physical

value is extrapolated and presented by the blue stars.

FIG. 2. The calculated P2 dependence of 1=λbc for JP ¼ 0−

state. The black circles correspond to the ground state, and red
diamonds correspond to the first radial excited state. The open
circles and diamonds correspond to the varying of the param-
eters listed in Table I. The vertical dot-dashed line is the
contour border on the right of which the direct calculation can
be applied. The blue stars present our extrapolated first radial
excited state with No ¼ 1.

TABLE II. The obtained masses (in GeV) of the first radial
excited states of charm-beauty system. The experimental data for
Mηcð2SÞ, Mψð2SÞ, Mηbð2SÞ, and Mϒð2SÞ are taken from Ref. [27],
MBþ

c ð2SÞ and MBþ
c ð2SÞ −Mrec

B�þ
c ð2SÞ from Ref. [2]. The uncertainties

of our results arise from the varying of the parameters in Table I.

Mηcð2SÞ Mψð2SÞ Mψð2SÞ −Mηcð2SÞ

Present work 3.606(18) 3.645(18) 0.039
Experiment 3.638(1) 3.686(1) 0.048

MBþ
c ð2SÞ MB�þ

c ð2SÞ MBþ
c ð2SÞ −Mrec

B�þ
c ð2SÞ

Present work 6.813(16) 6.841(18) 0.039
Experiment 6.872(2) � � � 0.031

Mηbð2SÞ Mϒð2SÞ Mϒð2SÞ −Mηbð2SÞ
Present work 9.915(15) 9.941(15) 0.026
Experiment 9.999(4) 10.023(1) 0.024
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The series Eq. (14) for the leptonic decay constants
also converges very rapidly, a good fitting is obtained also
for No ¼ 1, with δNo¼1 ≈ 5 × 10−7 GeV2. With higher
orders in Eq. (14), δNo¼2 ≈ 4 × 10−7 GeV2, δNo¼3 ≈ 4×
10−7 GeV2. The corrections from higher orders are much
less than that from the varying of the parameters in Table I.
Our predication of the decay constants of the first radial
excited charm-beauty mesons are listed in Table III. The
uncertainty of our results correspond to the results of the
varying of parameters in Table I. The absolute value of
the decay constant of excited state is suppressed comparing
to that of the ground state, which agrees with the previous
findings [11,35–37]. The difference of the decay constants
between the excited and ground states decreases as the
meson mass increases.
At last, we remark on the error of the RL truncation. The

RL truncation is the lowest order approximation, where the
repulsive interaction appearing at higher orders is ignored
[38]. The net effect of the higher order terms on the ground
states of pseudoscalar and vector mesons is small, guar-
anteeing the successfulness of the RL truncation for the
properties of the ground states [22]. To estimate the error
for the radial excited states quantitatively, we need to resort
to more sophisticated truncation schemes, which are
technically complicated. Herein we assure readers of the
reasonability of the RL results by comparing the masses in
Table II (the RL truncation underestimates the masses
about 1%). We could expect that the predicted decay

constants in Table III are also underestimated. However,
as the decay constant depends on the inner structure of the
meson, the higher order corrections could be larger. The
decay constants of vector mesons could be extracted by

ΓV→eþe− ¼ 8πe2fα
2
emf21−

3M1−
; ð17Þ

where αem ¼ 1=137, ec ¼ 2=3, eb ¼ −1=3. Γexpt
V→eþe− ¼

2.34� 0.04 keV for V¼ψð2SÞ and 0.612� 0.011 keV for
V¼ϒð2SÞ [27]. Comparing with fexptψð2SÞ¼−0.208ð2ÞGeV
and fexptϒð2SÞ ¼ −0.352ð2Þ GeV, one can know that the RL

truncation underestimates the decay constants about 42% for
ψð2SÞ and 12% for ϒð2SÞ. Because the interaction of
Eqs. (5)–(6) takes into consideration the flavor dependence,
we expect the higher order corrections decrease smoothly as
themesonmass increases. fB�þ

c ð2SÞ is underestimated roughly
by ð42%þ 12%Þ=2 ¼ 27%, while the higher order correc-
tion to fBþ

c ð2SÞ is expected to be smaller than fB�þ
c ð2SÞ.

V. CONCLUSION

Very recently, CMS and LHCb reported the observation
of two excited Bc states with high precision [1,2]. Although
they are the normal states within the quark model regime, it
is claimed that the precision measurements open up an
opportunity for the study of hadron physics based on the
ab initio theory of strong interactions. In this work, making
use of a scattering kernel expressing the flavor dependent
quark-quark interaction and developing an extrapolation
method, we produce for the first time the masses and the
leptonic decay constants of the first radial excited charm-
beauty mesons, Bþ

c ð2SÞ and B�þ
c ð2SÞ, in the Dyson-

Schwinger equation approach of QCD directly. The
obtained masses agree with the recent observations of
CMS and LHCb collaborations excellently and the mass
splitting MBþ

c ð2SÞ −Mrec
B�þ
c ð2SÞ is consistent with the exper-

imental result very well. The obtained masses of the charm-
beauty system also satisfy the equal spacing rule relation
approximately. Furthermore our predicted leptonic decay
constants are also quite reasonable and may shed light on
the future experimental detection.
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FIG. 3. Calculated P2 dependence of the fbc of the first radial
excited JP ¼ 0− state. The open diamonds correspond to the
varying of the parameters in Table. I. The vertical dot-dashed
line is the contour border on the right of which the direct
calculation can be applied. The blue stars present our extrapo-
lated value with No ¼ 1.

TABLE III. Our predications of the decay constants (in GeV) of the first radial excited charm-beauty mesons. The
uncertainties correspond to the result of varying the parameters in the scope listed in Table I.

fηcð2SÞ fψð2SÞ fBþ
c ð2SÞ fB�þ

c ð2SÞ fηbð2SÞ fϒð2SÞ

−0.097ð2Þ −0.119ð6Þ −0.165ð10Þ −0.161ð7Þ −0.310ð5Þ −0.320ð6Þ
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